
Abstract. Recently developed experimental methods for the
generation and diagnostics of nonideal plasma and warm dense
matter are reviewed. Modern theoretical methods applied to
solve the problem of fluid±fluid phase transitions, including the
plasma phase transition, are considered. Quantum simulation
methods and the results obtained in the chemical model of
plasma are analyzed. Particular attention is paid to the phase
transition in warm dense hydrogen/deuterium at high pressures.
Results for helium, aluminum, cesium, cerium, ionic, and ex-
citon plasmas and some other substances are also considered.

Keywords: plasma phase transition, nonideal plasma, warm dense
matter, fluid ± fluid phase transition

1. Introduction

The existence of a plasma phase transition (PPT) in a nonideal
plasma was hypothesized by Norman and Starostin 1 [1] in
1968. Twomore predictions were made in subsequent studies.

The same authors suggested that the phase equilibrium
curve of the PPT can end with a critical point at high
temperatures (the estimate was 103 K [1]) and a triple point on
the melting line at low temperatures [2, 3]. A version of an
isolated curve of the coexistence of phases with two critical
points was also proposed.

Biberman and Norman [4] studied metastable states
generated by a PPT and discovered their anomalous char-
acter. The density on the stable branch of one phase and the
density on the metastable branch of the other highly coincide
on the isotherm of the pressure dependence on density. Due to
its slope, the isotherm in the overlap region turns out to be a
three-valued function (three pressure values correspond to
one density value), which distinguishes it from the single-
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The history of this review dates back to May 1970 when a co-author of this review, G E Norman, met for the first time
V E Fortov. Norman was selected by the Journal of Experimental and Theoretical Physics (JETP) to peer review a paper by
Yu GKrasnikov with an unknown co-author. Norman liked the paper, but, as often happens with high-quality work, a dozen
ideas arose on how tomake it even better. Norman, who knewKrasnikov well, immediately called him and offered to meet and
discuss his comments in an informal setting to speed up publication. Krasnikov, of course, agreed and said that he would come
with his post-graduate student. That post-graduate student was Vladimir Fortov, who immediately took over the discussion of
the comments, which apparently was very informative to both Norman and the student. The paper by V E Fortov and
Yu G Krasnikov, which was published in November of that year (JETP 59 1645 (1970)), was Fortov's first scientific
publication.

Despite the difference in age and status (Norman was a reviewer of Fortov's thesis for the academic degree of Candidate of
Science), a trusting relationship was quickly established between them, which continued to exist throughout all subsequent
decades in the background of Fortov's rapid career growth. Norman and Fortov met frequently, and from the very beginning
one of the central topics of their discussions was the plasma phase transition hypothesized byNorman and Starostin. In the last
decade, Fortov showed great interest in reports by Ilnur Saitov, who developed a quantum approach to this problem.
Therefore, it is not surprising that, in March 2019, Fortov suggested to Norman that they jointly write a review on the current
state of this problem. It happened at a conference in the Elbrus region, where theymet each other every day. The agreement was
later consolidated by a grant from the Russian Foundation for Basic Research intended for three participants. It was decided
that IMSaitovwould head the project; he was also in charge of handling the grant and preparing (underNorman's supervision)
the text of the review.

Unfortunately, these plans were undermined by the pandemic. Contact among the participants was reduced to infrequent
phone calls. Norman spoke with Fortov for the last time on October 25, 2020; they talked about the review and agreed when
Fortovwould review themanuscript. Alas, the plan failed. The reviewwas submitted toPhysics±Uspekhi before Fortov's death.
After his demise, the manuscript was radically revised in accordance with the reviewer's comments and our new understanding
of the problem. Saitov and I decided in this situation that it would be unethical to include Fortov as a co-author. We decided to
dedicate the review to the blessed memory of Vladimir Evgen'evich Fortov.

Andrei Nikonovich Starostin, Vladimir Evgen'evich Fortov, and Genry Edgarovich Norman (from left to right).
The picture was taken in Boston, USA during a break between sessions at the International Conference, Strongly Coupled Coulomb Systems,

(Boston College, August 3ë10, 1997) by my Russian colleague on my `point-and-shoot' camera.
The conference was attended by Walter Kohn (future Nobel laureate), Michael Fisher, Joel L Lebowitz, Neil W Ashcroft, Werner Ebeling,

Friedrich Hensel, Hugh E DeWitt, William J Nellis, Norman GMarch, and other prominent researchers.
Vladimir Fortov stopped by the conference for one day to give his report; he told me that he was on the way to a meeting of the RussianëAmerican
Commission on the Arctic. Fortov was at that time the Deputy Prime Minister of the Russian Government and in this capacity was the co-chair

of this commission together with then US Vice-President Albert Gore.
When theAmericans askedme the next day where Fortov was, it was clearly seen in their eyes that they could not even imagine that a person of the rank of
the US vice-president (an empyreal égure for them) could visit an academic conference and even speak on a par with them, discussing speciéc scientiéc

issues. It seemed to me that they did not even believe my explanations suspecting some kind of hoax. (From the memoirs of G E Norman.)
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valued van der Waals isotherm. This specific feature is the
third prediction; it can be considered a distinctive PPT
signature in a singly ionized plasma, since it is due to the
three-component composition of such a plasma.

The authors of [1±3] drew an analogy with the van der
Waals equation, in which a first-order phase transition arises
as a result of competition among temperature, long-range
attractive forces, and short-range repulsion forces. The long-
range interaction in a plasma is the Coulomb interaction
between charged particles, and, due to the polarization of the
arrangement of charges, the average interaction energy of
the particles is negative, i.e., the interaction is effectively
attractive. To stabilize the system under consideration, the
short-range effective quantum repulsion of free electrons
and ions was taken into account in [1], along with the
Coulomb interactions. Due to the localization of the converg-
ing charges, the uncertainty of the momentum increases,
which leads to an increase in the kinetic energy and reduces
the probability of such states to zero.

Continuing the discussion of [1], it is worth recalling
the title of this work: ``The inconsistency of the classical
description of a dense nondegenerate plasma.'' Thus, the
authors of [1] were driven by the issue of the thermodynamic
stability of a nondegenerate nonideal plasma, since the
extrapolation of the classical Debye±H�uckel approximation
for energy into the nonideal region resulted in a plasma that
loses its stability. In an attempt to ensure the stability of
plasma in the nonideal region, the authors of [1] introduced
the quantum effect of repulsion of free electrons from ions at
small distances and found that the thermodynamic stability of
a nondegenerate nonideal plasma persists in this case. They
also noticed that the plasma can separate into two phases in
a certain range of parameters. These phases, which could
consist of electrons, ions, and neutral atoms, differ in the
degree of ionization.

To emphasize the boldness of the PPT hypothesis put
forward in [1], it should be noted that prominent US-based
researchers Lebowitz and Lieb were exploring in the same
years the problem of the thermodynamic stability of a system
of electrons and ions. Their article [5], entitled ``The existence
of thermodynamics for real matter with Coulomb forces,''
was published in 1969, a year later than [1]. The approach
developed in [5] is more rigorous and complex than in [1], but
the quantum nature of the stability of matter was, in essence,
exactly the same as in [1]. Apparently, due to the excessive
mathematical apparatus of [5], its authors, unlike the authors
of [1], overlooked the possibility of a PPT.

Such a phase transition is now often referred to as the
Norman±Starostin PPT [6]. We share in this issue Fortov's
viewpoint expressed in the obituary, ``In memory of Andrei
Nikonovich Starostin,'' published in Physics±Uspekhi in
July 2020 [6], where Fortov promotes the priority of Soviet
and Russian researchers in theoretical [1±3] and experimental
[7] studies of the plasma phase transition. The Norman±
Starostin plasma transition and the influence of this predic-
tion on subsequent research in Russia and abroad were
extensively presented in the obituary. In addition to Fortov
andNorman, the obituary was signed by 10 scientists, most of
whom, owing to their professional interests and age, were well
aware of the history of the Norman±Starostin prediction and
its role in research.2

Now, half a century later, many drawbacks of the naive
approach are seen [1]. Atoms were considered to be an ideal
gas. Excited atomic states were disregarded. Ions were
considered structureless point charges. The contribution of
molecules was not taken into account. The formula for a
quantitative assessment of the energy of quantum effects in
the repulsion of free electrons from ions at small distances was
used in the then known virial form and extrapolated beyond
the limits of its applicability. However, the main idea was
physically reasonable, which made studies [1±3] popular and
induced numerous publications, not infrequently without
referencing [1±3].

Some of these studies should be specially mentioned. One
of the ardent supporters of the idea of plasma phase transi-
tions and an active researcher in this area wasWerner Ebeling
[8±11]. He was the first to respond to paper [1]. The works of
the Rostock School were later summarized in [12, 13] 3 and
further developed in [14]. A group appeared in France [15±
18]. These studies, similar to [1±3], were carried out in the
chemical model of plasma, which was successively refined: on
the one hand, new components were included in the chemical
model in addition to electrons and ions, and the interactions
between all components were taken into account; on the other
hand, the method to take these interactions into account was
refined. This approach was extended to solid-state [9] and
exciton [19] plasmas and to studies of ball lightning [4, 20].
Studies published before 2003 are reviewed in [21]. The first
attempt to go beyond the chemical model was made in [22]
using the quantum path integral Monte Carlo (PIMC)
method.4

The possible existence of the PPT has only been
investigated for several decades in a theoretical way. The
equipment and diagnostic devices which made it possible
to commence the experimental study of this issue, only
appeared in the 1990s and only in the most advanced
laboratories.

The existence of the Norman±Starostin plasma phase
transition has now been confirmed in a number of studies,
including the unique `explosive' experiments carried out at the
Sarov-based Russian Federal Nuclear Center (RFNC). In
those experiments, deuterium was compressed in a quasi-
entropic way to extreme, megabar-level, pressures, char-
acteristic of the interiors of Jupiter and Saturn and of the
numerous families of so-called extrasolar planets (`hot'
Jupiters) discovered in recent decades [6].

It should be emphasized that the experimental observa-
tion of the first-order phase transition in warm dense matter
was reported for the first time by Fortov, Il'kaev, Mochalov,
et al. [7] in 2007. Deuterium selected for the experiment
carried out at the RFNC was studied using the method of
shock wave reverberation in the sample. The plasma diag-
nostics in this pioneering work was quite complex and
required significant theoretical effort.

The next experimental observations of the phase transi-
tion were carried out by Silvera and his students at Harvard
[23, 24]. A different technique was used: a shock wave
triggered by a laser pulse in a hydrogen sample previously
compressed in a diamond anvil cell (DAC). The same tech-
nique was used by Japanese researchers [25]. Theoretical and

2 It should be stressed that Norman was in no way involved in preparing

the text of the obituary. In his honor, Norman was invited to sign the

obituary.

3 The Russian translation of [12] has been significantly revised vis-�a-vis its
English original as a result of numerous discussions with translators.
4 The term `path integrals' is apparently more correct than `integrals over

trajectories.'
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experimental studies of this phase transition are briefly
reviewed in [26].

This concludes the historical excursion. This review is
primarily focused on the current state of experimental and
theoretical studies of the PPT and related issues.

The experimentally observed phase transition in a
hydrogen or deuterium fluid with the formation of a
conducting state is considered a mechanism close to the
PPT. Therefore, a significant part of this review is devoted
to experimental observation and theoretical description of
the phase transition in a hydrogen/deuterium fluid at high
pressures.

Section 2 contains a review of experiments in which the
emergence of a conducting state in warm dense hydrogen and
deuterium is observed. Theoretical approaches are discussed
in Sections 3 (chemical model of plasma) and 4 (approaches
based on first principles: density functional theory, quantum
molecular dynamics, and quantum Monte Carlo path
integrals). Special attention is paid to the shortcomings of
the implementation of these methods that compromise their
relation to `first principles.' The content of Sections 3 and 4
applies not only to hydrogen, but also to other elements.

Section 5 is devoted to the plasma phase transition in a
hydrogen/deuterium fluid. The mechanisms of phase transi-
tion, an increase in electrical conductivity, and the formation
of ion-molecular complexes are considered. The thermo-
dynamic, optical, and transport properties of hydrogen
are reviewed in the range of parameters that corresponds
to the onset of a conducting state. In connection with the
discussion of the triple PPT point on the melting line, the
features of the phase transition in crystalline hydrogen,
which accompanies the transition in a hydrogen fluid, are
discussed. The influence of nuclear quantum effects in a
hydrogen/deuterium fluid is considered. Special attention
is paid to the similarity between the phase transition in the
hydrogen fluid and the PPT and the differences between
these phenomena. The first attempts to take into account
nonadiabatic effects in the dynamics of the rapid heating
of samples are noted.

Section 6 highlights the metastable states that arise in
a first-order phase transition in a hydrogen fluid. Brief Sec-
tion 7 summarizes the review of studies in a hydrogen fluid.
Indicators are described that can be used to classify the
first-order phase transition in a hydrogen fluid as the PPT.
Differences are noted between the actual phase transition and
predictions [1±3], which are related to the high density and
molecular composition of warm dense hydrogen.

Section 8 is devoted to the plasma phase transition in
substances other than hydrogen, including helium, a helium±
hydrogen mixture, aluminum, cesium, cerium, silicon, ionic,
and an exciton and quark±gluon plasma. The studies
reviewed are theoretical; experiments have only been carried
out with helium and cerium. Phase transitions resembling
the PPT, such as fluid±fluid, are briefly discussed. It is
noted that the first attempt to predict any phase transition
in a liquid other than the liquid±gas transition was made in
[27, 28], where the near-critical region of metals, in particular,
mercury, was considered. Section 8.10 analyzes the predic-
tions made in these publications; it is shown that they were
later refuted by experiment. Subsequent attempts [1±3, 29]
were more successful. The triple point on the melting line
from the liquid phase side predicted in [2, 3] was experi-
mentally discovered in [29]. Section 9 summarizes the conclu-
sions.

2. Experimental studies

Experimental research methods can be conventionally divided
into dynamic (shock waves, Z-pinch, NIFÐNational Ignition
Facility) and static (diamond anvil cells) techniques.

2.1 Dynamic compression
Study [30] succeeded in observing in 1996 the emergence of a
metallic phase of a hydrogen/deuterium fluid at a tempera-
ture of 3,000 K and a pressure of 140 GPa. The method of
reflected shock waves was used, which provided a ninefold
compression for 100 ns. During compression in the pressure
range of 93±140 GPa, an increase in electrical conductivity
was observed by more than four orders of magnitude up to
2,000Oÿ1 cmÿ1, which persisted upon further compression to
180 GPa. A continuous transition from the semiconductor to
the metallic state occurred without any indication in a first-
order phase transition.Nodifferences between deuterium and
hydrogen in the pressure of metallic state formation were
found.

The temperatures calculated inmodels [31, 32] correspond
to the range of 2,200±4,400 K. Estimates [31±34] show that
the degree of dissociation of molecules into atoms does not
exceed 10%; this may indicate that the main mechanism that
provides a sharp increase in electrical conductivity is ioniza-
tion with the formation of molecular ions H�2 , which also
agrees with the predictionmade in [35]. Thus, according to the
experimental results [30], hydrogen fluid at a pressure of
140 GPa remains in the molecular state; metallic conductivity
emerges due to the ionization of molecules, which links the
mechanism of the formation of the conducting phase to the
prediction of the PPT [1±3]. The results obtained in [30]
initiated further experimental studies of the phase diagram
of a hydrogen fluid in the specified range of parameters.

Experiments were carried out in [36±39] in the wake of the
results from [30±32, 34], in which the electrical conductivity
was also measured under multiple shock compressions in
a planar system of gaseous and liquid hydrogen up to a
pressure of 150 GPa. A sharp increase in electrical conductiv-
ity by five orders of magnitude, up to 1,000 Oÿ1 cmÿ1 in the
range of densities from 0.3 to 0.5 g cmÿ3, was found. Electrical
conductivity was measured at each compression stage.
Temperature ranged from 1,500 to 20,000 K. The data
obtained can be described using a nonideal plasma model,
taking into account the increase in the number of conduction
electrons as a result of pressure ionization. Compression was
investigated in experiment [39] in a cylindrical geometry.
Apart from hydrogen, an increase in electrical conductivity
by two to four orders of magnitude was found in xenon,
argon, helium, and krypton. It was shown that the first-
order phase transition into a conducting state can occur in
hydrogen.

Pioneering experiment [7] discovered in isentropic explo-
sive shock compression of deuterium a gently-sloping kink in
the dependence of the pressureP on the density r in the ranges
P � 127ÿ150 GPa and r � 1:36ÿ1:78 g cmÿ3. A sharp
increase in electrical conductivity by more than five orders
of magnitude was concurrently observed in the same range of
parameters. The result obtained was interpreted as an indica-
tion of a first-order phase transition arising due to ionization
by pressure and described in the PPT mechanism with a
density jump of 20%.

