
Abstract. We discuss the experimental conditions responsible
for a drastic decrease in the power threshold of parametric
decay instabilities under auxiliary electron cyclotron reso-
nance heating (ECRH) in toroidal magnetic fusion devices
when the upper hybrid (UH) resonance for the pump wave is
absent. We show that for a finite-width pump in the presence of
a nonmonotonic (hollow) density profile occurring due to plas-
ma equilibrium in the magnetic islands or anomalous particle
fluxes from the ECR layer, 3D localization of one or both
daughter waves is possible. This localization leads to the full
suppression of daughter wave energy losses from the decay layer
and a substantial increase in the nonlinear pumping efficiency.
This decreases the power threshold of nonlinear excitation,
which can be easily overcome in current ECRH experiments
utilizing 1MWmicrowave beams. Different scenarios of extra-
ordinary and ordinary wave decays are investigated. The sec-
ondary decays of primary daughter waves and pump wave
depletion are considered as the most effective mechanisms
leading to the transition of primary instability to the saturation
regime. The proposed theoretical model was shown to be able to
describe the anomalous phenomena discovered in ECRH
experiments in different toroidal fusion devices all over the
world.

Keywords: three-wave coupling, parametric decay, microwaves,
auxiliary plasma heating, toroidal devices, thermonuclear fusion

1. Introduction

1.1 Parametric decay instabilities
of inhomogeneous plasma
Powerful microwave beams are currently widely used both in
ionospheric experiments and in controlled thermonuclear
fusion facilities with magnetic confinement. At the micro-
wave energy flow densities achieved in these experiments, the
plasma behaves like a nonlinear electrodynamic medium.
This behavior, in particular, manifests itself in parametric
excitation of plasma eigenmodes, whose frequencies and
wavevectors are related by the decay resonance condition
when the pump wave field exceeds a certain threshold. The
factors that most strongly stabilize the development of
parametric decay instabilities are the spatial inhomogeneity
of the plasma and the finite size of the interaction region in the
presence of a microwave beam.

We discuss the instability of coupled modes in an
inhomogeneous infinite plasma in more detail. We consider
the parametric decay of a pump wave with a frequency o0

and a wavenumber k0x�o0; x�, which propagates along the
direction of inhomogeneity x, into two daughter waves that
also propagate along the direction of inhomogeneity. The so-
called reduced equations for coupledmode amplitudes, which
describe their nonlinear interaction with the effect of weak
inhomogeneity taken into account, can be easily derived
within the Wentzel±Kramers±Brillouin (WKB) approxima-
tion [1±4]:

qa1
qt
� u1

qa1
qx
� nda1 � n0 exp

�
ÿi
� x

DK�x 0� dx 0
�
a2 ;

�1�
qa2
qt
� u2

qa2
qx
� nda2 � n �0 exp

�
i

� x

DK�x 0� dx 0
�
a1 ;

E Z Gusakov, A Yu Popov

Ioffe Institute, ul. Politekhnicheskaya 26, 194021 St. Petersburg,

Russian Federation

E-mail: evgeniy.gusakov@mail.ioffe.ru, a.popov@mail.ioffe.ru

Received 21 February 2019, revised 22 April 2019

Uspekhi Fizicheskikh Nauk 190 (4) 396 ± 420 (2020)

Translated by M Zh Shmatikov; edited by A M Semikhatov

INSTRUMENTS ANDMETHODS OF INVESTIGATION PACS numbers: 52.35.Hr, 52.35.Mw, 52.35.Qz

Low-power-threshold parametric decay instabilities

of powerful microwave beams in toroidal fusion devices

E Z Gusakov, A Yu Popov

DOI: https://doi.org/10.3367/UFNe.2019.05.038572

Contents

1. Introduction 365
1.1 Parametric decay instabilities of inhomogeneous plasma; 1.2 Parametric decay instabilities in electron cyclotron

resonant plasma heating

2. Low-threshold decay of an extraordinary wave into two localized upper hybrid plasmons 370
2.1 Primary instability; 2.2 Saturation of instability; 2.3 Calculation of the detected signal power and spectrum

3. Parametric decay of an extraordinary wave with excitation of a single localized upper hybrid plasmon 379
3.1 Primary instability; 3.2 Saturation of the instability

4. Excitation of a localized upper hybrid plasmon in the parametric decay of an ordinary wave 383
5. Conclusions 384
6. Appendix 384

References 386

Physics ±Uspekhi 63 (4) 365 ± 387 (2020) # 2020 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

https://doi.org/10.3367/UFNe.2019.05.038572


where DK�x� � k0x�x� ÿ q1x�x� ÿ q2x�x� is the mismatch of
decay resonance conditions, q1x and q2x are the projections of
the wavevectors of the excited waves on the direction of
inhomogeneity, o1 and o2 � o0 ÿ o1 are the frequencies of
the daughter waves, u1 and u2 are the daughter wave group
velocities in the direction of inhomogeneity x, nd is the linear
amplification coefficient, and n0 is the coefficient, propor-
tional to the pump wave amplitude, that describes nonlinear
amplification and whose absolute value coincides with the
maximum growth rate of the decay instability in the theory of
homogeneous plasma. It was assumed in deriving Eqns (1)
that the plane pump wave propagates along the direction of
inhomogeneity x.

If the decay resonance condition mismatch is a linear
function of the coordinate, parametric decay is only possible
in the vicinity of the point xd where the conditions of space
synchronism or a three-wave resonance are satisfied, i.e.,
DK�xd� � 0. Solutions of system (1) can then be expressed
in terms of parabolic cylinder functions. These solutions
describe spatial amplification of the daughter waves, i.e., a
change in their amplitudes as they pass through the resonant
layer. This process can be described using the amplification
matrix elements that relate the amplitudes of the waves
incident on the resonant layer and escaping from it:
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where G�. . .� is the Euler gamma function, Z � jn0j2l 2d =
�ju1jju2j�, and ld � jqDK�xd�=qxjÿ1=2 is the size of the
resonance layer. Amplification matrix (3) was obtained in
[1±4] by ignoring changes in the pump wave amplitude that
result from nonlinear interaction. The pump wave depletion
effect was later taken into account in [5, 6], where the
amplification matrix was obtained using the methods of
inverse scattering theory [7]. However, in describing the
initial (linear in the daughter wave amplitudes) stage of the
development of the nonlinear process, pump wave depletion
does not play a significant role. The amplification matrix is
described by formulas (3) sufficiently well in this case.

An analysis of Eqns (2) and (3) shows that the loss of the
daughter wave energy in the interaction region fully sup-
presses the instability if the characteristic size of the resonance
region is significantly less than the characteristic amplifica-
tion length. The condition is satisfied if the inequality Z5 1
holds. In the case of the inverse inequality, Z > 1, parametric
excitation of plasma oscillations occurs in a resonant layer of
a finite size ld. However, the exponential increase in their
amplitudes a�t� with time is already saturated in the linear
approximation, within system (1), at the level a��1� /
a�0� exp �pZ� [1]. From a mathematical standpoint, this is a
consequence of the absence of poles in the dependence of the
amplification matrix elements on the excited wave frequen-
cies. Strictly speaking, the plasma is not unstable in this case,
and decay interaction reduces to spatial amplification of a
wide frequency spectrum of noise in the region of three-wave
resonance, often referred to as convective. The parametric
processes evolve in this case relatively sluggishly, and the
excited waves are not coherent.

According to theoretical concepts of an inhomogeneous
plasma, an absolute parametric decay instability can also be
excited, which is saturated due to higher-order nonlinear

effects. Such instability is usually excited due to spatial
amplification if conditions are satisfied for at least part of
the convective energy loss to be recuperated back to the decay
region. The development of the theory of parametric instabil-
ity of an inhomogeneous plasma made it possible to identify
the conditions under which such feedback loops can emerge.
The simplest option is realized if the spatial synchronism
conditions are satisfied not at one but at two points and the
daughter wave group velocities are oriented in opposite
directions [3, 8]. The resonance decay condition mismatch is
in this case a quadratic function of the coordinate, i.e.,
DK � DK 00�x 2 ÿ x 2

d �=2, where DK 00 is the second derivative
of the resonance condition mismatch with respect to the
coordinate x, and parametric decay is possible in the vicinity
of the two points x � �xd, where the spatial synchronism
conditions DK��xd� � 0 are satisfied.

If the distance between the resonance layers is much larger
than the size of the coherence regions, i.e., 2jxdj4jDK 00jÿ1=3�xd , the
nonlinear amplification of daughter waves in each of the
resonance layers can be considered independently. If the
directions of the daughter wave group velocities are oppo-
site, i.e., u1u2 < 0, a feedback loop can be excited between the
points �xd under the condition that [8]

S12S21 exp �iF� � exp
h
2xdnd
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where F � � xdÿxd DK�x� dx� p=2 is the phase gained by the
daughter waves in the feedback loop. Condition (4) deter-
mines characteristics of the absolute parametric decay
instability such as its growth rate, eigenfrequency spectrum,
and power threshold. In particular, the instability power
threshold is determined by the balance between amplifica-
tion and losses during the propagation of waves in the
feedback loop. The absolute instability growth rate is in this
case of the order of the inverse time of wave energy circulation
in the loop.

Another option for the emergence of a feedback loop is
the excitation of daughter waves localized in one way or
another in the vicinity of the parametric interaction region.
The convective outflow of the excited wave energy from the
decay region is not very important here because a significant
part of the energy comes back due to the localization of
one or both daughter waves [9, 10]. The parametric decay
instability can be described in this case using a perturbative
procedure [10]. At the first step, we can disregard the
attenuation of daughter waves and their nonlinear amplifica-
tion, assuming these effects to be small. This enables deter-
mination of the eigenfunctions jn�x� and jm�x� that describe
the confined oscillations. Taking the attenuation and non-
linear coupling of daughter waves in the presence of a pump
wave into account at the next step of the perturbative
procedure, we arrive at equations for the amplitudes a1 and
a2 of the eigenfunctions jn�x� and jm�x�:
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where hn0i and hnd1; 2i are the coefficients averaged over the
region in which the confined daughter waves are localized,
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System of equations (5) describes the excitation of absolute
parametric decay instability with the growth rate
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We note that excitation of parametric decay instability was
analyzed in [1±10] under the assumption of a plane pump
wave. This approximation disregards the effect of the
transverse outflow of the daughter wave energy from the
nonlinear interaction region on the threshold and the nature
of the emerging decay instability in the realistic case of a wave
beam.

The parametric decay of a spatially bounded pump (i.e.,
wave beam) propagating in a homogeneous plasma was
studied in [11] under the assumption that the daughter
waves propagate with the same velocity in opposite direc-
tions along the direction of the field distribution inhomo-
geneity in the wave beam, u1 � ÿu2 � u. System of equa-
tions (1) was analyzed that describes the interaction between
coupled modes,
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where n0�x� � n0 for ÿd4 x4 d and n0�x� � 0 otherwise. A
solution of system (7) that exponentially increases with time,
a1; 2�x; t� / exp �gt�, is continuous at x � �d, and exponen-
tially decreases at infinity (as x! �1) must satisfy the
condition

Qx tan �2Qxd� � kx ; �8�
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solutions of the dispersion equation within the beam,
ÿd4 x4 d, and outside it at x < ÿd and x > d. In the
vicinity of the parametric instability threshold, condition (8)
reduces to a simpler relation:
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which enables determining the absolute instability growth
rate in the form
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As shown in [12], absolute instability also occurs if a bounded
wave beam propagates in a spatially inhomogeneous plasma
across the inhomogeneity gradient.

Thus, the possibility of exciting absolute parametric
instability has been demonstrated in some situations, both in
the case of a spatially inhomogeneous plasma and a plane
pump wave, and in the presence of wave beams. We note that
in the situation of absolute instability, at least at its initial
stage, only a discrete spectrum of plasma oscillations is
excited, which enables regarding such an instability as a
coherent wave process.

The picture of the parametric decay instability of an
inhomogeneous plasma developed in pioneering studies [1±
4] was confirmed in model experiments especially conducted
with linear plasma devices [13±18]. Parametric phenomena
observed in these experiments were unambiguously inter-
preted as a result of spatial parametric amplification of
waves in an inhomogeneous plasma. Notably, the character-
istic structure of plasma noise in the region of spatial
amplification was visualized [13]. The experiments also
demonstrated the excitation of absolute parametric instabil-
ity of an inhomogeneous plasma that develops as a result of
spatial amplification in the presence of a feedback loop due to
the complex spatial structure of the pump wave [14, 15]. Also
observed in [16, 17] was the excitation of the absolute
parametric instability of an inhomogeneous plasma in the
presence of two decay points predicted in [3]. In particular, it
was shown experimentally that absolute parametric instabil-
ities of a nonuniform plasma occur as coherent parametric
phenomena [16±18], as predicted theoretically.

