
Abstract. This review is based on a talk by the authors at the
field Scientific session of the Physical Sciences Division of the
Russian Academy of Sciences devoted to the 60th anniversary
of the Vereshchagin Institute for High Pressure Physics of the
Russian Academy of Sciences. The dependence of phase-dia-
gram characteristics and phase transitions on the shape of the
intermolecular potential is reviewed and analyzed for two- and
three-dimensional systems with isotropic interaction. First, the
case of monotonic repulsive and attractive parts of the potential
is considered. In particular, it is demonstrated that if the width
of the attractive part decreases, the critical point can disappear
and even go under the melting curve. In the main part of the
review, three-dimensional systems with potentials having a
negative curvature in the repulsive region, that is, with two
spatial scales in this region, are discussed in detail: in this
case, a number of crystalline phases can occur, as can maxima
on the melting curve, water-like anomalies, and liquid±liquid
transitions. The dependence of themelting scenario on the shape
of the potential in two-dimensional systems is also discussed.

Keywords: theory of liquids, effective potential, core-softened
potential, liquid anomaly, structural anomaly, diffusion
anomaly, density anomaly, two-dimensional system, melting
scenario, Berezinskii±Kosterlitz±Thouless±Halperin±Nel-
son±Young theory, Hertz potential, phase diagram

1. Introduction

This review 1 is concerned with an important and dynamically
developing modern area of condensed matter physics dealing
with so-called soft matter, including solutions of proteins,
polymers, colloids, and dust plasma. In contrast to inert
gases, whose phase diagram is known to be simple and can
be described with a high accuracy using well-known isotropic
effective Lennard-Jones-type potentials, a much more com-
plex phase behavior is observed in a number of systems, for
instance, liquid metals or water. In such systems, the
interaction is described by complex anisotropic potentials,
which in principle can be estimated by rather arduous ab
initio simulations. This brings up the question: can a family of
pairwise isotropic potentials be generalized so as to describe,
at least at a qualitative level, the observed complicated phase
behavior, including numerous crystal phases, maxima on the
melting curves, thermodynamic and dynamic water-like
anomalies, liquid±liquid-type transitions, as well as different
melting scenarios in the two-dimensional case? For this, we
consider the effect of the shape of the intermolecular potential
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on the structure of the phase diagram and the phase
transitions in two- or three-dimensional systems described
by this potential.

The simplest pairwise potential is the hard-sphere poten-
tial

U�r� � 1 ; r4 d ;
0 ; r > d ;

�
�1�

where d is the sphere diameter. The hard-sphere system was
the first to come under the scrutiny of the molecular
dynamics method [4±7]. Simulations of a hard-sphere
system showed that with increasing pressure it undergoes a
transition from a disordered phase to a face-centered cubic
(fcc) crystal. From potential (1), it is clear that the potential
energy of the system is always equal to zero. The melting
curve of the system is therefore of the form rl � const and
rc � const, where r is the density (r � N=V, with N particles
in a volume V ), and rl and rc are the liquid and crystal
densities on the phase coexistence line. In the three-
dimensional description of systems with a hard core, the
packing density Z � �p=6�rd 3 is typically used instead of the
density r. For hard spheres, the melting curve parameters
are Zl � 0:494 and Zc � 0:545. At a higher density, a stable
crystal phase exists up to Z � 0:74, corresponding to close-
packed fcc or hexagonal close-packed (hcp) lattices [8]. In
the pressure±temperature plane, the melting curve of hard
spheres is defined by the relation [9, 10]

P � c 0

d 3
T ; �2�

where c 0 � 12 is the proportionality coefficient, which can be
estimated in different ways: by computer simulations [120] or
from the equation of state for hard spheres in Carnahan±
Starling or Percus±Yevick approximations [8, 11]. Therefore,
in a system of hard spheres, the phase equilibrium line is a
straight line emanating from the origin. As follows from the
form of the free energy F��3=2�NkTÿTS for a system of
hard spheres, the phase transition in this system is controlled
exclusively by the entropic part of the free energy. As shown
by computer simulations in Ref. [12], the entropy of even a
slightly supercooled liquid of hard spheres is always lower
than that of a crystal of the same volume and temperature (see
Fig. 8 in Ref. [13]). The crystal phase of hard spheres at
sufficiently high densities has a higher entropy than the liquid
phase, because there is more free space for fluctuations about
equilibrium positions in the crystal; self-organization into a
crystal structure is entropic in nature [9, 10, 13].

The behavior simplicity of a system of hard spheres, as
well as the existence of an exact analytic solution in the
Percus±Yevick approximation, which describes the structure
and the equation of state of the liquid phase for hard
spheres, makes this system attractive for use as the initial
system in the construction of a perturbation theory describ-
ing the behavior of more complex systems [14]. In particular,
the density functional method in the theory of crystal-
lization, which is based on the theory of inhomogeneous
liquids, relies on precisely this system as the initial approx-
imation [11, 16, 17, 231].

Despite its simplicity, the system of hard spheres provides
a suitable description of several experimental facts. In
particular, it was shown in Ref. [18] that the structural
factors of liquid metals are nicely approximated by the
structural factors of effective hard spheres. In particular, the

packing densities of effective hard spheres were recently
calculated [19] on the melting curve of iron. It turns out that
these packing densities coincide with the packing density on
themelting curve of hard spheres. This testifies to the fact that
the melting of metals is determined primarily by the repulsive
potential core.

A natural generalization of the hard-sphere potential is
the soft-sphere potential

U�r� � e
�
s
r

�n

; �3�

where e; s, and n are the model parameters. The thermo-
dynamic behavior of the model exhibits scaling properties [9,
23]: the properties of a system of soft spheres can be described
in terms of the universal reduced quantity g�rs3�kBT=e�ÿ3=n,
where kB is the Boltzmann constant and T is the temperature
(the Klein theorem [9, 20±23]). The Klein theorem permits
obtaining scaling relations for the behavior of thermody-
namic quantities along the melting line [9, 22, 23]. The model
is useful in the investigation of the role of repulsion in
crystallization. The dependence of crystal structure on the
softness of the potential was studied by computer simulations
[24, 25]. The system was shown to crystallize into a close-
packed fcc structure for n > 6:25, while the body-centered
cubic (bcc) structure was shown to be stable for softer
potentials.

Similar results were also obtained for the Yukawa
potential U�r� � e exp �ÿkr�=r, where 1=k is said to be the
range of the force. As shown by computer simulationmethods
in Refs [26±29] (see also Ref. [30]), for large k (short-range
potentials), the system crystallizes into an fcc structure, while
a bcc lattice appears in the opposite case of a long-range
potential. At intermediate values of k, both phases exist with a
first-order transition between them [29, 30].

As first shown by van der Waals in his famous equation,
the attraction betweenmolecules underlies the existence of the
gas±liquid transition. As an example, we consider a system
with the Lennard-Jones potential

U�r� � 4e
��

s
r

�12

ÿ
�
s
r

�6 �
: �4�

The parameter s defines the spatial scale and e defines the
energy scale in the system. Figure 1 schematically shows the
phase diagram of the system with the Lennard-Jones
potential. It contains the gas, liquid, and crystal existence
domains, as well as the two-phase domains between them.
The phase diagram shows the triple Tt and critical Tcr points.
As is clear from Fig. 1, the liquid phase exists in the
temperature interval Tt < T < Tcr. The critical point exists
due to precisely the attractive part of the potential. The
presence of the liquid phase in the phase diagram is critically
dependent on the shape of the attractive part of the potential:
a variation in the depth of the attractive part does not change
the phase diagram structure qualitatively, but merely results
in a temperature renormalization in the phase diagram.
However, a variation in the width of the attractive part can
result in a radical restructuring of the phase diagram. This
problem has been the subject of active studies [30±33] by
computer simulations for model potentials: systems of hard
spheres with the addition of an attractive part in the form of
the Yukawa potential [31] or a rectangular attractive well [32,
33]. The liquid phase was shown to be stable when the width
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of the attractive part of the potential was about 15±20%of the
diameter of the hard-core potential.

We note that the application of the Lennard-Jones
potential to the description of real systems, first of all, rare
gases, results in serious errors at high pressures and
temperatures. The reason may be that the many-particle
interactions should not be disregarded under these condi-
tions. However, it is possible to obtain sufficiently reliable
results by using the Buckingham potential (or exp �ÿ6� [34])
parameterized for use at high pressures and temperatures [35±
37]. This potential is characterized by a softer repulsion at
short range compared with the Lennard-Jones potential and
can be written as [35]

UB�r� � e
�

6

aÿ 6
exp

��
1ÿ r

r �

��
ÿ 6

aÿ 6

�
r �

r

�6�
; �5�

where e, a, and r � are fitting parameters. The qualitative
phase diagram for potential (5) is similar to that shown in
Fig. 1.