The electrical conductivity of shock-compressed hydro-
gen was measured in [40] along the 135- and 180-GPa isobars.
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In contrast to [36±39], the conductivity values were deter-
mined at the maximum compression density. A decrease in
electrical conductivity was observed with increasing tempera-
ture in the range from 3,000 to 10,000 K. Model [41, 42] was
used to analyze the dependence of the conductivity on the
percentage of the `metallic phase' to obtain fairly good
agreement with the data [30±32, 34]. The highest measured
value of electrical conductivity did not exceed 4,000Oÿ1 cmÿ1.

The final temperature of dynamically compressed hydro-
gen was studied in [43] in a pressure range of 100±150 GPa:
values of 2,500±5,500 K were obtained. A peak of the
anomalous temperature was detected in all experiments at
the end of the compression stage. The shape of the recorded
low-temperature profiles differs from that obtained by
hydrodynamic modeling. These effects were attributed to
the formation of a metallic hydrogen film on a cold LiF
surface. Nometal film has been observed in high-temperature
experiments. Hydrogen was found to be optically transparent
at T � 6,800 K and P � 150 GPa. The experimental points
in the pressure±temperature diagram for the dielectric and
metallic states of hydrogen agree well with the predictions
of model [42]. A film of metallic hydrogen formed on the
window material can significantly affect the results of
conductivity measurements in the vicinity of the phase
transition curve.

Study [44], which is a development of approach [7],
explored the thermodynamic properties of deuterium in the
pressure range up to 5,500 GPa. A more detailed measure-
ment of the P�r� dependence was carried out at a pressure of
150 GPa. The measured quasi-isentropic curve was shown to
have in the kink zone a well-pronounced horizontal disconti-
nuity with a significant jump (of about 15%) in density in
the region of P � 150 GPa; this observation agrees with the
conclusion about the presence of an anomaly in the quasi-
isentropic compressibility of deuterium (hydrogen) caused by
the PPT. The results of [44] have been further refined in a
recent experiment [45].

The hydrogen (deuterium) density was determined in [7,
44] using the shell radius at the moment it `stopped,' which
was measured using a high-speed X-ray camera. The pressure
was found from gas-dynamic calculations that take into
account the actual characteristics of experimental devices.
The temperature in the phase transition region was calculated
using various plasma models: T � 4,100 KÐbased on the
Kopyshev±Khrustalev equation of state [46]; T � 2,600 KÐ
the chemical plasmamodel using the SAHA-Dmodel [47±49];
T � 860 KÐthe Monte Carlo method combined with
REMC reactions [50]; T � 6,100 KÐusing the quantum
method of molecular dynamics in the density functional
theory (DFT) [51]; another estimate obtained in the DFT is
the temperature range T � 1,600ÿ1,800 K [52]. Thus, the
position of the phase transition found in [7, 44] in the
pressure±temperature phase diagram heavily depends on the
plasma model and the method for calculating the equation of
state.

No kink on the isentropic curve has been found in [51],
which also agrees with the conclusions of [53]. The results of
DFT-basedmodeling [53] indicate that the boundary point of
the transition to the conducting state in [7] corresponds to a
temperature of 283K, a value which, combined with pressure,
indicates that hydrogen is in the solid state. It was also noted
in review [54] that the magnitude of the plateau on the
isentropic curve in [7] may coincide with the error in the
density measurement.

It should be stressed that the results of [7] were confirmed
in a series of subsequent experiments carried out by different
methods. Therefore, criticism of [53, 54] should be treated
with caution.

2.2 Experiments with static compression in diamond anvils
The properties of hydrogen and deuterium fluids at high
pressures were studied in experiment [55] using static
compression in diamond anvils with subsequent dynamic
compression and laser heating. The reflection coefficient
was measured in the range of final pressures of 35±50 GPa
and temperatures of 3,500±5,000 K. A smooth transition to
the conducting state was found in the range of pressures and
temperatures where the reflection coefficient exceeds 10%.

The range of pressures and temperatures was expanded in
[56] to P � 40ÿ175 GPa and T � 5,000ÿ20,000 K. The data
on the reflectivity, as in [55], indicate a continuous transition
from an insulator to a conducting fluid of hydrogen and show
that this transition becomes increasingly sensitive to tempera-
ture with growing density. This implies that the data in [55, 56]
and [30±32, 34] were obtained at temperatures above the
critical one, while a metallic hydrogen fluid is formed due to a
first-order phase transition at lower temperatures.

Study [23] found a plateau in the dependence of tempera-
ture on laser power in hydrogen at pressures of 119, 125, and
155 GPa and the corresponding temperatures of 1,680, 1,520,
and 1,560 K. Hydrogen was heated in the experiment by a
pulse laser in a chamber pre-compressed in diamond anvils.
The samples under study were heated to temperatures
significantly higher than the melting point. The peak value
of the temperature in the experiment was determined from the
radiation of a gray body, the radiation coefficient of which
only depends on temperature and not on frequency. The
pressure was determined using ruby fluorescence or the
Raman spectrum shift. The measurements were carried out
in this case at room temperature before and after the experi-
ment under the assumption that the heating of the sample is
isochoric with a change in pressure within 2 GPa, as shown in
[57]. A similar result was obtained in [25] in the pressure range
from 82 to 106 GPa at higher temperatures, up to 2,500 K.
The result obtained is interpreted as an indirect indication of
a first-order phase transition related to the transition of
the molecular hydrogen fluid, which is an insulator, into a
metallic monoatomic state. The authors point out that the
phase transition mechanism is consistent with the PPT [1±3].

Study [24] investigated, along with the dependence of
the temperature on the laser power, the optical properties at
pressures of 110±170 GPa and temperatures up to 2,200 K.
The dependences of the reflection and transmission coeffi-
cients of laser radiation at wavelengths of 514, 633, 808, and
980 nmwere studied. A sharp increase in the reflection coeffi-
cient and a decrease in the transmission coefficient were also
observed in the region where the plateau appeared, which in
turn indicates an increase in electrical conductivity and the
formation of a metallic fluid of hydrogen.

Paper [58] additionally analyzed the effect of the electron
density inhomogeneity in the metal phase, which emerges
due to a large temperature gradient in the cell, on the experi-
mental results [24]. It was shown that, for thin films with a
thickness of several nanometers, the optical properties remain
unchanged, as opposed to those of a homogeneous metallic
fluid.

A plateau in heating curves can emerge due to the latent
heat of the phase transition, so additional laser power is
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required to maintain the temperature. In this case, the
reflectivity increases and the absorption decreases concur-
rently with the emergence of the plateau. Experiments in the
plateau region show that the reflection is very small, and the
absorption increases. Thus, latent heat remains as a likely
origin of the emergence of the plateau. However, it was also
hypothesized that the times of the onset of the plateau and the
change in the optical properties are somewhat separated in
time; this may indicate that they are caused by different
mechanisms.

Study [59], similar to experiments [23±25, 58], examined
the temperature variation profiles and optical properties of
hydrogen in a diamond anvil heated by a pulsed laser at
pressures of 10±150 GPa and temperatures up to 6,000 K. In
this case, in contrast to Refs [23±25, 58], processes are
considered when the sample temperature decreases. It was
found that hydrogen absorbs radiation in the wavelength
range from visible to near-infrared radiation above the
threshold temperature, which decreases from 3,000 K at
18 GPa to 1,700 K at 110 GPa. The plateau in the time
dependence of temperature is interpreted in [59] not as a
consequence of the release of the heat of a first-order phase
transition, but as the presence of an intermediate absorbing,
but nonmetallic, state of hydrogen at the boundary between
the dielectric and metallic regimes in the pressure range from
10 up to 150 GPa.

Based on the approximation of the measured dependence
of the reflection coefficient on the laser wavelength using the
Drude formula for the dielectric constant, an electrical
conductivity of 11,000±15,000 Oÿ1 cmÿ1 was obtained [60].
The reflection coefficient was measured in the pressure
range of 140±170 GPa and temperatures of 1,800±2,700 K.
This range of parameters is quite close to the experimental
conditions of [30]. The reflection coefficient was determined
concurrently with the temperature, thereby eliminating
systematic errors that arise from separate measurements of
reflection and temperature. The laser pulse duration of 290 ns,
on the one hand, is long enough to achieve local thermal
equilibrium, and, on the other hand, is short enough not to
inhibit diffusion of samples into diamond.

The Drude theory was used to estimate the ratio of the
densities of free electrons and protons. The result, which
was interpreted as the degree of dissociation of molecules
into atoms, was 65� 15%. It was shown in [61] that the
metallic phase is a strongly degenerate and partially ionized
plasma. However, given the uncertainty of fitting the results
using the Drude formula, the estimates obtained are not
sufficiently accurate to unambiguously distinguish between
a mixed atomic-molecular metal and a completely atomic
metal.

A finite element method for solving the heat conduction
equation was used in [62] to simulate a phase transition in
warm dense hydrogen under the experimental conditions in
[23±25, 58]. The observed plateau on the heating curve
was shown to be a direct indication of a first-order phase
transition. Combined with the negative slope of the phase
equilibrium curve and a sharp increase in the reflection
coefficient in the region of the plateau's appearance, the
results obtained clearly link the formation mechanism of the
metallic phase of the hydrogen fluid with the PPT.

Study [63] demonstrated the presence of an isotope effect
in examining the formation of a conducting state of deuter-
ium fluid compressed in diamond anvils and heated by a laser
at pressures of 120±170 GPa and temperatures up to 3,000 K.

The shift in the phase equilibrium curve for deuterium in
comparison with hydrogen is 700 K.

The appearance of metallic reflectivity in the visible
spectral range was observed in [64] at pressures above
150 GPa and T5 3,000 K. The reflection coefficient rapidly
increases with decreasing photon energy, which indicates the
metallic behavior of free electrons at high temperatures. The
reflection spectra suggest a much longer electron collision
time (5 1 fs) thanwas previously assumed [60, 61]. The results
from [64] also indicate the existence of an intermediate
semiconductor state of hydrogen fluid during its transition
to metallization.

2.3 Z pinch
The position of the line of phase equilibrium of nonconduct-
ing and metallic deuterium fluids experimentally determined
in [65] significantly differs from that considered above. The
Z-machine operated by Sandia National Laboratories (SNL,
USA)was used in this study to conduct a series of experiments
on the dynamic compression of liquid deuterium. A sample
is compressed as a result of the interaction of the cell
under investigation with a striker, which is a flat metal plate
accelerated by strong magnetic field. A pressure of several
megabars arises in this case for about 1 ms. The formation of
a metallic phase was detected by a sharp increase in the
reflectivity of deuterium, which, in turn, is unambiguously
associated with an increase in electrical conductivity, in a
pressure range of 280±305 GPa. Similar to [30±32, 34], the
pressure was measured, and various numerical methods were
used to determine the density and temperature.

The pressure at which a sharp increase in the reflection
coefficient begins is weakly dependent on temperature. The
temperatures obtained are in the range of 900±1,800 K. The
position of the phase equilibrium curve on the pressure±
temperature plane depends on the presence/absence of latent
heat associated with the first-order phase transition. Thus, the
results of [65]may be interpreted as a continuous formation of
a metallic state in the absence of latent heating. The slope of
the curve dT=dP changes in this case rather weakly. This
conclusion is consistent with the findings of [59, 64].

The results of experiments [23±25] in the pressure range of
120±150 GPa are explained in [65] as a consequence of a
decrease in the band gap to a value of 2 eV, rather than a first-
order phase transition with the formation of a metallic state.
Hydrogen molecules gradually dissociate in the case of
stronger compression, and metallization is observed even at
pressures above 280 GPa.

2.4 Dynamic laser compression
A research team at theNational Ignition Facility (NIF, USA)
reported in [66] measurements of the reflection and absorp-
tion of laser radiation from liquid deuterium dynamically
compressed up to 600 GPa. The data obtained show an
increase in the refractive index, the onset of absorption of
visible light at pressures above 150GPa, and the emergence of
metallic reflectivity (more than 30%) at a pressure of about
200GPa and a temperature below 2,000K. The setup consists
of 168 lasers that deliver from two sides up to 300 kJ of
ultraviolet radiation on hohlraum walls, which, in turn,
generate X-ray radiation that creates pressure on the
sample. The sequence of compression of the sample can be
controlled by setting the time dependence of the laser pulses.
The sample condition is diagnosed using a linear Doppler
high-speed interferometer.
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Similar to the experiment on the Z-machine [65], it was
observed in [66] that the time of the onset of absorption and
the increase in reflectivity at pressures of about 150 GPa are
separated. In the opinion of the authors of the study, this
separation is a good explanation for the many differences in
the position of the transition line obtained by various groups.
The difference in the pressure at which the metallic state is
formed is fairly large, about 100 GPa. Data in [66] show
that optical reflectivity reaches 55% at about 280 GPa and
remains constant upon further compression, similar to the
pressure at which a high reflectivity appears in experiment
[65]. This shows that both experiments investigate similar
states at the beginning and the end of the dielectric±metal
transition. Due to differences in the experimental technique,
intermediate states emerge under different conditions.

In the opinion of the authors of [66], the difference is due
to the fact that the time scale of the Z-machine experiments is
two orders of magnitude larger; therefore, turbulent lateral
flows emerge in the process of measurements in the sample
layer. These effects lead to an alternative interpretation of
jumps in the reflection coefficient observed in [65], which
associates them with the completion rather than the begin-
ning of the dielectric±metal transition. Thus, it is assumed
that the temperatures in [65] should be corrected downward
due to the latent heat of the phase transition.

There are uncertainties in the temperature estimates in
both experiments, but the uncertainties in [65] are more
significant due to longer time scales, which generate multiple
heat transfermechanisms. Themuch shorter timescales in [66]
preclude the emergence of such mechanisms.

The maximum temperature recalculated in [66] for the
data reported in [65] does not exceed 700 K, while the authors
of [65] attributed the formation of the metallic phase to
temperatures above 1,100 K. A dielectric±metal transition
was observed in [66] up to 1,640 K.

The slopes of the phase equilibrium curves in the
temperature±pressure plane observed in experiments [65, 66]
coincide and amount to about ÿ5 K GPaÿ1; this indicates
that, should the recalculated temperature be used, the results
of these experiments lie on the same phase equilibrium curve.
This observation also enables estimating the position of the
dielectric fluid±metal fluid±solid triple point near 600 K and
300 GPa.

2.5 Experimental phase diagram
of hydrogen fluid at high pressures
The set of all the most important experimental data on the
phase diagram of hydrogen/deuterium fluid in the region of
the formation of the metallic state which have been obtained
to date is displayed in Fig. 1. All points in Fig. 1 that
correspond to the experimental results mentioned above are
located above the melting line (curve 1) measured in [67]. The
experimental points in the hydrogen/deuterium fluid region
are grouped according to the compression method: dynamic
shock compression or preliminary static compression in a
DAC followed by laser heating and compression.

We now briefly list the results of dynamic experiments.
The brown dot corresponds to the conditions under which the
metallization of hydrogen and deuterium was first discovered
based on measurements of electrical conductivity [30]. Black
dots [7, 44] correspond to the dielectric and metallic states of
deuterium for various methods used to estimate temperature
[46±49, 52]. Blue triangles show the formation of metallic
deuterium observed in Z-machine experiments [65]. Green

dots represent the results of gradual laser compression at NIF
[66]; squares, the attainment of an absorbing state; circles, a
sharp increase in the reflectance; and triangles, the recalcula-
tion of temperature in [65] in accordance with the model used
in [66].

We now proceed to the results of static experiments.
Orange diamonds show the conditions of the metallic state
found using optical reflection for hydrogen and deuterium in
[64]. Large errors (of about 1,000 K) are related to the low
radiation coefficient and temperature gradients in the sample.
Orange squares correspond to the conditions under which
the reflection coefficient of hydrogen and deuterium was
smaller than several percent, while an approximation based
on the Drude formula predicts a sharp decrease in electrical
conductivity. These points correspond to a state intermediate
between the metallic and dielectric states in which the
hydrogen/deuterium fluid is a semiconductor.

Red triangles and squares in Fig. 1 correspond to the
results of experiments [55, 56] with single shock compression.
No significant differences between D and H have been found
in these studies.

The gray dots [59] represent the results of direct measure-
ments using the DAC technique that correspond to the
hydrogen states at which absorption begins (diamonds) and
a semiconducting state (star) is detected.

