
Abstract. Quantum entanglement is a powerful resource that
revolutionizes information science, opens new horizons in com-
munication technologies, and pushes the frontiers of sensing and
imaging. Whether or not the methods of quantum entanglement
can be extended to life-science imaging is far from clear. Live
biological systems are eluding quantum-optical probes, proving,
time and time again, too lossy, too noisy, too warm, and too wet
to be meaningfully studied by quantum states of light. The
central difficulty that puts the main roadblock on the path
toward entanglement-enhanced nonlinear bioimaging is that
the two-photon absorption (TPA) of entangled photons can
exceed the TPA of uncorrelated photons only at the level of
incident photon flux densities as low as one photon per entan-
glement area per entanglement time. This fundamental limita-
tion has long been believed to rule out even a thinnest chance for

a success of bioimaging with entangled photons. Here, we show
that new approaches in nonlinear and quantum optics, combined
with the latest achievements in biotechnologies, open the routes
toward efficient photon-entanglement-based strategies in TPA
microscopy that can help confront long-standing challenges in
life-science imaging. Unleashing the full potential of this ap-
proach will require, however, high throughputs of virus-con-
struct delivery, high expression efficiencies of genetically
encodable fluorescent markers, high-brightness sources of en-
tangled photons, as well as a thoughtful entanglement engineer-
ing in time, space, pulse, and polarization modes. We
demonstrate that suitably tailored nonlinear optical fibers can
deliver entangled photon pairs confined to entanglement vo-
lumes many orders of magnitude smaller than the entangle-
ment volumes attainable through spontaneous parametric
down-conversion. These ultracompact modes of entangled
photons are shown to enable a radical enhancement of the
TPA of entangled photons, opening new avenues for quantum
entanglement in life-science imaging.

Keywords: nonlinear optics, nonlinearmicroscopy, quantumoptics,
bioimaging

1. Introduction

Quantum entanglement is one of the cornerstones in the
foundation of quantum physics and a powerful resource of
rapidly growing quantum technologies [1±4]. Photonics offers
a vast arsenal of tools that help engineer and manipulate
entangled states of light, providing a unique, highly versatile
platform for a practical implementation of advanced quan-
tum concepts, as well as for high-precision experimental tests
of the fundamental principles of quantum physics [5±7].

In this remarkable scenery of a blistering progress, there is
one high-reward target is always in sight and, yet, is
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constantly escaping the frames of quantum optics, staying
beyond the reach of its powerful methods. Over many
decades, much research has been focused on extending
advanced concepts and tools of quantum optics, including
quantum entanglement in the first place, to real-life biological
applications. With many important discoveries made and
significant milestones reached along this way [8], the ultimate
goal of these efforts is yet to be achieved. Live biological
systems have been constantly eluding quantum-optical
probes, proving, time and time again, too lossy, too noisy,
too warm, and too wet [9] to be meaningfully studied by
quantum states of light.

Quantum imaging [10±20] is on the verge of breaking this
spell. Quantum states of light have been shown to enable
fundamentally new schemes of microscopy and lithography,
providing a spatial resolution well within the diffraction limit
[19±22]. When used in a two-photon absorption (TPA)
setting, quantum light can drastically modify the behavior
of the TPA rate w2 as a function of the incident photon flux
density j [23±27]. As, perhaps, the most striking manifesta-
tion of quantum correlations, in the ultralow-j regime, the
w2 / j2 scaling, which has long been considered as a key
signature of the TPA process, gives way to a radically
different, w2 / j behavior of the TPA rate. Much effort has
been focused on identifying suitable organic materials that
would provide high TPA rates in experiments with entangled
photon states [28±33].

An important question that arises in the context of life-
science applications is whether or not the enhanced TPA rates
attainable for entangled photons can help resolve one of the
most pressing problems of nonlinear-optical bioimaging [34±
38]Ðprevent unwanted photochemical and photobiological
processes [39±41] by providing a reliably detectable TPA-
induced fluorescence at lower levels of laser intensity than
those needed for TPA imaging with classical light. Here, we
address this and related questions regarding the benefits and
limitations of using entangled photon states for multiphoton
bioimaging. We show that new approaches in nonlinear and
quantum optics, combined with the latest achievements in
biotechnologies, open the routes toward efficient photon-
entanglement-based strategies in TPA microscopy that can
help confront long-standing challenges in life-science ima-
ging. Unleashing the full potential of this approach will
require, however, high throughputs of virus-construct deliv-
ery, high expression efficiencies of genetically encodable
fluorescent markers, high-brightness sources of entangled
photons, as well as a thoughtful entanglement engineering in
time, space, pulse, and polarization modes. We demonstrate
that suitably tailored nonlinear optical fibers can deliver
entangled photon pairs confined to entanglement volumes
many orders of magnitude smaller than the entanglement
volumes attainable through spontaneous parametric down-
conversion. These ultracompact modes of entangled photons
are shown to enable a radical enhancement of two-photon
absorption of entangled photons, opening new avenues for
quantum entanglement in life-science imaging.

