
Abstract. The review is devoted to exciton polaritons, short-
lived Bose particles which are optically excited in semiconduc-
tors and form macroscopically coherent states under conditions
of coherent and resonant external driving. The interaction of
polaritons results in multistability, spontaneous breaking of
spin and spatial symmetries, self-pulsations, and pattern forma-
tion. As a result of symmetry breaking, paradoxical `chimera
states' can arise in which ordered and chaotic subsystems co-
exist and in some way complement each other.

Keywords: polariton, Bose±Einstein condensate, spinor conden-
sate, multistability, spontaneous symmetry breaking, self-pulsa-
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1. Introduction

An exciton is a bound pair ofmutually attracting electron and
hole in a semiconductor, similar to a positronium atom.
Excitons are excited by light and recombine emitting light.
Excitons and photons in certain cases transform into each

other with such a frequency that they cannot be distinguished
separately; should this be the case, the concept of new
quasiparticlesÐexciton polaritonsÐ is used [1]. Of particu-
lar interest are two-dimensional polaritons trapped in a thin
layer of a planar microcavity [2-4]. Being initially in a
disordered state, with decreasing temperature they form a
Bose±Einstein condensate that emits coherent light [5].
However, a reverse process is also possible when light with
the same wavelength, being absorbed, excites a coherent
polariton stateÐa nonequilibrium analogue of the Bose
condensate.

The phase transitions associated with the emergence of
coherence under equilibrium conditions are rather well
studied in such systems as superfluid liquid helium, super-
conducting metals, and atoms cooled in magnetic traps [6]. A
multitude of indistinguishable particles acquires in all these
systems the properties of a classical field characterized by a
common amplitude and a spontaneously chosen phase. The
critical temperature of Bose±Einstein condensation is invers-
ely proportional to the mass of particles and, for ordinary
atoms, is in the region of 10ÿ8 K. Quasi-two-dimensional
polaritons have a very small mass, even in comparison with
free electrons, and, depending on the sample material,
condense at temperatures ranging from several kelvins [7, 8]
to room temperature [9±11]. This circumstance, combined
with an exceptional simplicity of the experiment in which the
amplitude and phase of the condensate are seen almost
immediately in the emitted coherent light, were the features
that attracted much attention to polaritons [5, 12, 13]. The
topics that are currently studied in this field include transport
of excitations in tunnel-coupled traps and Josephson oscilla-
tions [14, 15], quantized vortices [16±19], and `simulators' of
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optimization problems based on distributed systems that tend
to equilibrium [20].

The second area of research, which is primarily reviewed
here, is the nonequilibrium condensation of polaritons under
coherent optical driving. The possibility of nonequilibrium
condensation was explored as early as 1972 by LVKeldysh
[21, 22], VFElesin, and YuVKopaev [23]. It was as late as
2006 that it was experimentally established that two-dimen-
sional polaritons excited by a resonant plane wave indeed
form a common `single-particle' quantum state [24]. There is
neither critical termperature nor even thermal equilibrium,
and the light wave performs as the direct source of the
coherent state.

Regardless of the condensation origin and conditions, the
coherent state can be described within the mean-field
approximation using a macroscopic wave function c that
satisfies Ginzburg±Landau-type equations i�hqtc � dH=dc�.
HamiltonianH usually contains a term of the formHint�r� �
�V=2�jc�r�j4, V > 0, which corresponds to the pairwise
repulsion of particles in a dilute gas [4, 6]. If the system of
polaritons is excited by a resonant external field, it combines
in a certain sense the condensate and a dissipative oscillator
excited by an external force; however, its behavior cannot be
reduced to a simple combination of the features of the known
models. Formally similar equations are also used to describe
some nonlinear optical systems [25], but, in contrast to them,
polaritons have a positive mass, move freely in two dimen-
sions, and experience elastic scattering.

Most importantly, the nonequilibrium condensate of
polaritons can be controlled by varying the external field.
Being relatively weak, it completely determines the conden-
sate state, but as the amplitude grows, nonlinearity leads to
the excitation of above-condensate modes and a variety of
collective effects. In particular, the response of polaritons to a
light wave can be multiple-valued. At special critical points,
the amplitude cÐand with it the radiation from the cavity
backsideÐexperiences jumps between the stability branches
[26±34], owing to which the system behaves like a multistable
cell with a characteristic switching time of the order of several
picoseconds in GaAs-based samples [35]. The condensate
break-up also occurs in a threshold manner, resulting in the
onset of new coherent modes [36±44]. The strong exciton±
photon coupling allows combining the compactness charac-
teristic of electronic devices and the `photonic' speed; there-
fore, the nonequilibrium transitions discussed here are often
explored in the context of developing new optical switches
and logic elements, an example of which is the prototype of a
polariton transistor [45].

In studying condensates and quantum liquids, a question
usually arises of the energy levels of above-condensate modes
~E as functions of the wave number k. The dispersion law ~E�k�
is renormalizedwithachange inamplitudec.NNBogolyubov
was the first to show that a `sound' excitation spectrum ~E / k
should arise near the equilibrium condensate, which leads to
superfluidity in accordance with the Landau criterion [46].
The external field brings about a new parameter to the theory,
as a result of which the excitation spectra are much more
diverse; for example, they can have a gap near the condensate
mode. The superfluidity effect, which was observed in a
nonequilibrium polariton system [47±49], occurs in it in a
threshold manner as the pump amplitude increases.

Another consequence of the modification of Bogolyubov
spectra is the unusual features of the polariton±polariton
scattering. If the frequency of the external field is higher than

that of the polariton resonance, the break-up of the con-
densate �k; k� ! �k0; 2kÿ k0� is accompanied not by a
decrease, but by an increase in its own amplitude jc�k�j,
despite the scattering is elastic. The energy of the system
grows until the blue shift of the resonance compensates this
difference in frequencies, and many modes with various
momenta �hk0 are concurrently populated [50, 51]. The
transitional state, in which the amplitude of each of the
scattered modes is still small but whose total population and
the feedback effect on the condensate are significant, exhibits
in experiments strong quantum noise and a nontrivial spatial
structure [52].

In a number of cases, all the states in which the
condensate-mode momentum takes any certain value are
unstable. A spontaneous violation of spatial symmetry then
occurs, and the distribution c�r� evolves chaotically all the
time [53] or, on the contrary, forms an inhomogeneous
regular structure featuring a long-range order [54]. It is
noteworthy that dissipative structures and chaos arise in a
simple homogeneous system of short-lived and repulsive
particles, although such systems usually adiabatically follow
the external field, despite even nonlinearity.

For clarity, let us consider a planar system of polaritons
that is excited by a light wave incident along the normal
direction (z axis). The light wave creates a zero-momentum
condensate in the xy plane. Polaritons whose projection Jz of
the total angular momentum equals �1 �ÿ1� correspond to
photons with a right-handed (left-handed) circular polariza-
tion. These two spin components do not usually interact
pairwise, but they can be linearly coupled due to the splitting
of the initial eigenstates [55]. The wave equations for c� and
cÿ then take the form

i�h
qc�
qt
� ÿÊÿ ig� Vc��c�

�
c� �

g

2
c� � f� exp

�
ÿ iEpt

�h

�
;

�1�
where Ê � Ê�ÿi�hH� is the polariton energy with considera-
tion for the dispersion law, g is the decay rate, g/2 is the
coupling constant of the spin components, and Ep=�h is the
pump frequency chosen near the eigenfrequency of the
polariton mode k � 0.

It is apparent that if the external field is spin-symmetric
( f� � fÿ), then the equations for c� and cÿ are completely
identical. It turns out, however, that if g0g, the symmetry is
inevitably broken in a finite region of the parameters f and
Ep. In this case, as the amplitude f increases, the light emitted
by polaritons acquires at some moment of time an almost
complete right- or left-handed circular polarization [55±57].
If, however, g > 4g, it may turn out that there are no stable
single-mode states of the type c��t� � �c� exp �ÿiEpt=�h� at
all, and then spatiotemporal chaos sets in. Two channels of
polariton interaction, pair scattering and linear coupling of
spin components, form in this case a hybrid loop process [58].

Optical chaos is applied in secure communications [59,
60]. The sources of chaotic radiation known today are
relatively complicated and imply the presence of an active
medium where light is generated or amplified, of external
feedback, etc. A polariton system is much simpler: it enables
generation of a chaotic signal merely by passing a light wave
through a very thin (0.1 mm) heterostructure. The character-
istic oscillation frequency of the intensity and polarization of
light can, as a result, reach 1011 Hz, a value that is significantly
greater than in laser emitters, provided that a deterministic
and continuous, rather than random, signal is meant.
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Spatiotemporal chaos resembles turbulence. Solutions of
Eqns (1) for 2D systems exhibit a periodic filamentary
structure in which filaments with opposite polarizations
alternate each other [53].

A completely new phenomenon arises in analogous one-
dimensional systems. In this case, a periodic network is
formed in which the areas with spins �1 and ÿ1 alternate,
being separated by relatively narrow gaps with a low total
intensity jc�j2 � jcÿj2. Regardless of spin, some nodes of this
network oscillate in phase with each other and with the
external field, while the other nodes oscillate randomly, the
fraction of both subsystems being approximately being
constant in time and independent of the size of the system.
However, the balance between order and disorder is dynamic,
so that individual nodes or their small groups sometimes
unpredictably pass from one subsystem to another. By
changing the parameters, a continuous transition from a
periodic lattice with spontaneously arising rigid long-range
order to fully developed turbulence may be traced [54].

States with very similar properties, so-called chimera
states that occur spontaneously and combine order and
disorder, have been found in a wide variety of dynamic
systems and attract growing interest. They were predicted by
Y Kuramoto in 2002 in the context of a coupled phase-
oscillator model [61±65]:

qf�x; t�
qt

� oÿ
�
G�xÿ x 0� sin �f�x; t�ÿ f�x 0; t�� a� dx 0; �2�

with a nearly homogeneous initial state and nonlocal
interaction, for example, G�d � / exp �ÿKjd j�. Chimera
states have been found quite recently in emission from
feedback lasers [66, 67] as well as mechanical [68] and
chemical [69] systems; they are also discussed in the context
of neurophysiology [70, 71]. Study [54], the discussion of
which completes this review, contains the first theoretical
evidence of chimera states in a basic system of locally
interacting Bose particles.

2. Polaritons in a microcavity

An electron±hole pair produced by the absorption of a
photon in a semiconductor can be bound by Coulomb
attraction. Bound statesÐWannier excitonsÐ have a
ground-state energy

EX � Eg ÿ �h 2

2mXa 2
; �3�

where Eg is the band gap, mX is the reduced mass,
a � e�h 2=mXe

2 is the Bohr radius, and e is the dielectric
constant. Excitons are subject in the low-density limit to
Bose±Einstein statistics and are indistinguishable [72]; there-
fore, in principle, they can experience Bose condensation [21,
22, 73].

However, polariton condensates in three-dimensional
(bulk) semiconductors are not formed, since the photons
have there the linear dispersion law E � �hck3D=

��
e
p

and,
therefore, there is no ground state that could be populated
under condensation. On the other hand, even in an external
field with suitable E and k3D that excites some of the
nonground states, polaritons inevitably interact with the
atomic environment: they collide with phonons, scatter on
all kinds of heterogeneities of the structure, etc. It can be
asserted that the work of Elesin and Kopaev [23], where Bose

condensation in an external field was predicted, was way
ahead of its time.