The results of optical DAC experiments, presented as an
abrupt insulator±metal transition, are shown in Fig. 1 by
purple squares and triangles for hydrogen and hexagons for
deuterium [24, 60, 63]. Purple diamonds and pink pentagons
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Figure 1. (Color online.) Experimental phase diagram of hydrogen/

deuterium fluid at high pressures. 1Ðhydrogen melt line [67]. Filled

shapes correspond to deuterium, and unfilled ones, to hydrogen. Curves 2

and 3 are the assumed phase boundaries for metallic and semiconducting

hydrogen/deuterium, respectively [64]. Results of experiments with

dynamic compression: 4Ð[30]. Black dotsÐ [7] for various methods

used to estimate temperature: 5Ð[46], 6Ð[47±49], 7Ð[52], 8Ð[44], and

9 Ð[65]. Green dotsÐ [66]: 10Ðabsorbing state achieved, 11Ðreflec-
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accordance with the model used in [66]. Results of static experiments:
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represent DAC experiments in hydrogen, showing a plateau
of the temperature dependence on heating power, which is
interpreted as a phase transition to a metallic state [23, 25].

Thus, the measurements show that the phase diagram of
the hydrogen/deuterium fluid can be divided into three
regions: (1) the one characterized by a band gap width of
more than 2 eV and the absence of electrical conductivity
(dielectric fluid), (2) the region where the band gap width
ranges from 1 to 2 eV and the temperature dependence of
electrical conductivity is typical of semiconductors (semi-
conductor fluid) that consists of atoms and proton com-
plexes emerging due to a first-order phase transition, and
(3) the one where the band gap vanishes, and the electrical
conductivity exceeds 2,000 Oÿ1 cmÿ1 for a monoatomic
metallic hydrogen/deuterium fluid.

These boundaries are shown in Fig. 1 by blue and red
dashed lines, respectively, in accordance with the estimates
proposed in [64].

3. Chemical model of plasma
and phase transitions in hydrogen fluid

The simplest chemical model of plasma was used in [1±4], in
which an equilibrium system consisting of atoms, electrons,
and singly charged ions was considered. The free energy of
plasma was represented as the sum of the contributions of the
ideal gas of atoms, electrons, and ions and the termDF, which
describes the interaction between charges. The DF correction,
which takes into account the Coulomb interactions in the
classical approximation, has a form that corresponds to the
Debye±H�uckel model:

DF
2nekBT

� ÿ
����
2

3

r
G 3=2 ; �1�

whereG � �4p=3�1=3e 2n 1=3
e =kBT is the nonideality parameter,

T is the temperature, kB is the Boltzmann constant, ne is
the density of charges, and e is the elementary charge.
Equation (1) shows that, in the region of strong nonideality
at G � 1:4, the plasma compressibility ÿ�qP=qV�T becomes
negative, and, atG � 1:8, the total pressureP is less than zero,
which actually implies spontaneous collapse of the system. To
stabilize the system, a short-range effective quantum repul-
sion of electrons from ions was taken into account in [1]. The
correction to free energy that takes into account the effects of
attraction and repulsion has in [1] the following form:

DF
2nekBT

� ÿ
����
2

3

r
G 3=2�1ÿ 0:075lk� ; �2�

where l is the de Broglie wavelength of electrons and kÿ1 is the
Debye radius.

3.1 Development of the chemical model of plasma for
the description of the phase transition in hydrogen plasma
The chemical model of hydrogen plasma (and other sub-
stances) was refined in the following decades in studying the
PPT in hydrogen [8±19, 39, 47±49, 68±76]: on the one hand,
new components were included in the model, in addition to
electrons and ions, and interactions among all components
were taken into account; on the other hand, the techniques for
taking into account these interactions were further developed.

The thermodynamic functions and the ionization poten-
tial were presented in a series of papers [8±11] in the form of a

virial expansion in powers of the electron density. The
decrease in the ionization potential is calculated to the first
order in the electron density by quantum statistical methods
using a two-particle density matrix. At higher densities, the
Pad�e approximation is used. The free energy of a hydrogen
fluid is presented in [10, 11] as the sum of the contribution due
to the ideal gas and the free energy associated with the gas of
interacting electrons and protons. The dispersive interaction
of atoms and molecules with a repulsive potential described
by the model of hard spheres was also taken into account.
The model used is presented in book [13]. Parameters of the
critical point of the phase transition of a hydrogen fluid into a
metallic state were estimated: Tc � 16,500 K, Pc � 22:5 GPa,
and the density was 0.13 g cmÿ3. The slope of the phase
equilibrium curve is negative. A sharp decrease in the pressure
of phase equilibrium is observed at temperatures above
2,000 K. The metal phase is a mixture of atoms and twice as
many free charges. Electrons and atoms in the ground state
can be considered an ideal gas, and protons form a highly
nonideal liquid with screening effects due to electrons.

The free energy of the hydrogen fluid was calculated in
[15±18] by means of interpolation between two limiting
cases: a system of neutral particles that contains atoms and
hydrogen molecules, and a fully ionized state that consists of
protons and degenerate electrons. Repulsion was taken into
account using the potential of hard spheres, the radius of
which, in contrast to [8±11], depended on density and
temperature. The PPT was discovered in a hydrogen fluid
associated with partial dissociation of molecules and ioniza-
tion of hydrogen atoms under the effect of pressure. Hydro-
gen molecules remain the main neutral component at the
phase transition point, the proportion of neutral atoms does
not exceed 10%, and the main heavy component of the
conducting state consists of protons. The difference between
the densities of the dielectric and conductive phases reaches
20%. A sharp increase in the degree of ionization and
dissociation is observed with further compression at a
constant temperature. The parameters of the critical point
have been obtained: temperature of 15,000 K, pressure of
64.6 GPa, and density of 0.36 g cmÿ3.

Study [14], in addition tomolecules, takes into account the
contribution of molecular ions H�2 and Hÿ. A simultaneous
increase in the density of molecular ions H�2 , protons, and
electrons is observed in the phase transition region. With
further compression, H�2 ions dissociate. The obtained
parameters of the critical point, Tc � 16,500 K, Pc �
57 GPa, and rc � 0:42 g cmÿ3, are close to the predictions of
[8±11, 15±18].

3.2 SAHA-D model
The SAHA-D model [47±49, 74] is a modern chemical model
of plasma; its most advanced version was proposed in 2015
[49] for hydrogen, deuterium, plasmas of metals, inert gases,
chemically reacting systems, etc. Plasma is described as an
equilibrium mixture of interacting atoms, molecules, atomic
and molecular ions, and electrons, in which the electrons
can be partially degenerate. The free energy of the plasma
is a sum of the contributions of an ideal gas of `heavy'
charged and neutral particles F 0

i , the contribution of an
ideal gas of partially degenerate electrons F 0

e , and the term
DF int

ii; ie; ee�Ni;V;T � responsible for interactions among parti-
cles, which includes the contribution of Coulomb interactions
between charged particles and the short-range corrections
due to repulsion and attraction to describe the interaction
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between neutral particles:

F � F 0
i � F 0

e � DF int
ii; ie; ee : �3�

Heavy particles are assumed to be described by Boltzmann
statistics.We represent their contribution to free energy in the
form

F 0
i �

X
j

Nj kBT

�
ln

njl
3
j
ÿ

Qj
ÿ 1

�
; �4�

where Qj are the statistical sums of atoms and ions, Nj is the
number of heavy particles, and ljÿ � �2p�h 2=mjkBT �1=2 is the
de Broglie wavelength of ions. Electrons are considered to be
a partially degenerate ideal Fermi gas:

F 0
e �

2VkBT���
p
p

l 3
e
ÿ

��
me
kBT

�
I1=2

�
me
kBT

�
ÿ 2

3
I3=2

�
me
kBT

��
; �5�

P 0
e

nekBT
� 2I3=2�me=kBT �

3I1=2�me=kBT �
; �6�

where the electron density ne and the chemical potential me are
related by the formula

nel
3
e
ÿ � 2���

p
p I1=2

�
me
kBT

�
; It�x� �

�1
0

y t dy

1� exp �yÿ t� : �7�

For a weakly nonideal and weakly degenerate plasma at low
densities and high temperatures, which is similar to solar
plasma, the Coulomb, exchange, and diffraction effects are
taken into account in the form of the first terms of the exact
asymptotic expansion [70]. This approximation (the SAHA-S
model [73]) is asymptotically accurate in the limit of low
densities and high temperatures.

A modified pseudopotential approach is used in [74] for
denser hydrogen plasma, in which Coulomb interactions
are described at the microscopic level in terms of effective
pseudopotentials [77, 78] for free (unbound) electron±
electron, ion±ion, and electron±ion pairs, and corresponding
charge±charge pair correlation functions (PCFs) Fi j�r�.

The key quantity of this chemical model is the effective
boundary e�n;T � that separates free and bound states. The
value of e�n;T � is limited from below by the depth of the
effective attraction potential for free electron±ion pairs and
from above, by the energies of excited states of bound
electron±ion pairs, which are taken into account in the
partition function.5

An analytic smooth function is used in [77] for the
electron±ion pseudopotential; the Coulomb potential is used
to describe the interaction between same-sign charges:

F �ie�r� � ÿ
Zie

2

r

�
1ÿ exp

�
ÿ r

sie

��
; sie � sie�n;T � ;

�8�
F �aa�r� � ÿ

ZaZae
2

r
; a � i; e :

The PCF of charges that corresponds to the specified
pseudopotential has the form

Fie�r� � F��r� � 1�C0 exp �ÿnr� sinh �or�or
: �9�

The amplitude C0 and two screening lengths 1=n and 1=o,
which are the PCF fitting parameters, are determined from the
conditions thatmust be fulfilled for any value of the Coulomb
nonideality parameter GD � �e 2=kBT �3=2�4p

P
a naZ

2
a �1=2.

(1) Condition of local electrical neutrality:��
nei
�
Fei�r� ÿ 1

��X
j

ni jZj

�
Fi j�r� ÿ 1

��
dr � ÿZi : �10�

(2) Condition of local screening:��
nei
�
Fei�r� ÿ 1

��X
j

ni jZj

�
Fi j�r� ÿ 1

��� r

rD

�3

dr � ÿ3Zi :

�11�

(3) PCF non-negativity:

Fik�r�5 0 : �12�

(4) Relation between the screening cloud amplitude and
the depth of the electron±ion pseudopotential:

Fei�0� � 1�C0 � 1ÿ F �ie�0�
kBT

; Fii�0� � 0 : �13�

The corrections to the interaction between charges that follow
from conditions (10)±(13) are close in the weak nonideality
limit GD 5 1 to the Debye ones. In the limit of strong
nonideality, these corrections are less significant than the
Debye ones and exhibit a quasi-crystalline dependence on the
GD parameter.

In the region of high densities and temperatures, the short-
range repulsion of heavy particles (atoms, ions, and mole-
cules) described by the soft-sphere potential VSS�r� �
eSS�sc=r�s [81] is also taken into account, generalized to the
case of a multicomponent mixture with different component
radii:

DFSS

NkBT
� Csy

s=3 eSS
kBT
� s� 4

6
y s=9

�
eSS
kBT

�1=3

; y � 3Y
���
2
p

p
;

�14�
where the effective packing parameterY is calculated in terms
of the diameters of each type of particle sj � 2rj in accordance
with the single-fluid approximation:

Y � 4pr 3c
3
� ps 3

c

6
; r 3c �

P
nj r

3
jP

nj
: �15�

Parameter Cs in Eqn (14) is the Madelung constant for
charged soft spheres. The parameters of this potential for
hydrogen (deuterium) are chosen to describeH2ÿH2,H2ÿH,
and HÿH interactions in accordance with the spherically
symmetric parts of the effective interaction potentials of the
nonempirical atom±atom approximation [82]. The interac-
tion between neutral and charged particles is not discussed.

To take into account condensed states (liquid and solid) of
hydrogen (deuterium), the attraction term in free energy must
be considered together with repulsion in the soft sphere

5 Regarding this boundary, see also [79, 80], where it is shown that

intermediate states of multiparticle fluctuations are located between the

free and bound states. These states are not taken into account in chemical

models but occupy an increasingly large energy range with the growing

density of charges. This range is actually a decrease in the ionization

potential.
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approximation. The total correction has in this case the
following form:

DF int
n � DFSS � DFattr � DFSS ÿ BN 2

m

V 2
; �16�

where attraction is independent of temperature and is taken
into account in the form of a van der Waals correction [81].

3.3 Phase transition in hydrogen fluid
in the SAHA-D model
The composition and thermodynamic properties of warm
dense deuterium were calculated in [44, 47± 49] in the
SAHA-D model with a modified ratio of the diameters of an
atom and a molecule, R�1 :2� � 0:6. The calculated results
and experiments agree fairly well for several initial deuterium
densities for the Hugoniot adiabat [22, 30, 44, 56]. A jump in
isentropic compression was found, which is accompanied by
a sharp change in the degree of dissociation and can be
associated with a phase transition due to a change in the
component composition. Isotherms were obtained at tem-
peratures above 1,500 K, which reach the critical point at a
temperature of 13,500K of this hypothetical phase transition.
It was found that the degree of dissociation increases on the
isentropic curve from 3 to 98% at a pressure of 250 GPa. This
jump in the degree of dissociation is followed by a jump in
nonideality and in the electron degeneracy parameter.

The pressure and electrical conductivity isotherms of
hydrogen were calculated in [75] in the SAHA-D plasma
chemical model at temperatures of 1,500, 3,500, and 5,000 K.
The results of calculating the 5,000 K isotherm are shown in
Fig. 2. Two regions in the dependence of pressure on the
inverse density where found, where the plasma becomes
unstable. Isotherms are similar to tilted van der Waals curves
in the region of the gas±liquid phase transition. The pressure
and specific volumes of the transition from one stable branch
to another were determined using Maxwell's rule.

The obtained isotherms exhibit an overlap of stable and
metastable branches characteristic of the chemical model and
the PPT. Simultaneously with the jump in density, a sharp
increase in electrical conductivity with increasing density was
found on the isotherm.

An examination of the plasma composition shows that the
first `phase transition' is associated with a change in the type
of the main ion from H�2 to H�, while the second, with a
change in the main neutral plasma component from H2

molecules to H atoms. The electron gas becomes degenerate
after the first phase transition, and at high densities it is
strongly degenerate, and the degeneracy parameter also
changes abruptly during the transition from a less dense
state to a denser one. The composition, which corresponds
at low densities to classical concepts, is an atomic-molecular
mixture with a small addition of charged particles, the
number of which is determined by the condition of electrical
neutrality of plasma.

The density of each of the components changes with an
increase in the density in a nonmonotonic way, which is
associated with phase transitions with an abrupt change in the
composition. First, the charged component is a mixture of
electrons and molecular H�2 ions, and then, as a result of the
phase transition, H�2 ions disappear (like H2 molecules), and
the charged component transforms into an electron±proton
mixture, and the entire medium becomes an atomic±ion±
electron plasma. The composition is determined in the entire
range of densities by the conditions of chemical and
ionization equilibrium and electrical neutrality (balance of
chemical potentials of the components), which are fulfilled
with high accuracy.

A comparison with experimental data has not been made.

4. Approaches based on first principles

4.1 Cohn±Sham density functional theory.
Exchange-correlation functional
The wave function can be represented in the Born±Oppen-
heimer approximation as a product of the electron c�ri : RI�
and nuclear F�RI� wave functions:

C�ri;RI� � c�ri : RI�F�RI� ; �17�

where the notation �ri : RI� indicates the parametric depend-
ence of the wave function of electrons on the position of
nuclei. The wave function of electrons c�ri : RI� is the
solution to the equation for the electron subsystem in the
ground state:ÿ

T̂ee � V̂ee � V̂ne

�
c�ri : RI� � E0�RI�c�ri : RI� ; �18�

where T̂ee is the operator of the kinetic energy of electrons, V̂ee

is the energy of the Coulomb repulsion of electrons, and V̂ne is
the energy of the Coulomb interaction between electrons and
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ions. Thus, it is implicitly assumed that electrons remain
during ion motion in the ground state.

The main DFT concept is based on the observation that
the most important properties of a system of interacting
particles can be expressed using the electron density func-
tional, which is a scalar function of three variables. The
electron density distribution r�r� determines all information
about the ground state and the excitation spectrum. The
existence of such a functional for a multielectron system at
zero temperature was proved by Kohn and Hohenberg [83]
and later generalized in [84]. These theorems were proved by
Mermin [85] for systems at a finite temperature. A practical
method to construct the density functional was proposed by
Kohn and Sham [86].