Based on the three-wave resonance interaction model
proposed in pioneering studies [1±4], the most dangerous
scenarios of parametric decays of electromagnetic waves of
various frequency ranges were studied in the late 1970s and
the early 1980s. In particular, various scenarios of parametric
decay of a pump wave [19±32] in a laser plasma were analyzed
in detail. The experimental results, which can be found in [33±
35], are in reasonable agreement with theoretical dependences
and predictions. In addition, wave decay thresholds have
been found in the lower hybrid frequency range [36±38]. The
results of this analysis are discussed in detail, with reference
to publications, in reviews [39, 40]. The experimental data
obtained using various toroidal installations [41, 42] con-
firmed the basic patterns predicted by the theory.

1.2 Parametric decay instabilities
in electron cyclotron resonant plasma heating
In the mid-1970s, the use of microwaves in the electron
cyclotron (EC) frequency range [43±45] for auxiliary plasma
heating of toroidal installations commenced (Tuman-2,
TM-3, FT-1). The first experiments on high-power electron
cyclotron resonance heating (ECRH) of plasma in toroidal
installations of controlled thermonuclear fusion were carried
out in the early to mid-1980s using the T-10 tokamak [46±49]
using efficient and relatively compact generators (`gyrotrons')
developed at the Institute of Applied Physics (IAP) of the
Russian Academy of Sciences. Since then, this heating
method has been successfully used and is now widely
employed in most toroidal installations worldwide (for
example, DIII-D, ASDEX (Axially Symmetric Divertor
EXperiment) Upgrade, Wendelstein-7AS, LHD (Large Heli-
cal Device), T-10, and Wendelstein-7X) [50±59]. Over the
years, a large amount of physical research has been carried
out on stabilizing the plasma column and suppressing its
instabilities by means of local energy deposition, pre-ioniza-
tion, and pre-heating of the tokamak plasma, and control of
the current and electron temperature profiles.

Propagation of microwaves in an inhomogeneous high-
temperature plasma has also been analyzed theoretically. In
particular, the possibility of exciting nonlinear processes,
such as parametric decay instabilities of a pump wave [60±
62], has been studied using the model developed in [1±4]. The
estimated thresholds of these nonlinear phenomena (at the
level of 1 GW for the induced scattering instability and
10 MW for the parametric decay instability) seemed to make
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these phenomena experimentally unobservable. An excep-
tion was ECRH experiments that used electron Bernstein
(EB) waves (short-wave electrostatic oscillations whose
frequency is close to the EC frequency or its harmonics),
where the upper hybrid (UH) resonance for the pump wave is
excited [63±66].

The accumulated experimental data confirmed the princi-
pal theoretical estimates and predictions. As a result, the
following understanding of this auxiliary plasma heating
method has taken shape: ECRH is technically reliable, the
pump wave energy profile can be predicted with reasonable
accuracy, and microwaves in plasma do not experience
losses due to nonlinear decay processes during propaga-
tion. Owing to this, it was recommended to use ECRH in
the newly created International Experimental Tokamak
Reactor (IETR) to heat plasma and control neoclassical
tearing instability.

However, over the past few years, a wealth of data has
been obtained that indicate the presence of anomalous
phenomena during the propagation of microwaves in the
toroidal installation plasma. In particular, abnormal radia-
tion from the plasma was recorded during ECRH in various
tokamaks and stellarators in the frequency range shifted
downward relative to the heating radiation frequency. The
discovered effect exhibited a pronounced threshold and
nonlinear character (in terms of the heating power). As a
result, the recorded signal was interpreted as anomalous
scattering of heating radiation [67±72]. The most impressive
results were obtained in detailed measurements on a
TEXTOR tokamak (Torus EXperiment for Technology
Oriented Research) [67, 70]. Auxiliary electron heating in
the region of a magnetic island was used in this setup to
control the development of neoclassical tearing instability.

The TEXTOR Tokamak is a facility for magnetic
confinement of high-temperature plasma with circular mag-
netic surfaces and the following characteristics: R0 � 1:75 m
is the major installation radius, a � 0:46m is the minor radius,
and Te � 600 eV and H � 2 T are the electron temperature
and magnetic field in the magnetic island region. An extra-
ordinary-polarization pump wave at the frequency f0 �
140 GHz was launched into the plasma in the equatorial
plane of the setup from the outer side of the torus (from the
side of a low magnetic field). The second harmonic of the EC
resonance 2oc�xECR� � o0 was located on the side of a
strong magnetic field, approximately at the radius xECR �
RECR ÿ R0 � ÿ28 cm in the region where a poloidally
rotating magnetic island crossed the equatorial plane of the
setup (Fig. 1). We note that the anomalous scattering of
microwave beams was also observed in ECRH experiments at
the fundamental harmonic of the EC resonance. In particular,
this effect was revealed in the FTU (Frascati Tokamak
Upgrade) [72] (R0 � 0:935 m, a � 0:31 m, Te � 350 eV, and
H � 4:6 T in the decay region, with f0 � 140 GHz).

In addition, the generation of fast ions was detected in
ECRH experiments [73±76]. Because there are no linear
mechanisms for the effective interaction between micro-
waves and plasma ions, this phenomenon indicated the
nonlinear nature of their behavior in plasma. Thus, the
experimental data proved to strongly disagree with the
theoretical concepts developed in [60±62]. This disagree-
ment, on the one hand, was an important scientific problem,
solving which required a theory of nonlinear wave interac-
tions in an inhomogeneous magnetized plasma to be devel-
oped, and, on the other hand, was an applied problem that

involved assessing the possibility of correctly predicting the
nature of propagation and the location where microwaves are
absorbed in thermonuclear installations.

In response to the problems encountered in explaining the
experimental data, efforts were made to clarify the nature of
these phenomena. It was noted that all the anomalous
phenomena were discovered in the discharges where the
observed plasma density profile was nonmonotonic (or
hollow, i.e., with a minimum at the discharge center). In
particular, a nonmonotonic density profile was detected in
discharges where tearing instability developed and amagnetic
island was formed. The local density maximum corresponded
to the magnetic island O-point. These data were obtained in
the TEXTOR tokamak using a RADAR reflectometer [77]
and Thomson laser scattering [78]. A nonmonotonic plasma
density profile in the presence of a magnetic island was also
recorded in the Tore-Supra tokamak using a sweeping
reflectometer [79] and in the Tuman-3M tokamak using
interferometric diagnostics [80]. A hollow density profile was
observed and the mechanism of its formation was studied
with a powerful central ECRH of plasma in the TCV
(Tokamak aÁ configuration variable), TJ-II [73±76], and T-10
tokamak [58]. According to the results of the analysis, such a
profile is formed as a consequence of anomalous convective
pump-out of plasma from the intense heating region (electron
pump-out effect).

It was suggested based on the experimental data, which
confirm the presence of a nonmonotonic plasma density
profile, that the parametric instability thresholds are signifi-
cantly reduced with such a profile [81]. This suppression can
be caused by the excitation of daughter waves localized along

q�r� � 2

Collective
Thomson
scattering

E�oa�

E�o0�E
C
R
�o

0
�

20 cm

28 cm

46 cm

Figure 1. Schematic of an ECRH experiment using the TEXTOR tokamak

[67, 70]. ECR�o0� is the electron cyclotron resonance at the frequency o0.

E�o0� is the electric field of the pump wave ato0, E�oa� is the electric field
of the plasma radiation at the frequency oa at which the plasma radiation

is measured, q�r� � rBt=�R0Bp� is the safety factor, where r is the current

small radius of themagnetic surface,Bt andBp are the current values of the

toroidal and poloidal magnetic fields, and R0 � 175 cm is the large radius

of the installation. The poloidal section of the installation is shown. A

beam of extraordinary-polarization pump waves is shown in the equator-

ial plane of the setup, which at a radius of 28 cm crosses the magnetic

island O-point (schematically represented by a shaded oval, the O-point

coinciding with its center), which rotates in the poloidal direction. The

second harmonic of the EC resonance for the pump wave is located on the

side of a strong magnetic field. Radiation from plasma is detected by an

antenna shifted from the equatorial plane by 20 cm; a � 46 cm is the small

radius of the installation. The electron temperature in the magnetic island

region is Te � 600 eV and the magnetic field isH � 2 T.
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the direction of inhomogeneity in the vicinity of a local
maximum of the density profile. Then the convective energy
losses in the nonlinear interaction region turn out to be
completely suppressed, which ensures intense nonlinear
amplification of these oscillations.

Several scenarios of low-threshold decay of an extra-
ordinary pump wave have been considered. The first of
these is the reflective parametric decay instability of induced
scattering. As this instability develops, the pump wave excites
the ion Bernstein (IB) wave confined in the direction of
inhomogeneity, which is a short-wavelength electrostatic
oscillation with a frequency close to the ion cyclotron (IC)
frequency or its harmonics, and a fast extraordinary wave at
a frequency lower than that of the pump wave by the IB
wave frequency. The extraordinary daughter wave propa-
gates in the direction opposite to that of the pump wave [81±
84]. The second scenario is the parametric decay [85±87], which
results in the generation of an EB wave confined in the
direction of inhomogeneity and an IB wave, which can leave
the nonlinear interaction region, propagating in the direction
toward the nearest harmonic of IC resonance. Confined along
the direction of inhomogeneity, the slow IB and EBwaves are
also localized in the poloidal direction due to the specific
inhomogeneity of the toroidal magnetic field excited by
external coils [81, 83, 85].

Although beam dimensions in the toroidal direction are
usually much larger than the resonance region size in the
direction of inhomogeneity, both 2D confined daughter
waves undergo significant energy losses in the toroidal
direction from the decay region that coincides with the
microwave beam `spot' on the magnetic surface. However, it
was shown in [84, 85] that due to the toroidal symmetry of the
setups, the daughter wave, which is 2D localized in radius and
poloidal angle, returns to the decay region along the outer
circumference of the torus, which can be interpreted as the
excitation of a 3D resonator for both the daughter IB wave
and the daughter EB wave in both decay scenarios. The
absolute instability can be excited in this case at a microwave
beam power that is several orders of magnitude lower than
that predicted in [60±62]. However, the growth rate of these
instabilities is small, because it is proportional to the ratio of
the transverse size of the microwave beam (i.e., the nonlinear
interaction region) to the major radius. Due to this factor, the
indicated nonlinear processes do not play a significant role in
the anomalous reflection or absorption of the pump wave
power.

The scenario of two-plasmon decay of an extraordinary
wave into two UH waves (mainly electrostatic oscillations in
the vicinity of a UH resonance) was later analyzed in [88, 89].
It was shown as a result that in the case under consideration,
both daughter UH waves can be trapped in the decay
region both in the direction of inhomogeneity, due to the
nonmonotonic plasma density profile, and within the
microwave beam. Such 3D localization enables effective
nonlinear amplification of both daughter waves. The
excitation threshold of this instability (up to 100 kW) is
significantly lower than that predicted in [60±62] (5±6 MW).
The growth rate (up to 108 sÿ1) indicates the exceptional
danger of such instability and the possibility of strong
amplification of UH wave noise from the thermal level.

An analysis of various saturation mechanisms of the
primary decay [90±93] revealed the main mechanism respon-
sible for the relaxation of the nonlinear system to a quasi-
stationary state: the secondary parametric decay instability of

daughter waves, which leads to the excitation of secondary
(tertiary, etc.) UH waves confined in plasma and IB waves.
The cascade of secondary decays can continue as long as the
generated high-frequency wave remains confined in the
vicinity of the local maximum of the plasma density. As
shown in Refs [60±62], the threshold of parametric instabil-
ity excitation whose development generates nonlocalized
UH waves cannot be exceeded for currently available
generators (gyrotrons) even if they are combined into a
group. This prevents subsequent decays in a natural way.
The nonlinear merging of various daughter UH waves can
further lead to the generation of radiation in the frequency
range shifted downward relative to the pump wave fre-
quency [93].

