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Abstract. The atomic nucleus offers a unique opportunity to
study fundamental properties and interactions of neutrinos. The
main subjects of interest are the nature of neutrinos (Dirac or
Majorana), mass hierarchy, the absolute scale of neutrino
masses, and possible additional sterile neutrinos. In this
review, recent progress in the field of laboratory measurements
of fundamental properties of neutrinos is briefly presented.
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1. Introduction

Neutrinos are fundamental particles that were first formed in
the first second of the early Universe and are continually
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being produced in astrophysical processes across the cosmic
space, e.g., in the nuclear reactions of stars, like our Sun,
supernova explosions, cosmic particle accelerators, etc. They
are also produced by cosmic-ray interactions with Earth’s
atmosphere, from natural radioactive decays inside Earth, in
an artificial way at nuclear power plants, and with help of
particle accelerators. Neutrinos are likely the most abundant
particles in the Universe and may be more common than
photons, representing a new ‘window’ on the Universe,
spanning a large range of energy.

The neutrino was postulated by Wolfgang Pauli to
preserve the principles of energy and angular momentum
conservation in nuclear -decay already nine decades ago. We
know now that there are not just one but three different kinds
(flavors) of neutrinos: electrons, muons and tau neutrinos (ve,
vy, and vy), entering the weak-interaction of the Standard
Model (SM) of particle physics. The revolutionary discovery
of neutrino oscillations at the end of the 20th century [1, 2]
showed that neutrinos have mass, and that neutrinos with
well-defined flavors are a mixture (linear superpositions) of
neutrinos with well-defined mass (the pre-condition for
oscillation is termed ‘mixing’). It has been noted that neu-
trino masses contradict the SM, where neutrinos are strictly
massless.

The tiny masses of neutrinos and the transformations of
one neutrino type to another have even revealed physics
beyond the Standard Model of particle physics. Studying
and understanding neutrino mass and oscillation provide a
unique view into how forces and particles are unified. The
observed structure of neutrino mixing, namely the existence
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of two large mixing angles, is very different from the quark
sector. This fact may be understood as an indication of
physics beyond the SM, since neutrinos may obtain their
mass in a different way than other fundamental fermions.

The discovery of neutrino oscillations has created new
opportunities to use neutrinos to advance our knowledge of
the Universe and the laws that govern it. Neutrinos are the
only known weakly interacting massive particles, and thus
they are the only known component of dark matter. It is
intriguing that the mass scale of neutrinos and the energy
scale of dark energy are approximately the same. A possible
CP violation in the neutrino sector can explain the baryon
asymmetry of the Universe, i.e., why we are made out of
matter and not antimatter. Because neutrinos are so common,
their mass, which remains unknown, is thought to have an
effect on the gravity of the Universe.

Neutrinos remain the most mysterious of the fundamental
fermions, and we still do not know the answers to several
undeniably fundamental questions. The subjects of main
interest are the absolute neutrino mass scale, the neutrino
mass hierarchy, the nature of neutrinos (Dirac or Majorana),
the CP properties of neutrinos, and the possible existence of
additional sterile neutrinos. An atomic nucleus is a laboratory
to study fundamental properties and interactions of neutri-
nos. In this review, recent progress in the field of laboratory
measurements of neutrino masses and interactions is briefly
presented.

2. Neutrino masses and mixing

2.1 Generation of neutrino masses
From the discovery of neutrino oscillations, the measurement
of neutrino masses in tritium laboratory experiments, and
cosmological data, it follows that neutrino masses are many
orders of magnitude smaller than the masses of other
Standard Model fermions. The smallness of the neutrino
mass is one of the major unresolved problems of particle
physics theory. It seems to be very plausible that neutrino
masses and those of charged leptons and quarks are of
different origins.

A favorable scenario is that this phenomenon is related to
a broken symmetry of the total lepton number at some high-
energy scale A. Then, on the electroweak scale, the AL =2
effective Weinberg operator of dimension-5 appears [3]:

Ow = % LCHLyH, (1)

where H is the Higgs doublet of the SM taken to have a
hypercharge opposite to that of the lepton doublets L,, where
o = 1,2, 3is the family index. This operator is nonrenormaliz-
able and unique as only Standard Model scalar fields are
considered. After electroweak symmetry breaking (EWSB),
V2(H®) = v = 246 GeV, in the three tree-level realizations of
the effective operator in Eqn (1), one ends up with the
Majorana neutrino mass matrix of active neutrinos

v
ofp = —Jap U — - 2
Mo = ~fap v~ (2)

For a generic case with f'~ 1 and for naturally small neutrino
masses at a sub-eV scale, the estimate 4 ~ 1014 —10 GeV is
made.

There are many particle physics models which lead to
the dimension-5 Weinberg effective operator once heavy
particle fields are integrated out. The Majorana mass term is
generated through new messenger particles, where /A points to
the scale of their masses which, being very heavy, have no
phenomenological manifestation. The tree-level exchange
by heavy singlet fermions/neutrinos induces small neutrino
masses through what is now generically called the type-I
seesaw mechanism [4-7]. The heavy messengers can also be
extra scalar Higgs bosons (such as scalar triplets) and triplet
fermions in the type-II [8-12] and type-III [13-16] seesaw
realizations, respectively. In spite of the fact that all these
models explain the smallness of neutrino masses, the absolute
values of masses can not be predicted, as many unknown
parameters are involved.

The new physics scale can be reduced to the TeV ballpark
accessible at the Large Hadron Collider (LHC) in models
which relax the above standard seesaw limitation on the
lepton-number violation (LNV) scale by introducing an
additional suppression mechanism for neutrino masses. It
might happen, e.g., if the neutrino masses are generated
radiatively (see, e.g., Refs [17-24]) or forbidden or sup-
pressed at dimension-5, but appears from effective operators
of higher dimensions [25-27].

The subject of interest is the class of the SM gauge-
invariant effective operators of dimension-7 [28]:

u

07u = &Lf L_EL/;HQ_uR 5
A (3)
& o, o

o8 = A—f LCLy HdRQ.

Here, all the possible SU(2); contractions are assumed. The
operators (3) were previously studied in the literature as a
source of AL = 2 interactions able to induce Ovpp-decay with
no explicit dependence on the Majorana neutrino mass [29—
33]. On the other hand, it was observed in Ref. [34] that this
operator contributes to the Majorana-neutrino mass matrix
due to spontaneous breaking of chiral symmetry (SBCS) via
the light-quark condensate (qq) = —w® # 0, which sets the
SBCS scale, so that after EWSB and SBCS one arrives at the
contribution to the Majorana mass matrix of active neutrinos

[28]:

(qq) w\*
mf,v_v/; = —&up ¥ R =8upV 1) (4)
with g5 = g2} + g5, where (qq) = (tu) ~(dd) ~ 2 (ur ur) ~
2(dr d.). This is a kind of seesaw formula relating the
smallness of the Majorana masses of neutrinos to the large
ratio between the scale A of lepton-number violation and
the scale of chiral-symmetry breaking w = —(ﬁq}l/ 3. We call
relation (4) the quark condensate seesaw (QCSS) formula.
Taking

(@q)"? ~ —283 MeV, ()
from a renormalized lattice QCD within the MS scheme at a
fixed scale u =2 GeV [35] and A4 ~ a few TeV, we get the
neutrino mass in the sub-eV ballpark [28].

2.2 Phenomenology of neutrino masses

within three-neutrino mixing scheme

The observation of neutrino oscillations established the fact
that neutrinos possess small masses and that leptonic flavors
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Table 1. Current values from global fits to neutrino oscillation experiments taken from [36]. Recall that mass parameters are defined as 5m?> = m} — mj
and Am? = m? — (m? + m})/2,i.e., Am? > 0 and Am? < 0 correspond to the normal hierarchy (NH) and inverted hierarchy (IH) of neutrino masses,
respectively. Note that the overall > difference between NH and IH is insignificant [36].

Parameter Best fit lo 20 30
Normal hierarchy (NH)
dm2 /1075 eV? 7.34 7.20-7.51 7.05-7.69 6.92-7.90
Am?/1073 eV? 2.485 2.453-2.514 2.419-2.547 2.2389-2.578
sin” 012/107! 3.05 2.92-3.19 2.78-3.32 2.65-3.47
sin? 013/1072 222 2.14-2.28 2.07-2.34 2.01-2.41
sin’ 03/107! 5.45 4.98-5.65 4.54-581 4.36-5.95
o/n 1.28 1.10-1.66 0.95-1.90 0-0.07 ®0.81-2.00
Inverted hierarchy (IH)
dm? /1075 eV? 7.34 7.20-7.51 7.05-7.69 6.92-7.91
—Am?2/1073 eV? 2.465 2.434-2.495 2.404-2.526 2.374-2.556
sin* 012/107! 3.03 2.90-3.17 2.77-3.31 2.64-3.45
sin® 013/102 2.23 2.17-2.30 2.10-2.37 2.03-2.43
sin? 053/10~" 5.51 5.17-5.67@ 5.31-6.10 4.60-5.82 439-5.96
o/n 1.52 1.37-1.65 1.23-1.78 1.09-1.90

are not symmetries of Nature. The obtained data are
commonly analyzed within a minimal three-neutrino frame-
work, where known flavor states (ve, vy, v;) are expressed as
quantum superpositions of three massive states v; (i = 1, 2, 3)
with masses 71;. We have

3
[Vy) :ZU;‘]-|V_,->, o=€ 1. (6)
=

In the case of Dirac neutrinos, the unitary 3 x 3 Pontecorvo—
Maki—Nakagawa—Sakata (PMNS) neutrino mixing matrix
can be parameterized as follows:

U= RxnRi3R, (7)
where the matrices R;; are rotations in ij space, i.e.,
cp s 0 1 0 0
Ro=|-sn c2 O0f, Ra=(0 cx s3],
0 0 1 0 —s23 €23
(8)

B C13 0 8§13 €Xp (—15)
Ri3 = 0 1 0 )
—813 €Xp (15) 0 C13

where ¢;; = cos 0y, s;; = sin0;;, 012, 013, and 0»3 are mixing
angles, and ¢ is the CP phase. If neutrinos are Majorana
particles, the matrix U in Eqn (7) is multiplied by a diagonal
phase matrix P = diag (exp (ia;), exp (i), exp (id)), which
contains two additional CP phases, o) and a;.

For three neutrino families, neutrino oscillation experi-
ments are sensitive to three mixing angles (012, 013, and 0,3),
the CP phase J, and the two independent mass-squared
differences, which can be chosen as follows: dm? = mj — m}
and Am? = m? — (m? +m?)/2 [36]. Two types of neutrino
mass spectra are possible:

e Normal Spectrum (NS): m; < my < m3: Am? > 0. In
this case,

my = \/dm?+mi, ms=

with my = m;.
o Inverted Spectrum (IS), m3 < my; < ma: Am?> < 0. We
have

dm?
Am? +T+m02

Sm2
my = \/—Am2$%+mo2

with my = ms.

Here, my = m;(ms) is the lightest neutrino mass. Given
the type of neutrino mass spectrum, m fully determines the
absolute neutrino mass scale.

The recent updated set of six neutrino oscillation para-
meters (8m>, Am?, 012, 013, 03, §) obtained by a global fit of
results coming from experiments using neutrinos from solar,
atmospheric, accelerator, and reactor sources is presented in
Table 1. Currently, this combined analysis allows constrain-
ing the previously unknown CP phase . Concerning the type
of spectrum (sign (Am?)), there is no indication in favor of
normal or inverted mass ordering. However, assuming NS,
there is an indication of the other unknown parameter,
namely, a preference is found in favor of the first 0,3 octant
(03 < TC/4 at ~ 95% CL).