Hamiltonian (18) of a system of interacting electrons can
be written in an explicit form as

Ĥe � ÿ
Xn
i�1

�h 2

2m
Di �

X
i>j

e 2

jri ÿ rjj �
Xn
i�1

Vext�ri� ; �19�

where the potential of interaction between electrons and
stationary nuclei (ions) V̂ne is represented in the form of an
additive external potential Vext. The idea of Kohn and Sham
is to replace the Hamiltonian of complex system (19) by the
Hamiltonian of a system for which the density functional can
be calculated explicitly. It was also assumed that the exact
electron density can be replaced by the density of free
noninteracting electrons, Kohn±Sham electron orbitals with
single-particle wave functions fi�r� that satisfy the ortho-
normality condition hfijfji � di j. The electron density has in
this approximation the following form:

r�r� �
Xn
i�1

fi
��fi�r�

��2 ; �20�

where fi is the population of electron levels determined by the
Fermi±Dirac distribution function. The ground state energy
of a system of interacting electrons in the field of nuclei

E0 � min
r�r0

�
EKS

�ffig
�� �21�

can be represented as theminimumof theKohn±Sham energy
functional

EKS � TS

�ffig
�� Eext�r� � EH�r� � EXC�r� : �22�

The first term in (22) corresponds to the kinetic energy of a
system of noninteracting electrons,

TS

�ffig
� � ÿ �h 2

2m

Xn
i�1

fihfijDijfii ; �23�

which consists of the same number of electrons and is located
in the field of the same external potential as the original
system with full interaction. The second term corresponds to
the energy of interaction with an external potential, which in
most cases is the potential of interaction between electrons
and nuclei:

Eext�r� �
�
Vext�r�r�r� dr : �24�

The third term, which corresponds to the classical electro-
static energy of interaction among electrons, is calculated

using the Hartree potential

EH�r� �
�
VH�r�r�r� dr � e 2

2

��
r�r�r�r 0�
jrÿ r 0j dr dr 0: �25�

The last term in the Kohn±Sham functional is the exchange-
correlation functional EXC�r�, which includes both exchange
and correlation effects, and is the difference between the exact
energy of the many-electron system and its expansion (22)
according to the Kohn±Sham method into the first three
terms:

EXC � �Tÿ TS� � �Uÿ EH� : �26�

Formula (26) is a sum of two terms, the first of which is the
difference between the kinetic energies of interacting and free
electrons, and the second is the difference between the exact
energy of the Coulomb interaction and the Hartree energy.

Varying functional (22) with respect to density, provided
that the total number of electrons is preserved, we obtain the
system of Kohn±Sham equations:�
ÿ �h 2

2m
D� VH�r� � Vext�r� � VXC�r�

�
fi�r� � Eifi�r� ; �27�

where Ei are the energy levels of electrons. System of
equations (27) can be represented as follows:�

ÿ �h 2

2m
D� V eff�r�

�
fi�r� � HKSfi�r� � Eifi�r� ; �28�

if the single-electron HamiltonianHKS is introduced with the
local effective potential V eff�r�, which takes into account the
many-particle effects due to the exchange-correlation poten-
tial:

VXC�r� � dEXC�r�
dr

:

For the case of nonzero temperatures, the free energy
F �r� � EKS�r� ÿ TS�r� is varied, where the entropy has the
form

S � ÿ
X
i

fi ln fi �
X
i

�1ÿ fi� ln �1ÿ fi� :

The solution of system of equations (28) can be found in a
self-consistent approach. At the first stage, the initial charge
density r1�r� is specified, for which the effective potential
V eff

1 �r� is calculated. Next, wave functionsfi�r�, energy levels
Ei, and corresponding populations fi are found. Then, the
refined value of electron density r2�r� is calculated using
Eqn (20). The procedure is repeated until convergence is
achieved.

In applying the DFT to describe actual systems, the form
of the function employed to approximate the unknown
exchange-correlation functional EXC�r� is of importance. It
turns out that an advantageous approximation can be found
for the exchange-correlation energy that ensures the success
of the DFT in practical applications.

The simplest method to take into account the DFT
exchange-correlation interaction was developed in the local-
density approximation (LDA). It is assumed that the electron
density varies slightly with distance; the exchange correlation
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energy can then be represented as a local density function.
The exchange-correlation functional in the LDA has the form

ELDA
XC �r� �

�
eXC

ÿ
r�r��r�r� dr ; �29�

where eXC

ÿ
r�r�� is the exchange-correlation energy per

particle in a homogeneous electron gas with density r�r�.
The parameterization for the functional ELDA

XC �r�, which is
most widely used at present in calculations, was proposed in
[87].

The generalized gradient approximation (GGA) takes
into account the inhomogeneity of the electron density
distribution. The expression for the exchange-correlation
energy is expanded to this end in powers of the density
gradient to find

EGGA
XC �r� � ELDA

XC �r� �
�
eXC

ÿ
r�r�; ��Hr�r����r�r� dr : �30�

Many different exchange-correlation functionals have been
developed in the GGA approximation. The most widely used
is the PBE (Perdew±Burke±Ernzerhof) parameterization
proposed in [88].

In the metaGGA method [89], the noninteracting kinetic
energy density is used to construct the exchange-correlation
energy density. Approaches were proposed [90] in which the
exchange-correlation functional explicitly depends on the
Kohn±Sham orbitals fi�r�, and the generalized DFT for-
mulation should be used, since the resulting potential
becomes orbital-dependent, which makes invalid the original
formulation using the Hohenberg±Kohn theorem. Never-
theless, the use of orbitals still allows a rigorous formulation
of the DFT. The most common example of an orbital-
dependent functional is a hybrid functional that includes
part of the exact exchange from theHartree±Fock theory [91].

The best known hybrid functionals are PBE0 [92] and
HSE (Heyd±Scuseria±Ernzerhof) [93], in which a quarter of
the Hartree±Fock exchange and three-quarters of the PBE
are used. These functionals make it possible to more
accurately reproduce the band gap at the Fermi level;
however, they require much larger computational capacities
than standard functionals. An alternative to hybrid func-
tionals is the methods of many-particle Green's functions, the
GW approximation [94, 95].

Exchange-correlation functionals in the LDA and GGA
approximations also fail to describe dispersion interactions,
which leads to errors in describing thermodynamic proper-
ties in the low-pressure region, where weak dispersion
interactions between molecules are of importance. Such
interactions are taken into account if the vdW-DF func-
tionals [96±99] and semi-empirical density-dependent cor-
rections [100] are used.

4.2 Quantum method of molecular dynamics
The trajectories of ions with masses MI are found in this
method by integrating Newton's classical equations of
motion:

MI
d2RI

dt 2
� FI : �31�

The forces FI included in system (31) are determined based on
the calculation of the electronic structure in the DFT using

the formula

F � ÿ dE

dR

� ÿ d

dR

�X
ik

fik


fik

��HKS�r : R���fik

��U�R;Z�
�

� ÿ
�X

ik

fik

�
fik

���� qHKS�r : R�
qR

����fik

�
� qU�R;Z�

qR

�
; �32�

where the transformation from the Hellman±Feynman
theorem is used [101].

The general calculation scheme is shown in Fig. 3. The
scheme contains a central loop in which ion coordinates and
velocities, density distribution, wave functions, and energy
levels of electrons are calculated in parallel at each time step.
The input parameters of the problem are the computational
cell geometry, the number of atoms, and their initial
coordinates RI�0� and velocities VI�0�.

For a given configuration of atoms, which is placed in
periodic boundary conditions, the solution of the Kohn±
Sham system of equations (28) is found as a sum of plane
waves. Based on Bloch's theorem, each wave function in a
periodic system can be represented in the form

fik�r� � uik�r� exp �ikr� ; �33�

where the function uik�r� has the same periodicity as the
system under consideration. The function uik�r� can be
expanded in the plane-wave basis into reciprocal lattice
vectors G:

uik�r� �
X�h 2jk�Gj2=2m4Ecut

G

cik�G� exp �iGr� ; �34�

where Ecut is the limiting energy of the plane wave set. Wave
vector k is located within the first Brillouin zone (BZ). In
practice, a finite grid of k-points selected, for example,
according to the Monkhorst±Pack scheme [102] is used to
span the Brillouin zone.

It should be noted that the concept of periodicity is
certainly artificial for aperiodic systems such as a liquid.

Ab initio

molecular dynamics

Classical
diagnostics
of ions

Quantum
diagnostics
of electrons

fik

Eik

Electronic
density
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Density
of states
of electrons
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Electronic
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other thermo-
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Figure 3. Overall scheme of calculations in the quantum molecular

dynamics model. Band structure (displayed in italics) is calculated for a

crystal lattice and, unlike other parameters, is not time averaged.
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However, these systems can be studied in the supercell
approach, where the corresponding systems are placed in
cells with a large number of particles without internal
periodicity to minimize the interaction between iterating
patterns.

It is rather difficult to describe strongly localized electro-
nic states with fast oscillations of the wave function at
distances close to the atom core in the plane wave basis. To
solve this problem, electrons are separated into energetically
deeper core-level electrons and valence electrons. The system
of Kohn±Sham equations is solved for the valence electrons
with an effective potential that takes into account the effect of
atomic core electrons in the pseudopotential approach. The
projector-augmented wave (PAW) potential [103] is used.
Relativistic effects are, in the general case, also of importance
for heavy elements [104±107]. However, these effects are small
for light elements such as hydrogen, so spin-orbital interac-
tion can be neglected.

To describe the exchange-correlation interaction, a func-
tional with PBE parameterization is introduced. We obtain
as a solution of the system of Kohn±Sham equations the
distribution of the electron density r�r�, the electronic orbitals
fik�r�, and the corresponding energy levels Eik. Further,
based on the calculation of the ground state energy of the
system E0�r�r�;RI�, we calculate the forces of interaction
between ions applying Eqn (32) and use them to numerically
solve the system of equations of motion (31).

The calculations are carried out for the canonical
ensemble. The ion temperature is controlled by means of a
Nose±Hoover thermostat [108, 109]. The electron tempera-
ture, equal to the ion temperature, is set as a parameter of the
Fermi±Dirac distribution, which determines the population
of electronic levels fik. This cycle continues until the given
number of time steps is passed.

The coordinates and velocities of the ions and the forces at
each time step for the ions are used to find the instantaneous
values of the correlation and autocorrelation functions,
pressure, diffusion and viscosity coefficients, and conductiv-
ity. Since the energy functional does not contain the kinetic
energy of ions, to determine the total pressure, a correction is
introduced in the form of the pressure of the ideal gas of the
ionic component:

P � ri
m

RT� Pext ; �35�

where ri is the ionic density, m is the molar mass of ions, R is
the gas constant, and T is the temperature of the system.
External pressure can be defined as a negative average of the
diagonal elements of the stress tensor:

Pext � ÿ 1

3

X
a

saa : �36�

The results obtained are averaged over a set of equilibrium
ionic configurations obtained along the calculated trajectory.

For a crystal, it is also possible to analyze the dependence
of the energy levelsEi�k� on the direction of the vector k in the
Brillouin zone. The lattice vibrations are averaged in this case
over time, after which the unit cell for the resulting structure is
found. Next, the band structure is calculated. Thus, unlike
other parameters, the band structure is not averaged over
configurations, but is found for the unit cell of the averaged
lattice. Therefore, this parameter is displayed in Fig. 3 in
italics.

4.3 Optical properties and electrical conductivity
Based on the calculation of the electronic orbitals fik�r� and
the energy levels Eik for a set of ionic configurations, the
following electronic characteristics of the system can be
determined: the density of electronic states, electrical con-
ductivity, and the reflection coefficient. The nonlocal func-
tional HSE [93] is used to this end, which makes it possible to
more accurately estimate the width of the gap between bound
and free electronic states.

The optical properties are determined based on the
calculation of the imaginary part of the dielectric perme-
ability, for which the formula for the longitudinal dielectric
tensor in the long-wavelength limit is used [110]:

e �2��o� � 1

3

4p2e 2

O
lim
jqj!0

1

jqj2

�
X
i; j; a; k

2wk

�
f �Ei;k;T � ÿ f �Ej;k�eaq;T �

�
� ��huj; k�eaqjui;ki��2d�Ej;k�eaq ÿ Ei;k ÿ �ho� ; �37�

where q is the wave vector of the incident radiation and ea is
the unit vector that determines the direction of the Cartesian
axis that corresponds to coordinate a. The summation over
the index a multiplied by 1=3 is the averaging over three
spatial coordinates.

Due to the finite volume of the modeled system and, as
a consequence, the discreteness of the eigenvalues Ei; k, the
d-function contained in Eqn (37) should be broadened. To
this end, the d-function is approximated as theGauss function
with finite width DE:

d�E� ! 1������
2p
p

DE
exp

�
ÿ E 2

2�DE�2
�
: �38�

This approximation is a standard one for calculating optical
properties in the DFT [111±115]. The DE value is taken as
small as possible without the emergence of local oscillations
of the imaginary dielectric permeability due to the discrete-
ness of the eigenvalue spectrum [112±114]. A method was
proposed in [112] for determining the minimum possible
width DE as the average value of the product of the energy
differences between neighboring levels and the corresponding
populations:

DEmin � 1

Nk

1

Nb

X
n; k

���En�1; k ÿ En; k�� fn�1; k ÿ fn; k�
�� ; �39�

where Nb is the number of electron orbitals and Nk is the
number of k-points in the Brillouin zone.

Given the imaginary dielectric constant, the dynamic
electrical conductivity can be calculated, in the general case,
as

s�o� � oe �2��o�
4p

: �40�

Equation (40), together with the formula for dielectric
permeability (37), yields the value of electrical conductivity
at frequencyo � 0 equal to zero. This function is not analytic
at zero. Therefore, to determine the static electrical con-
ductivity, the limit of the s�o� dependence to the right of 0
is usually employed. One of the most common methods for
determining the value of s�0� is the linear extrapolation of the
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two points closest to zero in the frequency dependence s�o�
[111±114].

Formula (40) is valid for any conductors: metals, semi-
metals, semiconductors, plasmas, low-conductivity media,
etc. For high-conductivity media, where the frequency
dependence of the dynamic electrical conductivity in the
low-frequency region has a Lorentzian profile, an approx-
imation using the Drude formula sD�o� � s0=�1� o2t2eff�
can be used in addition to the linear approximation [111±113].
This approach makes it possible to estimate, in addition to
static electrical conductivity s0, the effective relaxation time
teff.

The described methods for determining static electrical
conductivity are used both for the state of a fluid or plasma
and for a solid state [111±115]. In the latter case, more
accurate methods for calculating the static electrical con-
ductivity tensor using the Drude formula [116] are also
applicable:

sab�0� � e 2ttr

�
ne
me

�
eff

� ttr
e 2

O

X
i;k

�
qEi; k

q�hka

��
qEi; k

q�hkb

��
ÿ q f
qEi; k

�
; �41�

where ttr is the transport relaxation time that contains various
scattering effects. In the general case, 1=ttr � 1=timp� 1=tep�
1=tC, where 1=timp is the frequency of scattering by impu-
rities, 1=tep is the electron±phonon scattering frequency, and
1=tC is the Coulomb scattering frequency. It was assumed for
the results presented in this review for a solid that the main
scattering mechanism is electron±phonon scattering, for
which the relaxation time was determined using the approx-
imate formula 1=tep � kBT=�h [116].

The results obtained are averaged over a set of configura-
tions along the molecular dynamics trajectory.

4.4 Quantum Monte Carlo method for path integrals
The Feynman representation of quantum statistical
mechanics [117] enabled the development of a whole group
of new numerical methods, which, in their formulation, are
would-be rigorous ab initio methods. The quantum Monte
Carlo method (PIMC) was first proposed in [118] for Bose
systems and in [119] for Fermi systems; it was reproduced in
[120] with reference to the original work. This method has
been developed further at the Joint Institute for High
Temperatures of the Russian Academy of Sciences (Mos-
cow), the University of Kiel (Germany) (see [121±125] and
references therein), and in the USA [126±129]. A review of
studies for a wide variety of systems can be found in books
[76, 130, 131]. Not only dense electron±ion, but also quark±
gluon plasma was simulated (see Ref. [76], Chapters 11, 12
and references therein). It should be noted that the first
attempt to go beyond the chemical model using this method
was made in [22].

The path integral Monte Carlo method is computation-
ally very complex. Due to this, simplified versions have been
developed: variational (VMC) [132, 133] and diffusion
(DMC) [134] Monte Carlo methods.

In contrast to DFT methods, approaches based on the
Feynman representation of quantum statistical mechanics are
in principle exact, since the representation itself is exact.
Therefore, the results obtained using these methods could
become standards. However, to this end, serious computa-

tional difficulties should be overcome in the implementation
of these methods, especially for degenerate Fermi particles.
We now discuss the last issue in more detail, only outlining,
however, the general idea.

The problem of correctly taking into account the
exchange, i.e., the interchange of electrons, was emphasized
already in the first papers [118, 119]: in this case, the
expression for the partition function includes both positive
and negative terms that correspond to odd permutations.
These terms cannot be interpreted as probabilities, and
therefore the Metropolis algorithm cannot be adapted to
them. To overcome this difficulty, it was proposed in [118] to
preserve the statistical sum expressed in terms of deter-
minants. All the terms in the sum here remain positive, and
the concept of the Metropolis algorithm can be used for
calculations. However, expressions for the probabilities of
one-step transitions will include in this case the ratios of the
determinants.