Three quarters of a century ago, Erwin SchroÈ dinger, one
of the founders of quantum physics, as his highly praised
attempt to rethink the limits of the possible, has published a
book with one of the quintessential eternal questionsì
``What is Life?''ìas its title [42]. Almost six decades later,
pioneers of multiphoton microscopy have offered their
perspective on early-era TPA bioimaging studies in the form
of a review ``Nonlinear magic: multiphotonmicroscopy in the

biosciences'' [35]. The latest impressive progress and ground-
breaking discoveries in quantum optics, nonlinear micro-
scopy, and optogenetics raise a new question: is quantum
magic possible? Can quantum states of lightmake a difference
by providing practically signiécant beneéts for bioimaging?
These questions will be the focus of what will follow.

2. Multiphoton life-science imaging
with entangled photons: a viable strategy?

2.1 Two-photon absorption of uncorrelated photons
Nonlinear absorption of light is one of only a few nonlinear-
optical effects whose various manifestations have been
observed experimentally [43±46] and described theoretically
[47] long before the advent of the laser. A standard,
perturbation-theory approach treats weak-field TPA as a
two-step process (Fig. 1a±c) in which absorption of one
photon of frequency o1 at a moment of time t1 is followed
by absorption of the second photon of frequency o2 at time
t1 � Dt. The first step of this process is accomplished via one-
photon-allowed virtual transitions of the quantum system
from the initial state g to a manifold of intermediate quantum
states s (Fig. 1a, c). In the second step, the TPA process is
completed through one-photon-allowed virtual transitions
coupling intermediate states s to the final state f (Fig. 1a, c). In
this textbook TPA picture, the rates of both g! s and s! f
transitions are proportional to the field intensity. In the case
of frequency-degenerate TPA, o1 � o2 � o, this gives rise to
a signatureR2 � s2j 2 behavior of the TPA rate as a function
of the incident photon flux density j, with the TPA cross
section s2 given by [47, 48]

s2�o� /
����X

s

mfs msg
�h�osg ÿ o�

����2rf�2o� ; �1�

where mfs and msg are the dipole moments of the s! f and
g! s transitions, osg � �es ÿ eg�=�h, es and eg are the energy
eigenvalues of the s and g states, and rf�2o� is the density of
states within the band accessed via the g! f TPA process.

For strongly asymmetric molecules, effects related to a
permanent dipole moment may become noticeable. For such
systems, the sum over states in Eqn (1) should be augmented
[48±52] by another, sD / jDmfg mfgj2 term, where mfg is the
dipole moment of the g! f ground-to-final-state transition
(Fig. 1c),Dmfg � mf ÿ mg, and mg and mf being the ground- and
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Figure 1. Feynman diagrams (a, b) and an energy-level diagram (c) of a

two-photon absorption of uncorrelated (a) and entangled (b, c) photons:

g, s, fÐ initial, intermediate, and final states; DÐfrequency detuning of

o1 from a one-photon resonance with the gÿs transition; dÐfrequency

detuning of o1 � o2 from a two-photon resonance with the gÿf transi-
tion; G, gÐlinewidths of the s and f states.
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final-state permanent dipole moments of a molecule. The sD
term describes an additional quantum pathway of TPA
excitation whereby a pair of entangled or uncorrelated
photons can transfer a molecule from its ground state to a
real, TPA-allowed state f. This TPA pathway can be
represented as a sum of two Feynman diagrams. In one of
these diagrams, the system evolves from state g to state f, as it
is shown in Fig. 1a for uncorrelated photons and Fig. 1b for
entangled photons, but with state s at the intermediate state
replaced by state f. In the second diagram, the system evolves
from state f to state g, as it is shown in Figs 1a and 1b once
again, but with s this time replaced by g. The term represented
by the second diagram is shifted in phase by p relative to the
term described by the first diagram.

Quantum interference of the two TPA pathways repre-
sented by jmfs msgj2 and jDmfg mfgj2 terms in the TPA cross
section suggests interesting options for extending the ideas of
quantum control to the TPA of both classical and quantum
light [28±33]. As one practically important example, new red-
shifted fluorescent proteins can be designed by tuning the
Dmfg permanent-dipole-moment difference via suitable mole-
cular-structure tailoring [53±62], thus providing powerful
tools for deep-tissue microscopy, including, but not limited
to in vivo deep-brain imaging.

2.2 Two-photon absorption of entangled photons
The situation is drastically different when photons o1 and o2

exhibit correlations, e.g., quantum entanglement, within time
Te and areaAe. If one of such photons is detected at a position
r at an instant of time t, then its twin, at the same instant of
time, is within a volume Ve � cAeTe around r, where c is the
speed of light. Thus, if one of these photons is absorbed via a
g! s transition at the moment of time t1, its twin has to
complete the TPA process, via the s! f pathway (Fig. 1b),
within a time intervalTe. The rate of such a process is linear in
j, Re � sej. The cross section of entangled-pair two-photon
absorption (ETPA) can often be estimated as [23, 25]

se � s2
AeTe

: �2�

The TPA total rate is then found as a sum of terms describing
the TPA of correlated and uncorrelated photons,

R � sej� s2j 2 : �3�

It is straightforward to see from Eqn (3) that the TPA rate is
dominated by the conventional, j2 term unless j < jc �
se=s2 � �AeTe�ÿ1. When cast in the form jAeTe < 1, this
condition shows that the ETPA rate can exceed the TPA rate
for uncorrelated photons only when the incident photon flux
is so low that there is nomore than one photon in this flux per
entanglement area Ae per entanglement time Te.