In order to fix completely the three light neutrino masses,
there is just one parameter left to be measured, namely, the
absolute neutrino mass scale. No current experiment has
sufficient sensitivity to measure it. Terrestrial experiments,
such as tritium beta decay, give an upper bound on the
absolute neutrino masses. The principle of the experiment is
to look for a distortion near the endpoint of the electron
spectrum of tritium B-decay. In this direct, model indepen-
dent, determination of the mass of the neutrino, the meas-
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Figure 1. (Color online.) Effective neutrino mass mp measured in B-decay
of tritium as a function of mass of the lowest eigenstate m. Results are
presented for inverted (IS, my = m3) and normal (NS, my = m;) spectra of
neutrino masses. Best fit values of the global fit of neutrino oscillation
parameters are considered (see Table 1). Cosmological constraint corre-
sponding to X < 0.26 eV is displayed in turquoise. NS, IS, and the
astrophysical limit values of 0.12 eV, 0.26 eV [37], and 0.9 eV [38] are
indicated by red and blue dots, respectively.
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Figure 2. (Color online.) Effective Majorana mass mgg as a function of
mass of the lowest eigenstate m1). Blue and red bands refer to inverted (IS,
mgy = m3) and normal (NS, my = my) spectra of neutrino masses, respec-
tively. Best fit values of the global fit of neutrino oscillation parameters are
considered (see Table 1). Cosmological constraint corresponding to
2 < 0.26 eV is displayed in turquoise. Assuming CP conservation, NS,
IS, and the astrophysical limit values of 0.12 eV, 0.26 eV [37], and 0.9 eV
[38] are indicated by filled circles in red and blue, respectively.

urable quantity is

The KArlsruhe TRItium Neutrino (KATRIN) experiment
will be able to achieve a sensitivity of mpg < 200 meV (at
90% CL) [39]. This level represents an order of magnitude
improvement over the absolute neutrino mass scale. In Fig. 1,
mp is shown as a function of mass of the lowest eigenstate m.
It should be noted that, for values of my not excluded by
cosmology, mp depends significantly on the assumption of a
normal or inverted neutrino mass spectrum.

If neutrinos are Majorana particles, the effective Major-
ana mass,

3
§ 2
Uekmk

k=1

mpp =

= |ehelymy + exp (1o )efysimy + exp (2o )sims]
(10)

which is measured in OvBp-decay experiments, can be used to
make conclusions about the absolute scale of neutrino
masses. In Fig. 2, mpp is presented as a function of mass of
the lowest eigenstate myg. Results for both inverted and
normal spectra of neutrino masses are presented. It can be
seen that, in the case of the inverted hierarchy, mgg is in the
range of tens of meV or larger. In the opposite case, a
preferable value of mpg is a few meV, but can be strongly
suppressed for m in the range 2 < mpg < 6 meV.

The quest to determine the neutrino mass scale is
complemented by the upper limits from cosmology. Cosmo-
logical observations can further constrain neutrino properties
by providing a more stringent bound on the sum of the
neutrino masses

3
Z:ka (11)
k=1

10" g
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Figure 3. (Color online.) Sum of neutrino masses X~ measured by
cosmology as a function of the mass of the lowest eigenstate m1), Results
are presented for inverted (IS, my = m3) and normal (NS, my = my)
spectra of neutrino masses. Best fit values of the global fit of neutrino
oscillation parameters are considered (see Table 1). Cosmological con-
straint corresponding to X' < 0.26 eV is displayed in turquoise. For NS and
IS, the astrophysical limit values of 0.12 eV, 0.26 eV [37], and 0.9 eV [38]
are indicated by red and blue dots, respectively.

and the effective number of neutrino species Neg. With the
progress in precision cosmology, corresponding bounds on
neutrino masses have been dramatically improved. The
Planck collaboration has established robust bounds from
cosmic-microwave-background power spectra alone:
2 < 0.26 eV (95% CL), which can be further improved to
2 <0.12 eV (95% CL) by including lensing and baryon-
acoustic-oscillation data [37]. The Planck satellite data also
reveals Negr = 2.99 +0.17, in agreement with the SM predic-
tion. It is worth noting that, in the case of decaying neutrinos,
a value of X as large as 0.9 eV is still allowed by the data [38].
In Fig. 3, 2 is presented as a function of mass of the lowest
eigenstate my. From the figure, it is seen that cosmological
measurements are close enough to rule out the inverted
spectrum of neutrino masses.

2.2.1 Effect of nuclear medium on mpg. Recently, the possible
effect of the nuclear medium on OvBp-decay was considered
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Figure 4. (Color online.) Allowed range of values for effective Majorana
mass mpg as a function of the effective electron neutrino mass mg (a, c) and
sum of neutrino masses X (b, d). Figures a, b and ¢, d correspond to cases
of inverted and normal spectra of neutrino masses, respectively. Green,
red, and blue bands refer to values (qq)g = 0 (vacuum), 0.1, and —0.05eV,
respectively.

[40]. It was proposed that the neutrino mixing and masses in
the nucleus can differ significantly from those in a vacuum if
there are exotic particles, preferably scalars, which interact
with the neutrinos. The nuclear matter effect on the Ovpf-
decay rate can be calculated in the mean field approach [40].

The effective lepton number violating the four-fermion
neutrino-quark Lagrangian with the operators of the lowest
dimension can be written as

Eeff = Z (gzcjlv_lg VL qq + HC) ) (12)

A%NV i,7,q
where the fields vy ; are the active neutrino left-handed flavor
states, and g,»‘} are their dimensionless couplings to the scalar
quark currents with i, j = e, y, 1.

For the sake of simplicity, we consider the case of a scalar
coupling such that 2g;;/ A3\ = d:;g, where ¢ = UfgdU. In
this case, the effective Majorana mass is

(13)

mpp =

The Majorana phase factor &; is given in [40].

With the above simplification, the quantity mgg in a
nuclear medium, in contrast to the one in a vacuum, depends
on the new unknown parameter g. The unknown phases in
Eqn (13) are varied in the interval [0,2n]. In Fig. 4, mgp is
expressed as a function of directly observable parameters,
namely mg and X. The best-fit values of vacuum mixing angles
and the neutrino mass squared differences are taken from
[36]. In the upper and lower panels, green, red, and blue bands
refer to values (qq)g =0 (vacuum), 0.1, and —0.05 eV,
respectively. We see that in-medium (g # 0) values of mpp
differ significantly from those for a vacuum (g = 0). If in the
future gradually improving limits on mg and X come into
conflict with possible evidence of the OvpB-decay represented
by mpgg in a vacuum, new physics would be mandatory. A
possible explanation could be the generation of in-medium
Majorana neutrino mass due to nonstandard interactions of
neutrinos with nuclear matter of decaying nuclei.

2.3 Neutrino mixing scenarios with sterile neutrinos
Several theories beyond the SM predict the existence of new
types of neutrinos, so-called sterile neutrinos, which owe their
name to the fact that they do not take part in any SM
interaction. Right-handed partners for known purely left-
handed neutrinos are an example of such sterile neutrinos.
While the number of active neutrinos is known to be three
(Ve, Vuy V1), it is not known how many mass states are
contained in these flavor states.

The most general (34 n) x (34 n) Dirac-Majorana
neutrino mass matrix in the basis of 3 active left-handed
(VéLs Vi, Vi) and n sterile right-handed (NJg,..., Nj§)
neutrino states takes the form

l/—= =\ ML M v|
£D+M_*§<Vﬁc Nﬁ)(ME ME)(NIZC)+H.C.

1 3 n L
=3 > mvivi+ Y M{NeNi.. (14)
i=1 k=1

Here, M1 r and Mp are Majorana and Dirac mass terms,
respectively. The mass matrix is diagonalized by the unitary
matrix

(U S
u=(7 7).

which is a generalization of the PMNS matrix. After
diagonalization, one ends up with 3 light v; (i = 1,2, 3) and
n heavy N; (k=1,...,n) Majorana neutrino mass eigen-
states with masses m; and M, respectively.

(15)

2.3.1 3+1 active-sterile neutrino mixing scenario. This 3 + 1
mixing scenario implies that there are 3 light neutrinos (with
masses m, my, and m3) and a single heavy neutrino with
unknown mass M| = my, in arange from the eV to GUT scale.
In the presence of a single sterile neutrino, the U(4 x 4)
neutrino mixing matrix becomes

Uel UeZ U, e3 Ue4
Ua Up Us Uy
U‘E 1 U‘c2 U. 3 U‘I:4
Usl US2 Us3 Us4

= R34 RyRisR3 R;3R12P.

(16)

It depends on 6 mixing angles (014, 024, 034, 012, 013, 623) and
3 Dirac (024, 014, 013) and 3 Majorana (a4, o, o3) CP-violating
phases entering the diagonal P matrix, P = diag (exp (i),
exp (io2), exp [i(os 4 d13)], exp (1014))-

The phenomenology of the fourth neutrino depends on its
hypothetical mass value. The main target of ongoing experi-
mental efforts is sterile neutrinos with a mass of the order of
eV [41], which can solve a number of anomalies found in
neutrino oscillation experiments. The LSND [42], Mini-
BooNE [43], and Neutrino-4 [44] collaborations have made
observations consistent with a nonstandard neutrino that
does not interact weakly. Moreover, both the GALLEX [45]
and SAGE [46] experiments reported a deficit of neutrinos
from *7Ar and 3'Cr electron-capture decays— the gallium
anomaly. A re-examination of antineutrinos emitted from
nuclear reactors revealed a significant discrepancy between
measured and expected fluxes at < 100 m—the reactor
antineutrino anomaly [47].

A keV-scale heavy neutrino is a viable candidate for
warm dark matter, as it may be long-lived to survive till the
present with a lifetime exceeding the age of the Universe. The
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strongest experimental bounds on the existence of keV-scale
sterile neutrino dark matter are currently obtained from
astrophysical observations with telescopes that search for a
mono-energetic X-ray line arising from the decay of relic
sterile neutrinos. These measurements limit the active-to-
sterile mixing amplitude indicated as |Uw|* < 1076 =100 in
a mass range of 1-50 keV [48, 49].

Very heavy, typically O(10'* GeV), sterile neutrinos
provide a natural explanation for the light mass of active
neutrinos via the seesaw mechanism and could shed light on
the matter—antimatter asymmetry of the Universe via lepto-
genesis.

2.3.2 Seesaw scenario with 3 sterile neutrinos. In left-right
symmetric models, » = 3. The smallness of m; can be
guaranteed by the seesaw-I condition Mg > Mp. As is well
known, this leads to very heavy states N, with masses
M > 1 TeV being beyond the experimental reach. The
6 X 6 unitary neutrino mixing matrix [50] is formed with
3 x 3 block matrices in flavor space U,S,7T,V and is
completely parameterized with 15 angles and 10 Dirac (046,
536» 535, 52(,, 525, 524, 516, 5]5, 5]4, and 5]3) and 5 Majorana (O(] 5
o, o3, o4, and as) CP violating phases:
U = RscR46R45R36R35 R34
X R Ros RoaRo3 Ri6R1s R4 Ri3 R P (17)

C12 C13 €Xp (—ioc])
S12 €13 €Xp (—iaz)
s13 exp (i0)

Ut =

C13.823

The elements of the 6 x 6 Dirac-Majorana mass matrix M
can be calculated as follows:

My Mp
M= (Mg MR)
(U AN (m o\ Uu a\
A\ ut 0 M {1 ut) -
Here, m and M stand for diagonal 3 x 3 mass matrices
m = diag (my,my,m3) and M = diag (M, M, M3), respec-

tively; 1/(1 — ¢?)"/2 ~ 1 is assumed. The explicit form of the
elements of M is given in [51].

(20)

2.3.3 Quasi-Dirac neutrinos with 3 sterile neutrinos. If the
Dirac-Majorana mass term is dominated by Dirac masses,
one ends up with six Majorana neutrino states with pairwise
quasi-degenerate masses, referred to as quasi-Dirac neutrinos
[52-56]. It is a scenario opposite to the above see-saw case
with 3 light and 3 heavy neutrinos.

The six quasi-Dirac neutrino mass eigenvalues m* can be
written as

m* =4+m;+¢. (21)

The Dirac masses m; (i =1,2,3) correspond to those
obtained by a diagonalization of the Dirac mass matrix Mp
by a bi-unitary transformation (UTU = 1 = V1V is assumed),

ny 0 0
UMpV=( 0 m 0 ,

0 0 ms

(22)

[—Slz C23 — C12 513 823 €Xp (—15)} eXp (—iocl)
[612 C23 — §12.813 $23 €Xp (—15)] eXp (—iaz)

where

P = diag (exp (io1), exp (i02), exp [i(oz + 613)],
exp [i(oa + d14)], exp [i(xs + d15)], exp (id16)) -

Of course, it is practically impossible to get phenomenological
information about the involved mixing angles and phases
without any assumptions.

If for the sake of simplicity the universality of flavor
mixing between active and sterile neutrino sectors is assumed
and the unitarity of the seesaw mixing matrix ¢ is exploited, it
can be written as [51]

U= (18)

1 (U C]l)
Jiae\-c vt

Here, { = mp/mynv, where mp is the typical scale of charged
leptons masses and m Ny is the LNV scale of the order of the
Majorana masses M; of heavy neutrinos. A small violation of
the unitarity of the U matrix is beyond the current accuracy of
phenomenological determination of elements of the PMNS
matrix. Thus, U is identified with the PMNS matrix.
Surprisingly, mixing in the heavy neutrino sector is governed
by the U mixing matrix [51], which takes the form

[S12 8§23 — C12 513 €23 €XP (—15)] eXp (—iOh)
[—C]z 8§23 — S12 813 €23 €XP (—15)] eXp (—iaz)
€13 €23

(19)

and 3 mass splittings ¢; are Majorana components of the
masses of quasi-Dirac neutrinos.

