
Abstract. Discussed are the genesis of the concept of the relati-
vistic runaway electron avalanche (RREA) and its mechanism
as an analog of the Townsend's avalanche, but capable of
developing, unlike the latter, in weak thundercloud electric
fields. Thanks to this, it was possible to overcome difficulties
while interpreting results of observations of penetrating emis-
sion enhancements in thunderstorm atmospheres. The main
inelastic interactions of high-energy electrons with atomic par-
ticles participating in the avalanche development are described;
in terms of the drag forces, the essence of the runaway process is
discussed; and methods of RREA numerical simulation are
described. In approximate historical sequence, results of calcu-
lations of the spatial and temporal scales of the avalanche
enhancement are analyzed and contemporary data on ava-
lanche macroscopic characteristics are given, which is required
for numerical simulations of the runaway electrons in the fluid
approximation. As an extension to the relativistic range of the
mechanism of the classical cathode-directed streamer, relativis-
tic positive feedback is discussed, by means of which a genera-
tion of the RREA series, as a self-sustained process, is
supported. Laboratory experiments on RREA modeling are

described, in one of which the initial stage of the avalanche
was produced.

Keywords: relativistic avalanche, runaway electrons, kinetic equa-
tion, Monte Carlo methods, macroscopic characteristics, positive
feedback, laboratory experiments

The historical background of the issue is often

more interesting than the results obtained.
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1. Introduction

Progress in gas discharge physics, a field of plasma physics,
from which modern plasma science has been developed with
all the wealth and variety of its processes, has been for many
years limited to the concepts and results available in widely
known monographs [1±4]. Further studies, in essence, have
used the same concepts, whatever original approaches were
used for their development and new results obtained (see [5±
10] and references therein). These concepts are based on the
conventional electric breakdown mechanisms: the Townsend
and the streamer. The first mechanism, implying the genera-
tion of consecutive series of electron avalanches supported by
cathode emission, operates at low pressures. The second,
which is volumetric, is independent of the cathode emission
and operates at high pressures; however, in both cases, the gas
is `dense,' i.e., the concentration of atomic particles N or the
pressure P are so high that the free path length le of an
electron with energy e in equilibrium to the electric field
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strength E=N (or E=P) reduced to the concentration N (or
pressure P) is much less than the interelectrode spacing d.

Electron motion in a medium under the action of electric
force ÿeE is described by the Langevin equation:

dp

dt
� eEÿ C �p� ; �1�

where p is the electron momentum, E is the field strength
vector, e is the elementary charge, and C �p� is the stochastic
force responsible for the inelastic (excitation and ionization),
elastic, and radiative interactions of the electron with atomic
particles.

In the simplest case, Eqn (1) takes the following form:

dp

dt
� eEÿ F�e� p

p
; �2�

where F�e� is the drag force caused by the interactions of the
electron with atoms (see Section 2).

In the approximation F�e��p=p� � nmvd, where m is the
electron mass and n � sNve is the frequency of electron
collisions, in a weak field, when the process develops so
slowly that j�dp=p��n dt�j5 1, transport processes are
described in terms of the drift motion of electrons, and the
Drude formula follows from Eqn (2), vd � ÿmeE, where
me � e=�nm� � e=�sNmve� is the mobility depending on
velocity ve of electrons and cross section s of their collisions
with atoms. According to the Drude formula, the drift speed
vd depends on the local value of E=N. All other average
characteristics of the electron ensemble also depend locally on
E=N: the average energy hei, the frequency of ionization by
electron impacts nion, the Townsend ionization coefficient
aT � nion=vd, etc.

However, in sufficiently strong fields, it is necessary to
take into account that the characteristics of the electron
ensemble depend not only on the magnitude of E=N in the
domain of the ensemble localization but also on its entire
prehistory (see [11, 12] and references therein). Right up to the

end of the 1960s, an opinion dominated, according to which
the local relationship of the integral characteristics of a gas-
discharge plasma with E=N is violated only in the range of
extremely low pressure magnitudes (P5 1 atm). This opinion
began to change after a few communications were published
in the second half of the 1960s, describing the successful
registration of penetrating radiation pulses from laboratory
discharges in gases of atmospheric density (Table 1).

X-rays, as a manifestation of generating high-energy
electrons, were first registered in 1966 by Frankel et al.
from discharges in helium [13]. A bit later, Noggle et al.,
in experiments aimed at modeling electron acceleration in
lightning dischargesÐaccording to Wilson's hypothesis [14]
of the possibility of acceleration of electrons to high energies
in thundercloud fieldsÐobserved X-rays from discharges in
helium [15]. Attempts to detect the radiation from discharges
in air were unsuccessful, as were attempts by Frankel et al. in
neon.

Even before the publication by Noggle et al., Stankevich
and Kalinin [16] observed X-rays as a result of the accelera-
tion of electrons in discharges in the open atmosphere. They
focused their attention on high overvoltages relative to the
self-sustained breakdown voltageUself. This approach, which
turned out to be very productive in the long term, allowed
studying high-energy phenomena in discharges in dense gases
and discovering earlier unknown phenomena and gas-
discharge dependences [11, 12].

The excitation of X-rays in the experiments performed by
Frankel et al., Noggle et al., and Stankevich and Kalinin was,
most likely, not purely a gas-discharge effect. Because of
strongly nonuniform geometry [13, 15] or extremely small
interelectrode spacing [16], the field emission electrons could
accelerate up to the anode, where they generated bremsstrah-
lung in the X-ray range. In the paper by Tarasova and
Khudyakova [17], the last in a series of four pioneering
studies in the late 1960s, in discharges in the open atmo-
sphere with rather long gas-discharge gaps (d up to 10 cm),
electrons were accelerated self-consistently with discharge
development, i.e., with gas ionization and the formation of

Table 1. Conégurations and results of the érst laboratory experiments in which the generation of accelerated electrons was observed at atmospheric
pressure.*

Reference
Charac-
teristics of
experiment

Frankel et al. [13] Stankevich and Kalinin [16] Noggle at al. [15] Tarasova and Khudyakova [17]

Conéguration
of electrodes

Needle �ÿ� ë plane ��� Rod �ÿ� ë plane ��� Needle �ÿ� ë plane ��� Rode �ÿ� ë plane ���

d, cm ? 0.04 2 ë 10 0.5 ë 8.5

Cathode, rcath Cone with rounded top Hemisphere, rcath � 6mm

Gas Helium Air Helium Air

tidle, ns ? < 2 < 10 5 0:6

Dtidle** 23 ns � 50 ms � 3 ns

Uidle, kV 17 40 ë 52 � 300 � 300

Ndisch 104 1 10,000 1

mR/pulse < 0:04 0.4 < 0:04 Electrons

* The gas number density equals the Loschmidt number NL � 2:688� 1025 mÿ3; tidle, Dtidle, Uidle are the rise time, duration, and amplitude of the
voltage pulse in the no-loadmode, respectively; rcath is the radius of curvature of the cathodeworking surface, d is the interelectrode spacing,Ndisch is the
number of discharges sufécient for reliable registration of radiation.
** Duration of the érst oscillation of the decaying no-load voltage waveform.
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space charges [17]. Tarasova and Khudyakova also used high
overvoltages achieved owing to the subnanosecond voltage
rise-time; however, interference of emission electrons was
excluded by a rather uniform field geometry due to the vast
area of the cathode working surface (see Table 1). Subsequent
experiments [18] showed that Tarasova and Khudyakova
directly detected for the first time high-energy electrons rather
than their bremsstrahlung, as in previous experiments [13,
15, 16], and the source of the electrons was the gas-discharge
plasma itself, rather than the cathode emission. An electron
pulse was generated during the breakdown development at
the voltage pulse front. As confirmed by direct measurements,
even for discharges in strongly nonuniform fields, when the
interference of the field emission with the registered flux of
high-energy electrons is possible, the latter, after all, is born
in the gas-discharge plasma [19, 20].

In further experiments (see [11, 12, 19±26] and references
therein), it was shown that the pulse of accelerated electrons,
referred to as runaway (from collisions with atoms [28])
according to Eddington's terminology [27], are generated
during the initial stage of discharges in dense gases. The
pulse duration is extremely small: thus, discharges in the open
atmosphere generate a pulse of runaway electrons (REs) with
a duration of hundreds of picoseconds [11, 12, 19, 20, 25]. The
RE pulse, via gas pre-ionization, creates conditions for the
breakdown and development of a contracted spark channel at
sufficiently small d or a volumetric diffuse discharge at large d
[11, 12, 23, 24, 26]. The participation of REs in the breakdown
leads, in particular, in the case of not too long gas-discharge
gaps, to the amplitude of the voltage pulseUidle in the no-load
mode not being reached, because, already at the pulse leading
edge, the conductivity current limits the voltage rise.

The participation of REs in the breakdown in dense
gases, including the open atmosphere, at high overvoltages
relative to the Uself has been proven in a large number of
laboratory experiments [11, 12, 18±26]. In the open atmo-
sphere, the transition of low-energy electrons to the run-
away mode in fields whose strength is close to or, all the
more so, smaller than the self-sustained breakdown field
strength Eself � Uself=d � 2:5ÿ3 MV mÿ1 is unreal. But
electrons with sufficiently high initial energy can continue
gaining energy in rather weak fields, e.g., according to
Wilson's hypothesis [14], those of thunderclouds with a
strength of � 0:3ÿ0:4 MV mÿ1 [10, 29±33].

In the first half of the 1980s, Parks et al. [34] andMcCarthy
and Parks [35] registered aboard a plane inside a thundercloud
rather prolonged (duration more than 1 s) X-ray emission
(according to the modern terminology, the glow [36, 37]) with
photon energies above 100 keV. The radiation preceded a
lightning discharge and disappeared synchronously with the
discharge. It was impossible to explain the recorded radiation
intensity [29] in the framework of Wilson's hypothesis [14] as
a result of the acceleration in a thundercloud field of secondary
high-energy electrons produced in the atmosphere by cosmic
rays [30] or, as Wilson assumed, as a result of the decay of
atmospheric radionuclides.

Based on the observational data [34, 35], in particular,
taking into account that the observed X-rays and, therefore,
the generation of electrons responsible for them preceded
the lightning discharges, and in view of the negative result of
the analysis [29], Gurevich, Milikh, and Roussel-Dupr�e
proposed and substantiated a mechanism of the runaway
breakdown in atmosphere [30] in a relatively weak thunder-
cloud field (referred to below as the GMRmechanism). It is

known that, during the transport of relativistic electrons in
a substance, secondary electrons are generally born in the
low-energy range; therefore, extremely rare events with the
production of high-energy electrons are usually ignored. Such
events, however, can change the course of the ionization
process in a large-scale electric field, such as that of thunder-
clouds, since sparse secondary electrons with sufficiently high
energies also appear to be involved in the runaway mode. As
predicted by Gurevich, Milikh, and Roussel-Dupr�e, this
results in the development of a relativistic runaway electron
avalanche (RREA), i.e., a process of an exponential rise of the
number of high-energy electrons.