This result is in no way surprising. Indeed, the sej term in
the TPA rate can only be comparable to or larger than the
conventional, s2j 2 TPA term only when the photon flux
density is too low for the s2j 2 TPA part to build up. In other
words, the photon flux density should be so low that each
molecule simply does not see the second uncorrelated photon
within the entanglement area and within the entanglement
time. For bioimaging, with its continuing desperate struggle
to providemore laser photons permolecule for amore intense
fluorescence signal, the jAeTe < 1 requirement may seem to
be simply too much to bear, ruling out even a thinnest chance
for success. Fortunately, unique properties of entangled

photon states, including, above all, the strong confinement
of these states to theVe volume, provide powerful resources to
turn the tide.

2.3 Fluorescence count rates
To provide insights into how entangled photon states could
help confront long-standing challenges in multiphoton
bioimaging, we proceed with a semi-quantitative analysis of
photon count rates attainable in a fully quantum, ETPA
modality of fluorescence imaging. For an incident photon
flux density j � jc, an order-of-magnitude estimate for the
TPA rate as defined by Eqn (3) gives

Rc � s2�AeTe�ÿ2 : �4�

We consider a typical nonlinear bioimaging setting (Fig. 2) in
which a laser beam illuminates a targeted cell, inducing a
fluorescent response from a TPA-excited fluorescent marker
whose expression in the cell is encoded by a genetic sequence
delivered to the cell with a suitable virus construct.
Assuming that the laser beam area is Ae, we find that the
number of fluorescence photons detected in such a setting
per unit time is

nph � z#
AeT 2

e

Zs2 ; �5�

where Z is the quantum yield of the fluorescentmarker, z is the
fluorescence collection efficiency, and # is the surface density
of fluorescent marker molecules on the cell membrane.

2.4 Understanding TPA cross sections
Combined with the Feynman diagram of the TPA process in
Fig. 1a, Eqn (1) suggests a useful order-of-magnitude estimate
for the TPA cross section:

s2 � S 2Dt : �6�

where S � d 2 is the effective cross-sectional area, d is the
dipole length of a molecule, and Dt is a fictitious virtual-state
lifetime (Fig. 1c).

Equation (6) offers helpful insights into the physics behind
the TPA of entangled photons. Indeed, combining Eqns (2)

Â b

Encoding gene
sequence

Expression-
driving
promoter

Virus

Figure 2. Typical optogenetics-enabled nonlinear bioimaging setting: a

laser beam is focused by the upper microscope objective to illuminate a

cell, inducing an optical response from a TPA-excited fluorescent marker

whose expression in the cell is encoded by a genetic sequence delivered to

the cell with a suitable virus construct, as shown on the right.
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and (6), we find se � ps ptS, where ps � S=Ae and pt � Dt=Te.
Since S5Ae and Dt5Te for any conceivable setting of TPA
imaging, the ETPA cross section can be viewed as a product
of the cross section of one-photon absorption, s1 / S, and
the probabilities pt � Dt=Te 5 1 and ps � S=Ae 5 1 of
finding the entangled photons within the virtual-state life-
time Dt and within the area of a molecule S. This view is
consistent with a notion of ETPA as a process in which one-
photon absorption of the first photon from an entangled
photon pair (photon o1 in Fig. 1b) is promptly followed by
the absorption of the twin photon (photon o2 in Fig. 1b).
That the ETPA cross section is factorized into a product of S
and PV � pt ps thus merely reflects the fact that, each time
when the first photon is absorbed by a molecule (with the
probability of this event proportional to S), the second
photon is always absorbed whenever it is found (with a
probability PV � pt ps) within a confinement volume
Ve � cSDt.

2.5 TPA cross sections in nonlinear bioimaging
In nonlinear bioimaging, the laser frequency o is chosen in
such a way as to avoid one-photon resonances in order to
prevent a strong attenuation of the pump and reduce the
heating of a biotissue. In this regime, all the frequency
denominators in Eqn (1) are much larger than the relevant
linewidths Gs; josg ÿ oj4Gs � G (Fig. 1c). It is straightfor-
ward to see fromEqn (1) that the virtual-state lifetimeDt then
relates to the frequency detuning Do � josg ÿ oj of the g! s
transition dominating the sum over states (SOS) in Eqn (1),
Dt � 1=Do. With the most natural set of parameters,
d � 10ÿ8ÿ10ÿ9 cm, S � 10ÿ16ÿ10ÿ17 cm2, and Dt �
0:1ÿ1 fs, Eqn (1) leads to s2 � 1ÿ1000 GM (1 GM �
10ÿ50 cm4 s/photon), providing, with specific values of d and
Dt, a reasonable order-of magnitude estimate for the TPA
cross sections for a vast and rich palette of fluorophores used
in nonlinear bioimaging [63].