The proposed model made it possible to accurately
reproduce both the spectrum and the radiative temperature of
the electromagnetic radiation measured in experiments, in
particular, using the TEXTOR tokamak [67, 70]. Moreover,
this model predicts a high level of abnormal absorption of the
pump wave (up to 25% power) by daughter UH and IB
waves. We note that the low-frequency daughter IB waves
generated during secondary instability can effectively interact
with ions, leading to the generation of accelerated particle
groups observed in experiments [73±76]. The frequency of
nonlinearly excited UH waves significantly differs from that
of the pump wave, and these waves are absorbed by the
electrons at locations essentially different from those pre-
dicted under the assumption of the linear behavior of the
pump wave. The difference between the power deposition
profile and that predicted in the linear approximation can be
at least partially responsible for the phenomenon of nonlocal
heat transfer in the electron channel observed in many ECRH
experiments [58].

The model developed in Refs [88±93] has a significant
limitation: it requires the presence of conditions (discharge
parameters) under which both daughter waves can be
simultaneously localized along the direction of inhomogene-
ity. However, this combination of parameters is the exception
rather than the rule. In the general case, in a pump wave of
extraordinary and ordinary polarization decays, only one
localized daughter UH wave can be excited. The second
daughter wave quickly leaves the decay region along the
direction of inhomogeneity, and its localization is therefore
impossible. The authors of [94±97] successfully showed that a
UH wave confined in the direction of inhomogeneity can be
additionally localized within the microwave beam limits.
Thus, a universal scenario of low-threshold parametric
decay instability becomes possible: the decay of a pump
wave (with ordinary and extraordinary polarization) into
two daughter waves, one of which is a 3D localized UH wave
whose excitation threshold is substantially (two orders of
magnitude) lower than that predicted for amonotonic plasma
density profile [60±62]. An analysis of the saturation of these
instabilities in [98±100], taking mechanisms such as pump
wave depletion and the cascade of secondary decays of
primary daughter waves into account, enabled determining
the saturation level and the power anomalously absorbed by
daughter waves.

Furthermore, a low-threshold decay of an extraordin-
ary wave was analyzed in the case where a 3D localized EB
wave and an IB wave that leaves the decay region in the
direction of inhomogeneity is excited in the vicinity of the
local maximum of the density profile and within the
microwave beam [102]. This scenario, which is an alter-
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native to the scenario of two-plasmon decay into two UH
waves, may be relevant for installations with relatively low
magnetic fields [73].

The results obtained advance theoretical ideas about a
three-wave resonance interaction in 3D inhomogeneous plasma
and contribute to the theory of nonlinear wave transforma-
tions; they also enable a theoretical explanation, and some-
times a detailed description, of the anomalous phenomena
observed experimentally during ECRH in toroidal installa-
tions. They are also of great practical importance for predict-
ing the energy release region of a pump wave in the ITER.

In this review, we consider the mechanisms of low-
threshold nonlinear excitation of a localized UH wave(s) in
detail. We show that the scenarios proposed can explain the
anomalous phenomena that were observed in ECRH experi-
ments both at the second harmonic of the EC resonance
(extraordinary pumpwave) and at the fundamental harmonic
of the resonance (ordinary pump wave). To illustrate the
obtained analytic relations, we use the parameters and
experimental conditions available at the TEXTOR [67, 70]
and FTU [72] tokamaks, where the most detailed measure-
ments of the anomalous effects have been carried out and
various dependences have been obtained.

2. Low-threshold decay of an extraordinary wave
into two localized upper hybrid plasmons

2.1. Primary instability
In an inhomogeneous plasma in a toroidal setup, parametric
decay of a microwave beam occurs in the vicinity of the point
where the decay resonance conditions are satisfied. Because
the characteristic dimensions of the resonance layer are much
smaller than those of the inhomogeneous distributions of the
temperature, density, and magnetic field, it is reasonable to
use a Cartesian coordinate system �x; y; z� centered at a point
that corresponds to a local maximum of the density profile,
with the coordinate x oriented along the direction of
inhomogeneity and z directed along the magnetic field vector
H � �0; 0;H�. The field of an extraordinary electromagnetic
wave that is incident on the decay resonance layer quasi-
perpendicularly to the external magnetic field and propagates
into the plasma along the x axis has the following form in the
WKB approximation:

E0�r; t� �
���������������
o0

ck0x�x�
r

�
�
e0Ei

2
exp

�
i

� x

k0x�x 0� dx 0 � ik0zzÿ io0t

�
� c:c:

�
; �11�

where

e0 � e�o0; x� � ÿi g0e0 ex � ey �12�

is the polarization vector,Ei is the field amplitude distribution
in the beam incident on the interaction region,

Ei�x; y; z�
���
x!ÿ1

�
���������������
8p
c

P0

pd 2

r
exp

�
ÿ y 2� z 2

2d 2

�
; �13�

P0 is the beam power, d is the beam size,

k0x�x� � o0

c

����������������
e 20 ÿ g 2

0

e0

s
�14�

is the wavevector component along the direction of inhomo-
geneity, k0x 4 k0z, e0 and g0 are the components of the
dielectric permeability tensor transverse to the magnetic
field of the `cold' plasma at the frequency o0,

e0 � e�o0� � 1ÿ o 2
pe

o 2
0 ÿ o 2

c

; g0 � g�o0� � oc

o0

o 2
pe

o 2
0 ÿ o 2

c

;

oc � jocej, oce and ope are the EC and plasma frequency,
and c.c. indicates the term obtained from the first term in
the right-hand side of Eqn (11) by complex conjugation.

We only consider the case where the pump wave
propagation direction is strictly perpendicular to the external
magnetic field, k0z � 0, and the wave decays into daughter
quasi-electrostatic UH waves whose frequencies are approxi-
mately equal to half the pump wave frequency, o1 � o0=2,
o2 � o0 ÿ o1. This decay is described by the system of
equations [99]

q2E0y

qx 2
� k 2

0x�x�E0y � ÿi 4po0

c 2
J�o0� ;

�15�
D̂�f1� � 4pr1 ; D̂�f2� � 4pr2 ;

where the first equation describes attenuation of the pump
wave when it propagates through the parametric decay
region, diffraction being disregarded, and the second and
third equations describe parametric excitation of UH waves.
In a weakly inhomogeneous plasma, the integral operators in
the left-hand side of the two equations have the form

D̂�f1; 2�

�
�
dr 0 dq

�2p�3 exp
�
iq�rÿ r 0��DUH

�
o1; 2; q;

x� x 0

2

�
f1; 2�r 0� :

�16�
The integral operator kernel DUH coincides with the local
expression for the longitudinal dielectric permittivity of a
magnetoactive plasma [103] with a small electromagnetic
additive. In the vicinity of the UH resonances of daughter
waves, oUH � �o 2

c � o 2
pe�1=2 and, under the assumption that

the Larmor radius is small but finite, the functionDUH has the
form

DUH�o1; 2� � l 2Tq
4
? � eq 2

? � g 2
o 2

1; 2

c 2
� Zq 2

z ; �17�

where

q 2
? � q 2

x � q 2
y ; l 2T � ÿ

3

2

o 2
pe

o 2
1; 2 ÿ o 2

c

v 2te
o 2

1; 2 ÿ 4o 2
c

;

vte is the thermal velocity of electrons, and Z�o1; 2� �
1ÿ o 2

pe=o
2
1; 2 is the longitudinal component of the dielectric

permeability tensor of the `cold' plasma [103]. In the case of
quasitransverse propagation of daughter UHwaves along the
direction of inhomogeneity, the nonlinear charge densities r1
and r2 and the current density J�o0� � jy � i�g0=e0� jx in the
right-hand side of Eqns (15) can be represented in the WKB
approximation as (see the Appendix)

J�o0� � i
o0

4pH
w nl
e f1f

�
2 ;

�18�
r1 � ÿ

1

4p

E �0y
H

w nl�
e f2 ; r2 � ÿ

1

4p
E0y

H
w nl
e f1 ;
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where

w nl
e � q1xq2x

k0c

o0

4o 2
peo

2
c o

2
0

�o 2
0 ÿ o 2

c ��o 2
0 ÿ 4o 2

c �2

�
�
7� 3

g0
e0

o0
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ÿ 4o 2

c

o 2
0

�
: �19�

We regard the right-hand sides of Eqns (15) as small perturba-
tions and use a perturbative procedure suggested in [9]. At the
first stage of the procedure, we disregard the nonlinear
amplification, the pump wave depletion, and the propaga-
tion of UH waves along the magnetic field and take into
account that the UH resonance for daughter waves is located
in the vicinity of a local maximum of the density profile. The
WKB solutions for two uncoupled integral equations
D̂�f1� � 0 and D̂�f2� � 0 have the form [89]

f1 �
C1

2
jm�x� exp �iqyyÿ io1t� � c:c: ;

�20�
f2 �

C2

2
jn�x� exp �iqyy� io2t� � c:c: ;

where C1; 2 � const,
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1�������������

L�m�x�
p exp
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� x

x �
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q�x �m; x� dxÿ i
p
4
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� 1�������������
Lÿm�x�

p exp

�
i

� x

x �
lm

qÿx �m; x� dx� i
p
4

�
�21�

is an eigenfunction (the mth mode), and L�m�x� is the
geometric-optic length of the wave path between two turning
points �x �lm; x �rm�,

L�m�x� � D�mq

� x �rm

x �
lm

dx
�

1

D�mq�x�
� 1

Dÿmq�x�
�
:

The wavevector components in the direction of inhomogene-
ity

q�x �

���������������������������������������������������������������������������������
ÿe�x� �

�����������������������������������������������
e 2�x� ÿ 4o 2g 2�x�l 2T=c 2

q
2l 2T

ÿ q 2
y

vuut
4 qy �22�

are solutions of the dispersion equation DUH � 0 at qz � 0.
Away from the UH resonance, they describe the `warm' ���
and `cold' �ÿ� branches of theUHwave dispersion curve. The
frequencies of the daughter UH waves o1 � om and
o2 � o0 ÿ om and their poloidal wavenumbers qm; n

y satisfy
the quantization conditions�x �rm

x �
lm

ÿ
q�1x�x� ÿ qÿ1x�x�

�
dx � p�2m� 1� ;

�23��x �rn
x �
ln

ÿ
q�2x�x� ÿ qÿ2x�x�

�
dx � p�2n� 1� :

The pre-exponential factors D�mq�x�ÿ1=2 in (21), where
D�mq � jqDUH�om; q�mx�x��=qqxj, ensure the conservation of
the energy flux of UH waves along the direction of
inhomogeneity. Thus, the eigenfunctions jm�x� and jn�x�
in (21) describe noninteracting UH waves localized in the

vicinity of a local maximum of the density profile and the UH
resonance surface, which propagate strictly perpendicularly
to the magnetic field in opposite directions. The normal-
ization of the potential amplitudes was chosen such that�1
ÿ1 jjn�x�j2 dx � 1.

Figure 2, which shows an example of the density
distribution in a magnetic island (solid bold curve) [78],
displays the behavior of the dispersion curves q�1x and q�2x of
two UH waves with poloidal qy � 0:2 cmÿ1 and toroidal
qz � 0 wavenumbers and frequencies equal to half the
pump wave frequency, f1 � f2 � 70 GHz. The dashed line
is the dispersion curve of the first daughter wave, which
is shifted downward by the radial wavenumber of the
extraordinary wave, i.e., q1x ÿ k0x; the solid closed line is
the dispersion curve of the second daughter UH wave.
Both dispersion curves correspond to the oscillation eigen-
mode m; n � 6. At the points xd1; 2 where the solid and
dashed curves intersect, the decay resonance conditions for
the wavenumbers of the interacting waves are satisfied:
D�xd1; 2� � k0x ÿ q1x � q2x � 0. The parametric decay of the
pump wave occurs in the vicinity of these points in narrow
layers of the width ld1; 2 � jdD�xd1; 2�=dxjÿ1=2.