RREA development is followed by a reproduction, also
exponential, of low-energy electrons, a corresponding growth
of the conductivity, and, as a result, according to Gurevich,
Milikh, and Roussel-Dupr�e, a breakdown in fields weaker
�E < Eself� than required for the usual breakdown with the
participation of low-energy electrons at the tails of the
electron distribution function (EDF) with energies above the
ionization energy eion of the gas atoms and molecules. This
new process, as a development of the hypothesis by Wilson
[14], was proposed by the authors of [30] to explain the
phenomena in a thunderstorm atmosphere. From the first
calculations, it became clear that the characteristic length le of
the RREA e-fold enhancement is tens of meters and increases
with a decrease in the concentrationNmol of airmolecules, i.e.,
with altitude above sea level. Therefore, receiving an RREA
in the laboratory is practically impossible because of the
restricted sizes of high-voltage installations. But thunder-
cloud fields are generated in such vast atmosphere domains
that many-fold multiplication of an RREA is possible.

A fundamental difference between the avalanche processes
and electric breakdown with REs observed in laboratory and
RREAs from the GMR mechanism is that the former are
developed in strong and superstrong fields with the strength
E4Eself, while the latter was predicted for relatively weak
thundercloud fields, the observed magnitude of which, E �
0:3ÿ0:4 MV mÿ1, is by 10 times smaller than Eself. The
breakdown in gases at high overvoltages, occurred under
the action of high-voltage pulses with sub-nanosecond and
nanosecond leading edges, is initiated by the pulsed process
of field emission [6, 8, 11, 12], while high-energy electrons,
initiating atmospheric RREAs, are permanently generated by
cosmic radiation.

It is worth noting that the breakdown according to the
GMR mechanism substantially differs from that with REs
participating in laboratory discharges also by the fact that, in
the latter case, avalanches and streamers easily develop.
Therefore, REs, generally speaking, are not necessary for
the breakdown, though, of course, they significantly affect the
discharge space-time characteristics, whereas, in the GMR
mechanism, the REs are essentially required, because low-
energy avalanches and streamers cannot develop in weak
fields.

Observations of REs in laboratory discharges in strong
fields is by no means a justification of the Wilson hypothesis
[14] about the possibility of the acceleration of electrons to
high energies in extended, but weak, thundercloud fields. On
the contrary, the GMRmechanism is a direct development of
Wilson's hypothesis. At present, it is a cornerstone of the
physics of the high-energy processes in a thunderstorm
atmosphere, which are responsible for the generation of the
penetrating radiation observed in the thunderstorm atmo-
sphere (see reviews [37±40] and references therein) and
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predicted for the atmospheres of other planets in the Solar
System [41, 42]. RREA development in a thundercloud in the
cosmic radiation field is capable of creating conditions
(preconditioning [30]) necessary for triggering lightning
discharges [43±49].

The present paper is motivated by the growing interest in
high-energy atmospheric electricity. The review is restricted
to publications devoted to the RREA itself. Those studies
in which the RREA characteristics are used to analyze and
numerically simulate observational results on thunderstorm
penetrating emissions and lightning discharges are not
discussed. Reviews [37±40] are devoted to the results of
experimental studies of high-energy processes in the thunder-
storm atmosphere without a description of the RREA
concept genesis or the history and methods of obtaining the
RREA characteristics. The history of calculating the RREA
characteristics is instructive and can engage the interested
reader.

The review is organized as follows. In Sections 2 and 3, the
main inelastic interactions of high-energy electrons with
atomic particles are described in terms of the drag forces,
and the essence of the runaway process is presented. In
Section 4, the results of the first calculations of the character-
istic time of RREA enhancement are analyzed. In Section 5,
methods of RREA numerical simulation are described. The
results of calculations of the RREA parameters are discussed
in Sections 6 and 7 approximately in historical sequence.
Section 8 discusses a mechanism of relativistic positive
feedback capable of supporting the generation of a RREA
series as a self-sustained process. Finally, in Section 9,
laboratory experiments undertaken for RREA modeling are
described.

2. Drag forces

High energy electrons in the media of atomic particles collide
with nuclei and electron shells. As a result, they change the
direction of their motion and lose kinetic energy
e � �gÿ 1�mc 2, where g � �1ÿ b 2�ÿ1=2, b � v=c, v is the
electron velocity, and c is the speed of light, in inelastic
(excitation and ionization) and radiative interactions, which
in the physics of high-energy atmospheric electricity are
usually described integrally in terms of the corresponding
drag forces Fin�e� and Frad�e� (Fig. 1).

The electron energy losses per unit of path due to inelastic
interactions (historically called `ionization') are calculated
in terms of the effective drag k [50], which in the range
of small magnitudes of the momentum transfer q 2=m �
�p 0 ÿ p�2=m5mc 2 (excitation and, partially, ionization of
atomic shells) is as follows:

k small � 2p
X
i

niZir
2
e mc 2

g 2

g 2 ÿ 1
ln

�
q
m 2c 4�g 2 ÿ 1�

2:73I 2
� 1

g 2

�
;

�3�

where for molecular gases ni is the number of atoms with
charge Zi constituting a molecule, mc 2 � 0:511 MeV is the
electron energy at rest, re � e 2=�4pe0mc 2� � 2:818� 10ÿ15 m
is the classical electron radius, and I � 13:5Zat is the effective
energy of the atomic shell ionization in a substance with
atomic number Zat (for air, the more accurate values are
I � 85:7 eV [43, 44], I � 80:5 eV [51]).

In the range of large magnitudes of momentum
transfer with the ionization of atomic shells �q 2=m �

�p 0 ÿ p�2=m4 I �

k large �
X
i

niZi

� e=2

e1
esse 0 �e 0; es� des ; �4�

where es is the energy transferred to a secondary electron,
e1 � q 2

1 =m, I5 q 2
1 =m5mc 2, i.e., e1 is within the overlapping

range, and the M�oller formula for the cross section of the
electron scattering by an immobile free electron is used for the
differential ionization cross section se 0 �e 0; e� [50, 52, 53]:

se 0 �e 0; e�� 2pr 2e mc 2
g 0 2

g 0 2 ÿ 1

�
1

e 2
ÿ 1

e�e 0ÿ e�
�2e 0�mc 2�mc 2

�e 0�mc 2�2

� 1

�e 0ÿ e�2 �
1

�e 0�mc 2�2
�
: �5�

As a result, the sum Fin�p� � �k small � k large�Nat �
Fex�p� � Fion�p� gives the formula [50, 52, 53] for the specific
electron energy losses due to inelastic interactions with the
atomic shells (`drag force'):

Fin�e� � 2pr 2e mc 2Nat

P
i niZi

b 2

�
ln

�
m 2c 4�g 2 ÿ 1��gÿ 1�

2I 2

�
ÿ
�
1� 2

g
ÿ 1

g 2

�
ln 2� 1

g 2
� �gÿ 1�2

8g 2
ÿ d�g�

�
; �6�

where Nat is the atomic concentration, and d�g� is the
correction due to the density effect, which for air is
insignificant below 30 MeV and slowly increases in the
range of higher energies.

In the ranges of low �g! 1� and high �g4 1� energies,
Eqn (6) reduces as follows [50, 52, 53]:

Fin�e� � 2pr 2e m
2c 4Nat

P
i niZi

e
L ; L � ln

ee 1=2

2I
; e5mc 2 ;

�7�
Fin�e� � 2pr 2e mc 2Nat

X
i

niZi
g 2

g 2 ÿ 1
L ;

�8�
L � ln

e 3

2I 2mc 2
; e4mc 2 :

eE

Fin

Fmax

Frad � Fin

F
ra
d
�
F
in
,k

eV
cm
ÿ1

Kinetic energy, keV

Fin

eth

eEth

103

102

101

100
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Figure 1.Dependence of electron drag force on kinetic energy in air under

STP conditions [37]. Fin is the drag force due to excitation and ionization

of atomic electron shells, Frad is the force caused by bremsstrahlung, eE is

the electric force, eth is the energy runaway threshold.
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The radiation drag force Frad�e� owing to electron brems-
strahlung is described by a formula [52, 54], in which the
kinetic energy e and momentum p are in mc 2 and mc units,
respectively:

Frad�e� � Natr
2
e a
X
i

niZi Fe ; �9�

where

F � 12e 2 � 4m 2

3ep
ln

�
e� p

m

�
ÿ �8e� 6p�m 2

3ep 2

�
ln

e� p

m

�2

ÿ 4

3
� 2m 2

ep

� x

0

ln �1� y�
y

dy ;
�10�

x � 2p�e� p�
mc 2

:

In frequently used limit cases of small and high energies,
the formula for Frad�e� is significantly simplified [54]:

Frad � 16

3
Natr

2
e a
X
i

niZie ; e5m ; �11�

Frad � 4ar 2e Nat

X
i

niZie
�
ln

2e
m
ÿ 1

3

�
; e4m : �12�

For a mixture of gases, in the formulas above it is
necessary to perform a summation over fractions Dj of the
components:X

j

Dj

X
i

nj; i Zj; i and
X
j

Dj

X
i

nj; i Z
2
j; i : �13�

For dry air, disregarding the contribution of argon and other
minor components and assumingNat � 2Nmol, we can replace
the first of these sums with Zat � 7:25 [30, 38, 43±45] and the
second with the corresponding value of Z 2

at.
The force Fin dominates in the range of relatively low

energies, whereas Frad becomes dominating in the energy
range significantly exceeding the value [52, 54]

ebound � 1600
mc 2

Zat
; �14�

at which Fin � Frad; thus, for air �Zat � 7:25�, ebound �
110 MeV.

3. Elementary idea
of the electron runaway process

A rigorous description of the electron runaway effect is
possible only within stochastic approaches (see, e.g., [55±
57]). Qualitatively, it is possible to clarify the conditions
under which an electron moves in a gas medium under the
action of an electric force not uniformly in the drift mode but
with continuous acceleration, within a deterministic model
[11, 12, 23, 24, 58, 59] based on of an equation for the
variation in the electron kinetic energy along the coordinate
x in the direction of the electric force e � ÿE=E:

de
dx
� eEhmi ÿ F�e� ; �15�

which is obtained by multiplying Eqn (2) by p. Here, hmi is the
mean cosine of the angle y between the directions of the
vectors p and e, F�e� � Fin�e� � Frad�e� (see Fig. 1).