The situation crucially changes if the excitons are trapped
in a two-dimensional quantum well and the well itself is
placed into a Fabry±P�erot-type planar microcavity [3]. A
microcavity `tuned' to the l wavelength is formed by two
Braggmirrors, each of which consists of alternating flat layers
with slightly different thicknesses l1; 2 and refractive indices
n1; 2, namely such that n1l1 � n2l2 � l=4. This is the Bragg
reflection condition, i.e., equality of the phase for waves
reflected from identical interfaces. As the number of such
pairs of layers in an individual mirror increases, its transmis-
sion exponentially decreases in a certain wavelength band
near l, the width of which is Dl � 2ljn1 ÿ n2j=�pn�, where
n � ��

e
p � 2n1n2=�n1 � n2�. Two mirrors are separated by an

active layer. If the optical thickness of the active layer is an
integer multiple of l=2, the maximum of the electric field of
the standing wave that emerges between the mirrors is located
in its middle. The standing wave has a very narrow �5Dl�
resonance at length l. The wave vector component of the
standing wave, which is orthogonal to the cavity, is fixed by
the condition kz � �2pn=l; however, the spectrum of the
longitudinal component k � ����������������

k 2
x � k 2

y

p
remains unrestricted.

Thus, the dispersion law of `cavity' photons has the form

EC�k� � �hc

n

����������������
k 2 � k 2

z

q
� E0 � �h 2k 2

2m
; k5 kz ; �4�

where E0 � 2p�hc=l and m � eE0=c
2. If n1; 2 and l1; 2 are

properly selected, E0 may be set near the exciton energy,
whereas k is determined by the light-wave incidence angle y:
k � k3D sin y. The radiation emerging from the other side of
the cavity carries information about the field in the active
layer, since the mirrors themselves do not introduce non-
linearity.

A planar quantum well with excitons is located in the
electric field antinode; it is nothing but an even thinner
homogeneous layer of another material whose thickness is
less than the 3D exciton Bohr radius. The eigenenergy of 2D
excitons Eg ÿ EX is four times higher, and therefore they are
effectively confined in their layer. The strength of the exciton±
photon coupling can be enhanced if several planar wells
separated by barriers, rather than one, are created [3, 74].

TheHamiltonian operator of the linearly coupled exciton-
photon system where zero-state oscillations and spin are
disregarded has the form

H �
X
k

�
EC�k� a ykak � EX�k� b ykbk �

R

2

ÿ
a
y
kbk � b

y
kak
��
; �5�

where ak and bk are the annihilation operators of photons and
excitons with wave number k. Diagonalization of expression
(5) yields eigenenergies

ELP;UP�k� � 1

2

�
EC�k� � EX�k�

�
� 1

2

��������������������������������������������������
EC�k� ÿ EX�k�

�2 � R 2

q
�6�

of the lower (LP) and upper (UP) polariton states. Exciton±
photon coupling results in a characteristic splitting of the
spectra. It is seen, in particular, that if EC � EX, the
eigenenergies are split by the quantity R, which is referred to
as Rabi splitting (Fig. 1).
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Below, the characteristic values of the parameters are
presented using the example from [57]. GaAs and AlAs are
used as the main materials, and the resonance energy of
photons E0 is approximately 1.6 eV. Each mirror consists of
more than 30 pairs of quarter-wave AlAs and Al0:2Ga0:8As
layers, which provides a Q-factor of about 104. The optical
thickness of the active layer (AlAs) is l=2. Seven 7-nm-thick
quantum wells (GaAs) are separated by 4-nm-thick barriers
(AlAs). The Rabi splitting is 10 meV, which is approximately
two orders of magnitude greater than the spectral width of the
resonances at the liquid-helium temperature.

The effective photon mass m � eE0=c
2 is extremely small

�E0 � EX 9Eg�. The exciton can be considered infinitely
heavy compared to the photon, and the dependence of EX

on k near k � 0 can be ignored. A `bottleneck' emerges in the
ELP�k� spectrum, a steep but not very long segment in which
the probability of colliding with phonons is very low. By this
reason, the polaritons excited by coherent light near the
bottom of ELP�k� also form a coherent state [24, 75]. Another
way for the coherent states to emerge is through a conven-
tional Bose condensation from the exciton reservoir, which
can be created by nonresonant pumping with the frequency
o > Eg=�h [5, 7, 8, 12]. The upper polariton branch is in both
cases empty and, as a rule, it can be disregarded.

If the interaction between polaritons is not taken into
account, their coherent state with wave number k has the
form

Fk � exp

�
ÿ jc

2
kj
2
� ckp

y
k

�
j0i ;

where pk is the bosonic annihilation operator and ck is the
complex-valued amplitude. By virtue of the known property
pkFk � ckFk, the Heisenberg equation for pk transforms
after averaging over Fk into the Hamilton equation
qtck � dH=d�i�hc �k � for ck, which looks the same. It should
be noted that

Fk /
X1
N�0

�
cN
k�����
N!
p

�
Fk;N ;

where Fk;N � �1=
�����
N!
p ��p yk�Nj0i is the state with a certain

number of particlesN, in which the wave-function oscillation
frequency is Nok. When various Fk;N are combined into a
classical wave with a sufficiently large amplitude, high
frequencies (responsible for quantum fluctuations) are

canceled, and the observed field oscillation frequency tends
to the expected average value ok. This frequency is solely
determined by the dispersion law and, in the absence of
interaction between particles, does not depend on the
amplitude [6]. The problem of determining the coherent
states of interacting particles is rather complicated, since it is
necessary in this case to take into account the deviation of
their statistics from purely bosonic, thus returning to the
analysis of the multi-electron problem. This problem was
considered in detail by Keldysh in study [21, 22], where a
consistent `microscopic' substantiation of the mean field
approximation for exciton and exciton±photon systems has
been given.

As in the case of atomic condensates and superconducting
metals, the interaction between polaritons is usually consid-
ered in the dilute gas approximation, Hint�r� � �V=2�jc�r�j4.
If V > 0, pair repulsion of particles and a blue shift of the
eigenfrequency arise. The shift DELP can significantly exceed
spectral linewidth g [76] in GaAs-based structures. As shown
below, this circumstance results in strong nonlinear effects,
but since the line width is only determined by the Q-factor of
the cavity, it does not mean per se going beyond the low-
density approximation. It is assumed in the same approxima-
tion that the interaction between particles does not destroy
coherence. All basic assumptions of this kind are experimen-
tally verified, and some cases where they may fail will be
discussed separately. The case of a relatively high density of
excitons is a separate area of research, the subject of which is,
notably, an electron±hole liquid [77].

The coupling between polaritons is caused from a
microscopic point of view by the exchange Coulomb interac-
tion between electrons or holes; the dipole±dipole interaction
at low density is negligible [78]. The assertion that polaritons
with opposite spins �Jz � �1� do not interact in pairs holds
true for systems with E0 9EX and large R, where all indirect
processes involving `dark' excitons (Jz � �2) are turned off
near the bottom of ELP�k� [79, 80]. However, the amplitudes
c� and cÿ can be linearly coupled due to the splitting of
modes with orthogonal polarizations: for example, in the
presence of a mechanical stress along one of the main crystal
axes, which reduces the lattice symmetry. (For k 6� 0, a similar
effect is created by the mirrors themselves that split the TE
and TMphotonmodes, wherein, by definition, the electric- or
magnetic-field vector is perpendicular to the plane of
incidence of the wave [81].)

We arrive as a result at Enqs (1), in which the effective
external electric field f� was introduced taking into account
the transmittance of the mirrors (there is no magnetic field in
the standing-wave antinode). If the cavity is excited in a wide
range of frequencies and wave numbers, it is more correct to
introduce separate equations for the photon and exciton
amplitudes [82±84] to ensure that the external field is taken
into account in only the photon part and the particle
interaction in only the exciton part. But since we mainly
consider polaritons near the bottom of ELP�k�, model (1) is
quite adequate.

There is no need in model (1) to take into account effects
such as spin relaxation of excitons. The condensate can exist
in an external field for an infinitely long time; however, all
random deviations from a certain externally imposed state
most often disappear during the `polariton lifetime' t � �h=g,
which is much longer than �h=R, but at the same time shorter
than any natural phase-relaxation time. In exploring the
condensate in an external field, a dissipative oscillator is

E
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Figure 1. Dispersion law of quasi-two-dimensional exciton polaritons

(e � 12, E0 � EX � 1:6 eV, R � 10 meV).
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usually considered that oscillates with the frequency Ep=�h of
the harmonic force acting on it. Anyway, this picture is self-
consistent if Ep is near the ELP�k� resonance, implying that
the value of jckj is large despite the low field density, and the
concept of themacroscopic population of the forced polariton
state with such energy may be employed.

3. Multistability of polariton condensate

We consider first a simplified version of system (1). Suppose
that the spin components are not coupled (g � 0) and only
one of them is excited, i.e., both the external field and the
condensate are circularly polarized. The particles repel each
other (V > 0); therefore, it is reasonable to look for spatially
homogeneous solutions with k � 0. If g > 0 and t!1, they
must oscillate with the external-field frequency. Having made
the appropriate substitution c�t� � �c exp �ÿiEpt=�h�, we
arrive at a time-independent equation for �c:�

Ep ÿ
ÿ
ELP ÿ ig� Vj�cj2���c � f ; �7�

or

j�cj2 � f 2ÿ
Dÿ Vj�cj2�2 � g 2

; �8�

where D � Ep ÿ ELP�k� 0�. If D >
���
3
p

g (see below), the
dependence of j�cj2 on f 2 takes the form of an S-shaped
curve (see Fig. 2 in Section 4). The condensate state is thus
bistable in a finite interval of f 2.

A similar phenomenon is known in laser physics [85, 86],
but it occurs there in combination with nonlinear absorption
or amplification of light, when V has an imaginary part and,
ultimately, g depends on c. However, in our case, only the
eigenenergy depends on c. It is seen that j�cj / f as j�cj ! 0,
but if Ep > ELP, then, as f and j�cj increase, the shift
DELP � Vj�cj2 brings the condensate closer to resonance
with the external field, decreasing the denominator in (8), as
a result of which the response proves to be superlinear. With
further increasing f , the system becomes unstable; one can say
that the positive feedback loop between the amplitude and
eigenfrequency leads to an increase in both of them even at
constant f. Therefore, the lower branch of the S-shaped curve
breaks off, and a jump of the field is expected at this point.
Instability disappears when the detuning D is fully compen-
sated by a shift in the eigenfrequency; all such solutions are on
the upper branch. The middle branch with a negative slope
only consists of unstable solutions.

Two critical points Vj�cj2 � B1; 2, at which jumps between
the branches of stability are expected as f increases or
decreases, can be easily found by solving the equation
d f 2=dj�cj2 � 0, to yield [23, 27]

B1; 2 � 2D

3
� 1

3

�������������������
D 2 ÿ 3g2

q
; �9�

and the corresponding _f 2
1; 2 � f 2�B1; 2� are calculated using

Eqn (8):

f 2
1; 2 �

2

27V
D 3 � 9Dg2 �

������������������������
�D2 ÿ 3g2�3

q� �
: �10�

It is seen that bistability exists forD >
���
3
p

g and an arbitrarily
small value of Vj�cj2 only provided that the quantity g, which
is determined by the quality factor of the cavity, is also

sufficiently small, and D is comparable to it. Polariton
bistability was first found in a GaAs-based structure with
g � 0:2 meV and R � 2:8 meV [27]. It manifests itself much
more strongly in state-of-the-art samples with g9 0:05 meV
and R0 10 meV, wherein the field is macroscopically
coherent on both branches of stability, even at D0 10 g (see,
e.g., [51]).

It should be noted that the transition of the condensate to
the upper stability branch can be mediated by polaritons with
other k not yet taken into account, as a result of which the
threshold f1 decreases. This effect is considered in Section 5.
It is only important here that there are at once two branches
of stable single-mode solutions in a certain interval f.

