
Abstract. Precision X-ray methods for absolute and relative
determination of crystal lattice parameters (interplanar dis-
tances) are described and compared, including the X-ray diver-
gent-beam (Kossel) technique, the Bond method, the Renninger
method, the back reflection method, the interference method,
and the method of standards. It is shown that for most of the
considered methods, a relative accuracy of � 10ÿ5ÿ10ÿ6 for
determining the lattice parameters is usually achievable, with
the last twomethods giving amuch greater accuracy, at the level
of � 10ÿ8ÿ10ÿ9.
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parameter, interplane distance

1. Introduction

A lattice parameter can be used to characterize the quality of
single crystals if it is measured with a high enough accuracy. A
lattice parameter is very sensitive to inhomogeneities, non-
stoichiometry, internal or external deformations, impurities,
radiation damages, phase transitions, etc.

The inhomogeneous distribution of structural defects and
the deviation from stoichiometry can reduce the operation
characteristics of semiconductor or optical crystals. In most
cases, variations in the crystal composition admissible in
practice are very small and are difficult to observe and,
moreover, to study by modern chemical and physicochemi-

cal methods. However, such studies are possible with the help
of invasive X-ray diffraction methods, which are sensitive to
relative variations in the interplane distance down to
Dd=d � 10ÿ8, corresponding to variations in the composi-
tion at the level of 10ÿ7ÿ10ÿ8 atomic fractions.

The starting point for measuring lattice parameters by
X-ray diffraction methods and estimating their accuracy is
the Wolf±Bragg law describing the relation between diffrac-
tion conditions (the Bragg angle y and the wavelength l) and
lattice parameters

nl � 2d sin y : �1�

Here, d is the interplane distance depending on the dimen-
sions of the unit cell along three coordinate axes specified by
vectors a, b, and c, angles a, b, and g between these axes, and
reflection order n. Therefore, the determination of crystal-
lattice parameters involves the measurement of the Bragg
angle, more precisely, angular distances between certain
features of a diffraction pattern (diffraction maxima or
minima, their intersections, etc.)

Crystal-lattice parameters (interplane distances) can be
determined by many precision methods. They can all be
divided into two groups. The first includes methods in which
the interplane distance is determined directly by measuring
angular distances. If a priori data on the structure of a crystal
under study (for example, angles between crystallographic
planes) are known, the lattice parameter can be easily
determined from the interplane distance obtained.

The second group includes methods for which the
measured angular distances depend on the interplane dis-
tances of two ormore reflecting planes and the angles between
them and can directly give information about the lattice
parameter (or parameters).

Measurements of lattice parameters can be divided into
absolute measurements, in which the parameters are deter-
mined under certain conditions of the environment, and
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relative measurements, in which small variations in the lattice
parameters are observed compared to a reference crystal or
another region of the sample under study. These variations
can be caused by temperature, pressure, electric-field,
mechanical-stress, etc. variations or by local differences in
the unit cell size caused by point defects, deviations from the
exact stoichiometry, radiation damage, or other factors.

Absolutemethods can be characterized by the accuracy dd
determined as the difference between measured and real
(unknown) interplane distances or, more often, by the
relative accuracy dd=d defined by the expression obtained by
differentiating Bragg formula (1)

dd
d
� dl

l
ÿ cot ydy ; �2�

where dl=l is the relative uncertainty in the wavelength and
dy is the error in the Bragg-angle measurement.

A similar criterion used to characterize relative methods
may be precision. Usually, a measurement is called precise if
it is performed with a very high accuracy, i.e., with a record
small error. The precision is the degree of mutual closeness of
independent results of measurements obtained under parti-
cular conditions which are independent of the previous results
ofmeasurements of the same or a similar object. The precision
depends only on random errors and is not related to the real
or found value of the quantity being measured. The precision
degree is usually expressed in terms of the inaccuracy and is
calculated as the standard deviation of the results of
measurements. The relative precision of determining lattice
parameters can be written in the form

s�d �
d
� cot y s�y� ; �3�

where s�y� is the standard deviation of the measured Bragg
angle.

Another mathematical criterion is the sensitivity, defined
by the ratio dy=dd, i.e., a change in the Bragg angle caused by
changing the interplane distance in a crystal.

However, one should not confuse the terms `precision'
and `accuracy.'

The accuracy is the degree of closeness of the result of
measurements to the real value of the quantity being
measured. The results of measurements can be precise but
not accurate (incorrect) [1]. For example, the accuracy of
measuring lattice parameters depends on the relative accu-
racy of the radiation wavelength used (see expression (2)) and
systematic errors caused by the inaccuracy of the adjustment
of the experimental equipment, the angular and spectral
divergence of an X-ray beam, etc.

Lattice parameters can be measured with powder samples
and single crystals. At the first stage of the development of
X-ray diffraction methods, the highest accuracy was achieved
with powder samples, which were more simply obtained and
adjusted. Single crystals were considered more convenient
only for systems with a lower symmetry. In the last 60 years,
many X-ray diffraction methods for studying single crystals
have been developed which provide very high precision and
accuracy in the investigation of various specific features
inherent only in single crystals (the presence of structural
defects and homogeneity degree). These methods are
described in reviews [2±4] and monograph [5].

However, the last review [4] was published already more
than a decade ago. The aim of our review is to describe X-ray
diffraction methods for measuring parameters of the unit cell

of single crystals and to present new trends in their
development.

2. Kossel projection method

2.1 Obtaining Kossel projections
If a spherical monochromatic X-ray wave propagates in a
single crystal, the geometrical place of diffracted beams will
be circular conical surfaces with a cone half-angle of
90� ÿ yhkl and axes perpendicular to the corresponding
reflecting planes with Miller indices h, k, l. The intersections
of cones with a recording screen or a photographic film give
the so-called Kossel lines, the method for obtaining them
being called the Kossel method. In this case, the crystal
remains stationary and diffraction conditions are fulfilled
simultaneously for more than one set of crystallographic
planes. Strictly speaking, the Kossel method is one in which
a spherical-wave source is located under the crystal surface. If
the source is located on the crystal surface (or directly over the
surface), the method is called the pseudo-Kossel method, and
when the source is located at a distance from the crystal
surface, the method is called the X-ray divergent beam (XDB)
method. Each of these methods has its own features and
application areas. In the discussion of characteristics of these
methods, we will call them for simplicity the `Kossel
projection method.'

The fundamental principles and features of formation of
Kossel lines are considered in papers [6±13], and the
possibilities of using Kossel projections are discussed in [14±
17].

Thus, if divergent X-ray monochromatic radiation from a
point source S is incident on a single crystal (Fig. 1), then a
system of crystallographic planes �hkl� with a nonzero
structural factor will reflect rays incident on these planes at
the angle y determined by the Bragg equation. Such beams are
the generatrices of a circular cone (Kossel cone) whose axis is
parallel to the normal to the given system of reflecting planes.

Depending on the relation between the Bragg angle y and
the angle b between the reflecting plane and photographic
film (plate), the Kossel line can be a circle (b � 0, Fig. 1a), an
ellipse �b < y�, a parabola �b � y�, or a hyperbola (b > y,
Fig. 1b).

Besides the reflection cone formed by diffracted beams, an
absorption cone appears which is formed by the directions of
primary beams in the reflection position. This is a cone of
beams with the intensity reduced due to energy `transfer' into
the diffracted beams. These two cones correspond to the

hkl

Â
S

2y
hkl

b

Figure 1. Diagrams of XDB diffraction. (a) Diffraction in transmission

and reflection �b � 0�; (b) formation of the intensity deficiency and excess

lines �b � p=2�.
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intensity excess line (solid curves in Fig. 1) and the intensity
deficiency line (dashed curves).

The effect was first discovered by Walter Kossel and his
colleagues in 1934 [6] during the electron±beam bombard-
ment of a copper single crystal. Soon after that, Borrmann, an
assistant at Kossel's laboratory, successfully implemented the
method by using an X-ray tube [18, 19]. Kossel projections
were also obtained using X-ray tubes in papers [10, 20, 21].
However, the use of a standard X-ray tube does not provide a
good locality of studies and is time consuming.

The creator of the X-ray microanalyzer (XMA), R Cas-
taing, [22] was the first to pay attention to the possibility of
using it to obtain Kossel diagrams [23]. The modern XMA
`descendant,' the scanning electronmicroscope (SEM), can be
applied to study microstructures and can accommodate
additional devices (including devices for heating and defor-
mation). Kossel projections with a spatial resolution of a few
micrometers can be used to studying the inhomogeneity of
crystals and individual grains in polycrystalline materials.
The introduction of XMAs and SEMs into everyday scientific
studies resulted in a drastic increase in the applications of
Kossel projection methods for investigations of the real
structure of crystals in the 1960s and 1970s [12, 24]. For
example, electron±beam instruments were used to obtain
diffractograms by the Kossel [25±29], pseudo-Kossel [30,
31], and XDB [32±35] methods.

Note that, unlike the XDB method, the pseudo-Kossel
method preserves the good locality of the Kossel method: a
layer of any material deposited on a sample surface becomes
an emitting element. Compared to the Kossel technique, the
pseudo-Kossel and XDB methods offer additional advan-
tages allowing investigations of nonconducting and semicon-
ductor samples independently of their electric and thermal
conductivity, crystals not containing chemical elements
emitting intense lines of the characteristic spectrum, and
crystals `sensitive' to electron irradiation. Because an elec-
tron beam is incident on a target rather than directly on a
sample, the sample is not heated, and an electric charge is
absent near its surface.

An important step was the replacement of the X-ray film
by aCCD camera [36], because the digital recording opens the
possibility of the automatic analysis of Kossel projections [35,
37]. An SEM with a CCD camera is especially promising in
this respect, because it is an easily accessible laboratory
instrument, and Kossel diagrams can be processed at once
after their recording [27, 38].

It was pointed out in [10, 31, 39] that the line contrast in
theKossel diffraction in transmission strongly depends on the
quality of the crystal under study (Fig. 2). In a perfect crystal
or one with large structural distortions, Kossel lines are not
observed, as a rule, which is understandable: because of a
large mismatch between different parts of the crystal, its
diffraction reflection curve (DRC) broadens so that, for the
high background intensity typical of the Kossel method, the
line becomes invisible. For a perfect crystal, the picture is the
other way around: the DRC width is now determined by the
dynamic X-ray scattering theory and is, as a rule, a few
seconds of arc. In this case, the visibility of Kossel lines
corresponding to weak reflections can be suppressed by the
background, which is mainly determined by bremsstrahlung
radiation upon excitation of the characteristic spectrum by
accelerated electrons.

In the case of theKossel recording in reflection, theKossel
line intensity will decrease with distance from a point

radiation source proportionally to this distance, whereas the
background intensity is proportional to its square [8, 40].
Therefore, the Kossel diagram contrast should improve with
increasing source±detector distance [24]. When an X-ray tube
or electron±bean instruments are used, this increase in the
distance inevitably leads to an increase in the exposure time,
which is not always admissible. This limitation can be
removed by increasing the X-ray flux density in a focused or
collimated X-ray beam exciting in a sample or a target only
characteristic fluorescence. The realization of these possibi-
lities using a polycapillary focusing lens [41, 42] and synchro-
tron radiation (SR) [43] together with a CCD detector
attracted new interest in the Kossel projection method in
the 1990s.