Function Fin�e� at the electron kinetic energy emax � 1:36 I
reaches a maximum of

F max
in � 2pr 2e �mc 2�2ZatNat

2:718 I
;

and then, at the energy

emin � �gÿ 1�mc 2 � 2:39mc 2 � 1:22 MeV ; �16�

passes through a minimum

F min
in � 21:7� 2pr 2e ZatNat mc 2 ; �17�

after which it experiences a logarithmic rise (Fig. 1). In air
(Nat � 2Nmol, Zmol � 2Zat � 14:5 [30, 43±45, 60]) under
STP conditions (Nmol � NL � 2:688� 1025 mÿ3), F max

in �
23:1 MeV mÿ1, emax � 110 keV, F min

in � 217 keV mÿ1,
emin � 1:22 MeV. According to semiempirical formulas [61]
(see also [11, 12, 59]), which are more accurate in the low-
energy range than Eqn (6), F max

in � 35:6 MeV mÿ1 and
emax � 150 keV. Both estimates of F max

in exceed by more
than an order of magnitude the strength of the uniform self-
breakdown field Eself � Uself=d under STP conditions (in
different sources 2:5ÿ3 MV mÿ1 [7±10]). Allowing for the
angular scattering increases the drag force; thus, Fmax

increases by approximately 1.5 times [28] and Fmin increases
by 20±25% [56, 57, 62], the minimum position emin being
shifted towards higher energies to approximately 5 MeV [56,
62], which is extremely important for switching on the
relativistic positive feedback (see Section 8.3). For electrons
with energies below emax to be capable of overcoming the
maximum F max

in , multiple overvoltages relative to Eself are
required, such as in the experiments by Tarasova and
Khudyakova [17] and in subsequent studies (see [11, 12, 18±
26] and references therein).

As seen in Fig. 1, unlike the function Fin�e�, which has two
extrema, the radiation losses Frad�e�monotonically growwith
the energy, and in air, as noted above, they dominate in the
range of electron energies above � 110 MeV.

If eE < F max
in =hmi, then the equation

eEÿ F�e�
hmi � 0 �18�

has three roots, e1 < e2 < e3, from which e1 (in the range of
the lowest energies) and e3 (in the high-energy range)
correspond to the steady states of the electronic ensemble,
whereas e2 corresponds to an absolutely unstable state (Fig. 1)
[59]. If eE > F max

in =hmi and even more so eE4F max
in =hmi,

electrons of all energies are runaway. If eE < F max
in =hmi, only

those electrons whose energies exceed the runaway threshold
eth, which is approximately determined as the second root of
Eqn (18), are runaway [11, 12, 30, 51, 59].

4. Spatial and temporal avalanche
enhancement scales

RREA, as well as Townsend's avalanche of low-energy
electrons [1±8], after a short-term stage of disordered
development, comes to a steady exponential rise of the
electron number in space and time:

Ne�t� � Ne�t � 0� exp t

te
; �19�
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Ne�x� � Ne�x � 0� exp x

le
; �20�

where Ne�t � 0� and Ne�x � 0� are the values of the number
of relativistic REs at the initial moment of time and at the
origin of the axis x directed along the vector e � ÿE=E,
respectively; te and le are the temporal and spatial scales of the
avalanche enhancement by e times.

In the steady-state mode, in addition to te and le, it is also
possible to attribute to the avalanche such average macro-
scopic parameters as the average energy of high-energy
electrons hei, speed vre along the vector e, and coefficients of
diffusion along, Dk, and across, D?, the direction e. It is
conventional to calculate the RREA parameters as functions
of the so-called overvoltage [30, 43, 44], i.e., the ratio of the
module of electric force eE acting on an electron to the
minimum F min

in of the drag force Fin�e� (17) (see Fig. 1):

d � eE

F min
in

� E �kV mÿ1�
217P �atm� : �21�

This `overvoltage' should not be confused with the real
overvoltage Umax=Uself relative to the voltage of the self-
sustained breakdown Uself [7, 9, 11, 12]; here, Umax is the
amplitude of a high-voltage pulse reached before the break-
down, which can greatly exceed Uself, but is less than the
supply voltage in the no-load mode [11, 12].

In the physics of high-energy atmospheric electricity, te
and le � tevre are of particular importance, since the inverse
quantities 1=te and 1=le are relativistic analogs of the
ionization frequency nion and Townsend's ionization coeffi-
cient aT in low-energy avalanches [1±8]. Due to the need to
interpret the results of field observations of thunderstorm-
induced penetrating radiation and to localize their sources,
the main focus was initially on functions le�d� and te�d�; the
other parameters (hei, vre, Dk, D?) were calculated later with
the improvement in models of high-energy processes in a
thunderstorm atmosphere.

The length le, corresponding to the scales of thunderstorm
fields, is so great that measuring is impossible; therefore, it
remains only to calculate this length from the results of a
theoretical analysis and computer simulations. The depend-
ence of le on d was first calculated analytically in the pioneer-
ing work [30]. Analytical studies were carried out after that,
including those based on the kinetic equation (KE). At the
same time, substantially more accurate approaches were
developed. The function te�d� was calculated based on the
numerical solution of the KE, for the first time reported in
[43], with the ionization integral Jion�e; m� responsible for
producing secondary high-energy electrons [38, 43, 44, 58,
60, 63±66]. It was computed from the results of numerical
simulation by the particle-in-cell (PIC) method [67] and the
Monte Carlo (MC) technique [63, 65, 68±74], the most
adequate for the stochastic nature of the runaway process. In
particular, the VNIIEF standard code ELIZA [75] (see
Section 5.2.1) was used, which allows for all the variety of
electron interactions with atomic nuclei and electron shells, as
well as the back effect of the products of these reactions
(bremsstrahlung, positrons) on avalanche development [63,
65, 69±72]. A simplifiedMC (SMC) technique was developed,
which is restricted to the description of inelastic interactions
by means of drag force Fin�e� (6) and a stochastic description
of the angular scattering and the production of REs [58, 65,
69, 70] (see Section 5.2.3). Values of te�d� calculated under

STP conditions are presented in Table 2. Recalculation to any
pressure P or concentration Nmol�z� of molecules at a given
altitude z is carried out as follows:

te�P� � te �1 atm�
P �atm� � te�NL� NL

Nmol�z� : �22�

The original version of the ELIZA code [75] was tested
many times in modeling laboratory and field experiments at
VNIIEF. Therefore, the results of calculations using the
updated version of the code, which includes the electric
field and increased accuracy of the elementary interactions
description [63, 65, 69±72], were initially considered the most
accurate. The ELIZA code can be used to calibrate less full
but timesaving computer codes implementing the MC or KE
methods. However, to avoid the subjective factor effect,
which, as shown below, has negatively manifested itself in
the first calculations aimed to refine the results of analysis
[30], the results of numerical simulations of te�d� using the full
MC codes and KE solution should be compared with those
obtained by methods that are substantially less accurate but
transparent, as in Ref. [30].

In Ref. [30], based on the equations (consequences of
Eqn (2)) for the module of the electron speed v and the cosine
m of the angle between the vectors v and e, including the
nonrelativistic expression (7) for the drag force Fin�e� with
L � ln �2e=�Zeion��, where eion � 15 eV, the following formula
was derived:

le�d� � us0�d�
2pr 2e ZmolNmol

� 50 us0�d� NL

Nmol
�m� ; �23�

in which us0 � 2e0�d�=�mc 2�, e0�d� is theminimum energy of a
secondary electron sufficient for the runaway (threshold eth),
and an average charge of Zmol � 14:5 is assumed for the
nuclei of diatomic nitrogen and oxygen molecules [30].

Equation (23) was derived ignoring the angular scatter-
ing of electrons under the assumption that the momentum
p of a secondary electron is orthogonal to the momentum
p 0 of the primary RE, and F min

in is expressed as F min
in �

4pr 2e mc 2ZmolNmola, which, with the accepted value of a � 10
[30], practically coincides with Eqn (17). Later values of
a � 11 [38, 60] and 11.2 [44] were obtained, apparently, for
other values of Zmol and eion in the formula for L.

The function us0�d� was plotted in [30] in the range
24d4 5, corresponding to overvoltages in thundercloud
fields using which, in Eqn (23), the values of le were first
estimated. Thus, at d � 2, 3, 5, the values of the length le � 45,
30, 18.5 m or the time te � le=c � 150, 100, 62 ns were
obtained. It is seen from Table 2 that the values of te�d� at
d � 3 and 5 exceed the data computed by the ELIZA code
(the first row) by less than two times; on the contrary, at
d � 2, the value of te�d� obtained using the ELIZA code is
greater, but only by 1.26 times. However, the time scales te�d�,
calculated by the ELIZA code without the angular scattering
(second row of Table 2), i.e., as in Ref. [30], are from two to
four times smaller than those in Ref. [30].

After results of analysis [30] were published, the further
`fate' of the function te�d� was unfortunate. In studies
implementing more perfect approaches, the accuracy of the
calculated values of te�d� worsened, as was found later [58,
63±65, 68, 69, 71, 72]. Thus, the values of te�d� obtained from
the KE solution allowing for the angular scattering [43, 44],
but with an incorrectly calculated ionization integral (35),
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turn out to be underestimated by an order of magnitude (see
Table 2). Due to an erratum specified in Section 5.2.1, the
improved MC code ELIZA yielded greatly overestimated
values of te�d� (third row of Table 2). InRef. [76], based on the
analysis the function te�d�, improved in comparison with the
Ref. [30] though still without the angular scattering, was
calculated in the range 04d4 10 for the altitude z � 5 km
�Nmol�z� � 1:5� 1025 mÿ3� (see Fig. 3 in Ref. [76]). The
values of te�d� reduced to the STP conditions (see Table 2)
are 10 times less than in Ref. [30] and are close to the
underestimated values obtained from the KE solution [43,
44].

5. Methods of avalanche numerical simulations

The MC and KE methods described below can be used not
only to analyze high-energy thunderstorm processes in
planetary atmospheres. They are applicable to solving
problems of transport of high-energy electrons in dense
gaseous media, both with and without an electric field.
These include a description of the electron±positron compo-
nent of extensive air showers, numerical simulation of high-

voltage discharges in dense gases with the participation of
REs and nonsustained gas discharges supported by electron
beams, including those intended for pumping gas lasers,
calculating the propagation of relativistic electron beams in
the atmosphere, describing the kinetics of Compton electrons
produced by nuclear explosion in the atmosphere, etc.

5.1 Kinetic equation. Collision operators
Soon after the introduction of the GMR mechanism in the
physics of atmospheric electricity [30], the RREA theory was
developed based on the KE for the EDF f �t; p; m�, where p is
the momentum module and m is the cosine of the angle y
between the momentum vector p and a unit vector e in the
electric force direction [43±45, 63±65]:

q f �t; p; m�
qt

ÿ eE

�
1ÿ m 2

p

q
qm
� m

q
qp

�
f �t; p; m�� St

�
f �t; p; m�	 :

�24�
Consistent derivation of the collisional operator

St f f �t; p; m�g for high-energy electrons in a medium with a
uniform external electric field specifying the direction e was
executed much later [66] following the procedure developed

Table 2. Time of e-fold avalanche enhancement te (ns) reduced to the molecular concentration for different overvoltages d under the STP conditions
NL � 2:688� 1025 mÿ3 (1 atm).