To calculate such ratios, Filinov developed in [121] a
special algorithm that takes into account that the determinant
rank is equal to the number of particles in the system, while
the rank of the determinant minors that arise from electron
permutations is smaller and corresponds to the degree of
degeneracy. The calculation of the ratio of determinants is
reduced in this algorithm to the calculation of the ratio of
minors. The idea of the procedure was used further in [76,
121±125]. Systems of electrons of ever larger size and with an
ever greater degree of degeneracy were considered.

The algorithm [76, 119, 121±125] is very difficult for
programming and, to the best of our knowledge, has not
been reproduced by other researchers. Ceperley [126±129,
131] endeavored to radically simplify the problem by propos-
ing a fixed-node approximation. In fact, all negative permuta-
tions are arbitrarily neglected in the calculations based on his
algorithm, and the Metropolis procedure is applied to the
remaining sum of positive terms. David Ceperley did not
answer this criticism [76, 121, 123, 135±138].6

The path integral Monte Carlo method is intended to
investigate the properties of only equilibrium systems. This
method cannot be used to study dynamic processes that
develop in time. In order to model such processes, the path
integral molecular dynamics (PIMD) method was proposed
[130].

Methods based on the Feynman representation of
quantum statistical mechanics are fundamentally accurate
due to the rigorous character of the Feynman representation.
However, they are used much less than DFT methods, due to
the serious computational difficulties in their implementation
and the required computer time. Approximations with an
unclear error estimate are also introduced for the same
reasons into the existing implementations.

5. Plasma phase transition in hydrogen fluid

This section contains a discussion of the thermodynamic and
electronic properties of a hydrogen fluid in the fluid±fluid
phase transition region obtained using variousmethods based
on first principles.

6 It should be noted that, at several personalmeetings, I askedDavid about

this issue, but he evaded answering and only noted that he has serious

objections to `Filinov's approach' not detailing the essence of his

objections. David also failed to refer to pioneering book [119], although,

as he told me, he knows this book perfectly well and has its translation.

(G E Norman's note.)
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5.1 Results of ab initio simulations
The properties of a hydrogen fluid were studied in [139] by the
methods of first-principle molecular dynamics within the
DFT in an ensemble with constant pressure in a range of
75±175 GPa at temperatures above the melting line. Protons
were considered to be classical particles in the Car±Parrinello
molecular dynamics (CPMD) method [140]. A 6% jump-like
increase in density was found on the 1,500-K isotherm at a
pressure of 125 GPa. It was accompanied by gap closure on
the Fermi level in the electronic state density (which indicates
metallization) and the disappearance of the molecular peak
in the profile of the pair correlation function, which was
interpreted as a dissociation of hydrogen molecules into
atoms.

The first-order fluid±fluid phase transition was also
discovered in [141, 142] using the quantum method of
molecular dynamics (MD) in the canonical ensemble (NVT)
at a pressure of 200 GPa and a temperature of 1,000 K. A
continuous transition to the state of atomic hydrogen fluid
without a first-order phase transition was obtained in [143,
144] using molecular dynamics and the DFT in the tempera-
ture range from 1,000 K to 4,000 K and a pressure of
200 GPa.

The first-order fluid±fluid phase transition was obtained
in [145] using the quantum method of molecular dynamics in
the DFT for a finite electron temperature with the PBE
functional employed to describe the exchange-correlation
interaction. The density discontinuity in the isotherms
between the atomic and molecular phases did not exceed 2%
in the temperature range of 800±1,400 K. It was also
demonstrated in [145] that the existence of a transition
(either continuous or of the first order) is extremely sensitive
to size effects (the number of particles in a computational
cell), since calculations for small systems fail to reproduce a
density jump on the isotherm. The size of the computational
cell used in [145] is comparable to that of the system
considered in [139, 141, 142] in the CPMD and is much
larger than that used in [143, 144], which explains the absence
in recent studies of a density discontinuity on the isotherm.

An approach was used in [146], which is in many respects
similar to that of [145]. A phase equilibrium line was obtained
which begins at a critical point with a temperature in a range
of 1,500±2,000 K and a pressure of 120 GPa and has a
negative slope. Similar to the findings of [139, 141, 142, 145],
the study observed in the first-order phase transition a
dissociation of molecules accompanied by a sharp increase
in electrical conductivity. The higher values of the critical
temperature comparedwith the data [145] can be attributed in
this case to the insufficient convergence of the results in [146]
regarding the number of particles and k-points in the
Brillouin zone. The results of [145] should be considered the
most reliable among those obtained in the DFT with the PBE
functional.

Hybrid functionals were also used to simulate in the DFT
the phase transition in a hydrogen fluid. The HSE functional
used in [147] leads to a noticeable increase in the phase
equilibrium pressure at a given temperature. For example,
the pressure increases at T � 1,200 K by 50 GPa, to 205 GPa,
in comparison with the results obtained for the PBE
functional [145]. The critical temperature rises to 2,200 K,
which also may be a consequence of the insufficient conver-
gence of the results in what regards the number of particles,
since the simulation based on the hybrid functional requires
many more computational resources than the PBE does. The

results in [147] for the HSE functional were obtained with a
significantly smaller number of particles.

Studies [148, 149] used the nonlocal vdW-DF and vdW-
DF2 functionals [96±99], which additionally take into
account correlations associated with the dispersion interac-
tion. Taking into account the dispersion interaction leads to
an even greater increase in the phase equilibrium pressure.
The pressure increases at T � 1,200 K to 255 GPa in the case
of the vdW-DF functional (�100 GPa compared to the PBE)
and to 365 GPa in the case of the vdW-DF2 functional
(�210 GPa compared to the PBE). Thus, the results of
modeling the phase transition in a hydrogen fluid signifi-
cantly depend on the form of the exchange correlation
functional [150, 151].

The formation of the conducting hydrogen fluid was also
simulated using variousMonte Carlo methods, such as QMC
(quantumMonte Carlo) [152, 153], PIMC [129], and CEIMC
(coupled electron±ion Monte Carlo) [154, 155]. Among the
simulationmethods based on first principles, quantumMonte
Carlo methods better ensure a balance between accuracy and
computational resources in exploring the phase transition in a
hydrogen fluid [156]. Notably, this approach is free of the
DFT drawback associated with the strong dependence of the
results on the type of exchange correlation functional.

A phase transition in liquid hydrogen was simulated in
[157] using the QMC method. It is shown that the first-order
phase transition occurs at pressures that exceed the values
calculated in the DFT by more than 200 GPa. A mixed
atomic-molecular phase formed at a pressure of 400 GPa
was also discovered [158]. It was found in a later publication
[159] that the phase transition pressures obtained in [157, 158]
are overestimated by more than 200 GPa due to insufficient
convergence of the results with respect to the number of
particles in the computational cell.

The position of the phase equilibrium curve was calcu-
lated most accurately in [149, 160, 161] using the CEIMC
approach. The first-order transition is evidenced by the
discontinuity of the specific volume on the isotherm, the
dissociation of molecules, a jump in electrical conductivity,
and delocalization of electrons. The data in [149] are in good
agreement with the line of metallization of the hydrogen fluid
obtained in experiment [66]. The structure of the metallic
phase was analyzed in [160], and it was shown that electron
delocalization develops, but stable molecular ions were
absent. The phase transition is also accompanied by a sharp
increase in electronic thermal conductivity and absorption
[161].

In contrast to the data of [157±159], the results obtained in
the CEIMC approach indicate the absence of a first-order
phase transition in the formation of a partially dissociated
state. It is assumed in this case that the dissociation of mole-
cules occurs abruptly and simultaneously with an increase in
electrical conductivity.

The energy gap in the density of states at the Fermi level
was investigated in [162], where the CEIMCmethod was used
to calculate the electronic structure of the hydrogen fluid. A
method to calculate the gap size was proposed in [163, 164]. It
was shown that a jump occurs below the critical point, which
coincides with the dissociation of hydrogen molecules, while,
in the region above the critical point, the dissociation of
molecules occurs before the gap closes. The jump in the
gap size at the phase transition is fairly small, which can also
be related to the rather small jump in the density on the
isotherms [145±149].
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The curves of phase equilibrium of hydrogen fluid
calculated using approaches based on first principles are
displayed in Fig. 4. The calculated curves are located above
the melting line [67]. CPMD and DFT methods with various
exchange-correlation functionals and Monte Carlo methods
were used.

The phase transition obtained in the simulation is similar
to the PPT prediction [1±3]. The observed density is 10 times
that of solid hydrogen at the triple point, equal to 0.1 g cmÿ3.
Temperatures are around 1,000 K or several thousand
kelvin. It can be concluded that the nature of ionization
under such conditions is only associated with ionization by
pressure; its mechanism is collective in nature, which differs
significantly from the SAHA equation and the chemical
model used in [1±3].

5.2 Ionization of molecules
in the phase transition in hydrogen fluid
It was found in a series of studies [165±168] that, in the process
of the fluid±fluid phase transition in warm dense hydrogen,
hydrogen molecules H2 are ionized and ions or structures are
formed in which the distances between protons are the same
as in molecular H�2 and H�3 ions. A conclusion was made
based on the analysis of proton±proton PCF, i.e., the H�2 and
H�3 ions themselves were not detected, but the maxima of the
PCF difference before and after the phase transition at
distances between protons equal to 1.06 and 0:92 �A, which
are characteristic of these ions, were.

5.2.1 Calculation technique. The ab initiomolecular dynamics
and quantum computing techniques based on the DFT
with the PBE functional were applied. The computational
cell placed in periodic boundary conditions contained
512 hydrogen atoms. The cutoff energy of the plane-wave
basis was chosen equal to 1,200 eV, which ensures the
convergence of the results. In calculating the pressure and
pair correlation function of protons, the k-point of the

Baldereschi mean value was used [169]. The correctness of
using the PBE and the sufficiency of one k-point for this
problem is shown in [145]. Electrical conductivity is calcu-
lated using a 3� 3� 3 Monkhorst±Pack k-mesh, which
ensures the convergence of the results. Calculations were
carried out using the VASP package [170±173].

Dynamic electrical conductivity is determined using
Eqn (40). The density of states (DOS) of electrons is
calculated based on the energy levels obtained by solving the
system of Kohn±Sham equations. The PCFs are calculated
directly on the molecular dynamics trajectories. The calcula-
tions are carried out for the canonical ensemble. The ion
temperature is regulated using a Nose±Hoover thermostat.
The electron temperature equal to the ion temperature is
specified in the Fermi±Dirac distribution.

The system reaches equilibrium in about 4 ps, after which
the thermostat is switched off. Pressure and the PCF are
averaged over the next 4±15 ps. The length of the molecular
dynamics trajectories increases for the two-phase region,
where a plateau appears on the isotherm. The investigated
range of densities r � 0:6ÿ1:8 g cmÿ3. Temperatures T �
700ÿ2,500 K are considered.

5.2.2 Calculation results. Proton±proton PCFs g�r� were
calculated in the range of hydrogen densities at which a
phase transition is expected. The results for densities of
0.9 g cmÿ3 (red line) and 0.92 g cmÿ3 are shown in Fig. 5a.
The density 0.9 g cmÿ3 corresponds to the dielectric phase,
while r � 0:92 g cmÿ3, to the conducting state. Themaximum
values of g�dH2

� and the values of g�dH�
2
� and g�dH�

3
� close to

zero imply that warm dense hydrogen is a molecular liquid
until the phase transition, which is fully consistent with all the
results mentioned above. The interatomic distance in the
hydrogen molecule is dH2

� 0:74 �A.
The interatomic distances in the molecular hydrogen ions

H�2 and H�3 are dH�
2
� 1:06 �A and dH�

3
� 0:92 �A, respec-

tively. The g�dH2
� values decrease, and the g�dH�

2
� and g�dH�

3
�

values sharply increase in a narrow range of densities where
the phase transition occurs. This implies that the number of
H2 molecules decreases sharply at the phase transition, and
structures or clusters appear in which distances between
protons are the same as in H�2 and H�3 molecular ions.

The following procedure is proposed to better show that it
is this effect that takes place during the phase transition. Let
g1�r� and g2�r� correspond to the PCFs, which are located
most closely in density to the phase transition before and
after it. Results for the function Dg�r� � g2�r� ÿ g1�r� at
T � 1,000 K are shown in Fig. 5b. The Dg�r� function is
close to zero if r > 2 �A. This confirms the conclusion that the
long-range order is not affected by the phase transition.

5.2.3 PPTmechanism. Themost important result displayed in
Fig. 5b is that the function Dg�r� has a deep minimum at
r � dH2

and a pronounced maximum at r � dH�
3
. The

maximum neighbors on the right side an extended mono-
tonically decreasing tail that spans at its end the distance
r � dH�

2
. The appearance of an indication of the formation of

molecular H�2 ions is not surprising, since such ions are
observed in all chemical models of plasma [14±18]. How-
ever, this process is not considered there to be a PPT
mechanism. Nevertheless, two processes occur simulta-
neously in our case: a sharp decrease in the density of H2

molecules (a deepminimum at r � dH2
) and the appearance of

molecular ions.

3,000

T
em

p
er
at
u
re
,K

2,000

1,000

0 100 200 300 400
Pressure, GPa

H2 êuid

Solid H2

H êuid

6

4

5

7

3
1

2

Figure 4. (Color online.) Various models of hydrogen fluid based on first

principles. Black dashed curve is themelting line [67]. Black diamond is the

phase equilibrium point found in [139] using CPMD. DFT results with

various functions: PBEÐyellow line 1 [145] and green line 2 [146];

HSEÐorange line 3 [147]; vdW-DF2Ðblack line 4 [148]; vdW-DFÐ

red line 5 [149]. Results obtained using Monte Carlo methods: QMCÐ

violet triangles connected by line 6 [159]; CEIMCÐblue squares 7 [149].

November 2021 Plasma phase transition 1109



We now clarify that the phase transition mechanism
cannot be associated with a simple dissociation of hydrogen
molecules with the formation of atoms. Should the H2 ! 2H
mechanism be operative, hydrogen atoms will subsequently
ionize to form protons and free electrons, which could
explain the increase in electrical conductivity. Estimating the
total energy of the emergence of free electrons in such a two-
stage process for a rarefied plasma gives the required energy
of 18:07 eV � 4:47 eV �H2 ! 2H� � 13:6 eV �H! H� � e�.
However, the energy of formation of free charge carriers in
single-stage ionization of hydrogenmolecules, H2 ! H�2 � e,
is less than in the first mechanism and is about 15.5 eV. Thus,
the formation of free electrons in the case of the formation of
H�2 molecular ions is energetically more favorable.

However, the emergence of H�3 ions and, moreover, their
being accompanied by such a well-pronounced maximum on
the Dg�r� dependence are new and unexpected effects, since
this ion was not included in chemical models. However, it is
known that partial ionization of hydrogen molecules can lead
to the formation of the proton complex H�3 in the reversible
reaction

H2 �H�2 >H�3 �H ;

which is the most probable reaction in which H�3 cations are
formed in a rarefied plasma [174].

5.2.4 Density effects.The arguments above apply to plasma at
moderate pressures. The noted qualitative regularities should
also persist with an increase in pressure. Density effects lead
to a strong decrease in the ionization potentials; therefore, the
qualitative patterns can shift to the temperature range of the
order of 103 K in accordance with DFT calculations.

Another effect of density is the possibility that theH�3 ions
group into clusters. This assumption is supported by a change

in the structure of a molecular hydrogen crystal with
increasing pressure, the results of which are presented for
this reason in Section 5.4. It turns out that, upon the
transition to the conducting state, a crystal structure is
formed where the distance between protons is the same as
the distance in the H�3 ion. Naturally, clusters with such a
structure can persist in warm dense hydrogen in the process of
crystal melting. It should be noted that the first attempts to
find isolated H�3 ions in warm dense hydrogen failed [175].
Therefore, Fig. 5 can be interpreted as an indication of
clusters in which the distance between protons is the same as
in the H�3 ion.

5.2.5 Complete ionization. The PCF peak corresponding to
the average distance between protons would be direct
evidence of the complete dissociation of molecules into
atoms and protons and the formation of a proton±electron
plasma. Nevertheless, no signs of a maximum of g2�r� at the
average distance between protons are observed in Fig. 5a, and
the Dg�r� function plotted in Fig. 5b is at such distances close
to zero. However, such features of the PCF are observed at
densities that are much higher and more separated from the
phase transition region.