If the polarization of the external wave is not strictly
circular, both spin components are excited. At g � 0 each of
them can be described by its own S-shaped curve [28].
Therefore, there are in total four branches of stable solutions
that differ significantly in intensity I � j�c�j2 � j�cÿj2 or
degree of circular polarization

rc �
j�c�j2 ÿ j�cÿj2
j�c�j2 � j�cÿj2

: �11�

Suppose, for example, that the degree of circular polarization
of the external field is x. Then, the four critical values of its
intensity j f�j2 � j fÿj2, at which jumps occur between
branches, are 2 f 2

1; 2=�1� x� [30]. The values of f 2
1; 2 are taken

from (10), although the correction mentioned above may be
needed for f 2

1 .
Jumps in the condensate amplitude and polarization at

the critical points are directly visible in a light wave passed
through the cavity. Their observation made it possible to
verify with good accuracy the initial premises of the theory:
coherence, the absence of spin relaxation, interaction of the
form jcj4, etc. It was found that the stronger the exciton±
photon coupling, the structure itself being cleaner and more
homogeneous, the less the deviation of the experimental
results from model (1). For example, in the first experiments
of this type performed around 2010 [31, 32, 87], the Rabi
splitting was not so large, and polaritons were excited near the
exciton level. Therefore, it was necessary to take into account
long-lived dark (i.e., not interacting with light) excitons with
Jz � �2 that are created in pairs as a result of collisions of
light excitons; the probability of this event is small, but,
gradually accumulating, the dark excitons form an incoher-
ent reservoir and affect the eigenfrequency ELP [32, 88±91].
However, only a few years later, needed for the technology to
be improved, it became possible in experiments to excite a
relatively pure coherent state, and all the basic predictions of
model (1) started being reproduced without unnecessary
assumptions and fitting [80].

Numerical solution of Eqns (1) enables tracing the
transition dynamics. Both calculations and experiments
show that the characteristic switching times are usually
comparable with �h=g and �h=D, i.e., the condensate really
behaves like a forced oscillator. To record a time-resolved
signal, pulsed rather than continuous pumping is used, but
the multistability effect is well pronounced, even with pulses
whose duration equals several t � �h=g [55±57].

Two-beam excitation is sometimes used: a continuous
plane wave creates a multistable condensate, while a short
pulse performs as a trigger for its transitions between the
stability branches [35, 92]. The same role can be played by a
fast acoustic pulse [93] that perturbs the lattice period, as well
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as Eg, EX, and ELP, and eventually D on the time scale of t
(such pulses are generated by optical-acoustic transducers
[94, 95]). The condensate behaves in both cases like a
multistable cell. In the micropillar with a lateral size of only
3 mm studied in [35], the observed spin switching time was 5 ps
at t � 15 ps, a value that is less than that in the fastest
electronic switches. Such a size-quantized micropillar with a
discrete ELP spectrum is especially similar to a simple
oscillator if all of its modes, except for one, lie above Ep and
not excited.

Switching that develops with time was considered above,
but sometimes states from different stability branches coexist
in space. This happens when either the external field or the
eigenenergy are inhomogeneous in the cavity plane. Although
it is not possible in this case to operate with a single
condensate mode, the concept of multistability helps to
qualitatively explain what is happening, while numerical
solutions of equations similar to (1) reproduce experimental
results. For example, if the pump radiation is elliptically
polarized, and its amplitude decreases with incresing dis-
tance from its center, a flat ring with high rc emerges in the
field distribution in the active layer, where amplified, i.e.,
located `on the upper branch', is only one spin component;
both components are enhanced inside this ring, and none of
them outside [29, 32, 33]. The inhomogeneity in the
eigenenergy distribution is usually compensated by a blue
shift [96], but it can result near critical points in a strong
polarization inhomogeneity of radiation [56].

Remarkable spatial effects also arise in the case of two-
beam pumping, when one wave, which is plane and
characterized by a certain wave number kp, has a low
intensity, while the other beam is an intense short pulse
focused in a micrometer-sized region. The specific effect the
second beam causes depends on kp. If kp is less than the
inflection point ELP�k�, it can trigger a chain of transitions to
the upper stable state that occur one after another increas-
ingly farther from the activation site, similar to signal
transmission through a neuron [34, 97]. If kp lies above the
inflection point, the second beam can excite a soliton moving
in the active layer without dissipation at a speed of � 10ÿ2c
(forGaAs)Ð this is like a separate representative of the upper
stable state against the background of the lower one [98±102].

So, a variety of exciting effects develop from seeding
inhomogeneities, and not all of them were mentioned here.
However, we do not discuss them further but rather consider
comparatively basic processes that can occur even in a
completely homogeneous polariton system excited by a
plane wave. It will be shown that the concept of a condensate
in an external field as a kind of dissipative oscillator subject to
a harmonic force is not always true. The phase, spatial, and
spin symmetries of such a system can be spontaneously
broken. These phenomena may be considered from a unified
point of view by introducing above-condensate quasiparti-
cles.

4. Bogolyubov quasiparticles

The problem on the spectrum of above-condensate modes
was first considered by Bogolyubov in relation to super-
fluidity [46]. The polariton system is largely similar, because
it has the same type of nonlinearity �jcj4� as themodel of cold-
atom condensate. In particular, if the condensate momentum
is zero, the weakly populated modes �k are linearly coupled
with each other with a strength proportional to the con-

densate amplitude squared. This conclusion holds regardless
of how the condensate emerged, whether in an equilibrium
way or in an external field; therefore, the same unitary
transformation results in particles with similar properties.
There are, however, two significant differences between our
system and the equilibrium condensate that affect the
excitation spectra.

First, the frequencies of field oscillations in the conden-
sate state are not the same; the corresponding energy is also
referred to as the chemical potential, implying that this is the
average energy per one particle [6]. The oscillations occur in
our case at the external field frequency Ep=�h, while the
equilibrium condensate oscillates at its own frequency
�ELP � Vjcj2�=�h that is shifted due to the interaction. The
energy reference point is of no importance, so ELP can be
subtracted, and it may be assumed that the chemical
potentials in these two cases are D � Ep ÿ ELP and Vjcj2,
respectively. It follows fromEqn (9) thatVjcj2 � D at the left
turning point of the S-shaped curve �B2� at g! 0. It is at this
and only this point that the `sound' excitation spectrum
emerges, similar to the equilibrium Bose±Einstein conden-
sate.

Second, nonequilibrium condensate can lose stability.
This occurs if the excitation spectrum contains modes with
the positive imaginary part of the energy that grow with time
rather than attenuate in a usual manner, which results in
growing fluctuations. Bogolyubov showed that instability is
equivalent to a violation of thermal equilibrium and therefore
contradicts the original premise of Bose condensation. Here,
however, an initially nonequilibrium and, moreover, an open
system is considered. An instability in a conservative system
would only lead to a redistribution of energy between modes,
and, in the simplest case, a growingmode itself would become
one of the order parameters, taking some of the energy from
the condensate [103]. However, it is sometimes difficult in our
case to predict the new state to which the system will evolve as
a result of the development of instability. Described below is a
very simple `soft mode' bifurcation, which, as explained in
Section 5, can lead to the accumulation of condensate energy,
multiple scattering, and further rearrangement of the excita-
tion spectrum.

We use for simplicity Eqn (1) without taking into account
the spin and switch to the momentum space by setting

c�r; t� �
X
k

ck�t� exp �ikr� : �12�

It should be noted that the meaning of ck� 0 coincides with
that of the local amplitude �c in Eqn (7), and no changes in the
units are needed. We arrive at a system of equations [26, 38]

i�h
dck

dt
� ÿELP�k� ÿ ig

�
ck � dk; 0 f exp

�
ÿ iEpt

�h

�
� V

X
q1

X
q2

c�q1�q2ÿkcq1
cq2

: �13�

We now set

ck�t� � dk; 0�c exp

�
ÿ iEpt

�h

�
� ~ck exp

�
ÿ i ~E�k�t

�h

�
; �14�

where j~ck=
�cj5 1 for all k, ~E�k� is the sought-for function.

We assume that �c satisfies Eqn (7); then, all the terms
/ exp �ÿiEpt=�h� in Eqn (13) for k � 0 mutually cancel.
Multiplying both sides of Eqn (13) by exp �i ~E�k�t=�h�, we
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obtain for all k in the first order in ~ck

~E�k�~ck �
ÿ
ELP�k� ÿ ig

�
~ck � 2V�c��c~ck

� V�c2~c�ÿk exp
�
ÿ i
ÿ
2Ep ÿ ~E�k� ÿ ~E�ÿk��t

�h

�
: �15�

No terms except the last one depend on t; hence,

~E�k� � ~E�ÿk� � 2Ep : �16�
This equation is in essence a condition of the phase balance
that is needed for solutions of the form (14) to exist; it
represents as well the conservation of energy in elementary
scattering events �0; 0� $ �k;ÿk�.

As follows from Eqn (15), the condensate yields an
additive correction 2Vj�cj2 to the energy of any mode (the
next to the last term) and, in addition, couples the �k modes
(the last term), thus also affecting their energies. To formulate
the problem in a closed form, the same equation for ~cÿk
should be added, a complex conjugation made in it for all
terms, and ~E�ÿk� should be expressed through ~E�k� accord-
ing to (16). We arrive as a result at

a11 a12
a21 a22

� �� ~ck

~c�ÿk

�
� 0 ; �17�

where

a11 � ELP�k� � 2Vj�cj2 ÿ igÿ ~E�k� ; a12 � V�c2 ;

a21 � ÿV�c�2; a22 � 2Ep ÿ ELP�ÿk� ÿ 2Vj�cj2 ÿ igÿ ~E�k�:
Generally speaking, ~c�k should be considered operators
rather than numbers, since the excitations are small, but this
is not essential for a linear problem. Solving the equation
det ��� � 0, we obtain

~E��k� � Ep ÿ ig�
���������������������������������������������������������������������������ÿ
Ep ÿ ELP�k� ÿ 2Vj�cj2�2 ÿ ÿVj�cj2�2q

:

�18�
Let us turn to the characteristic cases (Fig. 2). It can be

seen, for example, that ~Eÿ�k� coincides with ELP�k� ÿ ig at
�c � 0. We found above from general considerations that the
usual Bogolyubov spectrum should be reproduced provided
Vj�cj2 � D and g! 0. Indeed, in this case we have

~E��k� ÿ Ep � �
��������������������������������������������
E 0LP�k�

�
E 0LP�k� � 2D

�q
; �19�

where E 0LP�k� � ELP�k� ÿ ELP�0�. If EX � EC�0� � E0, the
`speed of sound' in the condensate is c

��������������
D=eE0

p
.

The sound spectrum is in our case a degenerate solution at
the boundary point B2. For all Vj�cj2 > B2, i.e., on the upper
branch of the S-shaped curve, the condensate is in the center
of the spectral gap, the width of which Re � ~E��0� ÿ ~Eÿ�0��
grows as j�cj increases. Modes ~E��0� are decaying, but they
can be slightly populated by pulse excitation and then
detected, both in the spectrum and in the form of the
oscillations of the condensate amplitude [104, 105].

We now proceed to stability analysis. It should be noted
first that if the radicand in (18) is less than zero, the real parts
of ~E� coincide. Therefore, if the solution �c is unstable, the
spectral surfaces Re ~E��k� and Re ~Eÿ�k� are stuck together
in a flat region with energy Ep. It follows, in particular, that
solutions with a gap, when Re � ~E� ÿ ~Eÿ� > 0 for all k, are
stable, while instability is only possible for Vj�cj2 < B2.
Solving the inequality Im ~E��k; �c� > 0 with respect to �c at a
given k, we get P1�k� < Vj�cj2 < P2�k�, where

P1; 2�k� � 2

3

ÿ
Ep ÿ ELP�k�

�� 1

3

��������������������������������������������ÿ
Ep ÿ ELP�k�

�2 ÿ 3g2
q

:

�20�
These expressions coincide for k � 0 with B1; 2; therefore, all
solutions with a negative slope of the S-shaped curve are
really unstable even in the micropillar. The condensate itself
belongs in this case to the flat spectral region of the growing
modes.