The unitary matrix U, which diagonalizes the Dirac—
Majorana mass matrix, can be written as [57]

1 ((1 +xHuT —1-xhHpt

T2\ a-xnuT q+x)rt

> +0(X?), (23)
where X'is a 3 x 3 general matrix. Each of unitary matrices U
and V contain is determined by three angles and three phases.
The remaining nine angles and nine phases are included in the
matrix X, for which the perturbative expansion is considered.
The pure Dirac case is reproduced for X = 0.

The effect of small mass splitting can be studied by
considering universal Majorana mass splitting ¢ (¢; = ¢) and
X = 0, which allows agreement with the current phenomen-
ology of neutrino oscillations. Due to this assumption, the
neutrino mass spectrum can be completely fixed by fitting all
oscillation frequencies given by five independent mass-
squared differences. It should be kept in mind that, in the
general case with three independent mass splittings ¢;, the
neutrino mass spectrum depends on six parameters (72; and ¢;
with i = 1,2, 3) and cannot be determined using the formal-
ism of neutrino oscillations, which only depends on five
differences of masses squared, i.e., one degree of freedom is
missing.

The probability of oscillations of 3 flavor neutrinos
(Ve, Vu, V1) can be described with eight parameters, namely
three angles (612, 613, and 6,3) and one Dirac CP phase ¢
having its origin in a single unitary matrix, two mass squared
differences (Am3; and Am3), the lightest neutrino mass (1
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Figure 5. (Color online.) Survival probabilities of V. as functions of energy E for 53-km baselines. Plots in panels a and b correspond to normal (NO) and
inverted (I0) mass orderings, respectively. Probabilities are shown for three cases: ¢ = 0, 3v mixing case, ¢ = 10™* eV, and ¢ = 2 x 10~ eV, by black,
green, and red lines, respectively. Lightest Dirac mass is 0.01 eV. Cyan bands represent v, survival probabilities in three-flavor neutrino oscillation
framework, with 3¢ the allowed range of oscillation parameters. Benchmark values of oscillation parameters and their allowed ranges of 30, as used in this

study, are given in Table 1.

for normal ordering and m; for inverted ordering of Dirac
neutrino masses), and a small Majorana neutrino mass
parameter ¢. It should be recalled that, within the commonly
considered mixing scheme of three neutrinos, the required
number of parameters is only two fewer (three mixing angles,
one phase, and two mass squared differences).

The expression of V. survival probability is given by [57],

Py . (e#£0)=1—-P — 4cl43c122lezF21

— 4siyeis(chFs + sihFa) (24)
with
. L . L
Py = cheh sin? 1< +cfsst sin? 2
4 -2 m3cL
k 25
-+ 573 sin 7 (25)
1/ ., Am?+2cAm;; o Am? — 2cAmy;
Fij:Z (Sln2 jT” L + sin’ ”TUL
Am? +2¢> " my; Am? —2¢> " my;
-2 ij iy 2 ij 1
— = "L ——= L. (26
+ sin Yo + sin B ) (26)

Here, Am;; =m; —mj, Y m;; = m; + my, Amfl. = ml.2 + m_l-z,
and L is the baseline.

An analysis of the lightest Dirac neutrino mass and ¢ of
the 3 + 3 quasi-Dirac neutrino mixing scheme was per-
formed by exploiting the 1¢ and 3¢ uncertainty of measured
probability of V. oscillations from a reactor. The mixing
angles 015, 013 and mass squared differences Am3, and Am3,
were considered to be those determined within the PMNS
unitary mixing scheme with three neutrinos. It was found that
a tiny value of ¢ below 1 meV does not affect the current
phenomenology representing, e.g., the Daya Bay experiment,
but can have a significant impact on the JUNO experiment
registering oscillations of antineutrinos at significantly larger
distances [57].

In Fig. 5, the survival probability of an electron antineu-
trino as a function of energy is shown for a 53-km baseline
relevant for the medium-baseline JUNO reactor neutrino
oscillation experiment. Results are shown for three cases:
(i) e = 0, 3vmixing case, (i) ¢ = 10~* eV, and (iii) ¢ = 2x 10~*

by black, green, and red lines, respectively. The plot shown in
Fig. Sa(b) corresponds to normal (inverted) ordering for
which m (m3) is the lightest Dirac mass. A detailed study on
restricting ¢, which depends on the considered value of the
lightest neutrino mass and ordering of neutrinos (normal or
inverted) was presented in [57].

Within the considered simplification, the effective Major-
ana mass measured in OvBp-decay experiments,

3

Z Uezl-c

i=1

mgp =

= |el|ctrefy + exp (2ior)efysiy + exp (2ioar)sis|, (27)

is directly proportional to the Majorana component of neu-
trino masses ¢. For normal (inverted) ordering of neutrino
masses, the upper limit mpg < 30 meV (mpg < 10 meV) was
obtained by exploiting the current neutrino oscillation
phenomenology [57].

The effective electron neutrino mass for single beta decay
takes the form

3 1/2
mpy = < |Uel*(m] +62)>
i=1

= \/n11201220123 +miclst, +mish +e2. (28)
We see that, for ¢ in the range of a few meV, my is slightly
larger in the case of six quasi-Dirac neutrinos when compared
with the conventional case of three Dirac neutrinos.

Within the considered simplified scenario, the quantity X
measured in cosmological observations is insensitive to
universal mass splitting ¢. We have

6 3
2 :%ZL/\//\[/,A = Zm,-.
i=1 i=1

The factor of 1/2 reflects the quasi-Dirac (or Dirac) nature of
neutrinos. Only three out of their six states are kept in
equilibrium with the cosmological plasma of the early
Universe by V'— A interactions of the SM.

(29)
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3. Measurement of neutrino mass
with single B-decay and electron capture

The measurement of the electron spectrum in B-decays
provides a reliable direct determination of the values of
neutrino masses. The history of the neutrino mass search
started with Enrico Fermi’s article [58] a long time ago in
1934. He pointed out that the neutrino mass value manifests
itself in the shape of the B-decay spectrum, namely, close to
the kinematical end point. Already in 1938, A I Alichanian,
A T Alichanow, and B S Dzelepow carried out the first
experimental search for the neutrino mass by measuring the
B-spectrum shape of 2'9Bi [59].

3.1 p-decay of tritium
The most sensitive experiments use the super-allowed B-decay
of tritium,

‘H—He+e +V., (30)
to search for the effect of neutrino masses my (k =1,2,3)
near the endpoint of the electron spectrum, where
Q—T.~m; Q=18.6 keV and T, are the Q-value of
the process and electron kinetic energy, respectively. A low
Q-value is important, because the relative number of events
occurring in the energy range AT, near the endpoint is
proportional to (AT./Q)’. Due to the short half-life of
12.3 years, high decay rates can be achieved with reasonable
amounts of tritium.

The commonly presented form of the electron energy
spectrum for tritium B-decay is

dr  Gr
N(E.) = TR

xZ\Ue” (Eo — Ee)* —m20(Ey — E,

BiwF(Z, Ee)pE.(Ey — E.)

(1)

_mk)

where Bsy is the sum of squared Fermi and Gamow-Teller
matrix elements weighted with squared vector gy and axial
vector ga coupling constants, respectively:

Biy = gy|Mr[* + gz Marl*- (32)
Here, G is the Fermi constant and V4 is an element of the
Cabbibo—-Kobayashi-Maskawa (CKM) matrix, and p., E.,
and E; are the momentum, energy, and maximal endpoint
energy (in the case of zero neutrino mass) of the electron,
respectively. F(Z, E) denotes the relativistic Coulomb factor.

The drawback of the conventional expression for the
differential decay rate in Eqn (31) is that nuclear recoil is not
taken into account. The relativistic expression for the
maximal electron energy

1

EM¥ — [Mz +m

2
e 2M (Mf‘i’}’”k) }

(33)

gives a value about 3.4 eV lower than the considered
approximation E™*~ Ey=M; — M;— my (M;, My, and m,
are masses of the tritium atom, *He™, and the electron,
respectively).

The effect of nuclear recoil was taken into account in a
relativistic treatment of the B-decay spectrum of tritium [60]
derived in the elementary particle treatment of weak interac-
tion [61-63]. Advantage was taken of the fact that the spin-

isospin characteristics of the *H (3He) nucleus and neutron
(proton) are the same. The differential decay rate was found
to be of the form [60]

dr 1

dE 2 3 (GF Vlld) F(27 EE)pe

M,
Z |Uek| (y -+ 2my, ﬁ)

12 k

. [<g wany (e o) I )
v+ga)y|y v Y

M; 3m},

My+my\ ME. —m?

M;

M+ m\ M? — ME,

M;

2
X (gv +2ga) <J’+mk 3
]’nl2

X <y+Mf p;
2

M+ mk) M,E. —m?

2 2
— — M,
(gv — &gx) My (y+mk 7

2
mp

1

+lav = e (3 30| 0GEP — B ) (34

where m}, = M? +m?2 — 2ME.,y = E™* — E,, gy = 1,and
ga = 1.247[60]. By keeping only the dominant contributions
and by introducing a mass scale parameter M instead of M;
and My, we end up with

ar 1
dEC 213

<Y Uk Py (3 + 2mi) (v + mg) -
x

(Ge V) F(Z, Ee) peEe(g% + 322)

For the relativistic form of the Kurie function, we get

Fud

s

gy + 323 ( Y+ 2my) (v + mk)) 1/2~
(36)

K(y7 mk)

The Kurie plot is linear near the endpoint for zero neutrino
mass (m; = 0). However, the linearity of the Kurie plot is lost
if the neutrino has a nonzero mass. Deviation from a straight
line depends on neutrino mass miy.

3.1.1 Model with 3 light neutrinos (m; < 1 eV, k=1,2 3). If

the masses of 3 light neutrinos are in the sub-eV region and
my < E™ — E. the Kurie function can be written as

GrVw
K(y) = U, 2Ky,m ~ g% +3g2
) Ek |Uek|"K (v, mi) s A% A

X ((y +mp)\/y( -+ 2mp) ) "

(37)

where y = (Ey — E, — mp).

Usually, the primary molecule is T,, which, after the decay
of a tritium nucleus, becomes a molecule of T3He. With a
probability of about 43%, T *He does not go into its ground
state. Then, electron energy distribution is given by the sum of
partial energy distributions associated with all molecule final
states i:

(38)

dr dr
E., Ey,mg) P; — (Ee, Eoy — &, mp) .
dE( e 0 B Z ldEe( e 0 i B)
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Here, ¢; is the energy of the excited state (for ground state
€0 = 0) and P; is its probability (3, P; = 1).

The study of the B-decay of molecular tritium has become
the source of the most accurate data on the magnitude of the
neutrino mass. In 1940, Geoff Hanna and Bruno Pontecorvo
used a proportional chamber filled with tritium to evaluate
the rest mass of the neutrino experimentally at the Chalk
River Institute (Canada) [64]. A limit of ~ 1 keV on the
neutrino mass was obtained, which corresponds to the
resolution of the detector. In the work by Bergkvist et al.
[65], the limit was set down to mp < 55—60¢eV. The excitation
of the residual ion was taken into account as a source of the
main systematic corrections.

The increase in measurement sensitivity achieved over the
past 30 years is associated with the invention of an electro-
static spectrometer with adiabatic magnetic collimation [66,
67]. The principle of operation of the spectrometer is based on
the adiabaticity of the movement of an electric charge in a
slowly varying magnetic field. When moving from a strong
magnetic field to a weak one, the charges move along the
magnetic field lines, lining up along their direction. It is
important that the spectrometer resolution does not depend
on the transverse dimensions of the tritium source.

The Troitsk (Russia) [68, 69] and Mainz (Germany) [70]
experiments used molecular tritium and the magnetic adia-
batic collimation technique to set the previous most stringent
direct upper limit at mg < 2.2 and 2.3 eV (95% CL),
respectively, with a high-accuracy shape measurement of the
B-decay spectrum in the vicinity of its kinematic endpoint. As
a result of this success, the KATRIN experiment was
designed [39] and constructed with the primary goal of either
setting an improved upper limit on mg with an unprecedented
sub-eV sensitivity or discovering its value through a measure-
ment of the tritium beta-decay spectrum close its to its
endpoint, where the imprint of the neutrino mass is maximal.