To detect these features, the PCF was calculated at a
temperature of T � 1,000 K for a density range of 1.2±
1.8 g cmÿ3, which is well separated from the phase transition
region. The first PCF maximum at a density of 1.2 g cmÿ3

does not correspond to the average distance between protons
�r1 � nÿ1=3 (n is the density of protons), while the first
maximum of g�r� at r � 1:25 g cmÿ3 exactly coincides with
an average distance between protons, as can be seen from
Fig. 6a. Further compression leads to a shift of the first
peak towards smaller distances, which exactly corresponds
to a decrease in the average distance between protons
with increasing density, as shown for densities of 1.3 and
1.6 g cmÿ3 in Fig. 6b. Consequently, proton complexes
completely dissociate at a density of 1.25 g cmÿ3 and a
pressure of 367 GPa, and an atomic hydrogen fluid is formed.

Thus, there is a range of densities from 0.92 to 1.25 g cmÿ3

at 1,000 K, which is characterized by a sharp increase in
electrical conductivity and features an involved composition
of free protons and proton complexes. The effect of the
existence of transient bound states in deuterium at higher
temperatures is also mentioned and analyzed in [14±18, 176].
The result obtained agrees with the region found in experi-
ments [62, 65, 66] in the phase diagram of warm dense hydro-
gen, which is intermediate between the molecular dielectric
and atomic metallic states. Calculations in [165±168] show
that a first-order phase transition occurs in this case on the
boundary of the dielectric and semiconducting states.

5.3 Triple point on the melting line
The model proposed in [1±3] was used in [2, 3] to hypothesize
the existence of a triple point on the melting curve. The
experimental data obtained to date (see Fig. 1) confidently
confirm this prediction, although the triple point itself has not
yet been reached. The position of this point cannot be
determined by extrapolating the lines of melting and fluid±
fluid phase equilibrium, since neither extrapolation is reliable.
However, it is clear that the sought-after triple point will be
located at much higher pressures than the maximum of the
melting curve in the PÿT coordinates.

The liquid±liquid±solid triple point was first observed in
experiments [28, 177] with selenium near the maximum of the
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melting line. The triple point turned out to be located at lower
pressures than the maximum of the melting curve in the PÿT
coordinates. The mechanism of this transition in selenium
is associated with structural changes due to the decay of
selenium chains without the observed ionization process.

Liquid±liquid phase transitions in selenium and other
substances [28, 177±185] are accompanied by solid±solid
phase transitions with a solid±solid±liquid triple point on
the melting curve located at a higher pressure than the
corresponding liquid±liquid±solid triple point. Both the
solid±solid transition and the liquid±liquid transition near
the melting line have in this case a similar nature, i.e., they are
accompanied by similar structural changes. Therefore, to
better understand the structural changes during the fluid±
fluid phase transition in warm dense hydrogen, it is reason-
able to consider the phase transition from dielectric solid
hydrogen to the conducting state.

5.4 Phase transitions in crystalline hydrogen
near the melting line at high pressures
Changes in the structure of solid hydrogen at a temperature of
100 K were studied by molecular dynamics modeling in [186±
190]. The compression of hydrogen starting at a density of
1.14 g cmÿ3 and a pressure of 302 GPa was considered.
The dissociation of hydrogen molecules, accompanied by an
increase in electrical conductivity up to 85,900Oÿ1 cmÿ1, was
discovered. A hysteresis emerges in the dependence of
pressure on density during compression and tension in the
pressure range from 350 to 625 GPa; this range corresponds
to the region where metastable states of molecular and
nonmolecular solid hydrogen exist, which indicates a first-
order phase transition. The estimated equilibrium pressure of
the transition to a nonmolecular state is 487.5 GPa.

A dissociation of molecules is observed when the initial
structure is compressed to density values above 1.562 g cmÿ3.
The characteristic spatial arrangement of atoms in the
resulting structure at a density of 1.57 g cmÿ3 is shown in
Fig. 7a. This structure is rhombic with the C2221 symmetry.

As can be seen from Fig. 7b, the first PCF peak shifts in
this case from amolecular distance of 0.74 to 0:92 �A. It should
be noted that the position of the first maximum exactly
coincides with the interatomic distance in the H�3 ion. Five
protons form in the first coordination sphere a quasi-
tetrahedron that consists of two triangles with a common
center. The four distances from the central proton are equal to
0:92 �A, as in the H�3 ion, and do not change with a further

increase in density to 2.1 g cmÿ3, starting from which a
coincidence of this characteristic distance with the average
interatomic distance is observed.

If the structure obtained at a density of 1.57 g cmÿ3 is
stretched to a density of 1.45 g cmÿ3, a monoclinic structure
with the P21=c symmetry is formed. The spatial arrangement
of atoms at a density of 1.45 g cmÿ3 is shown in Fig. 7c. The
position of the first PCF peak remains unchanged, as can be
seen from Fig. 7d. The number of nearest neighbors of the
atom decreases in the first coordination sphere to three. The
second and third PCF peaks merge in comparison with the
structure with the C2221 symmetry. Based on the assumed
location of the equilibrium pressure of the phase transition,
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the structure with the P21=c symmetry is metastable and
remains stable when the pressure drops to 350 GPa. The
position of the first PCF peak also remains unchanged when
the sample is stretched to a density of 1.23 g cmÿ3 and a
pressure of 350 GPa.

The mechanism of the formation of the conductive phase
in crystalline hydrogen, as in the hydrogen fluid, is not
directly related to the dissociation of molecules or the
formation of atoms. It includes delocalization of electrons
due to the overlap of the conduction and valence bands in the
solid state or partial dissociation and ionization in the liquid
phase. This is an explicit indication of the correspondence of
these phase transitions to PPT predictions. An analogy can be
drawn with fluid±fluid transitions that are accompanied by a
transition in the solid phase that has a similar nature. There is
a triple point between the phases of conducting liquid,
conducting solid, and dielectric solid. A similar situation can
hypothetically arise in hydrogen in the region where the
metallic phase is formed, although currently there is no
experimental data on the exact position of the corresponding
triple point.

Stable proton clustersÐhydrogen moleculesÐdissoci-
ate in the process of transition of both liquid and solid
hydrogen to a conducting state. As mentioned above, a
structure emerges in this case in solid hydrogen in which the
distance between protons is 0:92 �A, a value characteristic of
the stable hydrogen H�3 ion. Thus, it can be assumed that,
during the melting of the obtained atomic structure of solid
hydrogen, various proton clusters can be present in the
resulting conducting hydrogen fluid.

5.5 Taking nuclear quantum effects into account
The proton is a fairly light particle, so considering the proton
dynamics at low temperatures in the classical approximation
is not fully justified. This circumstance requires that simula-
tion methods be developed further by introducing zero-point
oscillationsÐnuclear quantum effects (NQEs). NQEs can be
taken into account in the Born±Oppenheimer approximation
using the path integral method. Ions are considered at a finite
temperature to be quantum particles by mapping onto a
classical system of particles, where each ion is represented by
a ring polymer system. Taking into account NQEs consists in
modeling the ionic degrees of freedom (ring polymers) in
molecular dynamics on path integrals [191, 192]. Such a
calculation requires much more computer time than the
classical consideration of ions does, usually by 1±2 orders of
magnitude, depending on the temperature and masses of
nuclei. An alternative approach is based on QMC methods.

Taking into account NQEs using the PIMD method with
the PBE functional carried out in [146] yielded a decrease in
the transition pressure by 40GPa at a temperature of 1,000K.
Taking into account dispersion interaction in [148] resulted in
an increase in pressure and a shift of the phase equilibrium
curve of the dielectric molecular and conductive atomic phase
of hydrogen fluid by 100 GPa towards higher pressures. The
approach used in [148] resulted in good agreement between
the calculations and the experimental data [55].

Taking into account NQEs in the QMC also brings the
obtained phase equilibrium curve [154] closer to the results
of [149, 160, 161]. The critical temperature of the phase
transition obtained using the QMC methods [149, 159] does
not exceed 3,000 K.

The results obtained by various simulationmethods based
on first principles, which take into account NQEs, are

compared in Fig. 8. In comparing the data displayed in
Figs 4 and 8, two features can be distinguished that make it
possible to refine the calculations of the position of the phase
equilibrium curve in warm dense hydrogen. The first
refinement is a more accurate description of the exchange-
correlation interaction; namely, the use in the DFT of density
functionals that are more accurate than the PBE, or the use of
Monte Carlo methods. This modification yields a noticeable
increase in the phase equilibriumpressure, as can be seen from
Fig. 4. This effect is virtually independent of temperature.

The second refinement is taking into account the nuclear
quantum effects that affect the dynamics of protons. This
leads to a decrease in the pressure of the phase equilibrium. In
contrast to the first refinement, the NQE weakens with
increasing temperature. Taking into account the NQEs and
refinement of the exchange-correlation interaction jointly
yield an increase in the pressure of the phase equilibrium.

However, the DFT method with the classical dynamics of
ions and the PBE functional gives qualitatively the same
picture at lower pressures in the phase diagram. The phase
transition mechanism remains in this case unaltered and
can be interpreted, regardless of the position of the phase
equilibrium curve, based on an analysis of structural proper-
ties, such as the pair correlation function of ions.

5.6 Nonequilibrium and nonadiabatic processes
It was implicitly assumed in all the theoretical approaches
discussed above and in the analysis of the results of
experimental studies that H2=D2 systems are in equilibrium
conditions. This assumption is based on the confidence that,
at such high densities in the temperature range under
consideration, equilibrium is reached within times that are
much shorter than the duration of all relaxation processes.
The statement, indeed, seems to be valid if the estimates
developed for a gas plasma are extended to these conditions.

However, such an extrapolation cannot be considered
sufficiently reliable, since warm dense H2=D2 significantly
differs from gas plasma. Therefore, it is not possible a priori
to rule out that nonequilibrium states can be formed.

Nonequilibriumof the first type can be associated with the
short-term existence of metastable states. Such states are
considered in Section 6. We also note here [193], in which
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attention is drawn to different rates of processes in different
setups. For example, the duration of the main stage in NIF
experiments is only 3 ns [66], while in experiments with
diamond anvils [63] it is 200 ns. Therefore, the difference in
the results can be associated with different degrees of the
achieved metastability.

An alternative, dynamic nonequilibrium may be due to
the high rate of processes. The mechanism of the transition in
H2=D2 fluid was studied in [194] beyond the Born±Oppenhei-
mer approximation using nonadiabatic ab initio methods;
namely, the wave packet molecular dynamics (WPMD)
method for electrons using the eFF (electron Force Field)
model [195] and the functional of the restricted open-shell
Kohn±Sham (ROKS) in density functional theory for
nonadiabatic ab initio MD calculations with the possibility
of hopping between states (Surface Hopping, SH) [196, 197]
were used. The excited states of atoms and transitions
between them can be taken into account by methods based
on solving time-dependent Schr�odinger equations in the
strong-field approximation [198±200].

The investigation continued in [201]. The ROKS method
was used to carry out quantum molecular dynamics calcula-
tions of the potential energy surface of the first singlet state
S1. The electronic structure of the S1 state, its energy, and
corresponding gradients were calculated at each step. Tully's
semiclassical method was used to describe hopping between
the surfaces of the ground and first excited singlet states.
Nonadiabatic mechanisms of energy transfer between differ-
ent degrees of freedom were considered.

Of great interest are studies [194, 201], since they
introduce nonequilibrium and nonadiabatic methods into
the area where methods only suitable for equilibrium states
have been used for many years. However, we do not discuss
their results, since these calculations are very time consuming
and still require careful testing. In particular, since relaxation
has not been traced in [194, 201] to the onset of equilibrium,
it is difficult to compare this approach with the results
presented in previous sections.

6. Metastable warm dense hydrogen

The very existence of a density jump on the isotherm and the
mechanism that forms a conducting state in hydrogen fluid
remain a matter of discussion [26]. Although most theoretical
studies assume that this is a first-order phase transition [52,
139, 141±146, 165±168], the measurement data fail to provide
an unambiguous answer. Some experiments detect the
specific features of the first-order phase transition [7, 23±25,
44, 60, 63, 65, 66], while others only observe a sharp increase
in the conductivity and reflection coefficient [30, 39, 55, 56].
Thus, the indication of the existence of metastable states is an
important argument in favor of this phenomenon being a
first-order phase transition.

6.1 Calculation of the metastable isotherm branch
Metastable states present in the phase transition of warm
dense hydrogen into a conducting state were investigated
using the quantumMDmethod in [202, 203].

Hydrogen fluid is at lower densities in a molecular state,
while at higher densities molecules dissociate. This is
evidenced by a change in the PCF, the first peak of which is
close to 0:74 �A, a value that corresponds to the average
interatomic state in H2. The PCF peak sharply diminishes in
the phase transition (Fig. 9).

Transitions from the molecular phase to the ionized state
and vice versa can be observed in the two-phase region along
the MD trajectory. Pressure oscillations and the value of the
first PCF peak correlate with each other; pressure extrema
and PCF extrema at r � 0:74 �A correspond to the same
moments of time. The maxima correspond to the molecular
state, while the minima, to the ionized state.

To calculate metastable states, the initial configuration
should from the very beginning correspond to the molecular
state. The first metastable point can be obtained taking ion
coordinates and velocities from an equilibrium molecular
state and decreasing the cell size (i.e., increasing density).
The configuration of the new point that achieves equilibrium
can be used as the starting configuration for the next point.
Papers [202, 203] succeeded in reproducing metastable
molecular branches of isotherms by sequentially increasing
the density by 0.5±2.0% and ensuring relaxation of each new
configuration.

To maintain the metastable molecular state, calculations
should be carried out in a microcanonical ensemble, i.e., with
the thermostat being switched off. The thermostat should be
used to ensure relaxation of the initial configuration, and it
should be switched off in calculating metastable states of the
molecular fluid. The thermostat performs as an additional
perturbation that reduces the metastable state lifetime.

Temperature drift is insignificant for the trajectories with
the switched-off thermostat.Metastability is usually lost after
the cell volume is changed, since this operation is also a
perturbation. Should this be the case, a different initial
configuration should be chosen. Perturbation can also cause
temperature changes. This problem can be solved by turning
on the thermostat for a short time (less than 0.5 ps) or by
choosing a different initial configuration. Hydrogen can still
remain metastable when the thermostat is on, but chances are
that it will lose metastability and transform into an ionized
atomic molecular state.

Approaching the extreme points of the spinodal on
isotherms is a fairly common procedure in simulating
Lennard-Jones and other systems, where forces between
particles are calculated as derivatives of potential energy
with respect to distance. However, the forces are calculated
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in the approach applied using the Hellman±Feynman
theorem at each stage of the numerical integration of New-
ton's equations. This procedure introduces additional pertur-
bations that can limit the opportunities for modeling short-
lived metastable states.

The lifetime of metastable states exceeds 15 ps near the
two-phase region and is less than 5 ps at the boundary of the
metastable region at high densities.

6.2 Metastable states on the isotherm
A metastable branch of the isotherm was obtained in [202,
203] at temperatures of 700 and 1,000 K, in which hydrogen
retains its molecular structure with increasing density
(Fig. 10), and for four temperatures (Fig. 11). The metastable
and stable branches at a given temperature are separated from
each other by 15 GPa. The size of the metastable region
somewhat depends on the number of particles (inset in
Fig. 11). The lifetime of the metastable state decreases with
an increase in the number of atoms, since an increase in
volume increases the probability of the emergence of
nucleation centers in high-density phases.

The molecular structure of hydrogen along with the
metastable branches is confirmed by the PCF shape. The
height of the first PCF peaks of metastable hydrogen is
noticeably greater than that of equilibrium ionized hydrogen
of the same density (Fig. 12a). The conductivity values also
confirm that the molecular phase persists on the metastable
branches. Although conductivity increases with increasing
pressure, there is still a difference of several orders of
magnitude between the equilibrium ionized and metastable
molecular states (Fig. 12b).

The derivative of pressure with respect to the volume does
not decrease if density increases in absolute value along
the metastable branches. The absence of flattening of the
isotherm indicates the existence of metastable states at higher
pressures, which are closer to the spinodal. These states could
not be reproduced for the reasons indicated above.

The emergence of metastable isotherms is consistent with
the predictions made in [2, 4] (inset (a) in Fig. 10). The list of

their distinctive features includes a relatively small jump in
density and a significant overlap of the metastable and
equilibrium branches. The same result was obtained in [75]
(inset (b) in Fig. 10), where a state-of-the-art chemical model
of plasma is used, which includes ionization of hydrogen
molecules. The qualitative similarity between the obtained
results and the results of [2, 4] indicates the plasma nature of
the fluid±fluid phase transition in warm dense hydrogen.

Metastable states and a density jump are absent on the
1,500- and 2,000-K isotherms; however, an increase in
conductivity by four orders of magnitude is observed at
1,500 K in a relatively narrow range of density values. The
isotherms of the equilibrium and metastable states of the
same phase are located along the same lines for different
temperatures (solid lines in Fig. 11). These lines coincide with
the binodal curve of subcritical temperature, and the pressure
difference between them decreases exponentially in absolute
value with increasing temperature. Since two solid lines are
located very close to each other and almost parallel (on a
double logarithmic scale), the uncertainty of critical tempera-
ture of the order of several thousand kelvin persists.