Reference Method Overvoltage d

1.4 1.8 2 2.5 3 5 8 10 12 15

[71, 72] ELIZA(1) 1236 270 189.7 110 77.6 34.3 17.8 13.3 10.45

[71, 72] ELIZA(2) 201 99.3 81 41.4 16.1 10.7 8.0 6.4

[63, 69] ELIZA(1) 400 50 26

[65] ELIZA(1) 440 54 27.5

[74] REAM 988 105 34.3 18.5 11.2

[74] Eqn (66) 975 174 102 73 33.6 18.6 14.5 9.17

[69] SMC 445 43 22

[65, 77, 78] SMC 200 35.6 18.6

[58] SMC 174.4 33.2 17.3 12.9 10.04 7.59

[30] Analyses (2) 150 100 62

[76] Analyses (2) � 11 � 9.4 � 5.6 � 2.8

[68] Analyses (3) 200

[38, 60] Analyses (4) 147 101 86.3 47.0 21.8 10.8 7.7 5.9

[58] Eqn (50) 185 35 18.3 13.6 10.75 8.11

[65] Analyses 145 31.4 16.7

[43, 44] KE (5) 14 3.5 1.5

[63] KE(5) 81.8 11.7 5.38

[64] KE(5) 96 13 6

[65] LANL KE(5) 161 34.4 18.9

[65] VNIIEF KE(6) 197 39.9 21.2

[67] PIC 26 12.5

(1) Full MC code ELIZA (Sections 5.2.1 and 7).
(2) Without allowing for the angular scattering of electrons.
(3) Statement of the angular scattering problem.
(4) Equation (58) (see Section 6) without allowing for the angular scattering of electrons.
(5) Solution of KE with the ionization integral (35), (39) (see Section 5.1).
(6) Solution of the KE divergent form (40) with the ionization integral (35), (39) (see Section 5.1).
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by Holstein [79] for the collision operator in a nonrelativistic
gas-discharge plasma, with a description of all approxima-
tions. The operator consists of rigorous balance components
responsible for elastic collisions Stel, excitation Stex, and
ionization Stion:

St f f g � Stel f f g � Stexf f g � Stion f f g : �25�

The geometry of the electron scattering is presented in Fig. 2
with a system of coordinates defined by the unit vectors [79]:

i � p� �e� p�
p 2 sin y

� ep 2 ÿ p�pe�
p 2 sin y

;
�26�

j � p� e

p sin y
; k � p

p
;

where p�p; y;j� is the electron momentum vector after the
scattering. In this set, k is the polar axis, the scattering angle
c 2 �0; p� is a polar angle, and the angle a 2 �0; 2p� between j
and the direction of the projection of the momentum
p 0�p 0; y 0;j 0� before the scattering on the plane p � 0 is the
azimuthal angle.

The formula relating the angles a and c with the angles y 0

and y between e and the electronmomentum directions before
p 0�p 0; y 0;j 0� and p�p; y;j� after the scattering,

cos y 0 � cos y cosc� sin y sinc cos a ; �27�
was derived in [79] (Eqn (19b) of Ref. [79]) assuming p 0 � p,
which is violated in the case of inelastic interactions and
appears excessive. Relation (27) can be obtained without the
assumption p 0 � p, multiplying the decomposition of the
vector p 0 in the basis �i; j; k� by e [66]:

p 0 � p

p
p 0 cosc� p� e

p sin y
p 0 sinc sin a

� p� �e� p�
p 2 sin y

p 0 sinc cos a : �28�

The variation in p 0 is particularly great in ionizing
interactions, because not only is energy e 0 of the primary
electron decreased by the value of ionization threshold eion,
but the remaining energy �e 0 ÿ eion� is shared by two free
electrons. The correct relation between the angles y 0 and y is

of key importance in the problem of relativistic REs multi-
plication, because the runaway energy threshold depends on
the angle, at which the electron moves relative to the e
direction [66]; this relation determines whether both elec-
trons, the primary and secondary, or only one of them, would
occur in the runaway mode.

The operator, deduced by Holstein, was reduced to the
differential form, convenient for calculations, using the
Lorentz approximation valid for weakly anisotropic EDFs.
However, in the high-energy range, the interactions with
small variations of the momentum direction and magnitude
dominate, so that, using this circumstance, components Stel
and Stex are reduced to the differential form with an accuracy
up to the square terms in the EDF decomposition in terms of
m 0 [66]. As a result, the following representation of the full
collision operator (25) is obtained, where the lower limit in the
ionization integral is equal to the correct value e� eion, unlike
2e� eion in the first papers [43, 44]:

St
�
f �p; m; t�	 � 1

p 2

q
qp

p 2

�
�
Fex�1��p� � m

M
Nmol

p 2

m

X
j

Djnjs
� j�
tr �p�

�
f �p; m; t�

�
�
Nmol

bc
2

�X
j

Djnj
ÿ
s � j�tr �p� � s � j�ex; tr�p�

���
L̂m f �p; m; t�

�Nmolbc
�X

j

Djnj
X
i

�1
e�e �i�

ion

de 0
ÿ
se 0 �e 0; e�

�� j; i�
ion

� g 0 2 ÿ 1

g 2 ÿ 1

� 2p

0

da
2p

f �p 0; m 0; t� ÿ stot�e� f �p; m; t�
�
; �29�

where m � cos y; m 0 � cos y 0; e � �gÿ 1�mc 2 is the electron
kinetic energy; M is the average mass of the nuclei of gas
mixture components; j is a component of the gas mixture with
a fraction Dj; s

� j; i�
ex is the excitation cross section of a state �i�

with the excitation energy e � j; i�ex (bound±bound transitions);

s � j�tr � 2p
� 1

ÿ1
�1ÿ x�s � j�el �p; x� dx

is the transport cross section; s � j�el �p; x� is the elastic scattering
cross section; x � cosc;

s � j�ex; tr�p� �
X
i

2p
� 1

ÿ1
dx �1ÿ x�s � j; i�ex �p; x� ;

L̂m � q
qm
�1ÿ m 2� q

qm

is the angular part of the Laplace operator in spherical
coordinates;

s � j; i�tot �e� �
� �eÿe � j; i�

ion
�=2

0

ÿ
se�e; e 0�

�� j; i�
ion

de 0

is the cross section and e � j; i�ion is the ionization threshold of the
electron shell �i�; �se 0 �e 0; e��� j; i�ion is the differential ionization
cross section (symmetric relative to the secondary electron
energy es � �e 0 ÿ e � j; i�ion �=2); and

stot�e� �
X
j

Dj

X
i

nj; i s
� j; i�
tot �e�

is the total ionization cross section. The quantities m 0 and m
are related as m 0 � mm0 � �1ÿ m 2

0 �1=2�1ÿ m 2�1=2 cos a, which

j

i e

k

p

p0 sinc sin a

a

p0 sinc
cy

y0

p0

Figure 2. Electron scattering geometry: e is the electric force direction, p 0

and p are the electron momenta before and after the interaction, c is the

scattering angle [66].
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is a consequence of Eqn (27) and the energy and momentum
conservation law xÿ m0�e 0; e� � 0, where for m0�e 0; e� under
the approximation e, e 04 e �i�ion [38, 43, 44, 50, 60] the following
formula is valid:

m 2
0 �e 0; e� �

e�e 0 � 2mc 2�
e 0�e� 2mc 2� : �30�

The primes label the quantities before the interaction events.
As the electrons are indistinguishable, for definiteness, an
electron with lower energy is considered secondary.

The drag force caused by the energy losses due to the
excitation of the atomic shells is introduced in operator (29):

Fex�1� � Nmol 2p
X
j

Djnj
X
i

e � j; i�ex

� 1

ÿ1
s � j; i�ex �p; x� dx : �31�

The ionization integral in operator (29) is obtained
without any restrictions except those imposed by the con-
servation laws. Its description accuracy is determined by
function (30) and the differential ionization cross section.
When using for this cross section the M�oller formula (5), the
integral accuracy is limited by condition e 0; e; es 4 e �i�ion for the
energies of primary electron e 0 before and after e the collision
and the secondary electron energy es. In problems where
considering the kinetics in the energy range on the order of e �i�ion
is required, it is necessary to use the corresponding set of
differential cross sections �se 0 �e 0; e�� �i�ion and an accurate
formula for m0�e 0; e�, allowing for the binding of atomic
electrons.

After extracting part of the ionization integral in the range
�e� e � j; i�ion ; 2e� e � j; i�ion � in operator (29), an operator for the
dominating `weak' ionizing interactions is obtained, in
which the primary electron loses a small part De � j; i� �
es � e � j; i�ion 5 e; e 0 of its energy, and the secondary electron
populates the low-energy range [66]:

Stweakion � Nmol bcstot�e� f �p; m; t�

� 1

p 2

q
qp

p 2Fion�e� f �p; m; t� � Fion�e�
2gp

L̂m f �p; m; t� ; �32�

where the ionization drag force is introduced:

Fion�e� � Nmol

X
j

Djnj
X
i

� �eÿe � j; i�
ion
�=2

0

De � j; i�
ÿ
s�e; es�

�� j; i�
ion

des :
�33�

The full drag force, as the sum Fin�e� � Fex�1��e� � Fion�e�, is
described by Eqn (6) for inelastic energy losses.

The remaining part of the ionization integral with the
lower limit 2e� e �i�ion is responsible for rare events with the
production of a high-energy secondary electron populating
the RREA. As a result, the full operator is as follows:

St
�
f �p; m; t�	 � 1

p 2

q
qp

p 2

�
�
Fin�p� � m

M
Nat

p 2

m

X
j

Djs
� j�
tr �p�

�
f �p; m; t�

�
�
Nmol

bc
2

�X
j

Djnj
ÿ
s � j�tr �p� � s � j�ex; tr�p�

��� Fion�p�
2gp

�
� L̂m f �p; m; t� � Jion�e; m� ; �34�

where

Jion�e; m� � Nmol bc
X
j

Djnj
X
i

�1
2e�e � j; i�

ion

de 0
ÿ
se 0 �e 0; e�

�� j; i�
ion

� g 0 2 ÿ 1

g 2 ÿ 1

� 2p

0

da
2p

f �p 0; m 0; t� : �35�

For molecules consisting of two identical atoms �NatZ
2
at �

2Nmol�Zmol=2�2 � NmolZ
2
mol=2�, using the results of Ref. [80],

but taking into account the contribution of Mott's multiplier
in the cross section str, the following formula is obtained:

bc
2

Natstr�g� � Zmol

2gp
F�g�G�g; I;Zat� ; �36�

where the function G�g; I;Zat� is weakly dependent on g,
increasing in air from 0.262 to 0.271 at an energy variation
from 51 keV to 1.53 MeV [80]. If, according to the arguments
[66] based on the analysis of the elementary cross sections, we
omit the second terms in the first and second components of
operator (34) and assume Fin�p� � Fion�p�, which is valid for
small Zmol and �gÿ 1�mc 2 4 emax

ion , then, with relation (36)
taken into account, the following operator is obtained:

St
�
f �p; m; t�	 � 1

p 2

q
qp

p 2Fin�p� f �p; m; t�

�
ÿ
ZmolG�g; I;Zat� � 1

�
F�e�

2gp
L̂m f �p; m; t� � Jion�e; m� ; �37�

the first component of which describes a flux in the
momentum space and the second one describes the angular
diffusion due to scattering by atomic electrons and dominat-
ing elastic scattering by the nuclei �the component with the
factor ZmolG�g; I;Zat��. The production of high-energy
electrons is described by the ionization integral (35).