KATRIN is the most precise neutrino mass experiment
currently in operation. The detector is a combination of a
gaseous molecular tritium source with a high activity of
10" decays per second and a spectrometer of high resolution
with AE =1 eV. The B-electrons are guided along magnetic
field lines from a windowless gaseous tritium source to the
spectrometer, which is operated as a magnetic adiabatic
collimation and electrostatic filter [66, 67]. The rate of
electrons is determined using a pixel focal plane detector
situated at the exit of the KATRIN spectrometer. Recent
measurements from the KATRIN experiment present an
effective neutrino mass square value,

my = (=1.0177) ev?, (39)
from which an upper bound on the electron neutrino mass mg
of 1.1 eV (90% CL) was established [71]. The completion of
the neutrino mass measurement is expected in 2025.

Two other experiments, Project 8 [72] and PTOLEMY
[73], which are presently in the R&D phase, are expected to
precisely measure the endpoint region of the electron
spectrum in the 3H B-decay with a sub-eV sensitivity to the
neutrino mass. The Project 8 collaboration aims to measure
the absolute neutrino mass scale using cyclotron radiation
emission spectroscopy on the beta decay of tritium. The
second phase of the project is currently taking data on
molecular tritium beta decays, and an analysis is in progress.
The main goal is to establish the absolute neutrino mass with
a sensitivity down to 40 meV when using atomic tritium as a
source [74].

3.1.2 3+1 model with light sterile neutrino in eV range.
Another purpose of the experiment is to find evidence of
possible sterile neutrino states, given the resulting distortion
they might cause to the tritium electron spectrum.

In the Troitsk nu-Mass tritium experiment, based on data
re-analysis of direct electron antineutrino mass measure-
ments, which included an extra 100 eV spectrum interval at
lower energies, a search for any sign of an additional light
sterile neutrino in a mass range of up to 100 eV was
performed. The upper limit for the contribution of a heavy
eigenstate to the electron neutrino was found to be around or
less than 1% (at 95% CL) for neutrino masses above 20 eV
[75]. On the contrary, from the Mainz experiment data, it was
concluded that mixing the fourth neutrino with the electron
neutrino is compatible with zero and only a small fraction of
the parameter space for such a fourth neutrino mass state
favored by the attempt to explain reactor neutrino and related
anomalies was constrained [76].

Recently, the KATRIN collaboration reported on the
light sterile neutrino search from the first four-week science
run of the KATRIN experiment in 2019. In a framework with
three active neutrinos and one sterile neutrino, B-decay
electrons with energy down to 40 eV below the endpoint in
the absence of neutrino mass effects were analyzed. No
significant sterile neutrino signal was observed. For the mass
of the fourth neutrino state, limits in the range mf < 1000eV?
and exclusion bounds on the active-to-sterile neutrino mixing
parameter |Ue4\2 were presented. The best sensitivity was
found at my ~ 20 eV, allowing the limit [77]

|Uaa]* = 2 x 1072 (40)
The obtained new limits supersede the Mainz results for
mi <1000 eV? and improve the Troitsk bound for
mf <30eV?2.

3.1.3 3+1 model with light sterile neutrino in keV range. A
fourth neutrino mass state with a mass of few keV is a warm
dark matter candidate. With an endpoint of Ey = 18.6 keV,
the B-decay of tritium is also well suited for a direct search for
neutrinos with a mass in the keV range. However, reasonable
amounts of tritium are required. A widely used method is
based on high-precision measurements of the f-decay spec-
trum, which is a superposition of spectra corresponding to the
different neutrino mass states that comprise the electron
neutrino flavor eigenstate. Due to the tiny mass differences
among the three light neutrino mass eigenstates, this super-
position cannot be resolved with current experimental
techniques. A kink-like keV-neutrino signature would be a
distinct feature in the otherwise fully smooth tritium B-decay
spectrum. The position of the kink depends on the mass of the
heavy neutrino my, and the signal strength of the broad
distortion is governed by the active-sterile mixing amplitude
sin” 0. The total differential tritium B-decay spectrum can be
written as

dr , dI'

5= VA SR+ (1= U3)

dr
SH0md). (41)

The Troitsk nu-Mass experiment established upper limits
on the active-sterile mixing amplitude U2 in the mass range of
0.1 to 2 keV, e.g., for my = 1 keV the bound U < 3 x 1073
was achieved [78]. On the contrary, the Mainz Neutrino Mass
Experiment constrained only a small fraction of the para-

meter space for such a fourth neutrino mass state in the range
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3< m}f < 36,400 ¢V ? [76]. Current laboratory-based limits
are orders of magnitudes weaker than astrophysical bounds
[49, 79, 80].

For further progress in the field, it was necessary to
eliminate the dominant sources of systematic uncertainties
due to the detector system. This goal was achieved with the
TRISTAN detector integrated into the KATRIN experi-
ment. The objective of the TRISTAN project is to utilize the
unprecedented tritium source luminosity of the KATRIN
experiment for a high-precision keV-scale sterile neutrino
search by extending the experimental setup with a new multi-
pixel silicon drift detector system [81, 82]. TRISTAN is
currently an R&D effort for an experiment to take place
after the completion of the neutrino mass measurement of
KATRIN, prospectively in 2025. The requirements for the
TRISTAN detector system are an energy resolution of less
than 300 eV (FWHM) at 20 keV, a low energy detection
threshold of around 1 keV, and the ability to manage high
count rates on the order of 10% counts per second. The design
goal of TRISTAN is to achieve a sensitivity of U3 < 107°.
The TRISTAN group is currently developing a detector
system. A 7-pixel TRISTAN prototype detector was already
successfully installed for the Troitsk nu-Mass experiment.

3.2 B-decay of rhenium
Compared to tritium, the B-decay of '¥"Re,

8’Re — 70s +- ¢~ + Ve, (42)
has a 7 times lower endpoint energy, 2.47 keV, resulting in a
350 times higher relative fraction of the B-spectrum in the
interesting endpoint region. A large isotopic abundance
(62.8%) makes it possible to use in the experiment natural
rhenium. A disadvantage is the very long half-life of
4.3 x 10'° years and a very complicated electronic structure.
It can be compensated for by using a B-emitter in cryobolo-
meters, which measure the entire energy released in the
absorber, except that of the neutrino.

The ground-state spin parity is 5/2% for '¥’Re and 1/2~
for the daughter nucleus '*7Os, and the decay is associated
with AJ™ =2~ of the nucleus, i.e., classified as a unique
first forbidden B-decay. The theoretical spectral shape of the
B-decay of '#7Re is given by [83]

dr dree  dree
dE.  dE. dE.
3 27172
GV,
=D Uutl® 733 BreR%peEe(Eo — Eo)
k=1

x % [Fl (Z, E)p2 + Fo(Z, Ee) ((Bo — Eo)* — m,f)}

x ) (Eo — Ee)* —m20(Ey — Ee —my) . (43)

Here, Fy(Z, E) and F;(Z, E) are relativistic Fermi functions
[85]. The explicit form of the factor Bgre, which involves the
squared product of the axial-vector coupling constant and
Gamow-Teller type nuclear matrix element, is given in [83].
Its value can be determined from the measured half-life.

The emitted electron and neutrino are expected to be,
respectively, in the p3» and s/, states, or vice versa. The
decay rate is the sum of particular decay rates associated with
the emission of sy, and p3/, electrons, which depend in a
different way on the neutrino mass. From calculations, it

follows that ps/,-state electrons are emitted about 10* times
more than for the emission of s;/,-state electrons [83]. The
dominance of emission of p3/, electrons was also confirmed
experimentally [84]. A complete understanding of the distor-
tion of the B-decay spectrum is crucial for experiments aiming
at the precise measurement of the neutrino mass.

By assuming my, < Q — T, the Kurie function takes the
form

1/2
K(y) ~ BRe(<y+ms) y<y+2ms>) , (44)
where
Br. — GFVudVBRe R2Pe2 Fl(ZvEe) (45)
ke V2 3 Fo(Z,E.)

with y = (Ey— E. —mg) > 0. The ratio (p2F\(Z, E.))/
Fy(Z, E.) depends only weakly on the electron momentum
in the case of the B-decay of rhenium. With good accuracy, the
factor Bg. can be considered to be a constant. For mg = 0, the
Kurie plot is linear near the endpoint. However, the linearity
of the Kurie plot is lost if g is not equal to zero.

Calorimetric measurements of the B-decay of rhenium
were complementary to those carried out with spectrometers.
From the spectrum near the endpoint, the MANU experi-
ment in Genoa and the MiBeta experiment in Milan set an
upper limit on the neutrino mass of mg < 26 eV [86] and
mg < 15 eV [87], respectively.

The success of these rhenium experiments has encouraged
the micro-calorimeter community to propose the ambitious
MARE project based on arrays of rhenium low temperature
microcalorimeters with the goal to reach a sensitivity of 0.2 eV
to the neutrino mass [88]. However, despite past successful
investigation of '8’Re, the realization of this project was
stopped, as this isotope was found to be not fully compatible
with the technical requirements of a high sensitivity neutrino
mass measurement experiment, mostly due to the low specific
activity and the relative slowness of the thermalization
process of materials containing this isotope. For these
reasons, the focus of the community has shifted to '*Ho.

3.3 Electron capture of holmium

Neutrino masses can be studied not only with B-decays, in
which an electron antineutrino is produced, but also with
electron capture processes, where the electron neutrino is in
the final state. In order to maximize the number of statistics in
the region of interest, decays characterized by low Q-value
transition energies are preferable. The best nuclide is '*Ho as
it has the smallest energy available of all possible nuclides for
electron capture. This energy is given by the difference
between the mass of the parent !*Ho and daughter 9Dy
atoms and corresponds to Qgc = 2833 + 3052 £ [5W eV
[89].

In the electron capture of '®*Ho,

e, + 13Ho — 'Dy* + v, (40)
a neutrino is emitted, and the daughter atom, '©*Dy*, is in an
atomic excited state. The isotope '®*Ho could be implanted
into well-suited cryobolometers. The uppermost end of the
electromagnetic de-excitation spectrum of '*Dy looks similar
to the endpoint spectrum of B-decay and is sensitive to the
neutrino mass.
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The calorimetric spectrum is given by

;F (Qec — Z\Uek| \/ (Qec — E,

*Zw' N1

Here, E. denotes energy deposited in the calorimeter. The
dependence on the neutrino mass is due to the neutrino phase-
space factor in front of the sum over all final states of the
Dysprosium daughter atom. Each contribution to the
calorimetric spectrum is determined with width y, and
position energy Ey. |i) and |f) are the holmium (initial) and
dysprosium (final) atomic states, respectively. é; denotes an
annihilation operator that removes an electron in orbital
¥;(x) from the ground state of holmium. The orbital wave
functions are evaluated at the nuclear radius R.

In 1982, the first description of the electron capture
spectrum, which included only final states that involve a
single hole in one of the core orbitals, was presented [90]. In
2014, the calculated spectrum from the same set of final states
was improved by taking into account overlap and exchange
corrections [91]. Since satellite structures were observed in the
experimental spectrum [92], the calculations were extended
for the consideration of two- [93, 94] and three-hole [95]
excitations in dysprosium. It was demonstrated that two-hole
states cannot be omitted and that three-hole states have a
negligible impact on the spectral shape. A subject of interest
was also shake-off processes [96], where, during atomic
relaxation after electron capture, electrons are scattered
into unbound states, leaving an ionized atom behind. An
important question to answer was to what extent multi-core-
hole states influence the spectral line shape at the end point,
i.e., near Q = 2833 eV. Theoretical studies demonstrated
that, although there are many two-core-hole states, there is
no strong state near the end-point region. However, none of
the calculations was able to explain the observed N1 (4s)
satellite structure. Recently, this problem was solved in ab
initio calculations of the calorimetric electron-capture spec-
trum by identifying it as an Auger peak [97].

Currently, three large experiments are being planned for
the precise calorimetric measurement of the '©*Ho electron
capture spectrum: ECHo [98], HOLMES [99], and Nu-MECS
[100]. Large arrays of very high energy resolution detectors
(AEpwnam < 3 eV) will be employed in these experiments in
order to acquire enough events to be sensitive to deviation in
the spectral shape at the end-point region due to neutrinos
with sub-eV mass.

2
_mk

2

(47)

4. Neutrinoless double beta decay

A distinctive signature of the Majorana nature of neutrino
masses is the violation of lepton number by two units
(JAL| = 2), which manifests itself in neutrinoless double-
beta decay (Ovpp-decay) [101, 102],

(4,2) = (A, Z+2) + 2¢, (48)

and other processes like nuclear muon-to-positron conver-
sion, or rare meson decays such as K* — n-ete™, oscilla-
tions of neutrinos into antineutrinos, etc. However, 0vBf-
decay is by far the most sensitive laboratory probe of total
lepton number violation.