In colloidal suspensions, the width of the attractive part
can be changed by varying the experimental conditions. For
instance, the width of the attractive potential in a colloid±
polymer mixture can be changed by increasing or decreasing
the density and the relative size of the colloids and
polymers [38]. Investigations of the behavior of different
colloidal systems, both theoretical and experimental, sug-
gest that a critical point exists at which the width of the
attractive part of the potential exceeds 15% of the hard-core
diameter [30, 40±42, 78, 139].

In connection with the existence problem of a critical
point, we note a system with the Girifalco potential [44]
proposed to describe the efficient interaction between the
C60 fullerene molecules. Qualitatively, the shape of the
Girifalco potential resembles the shape of Lennard-Jones
potential (4) (although the analytic formula is more com-
plex), but the relative width of the attractive part is much

smaller. Monte Carlo simulations [45] suggest that a stable
liquid phase is absent and the sublimation line passes above
the metastable gas±liquid transition domain [30, 45]. But the
situation is somewhat controversial: as shown in Refs [46±48]
using the method of molecular dynamics, the liquid phase
does nevertheless exist in the system, although in an extremely
narrow temperature interval. By and large, it is valid to say
that narrowing the relative width of the attractive part is
indeed responsible for the disappearance or, at least, for the
narrowing of the existence domain of the stable liquid phase.
It is commonly stated that the system exists in a homogeneous
state above the critical temperature (supercritical region). At
the same time, according to very recent investigations, in the
supercritical region we are dealing with two special lines: the
Widom line and the Frenkel line. The former was proposed in
Ref. [49] as the line of correlation length maxima above the
critical point (the correlation length diverges in approaching
the critical point). Based on the assumption that the general-
ized susceptibilities of the system (heat capacity, thermal
expansion coefficient, compressibility) are proportional to
the correlation length in the vicinity of the critical point, it was
suggested to consider this line as the continuation of the gas±
liquid or liquid±liquid transition curve, which divides the
supercritical region into gas-like and liquid-like domains (see,
e.g., Refs [52, 96, 97]). At the same time, we showed in [53±57]
that this definition does not apply to the above division
because the maxima of thermodynamic quantities decay
quite rapidly with the distance from the critical point.
Furthermore, the maxima of different thermodynamic
quantities form a `fan' of lines that coincide with the line of
the correlation function maximum only in the immediate
vicinity of the critical point and rapidly diverge from each
other with the distance from this point. In this case, their
mutual arrangement depends on the thermodynamic path
along which they can be approached. However, the gas-like
and liquid-like states do exist at temperatures well above the
melting line, including in the supercritical region. As shown in
our work by computer simulations as well as in several
experiments, these domains are separated by a dynamic
crossover line at which transverse excitations in the liquid
vanish at any frequency available in the system. This line was
termed the Frenkel line in honor of the Soviet scientist Yakov
Frenkel, who made a major contribution to liquid state
physics. We note that there are several other criteria related,
for instance, to the behavior of the velocity autocorrelation
function, to the heat capacity at constant volume, as well as to
local structure variation and positive sound dispersion [57±
72]. Unlike the Widom line, which exists only in systems with
a critical gas±liquid transition point, the Frenkel line also
exists in systems with a purely repulsive soft-sphere potential
(3). Detailed discussion of the supercritical behavior and the
Frenkel line is beyond the scope of this review and can be
found in the cited literature and review [73].

The evolution of the phase diagram of a colloidal system
as the width of the potential is varied is shown schematically
in Fig. 2, which was borrowed from [74]. A similar phase
diagram can be obtained, for instance, for the doubleYukawa
potential [75, 76] U�r��e=r �exp �ÿa�rÿ1��ÿexp �ÿb�rÿ1���;
a > b, in the framework of the van der Waals theory adapted
to describe solids [75±77]. By varying the parameters a and b,
it is possible to change the width of the potential without
changing its depth. Figure 2a shows a standard phase
diagram (see Fig. 1) corresponding to the attractive part of
the potential of a sufficiently large width. Shown below the
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Figure 1. Phase diagram of a system with Lennard-Jones potential (4) (see

Ref. [11]).

May 2020 Complex phase diagrams of systems with isotropic potentials: results of computer simulations 419



temperature of the triple point is themetastable domain of the
direct gas±solid transition (of sublimation). Figure 2b corre-
sponds to short-range attraction (less than 15% of the hard-
core diameter). In this case, the critical point of the gas±liquid
transition shifts to the metastable domain below the melting
point. In the case of an even narrower part of the attractive
potential (2% of the hard core diameter), in the metastable
domain below the melting point, apart from the gas±liquid
critical point at low density, an isostructural transition
appears between two solid phases at high density. As the
attractive part of the potential is made even narrower, a stable
isostructural transition appears between two crystal phases
C1 andC2 [45]. As recently shown inRef. [79], in the case of an
isostructural transition, there is also aWidom line, analogous
to the Widom line for the gas±liquid transition, with similar
properties.

Although the above models made it possible to describe
the formation mechanism of the main phase transitions,
melting and boiling, they do not give rise to numerous other
effects typical of many real systems. The interaction in real
systems is described by complex anisotropic potentials (for
instance, for water and silicon). In some cases, however, the
properties of these systems can be validly described by well-
known isotropic effective potentials like the Lennard-Jones
potential. At the same time, it is commonly known that
several systems, like liquid metals and water, exhibit a much
more complex phase behavior than simple systems (for
instance, rare gases) typically do and cannot be described by
simple standard potentials. This brings up the question: can
the family of isotropic potentials be generalized so as to
describe the observed anomalous behavior? We discuss this
problem in the following sections of this review.

A variety of liquids with anomalous properties different
from `normal' liquids like argon have been discovered
experimentally. The best-known representative of these
systems is water, in which more than 70 anomalies have
been discovered (see, e.g., Ref. [80]). In particular, while
normal liquids contract under isobaric cooling, water

expands at temperatures below 4 �C at atmospheric pres-
sure. Similar behavior has been observed experimentally, for
instance, in Te, S, P, Se, GeTe, SeTe [81±87, 95, 102, 109±112]
and observed in computer simulations for SiO2, S, and BeF2

[80, 90±94]. All these systems have a highest-density tempera-
ture: below this temperature, the coefficient of thermal
expansion at constant pressure becomes negative. In the
literature, this is referred to as the density anomaly.

At the same time, water exhibits anomalous behavior also
in several other aspects, for instance, in the dynamics and
structure. While the diffusion coefficient of normal liquids
decreases with increasing density or pressure, there is a phase
diagram domain for water where diffusion is enhanced as the
pressure increases. As shown experimentally, at a tempera-
ture of 283 K, the normal behavior of water sets in only at
pressures above 1.1 kbar [88].

Normal liquids tend to become more ordered under
compression. In computer simulations, this is usually char-
acterized by an increase in the integral of the radial
distribution function, which is erroneously termed the order
parameter in some papers and is defined as [174, 177, 178]

t � 1

xc

�xc
0

��g�x� ÿ 1
�� dx ; �6�

where x � rr1=3 is the interparticle distance r normalized to
the average interparticle distance rÿ1=3, g�x� is the radial
distribution function, and xc is the truncation length, which is
usually taken equal to half the side of the box that confines the
system beingmodeled. In an ideal gas, g�r� � 1 and t � 0. In a
normal liquid, the degree of ordering increases with density,
and this is attended by an increase in t, which testifies to an
increase in translation order. However, as shown in the
framework of molecular dynamics [88, 178], in water there is
a phase diagram domain in which this parameter decreases as
the density or pressure increases at a constant temperature. A
similar behavior was discovered in computer simulations of
silica [91].
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Figure 2. (Color online.) Evolution of the phase diagram under narrowing the attractive part of the potential (see Refs [74, 78]). (a) Standard phase

diagram corresponding to a sufficiently wide attractive part of the potential. Shown below the triple point temperature is the metastable region of direct

gas±solid transition (of sublimation). (b) Phase diagram of a systemwith short-range attraction (less than 15%of the hard-core diameter). In this case, the

critical point of the gas±liquid transition shifts to the metastable domain below the melting point. (c) Phase diagram for an even narrower part of the

attractive potential (2% of the hard core). In the metastable domain below the melting point, apart from the gas±liquid critical point at low density, an

isostructural transition appears between two solid phases of high density. (d) Phase diagram of a system with an extremely narrow attractive part of the

potential with a stable isostructural transition between two crystal phases C1 and C2.
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Interestingly, these anomalies in water follow a sequence
that was comprehensively determined both experimentally
and by computer simulations: in the temperature±density
plane, the structural anomaly domain completely encom-
passes the diffusion anomaly domain, which in turn contains
the density anomaly [88, 178]. However, in other liquids, this
sequence can be different. For silica, for instance, the diffusion
anomaly domain contains the structural anomaly domain,
which in turn surrounds the density anomaly domain [91].