However, even being still `intrinsically' stable, the con-
densate can start breaking up into other modes with k 6� 0.
This occurs at a very small amplitude. Noting that
dP1�k�=d�Ep ÿ ELP�k�� > 0 for Ep ÿ ELP�k� > 2g, it is easy
to find that the scattering threshold is attained on the circle
ELP�jkj� � Ep ÿ 2g and is

P � min
k

P1�k� � g; if D > 2g : �21�

So, the condensate begins to break up, even on the lower
branch of the S-shaped curve, the ratio of the thresholds
P=B1 being equal to 3g=D for g! 0. The scattering
threshold lies in the bistable region, since, on the other
hand, limg!0 f 2�B2�=f 2�P� � g=D.

Nothing can be said about what exactly happens when the
threshold P is slightly exceeded in the framework of a theory
linear in ~ck. Based on the observation that energy is
conserved in any `scattering event', and the loss of stability
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Figure 2. Spectra of the Bogolyubov quasiparticles ~E��k� at various points of the S-shaped curve, g � 0:05 meV, D � 10g, and other parameters are the

same as in Fig. 1.
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at the point P is said to be soft, implying that maxk Im ~E�k�
smoothly goes through zero as f and j�cj increase, it would be
natural to expect that a `second-order phase transition' with a
continuous dependence of jckj on f for each k occurs at this
point. At least, this assumption is very often made in similar
cases in laser physics [103]. However, in our case this
assumption fails; actually, the break-up of the condensate
into Bogolyubov pairs triggers the energy accumulation
process, which is not similar to phase transitions of either
the second or the first kind.

5. Regime with blowup

If the scattering threshold (21) is reached, energy is accumu-
lated due to the positive feedback loop between the ampli-
tudes of the condensate and scattered modes under constant
external conditions [50, 51]. With a relatively small constant
pumping

f 2 0 f 2�P� � g
V

��Dÿ g�2 � g2
� �22�

that shifts the resonance by the value Vjc0j2 0P � g, the
system spontaneously switches to the upper stability branch,
where, as usual, Vjc0j2 0D. The condensate amplitude
increases over time hyperbolically, and the relatively long
incubation period, the duration of which tends to infinity at
f! f �P� � 0, ends with a jump to the upper branch. Such
processes, referred to as `regimes with blowup', may occur,
for example, in models based on a nonlinear Schr�odinger
equation with particle attraction (field self-focusing) [106,
107]. The blowup regime is due in our case to the system being
open.

By accumulating energy, it is possible to excite a strong
field in a microcavity even with a very high Q-factorQ / 1=g
atD > g. The problem is that, since Braggmirrors reflect light
both inside and outside, as Q increases, the entering of light
into the cavity from the side of the radiation source becomes
hampered. In this regard, the threshold intensity of not an
effective but an actual external electromagnetic field could
become too high, and a wave with such intensity would only
damage the outermost reflective layer. But, since f 2�P� / g
at g! 0, the dependence of the external-field threshold
intensity on Q is significantly weakened.

We theoretically show in Section 5.1 that, rather than
decreasing, the condensate amplitude actually increases in
scattering; to this end, ck 6�0 in the second order should be
taken into account [50]. Section 5.2 illustrates how instability
develops using as an example a numerical solution of
Eqn (13). Section 5.3 contains experimental evidence of the
blowup regime [51, 52] and a discussion of some general
outcomes.

5.1 Theoretical analysis
Wenow take into account in Eqn (13) for k � 0 all interaction
terms that are proportional to c0:

i�h
dc0

dt
� ÿELP�0� ÿ ig

�
c0 � f exp

�
ÿ iEpt

�h

�
� Vc�0c0c0

� 2Vc0

X
k 6�0

c�kck � Vc�0
X
k 6�0

ckcÿk : �23�

Arguing from the contrary, we assume that equilibrium has
been attained in the process of scattering �0; 0� ! �k;ÿk�,
and, as a result, each mode k oscillates with a certain

frequency and has a constant amplitude. We separate the
phase factors:

ck�t� � �ck exp �ifk� exp
�
ÿ iE�k�t

�h

�
; where �ck 5 0 : �24�

It is clear that equilibrium, in principle, is feasible only if the
frequency balance E�k� � E�ÿk� � 2Ep is fulfilled. We
obtain then from Eqn (23) a static equation that may be
represented similarly to (8):

�c2
0 �

f 2

�Ep ÿ E? ÿ V�c2
0�2 � g2?

; �25�

where the following notations are introduced:

E? � ELP�0� � V
X
k 6�0
�2�c2

k � �ck
�cÿk cos ak� ; �26�

g? � g� V
X
k 6�0

�ck
�cÿk sin ak ; �27�

ak � 2f0 ÿ fk ÿ fÿk : �28�

E? and g? perform here as condensate eigenenergy and decay
rate. If equilibrium actually exists between the condensate
and all themodes into which it scatters, then an increase in the
condensate decay rate at a constant value of f should result in
a decrease in its amplitude,

d�c0

dg?
< 0 ; �29�

whereas, otherwise, the total energy can increase sponta-
neously. The symbol d here denotes small virtual changes
that are needed to analyze the stability of the static solution.
We now verify relation (29). Differentiating Eqn (25), we find

d�c0 � �c0

dX
Y

; �30�

where

dX � �Ep ÿ E? ÿ V�c2
0�dE? ÿ g?dg? ; �31�

Y � �Ep ÿ E? ÿ 2V�c2
0�2 ÿ �V�c2

0�2 � g2? : �32�
Using formula (25), it is also easy to verify that
Y � q� f 2�=q��c2

0�. As �c0 increases, this quantity changes its
sign at the already known boundary point

V�c2
0 �

2

3
�Ep ÿ E?� ÿ 1

3

�����������������������������������
�Ep ÿ E?�2 ÿ 3g2?

q
; �33�

where an amplitude jump is expected. Of interest to us is the
issue of whether equilibrium can be established before the
jump, so we find the minimum of dX=dg? on the lower branch
of solutions. Since expression (31) decreases with increasing
V�c2

0 at dE? > 0, we substitute the boundary value (33) into it,
yielding

dX >
1

3

�
Ep ÿ E? �

�����������������������������������
�Ep ÿ E?�2 ÿ 3g2?

q �
dE? ÿ g?dg? : �34�

The expression on the right-hand side of (34) decreases as
both E? and g? increase. Up to the limit point Ep ÿ E? ����
3
p

g?, i.e., when the lower branch of solutions still exists as
such, we have

1

g?

dX
dg?

>
1���
3
p dE?

dg?
ÿ 1 : �35�
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We now find dE?=dg? at d�ck 6�0 5 0. The problem has circular
symmetry, therefore

dE?
dg?
�
P

k 6�0 ukdvkP
k 6�0 dvk

; �36�

where

uk � 2� cos ak
sin ak

; dvk � sin �ak��ckd�ck : �37�

(According to [50], the same expressions are also obtained in a
more general case of a condensate with nonzero k.) It should
be noted that, if �ck > 0, then, under equilibrium conditions,
there must be sin ak > 0, since the sign of sin ak determines in
which direction the process �0; 0� $ �k;ÿk� is evolving
(compare with (27)). Equation (36) then has the meaning of
the average value of jukj with the weight function jdvkj;
therefore,

dE?
dg?

5 min
a

����2� cos a
sin a

���� � ���
3
p

: �38�

Combining this result with (35) and then with (30), we find
out that the equilibrium condition (29) is impossible on the
lower branch of static solutions.

Returning to the scattering process, we can conclude that
the condensate amplitude is not bounded because of increas-
ing losses above the thresholdÐon the contrary, it increases
itself and, as shown in [50], the growth rate of the scattered
modes also continuously increases in this connection. The
positive feedback loop between the amplitude and the
effective resonant frequency of the condensate now is
mediated by the scattered modesÐat first arbitrarily slowly
at f! f �P� � 0. However, over time, it short-circuits at the
point Y � 0, and then a jump to the upper stability branch
occurs.

The conservative nature of the jcj4 coupling is manifested
in the balance of frequencies (16), but not in the energy
balance, because an external field is effective all the time.
However, precisely when g! 0 and, in accordance with (22),
f �P� ! 0, i.e., when the system is getting closer to being
dissipativeless and conservative, this behavior is especially
counterintuitive.

5.2 Numerical example
We return now to Eqns (13) and use their numerical solution
as an example to shed light on the remaining problems: on the
one hand, the role of fluctuations and initial conditions, and
on the other hand, strong instability immediately before the
jump in the condensate amplitude.

This example, taken from [50] (Fig. 3), was obtained for
D=g � 12:5 and such f 2 for which

f 2�P� : f 2 : f 2�B1� � 1 :1:1 :3 : �39�

To simulate fluctuations, a stochastic source xk is added to the
right side of Eqns (13). Its phase arg xk is a random variable
uniformly distributed from 0 to 2p, which is updated every
0.08 ps �9 �h=R� at each node of the computational mesh k.
The amplitude jxkj, which is constant and the same for all k,
is chosen in such a way that for f � 0 the average population
of each mode is Vjckj2 � 10ÿ9P. The dispersion law ELP�k�
is determined by the parameters EC�0� � EX � 1:45 eV,
R � 6:4 meV, and e � 12:5. The resonance width is

g � �h=t � 0:04 meV (t � 16 ps), the pump detuning D �
0:5 meV, the wave number range is ÿ1:54 kx; y 4 1:5 mmÿ1,
the mesh size is 81� 81, and the boundary conditions are
periodic. In 50 ps, pump f 2 linearly increases from zero to
level (39), and then remains constant. The moment at which
f 2 attains a given level is taken as zero on the timeline.We are
interested in the subsequent evolution of the system, which
does not depend on the specific value of the constant V taken
into account in the definitions of f 2�B1� (see (10)) and f 2�P�
(see (22)). To integrate the equations, the variable-step
Runge±Kutta method was used.

According to (13), the quantity jckj is proportional to
jc�ÿkj. Consequently, in an ideal system, the condensate does
not break up if ck � 0 for all k 6� 0. Nonzero ck are easily
provided by Rayleigh scattering, but it also prevents the
nonlinear signal from growing against the noise back-
ground. The emergence of correlated signal/idler pairs from
a noise substrate is a complex process, the duration of which
depends on the relation between the characteristic signal
growth times �h= Im ~E�k; j�c0j� and its random dephasing.
Our consideration is restricted by an illustration: as follows
from Fig. 3, regular growth jck�t�j / exp �Gt� with constant
G starts only at t � 160 ps � 10 t. By the time it ends
(t � 400 ps), a slight increase in jc0j becomes noticeable.

After t � 400 ps, a new disorder sets in which is now of a
purely dynamic nature. The condensate is now turns out
to be at the center of a large circle of growing modes
�Re ~E��k� � Ep� with various jkj. Secondary scattering
channels emerge that are not taken into account in Eqn (23),
and the system loses the phase distribution ak at which the
energy was accumulated earlier. However, the condensate is
itself unstable; at some moment in time, it abruptly changes
the phase, increases the amplitude, and, having reached the
upper stability branch, no longer breaks up (t0 600 ps).
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The duration of the individual stages of this transition can
be changed depending on the choice of the parameters, but if
the system is homogeneous and the energy cannot leave it
otherwise than being radiated out of the cavity, the stage of
the exponential growth of the scatteredmodes inevitably ends
up with a jump to the upper stability branch.

5.3 Experiments
The blowup regime was observed in the process of pulsed
pumping [51], when the values of jck�t�j2 could be measured
directly (with an accuracy to the transmittance factor). The
pulse in [51] had a Gaussian shape with a lateral size of 45 mm
and a duration of about 200 ps. It was shown that the onset of
scattering actually triggers the energy accumulation process.
The population of scattered modes were found to increase
even with decreasing pump, i.e., at the back front of the pulse,
and the jump in jc0j2 was then observed when f 2�t� was
halved with a delay of about 100 ps relative to the maximum.
Moreover, in full accordance with Fig. 3,modes with a certain
jkj were excited in the beginning of the transition, which was
followed by the excitation of a wide region around the
condensate. As expected, the blowup regime was absent
when pumping was too weak or too strong.