2.6 Polarization dependence of the TPA cross section
Much care needs to be exercised, however, in extending these
estimates to a TPA of entangled photons. One possible source
of difficulties of such an extension is the polarization
dependence of the TPA cross section. Powerful in its
simplicity, Eqn (6) offers important insights into the funda-
mental physical factors defining TPA cross sections and
provides a helpful order-of-magnitude estimate for the s2
values of a remarkably broad range ofmolecular systems. The
estimate of Eqn (6), however, is based on an implicit
assumption that the two laser photons involved in the TPA
process (Fig. 1a±c) share the same polarization. Most natural
in the context of TPA imaging, this assumption is not always
justified for ETPA settings. Specifically, in one of the most
widely spread schemes of photon-entanglement generation,
based on spontaneous parametric down conversion (SPDC)
in nonlinear crystals, entangled photons generated as a part of
the photon-pair SPDC output are, in fact, cross-polarized.
The TPA cross section for such a polarization geometry, s2?,
can easily be an order of magnitude smaller than the TPA
cross section, s2k, probed by two copolarized fields [64, 65].

2.7 Biotechnology factors: virus-construct delivery
and fluorescent marker expression
On the biotechnology side, Eqn (5) leads us to appreciate the
significance of the efficiency of virus-construct delivery and
fluorescent marker expression [66±68] in a targeted cell in

optical bioimaging (see Fig. 2). A higher efficiency of
fluorophore expression will translate into a higher surface
density # of fluorescent marker molecules on a cell membrane
(Fig. 2), leading to a more intense fluorescence signal. The
specific values of #may widely vary, depending on the type of
fluorescent marker, genetic sequence chosen to encode this
marker, virus construct, and virus delivery method [69, 70].
For our analysis here, we set our estimate of this parameter at
the level of # � 104 mmÿ2, corresponding to the highest
efficiencies of virus-construct delivery and highest fluores-
cent-marker expression efficiencies attainable with cutting-
edge optogenetic technologies [71].

2.8 Entanglement area and entanglement time
With spontaneous parametric down conversion used as a
source of entangled photon states, a typical entanglement
time is Te � 100 fs. The spatial mode structure of the
entangled-photon SPDC output can be quite complex [72]
and far from a high-purity entangled state. The entanglement
area can broadly vary for such a source of photon entangle-
ment, depending on the dispersion of the crystal and the
properties of the laser pump field. This gives rise to a broad
range of Ae values, sometimes as different as Ae � 1000 mm2

[25] and Ae � 4 cm2 [33]. In our analysis below, we base our
estimate of the entanglement area on a typical beam size
of a photon-pair SPDC output, de � 1 mm, leading to
Ae � 10ÿ2 cm2.

2.9 Quantifying the fluorescence readout
in entangled-photon TPA bioimaging:
where we are now and where to head
We can now proceed with an estimate for the fluorescence
photon count rate nph in a typical nonlinear bioimaging
setting with an SPDC source of entangled photon states.
Aiming at an optimistic, yet realistic estimate for nph, we take
the quantumyield Z � 1, the fluorescence collection efficiency
z � 0:1, entanglement time Te � 100 fs, entanglement area
Ae � 10ÿ2 cm2, and the surface density of fluorescent marker
molecules on the cell membrane # � 104 mmÿ2. The fluores-
cence photon count rate is then estimated as nph � 10ÿ7

photons sÿ1 with s2k � 1000 GM taken for copolarized fields
and nph � 10ÿ8 photons sÿ1 with s2? � 100 GM for cross-
polarized photons. These levels of nph are clearly several
orders of magnitude lower than the dark count rate of the
most sensitive photon counters.

As discouraging as it may seem, this result, as wewill show
below, still leaves somemuch-needed room for maneuver.We
are going to show that even with such severe limitations on
nph, entangled photons can still be beneficial for multiphoton
bioimaging. Securing these benefits, however, requires a
suitable high-brightness source of low-Ae, short-Te photon
entanglement. Below, we examine viable options for such a
bioimaging setting.

3. Nonlinear fiber optics as a platform
for photon entanglement engineering

3.1 Entangled photons from optical fibers
Spontaneous parametric down-conversion in a quadratically
nonlinear crystal provides a versatile source of entangled
photon pairs (Fig. 3a) for a vast range of quantum-optic
studies. In our search for a suitable source of entanglement
for multiphoton bioimaging, however, we have to fulfill very
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specific requirements of high brightness provided within a
compact entanglement volume. This set of requirements
leads us to explore what FWM in an optical fiber has to
offer as a source of entangled photon pairs for multiphoton
bioimaging. We will show that spontaneous FWM in optical
fibers [73±81] provides a vast arsenal of methods and an
ample parameter space for photon entanglement engineering
in spectral, temporal, spatial and polarization modes
(Fig. 3b).