Another anomaly that has been attracting considerable
recent attention is the possible liquid±liquid transition in a
one-component system in addition to the standard gas±liquid
critical point. The possible coexistence of two liquid phases,
the low-density liquid (LDL) and the high-density liquid
(HDL), was first discovered in selenium Se in 1989 [95]. For
water, a similar behavior was predicted on the basis of
computer simulations in 1992 [81, 88, 98]. By that time, it
was well known that water has two amorphous phases: the
low-density amorphous (LDA) and high-density amorphous
(HDA) phases separated by a sharp crossover line, which has
the character of a first-order transition [81, 96, 97]. Dis-
covered in 2001 was one more amorphous state of water,
which is more dense than the HDA [88, 99±101]. This
property, termed polyamorphism, i.e., the existence of more
than one amorphous state, is usually related to polymorph-
ismÐthe existence of more than one crystal phase of the
same substance. A typical example of a polymorphous
substance is water, which has at least 16 forms of ice.
Experimental data compatible with the notions of liquid±
liquid and amorphous-phase±amorphous-phase transitions
were obtained for silicon, selenium, and cobalt, as well as for
quasi-two-dimensional and quasi-one-dimensional water in
nanopores [81, 103±107]. Similar behavior was observed in
cerium-based metallic glasses [108]. The critical point of the
liquid±liquid transition was predicted in the framework of
computer simulations for different models of water, phos-
phorus, silicon, etc. [81, 88, 89, 93, 98]. It is pertinent to note
that direct in situ experimental observations of the transition
between a low-density molecular liquid and a high-density
polymer liquid were made only in phosphorus [73, 81, 109±
111] and maybe in sulfur [112]. The transition in phosphorus
is attended by significant structural changes and a sharp
density step (of the order of 30%), which is unambiguously
interpreted as a first-order transition.

In 1970, Hemmer and Stell [113] (see also Refs [114, 115])
proposed the model of a potential with a negative curvature
of its repulsive part (a core-softened potential). The negative
curvature of the potential has the effect that an inflection
point appears on the repulsive part of the potential, giving
rise to two characteristic scale lengths in the system. One of
them corresponds to the hard core of the potential and the
other to the distance of the inflection point from the origin.
As shown below, owing to the appearance of several
characteristic length parameters in the potential, the system
can form several structures characterized by different
interparticle distances. The simplest example of such a
potential is the hard-sphere potential with a repulsive step
added to it:

U�r� �
1 ; r4s ;
e ; s < r4s 0 ;
0 ; r > s 0 ;

(
�7�

where s is the diameter of the hard core, s 0 is the repulsive step
width, and e is its height.

SMStishov suggested calling potential (7) the potential of
`collapsing hard spheres'. A qualitative analysis of the phase
diagram of this system was done in Ref. [116] (see also
Refs [117±119]) and is presented in Fig. 3. As is clear from
Eqn (7), in the low-temperature limit ~T � kBT=e5 1, the
system reduces to hard spheres of diameter s 0, while in the
limit ~T4 1 the system is equivalent to hard spheres of
diameter s. We revert to Eqn (2) to conclude that the melting
curve at low and high temperatures can be written in a single
form P � cT=s 00 3, where c � 12 and s 00 is the diameter of the
corresponding hard sphere (s or s 0) [120]. The crossover from
the low-temperature to high-temperature behavior of the
melting curve of the system of collapsing spheres occurs for
~T � O�1�. The exact form of the phase diagram depends on
the ratio s � s 0=s. For instance, a maximum in the melting
curve would be expected to appear for sufficiently large s (see
Fig. 3), while the maximum should vanish in the limit s! 1
[116]. In the temperature domain ~T � O�1�, we can expect a
complex behavior of the system, including not only maxima
in themelting curve but also different crystal phases [121±123]
and a liquid±liquid transition [117±119, 124±128]. On the
strength of the aforesaid, in the crossover region, the system
can be regarded as an effective mixture of particles with
diameters s or s 0. Therefore, the system behaves like a
binary mixture of particles of different diameters, the
concentration of particles of each sort depending on the
temperature and density. In the subsequent discussion, such
systems are termed quasibinary.

Following the work of Hemmer and Stell, many different
models with core-softened potentials have appeared (see, e.g.,
Refs [129±137]). For example, we mention the following
potentials under active investigation:

U�r��4e
��

s
r

�12

ÿ
�
s
r

�6 �
� ae exp

�
ÿ 1

c 2

�
rÿ r0
s

�2 �
; �8�

where a, c, and r0 are parameters of the potential [130], and a
potential of the form

U�r� � UR

1� exp �D�rÿ RR�=a�

ÿUA exp

�
ÿ �rÿ RA�2

2d 2

�
�
�
a

r

�24

;
�9�

with parameters a, UR, D, d, RR, and RA [131, 132].
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Figure 3. Phase diagram of a system of collapsing hard spheres [10, 116].
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We also mention the potentials corresponding to deform-
able particles (colloids, polymer globules, star-shaped poly-
mers, etc. [138]). One such potential is the Hertz potential
[139, 158], whose properties are discussed at greater length in
Section 5.2. In particular, systems with this potential exhibit
anomalous behavior three and two dimensions [158, 140, 252,
253]. Another potential under active study, which is suited to
describe highly deformable particles and is regular at the
origin, is the Gaussian potential [141, 142] of the form

UGCM � e exp
�
ÿ
�
r

s

�2�
: �10�

The systems described by potential (10) (or its modifications
with the addition of a Gaussian attractive part) exhibit a
number of unusual properties, including water-like anomalies
and complex phase diagrams with maxima and minima in the
melting curves [143±149, 158]. Studying these models yielded
a qualitative description of several important phenomena in
phase transitions: the appearance of a maximum on the
melting curve, the formation of complex structures that had
previously been observed only in systems with anisotropic
potentials, for instance diamond structures, liquid±liquid
transitions, etc. Furthermore, studying systems with core-
softened potentials made it possible to shed light on the
emergence of anomalous behavior of liquids, which had
hitherto been largely attributed to complex many-particle
and anisotropic particle interactions in liquids.

A remark is in order here. As shown in Refs [151±153] in
the framework of the mode coupling theory [166], the system
of collapsing hard spheres allows describing not only the
liquid±glass transition but also glass±glass transitions
between two different vitreous states.

2. Three-dimensional systems
with core-softened potentials.
Potential of smoothed collapsing spheres

Our initial aimwas to use computer simulations to investigate
the behavior of a systemwith a collapsing sphere potential for
different parameter values of the potential. However, to
simplify the application of molecular dynamics techniques
to this system, we proposed a smoothed potential of the form
[154±157]

U�r�
e
�
�
s
r

�14

� 1

2

ÿ
1ÿ tanh

ÿ
k �rÿ s1�

��
: �11�

The parameters s and e define the length and energy scales.
These parameters can be used to construct the system of units
associated with the potential: ~r � r=s, ~T � kBT=e (kB is the
Boltzmann constant), etc.We use these dimensionless units in
what follows. Because only dimensionless units are used in
what follows we, omit the tildas.

Figure 4 depicts the shape of potential (11) for several s1
values. We can see that this potential consists of a hard core,
which has a power-law divergence at zero, and a smoothed
step. The parameter s1 defines the width of the repulsive step.
In what follows, this potential is referred to as the potential of
smoothed collapsing spheres (SCSs). (We note that more
recently this potential was `rediscovered' and presented under
the name `Fermi±Jagla potential' in Ref. [159]; see also, e.g.,
Ref. [160].)

A simple criterion of the possibility of anomalous
behavior of a system was proposed by Debenedetti

et al. [150]. The criterion is based on the consideration of the
behavior of the thermal expansion coefficient as a function of
the parameters of the core-softened potential. It can be shown
that according to the Debenedetti criterion, anomalous
behavior is expected for potential (11) if s1 > 1:16.

The evolution of a system described by potential (11) is
analyzed in relation to the width of the repulsive step. We
calculated the phase diagrams and thermodynamic properties
of the system of SCSs for the step widths s1 � 1:15, 1:35, 1:55,
and 1:8. The first of the s1 values is slightly less than the
critical value obtained from the Debenedetti criterion. The
phase diagram of the system of smoothed collapsing spheres
was first published in our paper [154]. Subsequent publica-
tions [155±157] have supplemented this paper by clarifying
the results obtained and adding the phase diagrams for other
potential parameter values.