According to [44, 45], the use of a polycapillary lens can
provide a two-order magnitude increase in the radiation
intensity by focusing X-rays in a broader solid angle.

When Kossel diffraction is excited by a focused or
collimated SR beam [46], it follows from pioneering paper
[47] that the decrease in the irradiated sample region to 1 mm2

does not contradict the short exposure time, which can be
shortened here to a few minutes or even seconds. As a result,
papers were published in which fine-crystalline objects were
studied (for example, deformation inside an individual grain
of a polycrystal was investigated in [48] and mosaic quasi-
crystals were studied in [49]). In paper [50], the fluorescence
yield of a chemical element contained in the sample was
increased by using a monochromator mounted between the
SR source and sample, which was also used for selective
excitation of one of the elements by selecting the X-ray beam
energy close to the absorption edge of the chosen element.

It is clear that SR use in theKossel method probably has a
single restriction: the absence of a `suitable' chemical element
in the sample under study. Because of this, the authors of [51]
were forced to study diamond by the pseudo-Kossel method
by mounting a niobium plate in the SR beam close to the
sample.

2.2 Determining single-crystal lattice parameters
In 1947, Lonsdale [52] showed for the first time in her classical
paper [10] via the example of cubic syngony crystals that the
distance between Kossel lines or their intersection points are
sensitive to variations in the crystal lattice parameter (Fig. 3).

The high accuracy of measuring crystal-lattice parameters
�Da=a � 10ÿ5� follows from the accurately known wave-
length of characteristic X-ray radiation (dl=l � 10ÿ6 [53,
54]), large Bragg angles (i.e., a small Kossel cone angle), and
diffraction Kossel lines, whose positions can be accurately
measured. Note that, to obtain accurate values of the lattice

Figure 2. Kossel projections obtained from diamond crystals of different

qualities (right projection corresponds to the less perfect crystal)

illuminated by radiation from an X-ray tube with a copper anode

(lines forming a `triangle' at the center of the projections correspond to

f111g reflections) [10].
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parameter, the sample temperature should be maintained
constant during measurements [16, 48].

The measurement of lattice parameters is usually started
with the indexation of Kossel projections. For this purpose,
as a rule, a stereographic projection is used, which reflects the
diffraction pattern in the whole half-space over (under) the
crystal surface and is simple to construct. The gnomonic
projection should be used to map the diffraction pattern of a
small part of a stereographic projection chosen for further
studies [34].

The construction of projections `manually' is a tedious,
time-consuming process. Algorithms and computer software
for the geometrical construction of projections and indexa-
tion of Kossel diagrams are described in many papers (for
example, [31, 34, 48, 55±60]).

Because the mutual location of lines obtained from an
undeformed crystal obeys strict symmetry laws, the precision
determination of crystal-lattice parameters can be reduced to
the measurement of distances between lines of their intersec-
tion points in Kossel diagrams (H1, H2, H3, and L1 in Fig. 4,
respectively). The arrows in Fig. 4 show the directions of
Kossel line displacements upon increasing the lattice para-
meter. Obviously, the configuration in Fig. 4c (convex-
concave lens) should be less sensitive to the change in the
lattice parameter than that in Fig. 4a (double-concave lens) or
in Fig. 4b (double-convex lens).

The accuracy of measuring the lattice parameter by
methods illustrated in Fig. 4 is given by the expression

da
a
� �tan y1 � tan y2�ÿ1 dHi

Z 0
; �4�

where y1 and y2 are Bragg angles of reflections from crystal-
lographic planes with Miller indices h1k1l1 and h2k2l2,
respectively, forming a pair of Kossel lines; dHi is the
accuracy of measuring distances H1, H2, and H3; Z

0 is the

distance from the radiation source to the `lens' center; and
the signs � and ÿ correspond to cases a (b) and c in Fig. 4,
respectively. Assuming that the precision criterion of the
method is the condition da=a4 10ÿ5, we see that, to fulfil it,
even for the quite high accuracy of measuring the distanceHi

�dHi=Z
0 � 10ÿ4�, it is necessary to select Kossel cones with

small cone angles for which tan y1 � tan y2 4 1. However, in
this case (i.e., for large Bragg angles), Kossel lines can be
blurred and `weakly contrasting' due to the high dispersion of
the spectral line used, which will inevitably reduce the
accuracy of their localization. The geometry of the lens-like
intersection of Kossel lines (Fig. 4b) shows that the distance
L1 should be more sensitive to changes in the lattice
parameter than the distance H. Then, the parameter a is
determined by the expression [61±63]

a � K sec

�
G
2

�
; �5�

K 2 �
�
l
2

�2 S 2
1S

2
2

��h2 ÿ h1�2 � �k2 ÿ k1�2 � �l2 ÿ l1�2
�

S1S2 ÿ �h2h1 � k2k1 � l2l1�2
; �6�

sec2
�
G
2

�
� 4AB

�A� B�2 ÿ L2
; �7�

where S 2
1 � h 2

1 � k 2
1 � l 21 , S

2
2 � h 2

2 � k 2
2 � l 22 , A

2 � P 2
1 � Z 2,

and B 2 � P 2
2 � Z 2, P1 and P2 are distances between the

center O of the picture and the intersection points of Kossel
lines, and G is the angle between directions to these points
(Fig. 5).

As follows from (5), the accuracy of measuring the lattice
parameter is da=a � �1=2� tan �G=2� dG (dG is the accuracy of
measuring the angle G). Thus, lens-like configurations with a
small angle G should be quite sensitive to variations in the
lattice parameter.

In the general case, six lattice parameters exist: three linear
�a; b; c� and three angular �a; b; g�. If six independent pairs
(intersections) of Kossel lines can be measured, then all the
lattice parameters can be found froma system of six equations
[63].

Note that expressions (5)±(7), generally speaking, allow
one to measure precisely the lattice parameter because
parameters L, P1, and P2 in them can be measured quite
accurately on a photographic film (some methods of
determining the position of the center of a picture determin-
ing the accuracy of measuring P1 and P2 are described in

Â b

Figure 3. Diffraction patterns obtained by the Kossel method from a Cu

single crystal: (a) a contact of the lines corresponding to the (042) and

(024) reflections is observed at T � 262 �C and (b) these lines overlap at

T � 363 �C [16].

H1

L1

H2

H3

Â b c

Figure 4. Possible configurations of `deficiency' Kossel lines used for

precision measurements of crystal lattice parameters [14].

S

Z

P2

P1 L

O

G

Figure 5. Geometry of the lens-like configuration of Kossel lines [63] (see

text).
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papers [24, 64±66]). The exception is the distance Z from the
source to the film, whosemeasurement error can considerably
reduce the accuracy of determining the lattice parameter. To
eliminate this parameter in the general case, it is sufficient to
measure distances L, P1, and P2 corresponding to two
wavelengths (for example, Ka1 and Ka2 in Fig. 6a [67]). In
such a way, the authors of [21] obtained the accuracy of
measuring the LiF lattice parameter equal to 8� 10ÿ6.

Another way to eliminate the parameter Z is the use of an
`angular reference'Ð the distance between the spectral lines
of the reflection weakly dependent on the lattice parameter.
In [40], the lattice parameter of a nickel crystal irradiated by
electrons (da=a was about 10ÿ5) was measured using the
Ka1ÿKb1 pair of the (111) reflection as such a reference
(Fig. 6b).

The influence of various impurities on the a-Fe crystal
lattice parameter [68] was studied using Kossel lines corre-
sponding to the Ka doublet of the (002) reflection as a
reference and also as an element, forming together with a
part of a `lens' consisting of the ��121�Kb1 and ��2�11�Kb1
Kossel lines a spherical isosceles triangle with the height EC
(Fig. 6c) very sensitive to variations in the lattice parameter:

EC � Z
�
tan �OC� ÿ tan �OGÿ EG�� : �8�

Here, O is the photographic film center, EC is the distance
measured on the film, and OC, OG, and EG are angles
defined according to the trigonometry of spherical triangles:
cos �OC��sin y�121= cos w, cos �OG� � 6ÿ1=2= cos �jÿ w�, and
EG � 90� ÿ y002.

The quasi-intersections of three Kossel lines at one point
can be especially efficiently used for precision measurements
of the lattice parameter. The method is based on the choice
of suitable reflections for obtaining the triple diffraction

pseudo-point and determining the wavelength required to
obtain this triple point. Results presented in [10, 20, 34, 69±75]
show that this method provides simple and rapid measure-
ments of lattice parameters with an accuracy better than
1� 10ÿ5.

Although computer simulations can considerably facil-
itate the search for `suitable' intersections and configurations
of Kossel lines, they cannot be found for some crystal objects,
especially by the Kossel method. For this reason, Morrison
developed a method for determining interplane distances by
measuring the coordinates of several points belonging to the
corresponding Kossel line [63]. The Kossel line equation has
the form

q1x� q2y� q3Z � �x 2 � y 2 � Z 2�1=2 sin y ; �9�

where q1, q2, and q3 are the direction cosines of the Kossel
cone axis �q 2

1 � q 2
2 � q 2

3 � 1�, x and y are Cartesian coordi-
nates on the Kossel diagram (the coordinate origin x0, y0 is
located at its center), and Z is the distance from a radiation
source to the Kossel diagram center. By minimizing varia-
tions in the lattice parameter obtained in calculations of
several lines, one can determine the distance Z [25], thereby
improving the accuracy of the method. Progress in the digital
imaging opens up the possibility of simplifying and improving
the Kossel projection studies. Such projections can be
processed at once after their recording by using appropriate
computer software.

The main task at present is to automate a system for
determining crystal-lattice parameters as well as possible. In
this respect, the KSLStrain software package [76] is a
noticeable step to a more complex automated analysis of
Kossel diffraction patterns. All the stages of the Kossel
diagram interpretation (i.e., the geometrical simulation) are
based on a comparison of experimental Kossel lines indicated
by markers �pi� (Fig. 7) (and represented by vectors pi) with
the corresponding lines in simulated schemes. Along with
lattice parameters, the crystal orientation, the distance
between the sample and detector, and the position of the
projection center can be refined.

Lattice parameters can be fitted simultaneously for
several models [77]. Some empirical rules for selecting
marker positions on Kossel lines are contained in [78]. The
results of the program tests are presented in [29, 78]. For
example, the accuracy of measurements of lattice parameters
using the KSLStrain program was 6� 10ÿ5 for copper and
2� 10ÿ5 for germanium [29].

�h1k1l1�Ka2

�h2k2 l2�Ka1

L1

L2

�h2k2l2�Ka2

�h1k1l1�Ka1

Â

Ka1

�111

004

222

Kb1b

Ka1

j
j
ÿ
w

90
� ÿ

y b

90 �ÿ
y
b

w
Ka2

Kb
O

C0 C G
E F

�2�11B

002

�121A c

Figure 6.Configuration ofKossel lines used for precision determination of

the cubic lattice parameter by measurements on a photographic film [68]

(see text).

pi

Â b

Figure 7. (a) Kossel projection of the CuBeAl alloy. (b) The same projection with markers (white dots) on Kossel lines. The approximate location of the

projection center and one of the vectors pi are shown [77].
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2.3 Determining interplane distances
The XDB method in reflection is inferior to the Kossel and
pseudo-Kossel methods in its locality, but offers a number of
significant advantages, such as a good contrast of Kossel
diagrams, the possibility of studying the homogeneous
deformation of a crystal, and the determination of para-
meters for a crystal of the lowest syngony.