At the second step of the perturbative procedure, we
include both the energy loss of the daughter UH waves
across the direction of the plasma inhomogeneity x and their
nonlinear interaction in the presence of a pump wave, whose
depletion we initially ignored, assuming its amplitude to be
constant. As a result, the amplitudes of the excited daughter
UH waves are no longer constant: C1; 2 ! C1; 2�t; y; z�. We
substitute formula (20) in the second and third equations of
system (15). We multiply both sides of the second of these
equations by j �m�x�, and the third by j �n �x�. Next, we
integrate both equations for UH waves along the x coordi-
nate and expand the functions hDUHi in the neighborhood of
om, qm; n

y , qz � 0, where the averaging procedure h. . .i is
defined as
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dx

 
DUH

ÿ
q�1; 2x�x�; x

�
jL�m; n�x�j

�DUH

ÿ
qÿ1; 2x�x�; x

�
jLÿm; n�x�j

!
: �24�

160

120

80

40

0

3.0

2.5

2.0

1.5

1.0
24 26 28 30 32

x, cm

xd1 xd2

q
1
x
ÿ
k
0
x
,q

2
x
,c
m
ÿ1

q1x ÿ k0x

q2x

ne

n
,1

0
1
3
cm
ÿ3

Figure 2. Dispersion curve of the first UH wave shifted downward by the

pump-wave wavenumber, q1x ÿ k0x ( f
m; n
1 � 70GHz, dashed line) and the

dispersion curve of the secondUHwave q2x ( f
m; n
2 � 70GHz, solid line) at

jqm; n
y j � 0:2 cmÿ1, qz � 0, m � 6, n � 6. The density profile ne (solid bold

curve) in the presence of a magnetic island [78].
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As a result, we obtain a system of equations for the
amplitudes of nonlinearly coupled UH oscillations [89],

qa1
qt
� umy

qa1
qy
ÿ iLmz

q2a1
qz 2
�

������
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r
n0�y; z�a2 ;

�25�
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������
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r
n �0 �y; z�a1 ;
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is the nonlinear coupling coefficient, D1; 2 � DUH�o1; 2�,
D1; 2o � jqD1; 2=qoj, um; ny � hqD1; 2=qqyi=hD1; 2oi are the
group velocities averaged over the region of localization
of plasmons, which describe convective losses (the mth
and nth modes) in the poloidal direction, and Lm; nz �
hq2D1; 2=�2qq 2

z �i=hD1; 2oi are the coefficients, averaged over
the UH plasmon localization region, of the mth and nth
modes, which describe their `diffraction' losses along the
magnetic field. In Eqns (25), we normalized the daughter
UH wave amplitudes as

a1; 2 � C1; 2

�����������������������������
o1; 2hD1; 2oid 2

16Te

s
; �27�

which means that the absolute value squared of the
corresponding wave amplitude is equal to its energy density
in the decay region measured in local temperature units. We
note that for the decay illustrated in Fig. 2, o1 � o2 � om,
umy � uny � uy, Lmz � Lnz � Lz. We focus on this particular
case in what follows.

System of equations (25) describes the nonlinear coupling
of UH waves in the presence of a pump wave with a constant
amplitude and provides a suitable description of the early
(linear) stage of parametric instability.With sufficient daughter
wave amplification described by the right-hand side of
Eqns (25), even weak feedback that ensures recuperation to
the nonlinear interaction region of part of the energy lost by
these daughter oscillations due to convection or diffraction
in the decay region results in an exponential growth of the
decay wave amplitudes with time. This phenomenon is
equivalent to the excitation of the absolute instability of the
pump wave.

In the case of convective energy loss by daughter waves in
opposite directions from the nonlinear interaction region to
the exterior of the one-dimensional wave beam, such absolute
instability was first discovered by Kroll [104] in analyzing
stimulated Mandelstam±Brillouin scattering at the laser
focus; it was explored later in detail in the one-dimensional
case, in particular, by Gorbunov [11]. These studies showed
that for a certain transverse size of the wave beam, the energy
losses of daughter waves do not compensate their growth in
the strong-field region, and parametric instability can become
absolute when the growing waves are captured by the strong
field region of the pump wave.

Next, we generalize the results in [11, 104] to the physically
realistic case of a 2D wave beam. Because the equations of

system (25) are linear in the interacting wave amplitude, we
seek a solution in the geometric-optic approximation
/ exp �gt� iS�y; z��, which leads us to the equation for the
eikonal:"

uy
qS
qy
� Lz

�
qS
qz

�2
#2
ÿ ��n0�y; z���2 � g 2 � 0 : �28�

An analysis of partial differential equation (28) using the ray
tracing method showed the presence of additional 2D
localization of the UH wave trajectories on a magnetic
surface within the microwave beam `spot'. Figure 3 shows
the trajectory of a daughter wave when it is nonlinearly
coupled to the second daughter wave in the presence of
Gaussian microwave beam (13) with the power P0 � 600 kW
for various ratios between the parameters uyd and Lz.
Equation (28) can also be solved in two limit cases where the
wave energy losses from the interaction region prevail in one
of the directions (Fig. 3a, c). The partial differential equation
can be reduced in these cases to an ordinary differential
equation, and the excitation threshold and the absolute
instability growth rate can be estimated.

We begin the analysis with the case where diffraction
along the magnetic field prevails over other losses (Fig. 3a),
and the UH wave energy loss across the magnetic field can be
disregarded, and hence Eqn (28) with nonseparable variables
reduces to the equation

L2
zq

4
z ÿ

��n0�z���2 � g 2 � 0 ; �29�

where qz � qS=qz. Assuming that g4 jn0�0�j, we expand
jn0�z�j2 in a Taylor series: jn0�z�j2 � jn0�0�j2�1ÿ z 2=d 2�.
Using the quantization procedure, we obtain the instability
growth rate for the most dangerous fundamental mode in the
form [89]

g �
������������������������������������������������������������������������������������n0�0���2 ÿ �9 ���
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and the equation that determines its excitation threshold [89]
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: �31�

If convective losses across the magnetic field dominate
(Fig. 3c), Eqn (28) acquires the form

u 2
y q

2
y ÿ

��n0�y���2 � g 2 � 0 ; �32�

where qy � qS=qy. Similarly to the previous case, we assume
that g4 jn0�0�j. Therefore, jn0�y�j2 can be expanded in a
Taylor series:

��n0�y���2 � ��n0�0���2�1ÿ y 2=d 2�. Using the quan-
tization procedure, we obtain the instability growth rate for
the most dangerous fundamental mode [89]:

g �
�����������������������������������������n0�0���2 ÿ jn0�0�juy

d

r
�33�

and the equation that determines its excitation threshold [89]
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For the parameters used in the numerical solution of Eqn (28),
the instability excitation threshold is P th

0 � 28 kW (Fig. 3a)
and P th

0 � 37 kW (Fig. 3c).

We note that anomalous scattering of heating radiation
under an auxiliary ECRH of plasma in the TEXTOR tokamak
was observed whenever the magnetic island O-point passed,
in the process of its poloidal rotation, through a microwave
beam [67]. The plasma density profile in the nonlinear interac-
tion region evolved in this case, which resulted in a change in
the relation between the uyd and Lz parameters for the UH
waves confined in the direction of plasma inhomogeneity.
However, the UH waves remained localized in all these cases
within the microwave beam (see Fig. 3). Only the instability
growth rate value changed.

For the parameters we have chosen in finding the
dispersion curves of the interacting waves in Fig. 2, when
the island O-point crosses the microwave beam, the daughter
wave energy losses from the decay region along the magnetic
field dominate (Fig. 3a). The growth rate can be described in
this case by analytic formula (30). Furthermore, when the
island rotates, the losses along and across the magnetic field
become of the same order of magnitude (Fig. 3b). It is not
possible in this case to obtain an analytic expression for
the instability growth rate. During further poloidal rota-
tion, the `potential' well parameters change such that the
convective losses of the confined UH waves begin to
dominate (Fig. 3c). The growth rate is given in this case by
formula (33).

As a result of further rotation, the UH waves are no
longer confined, and this leads to a loss of instability.
Because the instability growth rate is in all cases much
larger than the island rotation frequency, 1=tr � 105 sÿ1,
but much smaller than the inverse time of the electro-
magnetic pump wave passage through the decay region,
1=ttr / 1010 sÿ1, i.e., 1=tr 5 g5 1=ttr, we can, first, disregard
the time evolution of the pump waves and, second, regard the
change in the growth rate in the process of island rotation as
an adiabatic process.

Figure 4 displays the time evolution of the instability
growth rate for the microwave beam power P0� 600 kW and
d � 1 cm. This dependence is plotted as follows. Unfilled
circles correspond to formula (30), which is suitable for
describing the case of dominating longitudinal losses, while
the filled circles correspond to formula (33), which is suitable
for the case of dominating transverse losses. The initial
moment t � 0 corresponds to the passage of the magnetic
island O-point through the beam (equatorial plane). At those
moments of time when the losses in the longitudinal and
transverse directions are of the same order of magnitude, the
analytic formulas are, strictly speaking, inapplicable. It can be
seen, however, that there is a substantial overlap between
these dependences, owing to which the g�t� behavior can be
interpolated through the entire period, until g�t� > 0. The
obtained dependence can be used to estimate the power
amplification factor: lnS � 2G � 2

�
g�t� dt � 0:74� 105, a

value that is too large even for amplification from the thermal
level of fluctuations at the UH frequency. We can expect that
the instability is saturated at a much lower level owing to
nonlinear effects and, primarily, to the excitation of second-
ary low-threshold decay instabilities related to the generation
of the UH waves confined in plasma.

2.2 Saturation of instability
We consider the saturation of the two-plasmon decay
instability with a cascade of decays of daughter UH waves
into secondary UH and IB waves, taking the pump wave
depletion due to the initial instability into consideration. To
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Figure 3. Trajectory of a UH wave that is a solution of Eqn (28):

(a) uyd5Lz, (b) uyd � Lz, and (c) uyd4Lz.
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describe the pumpwave depletion, we recall that its amplitude
changes as the wave passes through the resonant layer, i.e.,
Ei ! Ei�x�. We substitute solutions (20), (21) in the first of
Eqns (15). Because the characteristic size of the nonlinear
interaction region is much larger than its wavelength, but
much smaller than the Rayleigh length, the equation for the
Ei�x� amplitude can be obtained using the envelope
method in the WKB approximation in the form [99]

q
qx

Ei � ÿi o
2
0

c 2

�������������������
c

o0k0x�x�
r

w nl
e �x�

jm�x�j�n�x�
H

: �35�

We integrate Eqn (35) with boundary condition (13) to obtain
the amplitude of the pump wave as it passes through the
nonlinear interaction region:
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r
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2H

exp

�
ÿi
� x 0

k0x�x 00� dx 00
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; �36�

where C1 and C �2 are the daughter wave amplitudes.
Next, we obtain the equations for the secondary instabil-

ity of daughter waves (20). In this section, we discuss only a
cascade consisting of two pump wave decays as a result of
which the primary and secondary daughter waves are excited.
We focus on the secondary instability with the lowest
threshold: the parametric decay of primary longitudinal
oscillations that results in the generation of low- and high-
frequency longitudinal waves confined in the plasma [90, 91].

We begin with a description of the decay of a daughter
UH wave with an amplitude f1 into secondary UH waves
with an amplitude f01 and IB waves with an amplitude fI.
This process is described by the system of equations

D̂�f01� � 4pr 01 ; �37�
D̂�fI� � 4prI ;

where the integral operators D̂�f01� and D̂�fI� are defined
according to formula (16), but in the first equation the UH
wave dispersion function (17) serves as the integral transfor-
mation kernel and in the second equation, it is the dispersion
function of the longitudinal wave of the intermediate

frequency range (IB wave):

DIB � q 2 � we�oI� � wi�oI� ; �38�
where
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is the electron and ion susceptibilities [103], with q 2
?� q 2

x � q 2
y

and j � e; i.
To describe the interaction of three potential oscillations,

we use the kinetic description and represent nonlinear charge
densities in the form [102]�
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�
o1 ÿ �m� n�oc

� �
;

where J 0m is the derivative of the Bessel function with respect
to its argument. A detailed derivation of w nl

L is presented in
the Appendix. Similarly to the case of the primary instabil-
ity, we analyze the secondary decay using a perturbative
procedure [9]. At the first step, we ignore the nonlinear
amplification and seek a solution of the homogeneous
equations D̂�f01� � 0 and D̂�fI� � 0 in the WKB approxima-
tion in the form

f 01 �
C 01
2

jp�x� exp �iqm; n
y yÿ io 01t� � c:c: ;

�41�
fI �

CI

2
��������������
D 0Iq�x�

q exp

�
i

� x

q 0Ix�x 0� dx 0 � i�o1 ÿ o 01�t
�
� c:c: ;

whereC 01 � const andCI � const. The eigenfunctionjp�x� in
the first of expressions (41), which is defined in accordance
with formula (21), describes a UH wave localized in the
direction of inhomogeneity. The eigenfrequency of this UH
wave o 01 � o p satisfies a quantization condition similar to
(23). The IB wave wavenumber is a solution of the local
dispersion equationDIB�o1 ÿ o 01; qIx� � 0. The pre-exponen-
tial factor that contains the expression DIq � jqDIB=qqIxj in
the denominator ensures the energy flux conservation.