The first paper [154] (see also Ref. [155]) studied the
behavior of the system of smoothed collapsing spheres with
the following parameter values defining the step width:
s1 � 1:15, 1:35, and 1:55. The phase diagram of the system
with s1 � 1:35 was complemented in subsequent study [157].
The phase diagram of the system with s1 � 1:8 was presented
in Ref. [156].

The phase diagrams and thermodynamic properties of the
systems were studied by computer simulations using the
Monte Carlo and molecular dynamics methods. These
methods are well known and are expounded, e.g., in
book [161]. In calculating the phase diagrams, the following
approach was used. At the first stage, possible crystal
structures were constructed: we selected several structures
typical of the systems under consideration, in particular,
those with core-softened potentials, and calculated their
energies as functions of the density at zero temperature.
After that, the structures most stable in a given density
range were modeled by the Monte Carlo method at a finite
temperature to obtain an approximate estimate of the
stability domain for one crystal phase or another. However,
this method of estimating the melting curves is very coarse,
and the phase diagrams obtained by such simulations cannot
be considered exact. Therefore, in the final derivation of the
lines of coexistence of different phases, we calculated their
Helmholtz free energies by the method of thermodynamic
integration [161]. The equilibrium transition densities were
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Figure 4. (Color online.) Potential of smoothed collapsing spheres for
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calculated by constructing the common tangent to the free
energies of coexisting phases as functions of the volume. The
transition pressure was obtained from the slope of the
common tangent. In this case, the abscissas of the tangency
points determine the volumes of coexisting phases (in our
case, they are solid and liquid phases) [162]. In this way, it is
possible to construct the complete phase diagram of the
system, including the coexistence domains. A disadvantage
of this approach is that the crystal phase structure does not
result from the evolution of the system in a natural way: it is
set `manually'. Selected in this case is a minimal-energy
structure at given thermodynamic parameters. This is pre-
cisely the circumstance that accounts for the appearance of
`gaps' in the phase diagrams shown below, whichmay contain
complex crystal structures with large unit cell volumes not
observed in the simulations.

To construct a phase diagram, including the phase
coexistence domain at a first-order phase transition, we can
also use the calculation of the equation of state, which then
exhibits van der Waals loops (also termed Mayer±Wood
loops in the case of two dimensions). By the well-known
Maxwell construction, it is possible to determine the phase
boundaries and the two-phase domain. This approach is
especially convenient in two dimensions (see Section 5),
when calculating the Helmholtz free energy is difficult.

2.1 Potential with step r 1 � 1:15
We begin by addressing the phase diagrams of smoothed
collapsing spheres with the smallest repulsive step among
those under consideration: s1 � 1:15. This step is so narrow
that in reality the potential is strongly different from `true'
collapsing spheres and is close to the soft-sphere potential
Usoft � e�s=r�14. Furthermore, this potential does not satisfy
theDebenedetti criterion, i.e., strictly speaking, it is not a core-
softened potential. We recall that only one crystal phase, fcc,
can exist for soft spheres with the softness index n � 14 [163].

Despite the superficial similarity of the potential under
study and soft spheres, the phase diagram of the system is
significantly different. Three crystal domains appear in the
system: a low-density fcc phase and high-density bcc and fcc
phases (Figs 5a and 5b).

The system of soft spheres with a softness index n < 6:25 is
known to crystallize into the bcc phase, while the system with
a higher index does so into the fcc phase [25]. That is why the
existence of the fcc±bcc±fcc sequence in the system under
study is an indication that the effective softness of the
potential decreases in the domain of the bcc phase stability.

Similar results were obtained in Ref. [164]. These authors
studied a system of `true' collapsing spheres, which was
defined by Eqn (7), using perturbation theory methods for
several step widths. For the step s1 � 1:16, they obtained a
qualitatively similar phase diagram with the fcc±bcc±fcc
transition sequence.

2.2 Potentials with steps r 1 � 1:35 and r 1 � 1:55.
Analogy with behavior of quasibinary systems
As the step is increased to s1 � 1:35, the potential begins to
satisfy the Debenedetti criterion. This has the effect that the
phase diagram becomes more complex.

We consider the qualitative behavior of the system with
s1 � 1:35. We begin with the study of system structure
variation along the low-temperature isotherm T � 0:1.
Figure 6a shows the radial distribution functions (RDFs) of
the system for low densities and Fig. 6b shows the RDFs for

high densities. As can be seen from Fig. 6a, for the density
r � 0:3 the RDF has the form typical of a liquid. The first
peak is located at a distance of about 1.5, which is somewhat
longer than the step width s1 � 1:35. We recall that the first
RDF peak is typically located at a distance somewhat longer
than the effective particle size. Therefore, at this density, it is
valid to say that s1 � 1:35 is the effective size of the atoms. As
the density increases to r � 0:4, the RDF assumes a typical
crystalline form. It follows from calculations of the distances
to the ith neighbors and the corresponding coordination
numbers that this is an fcc crystal with the lattice constant
a � 1:5. However, a subsequent increase in density gives rise
to a new disordered structure for r � 0:5. A characteristic
RDF feature for r � 0:5 is the existence of two peaks at the
distances r � 1:1 and r � 1:5. At lower densities, the peak at
r � 1:1 is not observed. Hence, it follows that increasing the
density from 0.4 to 0.5 leads to a significant change in the
local structure of the system, associated with a closer particle
approach to each other, or `collapse' in Stishov's terminol-
ogy [116]. Under a further increase in density, the system
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crystallizes once again, but into different phases. As is clear
from Fig. 6b, for r � 0:65, the r � 1:0 and r � 1:5 peaks
become practically equal in height. As the density increases
further, the height of the first peak increases rapidly. As this
takes place, there is a change in the configuration of the
peaks: the characteristic distances between them and the
relative heights. This indicates a change of the crystal
structures in the system.

As mentioned above, the maximum of the first peak for
particles of size s is at a distance somewhat longer than s. We
can see from Figs 6a and 6b that the effective particle size at
low densities is determined by the stepwidth s1. As the density
increases, initially a peak appears at a distance equal to the
potential core s, and then this peak begins to grow to become
equal in height to the one located at the distance equal to the
step width. Therefore, two characteristic scale lengths appear
in the system. The existence of two characteristic scale lengths
is typical of binary systems, i.e., when there are particles of two
types. In the system under consideration, there are particles of
one type, andwe are therefore dealing with a quasibinary-type
system. Under a further density increase, the peak located at
the distances defined by the potential core becomes prevalent,
i.e., at a high density the effective particle size is determined
just by the potential core. We note that this behavior of the
system is in qualitative agreement with the picture proposed
by Stishov in Ref. [116] (see Fig. 3).

Figure 7 shows the phase diagram of the system in the
density±temperature and pressure±temperature coordinates.
We can see that it consists of two low- and high-density fcc
phases and several phases between them. This form of the
phase diagram is intuitively clear. Because the potential is
purely repulsive, the particles tend to minimize the overlaps
both of `hard' cores and of steps. Therefore, for relatively
low densities, crystallization of the system occurs into a
low-density fcc phase, which corresponds to the dense
packing of the particles spaced at the step width. With
increasing density, the particles begin to approach each
other at distances shorter than the step width, and
disordering occurs. The subsequent increase in density
results in crystallization of the system. However, to
minimize the number of overlaps, the system crystallizes
into loose structures, whose coordination number increases
with density: a face-centered tetragonal (fct) lattice with
4 nearest neighbors, a simple cubic (sc) with 6, and an hcp
with 12. In the high-density limit, the system crystallizes
into the high-density fcc phase.

We note that there is a domain in the phase diagram of
this system in which we did not find a stable crystal phase.
This domain corresponds to the densities between the low-
density fcc structure and the fct phase. As discussed above,
the system under discussion exhibits the property of quasi-
binarity, which manifests itself in the existence of two
characteristic scale lengths in the one-component system. By
quasibinarity we mean the following property: under specific
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conditions, which depend on thermodynamic parameters, the
system can be treated as a mixture of two types of particles
with different hard-core diameters. Phase diagrams of binary
systems are typically more complex than those of single-
component substances. Complex structures with a large
number of particles in the elementary cell can emerge in
binary mixtures. We can expect that extremely complex
structures undetectable by the methods in use can also occur
in the case of the quasibinary system being studied. There-
fore, the system effectively behaves like a binary mixture.
Many binary systems can undergo a transition to glass.
Preliminary simulations performed in Ref. [154] suggest that
the system does undergo a transition to glass. More recently,
these simulations were confirmed by more careful simula-
tions in Ref. [167]. We also mention Ref. [168], where the
possible existence of a dodecagonal quasicrystal in the system
with the potential of smoothed collapsing spheres (11) with
s1 � 1:37 was shown. This reaffirms the high sensitivity of
the shape of phase diagrams to the parameters of the
potential.