But, unlike the Kossel method, in which all the diffraction
cones have the same apex, in the XDB method in reflection,
diffraction lines are constructed with the participation of
imaginary sources (apexes of cones) separated macroscopi-
cally in space [13, 79]. In this case, the diffraction line
equation on a photographic film will be of the fourth degree
rather than the second one [80]:

F � �x 2 � y 2� sin2 yÿ x 2 sin2 a

ÿ cos y sec a
��Zf � 2Zs� sin y cos a �x 2 � y 2 sec2 a�1=2

� Zfx cos y sin a
� � 0 : �10�

Here,Zf andZs are distances from the radiation source to the
photographic film and sample, respectively, and a is the angle
between the crystal surface and reflecting plane.

A new way of simulating diffraction patterns obtained by
the XDBmethod in reflection was proposed in the KOPSKO
program [59] for determining the crystallographic structure,
orientation, indexation of reflections, and interplane dis-
tances in crystals.

The number of XDB studies increased in the 1960s±1970s
to a great extent due to the advent of microfocus X-ray tubes,
in particular, theMicroflex, RigakiDenki (Japan) device with
a changeable capillary anode holder emitting characteristic
X-rays from a 10-mm area with a divergence of � 180� [81].
Figure 8 shows a Kossel projection typical of the XDB
method in reflection.

Imura and his coworkers [81] proposed to measure the
interplane distance in crystals from the size of the major axis
of a pseudo-ellipse (note that, as follows from (10), the minor
axis, unlike the major axis, is not its symmetry axis). But even
the use of a brass foil (the picture contained pseudo-ellipses
corresponding to the CuK and ZnK spectra) did not allow the
authors to avoid the measurement of geometrical parameters
Zf and Zs, which could not but affect the accuracy of
measuring d.

To exclude the geometrical parameters of the survey, the
authors of [83] proposed to use a multiple survey with the
successive displacement of a photographic film by a strictly
fixed distance (Fig. 9a).

During such a survey, each system of reflecting planes
produces concentric pseudo-ellipses on the photographic film
(see Fig. 8), and the interplane distance is determined by the
expression

d � l
2
sec

�
0:5

�
arctan

�
p

DZ12

�
� arctan

�
q

DZ12

���
; �11�

where p and q are the displacements of the opposite parts of
pseudo-ellipses measured along their major axes, and DZ12 is
the reference distance between successive positions 1 and 2 of
the film (Fig. 9a). The accuracy of measurements can be
considerably increased by increasing the number of exposures
[83]. The relative accuracy of determining d depends on the
Bragg angle of a reflection and can be � 10ÿ4 [85]. This
accuracy is sufficient in many cases for calculating the
deformation tensor.

However, the capillary anode holder in this scheme can
screen some beams of the diffraction cone (more exactly,
the pseudo-cone) (see Fig. 8). In this case, expression (10)
cannot be used. This circumstance considerably restricts the
scope of applications of this method. The authors of [83]
solved this problem by using two spectral lines for process-

206

444

335

004

317

4�44

�2�46

�4�44

�444

Figure 8.Kossel diagrams obtained by the XDBmethod in reflection from

a Si(001) crystal using CuK radiation [82]. The hole at the image center

serves as a `window' for a capillary holder of the anode of a microfocus

X-ray tube.
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Figure 9. Formation of a diffraction pattern in methods of (a) multiple shooting and (b) beam tracing [84] (see text).
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ing `unfinished' pseudo-ellipses. In this case, the interplane
distance can be determined from the expression

d � 0:5
��l21 � l22��1� s 2� � 2l1l2s�1� s 2�1=2�1=2 ; �12�

s � DZ 2
12 � D1D2

DZ12�D1 ÿ D2� ;

where D1 and D2 are distances between pseudo-ellipses
corresponding to spectral lines with wavelengths l1 and l2
measured along their common major axis.

Another method of using `unfinished' lines for studying
the anisotropic deformation (we will call it the beam tracing
method) was applied in papers [13, 86, 87]. A semitransparent
screen representing ametal wire grid was placed in the path of
diffracted beams. As a result, breaks appeared in the diffrac-
tion lines (Fig. 9b). The diffraction pattern was recorded by
successive exposures on the same film displaced by the fixed
distance Dz. The coordinates of a line break determine the
diffracted beam for which the equality is valid:

sin y � nxsx � nysy � nzsz ; �13�

where nx, ny, nz and sx, sy, sz are the direction cosines of the
normal to the reflection plane and the diffracted beam,
respectively. Taking the condition n 2

x � n 2
y � n 2

z � 1 into
account, the problem of determining the Bragg angle and
the direction cosines of the normal is reduced to the
experimental determination of the direction cosines of three
beams. The direction cosines are calculated from the expres-
sions

sxi � Dxi
Mi

; syi � Dyi
Mi

; szi � Dz
Mi

; �14�
Mi � �Dx 2

i � Dy 2
i � Dz 2�1=2 ;

where Dxi and Dyi �i � 1; 2; 3� are the change in the
coordinates of breaks in the diffraction line (Fig. 9b).

But because it is difficult to determine the coordinates of
line breaks with sufficient accuracy, the relative errors in
determining the interplane distance are, as a rule, no better
than 10ÿ4. The modification of the method described in [88]
will considerably improve, in the opinion of the authors, the
accuracy of calculating d.

Let us return to the consideration of the features of a
diffraction pseudo-ellipse and the question of why researchers
have mainly focused on its major axis (which often cannot
even be measured) and `ignore' the possibility of using the
value of the minor axis. The answer is that, unlike the major
axis, the minor axis is not the symmetry axis of a pseudo-
ellipse, and therefore its localization is complicated by
symmetry considerations. Expression (10) shows that an
`ellipse' transforms into a centrically symmetric figure when
Zfx cos y sin a � 0. This equality is fulfilled if a � 0 orZf � 0.
The first condition means that reflection planes are parallel
to the sample surface and a film, i.e., the pseudo-ellipse,
transforms into a circle with radius �Zf � 2Zs� cot y.

The second condition corresponds to the case when a
point radiation source is located at the film level, which in
turn is parallel to the sample surface. In this case, the major
(a) and minor (b) axes are determined by the expressions

a � 2Zs

�
cot �yÿ a� � cot �y� a�� ; �15�

b � 4Zs cot y sec a : �16�

To determine the interplane distance when a � 0, it is
sufficient to measure the diameters of two diffraction circles,
and for Zf � 0, the minor axes of two pseudo-ellipses
corresponding to different wavelengths or different reflec-
tion orders.

When the condition a � 0 is fulfilled, it is possible to
measure only one interplane distance, which can be used to
determine the cubic-lattice parameter [89]. In the more
general case, the diffraction pattern consists of pseudo-
ellipses with the same center coinciding with the radiation
source. Note that here the screening of diffracted beams is
absent and the `truncated' pseudo-ellipse can be formed only
because of the finite size of the sample (Fig. 10).

The relative error of the method is calculated by the
expression

dd
d
� ��tan y 2

1 ÿ tan y 2
2

�� ds
s
: �17�

Here, y1 and y2 are Bragg angles corresponding to two
wavelengths (two reflection orders), and ds=s is the relative
error of measuring the ratio s of minor axes of pseudo-
ellipses. For example, in determining the germanium lattice
parameter for f422g reflections, y1 � 82� �CrKa1�, y2� 65�

�CrKb1�, and tan y 2
1 ÿ tan y 2

2 � 45, which provided the
relative accuracy of determining the lattice parameter of no
worse than 10ÿ5 [90].

Errors in the Kossel projection method and in other
photographic methods are to a great extent due to emulsion
shrinkage. This effect can be taken into account by multi-
plying parameters p, q, and Dxi, Dyi in (11) and (14) by the
shrinkage coefficient n of the film photoemulsion after the
film develops (this coefficient, determined experimentally in
[13], was 1.0004).

Another source of the errors may be an increase in the
X-ray escape angle �a in a crystal caused by refraction:

cos �a � cos a
1ÿ d

; �18�

where d is the refractive index decrement [91, 92]
(d � 1:3� 10ÿ6rl2, r is the sample density [g cmÿ3], and l is
the wavelength [�A] [12]). Note that, by using the ratios of
lengths measured on the photofilm, corrections for the
photoemulsion shrinkage and X-ray refraction can be
disregarded in most cases.

(4�22)Ka2

(4�22)Ka1

(242)Ka1

(422)Kb

(224)Ka1

(42�2)Ka1

Figure 10. Diffractogram obtained by the XDB method from a Ge(211)

crystal for Zf � 0 using CrK radiation [90].
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In measurements of distances on the Kossel projection,
errors appear because of the inaccurate determination of its
center position and/or the source±detector distance [63]. One
more source of errors is the disorientation between a sample
and a plane film [93].

The high accuracy of measuring the lattice parameter
requires knowledge of the temperature of a crystal under
study.Usually, samples inKossel chambers are thermostated.
A special case is Kossel imaging, when an electron beam
focused on the sample surface can strongly heat the sample
[22, 40].

3. Diffractometric methods
for determining interplane distances

Unlike the Kossel projection method, in which the sample
and detector positions are stationary and all the reflections
are detected simultaneously, diffractometric methods provide
the successive detection of X-ray quanta during the move-
ment of a crystal and (or) a detector according to a specified
scheme.

3.1 Bond method
The method proposed by Bond in 1960 [94] has a number of
advantages (a rather high accuracy �Dd=d4 10ÿ5�, the
simplicity of a device that can be based on a standard
diffractometer, a variety of scientific applications) and is
widely used for precision measurements of the interplane
distances in crystals. If the crystal symmetry is known, the
lattice parameter can be calculated from the interplane
distance.

The Bond method allows one to determine accurately
the Bragg angle for an ideal single crystal using one
reflection by measuring directly the angle between the
two positions of the crystal (R1 and R2 in Fig. 11) for
which the Bragg condition

2y � pÿ jR2 ÿ R1j �19�

is fulfilled.
The method can be applied for single crystals of any type

using a simple or more sophisticated diffractometer [95±103].
The Bond method has been applied for studying the

nonstoichiometry in semiconductor GaAs crystals [104±
107]; phase transitions in barium-strontium niobate [108±
110], vanadium oxide �VO2� [111], RbCaF3 [112], PbHPO
and PbDPO [113], RbHSeO4 [114], and LiCsSO4 [115]
crystals; temperature dependences of lattice parameters
for silicon [116], germanium [117], GaSb [118], Co [119],
diamond [120±122], KMeF3 (Me is a metal) [123], sodium
nitrite �NaNO2� [124], and V3O5 [125] crystals; the influence
of deformations on the lattice parameters of GaAs [126±
128], DKDP [129], and LiF [130] crystals; the influence of
intrinsic point defects on the lattice parameter of Si, Ge
crystals and A3B5 compounds [131], InSb [132±135], GaAs
[136±139], InP [140, 141], InAs [142], GaP [143], and AlAs
[144]; the influence of defects appearing upon doping GaAs
[145, 146] and GaSb [147] crystals with tellurium, InAs with
tin [148], silicon with boron [149±151] and germanium [152],
GaAs with silicon [153, 154], YVO4 with neodymium [155],
GdCa4O�BO3�3 with Nd3� and Yb3� ions [156], KDP
(potassium dihydrophosphate) with Ca, Cr, Fe, and Al
metals [157]; and the implantation of nitrogen ions into
silicon [158].