A question arises: is it possible to somehow retain the
evolution of the system in its most unstable phase? To do so,
it is necessary to ensure the outflow of energy without
breaking the feedback loop between the condensate and
scattered modes. It turns out to be possible provided a
small spot several micrometers in radius is only excited in a
normal laterally homogeneous structure [52]. In this setup,
polaritons with nonzero k that move out constantly take
away some energy outside the unstable region in the center
of the spot.

Experiment [52] was performed with continuous pump-
ing. Typical of this setup, the transmission signal was not
resolved in time, but could be accumulated for an arbitrarily
long time near the threshold. As the external-field amplitude
increased, two signal jumps were observed: the first corre-
sponded to the overcoming of the Rayleigh signal by growing
scattered mode, and the second to the transition to the upper
stability branch. In between, the transition remains incom-
plete even at t!1 because of the energy outflow. It is clear
that instability is strongest immediately before the second
jump. The condensate experiences here a strong feedback
effect of scattered modes, whose amplitudes are small on
average, but vary rapidly and randomly. Consequently, all
modes, including the condensate itself, no longer resemble an
oscillator excited by a constant harmonic force, so the
assumption of macroscopic coherence may fail. Indeed, it
was in this and only this region that the second-order time
correlation function measured using a Brown±Twiss inter-
ferometer showed a jump to 1.8 instead of the value of 1.0
typical of classical light.

In handling nonclassical polariton states that arise from
scattering, Josephson junctions, etc., it is usually assumed
that at least one of the coupled modes has a low population
that allows quantum effects tomanifest themselves [108±110].
By contrast, in our case the incoherent states are, in a sense,
brought about solely by the condensate. The super-Poisson
statistics of photons emerged when the field intensity was
already an order of magnitude greater than in an apparently
coherent state below the threshold. Moreover, as early as
2004, nonclassical radiation with a `squeezed' uncertainty
relation was reported in the run-up to the transition to the

upper branch, but the effect was not very large in a homo-
geneous polariton system [111].

Another noteworthy effect found in Ref. [52] is the
spontaneous breaking of circular symmetry. Inhomogene-
ities in the distribution of unstable scattered modes arise and
get amplified so that they compete with each other, suppress
the nearest neighbors, etc. A symmetric Gaussian spot
transforms as a result into a regular polygon. The orientation
and the number of its sides are apparently determined by the
small inhomogeneity of the sample itself, since they depend in
the experiment on the location of the pump spot. This effect
was observed in a wider range of amplitudes than radiation
with quantum noise. Thus, the introduction of lateral
heterogeneity results in interesting new phenomena in a
polariton system with multimode instability.

6. Break-up of a condensate
with nonzero momentum

6.1 Parametric scattering
Let us consider an effect that at the turn of 2000 caused the
first surge of interest in the collective states of polaritons in a
microcavity. This is the break-up of a condensate excited with
a wave number kp near the inflection point of the lower
polariton branch, as a result of which new coherent modes
with wave numbers 0 and 2kp emerge. The inflection point is
also referred to as the `magic angle', since the condensate
wave number is controlled in the general case by the angle of
incidence of light: kp � �E0=��hc�� sin y, yielding y � 15� at the
ELP�k� inflection point for GaAs with E0 � EC�0� � EX.

Scattering from condensate was initially detected in the
`parametric amplifier' mode by measuring the transmittance
of the second beam with the wave number k � 0 and a
relatively small amplitude [112, 113]. It became clear shortly
after that the second beam is not needed, and the condensate
can break-up fully spontaneously [36, 114, 115]. Such a
break-up was explained in [116, 117] by analogy with an
optical parametric oscillator (OPO), in which the `pump'
beam is split into a half-frequency `signal' and `idler'. It is for
this reason that the same terms are sometimes still used to
label unstable Bogolyubov modes that also emerge in pairs.
However, the nonlinear term in the equations of evolution of
a conventional OPO is of the second degree in the amplitude,
while in our case it is of the third degree. If we take only three
equations from a system like (13) for k � 0 (signal), kp
(condensate excited by an external field), and 2kp (idler),
then we can easily determine the relationship between the
signal and condensate amplitudes above the scattering
threshold, which turns out to be the same as in experiment
[37]: jc0j / jckp

j2.
The question to be answered then is: why does the signal

prefer to emerge in the k � 0 state? The same experiments [37]
showed that there is nothingmagic in the inflection point, and
the condensate can break up at various y varying from 10� to
24�, while the signal only shifts upward in frequency as y
increases but does not change its wave number. The
calculation of the Bogolyubov spectra did not clarify the
situation. To generalize the results of Section 4 for the case
kp 6� 0, we should make the substitution ÿk! 2kp ÿ k in
each of Eqns (15)±(17). This yields a slightly more complex
expression for ~E��k�, but the blue shift Vjckp

j2 at the
threshold point is still equal to g. For small g, the dispersion
surfaces Re ~E��k� are almost unperturbed, and the scattering
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directions are determined immediately from the phase
balance condition similar to (16):

ELP�k� � ELP�2kp ÿ k� � 2Ep : �40�

The pump frequency Ep slightly exceeded in the experiments
the resonant frequency ELP�kp�, since due to this the signal
was enhanced. Provided thatD > 0, all points �kx; ky� lie on a
circle when kp � 0; if, however, kp is near the magic angle,
they lie on a kind of1 symbol with wide loops around k � 0
and 2kp open at the center point kp.

It was assumed at first in [38] that, for the k � 0 signal
mode to be macroscopically populated, other scattering
channels are needed that were not taken into account in (1)
and (13), which, for example, could deteriorate the stability of
all nonground states with higher eigenenergies. Another
explanationwas suggestedbyNAGippius andSGTikhodeev
[26, 39, 83, 118], who noted that the condensate must be
bistable in the case of a positive detuningD. It is on the upper
branch of solutions that the dispersion surfaces Re ~E��k� are
stuck together near k � 0 and 2kp almost independently of
the specific kp, because the Re ~E��k� surface is strongly
shifted to the blue part of the spectrum, while Re ~Eÿ�k� to
the red part (Fig. 4) They touch each other at the points close
to 0 and 2kp at the largest amplitude at which scattering is still
possible. But the upper branch can only be reached after a
jump in the amplitude; therefore, the phase transition that
occurs is not of the second kind, as was previously assumed by
analogy with the OPO [37], but rather of the first kind.
Experiments with pulsed pumping and time resolution,
which were performed several years later [42, 119, 120],
clearly showed a rapid enhancement of both the condensate
and the signals upon reaching the threshold. A sharp
transition from distribution (40) to a giant signal with zero k
was detected around the same time in a series of experiments
with various constant f, a phenomenon that would have been
impossible without a jump in jckp

j [43]. It was found even

earlier that the signal and the idler feature high spatiotem-
poral coherence [41].

The scenario that suggested a jump in amplitude at the
beginning of the entire process also encountered an obvious
difficulty: as D=g increases, the threshold f1 of the transition
between the lower and upper branches of the response
significantly exceeds the scattering threshold. At first, this
inconsistency was again explained by effects unaccounted for,
for example, fluctuations that can actually lower f1 [121±125];
however, the `soft' parametric scattering expected forD > 2g
was not observed, even in very high-quality samples at low
temperature. The whole picture was only pieced together with
account taken of the feedback loop between the condensate
and signals, i.e., the blowup regime, which well explains the
details of previous experiments [50]. The primary nonlinear
effect is precisely parametric scattering, but, by exciting the
signals, the condensate enhances itself and shifts the
Re ~E��k� surfaces in opposite directions, due to which the
distribution of scattering directions changes all the time. As a
result of an increase in energy, the loops get closed around the
points 0 and 2kp, and the condensate enters the spectral gap
and then actually breaks up, transferring excess energy to the
signal modes. Both loops and bistability eventually degen-
erate in full (Ep ÿ E? <

���
3
p

g?). Therefore, it turns out in
experiments with continuous pumping that the signal,
which, at first glance, should emerge smoothly, experiences
a giant jump, while the bistable condensate, on the contrary,
barely changes its amplitude.

Equations (1) with an external field/ exp �i�kprÿ Ept=�h��
gradually lose their relevance as kp is shifted to the exciton
region (y0 40�), where incoherent scattering comes into play
[126, 127]. If kp is shifted in the reverse direction from the
magic angle to zero, the pair �0; 2kp� ceases to play a special
role, and, moreover, interference from the Rayleigh signal
near the threshold gets stronger. The blowup regime becomes
a purely transient effect in the vicinity of kp � 0, as described
for simplicity in Section 5.
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6.2 Rayleigh scattering and superfluidity
A modification of the Bogolyubov spectrum is associated
with another remarkable threshold effect: a transition to
`superfluid' behavior where elastic Rayleigh scattering of
polaritons on structural inhomogeneities is turned off [13,
47, 48].

Figure 5 shows solutions to system (13) with a `defective'
micrometer-sized region where the eigenenergy is anoma-
lously large. Polaritons excited with a nonzero wave number
kp are scattered on such a defect. For example, interference of
the condensate and a circular wave spreading in the backward
direction is visible in Fig. 5b, f. Many modes are populated in
the momentum space, even without taking into account
nonlinearity, the frequency of any mode with a nonzero
average jckj being equal to the condensate frequency Ep=�h
and, therefore, k satisfying the condition

Re ~E��k� � Ep �41�

for at least one of the branches ~E�. On the other hand,
parametric scattering not related to nonhomogeneity is
determined by the condition Im ~E��k� > 0, or

Re ~E��k� � Re ~Eÿ�k� : �42�

The roots of Eqns (41) and (42) depend on the position and
amplitude �c of the condensate mode.

All calculations, the results of which are displayed in
Fig. 5, are performed at D � 2g � 0:1 meV. The solution
plotted in Fig. 5a, b lies on the lower branch of the S-shaped
curve, while two other solutions (Fig. 5c, d and 5e, f) lie on the
upper one, and they are outside the bistable region. Thus, all
the spectra in Fig. 5a, c, e are directly attainable when the
pump is switched on smoothly from zero to the required
amplitude f. With the exception of this circumstance, Fig. 5c
corresponds to state 5 in Fig. 2, in which the condensate with
zero kp also has a sound excitation spectrum.

As can be seen from a comparison of Fig. 5a and c, all the
roots of Eqns (41) and (42) degenerate into the point k � kp as
j�cj increases and then completely vanish. Then, since all ways
of polariton scattering are closed, their motion becomes
superfluid, and the scale of the inhomogeneity no longer
exceeds the defect size (Fig. 5d).

The situation in which both scattering paths disappear
almost simultaneously as j�cj increases is only typical of
relatively small kp. For larger kp, the parametric break-up of
the condensate ceases earlier than Rayleigh scattering, as can
be seen fromFig. 5e. In addition, the field distribution around
the defect changes (Fig. 5f). The motion of the defect relative
to polaritons becomes supersonic when the speed of motion
�hkp=mLP is higher than the speed of sound in condensate
�d�Re ~E�=d��hk��k!kp

. These speeds do not have an exact
meaning for the system as a whole; nevertheless, the super-
sonic effect is noticeable owing to the V-shaped feature in the
jcj2 distribution that corresponds to the Mach cone [128].

The transition to superfluidity under the conditions of
resonant pumping is not very similar to the behavior of real
liquids and gases if threshold phenomena like a jump in heat
capacity, which usually accompany such transitions, are
meant. As was asserted above, polaritons in an external field
have neither critical temperature nor equilibrium in general,
and the transition conditions are different. For example, the
state displayed in Fig. 5e, f become superfluid if the external
field is slightly enhanced so that the Re ~E��k� branches move

apart (as in state 6 in Fig. 2) and condition (41) becomes
impossible for all k. Thus, superfluidity emerges as �c
increases; however, this transition per se may look different
due to possible bistability of the response.