The behavior of a system with the step s1 � 1:55 is similar
to the previous case s1 � 1:35. Also observed in this case is a
low-density fcc phase, which melts with increasing density,
i.e., the effect of reentrant melting occurs. By reentrant
melting we mean an effect due to which a system initially
crystallizes and then melts again as the density increases at
constant temperature. This effect corresponds to the phase
diagram with a maximum on the melting curve. However, the
sequence of crystal phases emerging after the `reentrant'
liquid phase is different from the previous case: simple
cubic, hexagonal, intermediate-density fcc, bcc, high-density
fcc. We note that this system also exhibits a `gap' in the phase
diagram, in which no stable crystal phase was discovered. As
in the previous case, we believe that this `gap' accommodates
some complex crystal structure, which is impossible to detect
by the methods in use, or glass.

Increasing s1 to 1.8 complicates the phase diagram still
further [156]. In particular, two gaps appear in the phase
diagram as do several new crystal phases, but the behavior of
the system remains qualitatively the same.

3. Phase diagram of a system
of smoothed collapsing spheres with attraction

In the preceding section, we considered the phase diagrams
of a system of smoothed collapsing spheres. As is evident
from the results outlined, varying the step width has a
significant effect on the phase diagram of the system. The
aim of this section is to study the effect of attractive forces
on the phase diagram of smoothed collapsing spheres. For
this, we generalize the potential by adding an attractive part
to it:

U�r�
e
�
�
d

r

�n

� l0 ÿ l1 tanh
ÿ
k1�rÿ s1�

�
� l2 tanh

ÿ
k2�rÿ s2�

�
; �12�

where n � 14, k1 � k2 � 10, and the values of parameters li
and si are given in Table 1. We considered potentials with the
steps s1 � 1:15 and 1:35. In Table 1, an ordinal number is
assigned to each system. Below, we label the systems in
accordance with the numbers in this Table. The potentials
themselves are shown in Fig. 8.

3.1 Phase diagram of a system with the step r 1 � 1:15
and attractive wells
We begin by studying the phase diagrams of systems with the
step width s1 � 1:15. As we have seen in the preceding
section, there is no reentrant melting in a purely repulsive
system with this step. Its phase diagram is relatively simple,
consisting of a liquid and a sequence of three crystal phases:
fcc±bcc±fcc. In this section, we consider the effect of
attraction on the phase diagrams of the system with the step
s1 � 1:15.

The phase diagrams of systems with a purely attractive
potential w � 0 and with the well w � 0:4 are compared in
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Table 1. Parameters of the potential defined by Eqn (12). The last column
gives the depth of the attractive well for parameters of the potential.

Number s1 s2 l0 l1 l2 Well
depth, w

1
2
3
4
5
6
7
8

1.15
1.15
1.15
1.35
1.35
1.35
1.35
1.35

0
1.35
1.35
0

1.80
1.80
1.80
1.80

0.5
0.2
0.07
0.5
0.5
0.5
0.5
0.5

0.5
0.5
0.5
0.5
0.6
0.7
0.8
0.9

0
0.30
0.43
0

0.10
0.20
0.30
0.40

0
0.4
0.6
0
0.2
0.4
0.6
0.8
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Fig. 9. Qualitatively, the shape of the phase diagram remains
the same as in the case of a purely repulsive potential. In
precisely the same way the diagram shows the liquid phase
domain and the fcc±bcc±fcc sequence. However, in compar-
ison with a purely repulsive potential, the entire phase
diagram is shifted upward and to the right: the stability
domains of all crystal phases move to higher densities and
higher temperatures.

On further deepening the attractive well, the crystal
phases shift further to a higher temperature and density
domains without any qualitative changes.

3.2 Phase diagram of a system with the step r 1 � 1:35
and attractive wells
We turn to systems with the step width s1 � 1:35 and
different well depths. We begin with a system with the well
depth w � 0:2. The phase diagrams of this system are
presented in Figs 10a and 10b. We can see that these phase
diagrams resemble those of a purely repulsive system with the
same step width. The crystal part of the phase diagram
consists of low-density fcc, fct (c=a � 1:6), hexagonal, and
high-density fcc phases. In comparison with a purely
repulsive potential, the simple cubic phase is nonexistent in
the system with the w � 0:2 well. Furthermore, the stability
temperatures of low-density phases change: while the max-
imum of the melting temperature of the low-density fcc phase
increased, the stability temperatures of the fct and hexagonal
phases decreased. In addition, the `gap' between the low-
density fcc phase and the fct phase closed and the stability
domain of the high-density fcc crystal shifted to lower
densities.

Under a further increase in the attractive well depth
(w � 0:4, w � 0:6, and w � 0:8), the general trend persists:
the temperature of the maximum of the melting curve of the
low-density fcc phase increases and the existence domain of
the hexagonal phase decreases. In addition, the `gap'
reappears between the stability domains of different crystal
structures.

We believe that in the region where no stable crystal
phases have been detected, complex crystal structures may
exist; however, they have not been detected in our work. As
discussed above, the systems under consideration have the

property of quasibinarity, i.e. exhibit several properties
characteristic of binary mixtures. The variety of structures
that can be formed by two-component systems is quite large,
which makes the quest difficult. Furthermore, the mixture
structure is highly sensitive to the details of the interaction
potential. Different parameterizations were proposed for
binary LD mixtures in Refs [170] and [171]. After the names
of their authors, these mixtures are respectively referred to as
Kob±Andersen andWahnstr�ommixtures. The crystallization
of the Kob±Andersen mixture was studied in Ref. [172]. The
Kob±Andersen system was found to crystallize into the CsCl
structure. The Wahnstr�om mixture crystallization was inves-
tigated in Ref. [173]. This systemwas shown to crystallize into
the MgZn2 structure. These results suggest that owing to the
quasibinarity, very complex structures can be observed in a
system of smoothed collapsing spheres, both with and
without attraction.

4. Anomalous behavior of a generalized system
of smoothed collapsing spheres

As mentioned above, systems with a core-softened potential
can exhibit anomalous behavior in the liquid phase, similar to
the anomalous behavior of water. We next discuss three types
of water-like anomalies [154±158, 184±190]: (1) the diffusion
anomaly, in which the diffusion coefficient increases under
isothermal liquid compression; (2) the density anomaly,
whereby the thermal expansion coefficient of the liquid
takes negative values corresponding to compression of the
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liquid under isobaric heating. At the same time, when the
liquid is heated along an isochore, the temperature depen-
dence of the pressure has a minimum. In this paper, the
position of the density anomaly is determined just from the
minimum on the isochore of the system; (3) the structural
anomaly, which manifests itself in the liquid becoming less
structured under isothermal compression, i.e., its excess
entropy increasing. Several different methods for determin-
ing the degree of the liquid structuredness were compared in
Ref. [174], and it was shown that the method of choice relies
on the excess entropy Sex�r;T � � S�r;T � ÿ Sid�r;T �, where
Sid�r;T � is the entropy of the ideal gas under the same density
and temperature.

The emergence of anomalous behavior in such systems
can be qualitatively explained as follows. As already
discussed, the systems under study can be treated as
quasibinary, which is due to the existence of two scale lengths
in the system: the potential core s and the repulsive step
width s1. As shown above, the main role can be played by one
of the scale lengths at different densities and temperatures.
Specifically, at low densities and temperatures, particles are
separated by a distance defined by the step size, while at high
temperatures by a distance defined by the potential core s. In
the intermediate density domain, both characteristic scale
lengths exert a strong influence on the properties of the
system. It is this influence that gives rise to a sequence of
several crystal structures. The interaction of different para-
meters of the system also affects the liquid properties.
Specifically, at a low density near the low-density fcc phase,
the coordination number of the liquid is close to 12, which
corresponds to the proximity to the melting line of the fcc
crystal. At the same time, the maximumof the first RDF peak
is at r � s1, which means that although the liquid structure is
rather densely packed, the packing itself can be compressed.
As the density increases, the particles begin to `fall through'
and approach to a distance equal to the potential core width.
As this takes place, the coordination number corresponding
to the distance r � s1 begins to shorten, while the number of
nearest neighbors at the distance s, i.e., at the core, increases.
Therefore, although the density increases, a larger volume
becomes available for the motion of particles. The appear-
ance of this additional volume can entail a significant change
in all properties of the system. For instance, when larger space
becomes available for particle motion, we can expect an
increase in the diffusion coefficient, i.e., the appearance of a
diffusion anomaly. On the other hand, the liquid structured at
the distance s1 transforms into a liquid with a small number
of particles at the distance s and a defect structure at the
distance s1. Therefore, with increasing density, the level of the
liquid structuredness can decrease. Lastly, the advancement
of some number of particles to the potential core distance and
its related structure `impairment' can facilitate the `fall' of
other particles to the distance s, which would result in a
density anomaly. Therefore, the physical reason for anom-
alous behavior in systems with two characteristic scale lengths
can be the competition between the two local liquid structures
determined by these scales lengths.