The Bond method works well for studying ideal single
crystals with narrow Bragg reflections. Potential eccentricity
errors are removed and there is no need to measure the zero
angular position of a sample.

The accuracy of the Bond method depends on the
accuracy of determining the angular position of the diffrac-
tion maximum, which in turn depends on the precision of the
mechanics of the single-crystal diffractometer [159]. For
example, Baker and coauthors [101] used a specially devel-
oped completely automated high-precision APEX diffract-
ometer [160] to measure the crystal lattice parameter with the
relative accuracy of 1� 10ÿ7.

However, such a high accuracy requires the elimination
of systematic errors in measuring lattice parameters [4, 5, 94±
96, 161±171]. The main instrumental systematic errors are
presented below [4, 5, 172].

(1) The error caused by the deviation of the reflection
system of planes from the rotation axis:

Dd
d
� mt

sin y
ÿ m2 � t 2

2
; �20�

where m is the angle between the normal to the reflection plane
and a plane perpendicular to the rotation axis of a goniometer
and t is the angle between the beam axis and a horizontal
plane. Therefore, Dd=d � 0 if m � �t= sin y��1� cos y�. This
equation determines optimal adjusting conditions.

(2) The error caused by the vertical divergence tdiv of the
primary beam:

dtrue � dmeas

�
1� 1

6

�
tdiv
2

�2�
: �21�

(3) The error caused by the refraction of X-rays:

dtrue � dmeas

�
1� d cos2 a

sin �y� b� sin �yÿ b�
�
; �22�

where a is the angle between the crystal surface and the system
of reflection planes, d is the decrement of the refraction index,
and dtrue and dmeas are the true and measured interplane
distances.

R1 R2

pÿ 2y

3

3

1

2

Figure 11. Diagram of a Bond diffractometer: 1Ðcrystal under study;

2Ðcollimator; 3Ðdetectors; R1 and R2 are the angular positions of the

crystal corresponding to the Bragg reflection [94].
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(4) The error caused by changes in the Lorentz factor and
polarization within the reflection curve profile. In this case,
the shift of the DRCmaximum is described by the expression

Dy �
�
O
2

�2

cot 2y �2� sin2 2y��2ÿ sin2 2y� ; �23�

where O is the DRC full width at the half-maximum.
(5) The temperature error. The error DdT in the lattice

parameter d caused by the temperature uncertainty DT can be
estimated from the expression

DdT � dadDT �24�

if the thermal expansion coefficient ad is known in the
required crystallographic direction.

(6) The dispersion error. If the wavelength is assigned to
the spectral line maximum, this error is absent. However,
spectral lines are broad and asymmetric, and this circum-
stance restricts the accuracy of determining the angular
position of the maximum. The diffraction reflection curve
can be described by interpolation and approximation by
polynomials. However, this approach has serious disadvan-
tages. For example, the result of approximation by a
polynomial strongly depends on the polynomial degree
[168]. This problem was considered in detail in [170].

Based on the complete convolution model for the
diffraction profile, Hartwig and Grosswig [169] analytically
obtained all the known errors (and corresponding correc-
tions). Although analytic expressions obtained in [169] are
based on some simplifying assumptions, they are usually
much more complicated than expressions (20)±(24). The
authors showed that, to obtain the relative accuracy of 10ÿ7,
all the errors considered by them should be taken into
account, although the most important errors are those
caused by refraction and the horizontal divergence of an
X-ray beam.

It is clear that, to achieve the relative accuracy of � 10ÿ7,
it is also necessary to know with the same accuracy the
wavelength used in experiments. For this reason, the authors
of [173] presented repeated measurements of the wavelength
of the frequently-used CuKa1 emission line with the accuracy
Dl=l � 3� 10ÿ7.

In 2000, the authors of [174] proposed a new wavelength
standard at the atomic scale instead of the spectral CuKa1 line
wavelength. This is the wavelength lM of the 57FeM�ossbauer
radiation source, i.e., of the g radiation line emitted upon a
nuclear transition. This line, lM � 0:86025474 �A, was meas-
ured with a relative accuracy of 2� 10ÿ7. The specific feature
of this M�ossbauer source is its uniquely small spectral width
dl=l � 3:5� 10ÿ13 and also the excellent reproducibility
(with an accuracy of � 10ÿ11) independently of external
factors such as temperature and pressure.

In many cases, determining one interplane distance is
insufficient to characterize the real structure of a crystal. In
the Bondmethod, uncertainties in the value of corrections for
compensating some systematic and instrumental errors are
excluded, as a rule, using symmetric reflections [165]. One
sample of the matter under study is sufficient for determining
the lattice parameter in the case of cubic crystals, but two
samples are necessary for tetragonal and hexagonal systems,
and three samples are necessary for the orthorhombic system.
The difficulty increases in the study of nonorthogonal lattices.
To eliminate these difficulties, the Bond method was

supplemented in [5] with measurements of several asym-
metric crystal planes `working' both in reflection and
transmission with small Bragg angles. Measurements are
performed for lattice planes with diffraction vectors parallel
to the vectors of the unit cell. The disadvantages of this
modified method are the strict requirements for preparing a
sample, the restricted choice of reflections, and the low
measurement accuracy due to the use of reflections with
small Bragg angles.

The principle of determining lattice parameters based on
the measurement of angles between the four positions of a
crystal for which the Bragg condition is fulfilled is described
in [168]. This method can be used to characterize more
efficiently the real structure of single crystals due to measure-
ments of the three coplanar geometrical lattice parameters
with a high accuracy in the same region of a sample in one
measurement cycle.

Despite the difficulties mentioned above, the Bondmethod
was used to study a number of low-symmetry crystals [102,
109, 111, 115, 124, 125, 156, 175, 176]. For example, the lattice
parameters of lithium-cesium sulfate LiCsSO4 weremeasured
[115] in the temperature range of 160±550 K using an X-ray
single-crystal Bond diffractometer. The Bragg angles of
reflections (12 0 0), (0 6 0), (6 6 0), and (0 0 10) were measured
using CuKa1 radiation. The relative accuracy of measuring
lattice parameters was no worse than 10ÿ5.

The lattice parameters of PbHPO4 single crystals were
measured [113] in the vicinity of the ferroelectric phase
transition at T � 310 K. The deuterated PbDPO4 crystal was
measured only in the ferroelectric phase because of changes in
the real structure at higher temperatures. To obtain the high
accuracy, the diffraction reflections (800), (080), and (406)
were chosen for CuKa1 and (008) for CuKbwith Bragg angles
at 84�, 68�, 78�, and 76�, respectively. The position of the
reflection curvemaximumwas determinedwith an accuracy of
about 4 00. This gave the dimensions of the unit cell with the
relative error of 2� 10ÿ6 for the parameter a, 5� 10ÿ6 for b,
and 8� 10ÿ6 for c.

The lattice parameters of strontium±barium niobate
SrxBa1ÿxNb2O6 (SBN) in [109] were measured using reflec-
tions (16 0 0) �y � 80:879�� and (16 1 0) �y � 82:451�� to
determine the parameter a and the reflection (005)
�y � 78:146�� for the parameter c. The relative errors at
room temperature were estimated as da=a � 6� 10ÿ6 and
dc=c � 3� 10ÿ6.

Returning to the problem related to the natural width and
asymmetry of an X-ray spectral line, note that it can be solved
using a crystal monochromator placed in front of a sample, as
in paper [97] (Fig. 12). In this case, the experimental width of
the DRC can be optimized by decreasing the width of the
instrumental function. The instrumental function of a single-
crystal diffractometer depends on the angular and spectral
divergence of an X-ray beam incident on a crystal sample,
while this function for a two-crystal diffractometer depends
on the angular divergence of a beam formed with a mono-
chromator and on the beam dispersion D:

D � Dl
l
j tan yM � tan y0j � dl

l
sin �Z=2�

cos y0 cos yM
: �25�

Here, Dl=l is the relative width of the spectral line, yM and y0
are the Bragg angles of the monochromator and sample,
respectively, Z is the angle between the directions of the
primary beam and the beam at the sample output
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�Z � 2jyM � y0j�, and the signs `ÿ' and `�' correspond to the
nonparallel and antiparallel diffraction schemes, for which
the notation �n;ÿm�, �n;�m� is accepted, respectively,
emphasizing differences in the interplane distances of the
reflection planes of two crystals �when they are equal for
Z � 0, we are dealing with the parallel diffraction geometry
�n;ÿn��.

The dynamic theory of X-ray scattering [91, 177] gives the
width of the X-ray DRC for an ideal crystal in the form

O � 2Cjwhrj
b 1=2 sin 2y

; �26�

where whr is the real part of the Fourier component of the
crystal polarizability; the polarization factor C � 1 for the
wave field component polarized perpendicular to the scatter-
ing plane (s polarization) and C � cos 2y for the component
polarized in this plane (p polarization); and b � gi=ge is the
asymmetry coefficient for Bragg reflection, where gi and ge are
the direction cosines of the incident and diffracted X-rays,
respectively, gi � sin �yÿ a�, ge � sin �y� a�, and a is the
angle between reflection surfaces and the crystal surface,
which can be both positive and negative.

It follows from (26) that the angular divergence of the
beam formed with amonochromator can be made quite small
by decreasing whr using a monochromator consisting of light
elements and/or reflections with largeMiller indices, and also
by using asymmetric diffraction.

It is clear that, to eliminate the beam dispersion D
(expression (25)), it is sufficient to direct the angle Z to zero,
i.e., to select the reflections of the monochromator and the
crystal under study so that the corresponding interplane
distances (and, therefore, Bragg angles) are close. This
condition greatly restricts the applications of the method
because crystalline materials have, generally, different
(although sometimes close) interplane distances, so that a
certainmonochromator is required for each experiment [178].
Nevertheless, a two-crystal diffractometer cannot always be

used in the Bond method, because one of the diffraction
geometries is the nonparallel �n;�n� scheme, which leads to
the formation of a broad diffraction line (see Fig. 12).

Another way to eliminate the influence of the beam
dispersion D on the DRC width is the drastic narrowing of
the transmission band of themonochromator. In practice, for
this purpose, as a rule, a three-crystal diffractometer with a
two-crystal monochromator in the antiparallel �n;�m�
diffraction scheme is used. In this case, the spectral band-
width �Dl=l�nm and the angular divergence Onm of such a
monochromator are described by the expressions [179]�

Dl
l

�
nm

� Onb
1=2
n � Omb

ÿ1=2
m

tan yn � tan ym
; �27�

Onm � �Onb
1=2
n � Omb

ÿ1=2
m � tan ym

tan yn � tan ym
ÿ Omb

1=2
m ; �28�

where indices n and m correspond to the first and second
crystals of the monochromator.

A four-crystal monochromator consisting of two mono-
lithic monochromators with grooved channels (channel-cut
monochromators) was created by Bartels [100]. Two addi-
tional reflections are used to compensate the deviation of the
beam from its initial direction (Fig. 13a). Ge(440) reflections
were used. The angular divergence of the obtained beam was
5 00, and a narrow region with �Dl=l�nm � 2:3� 10ÿ5 was cut
from the broad CuKa1 spectral line ��Dl=l�sp � 2:88� 10ÿ4

[181]�. Thus, the geometry and properties of a four-crystal
monochromator are ideal for the construction of a high-
resolution multifunctional X-ray diffractometer. This con-
clusion is also confirmed in paper [102], where an X-ray beam
with �Dl=l�nm � 1:28� 10ÿ4 and Onm � 11 00 was formed
using a germanium Bartels monochromator (3) with four
successive Cu(220) reflections (Fig. 14). To increase the
reliability of measurements, the directions 2y� and 2yÿ of
diffracted beams with respect to the primary beam were
measured by germanium monolithic crystal analyzers with
cut channels (5) with an accuracy of 11 00 simultaneously with
the corresponding positions o� and oÿ of the samples (see
Fig. 14).