The experimental search for OvBp-decay is based on the
detection and exact measurement of the sum of the kinetic

energies of two emitted electrons. Since the energy of the
recoiling nucleus is negligible, the sum of the kinetic energies
of both leptons must be equal to the Q-value of the transition.
The signature is a monochromatic peak in the energy spectrum.

The search for Ovpp-decay represents a new frontier of
neutrino physics. The experimental effort is concentrated on
high Qpgp isotopes, since this corresponds to a higher decay
probability. The list of isotopes commonly under study
includes *8Ca, "°Ge, %2Se, %°Zr, 1Mo, '16Cd, 30Te, 136Xe,
and '"Nd. But, progress is defined mostly by detector
technology, not by the choice of isotope [103, 104].

OvBp-decay has not yet been observed. Table 2 shows the
best results for today of the search for OvpB-decay for the
most interesting nucleus candidates for this process. Limits on
the values of TIO/V2 “P and parameters mpg and 5,y of lepton-
number violation are given. One can see that the best modern
experiments, KamLAND-Zen [105] and EXO [106] (126 Xe),
CUORE [107] ("*°Te), and GERDA [108] and Majorana
[109] ("Ge), have reached a sensitivity of ~ 1025 —10% years
for the half-life.

The next generation of Ovpp-decay experiments requires
more mass and a further reduction of backgrounds to
maximize the discovery potential. A discovery potential is
expected to be a half-life beyond 10? years. For this half-life,
an average signal rate of 1 decay per year requires tonnes of
isotopes and precise techniques for detecting rare signals from
emitted electrons with the exact determination of their energy.
We are now entering the era of Ovpp-decay searches on a
scale of tonnes [103, 104]. Many next-generation OvBp-decay
experiments are in preparation or under consideration, in
particular the LEGEND (°Ge, germanium detector technol-
ogy) [118], SuperNEMO (¥?Se, tracking plus calorimetry)
[119], CUPID ('®Mo, scintillating bolometric experiment)
[120, 121], AMoRE-II (1Mo, crystal scintillators using a
cryogenic detection technique) [122], SNO+1I (*°Te, tel-
lurium dissolved in liquid scintillator) [123], nEXO (13Xe,
liquid-xenon time projection chamber) [124], KamLAND2-
Zen (*%Xe, xenon loaded liquid scintillator detector) [125],
NEXT (!*Xe, high pressure xenon gas time projection
chamber) [126], and PandaX-III (!3¢Xe, high pressure xenon
time projection chamber) [127] experiments. They will be
realized in ~ 5—15 years. Recall that KamLAND-Zen
(13%Xe) [105] and CUORE ("*°Te, bolometer) [107] are the
first Ovpp-decay experiments on the scale of tonnes. Most of
these projects follow an approach in stages in which the target
mass is progressively increased.

The observation of OvBf-decay will have important
consequences: (i) it will signal that the lepton number is not
conserved and neutrinos are Majorana particles; (ii) it
represents the best hope for determining the absolute
neutrino mass scale at the level of a few tens of meV. To
achieve these goals, particle, nuclear, and experimental
physics problems have to be overcome. Particle physics is
important, since it provides the mechanisms for Ovpp-decay
[128]. Nuclear physics is important for extracting the useful
information from the data. To this end, it is necessary to
accurately evaluate the relevant nuclear matrix elements, a
formidable task [129].

In this review, the neutrino mass mechanisms of the
OvBpB-decay are emphasized.

4.1 Light neutrino mass mechanism
The smallness of the neutrino masses suggests that they have a
different origin with respect to other SM particles. The seesaw
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Table 2. Upper bounds on the effective lepton number-violating parameters mpg and 1,y imposed by current constraints on the OvpB-decay half-life

TIO‘;CXP (first row). Ranges of the LNV parameters were obtained using the largest and lowest values of Cyy for a given isotope from Table 3, respectively.
Unquenched value of the axial-vector coupling constant g is assumed.
80y 6Ge 82Ge 100Mo 16 g 130T 136 150\ d
Ty P, years | 5.6 x 102 1.8 x 10% 3.5%x 10% 1.5 x 10 2.2 x 108 3.2 x 10% 1.07 x 10% 2.0 x 10%
Reference [110] [108] [111] [112, 113] [114-116] [107] [105] [117]
mgg, eV 3.1-10 0.08-0.17 0.32-0.66 0.32-0.53 1.0-1.7 0.10-0.26 0.06—0.16 6.7-14
Hyy X 100 6.1-20 0.16—0.35 0.62-1.3 0.62-1.0 1.9-33 0.19-0.52 0.12-0.31 34-74

Table 3. Parameter C,n of the OvBB-decay half-life for isotopes of experimental interest. Values are presented for nuclear matrix element M\?V calculated
within the interacting shell model (ISM) (Strasbourg—Madrid (StMa) [142] and Central Michigan University (CMU) [143] groups), interacting boson
model (IBM) [144], quasiparticle random phase approximation (QRPA) (Tuebingen—Bratislava—Caltech (TBC) [145, 146] and Jyvaskyla (Jy) [147]
groups), projected Hartree—Fock—Bogoliubov approach (PHFB) [148], and covariant density functional theory (CDFT) [149] are considered. Argonne,
CD-Bonn, and UCOM two-nucleon short-range correlations are taken into account. Unquenched value of the weak axial-vector coupling g is assumed.

Method gA Short-range CoN (107 years™!)
correlations 48Ca 76(}e XZSe %Zr IOOMO llOPd l]6Cd 124Sn IZRTe 130Te '36Xe lSONd
ISM-StMa 1.25 UCcoM 4.38 4.56 17.3 15.1 24.4 17.1
ISM-CMU 1.27 Argonne 4.12 6.96 26.8 9.38 11.8 10.0
CD-Bonn 4.98 7.81 30.3 10.8 13.7 11.7
IBM 1.27 Argonne 19.7 13.4 36.7 42.7 73.5 20.5 41.6 239 2.56 50.5 35.2 27.0
QRPA-TBC 1.27 Argonne 1.88 16.3 56.7 39.5 120 41.4 70.7 15.4 3.17 55.8 18.0
CD-Bonn 2.24 19.0 66.4 46.8 141 48.9 81.6 19.9 3.93 70.4 229
QRPA-Jy 1.26 CD-Bonn 16.5 35.6 51.1 61.0 51.6 76.4 64.0 3.59 57.3 31.1
PHFB 1.25 Argonne 40.5 132 59.6 2.18 50.4 23.7
CD-Bonn 44.6 143 64.7 2.39 55.0 25.6
CDFT 1.25 Argonne 47.3 22.4 74.0 216 173 128 423 88.2 68.0 113

I generation of tiny Majorana neutrino masses for the three
observable very light neutrinos requires a very large Major-
ana mass term of right-handed neutrinos. In this case, along
with very light neutrinos, very heavy Majorana neutrino mass
states with typical masses of ~ 10'> GeV also appear, and
their contribution to Ovpp-decay can be safely neglected.
Then, the conventional light neutrino exchange mechanism
generated by left-handed V'— 4 weak currents is the dominant
mechanism of OvBB-decay. The inverse half-life of OvBf-decay
takes the form [102]

2
—1 m
S—c
with
Con = G (@D M (g5 (50)

Here, G%, g¢, and M stand for the known phase-space
factor [130, 131], the effective axial-vector coupling constant,
and the nuclear matrix element (NME) of the process,
respectively, and m, is the mass of the electron.

The ultimate goal of the search for Ovpp-decay is to
determine the Majorana neutrino mass mgg. To deduce the
value of mgg from a nonzero Ovpp-decay rate measurement,
M and g§T have to be reliably calculated using the tools of
nuclear structure theory. The current most stringent limits on
the effective mass of Majorana neutrinos mgg are obtained in
experiments with 3°Xe, 13%Te, 76Ge, Mo, and ¥’Se (see
Table 2). The spread in the values of mpp is related to the
currently existing uncertainties in the calculations of NMEs.

The unquenched value of the axial vector coupling constant is
assumed (g5 = ga = 1.269).

It was noted in Section 2.2 that mgg can be evaluated using
neutrino oscillation parameters by making an assumption
about the mass of the lightest neutrino and by choosing a type
of spectrum (normal or inverted) and values of CP-violating
Majorana phases. In future experiments, a sensitivity to mgg
of a few tens of meV is planned to be reached. This is the
region of the inverted hierarchy of neutrino masses (mpg =
19—50 meV; see Fig. 2). If we are dealing with a normal
spectrum, then everything depends on the value of mpg that
is realized in nature. At mpgg = 10—30 meV, this lies in
the sensitivity region of next-generation experiments, and
OvBp-decay could be registered. If mpg = 10 meV, more
sensitive experiments with 1-10 tons of B isotope are
required, which might be feasible. For mgg = 1—-3 meV,
experiments with 10-100 tons of the isotope are needed,
and it will be very difficult to reach the required sensitivity
in this case. If, however, mgg is below 3 meV, then
apparently Ovpp-decay will not be registered in the fore-
seeable future.

In Fig. 6, predicted lifetimes of OvBp-decay, obtained with
mpp = 50 meV (upper boundary for inverted hierarchy) and
3 meV (limit of any foreseeable experiment with current
technologies) are displayed for isotopes of experimental
interest. The range of values reflects the spread of calculated
nuclear matrix elements for a given nucleus. The calculated
half-lives are compared with the best current experimental
limits on the OvBB-decay half-life. In the case of '36Xe, the
current constraint is close to the range corresponding to the
inverted hierarchy of neutrino masses.
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Figure 6. (Color online.) Values of OvBB-decay half-lives of nuclei of experimental interest calculated for mpg = 3 meV (blue region) and mg = 50 meV
(red region). Upper and lower bounds of presented bands correspond to lowest and highest values of Cyn coefficient in Table 3, i.e., width of the band
reflects spread of calculated nuclear matrix elements for a given isotope. Current experimental constraints on the OvBp-decay half-life are shown by filled
green triangles. Unquenched value of weak-axial coupling constant ga is assumed.

4.2 Ovpp-decay with single heavy neutrino

Sterile right-handed neutrinos, which do not participate in the
electroweak interactions, are natural candidates for the
extension of the SM field contents.

In the case of active-sterile neutrino mixing, neutrino state
vN With arbitrary mass my may appear. The neutrino mass
eigenstate vy dominated by the sterile vy neutrino weak
eigenstate contains some admixture of active v, , . neutrino
species, as

VN = E UNszoc ;

#=S,¢, |1, T

(51)

allowing vy to contribute to various processes, in particular
to those with lepton flavor and lepton number violation.

The phenomenology of intermediate mass sterile neutri-
nos vy in various LNV processes has been actively studied in
the literature (for a recent review, c.f. [132-135]) and limits in
the |U9d\1|2 — mn-plane have been derived. It has been shown
that OvBB-decay limits for |UeN|2 — my are the most stringent
when compared with the limits from other LNV processes,
except for a narrow region of this parametric plane [133, 136—
138].

The contribution of the Majorana neutrino state, N, to
the OvBB-decay amplitude is described by the standard
neutrino exchange diagram between the two B-decaying
neutrons. Assuming the dominance of this LNV mechanism,
the OvBB-decay half-life for a transition to the ground state of
the final nucleus takes the form

(T5]) 7" = G (giM* | UZimn ] |my M® (mn, g5 (52)

The proton mass is denoted by m,. The phase-space factor
G is tabulated for various OvBp-decaying nuclei in Refs [130,
131]. In the above formula, ga and g stand for the standard
and ‘quenched’ values of the nucleon axial-vector coupling

constant, respectively. Their meaning will be discussed in
what follows. The nuclear matrix element in question M is
given by

 mpie 22 (g M)

1 R
MOV(mN,ngf)

X Zjd3xd3y d*p exp [ip(x —y)]

(OF |7 (x)m) (nlTF(¥)|0F) .
\/pz n mﬁ(\/pz md+ Ey — (Ei — Ef)/z)

(33)

Here, R and m. are the nuclear radius and the mass of
electron, respectively. Initial and final nuclear ground states
with energies E; and Ey are denoted by [0]) and [0]),
respectively. The summation runs over intermediate nuclear
states |n) with energies E,. The dependence on g§" occurs in
M® through the weak one-body nuclear charged current
Jh(x) [138].