4.1 Anomalous behavior of a system
with a purely repulsive potential
Figure 11 shows the diffusion coefficients along isotherms,
the equations of state P�T � along isochores, and the excess
entropy along isotherms of a system with s1 � 1:35. We can
see that all three anomalies are present in the system. We

determine the existence domains of the anomalies in the rÿT
plane. Figure 11a shows the density dependence of the system
diffusion coefficient. The ascending parts of the curves, which
end with maxima, correspond to the anomalous diffusion
domains. The positions of diffusion coefficient maxima in the
rÿT plane bound the existence domain of the diffusion
anomaly. Similarly, the positions of excess entropy maxima
in Fig. 11c define the existence domain of the structural
anomaly. The behavior of the pressure as a function of the
temperature along isochores is depicted in Fig. 11b. In a
normal liquid, this is an ascending function. The boundary of
the density anomaly is determined from the position of the
minimum on this curve. This follows from the simple
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thermodynamic relation KT�qP=qT�V�qT=qr�P�ÿN=r2,
where KT is the isothermal compressibility, which is always
positive. We can see from Fig. 11b that �qT=qr�P > 0 (which
corresponds to �qV=qT �P < 0) when �qP=qT�V < 0, i.e., the
density anomaly is observed at low temperatures. The
resultant data are shown in Fig. 12. We note that Debene-
detti et al. assumed that the domains of different anomalies in
the rÿT plane are nested [91, 178]. Two nesting patterns
could be identified: in water and in liquid silica. Observed in
the case under consideration is a nearly water-like sequence of
anomalies: the domain of the density anomaly is almost
completely inside the diffusion anomaly domain, and both
of them are encompassed by the structural anomaly domain.
The anomalous behavior of other systems with a core-
softened potential has been actively studied in the literature
(see, e.g., Refs [179, 180] and the references therein). In this
case, precisely the water-like arrangement of anomalies was
revealed in all papers known to us. Figure 13 shows the
temperature dependence of the heat capacity CV in the
anomalous domain for the system with s1 � 1:35. It is
noteworthy that the heat capacity of this system is 4:4R in
the neighborhood of the melting line [181, 182], unlike that of
a normal liquid, which is close to 3R in this domain.

As the step width s1 increases, the anomalous behavior
changes. Figure 14 shows the anomalous behavior domains
for the system with s1 � 1:45. We can see that the mutual
arrangement of the anomalies is different in this case: the
diffusion anomaly moved to the lower part of the phase
diagram and approached the melting curve of the low-density
fcc phase. Next comes the density anomaly, which in turn is
inside the structural anomaly domain. This anomaly order
corresponds to neither water nor liquid silica and was first
observed in our studies [184, 185]. It is pertinent to note that
this anomaly arrangement had not been observed previously
in experiment.

Figure 15 shows the arrangement of anomalous domains
for the system with s1 � 1:55. We can see that the diffusion
anomaly disappeared, while the density anomaly and the
structural anomaly persist.

Lastly, observed in the system with s1 � 1:8 is only the
structural anomaly (see Fig. 16).

We generalize the data for the systems with different step
widths to obtain the following picture. Observed in the system
with s1 � 1:35 is the water-like ordering of the anomalies: the
density anomaly domain is inside the domain of anomalous

diffusion, which in turn is encompassed by the structural
anomaly domain. However, even in the system with
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s1 � 1:45, the situation is different: the anomalous diffusion
domain is inside the density anomaly domain. In the system
with s1 � 1:55, the diffusion anomaly vanishes, and in the
system with s1 � 1:8, the density anomaly vanishes as well.
The structural anomaly persists in all systems under con-
sideration.

4.2 Effect of attraction on the anomalous behavior
of smoothed collapsing spheres
We now consider the effect of the attractive part of the
potential on the anomalous behavior of a liquid. As an
example, we consider systems with s1 � 1:35 and with wells
w � 0:2 and w � 0:4 [157, 184±190]. Figure 17 shows the
arrangement of anomalous domains for the system with the
well w � 0:2 and Fig. 18 shows the arrangement for the
system with w � 0:4. As is clear from these figures, all curves
shift towards higher temperatures with as the well depth
increases. In this case, the rates of displacement of different
curves turn out to be different again. Aswith step broadening,
the diffusion anomaly domain turns out to be the `fastest' one.
For w � 0:2, it is almost equal to the structural anomaly and
overgrows it for w � 0:4, such that the arrangement of
anomalies becomes the same as in liquid silica [91, 189].

Therefore, in the framework of one model, we obtain
three different arrangement orders for anomalous domains
by varying the parameters of the potential: as in water, as in
silica, and a third version, with the diffusion anomaly being
inside the density anomaly. This suggests that the case of silica
is not exceptional, as was hypothesized previously, and is
defined by the features of interaction in this substance.

We recall that in Refs [91, 178] it was assumed that the
anomalous domains, when depicted on the rÿT plane, are
nested. Two nesting patterns were proposed: as for water (the
anomalous density domain is inside the anomalous diffusion
domain, which in turn is encompassed by the structural
anomaly) and as for liquid silica (density±structure±diffu-
sion, i.e., compared to water, inversion of the diffusion and
structural anomalies occurred). As shown on a rigorous
thermodynamic basis in Refs [179, 189], the density anomaly
is always inside the domain of the structural anomaly. At the
same time, the domain of anomalous diffusion behavior can
be located anywhere. A similar behavior was discovered in
our studies [184, 189] in the example of a model of smoothed
collapsing spheres with attraction. Figure 19 schematically
shows the mutual arrangement of anomalous domains deter-

mined in our work, including the water-like arrangement and
an arrangement similar to the one observed in liquid silica.
After that, the arrangement of anomalous domains was studied
in many liquids. However, in all papers known to us, the
resultant anomaly order was the same as for water. That is
why the case of liquid silica seemed to be an unusual exception
to the general rule. Our research radically changes the way we
look at the situation: as is clear from the results described
above, different nesting patterns can occur under variation of
the potential parameters even in the framework of one model.
This suggests the conclusion that liquid silica is not an exception
but is characterized by some specific ratio of the particle
interaction parameters responsible for this behavior [189].

Lastly, we briefly discuss two other significant aspects of
the anomalous behavior of systems with negative-curvature
potentials in the repulsion region (core-softened potentials).
As mentioned in the Introduction in discussing the Widom
line, an objection to this concept is the fact that the position of
this line depends on the thermodynamic path along which the
susceptibility maxima are calculated in the neighborhood of a
critical point. A similar situation also occurs in the case of the
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anomalous behavior of the systems under consideration. As
shown in Refs [186±188], the anomalous behavior depends on
the trajectory in the space of thermodynamic variables
TÿrÿP along which the calculation (or measurement) of a
specific thermodynamic or dynamic quantity is performed.
For example, Fig. 20 shows the behavior of the diffusion
coefficient as a function of density along isotherms and as a
function of temperature along isochores. As can be seen from

Fig. 20a, for relatively low temperatures, it is sufficient to
calculate (or measure) one isotherm to draw a conclusion
regarding the anomalous system behavior. At the same time,
there is no way of reaching the conclusion of anomalous
behavior from a single isochore: required is a set of isochores,
whose intersection is an indication of the diffusion anomaly.
A similar situation takes place for the other anomalies, the
density and structure ones.

As discussed in the Introduction, a possible explanation of
the anomalous behavior of water is the existence of the critical
liquid±liquid transition point [96±98], which is located deep in
the metastable supercooled domain, supposedly unattainable
in normal experiments. The existence of Widom's line
corresponding to this critical point was hypothesized in
Ref. [49]. In computer simulations, attempts have been
made to find the liquid±liquid transition in systems with a
core-softened potential [88, 124±127, 135, 136], but in this
case the Widom line had a positive slope in the PÿT
coordinates, which does not coincide with the slope of a real
transition [49]. In this connection, it is pertinent to note that
the authors of Ref. [189] discovered an analogue of the
Widom line for potential (11). This potential is purely
repulsive, and therefore attempts to discover the liquid±
liquid phase transition in this system have not met with
success. However, in the anomalous region, it was possible
to discover maxima of the heat capacity CP and compressi-
bility KT, as well as a minimum of the thermal expansion
coefficient aP. This permitted hypothesizing the existence of a
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virtual critical point located in the negative temperature
domain. In this case, the slope of the analogue of Widom's
line corresponds to the slope of Widom's line for the liquid±
liquid transition in water [49] (see Fig. 21). We note that the
critical point of the liquid±liquid transition was found in
Refs [159, 160] for a somewhat different set of parameters of
potential (12).