The superfluidity effect in a nonequilibrium polariton
condensate predicted in [47] was confirmed experimentally,
as was supersonic motion [48]. Both effects have been recently
observed even at room temperature in a cavity with an active
layer made of organic material, in which the Rabi splitting
was as high as 0.6 eV [49]. These experiments have shown that
the system actually does not have different break-up channels
or excitation carriers other than Bogolyubov particles to
which the condensate energy can be transferred. Thus, they
confirm the self-consistency of the theory.

7. Spin symmetry breaking

The autonomous Gross±Pitaevskii or Ginzburg±Landau
equations are invariant with respect to the phase shift
c 7!c exp �if�; therefore, the equilibrium Bose condensate
always emerges spontaneously, breaking the continuous
gauge symmetry U(1) [6]. The condensate phase in a strong
external field, as a rule, is predetermined by this field;

�1

�3

Vjcj2, meV

20 mm �1

0.150

d

b

f

ÿ4.5

ÿ5.0

Vj�cj2 � 0:03 meV
a

E
ÿ
E
X
,m

eV

ÿ4.5

ÿ5.0

Vj�cj2 � 0:10 meV
c

E
ÿ
E
X
,m

eV
E
ÿ
E
X
,m

eV

0 0.5 1.0
k, mmÿ1

Vj�cj2 � 0:11 meV
e

ÿ4.5

ÿ5.0

Figure 5. (Color online.) Illustration of transitions to (a ± d) superfluidity

and (e, f) supersonic motion. Spectra (a, c, e) of the Bogolyubov modes

Re ~E��k� (solid curves). The pump position �kp;Ep� is marked by a star;

the condensate mode `intensity' Vj�cj2 is shown explicitly in each case; the

dashed curves show the undisturbed dispersion law ELP�k� and its `idle'

replica 2Ep ÿ ELP�2kp ÿ k�; the dotted line shows the pump level E � Ep.

(b, d, f) Corresponding numerical solutions of Eqns (13) that have

established with time. The pump acts in the direction of the arrow. In the

center of the computational mesh, there is a `defect' 1 mm in radius, inside

which the eigenenergy ELP for all k is several meV higher than the usual

value. Cavity parameters correspond to Fig. 1; the decay rate g �
0:05 meV.

134 S S Gavrilov Physics ±Uspekhi 63 (2)



however, Bogolyubov particles originate in pairs and are
characterized by a certain value of ak � 2fkp

ÿ fk ÿ f2kpÿk,
whereas the phases themselves are randomly selected. Thus,
pairwise break-up of the condensate is also related to the
breaking of the U(1) symmetry.

We begin here to describe a new scattering mechanism,
due to which, not a pair, but a continuum of polariton modes
with various jkj can be excited at constant f and without any
structural defects whatsoever. The primary nonlinear effect in
this mechanism is violation of parity, i.e., the spin balance at
f� � fÿ [55±57, 129±131]. We analyze this phenomenon in
this section to show in Section 8 how and under what
conditions it can result in a violation of continuous sym-
metry. All the issues that we discuss are contained in Eqns (1)
that describe a homogeneous system under the effect of a
plane light wave �kp � 0�.

7.1 Theoretical analysis
Having made the substitution c��t� � �c� exp �ÿiEpt=�h�, we
obtainÿ

D� igÿ Vj�c�j2
�
�c� ÿ

g

2
�c� � f� : �43�

Let f� � fÿ � f, so that the light is linearly polarized in the x
direction according to the usual rule f� � � fx � i fy�=

���
2
p

.
System (1) can be diagonalized at c� ! 0 if c� is expressed
through cx; y in the same way; two eigenenergies Ex; y are
equal to ELP � g=2. Therefore, the incident light is polarized
in the same way as the upper (lower) eigensublevel at g > 0
(g < 0). Excluding f from (43), we obtain

�cÿ
�c�
� D� g=2� igÿ Vj�c�j2

D� g=2� igÿ Vj�cÿj2
: �44�

It can be seen that, along with spin-symmetric solutions
��c� � �cÿ�, which are always present, there are also asym-
metric solutions, where one of the spin components is smaller
than the other and completely vanishes at g! 0 and some f.
For example, lim

g!0

�cÿ / g if

Vj�c�j2 � D� g

2
: �45�

If g > 0, symmetric solutionsmay be unattainable in finite
regions of f and D (Fig. 6). To make it clear, notice that the
strength with which one component acts on the other depends
on the difference between their phases. A similar circum-
stance results in the Josephson effect in tunnel-coupled
superconductors [132] or Bose condensates [133±136], includ-
ing polariton ones [14, 15, 137±140]. In our case, when there is
an external field, the phasesf� are initially the same, but they
depend on the amplitude. It is already seen from Eqn (7) that
as the amplitude increases the condensate phase lags behind
that of the external field: f � arg � f �c� decreases from 0 at
g! 0 and jcj ! 0 toÿp at jcj ! 1. This conclusion is valid
for both components, and if, for example, jc�j > jcÿj, then,
for self-consistency, there should be 0 < fÿ ÿ f� < p, and
therefore, sin �fÿ ÿ f�� > 0. On the other hand, in accor-
dance with (1),

djc�j
dt
� g

2�h
jc�j sin �f� ÿ f�� � . . . : �46�

If g > 0, the larger of the spin components, whetherc� orcÿ,
is additionally enhanced at the expense of the smaller one and

suppresses it. It is for this reason that spin-symmetric
solutions with large amplitudes c� � cÿ are sometimes
difficult to attain or simply unstable. When both compo-
nents grow in the blowup regime, they compete with each
other, and the component that incidentally lags behind the
other can be eventually heavily suppressed.

The evolution of the system depends on the relation
between g and g. For 09 g9g, both symmetric and asym-
metric solutions of Eqns (43) exist and are stable in a wide
range of f and D. The specific state to which the system will
switch may depend on the pulse shape ( f as a function of t).
However, as g increases to g or higher, the internal antagon-
ism between the spin components also enhances and, for
D � g, an interval of f emerges in which all symmetric
solutions altogether are unstable. (In particular, on the very
top branch of solutions, where �c� � �cÿ, and hence �cy � 0, it
turns out that Im ~Ey > 0 for above-condensate modes.)
Spontaneous symmetry breaking is inevitable in this range
of f, regardless of the pulse shape, lateral size of the system,
etc.
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An irreversible violation of the spin balance is partly
similar to the self-trapping of the Josephson transition [15,
133, 134, 137, 141, 142], but such an analogy would be too
superficial. The absence of a reverse oscillation in our case
does not come from nonlinearity, but rather from the fact that
both components vary with the same forced frequency, while
nonlinearity, on the contrary, provides a `choice' of spin
during the transition. It should be noted that as g=g
increases, a second possibility of symmetry breaking arises;
namely, new stable solutions with diagonal linear polariza-
tions emerge, due to which quantized vortices and dark
solitons can form in the system [143].

7.2 Experiments
We now consider an experiment showing spin symmetry
violation at g0g [57] (Fig. 7). The sample, the characteristics
of which were presented in Section 2, was grown using
molecular beam epitaxy on a GaAs substrate opaque to light
at a resonant frequency (E0 � 1:6 eV). To perform a light
transmission experiment, the substrate was removed in a
rectangular region of 0:7� 0:3 mm2 by selective etching.
This operation resulted in the emergence of a minor mechan-
ical stress associated with the difference in the lattice periods
of the layers that form themirrors (the substrate stabilizes this
system). As a result, a splitting of eigenmodes polarized along
the [110] (x, upper level) and �1�10� (y) axes arose; the etched
area was originally oriented along the same axes.

The experiment was performed in an optical cryostat at a
temperature of 2 K. The pump was provided by a mode-
locked titanium-sapphire laser. The pulses had a duration of
about 80 ps at half maximum intensity and a repetition rate of
8MHz. A technique was used in which the conjugation of the
laser and the detector (streak camera) made it possible to
record a signal with a picosecond resolution, but the result is
actually averaged over many individual pulses. A relatively
wide beam was focused onto a spot 40 micrometers in size,
and the signal shown in Fig. 7 was received from the center of
the spot. The detuning D was 0.24 meV at g � 0:08 meV and
g � 0:05meV; these parameters approximately correspond to
Fig. 6c, d. The polarization was linear in the x direction; the
`seeding' degree of circular polarization that was required to
reproduce the result in a series of pulses was 5%.

Figure 7a±e shows the evolution of the signal. Displayed
are its intensity, the degree of circular polarization r� � rc,
as well as rx; y and r�45� , the degrees of linear polarization
in the bases ex; y and ex � ey rotated one relative to the other
by 45�,

rx; y �
jcxj2 ÿ jcyj2
jcxj2 � jcyj2

; r�45� �
c�xcy � c�ycx

jcxj2 � jcyj2
: �47�

The directly measured intensities I � jcj2 of each of the
polarization components (I�, Ix; y, and I�45� ) are also
plotted. Should the instantaneous values of all I be precisely
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measured, the following relation would hold true:

r2 � r2� � r2x; y � r2�45� � 1 : �48�

The value of r decreases if the contributions coming from
individual pulses to the result are not the same. Signal
depolarization is indicative of instability and sensitivity to
small fluctuations.

Figure 7f shows spectra Ix; y�E� near some selected time
instants; t � 0 corresponds to the peak of the pulse. Spectra Ix
and Iy were recorded separately. The hardware resolutionwas
approximately 0.06 meV, due to which all the lines are greatly
broadened. Of interest to us is only the location of the linesEx

and Ey, which, despite the broadening, is quite accurately
determined using the weighted average spectra.

We consider the main stages in the evolution of the system
during the pulse passage. The signal is initially polarized in
the same way as the external field in the x direction, and a
superlinear increase in its intensity can be observed, which is
characteristic of the lower branch of solutions. Levels Ex and
Ey are located at the pump frequency, as should always be the
case if the amplitude f is a constant or changes relatively
smoothly. It should be stressed that Ex; y correspond to the
frequencies of the condensate, and not the excitations shown
in Fig. 6e.

Next, a signal jump occurs: its intensity increases by an
order of magnitude in less than two `lifetimes' t � �h=g. At
first, both spin components increase (t � ÿ20 ps), but c�
outraces and then strongly suppresses the cÿ component
which starts decreasing even at t < 0. As a result, the
condensate proves to be locked in the state with right-handed
circular polarization for about 100 ps. The same process may
be, however, interpreted in an alternative way from the
perspective of linear Ix; y components. In this basis, the x
component is enhanced earlier, since it corresponds to an
eigenstate, whose polarization is the same as that of the
external field and whose frequency is closer to the pump one
at the pulse beginning. The state with polarization y could not
be populated at all in the absence of nonlinearity. But, as in
Fig. 6, it loses stability �Im ~Ey > 0�, while still having a noise-
level amplitude, and as a result is exponentially amplified by
two orders of magnitude over about the same time of 2t.

The condensate proves to be sooner or later at the left
boundary point of the middle branch. It will go down from
there to the lower branch should the pulse be longer, but in
our case it does not have enough time for this transition, since
at each moment its amplitude is higher than that of the static
solution �c�� f �t��. The breaking of the middle branch is
therefore similar to the interruption of pumping, and the
system switches from forced evolution to a free one. The
linear coupling between c� and cÿ nowmanifests itself, first,
in the splitting of the levels Ex and Ey that tend over time to
eigenfrequenciesELP � g=2, and, second, in the oscillations of
r� and r�45� , an `internal Josephson effect' [142]. The
oscillation period T is routinely related to the coupling
strength: T � 2p�h=g.

The fact that oscillations do not halt after more than
100 ps when the field density decreases by one and a half
orders of magnitude is an indication of a long coherence time.
However, now it would be incorrect to speak of the general
condensate state of polaritons. The blue shift no longer
compensates the inhomogeneities in the eigenenergy distribu-
tion, and, having lost connection with the external field, the
condensate decomposes into islands whose further evolution

is not the same [144]. The island that in our example provided
the main contribution to the `free' signal �t > 115 ps and
Ex; y < Ep� is a localized state with a relatively long lifetime,
which is several times greater than t for a plane wave. (Quasi-
equilibrium condensates are known to also exhibit spatial
fragmentation in the vicinity of the threshold [5, 7].)