With suitable field-profile tailoring, which can be per-
formed via high-precision fiber structure engineering [82±84],
the entangled-photon FWM fiber output can be tightly
confined [85±88] within small-Ae waveguide modes (Fig. 3b).
Advanced methods of fiber dispersion management [89], on
the other hand, may prove instrumental for entanglement-
time engineering. Finally, with the available fiber-birefrin-
gence tailoring technologies [89±93], phase matching for the
entire manifold of FWM polarization modes can be provided
[94], with the entangled FWM sidebands generated either in
parallel- or cross-polarized modes, thus enabling TPA
polarization optimization.

The photon-pair output of such an FWM process is an
entangled broadband state ket, whose description generally
requires a multidimensional Hilbert space. In a standard
perturbative treatment, this two-photon state is given by [95]

jCi � k
��

F�o1;o2� â yj1�o1� â yj2�o2�j0ij1j0ij2 do1 do2 ; �7�

where k is the optical gain, F�o1;o2� is the joint spectral
amplitude (JSA) function, â

y
j1�o� and â

y
j2�o� are the creation

operators for photons with a central frequency o in polariza-
tion modes j1 and j2, respectively.

In the general case, the JSA function is not factorizable as
a product of functions ofo1 ando2. Forop1 � op2 � os � oi

FWM driven by pump fields with spectral amplitudes a1�o�

and a2�o�, the JSA function is given by [95]

F�os;oi� �
�
a1�o 0� a2�os � oi ÿ o 0�F�o 0;os;oi� do 0 ; �8�

where

F�o 0;os;oi� � sinc

�
Db�o 0;os;oi� L

2

�
� exp

�
iDb�o 0;os;oi� L

2

�
�9�

is the phase-matching function, L is the length of the
nonlinear medium and

Db�o 0;os;oi� � b�o 0� � b�os � oi ÿ o 0�
ÿ b�os� ÿ b�oi� ÿ �g1P1 � g2P2� �10�

is the mismatch of the frequency-dependent propagation
constants b�o� of the fields involved in the FWM process, g1
and g2 are the relevant nonlinear coefficient andP1 andP2 are
the peak powers of the pump fields.

3.2 Entanglement-time engineering
As can be seen fromEqns (7)±(10), the useful bandwidth of an
entangled photon pair and, hence, the entanglement time Te

are controlled by the phase and group-velocitymismatch. For
certain settings, the entanglement time Te is defined as the
group delay tg of the photons in the pair [26±33]. Even though
this simple relation between Te and tg is not universal, the
significance of the phase mismatch and the group delay as the
key parameters defining Te is invariable. As an invaluable
resource for Te engineering, the phase mismatch and group
delay in fiber-optic FWM can be fine-adjusted by choosing a
fiber with a suitable dispersion profile and by launching the
pump fields into best-suited spatial, temporal, and polariza-
tion modes (Figs 3b, 4a, b).

Pump
SPDC

w�2�

Ae

Pump

SpFWM

Optical
éber

w�3�

Ae

b

Â

PD1

PD2

Signal

Idler

Time

Figure 3. Generation of entangled photon pairs via spontaneous parametric down conversion (SPDC) in a nonlinear crystal (a) and spontaneous four-

wave mixing (SpFWM) in an optical fiber (b). Also shown are the pulse modes of the signal and idler entangled photon wave packets at the output of the

fiber source of photon entanglement; w�2� and w�3� are the second and third-order nonlinear-optical susceptibilities.
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In Figs 4a±f, we illustrate these arguments by presenting
phase-matching maps and showing the behavior of the group
delay tg as a function of the driver wavelength for two
different polarization geometries of FWM (Fig. 4a, b) in a
fused silica photonic-crystal fiber with a core radius of 1.4 mm
and the air-filling fraction of the cladding f � 0:32 (see the
inset in Fig. 5a). The profile of the group-velocity dispersion
(GVD) of this fiber is presented in Fig. 5b. As can be seen
from these calculations, a remarkably broadband phase
matching can be achieved for the op1 � op2 � os � oi

FWM process in the ssÿff polarization geometry, where the
two pump fields are polarized along the slow (s) fiber axis,
while the signal and the idler fields are both polarized along
the fast (f) fiber axis. Within the phase-matching region, the
group velocities of the signal and idler pulses are close to each
other. In this setting the entanglement time can be tuned from
less than a femtosecond up to several picoseconds by varying
the fiber length. These results show how advantageous the
fiber-format FWM is as a source of entangled photon pairs
with a tunable entanglement time.