At the second step of the perturbative procedure, we take
the effect of nonlinear interaction between UH and IB waves
in the presence of a primaryUHwave into account, as a result
of which the amplitudes of the excited waves change. The
possibility of this secondary nonlinear interaction is illu-
strated in Fig. 5, where the dashed line shows the dispersion
curve of the secondary IB wave qIx at the zero longitudinal
component of the wavevector qIz, fI � 0:52 GHz, and the
solid lines show the sum of the wavenumbers of the primary
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Figure 4. Time dependence of the absolute instability growth rate during

the rotation of a magnetic island in ECRH experiments [67, 70].
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and secondary UH waves, q1x � q 01x, f1 � 70 GHz, f 01 �
69:47 GHz. The decay conditions are satisfied at the points
where the dispersion curves intersect, owing to which the
secondary decay instability of the primary wave becomes
possible in their vicinity. We also note that the daughter IB
wave leaves the interaction region along the direction of
inhomogeneity. For the selected parameters, the convective
energy losses by the IB wave along the x axis are dominant.
Because the IB wave wavevector is much larger than the
inverse size of the decay layer, we can use the `abridging'
procedure to derive an equation for the envelope that
describes the slow variation of the IB wave amplitude CI�r�
from the second equation of system (41) [91]:

i
q
qx

CI � 8prI��������������
DIq�x�

p exp

�
ÿi
� x

qIx�x 0� dx 0 ÿ i�o1 ÿ o 01�t
�
:

We integrate this equation and substituteCI in the right-hand
side of the first equation of system (41), which we multiply by
f 0 �1 and integrate over x. Using a normalization similar
to (27), we obtain the equation for the amplitude of the
secondary UH wave localized in the radial direction [99]

qa 01
qt
� upy

qa 01
qy
� iLpz

q2a 01
qz 2
� n1

�������
o p

om

r
ja1j2a 01 ; �42�

where upy and Lpz are the averaged group velocity and
diffraction coefficient, the averaging procedure being
defined in (24), and n1 is the coefficient that describes the
nonlinear interaction between the primary and secondary
localized UH waves:

n1 �
��w nl

L

��2
4
�������������
o pom
p hD1oihD 01oi

jej2
d 2Te

�1
ÿ1

dx
j �m�x�j �p �x���������������

DIq�x�
p

�
�1
x

dx 0
jm�x 0�jp�x 0�����������������

DIq�x 0�
p exp

�
i

� x

x 0
qIx�x 0� dx 0

�
: �43�

We can similarly describe the secondary instability of the
second primary UH wave, as a result of which secondary UH
and IB waves are excited. The equation for the second
secondary UH wave amplitude has the form [99]

qa 02
qt
ÿ upy

qa 02
qy
ÿ iLpz

q2a 02
qz 2
� n2

������
o p

o n

r
ja2j2a 02 ; �44�

where n2 is defined in accordance with formula (43),o1 ! o2,
o 01 ! o 02. Not only do the amplitudes of both primary waves
increase as a result of primary instability. These waves also
lose energy as a result of secondary decays. Given the pump
wave depletion and the secondary instability of the primary
daughterwaves, we use systemof equations (25) andEqns (42)
and (44) to derive a system of equations that describes a
cascade of the decays that results in the saturation of the
primary instability of the pump wave and takes the pump
wave depletion into account [99]:

qa1
qt
� umy

qa1
qy
ÿ iLmz

q2a1
qz 2

�
�������
om

o n

r ÿ
n0�y; z�a2 ÿ ndja2j2a1

�ÿ �������
om

o p

r
n1ja 01j2a1 ;

qa 01
qt
� upy

qa 01
qy
� iLpz

q2a 01
qz 2
�

�������
o p

om

r
n1ja1j2a 01 ; �45�
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�������
o n

om

r ÿ
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�ÿ ������
o n
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r
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qa 02
qt
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qa 02
qy
ÿ iLpz
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qz 2
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������
o p

o n

r
n2ja2j2a 02 ;

where

nd � o0�������������
omo n
p 4Te

hD1oihD2oicd 2H 2

�
�1
ÿ1

dx

���������������
o0

ck0x�x�
r

w nl
e �x��j�m�x�jn�x�

�
�1
ÿ1

dx 0
�����������������

o0

ck0x�x 0�
r

w nl
e �x 0�jm�x 0�j�n�x 0�

� exp

�
i

� x

x 0
k0x�x 0� dx 0

�
�46�

is the coefficient that describes the pump wave depletion. The
first terms in the right-hand sides of the first and third
equations in (45) describe the primary instability with the
pump wave depletion taken into account, while the second
terms in the right-hand sides of the first and third equations
and the right-hand sides of the second and fourth equations
describe the secondary instability. Similar equations describ-
ing the decay cascade of a plane pump wave, i.e., d!1,
n0�y; z� ! n0�0; 0�, were numerically solved in [105, 106]. The
numerical solution showed that the system of nonlinear
equations does not have a stationary solution in the
homogeneous case. Later, it was shown numerically and
analytically [107, 108] thatmulticomponent cnoidal waves are
a solution of a system of equations similar to (45) in the
homogeneous case. The primary instability is saturated as a
result of switching of the interacting waves from the
exponential growth mode to a strongly nonlinear oscillatory
mode, in which the oscillation frequency depends on the
amplitude of all the oscillations involved in the interaction.
Below, we show numerically and semi-analytically that the
inhomogeneity introduced into the system by the microwave
beam results in the existence of a stationary solution of the
system of nonlinear partial differential equations (45) with
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variable coefficients, which reflects the transition of the
primary instability to the saturation mode.

We now solve system of equations (45) numerically using
the finite difference method in a 2D integration region
2yB � 2zB whose dimensions are much larger than the
microwave beam size (i.e., the nonlinear interaction region),
yB; zB4 d. We set periodic boundary conditions at the
boundaries of this region. These conditions, which are in no
way related to the toroidal geometry of the tokamak, are used
to enhance the stability of the numerical scheme. Thus, the
model we are considering is a simplified one and, strictly
speaking, is only applicable in the vicinity of a microwave
beam. It does not take into account, in particular, that theUH
wave propagating inside the magnetic island approaches the
EC resonance region, in which it is completely absorbed.
Therefore, the breakdown of the established stationary state
due to recuperation of the UH wave energy, pumped out as a
result of diffraction back to the decay region, which was
predicted in the model under consideration, turns out to be
impossible. From a mathematical standpoint, in the model
problem under consideration, we are interested only in the
intermediate asymptotic behavior of the solution. In the
calculation, we choose the integration region size such that
the excited UH waves do not reach the boundaries in the
characteristic times during which the solution reaches the
intermediate saturation asymptotic behavior. In addition, we
assume that the distribution of the primary and secondary
daughter plasmons is homogeneous and determined by
thermal fluctuations, i.e., hhja1; 2j2ii � 1, hhja 01; 2j2ii � 1,
where hh. . .ii is statistical averaging over the ensemble of
fluctuations [103]. The results of a numerical solution of
system of equations (45) for a microwave beam with the
power P0 � 600 kW are displayed in Fig. 6, where the time
dependences of the UH plasmon energy averaged over the
beam (parametric decay region) are shown. The averaging
procedure is defined as

h f ipdi �
� yB

ÿyB

� zB

ÿzB

dy dz

pd 2
f �y; z� exp

�
ÿ y 2

d 2
ÿ z 2

d 2

�
: �47�

It can be seen that the energy of primary plasmons
increases exponentially at the beginning. This is shown on a

larger scale in Fig. 7, which shows the amplification of
primary UH waves (dashed-dotted line) within the micro-
wave beam and the analytic expression 2gt (solid line). The
primary instability growth rate 2g is given by Eqn (30). As
soon as the primary plasmon energy exceeds the secondary
decay threshold, a rapid increase in the secondary UH
plasmon energy can be observed (see Fig. 6). We estimate
the amplification of the secondary wave:

2Gs�t� � ln
�
��a 01�t���2�pdi� � 
��a 01�t���2�pdi jn1jjgj : �48�

In Fig. 8, we compare analytic expression (48) with the
numerical solution. A reasonable agreement between these
dependences can be seen. The dependences in Fig. 6 show that
at a certain moment the secondary plasmon energy within the
pumpwave `spot' increases to the extent that it can drastically
reduce the primary plasmon energy and diminish it to a level
that is less than the secondary instability threshold. The
secondary plasmon energy, in turn, begins to decrease, and
the primary plasmon energy again increases. As a result, the
system relaxes to the stationary state, and the saturation levels
of corresponding plasmons can be qualitatively estimated
using the following arguments. The primary plasmon energy
must be such that it can compensate the losses of the
secondary plasmons from the pump wave beam `spot' and
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drive the secondary instability to virtually the excitation
threshold,��a s

1; 2

��2 � 1

t 01; 2n1; 2
; �49�

where t 01; 2 � pd 2=Lpz. Therefore, the secondary plasmon
energy in the saturation regime must be such that the primary
instability can be kept near the excitation threshold owing to
nonlinear dissipation, i.e.,

ja 0 s1 j2 '
jn0jja s

2 j
jn1jja s

1 j
; ja 0 s2 j2 '

jn0jja s
1 j

jn2jja s
2 j
: �50�

The estimated saturation levels displayed in Fig. 6 by
horizontal dashed lines agree well with the calculation
results. Thus, the interacting wave amplitudes are non-
linearly maintained at a constant level within the beam, i.e.,
in the parametric decay region. However, due to the losses of
the daughter wave energy from the microwave beam `spot',
their energy increases in the 2D volume where the numerical
solution was obtained. We can calculate the anomalously
absorbed power by analyzing the computation results.

Figure 9 displays the evolution of energy of all daughter
plasmons in the 2D volume (in dimensionless units). It can be
seen that as the saturation is reached, the daughter plasmon
energy in the volume continues to grow, which is related to the
losses of the daughter waves from the decay region. The
relative pump wave power transferred to the daughter waves
can be found using the numerical simulation results:

DP
P0
� Te

P0

q
qt

� yB

ÿyB

� zB

ÿzB

dy dz

pd 2

ÿja1j2 � ja2j2 � ja 01j2 � ja 02j2� :
�51�

The obtained analytic estimate predicts the dependence of the
anomalous absorption of the pump wave DP=P0 on its power
in the form DP=P0 / 1=

������
P0

p
, which is confirmed by simula-

tion results.
Figure 10 shows the dependence obtained by processing

the numerical solution of system (51). The numerical
simulation results (dots) are reproduced with good accuracy
by the dependence 1=P

1=2
0 (dashed curve). This allows

estimating the fraction of power lost by the extraordinary
wave beam due to nonlinear effects. For the discharge

parameters used in the calculation and the microwave beam
power 600 kW, up to 10% of the power is absorbed
abnormally, i.e., transferred to various daughter UH and IB
waves.

2.3 Calculation of the detected signal power and spectrum
Nonlinear interaction (merging) of various daughter UH
waves excited as a result of cascade saturation of the primary
low-threshold two-plasmon instability of an extraordinary
wave may result in the generation of electromagnetic waves
whose frequencies are shifted down relative to that of the
pump wave. This mechanism allows explaining the anom-
alous scattering effect, which has been observed in many
installations [67±72]. We now discuss this effect in more
detail. In analyzing instability saturation in Section 2.2, we
considered a cascade consisting of two sequential decays of a
pump wave. In fact, the decay cascade can continue at a
relatively small amplitude of the UH waves, as long as the
`depth' of the local maximum of the density profile allows the
excited secondary UH wave to be localized in the direction of
inhomogeneity.

Figure 11 shows the behavior of the absolute value of the
radial wavenumber of daughter UH waves excited as a result
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of a decay cascade. The first three decays of the primary wave
(solid line) are seen to lead to the excitation of localized UH
waves (dashed lines). In the fourth decay, only a nonlocalized
UH wave (dashed-dotted line) can be excited. However, its
excitation threshold cannot be exceeded at a technologically
available pump wave power, which breaks the chain of
sequential decays.