Operator (37) is similar to the operator in Refs [43, 44],
where the factor before the Laplace operator is reduced to the
form

�Zmol=2� 1�Fin�p�
4gp

; �38�

obtained using the results of the analysis in [80]; apparently,
the value G � 0:25 is assumed, with which the factor before
the Laplace operator in Eqn (37) is equal to

�Zmol=2� 2�Fin�p�
4gp

; �39�

i.e., differs by the term 2 in the numerator, which increases the
contribution of scattering by atomic electrons, which,
however, should not greatly affect the results of the KE
solution in view of Zmol=24 1.

Operator (37) implies an important simplification,
namely, the Fokker±Planck decomposition in the approxima-
tion of small-angle scattering domination and small energy
loss: De � j; i� � es � e � j; i�ion 5 e; e 0. Energy and momentum are
conserved within an accuracy of the decomposition order and
only on average: the real energy losses in individual collisions
are replaced with the average losses when using the contin-
uous drag force, the average change in the direction of the
primary electron momentum due to collisions being equal to
zero, because Fin "#p. KE considers neither the fluctuations
of energy losses, nor the angular fluctuations, which are
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automatically taken into account by theMC technique, where
the conservation laws are fulfilled in each individual collision,
and statistical data for many collisions are accumulated.

To eliminate the contribution of unphysical sources of
electrons in the solution using the finite-differences technique,
it is expedient to use the divergent form of theKE (24) [58, 63±
65]:

q f
qt
� 1

p 2

q
qp

�
p 2f �meEÿ Fin�

�� q
qm

�
eE

1ÿ m 2

p
f

�
ÿ �Z� 2�Fin

8gp
q
qm

�
�1ÿ m 2� q f

qm

�
� Jion�e; m� : �40�

If, following the arguments of [66], based on the analysis
of elementary cross sections, we omit in operator (29) the first
component and the term containing sex; tr�p� in the second
component, then two terms will remain, responsible for
ionization and scattering by nuclei:
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Djnjs
� j�
tr �p� L̂m f �p; m; t�
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� g 0 2 ÿ 1

g 2 ÿ 1

� 2p

0

da
2p

f �p 0; m 0; t� ÿ stot�e� f �p; m; t�
�
: �41�

This operator is simpler than operator (37). It differs in
the lower limit of the ionization integral and the term
responsible for the angular scattering. Scattering by nuclei is
described by the transport cross section str�p�, while scatter-
ing by atomic electrons stays in the ionization integral.
Therefore, when describing the ionization events, it is not
necessary to restrict oneself to the M�oller formula (5) for the
ionization cross section, in contrast to previous papers [43, 44,
58, 60, 63±65], where the derivation of the ionization integral
is based on Eqn (5).

A consistent reduction procedure allowed automatic
extraction of the differential component, responsible for
angular scattering by atomic electrons, from the ionization
integral. It is absent in [43, 44], where the process was
considered on a plane and the EDF f �p 0; m 0; t� was fixed for
two values of m 0. As a result, the possibility of expanding
the EDF in a series in m 0 was missed: the integration over
the azimuthal angle was replaced with a quadrature using
the trapezoid rule � f �t; e 0; m 0�� � f �t; e 0; m 0ÿ��=2 with m 0� �
mm0 � ��1ÿ m 2��1ÿ m 2

0 ��1=2. This shortcoming, leading to a
substantial overestimation of the RE generation rate, was
pointed out in a report (reference [10] in paper [65]) and in
papers [58, 66]. It is also worth noting that Eqn (27), derived
using the instant set of coordinates with the basis vector
k � p=p, is significantly simpler than the corresponding
expressions in [38, 43, 44, 58] with e as one of the basis
vectors (see Eqn (52) in Section 6). The small quantity Dm,
used to expand EDF in series, is obtained directly from
Eqn (27).

The ionization integral is deduced under the assumption
e 0; e; es 4 e � j; i�ion ; therefore, in computer calculations, e �i�ion can be
ignored, and if e 0 and e are large compared to the binding
energies of atomic electrons, the summation by �i� can be
replaced with multiplication by Zmol when using the M�oller
formula (5) for the differential cross section of ionization.

5.2 Monte Carlo codes
5.2.1 ELIZA code. The ELIZA method and code developed
by E N Donskoy [63, 65, 69±72, 75] implement the MC
technique to solve the set of linear nonstationary Boltzmann
equations

q f `�r; e; t�
qt

� v `�e� q f `�r; e; t�
qr

� s `�r; e�v `�e� f `�r; e; t�

�
�X

` 0
f `
0 �r; e0; t�s ` 0 �r; e 0�v` 0 �e 0�K ` 0`�r; e0 ! e� de0

� g `�r; e; t� ; �42�

where f `�r; e; t� is the distribution function of particles of
type ` by energy e and directionsx�e � ex, v ` � v `x� at time t
and point r; v ` is the velocity of the particles; s `�r; e� is the
total interaction cross section; K ` 0`�r; e0 ! e� is the transition
kernel for the interaction producing type ` particles; and
g `�r; e; t� is the source of the particles.

The motion of electrons and positrons in the electric field
along each section of a trajectory between collisions is
described by the equation

dp

dt
� eE�r� ; �43�

where r is the radius vector of a spatial point.
In the spherical coordinates with the axis z""e after

replacing differentiation with respect to t by differentiation
along a path, ds � cbdt, Eqn (43) is reduced to the following
set of equations:

de
ds
� eEz m ;

dm
ds
� eEz�1ÿ m 2�

pcb
; a � cosj � const ; �44�

where m � cos y is the cosine of the angle between the
direction of electric force e, acting on the electron or
positron, and the direction x of the particle motion. The set
of equations (42) for electrons �ÿ� and positrons ��� is
reduced as follows:

q f ��r; e; t�
qt

� q
ÿ
v� f ��r; e; t��

qr
� e

q
qe

ÿ
Ezmv��e� f ��r; e; t�

�
� e

q
qm

�
Ez

1ÿ m 2

p
f ��r; e; t�

�
� s��r; e�v��e� f ��r; e; t�

�
�X

` 0
f ��r; e0; t�s ` 0 �r; e 0�v ` 0 �e 0�K ` 0��r; e0 ! e� de0

� g��r; e; t� : �45�

The upgraded ELIZA code is based on the libraries of the
cross sections of the photon, electron, and positron interac-
tions with matter developed using the libraries EPDL92
(photons), EEDL92 (electrons), EADL92 (shell relaxation),
and literature data (see references in [72, 81]). For photons,
the following processes are considered: incoherent (Comp-
ton) scattering with the bound state of atomic electrons taken
into account; coherent (Rayleigh) scattering; photoabsorp-
tion with the emission of fluorescence photons and Auger
electrons taken into account; and production of electron±
positron pairs and triplets. Elastic scattering by nuclei,
ionization and excitation of atomic shells, and bremsstrah-
lung are taken into account for electrons. Elastic scattering by
nuclei and free electrons, bremsstrahlung, and two-photon
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annihilation are taken into account for positrons. Photo-
absorption is modeled individually for nine atomic subshells:
K, L1, L2, L3, M1, M2, M3, M4, and M5. In the shell
relaxation model, all transitions to these subshells with the
emission of fluorescence photons and Auger electrons are
taken into account. The ionization of each subshell is
modeled separately, and this process, as well as photoabsorp-
tion, is followed by the relaxation of the atomic shells. Atomic
shell excitation is taken into account. The modeled energy
range is limited frombelow by 1 keV; from above, there are no
restrictions.

Unfortunately, when introducing the external electric
field into the updated version of the code, a regrettable
erratum was made, Ez � Ejmj in the first of Eqns (44), under-
estimating the electric force on average by 15±20%, which led
to overestimation of te�d� (third and fourth lines in Table 2)
[63, 65, 69, 70]. After correction, new calculations of te�d�
were carried out taking into account (first line in Table 2) and
not taking into account (second line in Table 2) the angular
scattering of electrons and positrons [71, 72].

5.2.2 REAM code. The Runaway Electron Avalanche Model
(REAM) code implementing theMC technique, developed by
Dwyer for numerical simulations of the RREA [42, 73, 74,
82], allows for the main interactions of electrons: ionization
and excitation of atoms, M�oller scattering (5), and elastic
scattering modeled by means of the screened Coulomb
potential. The generation and transport of bremsstrahlung
are modeled taking into account the photoelectric effect,
Compton scattering, pair production, and Rayleigh scatter-
ing. In the course of the transport of positrons, two-photon
annihilation and bremsstrahlung are taken into account.
Production of high-energy electrons, capable of initiating an
RREA via scattering of positrons, Compton scattering, and
absorption of high-energy photons, is separately calculated.

5.2.3 Simplified Monte Carlo codes. In the simplified Monte
Carlo (SMC) technique, the motion of high-energy electrons
is described by Eqn (1) with the force C �p� divided into two
parts: the deterministic one is described by the drag force
Fin�e� (6) and the other one, responsible for the elastic
collisions, remains stochastic and is modeled using the MC
technique [58, 65, 69, 70, 77, 78]. Despite the high frequency of
elastic collisions, it is possible to use a time step Dt greatly
exceeding the time between the collisions, since the average
scattering angle remains extremely small. The modeling is
conducted as follows. Electrons with energy e 0 are injected at
an angle y relative to the vector e. The range of the simulated
energies is limited from below by a small energy emin, e.g.,
1 keV [65, 69, 77, 78] and 2 keV [58]. Electrons with higher
energies are separated via interactions with molecules, so that
a part of them is slowed down below emin, while the others are
involved in the runaway mode, thus forming the RREA. In
the SMC codes, the possibility of switching off the changes of
the primary electron energy and momentum vector in the
course of ionization impacts is provided [69]. This corre-
sponds to a violation of the conservation laws in the KE (see
Section 5.1).