However, the spectral narrowing of the X-ray beam
considerably reduces its intensity. Therefore, it is necessary
to use a brighter SR source, as was done for the first time
in [182]. The authors of [182] used a monoblock mono-
chromator (Fig. 15) with successive reflections ��5 3 �5�ÿ�3 3 5�
or �1 3 �1�ÿ�3 1 �1�, which produced a strongly collimated
beam with a very narrow transmission band. The calculated
angular divergence and transmission band for reflections
��5 3 �5�ÿ�3 3 5� are 3:2� 10ÿ6 rad and 1:7� 10ÿ6, respec-
tively, and 4:5� 10ÿ5 rad and 1:5� 10ÿ5 for reflections

y

1

2

(n, �n) (n, ÿn)

Figure 12. Diagram of a two-crystal Godwod diffractometer [97]: 1Ð

crystal monochromator; 2Ðcrystal under study (position corresponding

to the antiparallel �n;�n� diffraction geometry is shown by the dashed

line) (see text).

Source

(220)

(440)

Source

Â (624) (264) b

Figure 13. Trajectory of beams (a) in a four-crystal ��n;ÿn;ÿn;�n�
Bartels monochromator upon diffraction from reflecting (220) and (440)

planes [177] and (b) in a monoblock silicon monochromator for

��n;ÿn;ÿn;�n� with SR using f642g reflections and forming a beam

with l � 1:343819 �A [180].
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�1 3 �1�ÿ�3 1 �1�. The output wavelength of the monoblock
monochromator is determined by the interplane distances of
reflection planes and the angle between these planes. Mono-
chromators were calibrated using a high-quality silicon-
crystal standard. The wavelengths for the ��5 3 �5�ÿ�3 3 5� and
�1 3 �1�ÿ�3 1 �1� reflections were 1.3536 and 1.3965 �A, respec-
tively.

In [106, 183], the GaAs lattice parameter (reflection (008))
was determined with a relative accuracy of 5:9� 10ÿ6 using a
monolithic monochromator with reflections ��5 3 �5�ÿ�3 3 5�.

The authors of [184] proposed several types of monoblock
monochromators for SRwhich can provide the fixed position
of the output beam without changing the direction of the
primary beam (Fig. 13b), which is convenient for adjusting
X-ray optics. The high-precision measurements of the lattice

parameter were performed for GaAs samples using a system
based on a monolithic silicon ��n;ÿn;ÿm;�m� monochro-
mator (Fig. 13b). The output monochromatic beam with the
wavelength l � 1:396563 �A is parallel to the incident beam
after four successive reflections of �2 �4 �2�, ��2 4 2�, �5 1 1�, and
��5 �1 �1�. The precision of measuring the lattice parameter for
the (008) reflection �y � 81:14��was estimated as 4� 10ÿ8. In
[185], the silicon lattice parameter (reflection (444)) was
determined with a relative accuracy of 6:2�10ÿ7 with the
help of a monolithic silicon ��n;�m;ÿm;ÿn�monochroma-
tor with reflections of �1 1 7�, �1 5 1�, ��1 �1 �7�, and ��1 �5 �1� and
l � 1:410846 �A.

3.2 Four-crystal spectrometer method
Another method for measuring lattice parameters was
proposed in [186]. Diffraction angles were measured with a
special diffractometer in which a crystal and a detector are
fixed in the reflection position. The angle between the incident
and reflected beams was measured with the help of Soller slits
[187], which restrict the divergence of the incident and
diffracted beams and at the same time eliminate errors
related to the eccentricity and X-ray absorption. This
procedure does not involve restrictions concerning the size
and shape of the irradiated region or the crystal perfection,
thereby eliminating systematic errors due to these reasons
[188, 189]. Measurements for silicon with a standard relative
error of 3� 10ÿ6 �y � 79�� were performed in [186].

A high-resolution four-crystal diffractometer, proposed
in [190], provides very accurate measurements of diffraction
angles. The Bartels monochromator (2) (Fig. 16) provides a
very narrow spectral transmission band. A crystal analyzer
(4) will reflect only X-rays lying in the angular region of its
own DRC. Therefore, here, it is the diffracted beam direction
that is important, rather than the sample position. Thus, the
problem of sample eccentricity is absent. To measure
accurately the scattering angle, the zero angle �2y � 0� can
be determined very accurately with a crystal analyzer. This
method can be applied to many materials (high-quality single
crystals and polycrystalline samples), because it requires only
one measurement. The uncertainty of the analysis of different
volumes (possible during a change in the sample position for
the second measurement of the diffraction angle) is elimi-
nated, while the primary beam has a small spectral diver-
gence. Here, the accuracy of measuring the lattice parameter
is comparable to the accuracy of the Bond method; however,
the diffractometer requires a high-quality precision gonio-
meter and careful adjustment [3, 191±193].

1

2 3

4

5

2yÿ

2y�

o�

oÿ

5

6

Figure 14. Diagram of the experimental setup used in [102]: 1Ðradiation

source (X-ray tube with a copper anode), 2Ðparabolic multilayer mirror,

3ÐBartels monochromator, 4Ðcrystal under study, 5ÐGe(220) analy-

zers mounted in front of detectors (6). The two positions of the sample (o�

and oÿ) and detector (2y� and 2yÿ) supplementing each other illustrate

the extended Bond technique.

1

2

3 4

5

5

Figure 15. Diagram of the setup for precision measurements of the lattice

parameter by the Bond method using SR: 1ÐSXR beam, 2Ðprelimin-

ary monochromator, 3Ðmonoblock silicon monochromator, 4Ðcrystal

under study, 5Ðdetectors [106].

1

2

3

4

5

Figure 16. Diagram of a four-crystal diffractometer [190]: 1ÐX-ray

source, 2ÐBartels monochromator, 3Ðsample, 4Ðanalyzer, 5Ð

detector.
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3.3 Backscattering method
Backscattering (BS) was first considered in the dynamic
theory of X-ray diffraction in an ideal crystal in 1972 [194].
Two interesting BS features were pointed out already in this
early study: as the Bragg angle approaches 90�, the spectral
transmission band of the crystal drastically decreases,
whereas the width of its DRC drastically increases
�O � �2jwhrj�1=2�. Thus, it is possible to create high-energy
resolution wide-aperture optical devices based on BS. Later,
many publications appeared devoted to the application of
X-ray BS in high-resolution X-ray optical devices and
metrology and also for structural studies of various crystal
objects [195±197].

As follows from the Wolf±Bragg equation, the X-ray
diffraction sensitivity to a change in the interplane distance
is proportional to tan y. The first papers devoted to preci-
sion measurements of lattice parameters using Bragg angles
close to 90� appeared already in the 1970s [198±201]. In
these papers, two-crystal diffractometers were used with
crystals arranged in the parallel �n;ÿn� or quasi-parallel
�n;ÿm� geometry, eliminating in this way dispersion, which
is especially noticeable at large Bragg angles. Later, a high-
angle two-crystal X-ray diffractometer (HADOX) was
created [202±205], providing a relative accuracy of 10ÿ6.
The method proved to be useful for studying structural
phase transitions in KMnF3 [206] and SrTiO3 [207, 208]
crystals, for investigations of the block structure in BaTiO3

crystals [209±211], and for studying the deformation in
silicon crystals at low temperatures [212]. The authors of
[204] believe that, if for y � 79� the relative accuracy of
measuring the silicon lattice parameter can be about 10ÿ7,
then for y � 89:99�, the expected accuracy can be � 10ÿ10.

Wavelength lc corresponding to the center of the BS
spectral region is determined by the expression

lc � 2d

�
1ÿ D2

2
ÿ w

�
: �29�

Equation (29) is the general condition of Bragg back-
scattering, which includes not only a deviation from the
exact normal reflection angle D � p=2ÿ y5 1, but also the
refraction correction w. Due to the D2 dependence in (29),
the deviation from the exact normal reflection condition
even by a small angle, for example, D � 0:1 mrad, changes
the reflected wavelength only by 5� 10ÿ9lc. Therefore, for
D4 �2jwhrj�1=2, the lattice parameter is weakly sensitive
to the Bragg angle. It seems that, for this reason, the
accuracy of measuring the lattice parameter achieved in
papers [122, 213] using the Bond method was no better
than 10ÿ6. If D4 �2e�1=2, where e is the required relative
measurement error, then a simple relation lc � d�1ÿ w� is
valid even for relatively rough angular adjustments. For
example, D4 100 mrad provides the relative uncertainty
e � 10ÿ8. This property is used to `transfer' the interplane
distance d to the instrument scale, which chooses and
measures X-ray wavelengths [195, 196, 214]. It is clear that
the accuracy of measuring crystal lattice parameters directly
depends on the accuracy of measuring the wavelength of the
beam incident on a sample.

The authors of papers [214, 215] used g radiation from
57Fe as the wavelength ethalon. Recall that the wave-
length of g radiation from 57Fe �lM � 0:86025474 �A� was
measured with a relative accuracy of 2� 10ÿ7 [174]. The
working wavelength was changed with a silicon mono-

block channel-cut monochromator used as a lmeter. The
symmetric (777) reflection was used. If the output radia-
tion wavelength of the lmeter (2) (Fig. 17) coincides with
lM, the 57Fe nuclei in an a-Fe foil (3) behind the l meter
are coherently excited. The excited nuclei directly emit
coherent M�ossbauer photons [216, 217]. Detector (4) (a
semi-transparent silicon avalanche photodiode) [218]
with a time resolution of 0.7 ns was mounted directly
behind the l meter at a distance of 6 m from the crystal.
The transmitted radiation was reflected from an a-Al2O3

crystal and was incident on the detector with a 40-ns
delay, allowing one to distinguish easily the reflected
pulse from the incident one. The sapphire lattice para-
meters were determined by measuring the rotation angle
chkil of the l meter at which it `selects' X-rays corre-
sponding to the backscattering of the sapphire �hkil�
reflection and the reference angle cM at which the
sample reflects M�ossbauer radiation. The a-Al2O3 lattice
parameters were measured in the temperature range from
4.5 to 374 K with relative errors below 6� 10ÿ6. This
accuracy is more than an order of magnitude lower than
the expected accuracy of 10ÿ7, which is the theoretical
limit of the experimental equipment used. The main
sources of errors were the large angular beam divergence
at the l meter output and defects in the a-Al2O3 crystal,
as well as temperature oscillation inside the experimental
station during measurements [214, 215].

A variable parameter in papers [219±222] is the X-ray
energy measured with a high-resolution many-crystal mono-
chromator calibrated by a perfect silicon crystal reference
with the lattice parameter a � 5:43101901 �A [223].

For example, a monochromator in [220] consisted of
two monolithic silicon channel-cut blocks embedded into
each other [224] (DE � 1:0 meV, which corresponds to
Da=a � 4:6� 10ÿ8) (Fig. 18). Energy was tuned by rotating
the inner block with respect to the external one.