3.3 The mode structure of entangled-photon states
A broad bandwidth of entangled photon packets (1) that
generated in nonlinear optical fiber driven by ultrashort laser
pulses suggests that temporal mode engineering may add a
powerful resource to help tailor photon entanglement for the
purposes of multiphoton bioimaging. To understand the
mode structure of the continuous-variable entanglement of
the two-photon state jCi as defined by Eqns (7)±(10), it is
instructive to resort to the Schmidt decomposition of the JSA
function [96],

F�o1;o2� �
X
n

�����
ln

p
cn�o1�jn�o2� : �11�

Here, ln, cn�o�, and jn�o� are found as the eigenvalues and
eigenfunctions of the integral equations�

K1�o;o 0�cn�o 0� do 0 � lncn�o� ; �12��
K2�o;o 0�jn�o 0� do 0 � lnjn�o� ; �13�

where

K1�o;o 0� �
�
F�o;o 00�F ��o 0;o 00� do 00 ;

K2�o;o 0� �
�
F�o 00;o�F ��o 00;o 0� do 00 :

Introducing the effective creation operators,

b̂ yn �
�
cn�o1� â yj1�o1� do1 ; �14�

ĉ yn �
�
jn�o2� â yj2�o2� do2 ; �15�

we can represent the two-photon state jCi as

jCi �
X
n

�����
ln

p
b̂ yn ĉ

y
n j0ij1j0ij2 : �16�

With the ln coefficients found fromEqns (12) and (13), we can
quantify the entanglement in terms of the entropy [80],
S � ÿPn ln log2 ln. The Schmidt parameter, defined as

K � 1=
P

n l
2
n, provides a measure for the dimensionality of

the Hilbert space (or the number of biphoton modes) needed
to describe the entanglement [97], with the purity of the two-
photon state quantified as p � 1=K.

As an instructive example of fiber-based entanglement
engineering, Fig. 4g, h presents the JSA functions and the
Schmidt eigenvalues calculated for a photon-pair FWM
output of a fiber with the above-specified parameters driven
by two cross-polarized pump fields, giving rise to the signal
and idler fields detected in the s and f polarization modes,
respectively. This polarization geometry is referred to as
sfÿfs hereinafter. With the central wavelength of the pump
set at lp � 800 nm, the central maximum of the phase-
matching function F�o 0;os;oi� for this FWM process gives
rise to an almost horizontal stripe at the center of the JSAmap
(Fig. 4g), representing � 98% of the photon-pair generation
probability. If only the entire signal bandwidth, Dos �
35 THz, within this central lobe of the JSA map could be
accommodated by a single spectral mode c1�o�, the photon-
pair output would be overwhelmingly dominated by bipho-
tons with a factorizable wave function jCi.

Results of the Schmidt-mode analysis, presented in
Fig. 4h, show that the structure of the central lobe in the
JSAmap in Fig. 4g can indeed be accurately approximated as
a product of two spectral modes c1�o� and j1�o�. This pair
of modes enters into the Schmidt decomposition of Eqn (11)
with a weighting factor

�����
l1
p � 0:99, thus accounting for 99%

of the two-photon state generated as the fiber output. The
second largest ln coefficient in this expansion is almost two
orders of magnitude smaller than l2 (Fig. 4h). The purity of
the photon-pair FWM output in this regime is p � 0:96. The
entanglement entropy is S � 0:15 (Fig. 4h). The effective
dimensionality of the Hilbert space needed to describe the
entanglement structure of such a two-photon state is
K � 1:04.

It is remarkable that, with a rather simple fiber design,
vectorial FWM can be steered toward high-purity photon-
pair generation with a pump at around 800 nmÐthe central
wavelength of Ti: sapphire short-pulse laser sources. Off this
wavelength, the sfÿfs FWM tends to deliver two-photon
states whose continuous-variable spectral entanglement
structure can only be described in a Hilbert space of higher
dimensionality.

3.4 Entanglement-area engineering
In this section, we will show that the fiber format of photon-
pair generation offers unique solutions for entanglement area
engineering. To this end, we consider a generic waveguide
structure with an arbitrary transverse profile of the refractive
index n�r�. The field of the waveguide mode supported by
such a structure is written as [98]

E�r;j; z; t� � F�r� cos �mj� exp �ÿibz� exp �iot� ; �17�

where z, r, and j are the cylindrical coordinates, t is the time,
F�r� is the transverse field profile in the waveguide mode,m is
the azimuthal mode index, b is the propagation constant, and
o is the radiation frequency.

The transverse field profile in the waveguide mode can be
found by solving the relevant wave equation:

d2F

dr 2
� 1

r

dF

dr
�
(�

o
c
n�r�

�2
ÿ b 2 ÿm 2

r 2

)
F � 0 : �18�
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Figure 4. (a, b) Polarization geometries in 2op � os � oi four-wave mixing in a birefringent optical fiber with fast and slow axes f and s and (c, d) the

respective phase-matchingmaps, showing the coherence length lc � p=jDbj as a function of the pump, signal, and idler wavelengths. (e, f) The group delay

of the idler and signal photon wave packets at the output of a 5-cm-long stretch of a fiber. (g) The joint spectral amplitude F�ls; li� and (h) the eigenvalues
ln for a two-photon state generated through the sfÿfs polarization geometry of 2op � os � oi four-wave mixing with a pump at lp � 800 nm.