Distinguishable oscillations at the trailing edge imply, in
addition, that the system dynamics is almost the same in each
individual pulse. The total polarization r is virtually equal to
unity on the lower branch of solutions. It decreases to 0.75 at
the transition point, where the system is unstable, but then
returns to 0.95 on the middle branch to remain so until
t � 115 ps. Due to condensate fragmentation, the system is
sensitive to fluctuations, and after the moment t � 115 ps r
linearly decreases over time to 0.5 at t � 250 ps.

The symmetry violation in the considered example was, in
standard terms, an explicit one, i.e., originated from some
finite seed that predetermined the transition. For a more
stringent balance between the amplitudes f� in external
pulses, the `spin' outcome of each jump of the field becomes
random.

Equations (1) well reproduce the behavior of the system
up to the fragmentation stage, including all intensities,
phases, and characteristic times. A detailed comparison of
experiments and calculations is presented in [55, 56]. The
transition to the uppermost (symmetric in spin) branch of
stationary solutions was also explored in [55], while in [56]
spatial effects in an inhomogeneous system were studied. If
the problem is slightly complicated, new interesting phenom-
enamay be found [129±131]. For example, the condensate can
change the sign of circular polarization in a constantmagnetic
field Bkz depending on the pump amplitude, a phenomenon
that was also experimentally confirmed in the pulsed regime
[129]. In addition, it was predicted that transitions under the
effect of fast acoustic perturbations are possible between the
states whose symmetry is broken in opposite ways [130].
Finally, it is noteworthy that parity violation has recently
been found in quasi-equilibrium polariton condensates,
where it emerges as a result of interaction with an exciton
reservoir [145, 146].

8. Chaos and a new order

8.1 Turbulence in optics
Evolution is predetermined in chaotic states by the initial
conditions, but it is virtually unpredictable, since close
trajectories quickly diverge. Nevertheless, an attractor in the
phase space, to which they all tend, exists, being a complex
object with a fractional dimension. Chaotic solutions have
been found byELorenz in amodel of atmospheric convection
with only three degrees of freedom [147]. G Haken found an
analogy between the Lorentz model and the Maxwell±Bloch
system of equations for inverse-population media [148].
Many chaotic emitters have been created since then based,
for example, on laser diodes [60]. It has been found recently
that even the circular-polarization degree in their emission
can vary randomly [149,150].

A more difficult task is to obtain spatiotemporal chaos,
i.e., a state in which light resembles a turbulent fluid. It does
not arise in coherent optics as easily as in hydrodynamics if
strictly deterministic rather than stochastic processes are
meant. In passing through the generation threshold in lasers,
unstable modes compete with each other, and only a small
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number of them eventually become order parameters; due to
this, static dissipative patterns emerge in an extended system
[86, 103]. A higher degree of complexity can be provided by
external feedback when a chaotic signal emerging from the
active medium returns there delayed in time [151]. Examples
of such systems are ring resonators with a photo-amplifying
element, in which turbulent radiation was first observed [152],
or state-of-the art lasers with an external resonator [59, 153,
154]. However, feedback also results in additional correla-
tions in the output signal those reduce its complexity [155].
Spatiotemporal chaos has also been found recently in a planar
microcavity with a saturable absorber [156, 157]. Solitons and
self-oscillations were evidenced in this system even earlier
[158]; however, chaos was observed only in a one-dimensional
strip on the sample.

All of these systems are `laser' type devices that contain an
active medium in which light is generated or amplified. There
is also a simpler way to optical instability: self-focusing of a
coherent field in a passive nonlinear medium that we have
already mentioned as a possible cause of the blowup regimes.
Dissipative structures [25] and chaos [159] are known to
emerge in the system of equations (13) with V < 0. How-
ever, while predicting an infinite self-focusing proceeding in a
finite time in two- and three-dimensional systems at f! 0
and g! 0 [107], such a model is no better than a crude
illustration in the case of a gas of particles with a positive
effective mass.

For a polariton system, when V > 0 and the theory is
accurate in the low-density limit, the emergence of chaos is
hindered precisely because the particles repel each other.
Random inhomogeneities in their distribution do not grow
but tend to level during the particle's lifetime, while there is
simply no amplification characteristic of `lasers' �ImV� or
feedback loops. There is also no explicit way to generate new
frequency harmonics, as in the Duffing equation with real-
valued nonlinearity of the form �c� c ��3. If the system is
internally homogeneous and is excited by a plane wave, it
seemed for a long time that the only nontransient collective
effect in it could only be pairwise break-up of the condensate.
The model can be complicated to some extent by introducing
strong inhomogeneity. For example, a transition to chaos was
predicted in a Josephson junction with a tunnel coupling of
two condensates with a certain nonlinear coupling of their
spin components [160]. However, it is difficult or impossible
to scale in space any inhomogeneity, such as a barrier between
condensates (unless creating a discrete chain of condensates
or something similar is meant), which complicates the
transition to spatial turbulence.

8.2 Loop scattering mechanism
It has been found out recently that, despite the repulsion
between particles and dissipation, system (1) allows sponta-
neous break-up of the homogeneous state and chaotic
dynamics [53, 58]. This may occur if g > 4g, when higher-
order interaction processes come into play. Previously we
have considered the two-particle scattering with conserved
spin and momentum, which can be symbolically represented
by the diagram

as well as the linear coupling of the spin components� andÿ:

The new scattering process, which is discussed below, has a
loop form,

in which the degeneracy of the unstable modes is lifted (Fig. 8)
and spin inversion allowed.

Let us now determine the spectrum of above-condensate
modes in the stationary state c��t� � �c� exp �ÿiEpt=�h�.
Repeating all the arguments given in Section 4 with con-
sideration for two spin components, instead of the system of
equations (17), we obtain

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

0B@
1CA

~c�j�k
~c��jÿk
~cÿj�k
~c�ÿjÿk

0BBBBB@

1CCCCCA � 0 ; �52�

where a11 � 2Vj�c�j2 � sÿ l, a12 � V�c2
�, a13 � g=2, a14 � 0,

a21 � ÿV�c�2� , a22 � ÿ2Vj�c�j2 ÿ sÿ l, a23 � 0, a24 � ÿg=2,
a31� g=2, a32� 0, a33� 2Vj�cÿj2 � sÿ l, a34� V�c2

ÿ, a41� 0,
a42 � ÿg=2, a43 � ÿV�c�2ÿ , a44 � ÿ2Vj�cÿj2 ÿ sÿ l,

s � ELP�k� ÿ Ep ; l � ~Eÿ Ep � ig ; �53�

~E � ~E�k� is the sought-for function. The equation det ��� � 0
is biquadratic with respect to l, yielding solutions of the form

~E � Ep ÿ ig�
�����������������
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Figure 8. (a, b) Real and (c) imaginary parts of the Bogolyubov

quasiparticle energy, Re ~E�k� and Im ~E�k�, in a state with broken spin

symmetry [58]. Figure b shows an enlarged part of Fig. a. The star in

Fig. a indicates the condensate mode. Parameters: g � 0:02 meV,

g � 10g, D � Ep ÿ ELP�0� � 15g, �cÿ � 0, and V�c2
� � D� g=2 in accor-

dance with Eqn (45); spectrum ELP�k� is shown by the dashed curve.

k1j� �jk3
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V , where k1 � k2 � k3 � k4, (49)
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In considering broken spin symmetry states, we assume that
one of the �c� components vanishes completely, and for the
remaining one we introduce the notation w 2 � Vj�cj2; then,

P � 2s 2 � 4sw 2 � 3w 4 � g 2

2
; �55�

Q � �4sw 2 � 3w 4�2 � g 2�4s 2 � 8sw 2 � 3w 4� : �56�

The homogeneous condensate state is unstable in the
general case if Im ~E > 0 for at least one k. There are two
types of instability:

1� Q > 0 ; but P�
����
Q

p
< 0 ; �57�

2� Q < 0 : �58�

The first type is a direct pairwise break-up of the condensate.
This instability is responsible for all the spontaneous effects
discussed earlier, including those sensitive to spin [161, 162],
and the parity violation itself (see Fig. 6). But if the parity is
already violated, then the second type of instability may
emerge in this last remaining homogeneous state, which is
associated with higher-order scattering. It can be seen, for
example, that only one term, 8sg 2w 2, in Eqn (56) can be less
than zero, and it is proportional to both V and g 2. Scattered
modes can now be split in energy, but have at the same time a
momentum equal to that of the condensate. Also, when
populated, these modes restore the spin component that has
disappeared owing to the symmetry breaking, even if this
component is completely suppressed in the condensate.
Having calculated the eigenstates, one can find, for example,
that rc�k� 0� � ÿ0:6 for the lower scattered mode shown in
Fig. 8, although �cÿ � 0 in the condensate.

Spectrum (54)±(56) displayed in Fig. 8 can be easily
understood by superimposing the dispersion curves corre-
sponding to states 6 and 1 in Fig. 2. The Re ~E�k� branches
from the two components get close to each other in the
combined picture near k � 0 and E � Ep �D, while for
g > 0 they join in these places and form almost flat sections,
as is shown in Fig. 8a. To this end, it is necessary in the general
case that pair processes (49) with spins `+' and `ÿ' match
each other in energy near k1; 2; 3; 4 � 0, while the connecting
lines must have different signs of `convexity' d2E=dk 2. This is
always the case when w 2 � D� g=2, i.e., in states with
maximum spin asymmetry (see Eqn (45)) if the values of g
and D are close to each other. Figure 9 explicitly shows the
region of g andD in which asymmetric states are unstable. It is
seen that instability of this type is only possible at g=g0 4.

8.3 Self-pulsations and deterministic chaos
Starting with an analysis of spontaneous parity violation (see
Section 7), we have found another break-up process, this
time occurring in an asymmetric state. As a result, there are
no longer stable homogeneous solutions whatsoever in a
finite interval f, and we arrive at a situation wherein the
emergence of either inhomogeneous patterns or oscillations
with new frequencies, E 6� Ep, which do not attenuate at
t!1, is inevitable. We consider the latter possibility using
as an example the `micropillar', where the system actually
has only three degrees of freedom: jc�j, jcÿj, and phase
difference argc��cÿ [53] (Fig. 10). The calculation was
performed at g � 0:02 meV, g � 10g, and a relatively low
detuning D � 7:5g. For one pump intensity f 2 � f 2

0 , the
system behaves chaotically (Fig. 10a, b), while if f 2 � 2:5 f 2

0 ,
the oscillations become regular (Fig. 10c, d).

Chaos emerges due to a combination of nonlinear effects
of two alternating types, (57) and (58). The `internal' break-
up Ep ! Ep �D of the fields with high rc restores the spin
balance, which then breaks again in one direction or another.
The system is sensitive to small deviations: its two trajectories,
even those that are arbitrarily close near the equilibrium point
(P), quickly diverge, a behavior typical of chaotic states. The
oscillations can shift in a more intense external field far from
the point P to become strictly periodic. However, such
solutions can only be obtained if the detuning D is compara-
tively small, whereas at D > g, all solutions on most of the
unstable interval f 2 exhibit chaos [53]. The average frequency
of spin switching in those solutions is comparable with
Im ~E=h and may be as high as 1011 Hz for GaAs-based
structures.