In the first developed SMC version [69], the electron
between the consecutive collision events moves according to
Eqn (2) under the combined action of the electric force and
drag force (6). Elastic scattering is described in the framework
of the diffusion approximation as a process of multiple
scattering into small angles in terms of the differential cross

section of the electron scattering by a nucleus with charge Z,
for which, as a rule, the screened Rutherford cross section is
used [52, 58, 78, 83, 84]:

dsel
dO
� r 2e Z

2�1ÿ b 2�
b 4�1ÿ cos y� 2Z�2 ; �46�

Z � 1:7� 105 Z 2=3 1ÿ b 2

b 2

�
1:13� 3:76

a 2

b 2

�
;

where dO is the solid angle element and Z is the shielding
parameter.

According to (46), the scattering into small angles of the
order of Z1=2 dominates. The average scattering angle is
estimated as hc 2i � c 2

min ncol, where ncol is the number of
elastic collisions experienced by the electron. The theory is not
quite adequate for the RE case. Though the cross section of
elastic scattering into large angles is rather small, the
probability of such events can be high because of the long
trajectories of REs.

The avalanche enhancement length and time are calcu-
lated integrating the M�oller cross section (5):

le�e 0; eth� �
�
Nmol

� e 0=2

eth
s�e; e 0� de

�ÿ1
; te � le

c
: �47�

In Section 3, the deterministic definition of the runaway
threshold eth is given, but, because of the stochastic origin of
the runaway process, an exact definition of the threshold is
impossible. Therefore, in Eqn (47), the threshold eth is
assumed to be a certain effective energy, above which the
RE fraction D tends to one.

Using the SMC method, the dependence of the RE frac-
tion D on the initial energy e 0 and injection angle y of the
simulated electron was calculated [69]. The obtained fraction
D varies extremely slowly with the variation in y within the
limits 0ÿp=2. With the further growth of y, D sharply
decreases. The energy at which D � 70ÿ80% was accepted
as the runaway threshold: eth � 650, 120, and 65 eV at d � 2,
5, and 8, respectively. With the angular scattering switched
off, the threshold magnitudes eth, thus defined, decrease
several-fold. For two greatly differing values of e 0 (2 and
10 MeV) using the calculated eth, the values of le�e; eth� and
te � le=c were calculated using Eqn (47). The values of te�d�
for e 0 � 2 MeV are presented in Table 2. The results differ by
two times from the final results of the full ELIZA code (first
line in Table 2), which, according to [69], is due to the
estimative character of calculating the threshold eth and by
the fact that instead of averaging over the entire distribution
of electrons, the history of a monoenergetic beam was traced.
After removing these unjustified simplifications in the SMC,
the calculated values of te [65, 77, 78] (Table 2) became close
to those calculated with the ELIZA code (first line in Table 2).

In the SMC developed by Lehtinen et al. [58], the energy
losses of electrons and change in their motion direction due to
elastic collisions in the energy range below emin � 2 keV are
described in terms of drag force Fin�e� (6) and angular
diffusion, respectively. Ionization processes with the produc-
tion of electrons with energy e 0 > 2 keV are calculated
explicitly; therefore, the corresponding energy losses

NmolZmol

� e=2

emin

e 0se�e; e 0�ion de 0
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are eliminated from Fin. The scattering into angles c is
described by the diffusion equation for the probability
distribution function of the random number o � cosc at
the time step Dt, which in the two-term approximation for the
Legendre polynomial expansion has the form

f �o;Dt� � 1

2DDt
exp

�
oÿ 1

2DDt

�
; D � 1

4

dhc 2i
dt

: �48�

In the case of scattering into very small angles, the fixed
change in the scattering angle is used:

Dc �
��������������������
dhc 2i
dt

Dt

s
;

�49�
dhc 2i
dt
� 4pr 2e c

4NmolZ
2
mol

v 3g 2
log

�
164:7

Z
1=3
mol

p

mc

�
;

with the rate of change of the mean square of the scattering
angle c taken from book [83] and the maximum and
minimum values of the angle taken from report [80] and
book [84], respectively.

In the formulaP � NmolZmolstot�e�vDt for the probability
of high-energy (e 0 > 2 keV) electron production within the
time step Dt, the total ionization cross section is calculated by
integrating the M�oller cross section (5) within the limits
�emin; e=2�.

To confirm the results of the SMC calculations, the
authors of Ref. [58], proceeding from a KE written in the
divergent form (40), derived a formula, which at v! c is
reduced as follows:

te � 2pr 2e cNmolZmol
eth
mc 2

; �50�

where the runaway threshold eth is defined by Eqn (18).
Among the calculated values eth � 549, 103, 54, 41, 32,
24 keV at d � 2, 5, 8, 10, 12, 15, the first three are smaller
than the above-mentioned values of eth determined by the
fraction of REs but somewhat exceed the values calculated
using Eqn (60) (see Section 7).

The values of te calculated inRef. [58] by the SMCmethod
and with formula (50) are presented in Table 2. They are seen
to be close to the final te values obtained using the ELIZA
code (the first line of Table 2). In the range of small d, the
values of te calculated using Eqn (50) are closer to the te values
calculated using the ELIZA code than to those calculated in
[58] using the SMC: e.g., at d � 2, te � 174:4 ns (SMC), 185 ns
(Eqn (50)), and 189.7 ns (ELIZA, the first line of Table 2). It
should be noted that the values of te at d � 5 and 8, calculated
with the SMC in [65], almost coincide with those predicted by
Eqn (50). Discussing the results, the authors of [58] emphasize
that, within the earlier kinetic and analytical models [43, 44,
85±88], the RREA development rate was overestimated by
more than an order of magnitude.

The SMC code developed by Celestin and Pasko is
intended to simulate the electron kinetics in an extremely
wide energy range from fractions of an electronvolt to a few
GeV [89, 90]. This is achieved by using the differential cross
section of ionization by electron impact according to the
relativistic binary encounter Bethe (RBEB) model [91, 92].
The cross section is presented in the analytical form, which is
a combination of the M�oller cross section and the dipole part
of the Bethe cross section. For the RREA problem, the
simulated energy range is extremely wide, 0.01±200 MeV,

and only the elastic scattering of electrons and ionization by
electron impact are taken into account in the diffusion
approximation. The angle between vectors of primary and
secondary electrons is calculated by solving the equations for
the momentum and energy conservation laws. As the
simulated energy range extends up to 200 MeV, the radiation
drag force is allowed for. Photons and positrons are not
simulated.

Figure 3 presents the dependences of the RREA develop-
ment rate on overvoltage d, calculated using the RBEBmodel
and the conventional model with the integration of theM�oller
cross section (see (47)). It is seen that, in the range of the d
values approximately below d � 10, both models give close
rate values, and for small d typical of thundercloud fields
identical rates are predicted. With the growth of d, the
discrepancy significantly increases, and in the field with very
high d, typical of discharges at overvoltages high relative to
the field strength Eself in a self-sustained breakdown [11, 12,
17±26], a large discrepancy is to be expected.

In general, the final te�d� values, calculated by SMC
codes, are in good agreement with the results using the
ELIZA code (first line in Table 2). Thus, the SMC method,
considering only inelastic interactions (deterministic) and
elastic scattering (stochastic) of electrons is efficient for
numerical simulations that, unlike full MC codes, do not
require much computer time.

6. Calculations of the avalanche enhancement
time scale based on the kinetic equation

To improve the description of the RREA kinetics and to
calculate more precise functions te�d� and le�d�, the authors of
the GMRmechanism addressed the KE [43, 44], in which the
electron scattering in elastic collisions is taken into account,
which is the only difference from the elementary processes
considered in analysis [30]. The KE (24) with collision
operator (37), (38), including ionization integral (35), is
solved. The values of te and, therefore, le � cte calculated in
[43, 44] decreased by more than an order of magnitude in
comparison with results of analytical calculations [30] (see
Table 2). Arguments in favor of a positive role of the angular
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Figure 3. Dependence of the characteristic RREA enhancement time on

the overvoltage calculated with the SMC code using the conventional

approach (M�oller) and the RBEB model by Silisten and Pasko [92].
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scattering in the avalanche development rate are presented in
report [43].

However, for heuristic reasons, it is clear that the
inclusion of additional interactions of electrons, competing
with the ordering action of the electric field, inevitably
enhances the randomization of electron momenta. The
electrons and secondary particles (gamma photons and
positrons), experiencing elastic scattering by the atomic
nuclei and electron shells, move away from the field lines.
Therefore, to counterbalance the effective drag force, a
stronger electric force is required. As a result, te�d� increases.

The negative role of elastic scattering in the RREA
development is demonstrated in report [68], and then in the
detailed analysis performed in Ref. [69]. Using the SMC
technique, it is shown that minimum possible values of te�d�
exceed several-fold those computed in [43, 44] (Table 2). In
particular, to analyze the experiment byMcCarthy and Parks
[35], for d � 2, the runaway threshold was calculated as
eth � 600 keV, with which, according to Eqn (47), at an
altitude of 5 km the length le�d � 2� � 120 m was obtained.
This value corresponds to the time te�d � 2� � 200 ns at sea
level (see Table 2) and is in good agreement with the result of
the final calculations using the ELIZA code (first line in
Table 2).

Later, with the purpose of coordinating the results given
by different methods, a detailed analysis on the KE basis (24)
was executed [38, 60] with the collision operator including the
radiation force Frad:

St
�
f �p; m; t�	 � 1

p 2

q
qp

p 2�Fin � Frad� f �p; m; t�

� Fin

P
i Z

2
i =Z

4gp
L̂m f �p; m; t�

�Nmol bc
2pZe 4

mc 2

�1
e

g 0 2 ÿ 1

g 2 ÿ 1

�
eÿ2 � �e 0 �mc 2�ÿ2�

�
�
dj
2p

�
f �e 0; m 0;j� d�m1 ÿ m0� dm1 de 0 ; �51�

where d�m1 ÿ m0� is the Dirac delta-function, j is the angle
between p 0 and e, and the relation between the angles is
expressed as

m 0 �
mm1� �1ÿ m 2

1 �1=2 sinj
��������������������������������������������������
m 2
1ÿ m 2� �1ÿ m 2

1 � sin2 j
q

m 2
1 � �1ÿ m 2

1 � sin2 j
: �52�

Formulas (8) for Fin with L � 11 and (12) for Frad are used in
the energy range e5mc 2.