5. Phase diagrams and anomalous behavior
of two-dimensional systems

In this section, we consider how the space dimensionality
affects the melting scenario and the anomalous behavior of
the systems considered in the previous sections. It is well
known that the crystal state is nonexistent in the one-
dimensional case, and therefore we address the case of two-
dimensional systems, which is by far more interesting and
complex. The melting of two-dimensional systems was
considered at length in recent review [191] (see also
Refs [192±194]). Unlike three-dimensional systems, which
always melt via a single first-order transition on the strength
of symmetry considerations, fully developed fluctuations in
two dimensions result in a radical change in the possible
scenarios of melting.

As is commonly known, the crystal phase differs from an
isotropic liquid by the existence of two broken symmetries:
translational and orientational. Peierls, Landau [195±197],
and, based on the Bogoliubov theorem [198±200], more
recently Wagner and Mermin [201±203] showed that the

long-range crystal (translational) order cannot exist in two
dimensions owing to thermodynamic fluctuations and trans-
forms into a quasi-long-range order characterized by a slow
power-law decay of order-parameter correlations. On the
other hand, the true long-range orientational order (the
order in the orientations of `bonds' connecting a molecule to
its nearest neighbors) does take place in two dimensions, as
first noted byMermin [203] (see also Ref. [191]). An ordinary
isotropic liquid exists at high temperatures.

As shown by Berezinskii, Kosterlitz, and Thouless (BKT)
[204±206] (see also Refs [191, 193, 194]), the quasi-long-range
order in degenerate two-dimensional systems, to which two-
dimensional crystals also belong, breaks down due to the
dissociation of coupled topological defects. In the case of the
XY model, for instance, these are vortices. Even in the
original work [207], Kosterlitz and Thouless noted that a
two-dimensional crystal should melt via the dissociation of
dislocation pairs, which are topological defects in this case.
These defects are well defined in the presence of quasi-long-
range translational order. In a two-dimensional crystal, apart
fromquasi-long-range translational order, there is long-range
orientational order, and therefore, as noted later by Halperin
andNelson [208, 209] (see also Ref. [210]), the liquid turns out
to be anisotropic above the point of dislocation-pair dissocia-
tion. They found that the dissociation of dislocation pairs
does not break the long-range orientation order completely
but merely transforms it into a quasi-long-range one [191].
The resultant new phase received the name `hexatic' by
analogy with liquid crystals, but, unlike liquid crystals, it is
realized in systems with isotropic potentials. In the frame-
work of a rather crude analogy, the hexatic phase can be
thought of as an ordered system of hexagonal clusters
consisting of a molecule and its six nearest neighbors. In this
case, the correlation function of the orientational order
parameter for a system of hexagons decays with distance in
accordance with a power law (quasi-long-range orientational
order). In the hexatic phase, free dislocations exist, and its
shear modulus is therefore equal to zero, i.e., it is a liquid with
elements of ordering. We note that a dislocation can be
represented as a coupled pair of two disclinations. The
hexatic phase transforms into an ordinary isotropic liquid as
a result of the subsequent BKT transition via dissociation of
disclination pairs. The presented theory bears the name
Berezinskii±Kosterlitz±Thouless±Halperin±Nelson±Young
(BKTHNY) theory. In the framework of this theory, a two-
dimensional crystal should melt via two continuous BKT
transitions with an intermediate hexatic phase.

The BKTHNY theory was very popular for a long time
and gave rise to a wealth of publications, both theoretical
papers reliant on computer simulations and experimental
ones (see the references in Ref. [191]). Based on both
experiments (see, e.g., Refs [211±215]) and computer simula-
tions [216], today it is valid to say that systems with a long-
range interaction (for instance, Coulomb or dipole±dipole
interactions, and soft spheres 1=r n with exponents n4 6)melt
according to the BKTHNY scenario.

At the same time, the standard first-order transition can
also be realized. The possible mechanisms of this transition
were proposed, e.g., in Refs [191, 217±222]. It turns out in this
case that the leading role in determining the transition type is
played by the energy of the topological defect (dislocation)
core: for a low core energy, two-dimensional melting can
occur as a first-order transition as a result of, say, the
formation of grain boundaries [217, 218] or the dissociation
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of disclination quadrupoles. In the crystallization theory, it
was shown using the density functional method that the
melting scenario depends on the shape of the intermolecular
potential [223±230], but a detailed description of two-
dimensional melting scenarios in relation to the form of the
potential requires the use of computer simulations in the
majority of cases [191].

However, proposed recently was one more scenario [216,
232±234], whereby the crystal-to-hexatic phase transition is a
continuous BKT transition, while the hexatic phase trans-
forms into an isotropic liquid via a first-order transition. This
scenario is supposedly true for soft-sphere systems 1=rn with
n > 6 [216, 235], including the two-dimensional systems of
hard spheres [236]. As discussed inRef. [191], today there is no
consistent theory of a first-order transition from the hexatic
phase to an isotropic liquid. The possible mechanism is that
the BKT transition can become a first-order transition as the
core energy of the topological defect decreases [237±244].

It is noteworthy that presently there are no clear
theoretical criteria that make it possible to unambiguously
determine, proceeding from the type of the potential, which
melting scenario would be realized. We recall that the
BKTHNY theory, like computer simulations of soft spheres
[216, 235] and experiments on two-dimensional hard spheres
[236], pertains to a triangular crystal lattice. However, two-
dimensional systems with square and more complex lattices
(see, e.g., Refs [245, 246]) were found recently to which the
existing theories can be applied only conventionally to
investigate the melting scenarios. Furthermore, as discussed
in Refs [235, 247], random pinning is capable of changing the
melting scenario and transforming a first-order transition
into two-stage melting involving a continuous crystal-to-
hexatic phase transition and a first-order transition from the
hexatic phase to the isotropic liquid. Therefore, studying the
relation between the shape of the interparticle potential and
the existence of the hexatic phase is an interesting problem,
which has yet to be unambiguously solved.

5.1 Two-dimensional system with the potential
of smoothed collapsing spheres
We consider two systems that exhibit nontrivial melting
scenarios in two dimensions [248±252]. The first is the system
of smoothed collapsing spheres with potential (11). The
melting of systems with 20,000 to 100,000 particles was
simulated by the method of molecular dynamics (LAMMPS
package) [254] in NVT and NVE ensembles. Several methods
were used to determine the phase transition boundaries.
Primary estimates relied on an analysis of the equations of
state. In the case of first-order transitions, Mayer±Wood
loops [255] (a two-dimensional analogue of Van der Waals
loops) should be observable in the equations of state, which
are practically absent for continuous transitions for this
number of particles. The equations of state quite reliably
reflect the transition domains, i.e., the coexistence domains of
two phases, but do not provide information about the
transition scenario. To exactly determine the stability
boundaries of the hexatic phase and the crystal in these
simulations, we used an approach involving the long-range
behavior of the orientational and translational correlation
functions of the order parameters, which was first proposed in
our study [247]. As first shown in Ref. [209], the hexatic phase
stability boundary can be determined from the behavior of
the orientational correlation function (OCF) G6�r� / rÿZ6 ,
whose exponent must be Z6 � 1=4 in the hexatic-to-isotropic

liquid transition, while the translational correlation function
(TCF) also exhibits a power-law decay GT�r� / rÿZT with the
exponent ZT � 1=3 in the crystal±hexatic transition.

The presence of orientational and translational ordering
in the system was estimated by studying the behavior of the
corresponding order parameters and their correlation func-
tions.

A series of papers [248±250] (see also Refs [191, 256]) was
concerned with the study of the behavior of two-dimensional
systems with potential (11) and s1 � 1:35. These papers were
discussed at length in our previous review [191], and we
therefore briefly recall the main results and their further
development [251].

Figure 22 shows the phase diagram calculated by the
method of tangents to the Helmholtz free energy curves for
crystal and liquid phases [161]. This phase diagram is to be
compared to the three-dimensional case (see Fig. 7). The
phase diagram in Fig. 22 corresponds to the assumption that
all transitions are of the first order. As discussed in Ref. [191],
this phase diagram is the domain of absolute crystal stability.
However, the instability to dislocation pair dissociation can
emerge at a lower temperatureTm, which results inmelting via
a continuous BKT transition. Applying criteria based on the
behavior of the correlation functions of orientational and
translational order parameters permits elaborating the melt-
ing scenario. As it turns out (see Fig. 12 in Ref. [191]), at high
densities, the system melts via a first-order transition. The
transition between different crystal structures is also a first-
order transition. At low densities, the situation is more
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complicated: the melting in the left branch of the phase
diagram occurs via a first-order transition, and in the right
branch via a continuous crystal±hexatic transition and a
hexatic±isotropic-liquid first-order transition [191]. In this
case, random pinning may qualitatively change the melting
scenario in the case of a first-order transition and convert this
transition into two: a continuous crystal±hexatic BKT
transition and a first-order hexatic±isotropic-liquid transi-
tion [235, 247].