The Bragg angle was 89:986�. The X-ray energy was
21.56 eV and (5 1 19) and (7 7 17) reflections corresponding
to the sameBragg angle were used. The error ofmeasuring the
germanium lattice parameter did not exceed �2� 10ÿ6 �A,
which corresponds to da=a � �3:5� 10ÿ7.

Using a high-resolution monochromator with the trans-
mission band Dl=l � 4� 10ÿ8 consisting of six silicon

4

5
6

321

Figure 18.Experimental setup formeasuring theGe lattice parameter: 1Ð

built-in element of the storage ring of a synchrotron, 2Ðsystem of slits,

3Ðpreliminary SR monochromator, 4Ðhigh-resolution monochro-

mator, 5Ðdetector, 6Ðset of Ge crystals under study [220].

a-Al2O3

2D

(hkil)

[000
1] 4 3

2

1

Figure 17. Experimental setup for measuring sapphire lattice parameters:

1ÐSR beam, 2Ð l meter (Si channel-cut crystal), 3Ð a-Fe foil, 4Ð

detector (semiconductor silicon avalanche photodiode) [214, 215].
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crystals [225], the authors of papers [221, 222] determined
parameters of the diamond lattice with a uniquely high
relative accuracy of 1:2� 10ÿ8.

4. Diffractometric methods
for determining lattice parameters

4.1 Method of two coplanar reflections
The authors of paper [226] proposed to determine the lattice
parameter of cubic syngony crystals from the angle C0

(Fig. 19) between diffraction maxima corresponding to two
coplanar reflections (i.e., reflections for which diffraction
planes coincide) under the condition that the difference
between the angles of incidence of the X-ray beam on a
crystal under study for them be small enough �C0 < 1��. It is
clear that the rotation of a sample through such a small angle
should not deteriorate the method locality.

The relation

C0 � j1; 2 ÿ jy1 ÿ y2j �30�

is valid, where y1 and y2 are Bragg angles corresponding to the
�h1k1l1� and �h2k2l2� reflection planes, and j1; 2 is the angle
between these planes.

To determine the lattice parameter of a cubic syngony
crystal, it is sufficient to measure the angle C0. The method
accuracy is determined by the expression

da
a
� e�dC0� ; �31�

where dC0 is the accuracy of measuring the angular distance
between diffraction maxima, and the parameter e �
j tan y1 ÿ tan y2jÿ1 characterizes the precision of the method.

The method requires the introduction of correction for
refraction [226]. The accuracy of measuring the absolute
value of the lattice parameter depends on the accuracy of
adjusting a sample. The adjustment becomes simpler if the
diffraction vector of one of the reflections virtually coincides
with the azimuthal axis of the diffractometer lying in the
diffraction plane. Then, the rotation of the sample around
this axisÐ required to adjust the second reflectionÐwill not
lead to the readjustment of the first reflection. Therefore, the
method of successive approximations can usually provide a
rather accurate crystal alignment [227]. The measurement of
the relative change in the crystal lattice parameter (for
example, over the area or along the sample) does not impose
strict requirements on the crystal adjustment accuracy. Thus,
the homogeneity of a crystalline GaAs plate with the (111)
surface orientation was studied in [178] using a two-crystal
X-ray diffractometer, CuKa1 radiation, a pair of Bragg
asymmetric reflections (331)±(440), and the symmetric (333)
reflection of a germanium monochromator. Here, the angle
j1; 2 between the (331) and (440) planes is 13.26�, and the
corresponding Bragg angles are 36.44� and 50.42�, C0 �
ÿ0:72�, and e � 2:12. Because the distance between corre-
sponding diffraction maxima in this experiment was deter-
mined with an accuracy of at least 0:8 00, the error of
measuring the relative change in the lattice parameter did
not exceed 8� 10ÿ6.

This method can be used to characterize a broad class of
cubic syngony crystals, because, for any X-rays, it is always
possible to find one or even several pairs of coplanar
reflections with a small enough angular distance between

corresponding diffraction maxima sensitive to small changes
in the crystal lattice parameter. Note that the probability of
finding such pairs increases upon increasing the ratio a=l.

It follows from (30) that, to increase the sensitivity of the
method, a substantial difference between Bragg angles y1 and
y2 is desired. But one should bear in mind that the chromatic
dispersion between the first crystal (monochromator) and the
sample should be taken into account. The dispersion depends
on the difference between Bragg angles y1 and y2. Thus, to
reduce the dispersion, the difference between y1 and y2 should
be small. This conclusion contradicts the first condition. For
this reason, the choice of two optimal reflection surfaces is not
always simple [226].

The method of determining crystal lattice parameters
with the help of two coplanar reflections was developed in
[228, 229] for middle syngony crystals. KDP is a crystal of the
tetragonal syngony with lattice parameters a � b � 7:453 �A
and c � 6:959 �A, but, with the help of the fh k 0g reflections
((420) and (280) in the given case), it is possible to determine
precisely the relative values of parameters a � b. The degree
of homogeneity of a (110) KDP sample was studied in [228]
using CoKa1 radiation and the (420) and (280) reflections.
Unlike the geometry of experiments shown in Fig. 19, where
both diffracted beams are on one side of the primary beam,
here, diffracted beams are located on different sides of the
beam. In this case, e � �tan y1 � tan y2�ÿ1, and expression
(30) takes the form

C0 � �180� ÿ j1; 2� ÿ �y1 � y2� : �32�

TheX-ray beam incident on the sample was formedwith a
Ge (111) crystal monochromator using strongly asymmetric
(311) reflection. Such a monochromator provides a small
enough divergence of incident radiation in the horizontal
plane �� 1:7 00�, making possible an almost nondispersion
setup for the (420) reflection. The distance between diffrac-
tion maxima was determined with a high accuracy �dC0 �
0:6 00�, which was facilitated by the location of the narrow
DRC of the (420) reflection on the slope of the broad DRC of
the (280) reflection. Bragg angles for the (420) and (280)
reflections are equal to 32.46� and 81.76�, respectively.
Therefore, e � 0:1326, and the relative accuracy of measur-
ing the KDP crystal lattice parameter, according to (30), was
no worse than 6� 10ÿ7.

The authors of [229] studied the local variations of lattice
parameters in a tetragonal paratellurite TeO2 crystal and

XS

C0

(h1k1l1)

(h2k2l2)

Figure 19. Diagram of coplanar diffraction for two �h1k1l1� and �h2k2l2�
reflections.C0 is the angular distance between diffractionmaxima, XS is a

slit forming the size of a monochromatic X-ray beam.

September 2020 Precise determination of crystal lattice parameters 919



a trigonal lanthanum±gallium tantalite La3Ga5:5Ta0:5O14.
Using a pair of reflections found, the variation in the lattice
parameter a along the surface of these crystals was deter-
mined with the help of a laboratoryX-ray source. The relative
measurement accuracy was 4� 10ÿ6, for a spatial resolution
of 140 mm.

A high-resolution diffractometer for relative measure-
ments of interplay distances using SR was described in [185].
A monolithic silicon monochromator using the �5 1 3�,
�1 5 3�, ��5 �1 �3�, and ��1 �5 �3� reflections in the dispersion
��n;�n;ÿn;ÿn� scheme forms a l � 1:612607 �A X-ray
beam with angular and spectral divergences of 0:1�10ÿ6 rad
and 4:3� 10ÿ6, respectively. The beam wavelength satisfies
the condition of the quasi-simultaneous Bragg diffraction for
the �5 1 3� and �1 5 3� reflections of the (111) silicon crystal
(Fig. 20) under study. The Bragg angle is determined by the
expression [180]

y � 90� ÿ j1; 2

2
ÿC0

2
; �33�

wherej1; 2 is the angle between the (5 1 3) and (1 5 3) reflection
planes. Note that expression (33) is equivalent to (32) for
y1 � y2 � y.

The use of a monoblock silicon monochromator for SR
with reflection pairs (624) and (264) in the antiparallel
diffraction scheme ��n;ÿn;ÿn;�n� with l � 1:343819 �A
(Fig. 13b) provided a relative measurement accuracy on the
silicon crystal of � 10ÿ8 [180]. Using large Bragg angles
�y � 82:03�� in a silicon SR monochromator with reflection
pairs (10 0 2) and (10 2 0) �l � 1:055 �A�, the authors of [230±
234] improved the method accuracy to da=a � 3� 10ÿ9.

4.2 Renninger method
Multiwave (multiray) diffraction, unlike simple Bragg (so-
called two-ray) reflection, occurs when not one, but several
systems of atomic planes in a crystal are simultaneously in the
position corresponding to the diffraction reflection of an
incident X-ray beam. In the reciprocal space language, the
effect appears when two or more points of the reciprocal
lattice simultaneously lie on the Ewald sphere surface [235±
237]. The geometry of experiments performed for the first
time by Renninger [238] is shown schematically in Fig. 21. A
crystal is placed in a position corresponding to the Bragg two-
ray reflection, for example, symmetric S1 from the �h1k1l1�
planes. A detector with a widely open window remains at rest
and aligned to the S1 reflection. Then, the crystal is rotated
around the reflection diffraction vector S1, not violating the
alignment to this reflection. For some azimuthal position of
the crystal with respect to the incident beam, in addition to
reflection from the �h1k1l1� planes, reflection from another

family of planes �h2k2l2� is also possible. It can be shown that
some third family of planes �hDkDlD� in the crystal finds
itself in the reflection position for the reflected beam S2,
i.e., the Bragg condition is fulfilled for �hDkDlD� planes (see
Fig. 21). In other words, in this case, double reflection is
observed: the beam first reflected from the �h2k2l2� planes
in the direction S2 is then reflected from the �hDkDlD�
planes in the direction SD. Thus, the doubly reflected beam
SD propagates in the same direction as the beam S1 that
experienced the usual single reflection, the reflection
indices being related by the equalities

h1 � h2 � hD ; k1 � k2 � kD ; l1 � l2 � lD : �34�

Renninger called this phenomenon `indirect excitation'
(Umweganregung).

Usually, the first reflection with a very low intensity or
forbidden by the spatial group of the crystal is chosen. Its
intensity determines the background diffraction intensity,
which should be low. Due to the azimuthal rotation,
diffraction conditions are satisfied successively for other
planes, and a typical diffraction pattern consists of a system
of multiwave maxima (reflections) (Fig. 22). It contains
information obtained from different crystallographic direc-
tions from which the unit cell parameters can be determined
with good accuracy. Multiwave diffraction involves three or
more beams diffracted and redirected by the different sets of
planes inside the crystal (compared to two beams for `normal'
diffraction); conditions for multiwave diffraction are more
critical than those for Bragg diffraction, while the diffraction
peaks are correspondingly narrower and therefore can be
measured more accurately.

The azimuthal position j of a multiwave diffraction peak
depends on the radiation wavelength and crystal lattice para-
meters. There are two azimuthal positions usually called
`input±output' and `output±input,' in which the same second-
ary reflectionS2 is excited:j1 � aÿ b andj2 � a� b (a is the
angle between the vector p and the diffraction plane of the first
reflection). The procedure of accurate measurements of lattice
parameters involves measurements in both positions.