Figure 11 shows that pressure is weakly dependent on
temperature. The point is that the pressure calculated in the
DFT consists of two components: ionic and electronic. The
ionic component is calculated as the ideal gas contribution,
while the electronic component is calculated based on an
interaction potential. Although the first term linearly depends
on temperature, it is much smaller than the second term due
to the high density of hydrogen. The electronic component
only depends on the temperature via the population of
electronic levels, which is controlled by the Fermi±Dirac
distribution. Since the temperature is much lower than the
Fermi energy, its effect on the pressure is small.

The pressure decreases as the state approaches the critical
point in Fig. 11. This behavior does not correspond to the van
der Waals equation [204±206]. Figure 13 shows schematically
the isotherms and the binodal curve for a van der Waals
gas (a) and hydrogen fluid (b). It can be seen that the line of
coexistence of phases in the hydrogen fluid looks like a long,
curved, and very narrow tongue, so it is rather difficult to
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determine its boundaries and the position of the critical point
Tc. This is an objective fact that follows from the peculiarity
of the PPT.

6.3 Widom line
The phase coexistence line ends at a critical point on the phase
diagram, and various parameters change in a continuous way
outside the two-phase region. However, the parameters can
also have specific features in the supercritical region [207,
208]. For example, there may be extrema of the second
derivatives of the Gibbs thermodynamic potential, such as
the compressibility coefficient, thermal expansion coefficient,
heat capacity, or other functions [209±211].

The location of such features in the PÿT plane starts at
the critical point, continues along the phase equilibrium line,
and forms the so-calledWidom line. TheWidom line depends
in general on a parameter, and a series of such lines can be
plotted. The minima of the derivatives of pressure with
respect to temperature (Fig. 14a) along the isochores and the
line of phase equilibrium (Fig. 14b) were considered in [202,
203]. The calculated isochores look like almost horizontal
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lines for each phase in the pressure±temperature plane. This
behavior is due to the weak dependence of pressure on
temperature.

Estimates of the critical temperature for warm dense
hydrogen differ in different theoretical studies, even if the
same calculation method is used ranging from 1,500 K [145]
to 4,000 K [165, 166]. An estimate of 1,000 K was predicted
for a chemical model in an early paper [1]. The results
displayed in Figs 10 and 14 correspond to this interval. How-
ever, the limited accuracy of all approaches does not enable
determining the critical temperature, since the undefined
intermediate region between the right (Widom line) and left
(phase equilibrium) parts of the curve in Fig. 14b is fairly
large. The exact parameters of the critical point remain
uncertain due to small differences in pressures presented in
Fig. 14b or specific volumes in Fig. 10 over a large region
along the Widom line and the phase equilibrium line near the
critical point.

7. Criteria of the plasma nature
of the phase transition in hydrogen

Three specific features can be distinguished, the observation
of which is a direct indication of the PPT.

(1) A jump in density accompanied by a sharp increase in
electrical conductivity due to ionization. As was shown
above, if the conducting state is formed in hydrogen fluid, a
density discontinuity is observed both experimentally and
theoretically in a chemical plasma model and modeling based
on first-principle methods (see Figs 10 and 11). It is worth
noting a significant (more than an order of magnitude)
difference between the density jump values between experi-
ment [7, 44] and theoretical DFT-based estimates. The
experimentally observed phase transition heat can also be
considered an analog of an increase in density.

A comparison of the simulation results and experimental
data indicates that the PPT position in hydrogen fluid can be
associated with the semiconductor±insulator (or semimetal±
insulator) boundary. Partial dissociation and ionization of
hydrogen molecules are observed in this case, which are
accompanied by an increase in electrical conductivity. The
subsequent formation of ametallic atomic fluid can occur in a
continuous manner.

(2) Strong overlap of the metastable and stable isotherm
branches with the emergence of a three-valued region of the
pressure versus density dependence (see Fig. 2 and insets in
Fig. 10). This behavior predicted in the chemical model for
a singly ionized plasma in [4] also arises in warm dense
hydrogen simulated using the quantum molecular dynamics
method in [202, 203]. It should be noted that the presence of
metastable states is a direct indication of a first-order phase
transition. This property is especially important for determin-
ing the nature of the formation of the conducting phase of the
hydrogen fluid, since the theoretically predicted density jump
is rather small.

(3) Negative slope of the line of phase coexistence on the
temperature±pressure plane, which is limited by the critical
point with decreasing pressure and a triple point on the
melting line in the high-pressure region, an indication of a
partial similarity of the PPT with the liquid±liquid transition.
The triple PPTpoint is located in this case far to the right from
the maximum of the melting line (see Fig. 1).

It is also possible to distinguish the difference between the
real phase transition and prediction [1±3] associated with the

high density and molecular composition of warm dense
hydrogen. The transition results not only in local partial
ionization of H2 molecules, but also in a change in the
structure of the ionized phase in comparison with the
molecular one. The structural nature of the transition is
rather complicated, since the transition gives rise to com-
plexes whose interatomic distances are equal to the distances
not only in H�2 , but also in H�3 . This effect is quite evident
from Fig. 5. These distances are greater than in H2 molecules.
It should be stressed that these distances do not change with
an increase in the ionized phase density if the pressure of
warm dense hydrogen is further increased.

The first-order phase transition that results in the forma-
tion of a conducting state upon compression also occurs in
crystalline hydrogen. An atomic lattice is formed in this case,
the distance of which coincides with the interatomic distance
in the molecular H�3 ion, which does not change upon
compression (see Fig. 7). By analogy with liquid±liquid
phase transitions, this property also indicates ionization in
the transition in a hydrogen fluid and the PPT mechanism.

8. Plasma phase transition in other substances

Previous sections were primarily devoted to nonideal hydro-
gen plasma and warm dense hydrogen. Indeed, much
attention is paid to these issues in the literature, which may
give the impression that the PPT is associated exclusively with
hydrogen. However, this is not the case, although the PPT in
the plasma of other substances was eclipsed by hydrogen.
However, as early as 1971, Ebeling [9] investigated solid-state
plasma. A brief overview of the current state of the art on the
PPT in plasma of other substances is presented below. The
studies presented are theoretical, except for helium and
cerium, for which experiments have been carried out.

8.1 Helium
The possibility of the PPT in helium was first demonstrated
theoretically in [212±214] in a chemical plasma model. In
contrast to hydrogen, the appearance of two PPTs was
predicted in helium, and they are associated with the
sequential ionization of helium atoms. A first-order phase
transition occurs in the first case due to the formation of
singly charged helium ions He�. The parameters of the
critical point obtained in [212, 213] are Pc1 � 660 GPa and
Tc1 � 35,000 K. The phase equilibrium line in the pressure±
temperature plane starts from the triple point on the melting
line with the parameters Pt1 � 240 GPa and Tt1 � 1,200 K.
Unlike hydrogen, the phase equilibrium line in helium has a
positive slope in the pressure±temperature plane.

Upon further compression, a second PPT associated with
the formation of He2� ions occurs, with the parameters of the
critical point Pc2 � 10 TPa and Tc2 � 120,000 K. Similarly to
the first case, there is a triple point on the melting line at a
pressure value Pt2 � 3:3 TPa and temperature Tt2 � 3,500 K.
In both the first and second phase transitions, ionization is
partial: the average ion charge (the ratio of the ion density
taking into consideration charge and the total density of
heavy particles, including neutral atoms) at critical points is
as large as 0.8 and 1.8, respectively.

A chemical plasma model was used in [215] to predict the
emergence of a PPT in a dense helium fluid due to ionization
by pressure at temperatures below 105 K with the formation
of doubly charged He2� ions at pressures above 20,000 GPa
and densities above 10 g cmÿ3 without an intermediate state
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that would contain singly charged He� ions. It was shown
that He� ions are formed exclusively as a result of an increase
in temperature, and the ions are not formed as a result of
compression, as was assumed in [212±214].

A flat section of the pressure versus density dependence
was found on the 6309 K and 15,849 K isotherms in the
density range from 3.98 to 6.31 g cmÿ3. The first-order phase
transition is accompanied by a sharp increase in the fraction
of He2� ions to 0.28 and a decrease in the fraction of neutral
atoms to 0.72. The fraction of He� ions remains in this case
negligible. An estimate of the critical temperature of about
31,600 K and a pressure of 900 GPa was obtained, which is
quite close to that of the first critical point [215±217], but
corresponds to the He! He2� transition, rather than single
ionization, as was assumed in [212±214].

Metallization of helium fluid was investigated experi-
mentally in [39, 216±221]. As in the case of hydrogen, both
dynamic and static compression methods were used to study
the thermodynamic properties of helium in extreme states.
However, since the pressures at which the metallization of
helium is possible are significantly higher than those for
hydrogen, dynamic methods provide more information
about the properties of the helium fluid during the transition
to the conducting state, since they make it possible to reach
pressures higher than those obtained using static methods.

We now briefly consider the most important results of
measurements of helium plasma properties obtained under
shock-wave compression. Shock-compressed helium plasma
was explored in experiment [216] at pressures up to 150 GPa
and a density of up to 1.5 g cmÿ3 in the temperature range of
10,000±30,000K.A sharp increase (bymore than three orders
of magnitude) in the electric conductivity of helium plasma to
1,000 Oÿ1 cmÿ1 was observed in a rather narrow range of
densities from 0.7 to 1.25 g cmÿ3 at a temperature of 10,000K.
This result, combined with the data from [212±214], can be
considered an indication of the PPT.

Appreciably higher pressures, compared with those of [39,
216], up to 460 GPa and a density of up to 2.14 g cmÿ3 were
reached in [217] under quasi-isentropic shock compression
of helium in a high-pressure chamber with a cylindrical
geometry. The calculated temperature range of 17,000±
35,600 K is quite close to that considered in [39, 216]. The
estimated degree of ionization is 9% at the highest pressure of
460 GPa.

A pressure of 5 TPa and a density of 8 g cmÿ3 were reached
in a series of experiments [218±222] by means of shock
compression of helium in spherical geometry devices. The
calculated temperatures of the helium plasma range from
69,000 to 113,000 K. The currently record pressures up to
10 TPa and densities up to 10 g cmÿ3 at a temperature of
about 95,000 K were obtained in [223]. Comparing the
measurement results with the phase diagram predicted in
[212±214] indicates that the data from spherical experiments
reported by [218±222] are in the region of completely singly
ionized plasma, to the right of the first critical point, while the
data of cylindrical experiments [217] are located below the
line of the first plasma phase transitionHe! He�. The result
of [223] corresponds to the region of parameters where doubly
ionized helium atoms exist near the second critical point
according to [212±214]. Thus, the set of experimental data
on shock compression of helium [217±223] completely spans
the range of pressures and temperatures that correspond to
the two PPTs predicted in [212±214]. However, no features
associated with the flattening or discontinuity of the density

have been detected on the helium fluid isentropic curves,
which would directly indicate a first-order phase transition
observed in similar experiments with deuterium [7, 44].

We also consider the results of some experiments on static
compression of helium in diamond anvils with subsequent
heating and dynamic compression using a laser [224±226]. A
helium density of 1.5 g cmÿ3 was reached in [224, 225] and in
[39, 216]; pressures did not exceed 100GPa, and temperatures
were below 60,000 K. The results of [225] indicate a gradual
increase in the electrical conductivity of the helium fluid
characteristic of semiconductors, which is associated with an
increase in temperature, rather than ionization by pressure,
as was assumed in [39, 216]. The measured temperature
dependence of the reflection coefficient shows that the data
[39, 216] are not located on one isotherm, and an increase
in electrical conductivity is associated with an increase in
temperature. The measured density dependence of the gap
between the conduction and valence bands was used in [225]
to predict the appearance of a metallic state at a density
of about 1.9 g cmÿ3. Measurements in [226] also indicate a
smooth transition of the helium fluid from the dielectric to
the conducting state with an increase in temperature at
T > 10,000 K in the pressure range from 25 to 50 GPa. It
should be noted that a similar smooth transition to the
conducting state in hydrogen/deuterium fluid is observed in
the low-pressure region when temperatures above the critical
value are reached.

First-principle calculation techniques based on the DFT
and the quantumMonte Carlomethodwere used in [227±234]
to describe the transition of helium to the conducting state at
high pressures. The calculations indicate a smooth increase
in the degree of ionization and electrical conductivity, which
is not associated with a first-order phase transition. The
disadvantage of most of these studies is the small number of
particles in the computational cell, usually not exceeding
144 helium atoms, which can lead to smoothing of the
density and conductivity discontinuities in the isotherms.

The quantumMDmethod was employed in [234] to calcu-
late the equation of state, electrical conductivity, density of
electronic states, and degree of ionization of helium fluid in
the density range from 1 to 22 g cmÿ3 and temperatures from
10,000 to 50,000 Kwith an increase in the number of particles
in the range from 128 to 864 (to attain convergence of results).
A continuous closure of the gap between free and bound
electronic states and an increase in electrical conductivity and
the degree of ionization are observed. The curve correspond-
ing to the closure of the gap between free and bound
electronic states on the PÿT plane starts from a triple point
on the melting line with the parameters T � 10,000 K and
P � 25 TPa and has a negative slope.

It was shown in [229] using the DFT that, at a pressure of
25.7 TPa and a density of 21.3 g cmÿ3, the transition of solid
helium to a conducting state occurs. Amore accurate account
of the electron±phonon interaction in [230] yielded a signi-
ficant increase in the formation pressure of the metallic phase
of crystalline helium up to 32.9 TPa. It should be kept inmind
for comparison that metallization in crystalline hydrogen has
been predicted theoretically and is observed experimentally at
pressures of about 500 GPa.

The melting line of helium was calculated in [233] at
pressures of up to 35 TPa and temperatures in the range
from 400 to 10,000 K. In contrast to hydrogen/deuterium, the
obtained melting curve does not have a maximum in the
pressure±temperature plane in this pressure range.
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It should be noted that the first-order phase transition
accompanied by a sharp increase in conductivity occurs in the
hydrogen fluid at pressures to the right of the melting line.
This may indicate the existence of a similar phase transition in
the helium fluid at pressures above 35 TPa.

A set of experimental and theoretical data for helium in
the region of the transition to the conducting state is shown in
Fig. 15. It can be seen that the region of the assumed PPT has
not been experimentally reached to date.

8.2 Helium±hydrogen mixture
The possibility of a PPT was also considered in a helium-
hydrogen mixture in [235] in a chemical plasma model. The
parameters of the critical point are obtained as a function of
the proportion of helium atoms and singly charged ions in the
mixture. Two PPTs occur in this case, which are associated
with the ionization of hydrogen atoms at low pressures and
the ionization of helium atoms at high pressures.

It is shown that the critical values of temperature and
pressure in the first PPT reach aminimumwhen the density of
ions and helium atoms is 90% of the total density of heavy
particles in the mixture: the critical temperature is 7,800 K
and the critical pressure is 131 GPa. The second PPT is
possible at higher pressures if the fraction of helium atoms
is equal to 0.8. Thus, if the fraction of helium atoms and ions
is equal to 0.9, the parameters of the critical point of the PPT
are Tc � 10,300 K and Pc � 605 GPa.

8.3 Aluminum
The possibility of a PPT in aluminumwas predicted in [236] in
an approach based on first principles, which makes it possible
to describe an equilibrium mixture of electrons, several types
of ions, and neutral atoms in dense plasma conditions.
Thermodynamic functions are self-consistently calculated in
the DFT. The input data of the model employed are the
nuclear charge, average electron density, and temperature

and configurations of ions and neutral atoms. Ion±electron
pseudopotentials and potentials of ion±ion pairs (including
the contributions from repulsive cores) are taken into account
in the DFT. Equilibrium densities of ions and neutral
particles are determined in the process of minimizing the
free energy of the system.

A density jump was found in aluminum plasma on the
17,400K isotherm at a pressure of 8GPa, the value of which is
0.35 g cmÿ3. The low-density state corresponds to a plasma
with an average charge of 1.2 that consists of various
aluminum ions with charges from 1 to 3 and contains no
neutral atoms. The outer shell of aluminum ions is completely
ionized in the high density state, and the average ion charge
is 3. A sharp decrease in the electrical resistivity is observed
in this case. The critical point of the phase transition
corresponds to a temperature of 58,000 K, a density of
1.2 g cmÿ3, and a pressure of 60 GPa.

As can be seen from Fig. 16, the line of phase coexistence
in an aluminum plasma [236] lies above the melting curve
calculated in [237, 238] and has a positive slope. The relative
positions of the critical point, the assumed triple point, and
the maximum in the melting curve differ from those for
hydrogen, cesium, and liquid±liquid transitions and bear
some similarities to helium.