Calculations are performed for four-wave mixing in a photonic-crystal fiber with a core radius a � 1:44 mm, an air-filling fraction f � 0:32, the
nonlinearity coefficient g � 100 Wÿ1 kmÿ1, and a birefringence dn � 0 (c), dn � 10ÿ5 (d, curve 1), dn � 0:98� 10ÿ4 (d, curve 2), and dn � 2� 10ÿ4

(d, curve 3).
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The effective mode radius is defined as

w �
�
S

p

�1=2

; �19�

where

S �
2p
��1

0

��F�r���2r dr�2�1
0

��F�r�j4r dr �20�

is the effective mode area.
We represent the transverse profile of the refractive index

in the waveguide structure as

n�r� � n1

�
1ÿ 2

�
r

r

�g

D
�1=2

; 04 r4r ;

n2 � n1�1ÿ 2D�1=2 ; r4 r ;

8><>: �21�

where n1 and n2 are the refractive indices of the materials
forming the waveguide structure, r is the core radius, and
D � �n 2

1 ÿ n 2
2 �=�2n 2

1 �. The exponent g in Eqn (21) controls the
steepness of the refractive-index profile in the waveguide,
with g � 1 corresponding to a triangular profile of n�r� and
g � 2 recovering a parabolic refractive-index profile. With a
very large g, Eqn (21) describes a step-index waveguide.

For a standard optical fiber, the mode radius can be quite
accurately approximated with the Marcuse formula [99],

w

r
� A

V 2=�2�g� �
B

V 3=2
� C

V 6
; �22�

where

V � 2pr
l
�n 2

1 ÿ n 2
2 �1=2 �23�

is thewaveguide parameter; l is the radiationwavelength; and
A, B, and C are numerical constants.

For a step-index optical fiber, g!1, the numerical
constants in Eqn (22) are [99] A � 0:65, B � 1:619, and
C � 2:879. The dotted line in Fig. 5a presents the mode

radius w normalized to the wavelength l calculated as a
function of the fiber core radius r for a standard weakly
guiding optical fiber with n1 ÿ n2 � 0:01.

The waveguide parameter V quantifies the balance
between diffraction and confinement of an optical beam due
to total internal reflection in a waveguide structure. For a
step-index fiber �g!1� with large V, the mode radius w, as
can be seen from Eqn (22) scales linearly with the core radius
(the dotted line in Fig. 5a), w � Ar. For lower V, field
confinement to the fiber core becomes weaker [87, 98]. As a
consequence, for low V, a decrease in r leads to the growth in
the mode radius (see the dotted line in Fig. 5a).

Let us consider now a waveguide with a cross-section
structure typical of a photonic-crystal fiber (PCF) [82] (the
inset in Fig. 5a). The central part of this waveguide, which
serves as a waveguide core, is surrounded by a cladding that is
built on a hexagonal lattice of air holes with a diameter d
arranged in a periodic structure with a lattice constant L. For
a fiber of this type, the waveguide parameter can be defined as
[100]

VPCF � 2pL
l
�n 2

1 ÿ n 2
eff�1=2 ; �24�

where neff is the effective refractive index of the structured
cladding, understood as the effective index of the funda-
mental space-fillingmode of an infinite ideal hexagonal lattice
of air holes with a diameter d separated by L.

With an appropriate choice of numerical constants
(APCF � 0:7078, BPCF � 0:2997, CPCF � 0:0037, gPCF � 8),
a modified Marcuse formula [100]

w

L
� APCF

V
2=�2�g�
PCF

� BPCF

V
3=2
PCF

� CPCF

V 6
PCF

: �25�

provides an adequate accuracy of approximation of the ratio
w=L as a function of VPCF. Figure 5a compares calculations
for the mode radius as a function of the lattice constant L
performed [101] with the use of Eqn (25) (solid line) and
through a numerical solution of Eqn (18) (open circles).
Within the considered range of parameters, predictions of
the approximate formula (25) deviate from the results of
numerical simulations by less than 2%.
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Figure 5. (a) The effective radius of the guided mode in a silica PCF as a function of the lattice constant L of the hexagonal fiber cladding calculated by

using the approximation of Eqn (25) for l � 1 mm, d=L � 0:3 (dash-dotted line), 0.5 (solid line), and 0.9 (dashed line). Numerical solution of Eqn (18) is

shown by open circles. The dotted line presents the effective radius of the fundamental mode of a standard fiber with n1 ÿ n2 � 0:01 as a function of the

core size r. Photonic-crystal fiber with a hexagonal-lattice cladding is shown in the inset. (b) The profile of the group-velocity dispersion (GVD) of an

optical fiber used in calculations.
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For given d=L, the waveguide parameter VPCF provides,
similar to the V parameter of a standard fiber, a quantitative
measure of the balance between diffraction and waveguide
confinement of an optical beam. High VPCF values corre-
spond to a strong field confinement in the fiber core. In this
regime, the mode radius increases with the growth in L. For
low VPCF, a decrease in L gradually weakens field confine-
ment in the fiber core. These opposite tendencies give rise to a
minimum in the dependence of the mode radius on the lattice
constant L (Fig. 5a). An increase in d=L lowers the effective
refractive index neff of the PCF cladding, thus increasingVPCF

for a given value of L=l. When d=L is sufficiently small, the
PCF can guide only one mode (VPCF < 2 for d=L � 0:3). The
minimum mode radius is then wmin � 1:6l (dash-dotted line
in Fig. 5a). In the case of large d=L, the field is tightly confined
to the fiber core even for small L=l. In this regime, the
minimum mode radius for d=L � 0:9, wmin � 0:22l, is
achieved with L � 0:37l (dashed line in Fig. 5a).