To coordinate the results of calculating te�d� by KE and
MC techniques, it was supposed that ``at high energies the
main role in the runaway breakdown process is played not by
ionization Coulomb collisions, but by much more stronger
bremsstrahlung effect'' [60]. However, first, this process is
included in the ELIZA code, and, second, the radiation losses
in air are compared to the ionization ones according to
Eqn (14) only at the electron energy of 110 MeV, which,
according to simulations of RREA using the MC technique,
is not attained. The authors of Ref. [38] believe that ``the
ionization plays a major role at low energy 4 5 MeV. At
the energy 5 5 MeV the dominating role belongs to the
bremsstrahlung force.'' Apparently, they meant that, begin-
ning at the energy � 5 MeV, the Frad component contributes
to the drag force, F � Fin � Frad. However, Frad becomes

dominating in the energy range greatly exceeding the
boundary magnitude of 110 MeV. Indeed, from the equality
Fin � Frad at g 2 4 1 (see Eqns (8) and (12)) with Zat � 7:25
and L � 11, the equation for the boundary energy is
obtained,

gbound ÿ 1 � ebound
mc 2

� pL
aZat ln

�
2emax=�mc 2��

� 653

ln
�
2emax=�mc 2�� ; �53�

yielding ebound � 120 MeV, which is close to the estimate of
110 MeV (14).

The direct contribution of the RREA's own bremsstrah-
lung to its development, including gas ionization by positrons
and photons produced by e�eÿ annihilation, is obviously
overestimated (see Section 8.1). The secondary emissions are
important for maintaining the RREA series via relativistic
positive feedback (RFB) (see Section 8.2).

From the equality eE � Frad�emax� a formula follows for
the maximum energy available to REs [60]:

emax

mc 2
� pa

aZeff ln �2g� d �
653 d
ln �2g� ; �54�

from which the values emax � 430 and 850 MeV are obtained
for d � 5 and 10, respectively [38], which are quite accurate, as
they greatly exceed ebound, i.e., belong to the domain of
radiation force domination. However, in view of the
exponential RE energy distribution with the average energies
given in Table 3, the RE portion in the energy range above
ebound is extremely small, � �0:7ÿ3� � 10ÿ8 for 54d4 10,
and the RFB [42, 73] limits the RREA enhancement to the
magnitude of � 105 (see Section 8.3).

The exponential increase in the RE number follows from
the asymptotic behavior of the EDF at high energies, exp �lt�,
with the increment

l � 0:065 d 3=2 �38� ; l � 0:6

a
d 3=2 � 0:055 d 3=2 �38; 60� : �55�

The second formula in (55) is obtained with a � 11 [60] as a
solution to the eigenvalue problem formulated based on the
KE. With the use of time scale t0 � �4pr 2e cZNmolL�ÿ1 [38] at
L � a � 11, from Eqn (55), it follows that

te � t0
l
� dÿ3=2

2:4 cpr 2e NmolZmol
; �56�

which differs by the coefficient in the denominator from the
formula in Ref. [60]:

te � dÿ3=2

1:4 cpr 2e NmolZmol
: �57�

With the numerical values of the quantities for air at a
pressure of 1 atm �Nmol � NL� and Zmol � 14:5, Eqn (57)
yields

te �ns� � 244 dÿ3=2 : �58�

The values of te calculated using Eqn (58) greatly exceed
the data from [43, 44] and agree rather well with the values of
te computed using the ELIZA code with the angular
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scattering of electrons switched off [71, 72] (se Table 2). This is
particularly true in the range of high values of d, in spite of the
fact that Eqn (58) was derived with the simplified description
of interactions. Therefore, the analytical calculations can be
used to test calculations with the MC codes.

The values of te obtained with the ELIZA code, taking
into account the angular scattering of electrons (the first line
of Table 2), significantly differ from those computed with the
scattering ignored both in the ELIZA code and in Eqn (58). In
the range d5 2, the former exceeds the latter by approxi-
mately 1.5±2 times, but in the domain of weak fields
(approximately d4 2), when the scattering effect is stronger,
the discrepancy increases and attains an order of magnitude
at small d, apparently, testifying to the fact that the
magnitude d � 2 is critical in the RREA development.

In further studies, to eliminate the difference between te
values obtained by the MC and KE techniques, the KE
solution procedures were improved. Consent was attained in
Refs [63±65] by solving the divergent form of the KE (40), in
which the ionization process was described not on the plane as
in [43, 44], but in the 3D geometry. Moreover, the description
of the kinetics of secondary electrons after an ionization event
was improved by increasing the approximation accuracy of
the integration over the azimuthal angle a in the ionization
integral (35). The values of the function te�d� [64, 65]
computed solving the KE are presented in Table 2. It is seen
that the values of te, obtained by different groups using full
MC codes [71, 72, 74] and SMCs [58, 65, 77, 78] and solving
the KE [65] with angular scattering included are in good
agreement.

The ELIZA code is intended to solve problems with the
joint transport of electrons, positrons, and photons, taking
into account all elementary processes described in terms of the
corresponding cross sections. In other approaches, including
SMC ones, only the ionization and elastic interactions of
electrons with atomic particles are taken into account, using
the drag force to describe the average effect of the weak
ionizing collisions. These distinctions, most likely, are
responsible for the remaining disagreement.

7. Fundamental macroscopic characteristics
of an avalanche

Numerical simulations of discharges with RREA participa-
tion are conducted in terms of the drift-diffusion equations
describing the kinetics of all charged particles in the frame-
work of the fluid approximation, the RE kinetics being
described by the following equation (see, e.g., [93±96]):

qnre
qt
� div

�
nrevre ÿD?

�
HHnre ÿ vre�vreHHnre�

v 2re

�
ÿDkvre�vreHHnre�

v 2re

�
� nrenre � S ext

re ; �59�

where nre is the RE concentration, nre is the runaway electron
multiplication rate, vre � ÿvree is the vector of the directed
RE velocity, vre � jvrej, Dk and D? are the coefficients of RE
diffusion, longitudinal and transverse relative to the vector e,
respectively, and S ext

re is the external RE source. To solve
Eqn (59), the dependences of vre, Dk, D?, and nre on the
overvoltage d are required. These dependences, obtained
from the results of numerical simulations of the RREA by
means of the ELIZA [71, 72, 97, 98] and REAM [73, 74, 82,
99] MC codes, are given below. The simulations were

executed for the STP conditions in the cylindrical coordi-
nates z""e and r?e.

The simulations with the ELIZA code were carried out
with a statistical error of less than 1±2% as follows. At the
initial moment of time, electrons with kinetic energy e0 were
injected along the direction e. The calculations were executed
for two greatly differing values, e0 � 2 and 10MeV. Though a
majority of electrons are produced in the low-energy range,
including the range below the runaway threshold eth, these
electrons relax down to thermal energies, so that their
contribution to the RREA is negligible. The dependences of
the electron number Ne�t� on time for various d are the
primary result of the simulations. The exponential RREA
mode, obeying the law q ln �Ne�t�=Ne�t � 0��=qt � const,
stabilizes during the time interval, a few times shorter than
the avalanche enhancement time te�d�. The effect of the initial
energy e0 on the RREA dynamics manifests itself at d < 2,
and the time required for the RREA to enter the exponential
mode is decreased with the growth of e0. For d < 2, this time
increases with the reduction in d, so that only electrons with
high e0 are capable of entering the runaway mode.

The results of calculations using the ELIZA code are
presented in Table 3 for a wide range of d values, including,
along with small d typical of thunderous fields, the range of
high d attained in laboratory discharges generating REs [11,
12, 17±26]. Recall that at d � 14 a usual self-sustained break-
down in air is developed driven by low-energy electrons. The
characteristics at the moment of time trun 4 te�d� correspond-
ing to the end of the simulation are defined as follows.

(1) The time te � trun=ln �Ne�trun�=Ne�t � 0�� is deter-
mined by the linear segment of function ln �Ne�trun�=
Ne�t � 0��.

(2) The module of the directed velocity is vre � hzi=trun.
(3) The spatial scale (enhancement length) is le� tevre.
(4) The average electron energy is

hei � ÿNe�trun�
�ÿ1 XNe�trun�

i�1
ei :

(5) The coefficients of longitudinal and transverse diffu-
sion are Dk � h�zÿ hzi�2i=�2trun� and D? � hr 2i=�ptrun�,
respectively. Here,

hzi �
XNe�trun�

i�1

zi
Ne�trun�

is the mean value of coordinate z of the electron swarm,


ÿ
zÿ hzi�2� � XNe�trun�

i�1

ÿ
zi ÿ hzi

�2
Ne�trun�

is the mean square deviation of the coordinate z from hzi,

hr 2i �
XNe�trun�

i�1

r 2i
Ne�trun�

is the mean square coordinate r.
(6) The energy runaway threshold eth, a conditional

quantity, as the runaway process is stochastic, is defined by
the relation

1

le�d� � NL

� hei=2
eth�d�

se 0
ÿhei; e� de ; �60�
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where in cross section (5) the energy e 0 of the primary electron
is set equal to hei.

For comparison, note that in Table 3, the runaway
threshold values eth�d � 2� � 470 keV and eth�d � 8� �
47 keV are close to or slightly differ from the values
eth�d � 2� � 470 keV and eth�d � 8� � 67 keV, estimated
using equation eEhm�eth; d�i � hF min

in i, where hF min
in i is the

average minimum of the drag force (6), and the values
549 keV and 54 keV [58] and 650 keV and 65 keV [69] are
calculated by SMC codes (see Section 5.2.3).

Enhancement time te and length le. It is seen in Table 3 that
time te decreases from 8905 ns to 0.6 ns with the increase in d
from 1.3 to 100. The sharp increase in te in the range d < 2,
apparently, testifies to the proximity of the value d � 2 to
the critical one, below which too low a number of electrons
is capable of entering the runaway mode; due to this reason,
the corresponding te magnitudes are computed with signifi-
cant uncertainty. The value d � 1:3 according to Eqn (21)
corresponds to the critical (threshold) field strength Eth �
270ÿ284 kVmÿ1 at STP [56, 57, 73], when le sharply increases
to several km. It is assumed in Ref. [30] that the range
14d4 2 (corresponding to Eth � 2ÿ4 kV mÿ1) is critical.
For d values of interest for the physics of high-energy
atmospheric electricity, the results of simulations executed
using the ELIZA code are approximated as follows:

te �ns� � exp

�
7:11

d 0:441

�
� 5% ; d 2 �2; 10� : �61�

In the range of high d values, which are of interest for studies
of laboratory discharges in strong fields [11±26], the data on
le�d� in Table 3 are approximated as follows [97, 98]:

le�d� � �0:063 dÿ 0:72�ÿ1 �m�; d5 20 ; �62�
with the corresponding time

te �ns� � le
c
� 10 �0:189dÿ 2:16�ÿ1 : �63�

Dwyer [73] while introducing the RFB mechanism (see
Section 8.2) simulated the RREA using the REAMMC code.
An approximation was proposed for the obtained depen-
dence of le on E, which in terms of the overvoltage d �
eE=F min

in with F min
in � 217 keVmÿ1 is described by the follow-

ing function:

le �m� � 33:18 �dÿ 1:26�ÿ1 ; 1:384d4 11:52 ; �64�
with the corresponding time

te �ns� � le
c
� 1:1 �dÿ 1:26�ÿ1 : �65�

For the results of the subsequent calculations with the
REAM code [74], approximations for te and le are proposed,
which in terms of d with F min

in � 217 keV mÿ1 are as follows:

te �ns� � 125:8

dÿ 1:276NL=N�z� ; le �m� � 33:64

dÿ 1:272NL=N�z� ;
�66�

whereN�z� is the concentration of molecules at altitude z and
an average electron energy of 7.3 MeV is assumed [74].