We note that both primary daughter waves (41) decay, the
only difference being that after the decay of one of them, UH
and IB waves are excited that propagate in the direction
opposite to the secondary waves generated as a result of the
decay of the other. The merging of various UH waves during
a three-stage cascade saturation of the primary instability
results in the excitation of various extraordinary polarization
waves. However, only nonlinearly generated electromagnetic
waves with the frequencies

o2 � o 01
2p

� 138:96 GHz ;

o2 � o 001
2p

� 138:44 GHz ; �52�

o2 � o 0001
2p

� 137:92 GHz

can propagate outward and be detected by sensors for
diagnosing collective Thomson scattering; the frequency
values reproduce the measured radiation spectrum with a
reasonable accuracy (see Fig. 9 in [70]). We next focus on the
first frequency line �o2 � o 01�=�2p� � 138:96 GHz and
calculate the amplitude of the signal recorded by the
receiving antenna. According to [109], this amplitude can be
represented as

A�oa� � 1

4

�
js�oa; r�E��oa; r� dr : �53�

Formula (53) has a transparent physical meaning: it serves as
one of the possible statements of the reciprocity theorem. It
relates the contribution of a given point r to forming the
radiation signal described by the current density js�oa� and
the capacity of the same antenna, if it operates in the radiation
mode (E� is the field of the antenna beam of unit power), to
illuminate this point r in the plasma with the inverted
direction of the external magnetic field. Integration is
performed in Eqn (53) over the entire plasma volume. In the
nonlinear interaction region, the field E� can be represented
in the WKB approximation as [93]

E� �
���������������
oa

ckax�x�
r

e��oa�E�a �y; z�
2

� exp

�
ioatÿ i

� x

kax�x 0;Ka� dx 0 ÿ iKay

�
� c:c: ; �54�

where the initial distribution has the Gaussian shape

E�0 �y; z� �
����������
8p
cpd 2

a

s
exp

�
ÿ�yÿ ya� 2 � z 2

2d 2
a

�
;

where ya � a sin y is the vertical shift of the receiving antenna
with respect to the equatorial plane (see Fig. 1), da is the
receiving antenna size, oa=�2p� is the signal frequency,
e��oa� � e��oa� is the polarization vector (see (12)),
kax�x;Ka� � �k 2

0 �x� ÿ K 2
a �1=2 is the wavevector component

along the direction of inhomogeneity, k0�x� is the transverse
component of the wavevector (see (14)), Ka � oa sin y=c, and
y is the angle of inclination of the receiving antenna. The
convolution of the current density js�oi; r� excited as a result
of the nonlinear interaction of the primary f1�r� and
secondary f01�r� UH waves (which describes the generation
of an extraordinary wave propagating outward) with the
polarization vector e��oa� can be represented as (see
Eqns (18) and (19))

e�k �oa� jsk�oa� � ÿi oa

4pH
w nl�
e f�2f

0
1 ; �55�

where the coefficient w nl�
e is defined in (19). We substitute (54)

and (55) in (53) and integrate over the plasma volume. As a
result, we first obtain the amplitude A of the recorded signal
at a frequency of 138.96 GHz and then its power [93]:

ps�oa� �
��A�oa�

��2 � sasc
Te

teff
; �56�

where 1=teff � 4o 2
aTe=�cd 2

aH
2�,
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�����
�1
ÿ1
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pd 2
a �2 �y; z�a 01�y; z�

� exp

�
ÿiKayÿ �yÿ ya� 2 � z 2

2d 2
a

������
2

is the angular resolution of the receiving antenna, and

sc � 1

o2hD2oio 01hD 01oi

�����
�1
ÿ1

dx

���������������
oa

ckax�x�
r

w nl
e �x��������������

Lÿn �x�
p ���������������

L 0 �m �x�
p

� exp

�
i

� xÿ
q�x �m; x� ÿ qÿx �n; x� ÿ kax�x;Ka�

�
dx
������

2

;

wherem and n are the number of the radial modes of localized
UH waves, describes the efficiency of nonlinear interaction
(merging) between UH waves. Next, to estimate the radiative
temperature, we calculate the integrals in Eqn (56) using the
distributions a2�y; z� and a 01�y; z� obtained from the solution
of the system of equations that describe cascade saturation of
the primary absolute instability with the pump wave deple-
tion taken into account. As a result of numerical integration,
we obtain the following estimate for the radiation tempera-
ture:

ps�oa�
Dn

� 0:8 MeV ; �57�

where Dn � 0:15 GHz is the spectral width of the frequency
line, whose value was obtained by analyzing the experimental
spectra. Estimate (57) is close to the measured radiative
temperature ps�oa�=Dn � 1 MeV (see Figs 9 and 11 in [70]).
It can be noted in analyzing formula (56) that ps�oa�=Dn / P 2

0

[93]. As shown in Fig. 12, this dependence is in reasonable
agreement with the experimental data obtained in [67].

Thus, the developed theoretical model describes low-
threshold excitation in the vicinity of a local maximum of
the nonmonotonic density profile of two confined UHwaves.
This model enables the reproduction with reasonable accu-
racy of both the spectrum of anomalous radiation and its
radiation temperature, which were measured in [67, 70].
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Driven by this agreement between theory and experimental
data, we have to give full attention to the predicted significant
anomalous absorption of microwave power due to the excita-
tion of daughter waves. (For the decay cascade illustrated in
Fig. 11, up to 25% of the pump wave power is `input' into the
generated UH waves.)

The low-frequency IB waves excited in the decay process
leave the nonlinear interaction region to be subsequently
absorbed by ions near the nearest harmonic of the ion
cyclotron resonance. This may result in a distortion of the ion
distribution function, which provides a qualitative explana-
tion of the generation of a high-energy ion group observed
under auxiliary ECRH of plasma in various installations [73±
76].

The propagation paths of the generated daughter UH
waves differ significantly from those of the microwave pump
beam. They are absorbed by electrons far from the plasma
column areas that were predicted in the approach based on
the linear behavior of the pump wave. The difference between
the energy release profile and that predicted in the linear
approximation may be at least partially responsible for the
nonlocal heat transfer in the electron channel observed in
many experiments [58].

3. Parametric decay
of an extraordinary wave with excitation
of a single localized upper hybrid plasmon

3.1 Primary instability
We note that the concurrent parametric excitation of twoUH
waves confined in the direction of a plasma inhomogeneity,
which is considered in Section 2, is a relatively rare event
because it not only requires the existence of a nonmonotonic
density profile but also imposes stringent conditions on the
density in the local maximum and minimum. In this section,
we consider two-plasmon decay in amore frequent case where
only one of the parametrically excited UH waves is confined
in the vicinity of a local maximum density. We assume in this
case that the pump wave propagates at an angle to the
external magnetic field. In the vicinity of the decay region,
we can ignore the effects of the magnetic field shear and the
magnetic surface curvature and, as in Section 2, use a

Cartesian coordinate system �x; y; z�. In the chosen coordi-
nate system, the pump wave field can be represented in the
WKB approximation in form (11) where

k0x�x� ' o0

c

����������������
e 20 ÿ g 2

0

e0

s �
1� k 2

0zc
2

2o 2
0

Z0
g 2
0

�
: �58�

We consider parametric excitation of the longitudinal UH
waves f1 / exp �ÿio1t� and f2 / exp �i�o0 ÿ o1�t� by pump
wave (11). If the density profile is not monotonic, one of these
UHwaves can be confined in the direction of inhomogeneity.
Its potential in the absence of a pump wave is given by
Eqn (20), and its eigenfrequency o1 � om satisfies a
quantization condition similar to (23). The potential of the
second daughter wave, whose frequency is o2 � o0 ÿ om,
can be represented in theWKB approximation in the absence
of the pump wave as

f2 �
C2��������
D2q

p exp

�
i

� x

q2x�x 0; q2z� dx 0 � iq2zz� io2t

�
� c:c: ;

�59�

where q2z�k0z, C2� const, D2q� jqD2=qq2xjqx , and q2x �
q2x�q2z; x� is a solution of the local dispersion relation
D2 � DUH�o2; q2x; q2z� � 0. The explicit form of q2x is given
by a formula similar to (22).

Figure 13 displays the dispersion curves of the waves
involved in nonlinear interaction under the conditions of
ECRH experiments [67, 70]: the solid curve shows the
localized UH-wave wavenumber shifted upward by the
pump-wave wavenumber q1x � k0x, while the dashed line
shows the wavenumber of the second daughter wave. It can
be seen that as a result of the parametric decay of the pump
wave in the vicinity of the intersection points of these curves, a
UH wave and a slow UH wave that leaves the nonlinear
interaction region along the direction of inhomogeneity are
excited in the vicinity of the local maximum of the density
profile. Due to the nonlinear interaction, the daughter wave
amplitudes are no longer constant, i.e., C2 ! C2�r; t� and
Cm ! Cm�y; z; t�. Their behavior is described by the system of
two partial differential equations [94]�
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:

In deriving Eqns (60), we used the averaging procedure in (24)
and adopted the following notation: v2x and v2z are the group
velocity components, L2y is the diffraction coefficient of the
second daughter wave, Lmy and Lmz are the diffraction
coefficients of the UH wave confined along the direction of
inhomogeneity, and the nonlinear coupling coefficient w nl

e is
given by formula (19). In addition, because we can disregard
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Figure 12. Radiation temperature measured in the experiment (unfilled

circles) [67] and predicted by the analytical model (56) (filled circles) as a

function of microwave beam power.

April 2020 Low-power-threshold parametric decay instabilities of powerful microwave beams in toroidal fusion devices 379



the pumpwave depletion in describing the primary instability,
we assume that its amplitude depends only on the transverse
coordinates and is determined by the boundary conditions,
i.e., Ei�x; y; z� ! Ei�y; z� � Ei�x; y; z�jx!ÿ1.

Furthermore, we assume that the instability growth rate g
is much smaller than the inverse time t of the convective and
diffraction losses by the second daughter wave in the decay
region:

gt5 1 : �61�
We use this inequality below to check the validity of our
assumption after clarifying the possibility of exciting absolute
instability and determining its growth rate. For the para-
metric decay shown in Fig. 13, the main energy loss of the
nonconfined daughter wave is its loss along the direction of
inhomogeneity. In this case, in the left-hand side of the first
equation in (60), we can keep only the term that describes the
wave convection in the direction x,

v2x
q
qx
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e
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i
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�
dx 0
�
: �62�

We integrate Eqn (62), taking the boundary condition
C2jx!1 � 0 into account. We thus obtain the amplitude of
the second daughter wave as

C2 � Ei�y; z�
2H

Cm

�1
x

dx 0
���������������������������������
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� jm�x 0� exp
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�
dx 00

�
: �63�

Substituting Eqn (63) in the right-hand side of the second
equation in (60), we arrive at the following equation for the
amplitude of the UH wave confined in the direction of
inhomogeneity in the vicinity of a local maximum of the
plasma density profile [94]:�
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where the nonlinear amplification factor is
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In Eqn (65), we used the normalization of the amplitude
similar to normalization (27).