Several technologies are currently available for the
fabrication of submicrometer-core waveguides. In fibers
fabricated by means of PCF technologies, optical radiation
can be guided along glass channels with a radius less than
200 nm [86, 87]. High values of the index contrastD, typical of
such waveguide systems, provide a strong confinement of the
field in the glass channel, enhancing a broad class of
nonlinear-optical processesÐ from self-phase modulation
and FWM to multioctave supercontinuum generation [102±
105]. Spontaneous FWM in such fibers provides an efficient
source of entangled photon pairs. The area Ae within these
pairs are generated can be tailored, as the analysis presented
in this section shows, from hundreds of nanometers to a few
micrometers.

4. Toward life-science imaging
with entangled photons

We now have enough ammunition to re-examine the limits of
the possible for bioimaging with entangled photons. With all
the effort invested within the past decades into engineering
high-quantum-yield fluorescent probes and optimizing signal
collection in various imaging schemes, there is not much that
can be done to further increase Z and z. We, therefore, keep
these parameters at the same level, Z � 1 and z � 0:1.

Impressive progress has been recently achieved in the
research aimed at designing high-s2 fluorescent markers for
multiphoton imaging. It remains to be seen, however, whether
the increase in s2 in a new generation of fluorescent probes
can be efficiently decoupled from a reduction in the surface
density # of fluorescent molecules on the cell membrane since
higher TPA cross sections are often achieved by increasing the
number of fluorophore units in a molecule, which inevitably
yields molecules with a larger size and volume. Yet, it is not
unreasonable to take s2 � 104 GM for a realistic estimate.

Enhancing the efficiency of fluorescent marker expression
in a targeted cell remains a focus of extensive research, with a
strong motivation provided by the progress in optogenetics
[66±68] and, since recently, thermogenetics [106±111]. With
all the recent achievements in this rapidly growing area of
biotechnologies [112], an on-membrane fluorescent-probe
surface density # � 105 mmÿ2 is within reach.

Achieving higher s2 and # is difficult as it involves
complex molecule design and encounters fundamental limita-
tions, some of which are still to be adequatelyunderstood.
Equations (1) and (6) provide much-needed physical insights

into the factors limiting the TPA cross sections in a
bioimaging setting. As can be seen from these formulas,
options for TPA enhancement are largely limited to an
increase in sizes of a molecule or searching for suitable
intermediate states that could reduce the frequency denomi-
nators Do. However, larger sizes of molecules will almost
inevitably lead to lower surface densities # of these molecules
on the cell membrane, while smaller Do will enhance one-
photon absorptionÐa big no-no in life-science imaging. An
order-of-magnitude increase in s2 and # is, perhaps, the best
we can hope for within the next few years. It is with these
thoughts in mind that we limit our wishful thinking to
s2 � 104 GM and # � 105 mmÿ2 in our further analysis.

Entanglement-time and entanglement-area engineering,
on the other hand, promises much faster and much more
significant returns. With a photon entanglement output of a
suitably tailored fiber-optic source confined within an
entanglement time Te � 1 fs and entanglement area Ae �
10ÿ8 cm2, the fluorescence photon count rate nph can be
increased, in accordance with Eqn (5), by 10 orders of
magnitude compared to nph in ETPA imaging performed
with a standard, Te � 100 fs, Ae � 10ÿ2 cm2 SPDC source of
entangled photons.

When combined with s2 � 104 GM and # � 105 mmÿ2,
this leads to a fluorescence photon count rate nph � 105

photons sÿ1, providing a comfortable level of signal read-
out, well above the dark count rate of standard photon
counters used in quantum optics and even laser microscopy.
Suitably engineered arrays of fiber-optic sources of entangled
photons can help further boost the ETPA-induced fluores-
cence signal and push nph to the level sufficient for video-rate
imaging.

5. Conclusion

To summarize, we have shown that that new approaches in
nonlinear and quantum optics, combined with the latest
achievements in biotechnologies, open the routes toward
efficient photon-entanglement-based strategies in MPA
microscopy that can help confront long-standing challenges
in life-science imaging. Unleashing the full potential of this
approach requires high throughputs of virus-construct
delivery, high expression efficiencies of genetically encodable
fluorescent markers, high-brightness sources of entangled
photons, as well as a thoughtful entanglement engineering in
time, space, pulse, and polarization modes. We have demon-
strated that suitably tailored nonlinear optical fibers can
deliver entangled photon pairs confined to entanglement
volumesmany orders ofmagnitude smaller than the entangle-
ment volumes attainable through spontaneous parametric
down-conversion. These ultracompact modes of entangled
photons have been shown to enable a radical enhancement of
two-photon absorption of entangled photons, opening new
avenues for quantum entanglement in life-science imaging. Is
quantum magic in life-science imaging possible? We will
know soon.
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