8.4 Cesium
The study of phase transitions in cesium carried out in [239]
used the average atom model (quasi-band model of matter)
[240] based on the Hartree±Fock±Slater model. The reliabil-
ity of the approach was verified by the fact that the average
atom model provided an acceptable accuracy in describing
the usual liquid±vapor transition in cesium in the region of
relatively low densities of about 0.3 g cmÿ3. The critical
transition parameters calculated using this method turned
out to be in agreement with the values obtained experimen-
tally.

The same approach was then applied to higher densities,
up to 6.2 g cmÿ3. A second, plasma phase, transition with a
critical point was discovered at a temperature of 6,400 K, a
density of 5.3 g cmÿ3, and a pressure of about 61,000 atm. The
results of [239] are shown in Fig. 17. The estimates made have
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shown that this transition is observed in a degenerate
nonideal plasma in the region of a sharp change in the
average charge from 1.5 at a density of 3 g cmÿ3 to 3.5 at a
density of 6.5 g cmÿ3.

Figure 17 shows that the plasma±plasma±solid triple
point is expected in the region of the maximum in the melting
curve. Investigations of the band structure showed that both
the maximum in the melting curve and the plasma phase
transition are due to the exchange of valence electrons
between the s- and d-sublevels.

The slope of the equilibrium curve of the plasma phase
transition turned out to be normal, positive, in contrast to the
phase diagram of hydrogen.7

8.5 Cerium
The liquid±liquid phase transition in a monoatomic liquid
was first observed experimentally in cerium [179] compressed
in diamond anvils in a pressure range of up to 30 GPa and
heated by a laser to 2,200 K. The change in the cerium
structure was studied using X-ray diffraction. As the
temperature increases from 1,550 to 1,900 K at a pressure of
13 GPa, a transition from the high-density phase to the low-
density phase is observed with a sharp decrease in density by
14%. The density jump was estimated by analyzing the
position of the first peak of the structure factor.

The properties of liquid cerium were also investigated in
recent paper [243] under isentropic shock compression in a
pressure range of 8.4±23.5 GPa. The measured temperatures
increase linearly with increasing pressure in a range of T �
900ÿ1,800 K. The obtained isentropic curve crosses the
melting line and reaches the parameters (pressures and
temperatures) that correspond to the high-density phase of
liquid cerium. Thus, the results presented in [243] fail to span
the range of parameters corresponding to the phase transition
found in [179] and, consequently, do not contain any
indications of this phase transition.

The presence of a phase transition in [179] is also
confirmed by the results of modeling in the molecular

dynamics method with the potential of the embedded atom
model (EAM). Liquid cerium under these conditions is a
mixture of trivalent atoms with a completely unfilled f-shell
and tetravalent atoms with one electron on the f-shell.
Tetravalent cerium atoms predominate in the high-density
phase. The phase equilibrium line has a positive slope and
ends at the critical point at a temperature of 2,100 K and
a pressure of 21.3 GPa. The fractions of tetravalent and
trivalent cerium become equal at this point. The transition is
associated with possible delocalization of the f-electron with
increasing pressure, which indicates the ionization mechan-
ism of the transition and enables its association with the PPT.

8.6 Silicon
The liquid±liquid phase transition in silicon closely linked to a
sharp increase in the average atom charge from 3 to 4 was
predicted in [244] using theDFT.A jump in density was found
on the 11,600 K isotherm at r > 1:5 g cmÿ3. A sharp increase
in electrical conductivity is also observed in this case, and
structural changes occur associated with a decrease in the
average distance between atoms due to an increase in the
average charge. Thus, the mechanism of this phase transition
can be associated with the PPT.

8.7 Ion plasma. Air
Ametastable electron±ion nonideal plasma was considered in
Section 6. The concept of an isolated region of metastable
states in the phase diagram was also introduced in study [4],
which initiated this exploration, and a metastable ionic
nonideal plasma was considered. These concepts, which
were introduced in an attempt to explain the ball lightning
phenomenon, were developed later in [20].

It was shown that the Coulomb nonideality can shift the
ionization equilibrium at temperatures and densities close to
normal to such an extent that the existence under these
conditions of a highly ionized metastable state of air becomes
plausible. Reasons were suggested due to which such a state
can remain stable as a separate phase despite contact with a
stable phase, air, but have a finite lifetime.

An ionic plasma formed as a result of the compound
reaction

N2 � 2O2 > 2NO� � 2Oÿ2

was considered.
Thermodynamic (metastable) equilibrium corresponds to

the dynamic equilibrium of ionization and recombination
processes. This hypothesis described above is supported by
later publications, which showed that the recombination of
ions slows down due to plasma nonideality [245] and the
solvation of ions [246].

8.8 Exciton plasma
An intrinsic semiconductor, such as germanium or silicon,
has virtually no free carriers at very low temperatures.
However, high densities of positive (holes) and negative
(electrons) charge carriers can be created in these crystals
due to photoexcitation with photon energies that exceed the
band gap. At low temperatures of the order of a few kelvins
electrons and holes combine into neutral particles, excitons,
which form an exciton gas.

Keldysh predicted in [247] that, with an increase in the
density of excitons, they can condense into electron±hole
droplets of a metallic nature in the same way as occurs in an
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ordinary supersaturated vapor of alkali metals during the
first-order phase transition. Experiments with Ge and Si at
liquid helium temperatures have shown that, at high optical
pumping densities, electrons and holes can actually undergo
a phase transition to the liquid state. This condensate is a
state of matter that is unique in nature, because, at such
temperatures, both electrons and holes are in the quantum
limit due to their close small masses.

The curves of phase equilibria in inert gases, He4, and
excitons in Ge and Si were compared in [19] in density±
temperature coordinates reduced to the critical point.
Comparison with the de Boer parameter showed that the
curve for excitons falls out of this series in the critical point
region, i.e., at relatively high temperatures. Thus, the
quantum limit for electrons and holes cannot explain the
special shape of the phase equilibrium curve for excitons.

The lifetime of nonequilibrium electrons and holes is
much longer than the times of dissociation±recombination
and other collisional processes in an exciton gas. Therefore,
the exciton system can be considered a quasi-equilibrium one.
Estimates [19] showed that the dissociation of excitons into
electrons and holes in the gas phase in the critical point region
is sufficient to consider the resulting plasma nonideal, assume
that the phase transition in this region is a plasma transition,
by analogy with [1±3], and explain in this way the special
shape of the phase equilibrium curve. Study [9] should also be
noted, in which the electron±hole plasma of heavily doped
semiconductors is investigated. The possibility of a plasma
phase transition in such a plasma is also analyzed by analogy
with [1].

The problem was explored further in [248], where the
energy balance in the formation of electron±holemetal liquids
in Ge and Si was considered in the Hubbard approximation.
As the density increases, a first-order phase transition to the
metallic state occurs in the system. It was pointed out that the
anisotropic and multi-valley zones specifically facilitate first-
order transitions. The collective behavior of electrons and
holes at low temperatures and high densities is discussed in
[249]. Completed experiments are reviewed and a comparison
between theory and experiment is presented.

Discussion of this issue continued in [76, 250±257]. We
emphasize that considerable attention was paid not only to
the theory but also to experimental research.

8.9 Quark±gluon plasma
The path integral Monte Carlo method has been used to
simulate not only dense electron±ion but also quark±gluon
plasma [258, 259] (see also [76], Chapters 11, 12 and references
therein and [257], Chapters 15, 16 and references there).
Possible manifestation of a plasma phase transition was also
considered [258].

An analogywas drawn in all these studies between charges
in electron±ion and quark±gluon plasma, up to the use of the
Kelbg pseudopotential in the quark±gluon plasma. The
reliability of the results obtained using the PIMC was
verified by a comparison with the results for the same quanti-
ties obtained in the lattice models of quantum chromo-
dynamics. Despite the satisfactory agreement between some
quantities calculated using the two methods, caution is
needed due to some issues regarding the applicability of
PIMC in this area of physics.

Norman had the opportunity at a conference held in 2009
in St. Petersburg to discuss with D Gross the application of
the PIMC and other molecular simulationmethods employed

in dense electron±ion plasmas to model quark±gluon plasma.
D Gross, winner of the Nobel Prize in Physics in 2004 for the
discovery of asymptotic freedom in the strong interactions
theory, said that hewas aware of these studies, which are quite
numerous, and made two comments.

In an electron±ion plasma, a photon is a carrier of
electromagnetic interaction and, being a neutral particle, is
not involved in the simulation. In the case of a quark±gluon
plasma, gluons, being charged particles, directly participate in
the simulation. In addition, gluons also participate in the
simulation indirectly, through strong interaction between
particles, of which gluons are carriers. This implies that the
same factor is taken into account twice.

The second comment is that the number of particles in
a quark±gluon plasma is variable, while in a conventional
plasma the number of electrons and ions does not change
during simulation. This feature of the PIMC and other
molecular simulation methods persists if they are extended
to the study of quark±gluon plasma.

A EBondar', a Russian expert in the physics of the atomic
nucleus and elementary particles, gave a similar response to
Norman's question about this issue at a conference held in
Novosibirsk in 2015.

8.10 Near-critical metal
The PPT and the phase transition inwarmdense hydrogen are
associated in some publications with the article by Landau
and Zel'dovich, published in Moscow in 1943 in English [27]
(submitted on January 10, 1943), and later, in 1944, in
Russian 8 [28] (submitted June 15, 1943). The article, under
the title ``On the relationship between the liquid and gaseous
state in metals,'' is devoted to the near-critical area of metals,
in particular, mercury. It is immediately clear that the
publication has no relation whatsoever to hydrogen, since
hydrogen in the near-critical region is a dielectric. This article
also has no relation to plasma, since plasma is not mentioned
there at all, although Landau already had published by that
time some studies on plasma.

We now discuss the predictions that were actually made in
this study.

The initial premise of the authors of [27, 28] was the
assertion that ``at 0 K the transformation of a metal into an
insulator is a first-order phase transition.'' From this, they
conclude: ``It is apparent that the transformation will also
occur as a first-order transition at a low temperature different
from 0 K.'' The term `low temperature' is detailed as ``of the
order of a few volts, at worst 1 volt.'' The conclusion about
the first-order phase transition is extended without additional
clarifications to the metal±insulator transition in a metal melt
or gas. This was the first prediction made in [27, 28].

It would seem that, following the initial premise concern-
ing 0 K, the triple point could be placed on the melting curve.
However, the authors of [27, 28], in contrast to [1±3, 29],
overlooked this possibility and placed the triple point on the
liquid±gas equilibrium curve, proposing two versions of the
triple point: the coexistence of ``two metallic and one
dielectric phase'' or a ``metal and two dielectric (liquid and
gas) phases.'' This was the second prediction of [27, 28].

It was assumed in [27, 28] for nonvolatile metals that ``the
transition from a metallic to a dielectric state is always

8 The texts of the two papers differ by the sequence in which the authors'

names are displayed, according to the alphabetic order in each language,

and details of the design of figures (see below).
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accompanied by a transition from a liquid to a gaseous state;
there is one common curve and one critical point, which is
reached at a very high temperature.'' However, for metals
with a low heat of vaporization, for example, mercury, the
authors of [27, 28] expected ``a critical liquid±gas point at a
temperature much lower than the critical point of the metal±
insulator transition.'' Two possible options are displayed in
Fig. 18a, taken from [27], and Fig. 18b, taken from [28].
Figure 18b differs fromFig. 18a by the attempt by the authors
of [28] to more accurately represent on a qualitative level their
ideas about the ratio of the parameters of the hypothetical
critical points which they discuss.

Two more predictions follow from Fig. 18. The third
prediction is that the curve of liquid±gas phase equilibrium
transforms with increasing temperature into the metal±
insulator phase equilibrium curve and ends with a critical
point precisely for the metal±insulator transition.

The fourth prediction is that the liquid±gas transition
curve deviates from the triple point towards higher or lower
pressures depending on the properties of the metal. However,
in both cases, ``the loss of metallicity occurs through a phase
transition at temperatures and pressures much higher than
those corresponding to the critical point liquid±gas.'' It was
assumed, in particular, that the liquid±gas critical point for
mercury is located at 1,000±1,500 K, while the metal±
dielectric critical point is probably not at all accessible for
experimental research.

Thus, in fact, four predictions were made in [27, 28]. The
authors of [27, 28] single out at the end of the paper the
following two points: ``Physical predictions are reduced in
this way to (1) the existence of a nonconducting liquid phase
and (2) a phase transition occurring at temperatures and
pressures above the critical ones with an abrupt change in
electrical conductivity/volume and other properties.''

All regions above and below the coexistence curve near
the critical point have been thoroughly examined since the
publication of [27, 28] for several metals [260], including
mercury. A dielectricÐmetal transition was discovered and
investigated. It turns out that it occurs in a continuous
manner and is not a phase transition. There is no triple

point on the liquid±gas equilibrium curve. In addition, the
regions of the dielectric±metal transition are located at
temperatures lower than the critical temperature of the
liquid±gas transition and correspond to higher or lower
pressures relative to the liquid±gas phase equilibrium curve,
depending on the properties of the metal. All these conclu-
sions are directly opposite to the predictions of [27, 28]. Thus,
all the predictions made in these articles have been disproved
by experiment.

It can only be concluded that publications [27, 28] were the
first attempt to predict any phase transition in a fluid other
than the liquid±gas transition, but it failed because it turned
out to be erroneous. Subsequent attempts [1±3, 29] were
successful.

8.11 Liquid±liquid transitions
The liquid±liquid±solid triple point was first observed
experimentally in selenium near the maximum in the melting
line in [29, 177, 178]. The liquid±liquid phase transition, in
addition to a small jump in density, was also characterized by
a sharp change in viscosity and electrical conductivity. The
phase equilibrium curve has a negative slope. The mechanism
of this transition in selenium is associated with structural
changes due to the decay of selenium chains without the
observed ionization process, which distinguishes it from the
PPT.

The results of [29] triggered studies of various substances.
Studies [180, 181] reported an experimental observation of the
liquid±liquid transition in phosphorus, including abrupt
pressure-induced structural changes between two different
liquid forms. Structural changes in the process of compres-
sion were found experimentally in a melt of poly-4-methyl-1-
pentene [183]. Structural transitions in liquid AsS [184] and
B2O3 [185] under pressure were investigated using the
quantum molecular dynamics method.

9. Conclusions

Experimental and theoretical studies related to plasma phase
transitions in hydrogen/deuterium, helium, aluminum,
cesium, cerium, silicon, ionic, exciton, and quark±gluon
plasmaÐ and in some other substancesÐ have been
reviewed.

Analyses of experimental data and simulation results
make it possible to conclude that the fluid±fluid phase
transition in warm dense hydrogen/deuterium is a plasma
phase transition. Its main features are as follows: (1) the phase
transition is associated with ionization; (2) the equilibrium
and metastable branches of the isotherm overlap with each
other in density; (3) an increase in temperature leads to a
decrease in the pressure at which the transition occurs; thus,
the slope of the phase equilibrium T�P� curve is negative;
(4) the critical temperature is about 2,000 K; (5) the
hypothetical triple point should be located, according to all
theoretical models, on the melting line; experiment also
indicates this location.

Thus, the three predictions made in [1±4] are mostly
confirmed. Differences between the real phase transition
and predictions can also be distinguished [1±4]. They are due
to the high density andmolecular composition of warm dense
hydrogen. The transition results not only in the ionization of
H2 molecules but also in a change in the ionized phase
structure in comparison with the molecular one. The
structural nature of the transition is rather complicated,
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since complexes emerge during the transition whose intera-
tomic distances are equal to the distances not only in H�2 ,
but also in H�3 . These distances are greater than in the H2

molecule and do not change with a further increase in the
density of the ionized phase.

A first-order phase transition that leads to the formation
of a conducting state upon compression also occurs in
crystalline molecular hydrogen. An atomic lattice is formed
in this case with a distance that also coincides with the
interatomic distance in the molecular H�3 ion and does not
change upon compression.

Investigations of the PPT in other substances failed to
reveal any new features compared to the PPT in hydrogen/
deuterium. Not all features of the PPT in hydrogen/deuter-
ium are reproduced in other substances: (1) all transitions
are associated with ionization; this is mandatory, and both
single and multiple ionization are considered; (2) metastable
isotherm branches have not been sufficiently studied;
(3) slopes of phase equilibrium T�P� curves can be both
negative and positive; (4) critical temperatures fall in a wide
temperature range; (5) triple points lie on the melting line;
(6) the transition can lead not only to ionization but also to a
change in the ionized phase structure in comparison with the
nonionized one; and (7) phase transitions associated with
ionization are also observed in a solid with a triple point
located on the melting line.
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