For the two conventional limiting cases of the light
mn < pr and the heavy my > pr Majorana neutrino
exchange mechanisms, where pg ~ 200 MeV is the char-
acteristic momentum transferred via the virtual neutrino, we
have

1
M (my — 0,g51) = —— MP(gsh), (54)
pite
1
M™(my — o0,g3") = ) MY (gih) - (55)
N

The explicit form of NMEs associated with the exchange
of very light and very heavy neutrinos will be given in
Section 4.5.

For an arbitrary neutrino mass my, the half-life given in
Eqn (52) is very inconvenient for use in practice. Fortunately,
there is a very good approximate analytical representation
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250 OvBpB-decay half-life put stringent limits on |UeN|2 in the
whole range of my if the heavy neutrino is a Majorana
fermion.
200 } }
§ 4.3 Neutrino mass mechanisms
E 150 b i s of Ovpp-decay within left-right symmetric models
: s @ Left-right symmetric (LRS) models extend the SM gauge
& 100 L { symmetry to the group SU(2); ® SU(2)g ® U(1)p_; withan
additional neutral Z’ and two charged vector bosons W
® UCOMsre [152, 153]. This symmetry group is broken down sponta-
50 | & Argonne sre neously into the SM group at a sufficiently high energy scale
¢ CD-Bonnsre Arr, providing large masses of ~ A g to the extra gauge
0 . . . . . . . bosons Z’, WI{. After integrating out these heavy particles,
ISM ISM IBM QRPA QRPA PHFB CDFT one ends up at low energies with the well-known current-
StMa CMU TBC Jy current effective Lagrangian involving both left- and right-

Figure 7. Average value /(p?), over the set of considered isotopes with
variance ¢ calculated within different nuclear structure approaches:
interacting shell model (ISM) (Strasbourg—Madrid (StMa) [142] and
Central Michigan University (CMU) [143] groups), interacting boson
model (IBM) [144], quasiparticle random phase approximation (QRPA)
(Tuebingen—Bratislava—Caltech (TBC) [145, 146] and Jyviskyla (Jy) [147]
groups), projected Hartree-Fock-Bogoliubov approach (PHFB) [148],
and covariant density functional theory (CDFT) [149]. The Argonne, CD-
Bonn, and UCOM two-nucleon short-range correlations (src) are taken
into account. The unquenched value of weak axial-vector coupling ga is
assumed.

with an ‘interpolating formula’ [138, 139],

2
1 2 <P2> mN
[T1)5]" = Cw| U WO +ml e (56)
where
MOV eff
<[72> _ mpme N (gA ) (57)

M\E)V(g/iff) ’

which interpolates two limiting cases mn < pr and my > pr.
It can be used for any value of my [133, 137, 140].

The form of Eqn (56) suggests the interpretation of (p?) as
the mean square momentum of the virtual neutrino propagat-
ing between two f-decaying nucleons. Therefore, it is
expected to be of the order of (p2) ~ (200 MeV)®. The
values of /(p?) calculated in different nuclear structure
approaches for various isotopes together with its averaged
value /(p?), with variance ¢ are given in [141]. It was
found that \/(p?) depends noticeably on the chosen nuclear
structure method and considered choice of two-nucleon
short-range correlation function. The values of /(p?), are
shown for different nuclear structure approaches and types of
two-nucleon short-range correlations in Fig. 7. Surprisingly,
within all the considered nuclear structure approaches,
variance o is very small, i.e., (p?) is practically the same for all
isotopes of experimental interest and can be replaced with
averaged value (p?),.

Current constraints on the active-sterile mixing strength
|UeN|2 in the regime 1eV <myn < 10 TeV derived from
numerous experiments are summarized in Fig. 8 [150]. From
accelerator experiments, the most stringent limits are in the
range 1 < my < 100 GeV. The constraints from astrophysics
are important for my ~ 10 keV, where the heavy neutrino is a
hot dark matter candidate. The spectra of electrons emitted in
B-decays allows probing the heavy neutrino mass in the range
10 eV < my <1 MeV. The current lower bounds on the

handed weak currents. The part which can trigger OvBp-decay
is
G/;

Lk =
V2

[JLJL/)+/L/RJR/)+HC] (58)

Here, A = Mw, /Mw, (Mw, and My, are the masses of the
light and heavy vector bosons, respectively). 4 depends on the
underlying high-scale model. The left-handed v, and right-
handed veg weak eigenstate electron neutrinos are expressed
as superpositions of the light and heavy mass ecigenstate
Majorana neutrinos v; and N; as follows:

3
Ve = Y (Uejvi+ SN,
=l (59)
3
=D (TivE+ViN)).
=

ej’j

The 3 x 3 block matrices in flavor space U, S, T,V form a
6 X 6 unitary neutrino mixing matrix, which diagonalizes the
general 6 x 6 Dirac-Majorana neutrino mass matrix in the
Lagrangian. Within the LRS models, small neutrino masses
naturally arise within the see-saw mechanism. As a result, one
ends up with 3 light m; (i = 1,2,3) and 3 heavy M; (i = 1,2, 3)
neutrino masses.

If only light and heavy Majorana neutrino mass mechan-
isms of OvPBp-decay are considered, the inverse OvBp-decay
half-life expressed with the ‘interpolating formula’ takes the
form [154]

I,nvN 2
[TI/Z} l: VN(FEI?)) )

€

(60)

where the effective Majorana neutrino mass for light and
heavy neutrinos my N is given by

2
mBB

,i( S+ S5 e )
23:<T2m,+ Ve o ;”J?Mz M)

Jj=1

2

e (61)

From Eqns (60) and (61), it follows that the dominance of
light or heavy neutrino mechanisms of the OvBp-decay cannot
be established by observing this process in different isotopes.
This task requires additional information or assumptions
concerning neutrino masses and mixing.
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Figure 8. Exclusion plots in the |Uen |2 — my plane [150]. For simplicity, v, is assumed to be the only active neutrino. Shaded regions are excluded by
searches and observations as labeled (c.f. [151]). Band labeled ‘OvBp’ denotes the uncertainty about the current upper limit from Ovp-decay searches for a
Majorana heavy neutrino vy. Diagonal black dotted line labeled ‘Seesaw’ indicates the standard seesaw relation |Uen \2 = my, /mn with m,, = 0.05eV.

If the universality of mixing between the active and sterile
neutrino sectors is assumed, the seesaw mixing matrix U takes
the form [154]

e ) N

Here, { < 1 is the seesaw parameter (1 4 ¢% ~ 1), and U and
U' are the PMNS neutrino mixing matrix and its Hermitian
conjugate, respectively.

In order to reach a conclusion about the possible
importance of the mpg and M[?B mechanisms, the see-saw
relation m; ~ (>M; (m; # 0 and { < 1) for light and heavy
neutrino masses is assumed. If the LNV scale is significantly
larger than (p?),, we have

(mp)* = my + (ME)’, (63)
with
: 2
mﬁﬁ:2(3‘+4 . );,
TN ) m? (64)
SN o2,
Mgy 2 ;(C“HU;)Z C4<p2>a+m_,-2> m| .

We note that mgg (Mg}j) depends on 0,3, 013, o1, oy (012, 013,
023, 0), my 23, and (. These quantities can be evaluated
by making assumptions about the normal spectrum
(m; < my < m3) or inverted spectrum (m3 < m; < mp) of
neutrino masses and considering CP violating phases to be
arbitrary.

The current constraint on the mass of Wx, My, = 2.9 TeV
[155], sets the limit 4 < 7.7 x 107*. The upper limit 1=
7.7 x 107* will be used as a reference value for this para-
meter. In Fig. 9, the region of dominance of the MK
mechanism over the mgg mechanism in the Ovpp-decay rate

2.0

Excluded (90% CL) Excluded (90% CL)

b

mgg > Ml%{ﬁ

0.02 0.04 0.06 0.08 0.10 0.02 0.04 0.06 0.08 0.1
mg, eV

my, eV

Figure 9. Region of the dominance of Mé}3 contribution over mpg
contribution to mgN for the seesaw type of neutrino mixing matrix given
in Eqn (18) and by assuming {2 ~ m;/M;. Cases of normal and inverted
hierarchy of neutrino masses are presented in the left and right panels,
respectively. Current constraint on the 5, parameter is deduced from the
lower limit on the OvBB-decay half-life of '*°Xe [105] by using nuclear
matrix element calculated within the quasiparticle random phase approx-

imation (QRPA) [145].

is displayed in the plane of parameters { and m (the lightest
neutrino mass). The cases of normal (a) and inverted (b) mass
spectra of neutrino masses are presented. The upper limit on
the Ovpp-decay half-life T{’/g*exp(”"’xf;) > 1.07 x 10% is con-
sidered [105]. It is found that for myy =2 0.8 eV the light
neutrino exchange mechanism (mgg) dominates over the one
related to heavy neutrino exchange (Mé‘ﬁ). For a lower value
of my, there is a region governed by the ML, mechanism, in
spite of its significant suppression due to the smallness of /.

4.4 Quark condensate seesaw in Ovpp-decay

Let us discuss Ovpp-decay in the context of the dimension-7
operator OF in Eqn (3). After the EWSB, this operator
generates AL = 2 effective interactions relevant to OvBf-
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decay. We have [28]

G -
L, = 7; cee (CLvE TR dp + v viliR ug) + Hec. (65)
v/ A3
oo = L (66)

Here, &,p is a measure of the relative strength of the four-
fermion interactions with respect to the Fermi constant G.

The first term in Eqn (65) combined with the SM weak
charged-current interaction leads to the contribution
shown in Fig. 10b, which is independent of neutrino
mass in the propagator due to chiralities in the vertices
Pr, (my + ¢) Pr = ¢. This is a manifestation of the fact that
AL = 2 is not provided by m,, but solely by the upper vertex
in Fig. 10b. In the considered QCSS model, the second term
in (65) also contributes to Ovpp-decay via the neutrino-mass
mechanism shown in Fig. 10a. This happens due to chiral
symmetry breaking and the formation of a quark condensate.
As we discussed in previous sections, this term is the only
source of neutrino mass in the present model. We note that
neutrino mass is generated in the nuclear environment, where
the chiral quark condensate (qq)y is suppressed with respect
to the one in a vacuum (qq).

The inverse OvpB-decay half-life in the QCSS model can be
written as [28]

-1 2 .
(T55) " = leeel |1+ @y fome| (28D IMPP G, (67)
where
M()v
Jome = &X' 05 - (68)
nme MEOV

Nuclear matrix elements M, and M, are associated with
mechanisms in Fig. 10a and b, respectively. Their explicit
form is given in [28]. By exploiting the prediction of the QCSS
model, we have

e AUN G 835104
EeeMMe

V2 me

(69)

\Y

Here, (qq)y is the value of quark condensate in the nuclear
environment of a decaying nucleus, which is different from
the vacuum value (qq). For the OvBB-decay of 1*°Xe, a, fume ~
—2.00 x 1077 within the QRPA approach. Recall that
contributions to the Ovpp-decay amplitude of the diagrams
in Fig. 10 are proportional to the first and second terms in
vertical brackets in Eqn (67), respectively. Thus, due to the
smallness of @, fume, the diagram in Fig. 10b clearly dominates
in the considered scenario.

From what is currently the most stringent upper bound on
the OvBP-decay half-life obtained for '**Xe by the Kam-
LAND-Zen experiment (7.2, " > 1.07 x 10% years [105]),

1/2
the upper bounds on LNV parameters are as follows:

lece] < 2.49 x 10710, |mpp| <233 x 10 meV.  (70)
It is worth recalling that in the QCSS mppg characterizes the
subdominant contribution to the Ovpp decay shown in
Fig. 10a, while the dominant one is given by the diagram
Fig. 10b.

Comparing the limit for mgg in (70) with the allowed
region for this quantity in Fig. 2, derived from neutrino-

Figure 10. Contributions of effective operators (3) to Ovpp-decay.

oscillation data, it is concluded that the QCSS predicts the
normal ordering of neutrino masses and a rather narrow
interval of the lightest neutrino mass [28]:

2.65 < my =m < 6.84 meV. (71)

Using the lo ranges of the neutrino-oscillation parameters
sin’ 0;;and Am,.zj from Ref. [156], narrow ranges for masses of
the other two neutrino masses are obtained:
9.0 <my < 11.2meV,
49.8 < m3 < 50.8 meV .

From limits (71)—(73), the corresponding range for the
cosmological neutrino parameter is as follows:

6l4<X=> m<688meV. (74)
i

The QCSS range for the single-beta-decay parameter,

9.0 <my= [> |Uqf’m} <114 meV,

is beyond the reach of current tritium beta-decay experiments
and those in the near future (see, for instance, [39, 71]).