For simplicity, vectors g and p are used as reciprocal
lattice vectors for the first and second reflections. Vectors pn
and pp are the components of the vector p perpendicular and
parallel to the vector g. For a given wavelength, the moduli of
vectors g, p, pn, and pp are the functions of lattice parameters

1

2

3
4

[111] (�1�5�3) (�5�1�3)

(153)

4
Â b

Figure 20. (a) Schematic of a diffractometer for relative measurements of

interplane distances using SR: 1Ðpreliminary SR monochromator, 2Ð

monolithic silicon monochromator, 3Ðsample, 4Ðdetectors; (b) mono-

lithic monochromator 2 for the wavelength 1.612607 �A [185] (see text).

1

S0
S2

SD

S1

D

2

3

Figure 21. Scheme of double reflection in a single crystal: 1, 2, andD are the

�h1k1l1�, �h2k2l2�, and �hDkDlD� reflection planes, respectively; S0, S1, S2,

and SD are the primary beam and beams reflected from the �h1k1l1�,
�h2k2l2�, and �hDkDlD� planes; 3 is a detector (reflection S1 corresponds to

the forbidden �h1k1l1� reflection and is denoted by the dashed line).
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and Miller indices. For determining lattice parameters and
indexing diffractograms, the expression [236, 239, 240]

cos b � �p 2 ÿ ppg�1=2
2pn
��1=l�2 ÿ �g 2=4��1=2 �35�

can be used.
However, before determining the lattice parameters, it is

necessary to index the repeated diffraction pattern. The
principle of the indexation method is known as the reference
vector method [236, 239, 240]. The UMWEG computer
program [241, 242] can be very useful for rather complicated
calculations and for the graphical presentation of the multi-
wave diffraction. Another analytic indexation method was
described in [243].

Expression (35) is valid for all the crystal syngonies. In
practice, however, it is mainly used for cubic crystals, and a
special approach is required to adapt the method to other
(rectangular) systems [244]. For cubic syngony crystals,

a � l�p 2 ÿ ppg�
2pn cos yG cos b

; �36�

where the angle yG is the Bragg angle for the first reflection
and a is the lattice parameter.

The differentiation of (36) gives the expression

da
a
� tan yG DyG � tanbDb : �37�

Because the angle yG is the same for all multiple
diffractions upon the first reflection, the ratio da=a depends
on the second reflection via the angle b. Therefore, multiple
diffraction with small b is preferable for the accurate
measurement of a.

Figure 22 presents parts of diffractograms for the
Cd1ÿxHgxTe compound with different compositions �x�
[245]. Diffractograms were qualitatively and quantitatively
analyzed using the UMWSEG-98 program [241]. One can see
that the position of a pair of `mirror' (input±output and
output±input) peaks ��133�=�733� and �133�=�7�3�3� (shown in
ovals) is sensitive to a change in the lattice parameter.

The Renninger multiwave diffraction method provides
the measurement of the crystal lattice parameters with the

relative accuracy da=a � 10ÿ5ÿ10ÿ6. For example, the
lattice parameters of a diamond plate and large undoped
silicon and germanium crystals were determined in [246].
Average values were obtained and their standard deviations
were calculated for measurements from eight to twelve
reflections for diamond (a � 3:566986 �A, da=a � 2:6�10ÿ6),
silicon (a � 5:430941 �A, da=a � 2�10ÿ6), and germanium
(a � 5:657820 �A, da=a � 1:6�10ÿ6).

The Renninger method using SR gave important
information on lattice parameters for heteroepitaxial
A10:304Ga0:172In0:524As layers grown on InP substrates [247]
and on the deformation of an InAs film on GaAs substrates
[248, 249]. The authors of [250] studied deformation in a
monoclinic MBANP �C13H13N3O2� crystal caused by an
electric field and determined four piezoelectric coefficients.

5. Interference method
for determining interplane distances

X-ray interferometry is a comparatively new direction in
modern experimental physics. The method has demon-
strated unique possibilities in various fields of the study of
condensed media: measurements of fundamental physical
constants, optical constants in the hard X-ray region
(E � 10ÿ100 keV), precision measurements of crystal lattice
parameters, studies of structural defects in almost perfect
single crystals, and X-ray phase-contrast microscopy [251±
253].

Fundamental physical constants such as the Avogadro
constant, relations between the Planck constant and neutron
mass, the wavelengths of characteristic X-ray spectra and
g quanta can be determined using perfect silicon crystals.
However, this requires accurate knowledge of the lattice
parameter. Because of the relation between fundamental
constants and other precisely determined physical constants,
the relative accuracy of measuring the Si lattice parameter
should be noworse than 10ÿ8, and in some cases (for example,
for determining the Avogadro constant [254]) it should
approach 10ÿ9.

Hart [225] was one the first to show that a tree-crystal
Laue X-ray LLL interferometer is promising for the precision
measurement of the interplane distance of a crystal lattice.
The interferometer consists of three plates, S, M, and A,
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Figure 22. Diffractograms calculated for (a) a Cd0:96Hg0:04Te �a � 6:4814 �A� crystal and (b) a Cd0:79Hg0:21Te �a � 6:47802 �A� crystal at T � 20 �C.
CuKa1 radiation was used [245] (see text).
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perpendicular to a common base and made of a single crystal
silicon block (Fig. 23a). AnX-ray beam is incident on a beam-
splitter S behind which the transmitted and diffracted beams
diffract on a mirror M and overlap on a crystal analyzer A.
Their interference gives rise to a standing X-ray wave with a
period equal to the interplane distance d. If the interferometer
is made of a high-quality single crystal block, X-rays are very
weakly absorbed in the crystal analyzer. If the crystal analyzer
is displaced with respect to blocks S andM in the direction of
the diffraction vector by a distance of d=2, the antinodes of
the standing wave will `fall' on the atomic planes of the
analyzer, resulting in the strong absorption of radiation.
During analyzer scanning in the direction of the diffraction
vector, the detector will fix radiation intensity oscillations
with period d.

The interferometer described here is an achromatic device,
because conditions for the maximum and minimum inten-
sity are independent of the wavelength. This circumstance
provided the basis for the assumption that the crystal lattice
parameter can be measured by counting the number of bands
of the translation moir�e per unit length; in this case, know-
ledge of the X-ray wavelength is not required.

The translationmoir�e picture in a scanning interferometer
[255±257] is obtained bymoving the analyzer with respect to a
standing wave. The interferometer uses silicon elasticity,
required to provide the parallel and rectilinear motion of
one crystal part of the interferometer with respect to its
immobile part, and is constructed so that its analyzer is
connected by two jumpers with a silicon block bearing a
beam-splitter and a mirror (Fig. 23a). The scanning inter-
ferometer provides excellent stability and ensures the absence
of clearance during analyzer displacement.

The absolute measurement accuracy can be improved
over that obtained by traditional methods if the radiation
wavelength used in experiments is known with a high
precision or if a high-quality standard single crystal is
grown with very accurately determined interplane distances
[258]. These two problems can be solved using a combina-
tion of optical and X-ray interferometry. Such an original
concept of determining the absolute value of the interplane
distance of a crystal lattice directly in units of the standard
wavelength of light was proposed and realized in papers
[259, 260].

Thanks to a combination of X-ray and optical inter-
ferometers, it is possible to measure simultaneously the
intensity of X-ray and optical beams during the displacement
of the crystal analyzer. One of the two mirrors (5) of the
optical Fabry±Perot interferometer (Fig. 23b) is attached to
the immobile part (1), and the second mirror to the mobile
part (2) of the X-ray interferometer. As a radiation source, a
stabilized laser (4) is commonly used with the wavelength
measured with the relative accuracy of � 10ÿ10. Thus, the
displacement of the crystal analyzer is measured in the optical
and X-ray scales, so that the ratio l=2d is expressed via the
ratio of the number n of X-ray periods to the number m of
optical periods contained in the given scan [261]:

d � m

n

l
2
� �P� n�l

2
; �38�

where P and n are the integer and fractional parts of the ratio
m=n.

To avoid counting all moir�e bands, it is sufficient to
determine the fractional part n at the final stage of the
analyzer displacement; the increase in the displacement
length (in [262], the progression of 1, 10, 100, 1000, and
5000 optical periods was used) leads to an increase in the
experiment accuracy by stages. The fractional part can be
calculated by the method of phase steps [263] or quad-
rature signals [264].

It follows from (38) that, the larger the displacement of the
crystal analyzer, the higher the method accuracy. The
displacement range is limited by the displacement smooth-
ness and rectilinearity to within a few nanometers. In addi-
tion, it is important to preserve the `pitch' (a turn in the
analyzer surface plane) and the `yaw' (a turn in the diffraction
plane) within a few nanoradians over the total scanning
length. It is also necessary to provide a good visibility of the
moir�e picture, demanding a compromise between the oppo-
site requirements of the maximal displacement and the
rigidness of the interferometer construction. The construc-
tion rigidity is necessary to reduce vibrations impairing the
visibility to fractions of an angstr�om.

Progress in X-ray and optical interferometry assumes the
development of more powerful methods for more precise
control of experimental conditions to increase the displace-
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Figure 23. (a)Diagramof a scanningHart interferometer [251]; S andMare a beam splitter and amirror in the immobile part C1 of the interferometer, A is

an analyzer in its mobile part C2 (the arrow shows the load application place). (b) Schematic of an X-ray optical interferometer: 1, 2Ðimmobile and

mobile parts of the interferometer, respectively; 3Ðdetector, 4Ðlaser beam, 5Ðmirrors forming an optical Fabry±Perot interferometer, 6Ð

photoelectronic multiplier [260].
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ment range and decrease parasitic rotations and transverse
motions.

The increase in the scanning range improves the measure-
ment accuracy and makes possible the study of the larger
region of the crystal analyzer, thereby controlling the degree
of its perfectness and also measuring the real average value of
the lattice parameter. Therefore, it seems that the most
promising setup is a separate two-block X-ray interferometer
[265] used simultaneously with an optical interferometer [254,
266, 267]. Ensuring its successful operation is not a simple
task, because its immobile and mobile parts must be aligned
so that vibrations and displacements do not affect the
measurement accuracy.

The authors of review [253] have attempted to consider
the successive refinements of the method introduced by
several research groups, participants in a peculiar scientific
relay race, bringing closer the solution to an important
metrology problemÐthe creation of a new standard of
length.

In 2011 [268] and 2015 [269], two values of the interplane
distance d220 in a silicon crystal at 20 �C were obtained:
d220 � 1:9201471267�67� �A and d220 � 1:9201471198�34� �A
with a high accuracy (da=a � 3:5� 10ÿ9 and da=a �
1:75� 10ÿ9, respectively). However, it was found later in
[270] that, to determine the Avogadro constant correctly, two
corrections have to be introduced into these values: into the
laser beam diffraction [269] and into the surface strains in the
crystal analyzer (sample) [254, 271, 272]. Nevertheless, it
seems that the problem of determining the silicon lattice
parameter with an accuracy of � 10ÿ9 can be assumed to be
solved.

6. Method of standards

The use of a standard material with known lattice parameters
for relative measurements of the lattice parameters of various
crystals is undoubtedly an attractive approach, allowing the
problem of the uncertainty of the radiation wavelength to be
solved. Buschert [273] was the first to apply this approach,
which later became widespread [2, 4, 274] due to the use of
high-quality standards, for example, silicon and germanium.