The shape of the two-phase domain for the square-to-
triangular lattice transition (Fig. 22a) suggests that another,
more complex, domain may reside between these two crystal
phases. Recently, in [251], a dodecagonal quasicrystalline
structure was indeed discovered in this domain (see Fig. 23).

As in the case of three dimensions, the system with
potential (11) exhibits anomalous behavior in the two-
dimensional case. However, as is evident in Fig. 24, observed
in this case is the inversion of the structural anomaly and the
diffusion anomaly, the ordering of the anomalies becoming
the same as in liquid silica (see Fig. 18).

5.2 Two-dimensional system with the Hertzian potential
An even more interesting behavior of two-dimensional
melting scenarios is exhibited by a system with the Hertzian
potential [252], which is of the form

U�r� � e
�
1ÿ r

s

�5=2

; r4s ,

0 ; r > s :

8<: �13�

This potential corresponds to the deformation energy of
elastic balls under uniaxial compression [257]. The parameter
e is related to the elastic ball characteristic as

e � 2

15

Es 3

1ÿ n 2
;

whereE is Young's modulus and n is the Poisson coefficient of
the ball material. Strictly speaking, potential (13) applies only
to small deformations and cannot be used at strong compres-
sions and densities. However, it turns out that it can be used to
qualitatively describe the behavior of soft uncharged macro-
molecules such as polymer globules and star-shaped poly-
mers.

The phase diagram of a three-dimensional systemwith the
Hertzian potential was analyzed by computer simulation
techniques in the well-known work by Frenkel et al. [258],
who showed that the phase diagram consists of a large
number of crystal phases. Furthermore, they discovered
anomalous diffusion behavior in this system. More recently,
a structural anomaly was discovered in this system [158].

The authors of Refs [259±261] reported a number of
interesting results concerning the behavior of the two-
dimensional Hertzian system, including the preliminary
form of the phase diagram, the discovery of a quasicrystal-
line phase, and low-density melting scenarios.

In our work [252], the phase diagram of Hertzian spheres
was studied in two stages. At the first stage, a system
comprising 4000 particles was simulated by the method of
molecular dynamics. The system was modeled in a rectan-
gular box with periodic boundary conditions. We considered
the density interval from rmin � 0:6 to rmax � 10:0 with the
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density increment Dr � 0:2. The system simulation included
5� 107 steps with the time increments dt � 0:001. Approx-
imate phase boundaries were determined at the second stage.
For this, we studied the equations of state of the system, the
radial distribution functions, and diffraction patterns.

Figure 25 shows the resultant phase diagram. We note
that density steps in two-dimensional systems are typically
quite small, and hence the width of the two-phase domain
turns out to be smaller than the size of symbols. We can see
that the phase diagram is extremely complicated. It is
characterized by the existence of a large number of different
phases, including complex structures like a dodecagonal
quasicrystal.

At the second stage, we studied the existence domains of
triangular and square crystals of low density inmore detail for
the purpose of determining the melting scenarios of these
systems. A system of 20,000 particles was modeled for the
triangular crystal and a system of 22,500 particles for the
square one. We studied the equation of state, the orienta-
tional and translational order parameters, and their correla-
tion functions.

We first consider the melting of the left branch of a
triangular crystal (see Fig. 25). Figure 26a shows an isotherm
of the system in the transition from a crystal to a liquid. This
isotherm is marked with the points of the loss of stability of
the crystal and hexatic phases, obtained from the conditions
ZT � 1=3 for the exponent of the translational correlation
function and Z6 � 1=4 for the exponent of the orientational
correlation function, which are shown in Figs 26b and 26c.
The resultant data allow a conclusion that the crystal-to-
hexatic transition is continuous, while the hexatic-to-liquid
transition is a first-order one.

A different picture is observed for the melting of the right
branch of a low-density triangular crystal (Figs 27a±c). As
can be seen from the figures, the right branch of the triangular
crystal melts in accordance with the BKTHNY scenario.

We consider the melting of a square crystal similarly.
Figure 28 shows the equations of state in crossing the square-
crystal melting line in the directions of decreasing and
increasing density. We can see that the equations of state
exhibit loops in both cases, which testify to the existence of a
first-order transition in the system. However, in the considera-
tion of the system correlation functions (Figs 29a±d), it turns

out that the left and right branches melt according to different
scenarios. The crystal and tetratic stability limits are plotted on
the equations of state in Fig. 28. We can see that the left
branch of the phase diagram melts according to a third
scenario (a crystal-to-tetratic BKT transition and a tetratic-
to-isotropic-liquid first-order transition), while the right one
melts according to a crystal-to-liquid first-order transition.

The resultant data permit constructing a phase diagram of
Hertzian spheres at low densities (see Fig. 30).We can see that
the diagram is extremely complicated. Apart from the usual
crystal and liquid phases, existence domains of hexatic and
tetratic phases appear.

We take a closer look at the neighborhood of the liquid±
hexatic±tetratic triple point. Figure 31 shows the system
equations of state in its neighborhood. We can see from
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these equations of state that the system exhibits two special
features. First, a loop appears in the equations of state as the
temperature decreases. We saw above that the right branch of
the triangular phase melts via the BKTHNY scenario. The
resultant equations of state allow a conclusion that as the
temperature decreases, the system passes through a tricritical
point and returns to the third melting scenario.

The second feature of the resultant equations of state is
the decrease in pressure as the temperature increases. This is
an indication of a density anomaly in the system. Figure 32
depicts the system isochores. We can see that a minimum
appears on these isochores, which confirms the existence of a
density anomaly. The position of the anomalous density
domain is shown in Fig. 30.

Therefore, in two dimensions in the framework of one
relatively simple phenomenological potential, it is possible to
obtain a broad range of physical properties: a complicated
phase diagram with a large set of crystalline structures,
including quasicrystalline states, anomalous behavior in the
liquid phase, and the amazing fact that the system can melt in
accordance with different melting scenarios in different parts
of the phase diagram, which is absolutely impossible in the
three-dimensional case.

6. Conclusions

Studies of so-called soft matter, which includes protein
solutions, polymers, colloids, and dust plasma, have to a
certain extent rekindled interest in the statistical mechanics of
systems described by relatively simple isotropic effective
potentials, which are well suited for analysis by computer
simulation techniques. Considering the relatively large size of
colloidal particles (from� 10 nm to� 10 mm), it is clear that
an ab initio calculation of interparticle interactions is
presently an insoluble problem. That is why the properties
of these systems can mostly be predicted with the use of
effective potentials, which define the structure of soft matter,
its collective dynamics, and its thermodynamics. A distinctive
feature of soft matter is the possibility of varying the shape of
the potentials at a microscopic level (adjustable potentials),
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which greatly broadens the spectrum of effective potentials
possessing physical meaning (see, e.g., Refs [262±269]). From
an applied standpoint, adjustable potentials offer broad
possibilities for the `self-assembly' of new materials [268,
270±273], which can be used in photonics, electronics,
etc. [263].

The phase diagrams obtained using effective potentials
may be qualitatively different from the case of standard
molecular systems such as rare gases, whose phase diagram
is known to be simple and adequately described by the well-

known Lennard-Jones isotropic effective potentials. In this
review, we discussed the behavior of systems with isotropic
core-softened model potentials (with negative curvature in
the repulsion region) in detail. These potentials can be used
for the qualitative description of colloids, polymer globules,
star-shaped polymers, and molecular systems, for instance
water. It is shown that adding a repulsive step to the potential
can radically change and complicate the form of the phase
diagram: a variety of new crystal phases, maxima andminima
in the melting curve, vitreous states, and anomalous beha-
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viors in the liquid phase appear. This applies not only to the
well-known water-like anomalies but also to other types of
anomalies, for instance, to the anomalous behavior of liquid
silica. Of special interest is the behavior of systems with core-
softened potentials in the repulsion region as well as of
systems with Hertzian finite potentials in the two-dimen-
sional case. Manifested in the system in this case are not only
diversified crystalline phases and liquid-phase anomalies, but
also the amazing possibility of observing different melting
scenarios in different domains of the phase diagram.

Therefore, it is safe to conclude that the use of isotropic
effective potentials permits a qualitative (and in some cases,
quantitative) description of the properties of the vast diversity
of soft matter, especially when amicroscopic ab initio study is
impossible due to limited computing capabilities.
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