(75)

4.5 Ovpp-decay nuclear matrix elements

Nuclear matrix elements for Ovpp-decay must be evaluated
using nuclear structure methods. There are no observables
that could be directly related to the magnitude of Ovpp
nuclear matrix elements and that could be used to determine
them in a model independent way.

The nuclear matrix elements M and My associated
with the exchange of light (sub-eV scale) and heavy (TeV
scale) neutrinos, respectively, consists of Fermi, Gamow—
Teller, and tensor parts as

Ov ¢ eff MmN (V,N) /_ eff (V,N) (_ eff
MV.N(gA ) = - (geff)z +MGT (gA )+MT (gA )
A
Hg(r,
=(0f1Y vt |- Fc(ffkg) + Hor(ri)or— Hr(ri) Sk | |0F)
ki (gx")
(76)
with
. I
rp=r—ry, ra=|r|, i =
ri2 (77)

612 =616, Sip=3(61112)(0112) —012.

Here, r; and r, are the coordinates of the nucleons undergoing
beta decay.
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The radial parts of the exchange neutrino potentials are
integrals over the exchanged momentum ¢,

o0

Jxlar)FON (@) he(g?) g dg.
(78)

2
YN ER) =2 R

The functions fr cr(gr12) = jo(gri2) and fr(gri2) = —j2(gr)
are spherical Bessel functions. The functions /ix(¢?) that enter
the Hg’s through the integrals over ¢ have the form

(79)

g3 3q2+m2 3\qg*+m?
L2emu?) 4
3 (g8 4my

2 4 1 4 Y
3g2+m2 3\g*+m?

len(q®) ¢
(gsm)? 4mg

(80)

W

Here, the partially conserved axial current (PCAC) hypo-
thesis has been employed. The finite nucleon size is taken into
account via momentum dependence of the nucleon form-
factors. For the vector, weak-magnetism, and axial-vector
form factors, the usual dipole approximations are adopted:

ev(g?) - &
(1+q2/M3)?

gm(q?) = (w, — 1a)gv(g?), (81)

g
(1+q%/M3)

)

galg?) =

where gy =1, u, —p, =3.70. The parameters My =
850 MeV and M = 1086 MeV come from electron scatter-
ing and neutrino charged-current scattering experiments.

The difference between the calculations of M (g4) and
MY (&™) has its origin in factors F" N (¢%). We have

L FON (g =

FOgY) =1 -
(¢7) oy

2
qlqg+ E) (82
Here, E is the average of the virtual intermediate nuclear
states used in the closure approximation.

Significant progress has been achieved in the last decade
in the evaluation of matrix elements M® and MY for
OvBB-decay [129]. Nevertheless, there is still a spread by a
factor of 2-3 between the M calculations using different
nuclear models. While earlier evaluations of NMEs were
performed mostly within the quasiparticle random phase
approximation (QRPA) and interacting shell model (ISM),
nowadays, the results of the interacting boson model (IBM)
and of different versions of the energy density functional
(EDF) are also available. It is generally accepted that all these
models are plagued by neglecting certain essential aspects of
physics, different in each case. Currently, it is difficult, or
impossible, to reliably assign the corresponding uncertainties
in the resulting NMEs. For these nuclear model-based
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Figure 11. (Color online.) Nuclear matrix elements MY" and MY’ for OvBp-
decay candidates calculated in the framework of different approaches:
(i) interacting shell model (Strasbourg-Madrid (ISMgy, [142]) and
Central Michigan University (ISMcmu, [143]) groups) and interacting
boson model (IBM, [144]) in black; (ii) spherical (Tuebingen—Bratislava—
Caltech (QRPA g, [145]) group) and deformed (Tuebingen-Lanzhou—
Bratislava (dQRPA~7 g, [159]) and North Carolina (dAQRPAyc, [160])
groups) quasiparticle random phase approximation in red; (iii) projected
Hartree—Fock—Bogoliubov (PHFB, [161]), nonrelativistic energy density
functional (EDF, [162]) and (NREDF, [163]) and Relativistic EDF
(REDF, [164]) methods in blue. In the case of ISMcmy, IBM,
QRPATc, dQRPA7 3, and PHFB [161] calculations, Argonne two-
nucleon short-range correlations (src) were considered. ISMgy results
are with Jastrow src. Effect of src was neglected in dQRPAyc, EDF,
NREDF, and REDF evaluation of NMEs. Unquenched value of weak
axial-vector coupling gs and R = 1.2 fm A'/? are assumed.

methods, the concrete issues that are widely discussed are
the role of ground state correlations, deformation, the size of
the model space, or the restoration of the SU(4) spin-isospin
symmetry [157, 158]. The approaches with ‘controlled errors,’
like the no core shell model, coupled cluster methods, or the
Green’s function Monte Carlo method, are being developed.
They are, however, so far applicable only to light nuclear
systems and not yet to relatively heavy Ovpp-decay candidate
nuclei.

In Fig. 11, M% and MY’ calculated within different
nuclear structure methods are presented. We notice that the
ISM results are significantly smaller when compared with
results of different mean field approaches (PHFB, EDF,
NREDF, and REDF). The importance of the relative
deformation of initial and final nuclei in evaluating NMEs is
manifested by a difference between results of spherical and
deformed QRPA.

It is assumed that the problem of reliable calculation of
OvBB-decay NMEs can be resolved with the help of support-
ing nuclear structure experiments. An example is the study
of the heavy-ion double-charge exchange reaction (with
AT =2), in particular of ground state to ground state
transitions, at LNC Catania (the NUMEN experiment [165,
166]). This and the analogous low energy pion double charge
exchange reaction are potentially related to the NME of
OvBp-decay. That relation, however, requires further theore-
tical study [167].

4.6 Relation between Ovpp- and 2vpp-decay NMEs
For any mechanism responsible for decay, the matrix element
MO consists of three parts, Fermi (F), Gamow—Teller (GT),
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the potentials that depend on the relative distance r of the
two nucleons. The sum is over all nucleons in the nucleus.

For the light and heavy neutrino mass mechanisms, the
dimensionless neutrino potential for the K= GT, F, and T
parts are

{Pé(rjk) } = £2(r)

Pg(rjk)
o
2 i + Ey
< 2R [Tt | " e s6)
TEgA
meny,

Here, R is the nuclear radius added to make the potential
dimensionless. The functions fg gr(gri) =jo(gri) and
Sfr(qri) = —jr(grx) are spherical Bessel functions. The
functions hx(g?) are defined in [157]. The light neutrino
exchange potential depends rather weakly on average
nuclear excitation energy E,,. The function fy.(ry) repre-
sents the effect of two-nucleon short range correlations [168].

Better insight into the structure of matrix elements can be
gained by explicitly considering their dependence on the
distance r between the two neutrons that are transformed
into two protons in the decay. Thus we define the function
C&.(r) (and analogous ones for My and Mr) as

f|zf T 60 5(r

Jk

Ov—v, N

Cor ’ﬂ») GT (”j'/c)|i>7

e, MOTWN :J CONG dr. (87)
0

In other words, knowledge of Cor "™ (r) makes the evalua-
tion of Mg"T VN trivial. We note that the function C(r) was
first introduced in [157].

From the way the function Cg
immediate follows that
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N (1) was constructed, it
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as already pointed out in [169]. CZ,(r) determines the two-
neutrino double-beta decay closure matrix element MéVTcl as
a result of integration over r. From (88), it follows that, if
CZ o (r) is known, the COr V"N (r) can be easily constructed
and hence also the Ovpp- decay matrix element My "N The
analogous procedure can also be followed, of course, for

r, fm
Figure 12. Neutrino exchange potentials P& (r), PSr(r) and functions
C2r (), CET N (CTN@G) = PEN( )CGTd(r)) evaluated in the
QRPA [145] for the OvBB-decay of "°Ge.

MY N and M{N. But Eqn (88) is much more general.
Knowing C&%,(r) makes it possible to evaluate the corre-
sponding matrix element for any neutrino potential P2 (r).
That represents, no doubt, a significant practical simplifica-
tion. A better understanding of the CZ%,(r) function is a key
to a reliable calculation of double beta decay NMEs [158].

For the OvBp-decay of "Ge, the functions Coy V"™ (r) and
C&% 4(r) calculated within the QRPA [145] and related
neutrino exchange potential PGT (r) are displayed in Fig. 12,
where 2N (r) refers to two curves, CQ (r) and CO5N(r).
These functions are defined by the relatlon

COV N () = PEE (0 CEra(r).

where Pé’TN (r) denotes P (r) and PS;(r) (see also Eqn (88)).

4.7 Quenching of axial-vector coupling constant
The value of the axial-vector coupling constant at the quark
level is unity and for a free nucleon is larger, namely
ga = 1.269, as strong interaction renormalizes the weak
axial-vector current for neutron decay. What its value is in
the case of a bound nucleon in a nucleus has not been solved
yet. It is well known that the calculated strengths of Gamow—
Teller beta-decay nuclear transitions to individual final states
are significantly larger than the experimental ones. That effect
is known as axial-vector current matrix elements quenching.
To account for this, it is customary to quench the calculated
GT matrix elements [170—172]. Formally, this is accomplished
by replacing the true value of the coupling constant
ga = 1.269 by a quenched, value g§" < go. There is no
consensus on the origin of quenching of ga. It could be
missing correlations in the nuclear wave functions, or single-
particle model truncation, or the renormalization of the
Gamow-Teller operator, including the inclusion of two-
body currents. This effect might also be assigned to the
delta-isobar admixture in the nuclear wave function or to
the shift of GT strength to higher excitation energies due to
short-range tensor correlations. It is not known yet whether a
similar phenomenon exists for other multipoles, besides
J=1%.

The renormalized or quenched value of axial-vector
coupling constant g&f, which includes nuclear medium
effects, is the important source of uncertainty in the theor-
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etical predictions of the Ovpp-decay half-life and is a major
concern in experiments looking for a sign of Ovpp-decay. It
should be borne in mind that g enters in the fourth power
in both the OvBp- and 2vBB-decay rates. Different nuclear
methods (e.g., nuclear shell model, interacting boson model,
and QRPA) can be used to compute 2vBf-decay lifetimes.
The predicted lifetimes for these processes are almost always
shorter than the measured lifetimes, i.e., computed 2vpf
NMEs are too large. The problems are usually solved by
using g4 in place of the bare value of ga = 1.269 for a free
nucleon.

There are some indications that the value of g4 can be
significantly suppressed when compared to ga. First, by
QRPA statistical analyses that took into account experi-
mental EC and P rates, in addition to the measured 2vpf-
decay half-lives, it was found that (¢$™)* = 0.30 and 0.50 for
the 2vBP-decay of Mo and ''6Cd, respectively [171]. This
kind of study was extended for a number of isobaric triplets
and more complicated isobaric chains of nuclei in [173,
174]. The striking result of Ref. [171] was confirmed by a
conclusion that g§ < 0.80. Second, a significantly stronger
quenching of the axial-vector coupling constant, namely,
(g5M)* ~ (1.26947018)* = 0.063, was established within the
interacting boson model by exploiting the 2vpp-decay matrix
elements evaluated within the closure approximation [172].

The problem of quenching of the axial-vector coupling
constant may be related to a partial restoration of the spin-
isospin SU(4) symmetry within the QRPA [158]. This restora-
tion of symmetry was achieved by using a new way of
adjusting the isoscalar particle-particle interaction of the
residual Hamiltonian in the way the matrix element of the
double Gamow-Teller operator connecting the initial and
final ground states of double-beta decay vanishes. The
obtained values of M were found to be not very different
(<20%) from the usual QRPA values when isoscalar
particle-particle interaction is related to known 2vpf half-
lives. Figure 13 shows a comparison of the NMEs produced
by both ways of renormalization of this interaction. By
assuming partial restoration of the SU(4) symmetry, the true
2vBB-decay matrix elements were evaluated and compared to
the corresponding experimental values. It was found that
calculated values are mostly larger than the experimental
ones, suggesting qualitatively, on average, a relatively modest
quenching, g§™ = 0.90 [158].

Recently, by combining effective field theories (EFTs) of
the strong and weak forces with powerful quantum many-
body techniques, state-of-the-art computations of B-decays
from light- and medium-mass nuclei have been presented
[175]. EFTs enable a consistent description of the coupling of
weak interactions to two nucleons via two-body currents. The
three-nucleon forces make smaller but significant corrections
to the nuclear interaction, and in a standard treatment of
single B and double-beta decay processes are not usually
taken into account.