When two crystals have different lattice parameters dA
and dB, detectors register the two-crystal DRC of a crystal
standard and a crystal sample at their different angular
positions (Fig. 24). In this case, the rotation angle Dy of the

sample is twice as large as the difference between Bragg
angles of the two crystals, so that, if Dd � dA ÿ dB is small,
then the angular separation Dy of peaks is determined by
the equation

Dy � 2 tan y
Dd
d
: �39�

Because most of comparative methods determine the
difference Dy in diffraction angles, the exact value of the
wavelength is a second-order effect, compared to the
difference between angles, only if it is not large [3].

Most of the comparative methods use the Bragg diffrac-
tion geometry, which has advantages over the Laue geometry,
because measurements can be performed locally, i.e., diffrac-
tion parameters are determined by the state of the crystal
lattice in a very small region near the crystal surface close to
the incident beam.

The method can be used in different forms.
The double-beammethod uses the triple reflection scheme

to compare lattice parameters using a two-axis diffractometer
[276, 277]. A device proposed in [276] consists of a sample and
a reference crystal located in the nondispersion diffraction
geometry and made of the same material but different in
purity (or deformation, stoichiometry, concentration of point
defects, etc.). The difference between the Bragg angles of a
sample and a reference crystal is measured as the angle
between doubly reflected (reference±sample) and triply
diffracted (reference±sample±reference) beams. The triple-
reflection method using one beam is described in [278].

A modification of the three-crystal method developed by
Buschert [273] uses the asymmetric reflection of the first
crystal to produce two parallel beams required to obtain
simultaneous nondispersion diffraction from the reference
crystal and the crystal under study located on the same axis of
a goniometer. The beams reflected from these crystals diffract
on the third crystal (analyzer) and are registered by detectors.
The sample lattice parameter is measured from the angular
difference between the positions of diffraction peaks. Such a
use of two parallel beams provides a high sensitivity
�dd=d � 3� 10ÿ8�, removes the time delay between measure-
ments of standard and unknown crystals, and considerably
reduces problems related to temperature drift andmechanical
instability. The method was used to study the influence of
isotope concentration on the lattice parameter of perfect
germanium crystals [279]. Similar constructions of diffracto-
meters are described in [280±282].

The authors of [275] proposed amethod formeasuring the
difference of lattice parameters for an unknown sample and a
standard reference crystal with a relative accuracy of � 10ÿ9

using two radiation sources to illuminate the same region of
the crystal under study and two detectors (see Fig. 24). This
experimental setup requires nonstandard equipment, careful
alignment for many hours, and a long time to obtain stable
conditions for measurements. The last two circumstances
probably deterred potential users [4].

A method for determining the lattice parameter using two
X-ray beamswith different wavelengths was proposed in [283]
and [284]. The authors used two characteristic lines, Ka1 and
Kb1, and two detectors. In papers [285±287], the CuKa
doublet was used. This modification made possible the use
of one detector in experiments (Fig. 25a). The lattice
parameter was determined by measuring the angular dis-
tance between the DRC of the sample and the monochro-
mator used as the reference.

2
Dy

1

3 4

Figure 24. Nondispersion diffractometer with two radiation sources and

two detectors: 1Ðreference crystal, 2Ðcrystal under study, 3 and 4Ð

detectors [275].
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TheGaAs crystal parameter was determined in [286] using
a Ge crystal monochromator with the lattice parameter close
to that of GaAs. To obtain low-divergent beams at the
monochromator output, its working surfaces were inclined
to the (444) diffraction surface so that the grazing angle of the
first beam was equal to 5� (Fig. 25b). The accuracy of
measuring the lattice parameter was da � 4� 10ÿ5 �A, corre-
sponding to da=a � 7� 10ÿ6. The authors of [287], using a
device for precise positioning of crystals and a proportional
position-sensitive detector, managed to improve the accuracy
and to achieve the value da=a � 10ÿ7.

If the distribution of impurities in a crystal is homo-
geneous, the relaxation of the inner stress appears near the
surface. Therefore, in experiments with Bragg diffraction
schemes, deformations related to surface effects should be
well known. After cutting an appropriate silicon plate, the
crystal surface should be polished very carefully.

When the Laue geometry is used, the influence of surface
damages, which cannot be removed completely by etching
and polishing, is negligibly small, and the interplane distance,
unlike the Bragg geometry, is mainly determined not in the
surface layer of the crystal but in its volume. This explains the
appearance of many studies devoted to measurements of the
lattice parameter using nondispersion diffraction schemes in
the Laue geometry [258, 274, 288±296].

In [290], anMoKa1 radiation beam (1) (Fig. 26a) formed
in a monochromator was directed on a crystal (2) under
study. The transmitted and reflected beams diffract on a
third (reference) crystal (3), and the intensities of the TR
(transmitted and diffracted) and RR (doubly diffracted)
beams are measured by two independent detectors DTR and

DRR. In all crystals, the symmetricMo(220) reflection is used.
A relative accuracy of 2� 10ÿ7 was achieved.

In 1994, the NIST (National Institute of Standards and
Technology, USA) system was developed for the relative
determination of the lattice parameter [291, 292, 294±296].
The NIST comparator uses the symmetric two-crystal
nondispersion diffraction in the Laue geometry proposed by
Hart [274] and improved in papers [258, 288, 289]. The NIST
comparator, shown schematically in Fig. 26b, has several
features improving the accuracy of measuring the lattice
parameter. The comparator includes two radiation sources,
S1 and S2, gates (4), and two detectors, D1 and D2. X-ray
sources are located with respect to the first (reference) crystal
(2) so that the crystal reflects the beams coming from both
sources simultaneously. By rotating the second crystal
(sample) (1), a two-crystal rocking curve is recorded in turn
by the first and second detector. Gates make possible the
recording of doubly diffracted DRCs from one source
without interference of singly diffracted beams emitted by
another source. The two-crystal DRCs of almost the same
thickness have the fine structure [297] (Fig. 26c)Ð thickness
oscillations (Pendell�osung)Ðwhich can be easily used to
determine the DRC position with improved accuracy. The
typical accuracy of the relative determination of the inter-
plane distance is �5ÿ10� � 10ÿ9; it includes the statistic
contribution ��3ÿ9� � 10ÿ9� and three systematic compo-
nents: the crystal temperature (from 3� 10ÿ9), the alignment
of crystals �1� 10ÿ9�, and the localization of crystals and
X-ray trajectories �3� 10ÿ9� [296].

The NIST comparator has played an important role in
the International Avogadro Project [293, 298] and in the
determination of the absolute value of the lattice parameter of
silicon single crystals used for manufacturing standard
powder diffraction materials [293]. It also helped to find a
small but considerable sensitivity of the lattice period to the
method of preparation of the surface of crystals under study,
although measurements were performed in the symmetric
Laue geometry [293].

7. Conclusions

This review has shown that a variety of methods exist for
high-precision measuring of crystal lattice parameters using
Bragg reflections. In most cases, an appropriate method
depends on the material type and the goal of the studies.
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Figure 26.Diagrams of double-crystal diffractometers using nondispersion symmetric Laue diffraction. (a) 1Ðmonochromatic X-ray beam, 2Ðsample,

3Ðreference crystal, DTR and DRR are detectors recording the transmitted-diffracted and double-diffracted beams, respectively [290]; (b) S1 and S2 are

radiation sources, 1Ðsample, 2Ðreference crystal, D1 and D2 are detectors, 3Ðslit, 4Ðgates; (c) two DRCs (the (440) reflection of silicon) registered

by detectors D1 and D2 (P is thickness oscillations) [295] (see text).

1
CuKa2
CuKa1

2

3

4

Â

CuKa2

CuKa1

b

Figure 25. (a) Schematic of experiments on the relative determination of

the GaAs lattice parameter using the CuKa spectral doublet: 1Ð

radiation source, 2Ðgermanium monochromator (reference), 3ÐGaAs

sample [285]. (b) Improved construction of a germaniummonochromator

[286].
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The most widespread method for measuring the absolute
value of the lattice parameter of single crystals is the Bond
method. This method reliably provides a relative accuracy of
10ÿ5ÿ10ÿ6. The method removes problems related to the
inaccurate alignment of a sample and a goniometer with
respect to the incident beam, because it requires measure-
ments of only the relative angular positions of a sample.
Therefore, the error in the angular position of a detector does
not matter. The inaccurate alignment of the sample with
respect to the goniometer axis results in the displacement of
only the position of the diffracted beam, but not the angle at
which the beam diffracts. However, in this case, a problem
exists for inhomogeneous or deformed samples, because the
incident beam will illuminate different regions of a crystal in
its two positions, which will produce an error in the
determination of the lattice parameter. In addition, problems
can appear whenmeasuring all lattice parameters of noncubic
crystals. In such cases, it is necessary to prepare several
samples or to use a special approach to solving the problem.

The Kossel projection method is a powerful tool for
studying the structural features of a broad class of crystalline
objects. This is an unsurpassable method of X-ray micro-
diffraction combining good locality, precision, and informa-
tivity. It seems that this method can be characterized by the
principle `everything at once,' because diffractograms contain
many lines corresponding to different resolved reflections
satisfying the geometrical conditions of the experiment. This
circumstance advantageously distinguishes theKossel projec-
tion method from other known X-ray diffraction methods
and opens up the possibility of real-time studies of the
different anisotropic states of a crystal lattice (in situ studies).

The further development of experimental equipment
(improving the resolution of CCD detectors, improving
X-ray optics, etc.) opens up wide possibilities for using the
Kossel projection method to study fast processes, investigate
nanoobjects, and rapidly analyze crystals. An especially
interesting possibility is the focusing of an intense SR beam
onto a micrometer spot, which, for example, can be used for
precise measurements of deformation in individual crystal-
lites of large-grain materials. Due to the use of modern third-
and fourth-generation synchrotron sources and digital image
processing, the Kossel method can soon experience a
renaissance of high-precision determining of lattice para-
meters and studying the perfection of crystals.

Similarly to the Kossel projection method, the Renninger
method can also be used to measure many reflections and to
measure all the lattice parameters, rather than only one, as in
the Bond method. The Renninger method allows one to
minimize errors caused by absorption, sample displacement,
the inaccuracy in angular positions measured with a detector,
and other systematic errors inherent in most methods of
determining lattice parameters.

The Renninger method has an `internal' criterion for
sample adjustment, because the adjustment is performed
upon azimuthal rotation of a single crystal around the
diffraction vector of the first reflection. Obviously, this
method is one of the most efficient and informative for
determining lattice deformation and constructing the
deformation tensor. A disadvantage of the method at
present is the complex interpretation (indexing) of multi-
wave diffraction patterns, and for this reason it is less
popular than the Bond method.

High-resolution Bragg diffraction upon backscattering
was successfully used to measure lattice parameters and X-ray

wavelengths with a high relative accuracy of �10ÿ6ÿ10ÿ8�.
However, this method is not widely used because of its
complicated equipment.

The comparative precision determination of the lattice
parameter with a relative accuracy of 10ÿ8ÿ10ÿ9 was
performed by the method of two coplanar reflections and
the reference method. Measurements performed by these
methods allow one to estimate variations in the lattice
parameter of almost ideal zone-melting commercial silicon
between individual ingots and within a particular ingot. In
particular, such measurements are necessary for the prelimin-
ary characterization of the homogeneity of materials used to
fabricate reference crystals.

This work was supported by the Ministry of Science and
Higher Education within the framework of the State Project
of the Federal Scientific Research Center Crystallography
and Photonics of the RAS.
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