It is noteworthy that in contrast to the parametric decay of
a pump wave into two localized UH waves, the parametric
instability under consideration is described by a single partial
differential equation with variable coefficients. We show in
what follows that this equation has particular solutions that
grow exponentially in time, i.e., that it describes absolute
instability. We represent the sought UH wave amplitude in
the form

a1 � a10 exp �gt� ; �66�

where a10 is a function of coordinates. Substituting (66) in
(64), we obtain an equation for the amplitude a10:�

g� iLmy
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� iLmz

q2

qz 2

�
a10 � n0�y; z�a10 : �67�

If the pump wave power is so large that the nonlinear
amplification of the daughter UH wave localized in the
direction of the inhomogeneity is much greater than the
diffraction loss of its energy in the nonlinear interaction
region, i.e., L1y; z=�pd 2�5 n0, we can expand the coefficient
in the right-hand side of (67) in a series, n0�y; z� �
n0�0; 0� ÿ n0�0; 0��y 2 � z 2�=d 2, to obtain the equation [94]�
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�
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�68�

which has the form of the stationary Schr�odinger equation
with a complex-valued parabolic potential. Unless indicated
otherwise, in Eqn (68) and below, n0�0; 0� ! n0. A particular
solution of Eqn (68) is given by the eigenfunctions cs�y� and
cr�z� expressed in terms of the Hermite polynomials,

ct�x� � exp

�
ÿ x 2

2d 2
x

�
Ht

�
x
dx

�
�69�

with t � s; r, and x � y; z; here, Ht is a Hermite polynomial
and

dx �
L1=4

mx d
1=2 exp �ÿip=8ÿ i arg n0=4�

n 1=40

:

Thus, the approximate solution of Eqn (64) describes a UH
wave that is localized along the coordinates y and x (i.e., on a
magnetic surface within a microwave beam) [94]:

a1 � exp �gs; st� idos; st�cs�y�cr�z� : �70�

The growth rate and correction to the frequency of this wave
are found from the quantization condition and can be
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expressed explicitly as [94]
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The threshold of parametric instability accompanied by the
generation of a 3D-localized UH wave is determined by the
equation [94]
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Next, we solve Eqn (64) numerically. The results of the
numerical solution obtained for the parametric decay dis-
played in Fig. 13 are shown in Figs 14±16. Figure 14
represents the spatial distribution of the UH wave energy
along the y direction. It can be seen that the shape of the
ja1�y; 0; t�j2 distribution does not change in time, which
indicates that an eigenfunction of this equation is excited.
Figure 15 compares the distribution ja1�y; 0; t0�j2 (solid curve)
at t0 � 5� 10ÿ7 s with the analytic solution jcs�y�j2 (see
Eqn (69)) for the fundamental mode s � 0, which is shown
by a dashed curve. Similarly, the shape of the wave energy
distribution ja1�0; z; t�j2 along the magnetic field does not
change in time either and is described well by the analytic
dependence.

Thus, the numerical solution indicates the excitation of
the UH wave eigenmodes localized within the microwave
beam. The amplitude of these modes increases exponentially
with growth rate given by (71) (see Fig. 16), which indicates
the excitation of absolute decay instability. The instability
threshold determined from the computation is in agreement
with the value P th

0 � 37 kW that can be obtained analytically
from Eqn (72). Because the characteristic time for which the
second unconfined daughter wave leaves the nonlinear

interaction region is of the order of t � 0:5� �10ÿ8ÿ10ÿ9� s
(depending on the parameters), assumption (61) that was used
to describe the convective losses of its energy is valid. At the
same time, the instability growth rate is such that the excited
localized UH waves undergo a significant increase from the
thermal fluctuation level. Most likely, the parametric decay
instability is saturated due to the secondary instability of the
daughter UHwave.We discuss this process in Section 3.2 and
evaluate the saturation levels of daughter waves and the
proportion of power lost by the microwave beam.

3.2 Saturation of the instability
We consider the saturation of the decay instability of the
pump wave as a result of the secondary low-threshold decay
of the primary localized UH wave. If a local density
maximum is sufficiently high, it is natural to expect that
the primary UH wave decays into a secondary UH wave,
localized, like the primary wave, in the direction of
inhomogeneity in the vicinity of the local density max-
imum, and the IB wave that freely propagates along the x
coordinate. To analyze the saturation mechanism from a
conceptual perspective, we explore only the secondary
instability, disregarding higher-order parametric processes.
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The equation for the amplitude a 01 of the secondary UH
wave eigenmode p (see Eqn (41)) can be obtained similarly
to Eqn (42) in the form [100]�
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�
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�������
o p
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r
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where Lpy and Lpz are the diffraction coefficients of the mode
p, and n1 is the nonlinear coupling coefficient defined in
Eqn (43). If the secondary decay of the primary wave is
taken into account in Eqn (64), the system of equations that
describe the two-step cascade decay of the pump wave
becomes [100]�
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In the case of a plane pump wave, i.e., d!1, n0�y; z� !
n0�0; 0�, the solution of system of equations (73) is given by
multicomponent cnoidal waves [107, 108]. These solutions
describe the transition of interacting waves from the exponen-
tial growth mode to a strongly nonlinear oscillatory mode, in
which the frequency of their oscillations depends on the
amplitude of all the oscillations involved in the interaction.
The situation is radically different in the realistic case of a
finite-width beam. We demonstrate this below, primarily by
numerically solving system of nonlinear partial differential
equations (73).

As in Section 2, we use the finite difference method and a
2D integration region 2yB � 2zB whose dimensions are much
larger than the microwave beam size (i.e., the nonlinear
interaction region), yB; zB 4 d. In addition, we use periodic
boundary conditions and typical parameters of ECRH
experiments [67, 70]. The obtained solution is shown in
Fig. 17, where the evolution of the energy density of primary
hja1�t�j2ipdi (solid curve) and secondary hja 01�t�j2ipdi (dashed
curve) plasmons in the beam `spot' (see the averaging
procedure (47)) is displayed. It can be seen that the primary
instability develops initially. The primary UH wave energy
increases in this case exponentially. This increase is described
well by the linear dependence 2gt (dashed-dotted line), where
the growth rate g is defined in Eqn (71), s; r � 0. At about
t � 2:3� 10ÿ7 s, the primary wave energy exceeds the
secondary instability threshold. This leads to an exponential
increase in the secondary UH wave energy density. As a
result, the system relaxes to a quasistationary state.

Thus, we have shown that system of equations (73) admits
a stationary solution in the case of a spatially bounded pump
wave. We can estimate the saturation levels of the corre-
spondingUHwaves based on the following energy considera-
tions. The energy density of the primary plasmons should
compensate the loss of the secondary plasmons from the
microwave beam `spot' and drive the secondary instability to
virtually the excitation threshold

ja s
1 j2 �

1

t 01n1
; �74�

where t 01 � pd 2=max�Lpy;Lpz� is the time scale that char-
acterizes the rate of secondary wave energy loss in the decay
region. The secondary plasmon energy density in the decay
region in the saturationmode should be such that the primary

instability be maintained near the excitation threshold due to
nonlinear dissipation, i.e.,

ja 0 s1 j2 '
��n0�0; 0���

n1
: �75�

The obtained estimates of saturation levels displayed in
Fig. 17 as horizontal dashed lines show good agreement
with the results of numerical calculations.

Thus, we have shown both numerically and analytically
that system of equations (73) admits a stationary solution that
can be interpreted as the saturationmode of parametric decay
instability. The daughter wave energy losses from the
microwave beam `spot,' where the interacting wave ampli-
tudes are nonlinearly maintained at a constant level, result in
this case in an increase in their energy in a 2D volume
2yB � 2zB. We can analytically estimate the proportion of
the pump wave power lost in the parametric decay:

DP0 � Te

t1


ja s
1 j2
�
pdi
� Te

t 01


ja 0 s1 j2�pdi ; �76�

where t1 � pd 2=max �Lmy;Lmz� is the time scale that char-
acterizes the rate of primary wave energy loss in the decay
region. If themicrowave beampower significantly exceeds the
excitation threshold of the primary instability (see Eqn (72)),
the second term dominates in Eqn (76):

DP0 � Te

t 01


ja 0 s1 j2�pdi / P0 ; �77�

which describes the power input to the secondary UH waves.
Because DP0 / P0, the proportion of anomalously absorbed
power does not depend on the pump wave power and is only
determined by the efficiency of the nonlinear coupling
between the interacting waves in the first and second decay,
DP0=P0 � jn0�0; 0;P0 $ Te=t 01�j=n1, where the microwave
beam power in formula (65) for n0 should be replaced with
Te=t 01, P0 ! Te=t 01. The accurate value of the anomalous
absorption efficiency can be obtained from an analysis of
numerical calculations.
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Figure 18 shows the evolution of energy of all daughter
plasmons

DW � Te

� yB

ÿyB

� zB

ÿzB

dy dz

pd 2

���a1�y; z���2 � ��a 01�y; z���2� �78�

(in dimensionless units). It follows from the figure that if
saturation is reached, the daughter UHplasmon energy in the
volume continues to increase, which is associated with
pumping out the daughter waves from the decay region.
Figure 18 shows that this increase is approximated well by a
linear dependence (dashed-dotted line), which indicates that
the power transferred from themicrowave beam toUHwaves
is constant. The proportion of the microwave beam power
transferred to the daughter waves is

DP
P0
� 1

P0

qDW
qt

: �79�

Formula (79) can be used to show that at the pump wave
power P0 � �0:6ÿ1� MW, the proportion of anomalously
absorbed power does not change and is DP=P0 � 16% in the
extraordinary wave decay (analytic estimate (77) yields
DP=P0 � 15:4%).

In concluding this section, we note that analytic depen-
dences and energy estimates are in agreement with the
numerical solution. This agreement provides confidence that
the numerical solution is correct, and the estimates of the
anomalous absorption of the microwave pump wave are
reasonable.

4. Excitation of a localized upper hybrid plasmon
in the parametric decay of an ordinary wave

The x component of thewavevector in formula (11) in the case
of parametric decay of an ordinary polarized wave takes the
form
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0zc
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The components of the polarization vector e0 are determined
from the Maxwell equations as
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where nz � k0zc=o0 � sin y5 1 is the longitudinal refractive
index. The parametric decay of the pump wave may result in

the excitation of a localized UH wave and an electron plasma
(EP) wave, which rapidly leaves the decay region. The EP
wave frequency belongs to the intermediate range
oci 5opi < o2 5oce, and the dispersion relation has the
form

q2x ' q2z

�������
ÿ Z
e

r
: �82�

Figure 19 shows the possibility of a parametric decay of an
ordinary wave, which leads to the excitation of UH wave
resonances for typical conditions of ECRH experiments at
the first harmonic of EC resonance [72]. The EP wave
dispersion curve is shown in Fig. 19 by the dashed line. The
dispersion curve of the UH wave (n � 8, f1 � 138:5 GHz)
localized in the vicinity of a local density maximum (bold
solid line), shifted upward by the pump wave wavenumber
f0 � 140 GHz, k0z � 2:55 cmÿ1, is shown by the solid line
�q1x � k0x�. The decay resonance conditions are satisfied at
the curve intersection points. It is in the vicinity of these
points that ordinary polarization pump wave decay can
occur. Due to nonlinear interaction, the amplitudes of
daughter waves become coupled. Their interaction in the
presence of a powerful microwave beam is described by
system of equations (60), where the nonlinear coupling
coefficient w nl

e can be found, according to [110], in the dipole
approximation:
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Coefficient (83) contains a small parameter ck0z=o0 5 1,
which reflects the low efficiency of the nonlinear coupling of
an ordinary wave whose dominant electric field component is
directed along the external magnetic field with the short-wave
oscillations that primarily propagate across it.

The main energy loss of the EP wave in the case presented
in Fig. 19 is convective energy transfer along the direction of
inhomogeneity. The EP wave amplitude is described by the
equation obtained from Eqn (63) by replacing the nonlinear
susceptibility with formula (83). As shown in [96, 97], the
evolution of the confined UH wave amplitude is described by

t, 10ÿ7 s

D
W
,r
el
.u

n
it
s

0 5 10 15 20

Figure 18. Evolution of the total energy of daughter plasmons (solid

curve). The dashed-dotted line represents the linear behavior of the

numerically obtained increase in total energy of UH waves in the 2D

region, where the solution was sought, in the saturation mode.

250 140

130

120

110

100

200

150

100
16 18 20 22 24 26 28 30

x, cm

xd1 xd2

q2xq
2
x
;k

0
x
�
q
1
x
,c
m
ÿ1

q1x � k0x

f U
H
,G

H
z

Figure 19.Dispersion curves of the electron plasma wave q2x (dashed line)

and the localized UHwave q1x � k0x (solid line) (m � 8, f1 � 138:5 GHz),

which is shifted upward by the pump wave wavenumber ( f0 � 140 GHz,

k0z � 2:55 cmÿ1). The upper hybrid frequency profile is shown by a solid

bold curve [72].

April 2020 Low-power-threshold parametric decay instabilities of powerful microwave beams in toroidal fusion devices 383



Eqn (64) with amplification factor (65) in which wnl
e is taken in

form (83). A particular solution of Eqn (64) is a localized field
distribution of the UH wave whose amplitude increases
exponentially with time [96, 97]. According to the conclu-
sions in [96, 97], the growth rate and threshold of this
instability are described by formulas similar to (71) and (72).
Because the efficiency of the nonlinear coupling of electro-
static oscillations with an ordinary wave is much lower than
with an extraordinary wave, this instability threshold is
much higher, P th

0 � 173 kW, and the growth rate is lower,
2g � 5:88� 106 sÿ1, than in the case of extraordinary wave
decay. However, for the pump wave power currently in use
(up to 1 MW), this instability can be excited in experiments.