In calculations with consistent nuclear Hamiltonians and
two-body currents, where the two-body current operators are
transformed into effective one-body operators, matrix ele-
ments of single-f and 2vpB-decay are reduced by an amount
corresponding to g§" = (0.7—0.8)ga [175, 176]. Thus, the
puzzle of the quenching of axial-vector coupling constant
seems to be largely solved. In the case of calculation of
OvBp-decay NMEs with two-body currents, the effect at high
momentum transfer, which softens the quenching, has to be
taken into account. The corresponding reduction in NMEs
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Figure 13. (Color online.) Nuclear matrix elements (M) for OvfB-decay
candidates as a function of mass number 4. Results are taken from the
QRPA [158]. Isoscalar particle—particle interaction is adjusted by a partial
restoration of the SU(4) symmetry (red dots) and 2vBp-decay experimen-
tal half-life is correctly reproduced (blue squares). Where the 2vBp-decay
half-life is not measured (**Zr, ''°Pd, **Sn, and '**Xe), the expected 2vpp-
decay half-life, e.g., within the single-state dominance hypothesis, is

considered (unfilled black squares). g,iff = gf{“ = 1.269 is assumed.

turns out to be about 30% and 20% within the nuclear shell
model [176] and QRPA [177], respectively. Itis much less than
would be obtained by squaring the renormalization factor
from single- decay, as one does to get the quenching of 2vpf3
matrix elements.

The quenching phenomenon has been firmly established
for low momentum transfer GT-type nuclear transitions.
However, the OvBpB involves momentum transfer ¢~
100 MeV, with no restriction on angular momentum and
parity change. This makes the muon capture with relatively
large momentum transfer of the order of the muon mass and
unrestrictive selection rules an important testing ground for a
nuclear model description of OvBB-decay NMEs. Recently,
there is some experimental (see, e.g., Ref. [178] and references
therein) and theoretical [179, 180] effort in this direction.

There seems to be a discrepancy between the calculated
muon capture rates based on the QRPA method in the
older Refs [181-183], where only mild quenching of g5 was
required, and more recent Ref. [179], where rather substantial
quenching is indicated. Recently, a detailed calculation of
the total muon capture rates for final nuclei participating
in double-beta decay was performed within the QRPA [180].
Several variants of the muon capture formalism were con-
sidered. The analysis included a different size of the single
particle model space used or the treatment of the initial bound
muon wave function. The experimental total capture rates are
compared with the calculated rates for g&f = 1.27 and 1.0 in
Fig. 14. Clearly, the experimental data are bracketed by these
two g5 values. Thus, it is not necessary to significantly reduce
the axial current coupling constant ga. Its standard value
ga = 1.27 seems to be adequate.

5. Two-neutrino double beta decay
Two-neutrino double beta decay (2vpp-decay) [101],
(4,Z2) = (A, Z+2) + 2™ +2V,, (89)

is a second order process of weak interaction fully consistent
with the Standard Model of particle physics, where two



December 2021 Neutrino masses and interactions and neutrino experiments in the laboratory 1257
0.30
16
14 . 0.25 - [ ]
| - * 3 . "
-
12 - s * * . T 0.20
E |® = | A >
- 10| . L | ©
R Al A i A =
o & - 0.15
e gl A B g ) °
= . S e
o -, Q0
RIS Vit [l S 010 ° | o
P m  exp.
4k e exp. (nat.) PY °
A ¢ phen. 005~ o °
s b *te theor. (g4 = 1.27, Ims) °
A A—a theor. (ga = 1.00, Ims)
0 | | | | | | | | BCa TGe 82Se  %7r 10060 H6Cq 128Te 130Te 136Xe 1S0Nd

48—“ 7ﬁse 82Kr 96MOIDORUIIOCdIlésn ]24T6128X6130X6134BaIJGBHISOSm

Figure 14. (Color online.) Comparison of experimental and theoretical
total capture rates for the final nuclei participating in double-beta decay.
Measurements were performed for a given isotope in [178] and for
elements with a natural abundance of isotopes. Theoretical results were
obtained within QRPA with large model space (Ims) for ga = 1.00 and
1.27.

protons are simultaneously transformed into two neutrons
inside an atomic nucleus, and two pairs of electrons and
antineutrinos are emitted.

2vBpB-decay has been a subject of experimental research
for more than 60 years. The first direct observation of this
process dates back to 1987 [184]. Currently, 2vBp-decay has
been observed in eleven even-even nuclei with a transition to
the ground state and in two cases also with a transition to the
first excited 07 state of the final nucleus [185]. It is the rarest
process measured so far in nature with a half-life above
10'® years and a source of background in experiments
looking for signs of OvBB-decay.

The inverse half-life of 2vBf-decay is commonly presented
by the product of a phase-space factor G2', fourth power of
the effective axial-vector coupling constant g§', and nuclear
matrix element M2 as follows:

(T7) " = (&8 |M& P 6™ (90)
The nuclear matrix element expressed in terms of sequential
single B-decay Gamow-Teller transitions through complete
set of virtual intermediate states is given by

wy = 3 OIEE o i 5/ okl 0)
aT E,— (E + Ey)/2
(1)

n

Here, |0;") (|0f)) is the ground state of the initial (final) even-
even nuclei with energy E; (Er), and |1;7) are the states in the
intermediate odd-odd nucleus with energies E,.

The matrix element M2%, the value of which can be
determined from the measured 2vBp half-life by making
assumptions about the value of g§ (Fig. 15), plays an
important role in understanding the nuclear structure of
double beta decay isotopes [186]. Its value is usually used to
adjust the residual part of the nuclear Hamiltonian in
calculating the OvBp-decay NME within the proton-neutron
quasiparticle random phase approximation (pn-QRPA)
[187-189]. Due to this procedure, the results obtained are
only weakly sensitive to the size of the model space and

Figure 15. 2vBB-decay matrix elements deduced from measured half-lives.
Unquenched value of axial-vector coupling constant is assumed.

chosen type of nucleon—nucleon (NN) interaction. So far,
2vBB-decay NMEs have been calculated without the closure
approximation only within the interacting shell model (ISM)
[190] and the pn-QRPA [191].

There is a possibility of exploring new physics beyond the
SM with 2vpB-decay by a precise measurement of the 2vpf3-
decay differential distributions. It covers the search for right-
handed neutrino interactions without having to assume their
nature [192], neutrino self-interactions [193], sterile neutrinos
with masses up to the Q-value of the process [194], the bosonic
neutrino component [195], violation of Lorentz invariance
[196-199], OvBB-decays with Majoron emission [200, 201],
and quadruple-B-decay [202].

5.1 Improved description of 2vpp-decay

Experiments studying two-neutrino double-beta decay
(2vBB-decay) are currently approaching a qualitatively new
level, where high-precision measurements are performed not
only for half-lives but for all other observables of the process.
A reconstruction of individual electron energies allowed
obtaining information about the single state dominance
(SSD) and higher state dominance (HSD) hypotheses [203,
204], discussing the importance of various contributions to
the 2vBp-decay NME from transitions through intermediate
nuclear states [205, 206].

In this context, a more accurate expression for the 2vff3-
decay half-life was derived by taking into account the depend-
ence of energy denominators on lepton energies and using a
Taylor expansion, which allows calculation of phase-space
factors and NMEs to be factorized [207]:

1

[k

-1

(T7h) " = (e MEr_sP (Gg* + &G, (92)

where G@" and G3" are the phase-space factors with different
dependences on lepton energies. The new parameter

= Mg /M2; depends on M2y , and MZ:, NMEs
with the first and third power of the energy denominators,
respectively. While MZ)} is sensitive to contributions from
high-lying states in the intermediate odd-odd nucleus with
JT=1%, for MéVT%, typically only the lowest 17 state
contributes. It was found that the value of an additional
contribution to the 2vBp-decay width corresponds to 3-20%
of the full width for 4 = 76, 81, 96, and 100 nuclear systems
[207].
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Figure 16. Effective axial-vector coupling constant g;ff versus matrix
element MZ_, for 2vpp-decay of 136Xe [208]. Purple dot and blue square
display ISM results with the CGN5082 and MC interactions, respectively.
QRPA dependence is shown by the solid green and dashed red curves.

The improved description of 2vBB-decay made it possible
to also introduce a novel approach for determining the
effective axial-vector coupling constant. The revised expres-
sion for the 2vpp-decay half-life includes, in addition to
the well-known nuclear matrix element MéVTfl, the double
Gamow-Teller matrix element M& ; with energy denomi-
nator to the third power. This matrix element is governed by
the transitions through the lowest states of the intermediate
nucleus. It was proposed that the effective axial-vector
coupling constant g§' can be determined from the measured
2vpp-decay half-life if the ratio 612; of nuclear matrix elements
ME; 5 and M&;_, is deduced phenomenologically from the
shape of the energy spectrum of emitted electrons in the
2vBB-decay, and nuclear matrix element M2}  is reliably
calculated, e.g., within the interacting shell model. In this
way, one avoids the problem of the importance of transitions
through the higher lying states of the intermediate nucleus.

By using 2vpp-decay data, 6321" can be determined experi-
mentally with electron energy spectrum fits extracting the
leading and second order contributions in Eqn (92). This new
observable ¢’ makes it possible to test and discriminate
between QRPA and ISM calculations that all reproduce the
experimental T7),. In Fig. 16, the effective axial-vector
coupling constant ggff is displayed as a function of the matrix
element Mgr_3 for the 2vBp-decay of 3°Xe. It is shown that

2¥'>0.26 (0.05) is excluded by the present KamLAND-Zen
measurement at 90% (1¢) CL [208]. Further experimental 6321"
sensitivity improvements may distinguish between various
nuclear structure scenarios.

6. Conclusions and outlook

In recent years, we have witnessed a revolution in the physics
of neutrinos. The observation of neutrino oscillations demon-
strated both the mixing of neutrinos and that neutrinos are
massive particles. There is a strong oscillation program,
including a precise measurement of mixing angles, the search
for CP violation in the neutrino sector, and a possibility of
reaching a conclusion about the mass hierarchy of three
neutrinos. But, neutrino oscillation measurements shed light
neither on the scale of neutrino masses, nor on the mechanism
by which they are generated.

Cosmology and single and double-beta decay processes
can probe the absolute neutrino mass scale in complementary
ways. The neutrino mass scale is most directly accessed by
studying the energy spectrum generated by the B-decay of
tritium in the KATRIN experiment with a technique proposed
by Spivak and Lobashev [66] a long time ago. Also promising
are studies of electron capture of ' Ho with cryogenic
calorimeters in the ECHo and Holmes experiments.

Searching for OvBB-decay is a top priority in particle and
astroparticle physics, being the most sensitive test of lepton
number violation and the only suitable process to probe the
Majorana nature of neutrinos. In order to increase the
experimental sensitivity for this particular search, detectors
on the scale of tonnes operated under nearly zero-background
conditions with a few keV energy resolution are required. The
race to observe OvBp-decay has started. If there is an inverted
hierarchy of neutrino masses, many of the Ovpp-decay
experiments (SuperNEMO, CUORE, nEXO, LEGEND,
AMORE, CUPID, etc.) can establish the nature of neutrinos
in the coming decade.

The possible existence of sterile neutrinos is an opportu-
nity with many interesting phenomenological consequences
and is a challenge for theory and experiment. Beta-decay
experiments allow us, in theory, to reach a conclusion about
additional heavy neutrinos in the eV (driven by the reactor
neutrino anomaly), keV (hot dark matter candidate), and even
MeV ranges. If neutrinos are Dirac particles, an important
constraint on their masses and mixing can be deduced from
differential characteristics of 2vBp-decay. In the opposite
case, namely if neutrinos are Majorana particles, stringent
constraints on the masses and mixing of sterile neutrinos are
deduced from the upper bound on OvBB-decay from various
experiments.

To interpret the data from weak nuclear processes
accurately, a better understanding of nuclear structure
effects important for the description of nuclear matrix
elements is needed. In this connection, it is crucial to develop
theoretical methods capable of evaluating reliably the nuclear
matrix elements and to realistically asses their uncertainties.
As the field developed, the mysteries of neutrinos became
more intriguing, theories more exciting, experiments more
varied and larger, and the number of physicists involved
larger. Many important discoveries are on the way.

In writing this review, the author would like to give
credit to the Institute for Nuclear Research of the Russian
Academy of Sciences (INR RAS), which recently cele-
brated 50 years since its foundation, for important and
decisive contributions in the field of neutrino physics
recognized worldwide, in particular, for the success of
the Troitsk nu-Mass and KATRIN laboratory experi-
ments used to measure the neutrino mass kinematically
and the double-beta decay experiments GERDA and
AMORE. However, the research at the institute is much
broader, covering the topics of neutrino theory, astro-
physics, and cosmology. There is no doubt that the INR
RAS will also achieve many important results and make more
discoveries in the future.
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