8.4 Filaments
Chaos results in a loss of homogeneity in an extended system
with continuous spectrum ELP�k�, as a result of which new
static solutions can form. The condensate breaks up in this
case into many modes, and its momentum becomes indefinite
in at least one direction. To estimate the scale of the
inhomogeneity, we take into account that the frequencies of
the scattered modes equal Ep in the case of the instability of
the first type; therefore, their momenta are limited. Namely,
direct break-up of the condensate is prohibited into modes
jkj5 kmax, where

ELP�kmax� ÿ jgj
2
� Ep : �59�

The second type of instability does not shift the boundary
kmax. If the characteristic widthDk of the k-space distribution
of jcj in is much smaller than kmax, the state of the condensate
and the measure of its stability are virtually the same as in the
single-mode (strictly homogeneous) case, i.e., the solution is
unstable. Conversely, stabilization is only possible if the
magnitudes of Dk and kmax are comparable. The lower limit
of the spatial inhomogeneity scale amin can be roughly
estimated as 2=kmax [54]. The dispersion law has near k � 0
a parabolic form: ELP�k� � ELP�0� � �h2k 2=�2mLP�; conse-
quently,

amin � 2

kmax
� 2�h���������������������������

mLP�g� 2D�p : �60�
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Figure 9. Parameters D and g (in units of g) at which asymmetric states

w 2 � D� g=2 are unstable [58].
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The width a of the characteristic strips that form static
solutions similar to those displayed in Fig. 11 usually lies in
a range from 2amin to 4amin. Calculations show that if the
distribution of jcj contains more homogeneous regions, it
varies in time [53, 54].

It should be noted that filaments (thready structures)
emerge in superconductors and condensates with quantized
vortices [163], ordinary liquids with convection [164], and
reaction-diffusion systems [165]. They may emerge in optics
due to self-focusing of light in a passive [25, 159] or amplifying
[166] nonlinear medium and in lasers with spatially variable
pump [167, 168].

`Spin filaments' are in our case a compromise between
tending to homogeneity (due to defocusing, i.e., repulsion of
particles) and the fact that static homogeneous solutions are
now forbidden in any two-dimensional region, the scale of
which is significantly larger than amin. Being nonuniform in
intensity, the solution cannot be uniform in spin; otherwise,
we would return to the blowup regime described in Section 5.
Calculations show, however, that the solution stabilizes
when filaments with opposite polarizations alternate. Their
thickness does not depend on the size of the entire system;
however, as the size increases, differently oriented domains
emerge in their distribution. This feature distinguishes the
polariton system from reaction-diffusion models with spiral
waves (the waves are `straight' in our case), and, on the other
hand, from liquids, in which the filament geometry, as a rule,
crucially depends on the boundary conditions [165]. In a
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two-dimensional polariton system, long-range order is
absent.

8.5 Dipolar spin network
The same instability which results in filaments in the case of a
two-dimensional system gives rise in a one-dimensional
system to a periodic pattern. Now, when polaritons do not
even have a single free direction, a static solution can only be
obtained if all inhomogeneities are the same and exactly
balance each other. One-dimensionality in its literal sense is
not required for this; a periodic chain also emerges in a flat
system, which is excited, albeit, not over the entire area, but
rather along a strip with a small transverse size s9 amin.
Figure 12 shows an example of a solution with ring pumping:
the initial SO(2) symmetry is broken, but a secondary-ordered
and closed spin chain emerges in its stead. The polarizations
in it alternate, and in between the nodes, where rc � 0, the
field intensity is significantly lower than at the points of
maximum jrcj.

The secondary, or internal, order in a quasi-one-dimen-
sional system turns out to be a rigid one. In particular, it is
now possible not only to describe such a system if the period
and jc�j are known in some particular place, but to really
control the entire chain, acting on any node, for example,
using a second beam focused onto a spot whose diameter is
less than amin. Figure 12b shows the result of such a numerical
experiment. The intense second beam, the effect of which does
not extend beyond one node, inverts rc in it, after which the
spins in all nodes also flip one by one. Such a process
resembling signal transmission slows down as the ratio
s=amin increases and vanishes when the system loses its
periodicity.

The long-range order is completely uncharacteristic of
systems with repulsion of particles whose lifetime is finite.
Ordering in an external field is trivial, and nonlinearity does
not change the situation, even if some kind of fluctuation
triggers a transition between different branches of solutions,
precisely because it is nothing but a transitional process,
whereas the solutions themselves are homogeneous. How-
ever, strong long-range order emerges in a somewhat
paradoxical way along with chaos. The system is ordered
because it is `strained' by the instabilities that compensate
each other at the boundaries of nodes with opposite spins.

Thus, the condensate no longer resembles a gas, but a
solidÐa dipolar crystal. Similar patterns could emerge in a
periodic external field that forms a coupled lattice of atomic
condensates. The term supersolid is increasingly widely used
in exploring such systems. It was understood earlier as a
superfluid solid, referring to the propagation of vacancies that
emerge in a real crystal due to zero-point oscillations and
propagate without dissipation [169]. No convincing evidence
for this has been obtained yet, but a similar transport of
excitations in externally induced lattices is now under active
study [170, 171].

In a polariton system, where the lattice itself sponta-
neously forms from a homogeneous medium, transport
processes also occur that are not reduced to a response to an
external disturbance. For example, as g=g increases, the
dipolar chain becomes bistable, since the spin symmetry can
be broken in two ways. Namely, neighboring nodes through-
out the chain can have either circular, rc � �1, or mixed-
linear, r�45� � �1, polarizations. Solitons with second-type
polarization can propagate along the first-type chain and vice
versa (see Supplemental Material to [54]). The soliton is

similar to a crystal defect. It springs up spontaneously in a
particular node and moves without attenuation in one direc-
tion or another at a constant speed of about 0.3 mm psÿ1,
while its polarization is determined at each time moment by
the current node of the main lattice according to the rule
sgnrc � sgn r�45� . Similar effects exist in a two-dimensional
system. As a rule, one of two base pairs, I� or I�45� , alternates
in space and thereby forms a lattice, while the other pair is
only visible in the places where filaments branch or bend, as
seen in Fig. 11. Such dislocations can move like solitons,
resulting in spatiotemporal chaos [53].

8.6 Chimera states
We have found that, if a solution is stable, the polariton
momentum is not defined in at least one direction:Dk � kmax.
Spin dipoles are similar in this sense to the simplest electric
dipole, a hydrogen atom that exists due to the uncertainty of
electron momentum. However, stable states are not always
formed, but only if the energy is relatively low. To obtain a
stable periodic chain in a system with some g, quantitiesD�g�
and then f �g;D� should be chosen close to the lower
boundary of the Q < 0 region, where loop scattering is in
effect (see Section 8.2). By contrast, with increasing energy
one can pass from a stable state to space-time turbulence, and
this can be done in different ways.

The easiest way is to increase f. Then, polaritons
increasingly more strongly repel each other, and their
distribution tends to become more homogeneous and, as a
result, loses stability. Solitons arise in the spin network.
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Multiplying and colliding, they make all nodes jitter. The
nodes themselves are united into clusters in which one
amplitude, jc�j or jcÿj, is on average larger than the other.
The unstable interval f is limited on both sides, and the
system smoothly tends at its end to one of the homogeneous
solutions; if f increases further, spin symmetry is restored.
Thus, as f increases, the system loses its long-range order due
to the blurring of the boundaries between neighboring nodes,
a phenomenon that is similar to the heating and melting of a
crystal.

On the other hand, energy can be increased by increasing
the detuning D � Ep ÿ ELP. In this case, in order not to go
beyond the boundaries of the region that is of interest to us,
i.e.,Q < 0, it is necessary to concurrently increase g (seeFig. 9)
and f (see (43) and (45)). As g increases, the spin components
suppress each other more strongly; therefore, the discrete
structure of the network is retained for a long time, even
despite an increase in jcj. Figure 13 shows a series of solutions
in which mutually equal D and g are gradually increased.

All chain nodes are now divided into two groups. In one,
they are stable and fully synchronized. The frequency of field
oscillations at any node is equal to Ep=�h, and if the
polarizations coincide in two of them, then the phases
coincide as well. The nodes of which the other group consists
oscillate chaotically. It is noteworthy that the two subsystems
coexist, without being mixed or suppressing each other. The
length of unicolor vertical stripes, i.e., coherence time,
displayed in the first three images in Fig. 13 almost every-
where turns out to be either extremely small (� �h=g) or
indefinitely large. At the beginning of a series, dephased
nodes look like random defects in a periodic lattice, whereas
at the end only small fragments of the lattice itself arise for a
short time from a turbulent medium, but even then they are
synchronized with good accuracy.

The effect of intermittency, or alternation of order and
disorder on the way to turbulence, is well known [172].
However, order and disorder, while alternating in our case
in separate nodes, are balanced across the entire system.
Calculations show that the size ratio of the two subsystems
stabilizes as the network length increases, i.e., a solution
with a certain amount of disorder is structurally stable. Very
similar solutions have been found in [61] in the model of
phase oscillators with nonlocal interaction (2). The term
chimera states was soon coined for such systems [62],
because their subsystems seem incompatible, like a liquid
and a crystal at an ultra-low temperature. (More under-

standable in comparison with Fig. 13 would be a gradual
growth of fluctuations in all nodes, and, in the case of a
transition to chaos, intermittency in the general state of the
entire system.)

Similar structures emerge in the emission of lasers with
optoelectronic feedback [66, 67]. This system features, in
contrast, a time `nonlocality': unlike (2), its evolution
equation includes a time integral, but the solutions also have
two subsystems, are structurally stable, and allow a transition
from global order to turbulence. The calculated results have
been experimentally confirmed, and, in addition, chimera
states have been found in various other systems with nonlocal
coupling (see, e.g., [68±70] and reviews [64, 65]). On the one
hand, all interactions in Eqns (1) for the polariton system are
local and `instantaneous', but, on the other hand, the
solutions sometimes exhibit a strong long-range order, as is
displayed in Fig. 12. It is not clear at the moment whether
such an effectively nonlocal coupling can be explicitly
described by analogy to model (2).

9. Conclusions

Polariton systems are of interest in view of macroscopically
coherent states that emerge in two ways: in a quasi-
equilibrium way or in a resonant field. Since the polariton
lifetime is not large, optical pumping is also required in the
first case; however, it does not directly excite polaritons, but
creates an exciton reservoir fromwhich particles scatter to the
ground state. Such a condensate is formed with violation of
gauge symmetry, and quantized vortices [16±19], the excita-
tions that were predicted long ago and first found in super-
conductors and atomic gases, spontaneously emerge in the
condensate. It may be asserted that the condensate is in this
case internally ordered.

In the case of a condensate excited by a resonant light
wave, the phase and all properties are, on the contrary,
usually imposed by the external field, so that the condensate
behaves like a forced oscillator everywhere with the exception
of a few critical points. It was long thought that such a
condensate per se is a very simple system, which, however, can
be easily complicated by setting in an arbitrary way the pump
f��r; t� or potential ELP�r;ÿi�hH; t�. The latter can be
controlled in real samples by acoustic waves or magnetic
field or by creating tunnel-coupled traps, lattices, etc. Many
spectacular nonlinear effects come into being this way,
although they are usually different from the behavior of
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the unstable interval. The color scale corresponds to the cosine of the phase difference between c� and the external field. Evolution is shown after 8 ns to

exclude transient effects related to establishing the solutions with time.
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atomic or exciton Bose±Einstein condensates with free
phases.

A number of recent studies have shown, however, that
sometimes even a perfectly homogeneous polariton system
excited by a plane wave features a relatively free evolution
instead of forced oscillations. In the regime with blowup, a
multitude of wave modes start showing a strongly correlated
behavior. If the internal (spin) degree of freedom is taken into
account, it may turn out that homogeneous states are, in
principle, forbidden in a finite interval of f ; the momentum
then becomes undefined, and all features of the system alter
dramatically. It exhibits long-range order and turbulence,
self-oscillations, lattices, filaments, and chimera states;
solitons and vortices can also be spontaneously generated
[143]. The secondary-ordered polariton system actually
resembles a condensate rather than a set of forced oscilla-
tors, since its order and disorder are balanced, however, the
origin of the disorder is purely dynamical rather than thermal.
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