The ordinary wave decay instability is most probably
saturated as a result of a cascade of primary localized UH
wave decays [101]. The description of this mechanism is
similar to that of the saturation mechanism of the primary
decay instability of an extraordinary wave by system of
equations (73). We do not discuss the details of the numerical
solution of these equations or analytic estimates of the
parameters of ECRH experiments at the fundamental
harmonic of the resonance because such calculations are
similar to those described in detail in Section 3. We now
formulate the main results.

The primary instability is saturated as a result of the
secondary instability of the UH wave. Daughter wave
saturation levels are described well by analytic estimates (74)
and (75). As a result of the excitation and saturation of
ordinary wave instability, up to DP=P0 � 4:7% of the micro-
wave beam power is lost in the generation of daughter waves
(the analytic estimate yields DP=P0 � 3:4%).

5. Conclusions

We presented the theory of low-threshold parametric decay
instability of microwaves, which is based on the three-wave
interaction model developed in pioneering studies [1±4]. The
theory that goes beyond the well-established concepts
popular in the 1980s±1990s [60±62] provides an explanation
of the anomalous phenomena that have been observed in
many thermonuclear toroidal magnetic traps during the
propagation of high-power microwave beams widely used
for EC plasma heating and the generation of induction-free
drag currents. The theory has allowed reproducing the basic
laws and characteristics of anomalous radiation, including its
spectrum and radiation temperature, with reasonable accu-
racy [67, 70]. This theory makes it possible to qualitatively
explain the effect of ion acceleration, which was observed in
experiments on the ECRH of plasma at various facilities [73±
76]. This agreement between theory and experimental data
strongly substantiates the prediction of a significant anom-
alous absorption of the microwave beam power by daughter
waves (from one tenth to a quarter of the total power) and
shows ways in which the theory should be further developed.

However, although the very existence of a substantial
anomalous absorption has been predicted, its magnitude is
clearly insufficient to explain the significant broadening of the
microwave beam energy profile observed at various installa-
tions [58, 59, 111±117]. Interpretation of experimental data
requires further analysis of the strongly nonlinear mode of
development of the parametric decay process and the search
for scenarios wherein the instability saturation level increases
significantly.

It is also necessary to analyze in detail the possibility of
excitation and saturation scenarios of low-threshold para-
metric decay instabilities of microwave beams for the condi-
tions of the ITER tokamak currently under construction and
the DEMO installation, which need significantly higher
EC plasma heating powers than those available in modern
installations. Of great practical interest is also the study of
options that can affect the anomalous absorption level in the
development of low-threshold parametric decay instabilities
by changing the diameter of the employed microwave beams.

The analysis of the development and saturation of low-
threshold parametric decay instabilities was supported by the
Russian Science Foundation grant 16-12-10043; the calcula-
tion of nonlinear matrix elements given in the Appendix is
supported by a government contract with the Ioffe Institute,
0040-2014-0023.

6. Appendix

We derive an expression for nonlinear susceptibility that
describes the two-plasmon decay of an extraordinary polar-
ization pump wave accompanied by the excitation of two
electrostatic (longitudinal) waves. For this, we consider the
Vlasov equation for a weakly nonequilibrium electron
distribution function in a collisionless magnetized plasma,�
q
qt
� vi q

qxi
ÿ jej
me

�
Ei � ei jkvj

c
Hk

�
q
qvi
ÿ ocei jzvj

q
qvi

�
fe� 0 ;

�A:1�
where ei jk is the totally antisymmetric tensor, oc � jocej,
H � �0; 0;H� is the external magnetic field directed along
the z axis, and E �Pi�0ÿ2 Ei is the superposition of electric
fields, including the electric field of the pump wave that
propagates perpendicularly to the external magnetic field,

E0 � ÿex q
qx

f0 ÿ
1

c

q
qt

A0 / exp �ik0xÿ io0t� ; �A:2�

where the scalar and vector potentials are expressed in terms
of the electric field amplitude

f0 �
g0E0

e0k0
; A0 � ÿ icE0ey

o0

(g0 and e0 are the transverse components of the dielectric
permeability tensor of cold plasma at the frequency o0) and
the electric field of daughter electrostatic oscillations

E1 � ÿex qf1

qx
/ exp �iq1x� io1t� ;

�A:3�
E2 � ÿex qf2

qx
/ exp �iq2xÿ io2t� ;

whose frequencies and wavevectors satisfy the decay reso-
nance conditions o0 � o1 � o2, q2 � q1 � k0. The pump
wave polarization vector e0 defined by the relation
jexj=jeyj � ig0=e0 is directed across the external magnetic
field. The magnetic field of an extraordinary wave is
expressed through the vector potential: H0 � H� A0 �
�k0cE0=o0�ez. The solution of Eqn (A.1) is sought using the
perturbation theory,

fe � �n fM �
X

i� 0ÿ2
k� 1;2;...

f
�k�
i �v; r; t� ; �A:4�
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where �n is the equilibrium density, fM is the Maxwell
distribution function normalized to unity,�

fM�v?; vz� d3v � 1 ;

and f
�1�
i and f

�2�
i are corrections to the equilibrium distribu-

tion function of the first and second order in the interacting
wave amplitude i � 0ÿ2. Substituting (A.4) in Eqn (A.1) and
isolating the first- and second-order terms, we first obtain the
equation for the linear correction to the distribution function
at the frequency of the pump wave and the first UH wave�
ÿias � ils cos y� q

qy

�
f �1�s � �njej

meoc

�
Es � v�Hs

c

�
q fM
qv

;

where s � 0; 1, a0 � o0=oc, a1 � ÿo1=oc, l0 � k0v?=oc, and
l1 � q1v?=oc. The solution of the last equation can be found
using the Green's function of this equation

Gs�y; t�
�
A�t�� � exp �iasyÿ ils sin y�

�
� y

ÿ1
dt exp �ils sin tÿ iast�A�t� ; s � 0; 1 ; �A:5�

in the form

f
�1�
0 � ÿ 2jej f0v?E0

meocv 2
te

G0�y; t�
�
sin tÿ i

g0
e0

cos t
�

� 2�njejv? fME0

meocv 2
te

X1
n�ÿ1

exp �inyÿ il0 sin y�
nÿ a0

�
�
g0
e0

nJn�l0�
l0

� J 0n�l0�
�
;

�A:6�
f
�1�
1 � ÿ 2jej f0v?E1

meocv 2
te

G1�y; t� cos t

� i
2�njej

meocv 2te
v? fME1

X1
m�ÿ1

exp �imyÿ il1 sin y�mJm�l1�
l1�mÿ a1� :

The nonlinear (quadratic) correction to the quasiequilibrium
distribution function at the frequency of the second electro-
static wave is a solution of the equation�

ÿio2 � iqv? cos y� oc
q
qy

�
f
�2�
2 � jej

me

(
E1

q f �1�0

qvx

� E0

��
1ÿ k0vx

o0

�
ey �

�
k0vy
o0
ÿ i

g0
e0

�
ex

�
q f �1�1

qv

)
:

We solve it using Green's function (A.5) as

f
�2�
2 � jej

meoc
G2�y; t�

�
E1

q f �1�0 �t�
qvx�t� � . . .

�
:

We integrate the derived expression over velocities and
multiply it by the electron chargeÿjej to obtain the nonlinear
charge density at the frequency of the second daughter wave

r�2�2 � ÿ
jej2
meoc

�1
0

v? dv?
�1
ÿ1

dvz

�
� 2p

0

dy exp �ia2yÿ il2 sin y�
� y

ÿ1
dt exp �ÿia2t�F�t� ; �A:7�

where a2 � o2=oc, l2 � q2v?=oc, and the function

F�t� � exp �il2 sin t�
�
E1

q
qvx

f
�1�
0 � E0

��
1ÿ k0vx

o0

�
ey

�
�
k0vy
o0
ÿ i

g0
e0

�
ex

�
q f �1�1

qv

�
must be periodic and expandable into a Fourier series. We
substitute linear corrections to distribution function (A.6) in
this formula, integrate (A.7) by parts, and then integrate over
the angular variables and the longitudinal velocity. The
nonlinear susceptibility can be found from the formula�

w nl
EMjej

A0

Te
� w nl

L jej
f0

Te

�
j1 � ÿ4pr�2�2 :

We use this expression and introduce the notation
J 0m � qJm=ql, where Jm is the Bessel function, to finally
obtain

w nl
EM � iq1q2

o2
pe

o2
c

o0

ck0

X
p;m

�1
0

dv? v?l0 fM

�
�

1

�mÿ a1��p�mÿ a2�
mJm�l1�

l1

�
��p�m�Jp�m�l2�

l2

pJp�l0�
l0

ÿ Jp�l0�Jp�m�l2�
�

� 1

�pÿ a0��mÿ a1� J
0
p�l0�J 0m�p�l2�

mJm�l1�
l1

� m

�pÿ a0��mÿ a2� J
0
p�l0�

Jm�l2�
l2

J 0mÿp�l1�
�

� iq1q2
o2

pe

o2
c

vte
c

X
p;m

�1
0

dv? v?
v?
vte

l0 fM

� 1

�mÿ a1��p�mÿ a2�
mJm�l1�

l1

�
�
pJp�l0�

l0
Jp�m�l2� ÿ Jp�l0� �p�m�Jp�m�l2�

l2

�
; �A:8�

where w nl
EM is the part of the nonlinear susceptibility that

describes the interaction between the electromagnetic compo-
nent of the pump wave given by the vector potential and
daughter electrostatic oscillations;

wnl
L � q1q2

o2
pe

o2
c

X
p;m

�1
0

dv? v?l0 fM

�
� �m� p�p
�pÿ a0��m� pÿ a2�

Jm�p�l2�
l2

Jp�l0�
l0

J 0m�l1�

� �p�m�m
�mÿ a1��p�mÿ a2�

Jp�m�l2�
l2

J 0p�l0�
Jm�l1�
l1

� pm

�mÿ a1��pÿ a0� J
0
p�m�l2�

pJp�l0�
l0

mJm�l1�
l1

�
; �A:9�

where w nl
L is the part of the nonlinear susceptibility that

describes the interaction between the electrostatic (long-
itudinal) component of the pump wave given by the potential
f0 � g0E0=�e0k0� with daughter electrostatic oscillations.

Equations (A.8) and (A.9) are symmetric under permuta-
tions of wavevectors and frequencies and satisfy the Manley±
Rowe energy relations. Expressions (A.8) and (A.9), which
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are equal to zero in the case of the decay of homogeneous
oscillations, k0 � 0 [110], allow the complete description of
the two-plasmon decay of an extraordinarywave. In addition,
w nl
L enables a description of the decay of short-wave electro-

static vibrations f0 that result in the excitation of secondary
electrostatic vibrations (A.3).

Unfortunately, the integrals over the transverse velocity
of electrons in Eqns (A.9) and (A.10) cannot be calculated
analytically. We consider the long-wavelength limit of
wave oscillation vectors involved in nonlinear interac-
tion, l0; l1; l2 5 1. This case corresponds to the decay of the
pump wave into two daughter UHwaves in the vicinity of the
upper hybrid resonance. Expanding the Bessel functions in
Eqn (A.6) in a series in their arguments, integrating over the
transverse velocities, and reducing the terms to a common
denominator, we finally obtain the long-wavelength limit of
the nonlinear susceptibility. Expressing the extraordinary
wave potential and the vector potential in terms of the
electric field amplitude foro2 � ÿo1 � o � o0=2, we obtain�
w nl
EMjej

A0

Te
� w nl

L jej
f0

Te

�
� w nl

e

E0

H

� ÿ o2
peo

2
co

2

�o2
0 ÿ o2

c��o2 ÿ o2
c�2

q1q2k0c

o0

�
7� 6

g0
e0

o
oc
ÿ o2

c

o2

�
E0

H
:

�A:10�
Formula (A.10) coincides with the formula that can be
derived from hydrodynamic equations, thus confirming the
validity of Eqns (A.8) and (A.9), which we obtained
previously in the integral form.

Because we are considering the case of the decay of an
extraordinary pump wave into two UH waves in the vicinity
of a UH resonance, we use (A.10) in the analysis of two-
plasmon decay.

In analyzing the secondary instability of the primary
electrostatic UH wave, which is accompanied by the excita-
tion of electrostatic short-wave IB waves and secondary UH
waves, we use the nonlinear susceptibility wnl

L that follows
from Eqn (A.9).
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