As seen in Table 2, the values of te calculated using theMC
technique [74] and Eqn (66) in the range of approximately
d5 2ÿ2:5 are quite close to those computed using the ELIZA
code (the first line of Table 2) and aremuch less than the latter
in the range of smaller d.

Energy spectra of high-energy electrons. Through numer-
ical simulations using the ELIZA code, an evolution of the
electron energy distribution was studied. The time required
for the distribution to achieve the steady state, defined as
the time after which the distribution does not vary except
for part of the high-energy `tail' containing a portion of
electrons fewer than 10ÿ4ÿ10ÿ5, amounts to tst � �4ÿ6� te.
The steady-state values of the average energy hei monotoni-
cally and weakly decrease with the rise of d because of the
threshold eth decrease. With d increasing from 1.5 to 100,
energy hei decreases only twofold. In the range d � 1:5ÿ14,
the values of hei slightly differ from each other, varying in the
range of � 7ÿ6 MeV (see Table 3). Similar results are
obtained with the KE solution [65].

It is possible to estimate the average energy hei by the
energy gained by the RE before the production of a secondary
RE:

hei � vre�dÿ 1�F min
in te�d� � e0 : �67�

According to this formula, the weak dependence of hei on
d is due to a competition of two processes, namely, the energy
gain in the field (factor (dÿ 1)) and the production of
secondary low-energy �5 hei� electrons �vreF min

in te�d��. The
higher d, the more efficient the energy gain, but the more
intense the reproduction of low-energy electrons.

The weak dependence of hei on d testifies to the closeness
of the corresponding steady-state energy distributions. In
Fig. 4, the energy distributions at different moments of time

Table 3. Dependences on overvoltage d under STP conditions of
characteristic time te of avalanche enhancement, magnitude of directed
velocity vre, enhancement length le � vrete, average electron energy hei,
runaway threshold eth, and coefécients of longitudinal Dk and transverse
D? diffusion [72, 97, 98].

d te,
ns*

vre�10ÿ8,
m sÿ1

le,
m

hei,
MeV

eth,
keV

Dk,
m2 sÿ1

D?,
m2 sÿ1

1.3 8905

1.4 1236/201

1.5 696.4 2.69 187.33 6.75 1400 1:52�108 6:27�108

1.6 447.2/133

1.8 270.1/99.3

2 189.7/81.0 2.64 50.81 6.74 470 7:73�107 2:88�108

2.5 109.8

3 77.6/41.4 2.65 16.56 6.79 160

4 47.5/27.1 2.65 12.59 6.83 116

5 34.3/16.1 2.66 9.12 6.87 90 1:49�107 4:88�107

6 26.4/15.7 2.66 7.02 6.79 70

7 21.3/12.8 2.67 5.69 6.68 56

8 17.8/10.7 2.68 4.77 6.61 47 7:14�106 2:05�107

10 13.3/8.0 2.69 3.58 6.41 35 5:13�106 1:34�107

12 10.45/6.36 2.69 2.81 6.15 28 3:94�106 9:44�106

14 8.56/5.48 2.69 2.30 5.99 23 3:21�106 6:99�106

16 5.80 2.68 1.55 5.38 15.5 2:10�106 3:70�106

50 1.52 2.66 0.40 4.35 5.5 7:63�105 6:40�105

100 0.60 2.65 0.16 3.46 1.6 3:82�105 1:66�105

*With/without angular scattering taken into account.
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are illustrated for d � 2. The vertical lines correspond to the
maximum energy values emax � vre�dÿ 1�F min

in t� e0 attained
by the primary electron at moment of time t. This means that
in the distribution there are primary electrons moving along
the vector e. According to Eqn (54), the energy emax, which is
an almost linear function of d, is equal, e.g., to 430 MeV at
d � 5 and 850 MeV at d � 10 [38].

For comparison, Fig. 5 illustrates the process of establish-
ing the energy distribution, as simulated by Silisten and Pasko
at d � 5:76 with the SMC code, which is quite consistent with
the establishment process obtained with the ELIZA code.

Figure 6 illustrates the steady-state energy distributions
of RREA electrons computed with the ELIZA code [72].
Obviously, the distributions are close to each other and
weakly depend on d. So, the maximum difference between
distributions in the range d � 2ÿ8 and in the energy range of
0.01±40 MeV does not exceed 15%. This universal distribu-
tion is approximated by the function

exp �ÿ1:08� 10ÿ5u 6 ÿ 4:2� 10ÿ6u 5 � 9:76� 10ÿ6u 4

� 1:265� 10ÿ2u 3 ÿ 5:64� 10ÿ2u 2 ÿ 0:433uÿ 2:1185� ;
�68�

where u � ln �e �MeV��.

The steady-state electron energy distributions in the range
of 100 eV±60 MeV are calculated with the REAM code [73,
74]. For these distributions, under the assumption that
hei � 7:3 MeV, a simpler universal approximation is offered:

fre � 1

7:3 MeV
exp

�
ÿ e
7:3 MeV

�
; �69�

which is valid in the range from one hundred keV to several
tens of MeV, independent of the field strength and the
concentration of air molecules. This distribution at d � 2 is
illustrated in Fig. 7.

For comparison, Fig. 8 illustrates the steady-state dis-
tribution calculated by Silisten and Pasko at d � 10 using the
SMC code [92], which is quite consistent with the distribu-
tions calculated with the ELIZA and REAM codes.

Angular distributions of high-energy electrons [72]. Steady-
state electron angular distributions significantly depend on
the overvoltage d, with an increase in which they become
more extended along e, i.e., an increasing part of the electrons
is dragged by the field as it strengthens. These distributions
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are approximated by the following function (ELIZA):

g�m; b� � 1ÿ b 2

2p�1ÿ bm�2 ; 2p
� 1

0

g�m; b� dm � 1 ; �70�

where b � 0:91 for d � 2 and b � 0:97 for d � 8. The error in
approximation (70) is maximal at values of m close to 1, e.g.,
12% for d � 2 and 34% for d � 8.

The steady-state electron angular-energy [MeV] distribu-
tions can be written as a product (ELIZA):

f �e; m� � f1�e� f2�mje� ; �71�
where f1�e� is the normalized energy distribution (68) and
f2�mje� is the steady-state angular distribution of electrons
with energy e, normalized similarly to (64), which can be
approximated as follows:

ln f2�mje� �
y1�e� ÿ k1�e��1ÿ m� ; m5 0 ;

y2�e� � k2�e��m� 1� ; m < 0 ;

�
�72�

where, for d � 2,

y1�e� � 0:5756 ln �0:9e� ÿ 0:46 ; k1�e� � 1:24�14e�0:5 ÿ 0:92;

y2�e� � ÿ2:76�2:3e�0:48 ÿ 2:53 ; k2�e� � 0:557 ln e� 2:91 ;

�73�

and, for d � 8,

y1�e� � 0:6178 ln e� 0:4145 ; k1�e� � 3:224�5eÿ 0:07�0:57 ;
y2�e� � ÿ7:6�4e�0:31 ÿ 0:6 ; k2�e� � 0:8858 ln e� 5:142 :

�74�

Figure 9 shows the normalized electron angular distribu-
tions in the energy groups e1 ÿ e2: 40±60 keV, 250±300 keV,
0.8±1 MeV, 5±6 MeV, and 20±25 MeV [72]. The approxima-
tion curves are calculated assuming an electron energy equal
to e � �e1 � e2�=2. It is seen that Eqns (71)±(74) approximate
the results of numerical calculations well in a wide energy
range. For each energy group, the average cosine hmi is
calculated, which is approximated by the function


m�e; d�� � a�d� e
1� a�d� e �75�

with a marginal error 4 0:06 at a�d � 2� � 2:7 MeVÿ1 and
a�d � 8� � 12 MeVÿ1.

Diffusion of high-energy electrons. Extremely important is
the conductivity magnitude at the expense of low-energy
electrons produced during the RREA development. The
low-energy conductivity is directly proportional to the
concentration of low-energy electrons, which depends on the
spatial distribution of the high-energy electrons, which, in
turn depends, in particular, on the diffusion. The role of the
longitudinal diffusion in lightning inception by the runaway
breakdown was for the first time analyzed by the authors of
the GMRmechanism [76]. In connection with this analysis, it
was noted in review [37] that the diffusion, as predicted in [76],
is 15±40 times weaker than obtained by numerical simulation
using the REAM code [93], which is because the angular
scattering is allowed for in the latter, and doubt was expressed
concerning the enhanced conductivity magnitude predicted in
Ref. [76].

The dependences of the diffusion coefficients Dk and D?
on the field strength E calculated with the REAM [37, 93] and
ELIZA [97, 98] codes are compared in Fig. 10. In the range of
low E magnitudes typical of thunderstorm fields, the
coefficients are almost identical, but with the rise of E the
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calculations with the REAM code predict slightly stronger
diffusion than with the ELIZA code. However, even in the
range of E magnitudes close to the strength of the usual self-
sustained breakdown fieldEself, the difference does not exceed
a few percent �Dk� or a few tens of percent �D?�.

8. Relativistic positive feedback

8.1 Contribution of the intrinsic bremsstrahlung
of the avalanche to its enhancement
The electron energy in low-energy Townsend avalanches
spent on the excitation of atoms and molecules, seemed to
be lost forever, in many cases is returned backward, thus
contributing to the Townsend ionization coefficient aT.
Thus, in gas mixtures, if the excitation energy of atom A
exceeds the ionization energy of atom B, reactions occur
similar to the Penning reaction A� � B! A� B� � eÿ,
responsible for the ionization of atom B, or destroying the
negative ions (see, e.g., [5, 7, 100±102]). The photons
emitted due to the deactivation of atoms A� are also
capable of ionizing atoms of component B.

Similarly, the energy spent by RREA on the bremsstrah-
lung, some portion of which is spent further on the produc-
tion of secondary positrons, partially comes back, contribut-
ing to the avalanche population via the ionization of air by
high-energy bremsstrahlung photons, positrons and photons
produced by e�eÿ annihilation. Numerical simulation of the
RREA with the MC technique using such codes as ELIZA
includes the backward contribution of the processes with the
participation of the RE bremsstrahlung and positrons to the
RE production rate, which is reflected in the calculated
RREA enhancement time te�d�. At high enough overvoltages
d, the generation of REs by direct impact ionization
dominates, and the relative contribution of processes with
the participation of photons and, hence, of positrons is small
and decreases with the growth of d; however, at small d �9 2�
typical of thundercloud fields, it becomes substantial.

To check the contribution of bremsstrahlung to the
RREA enhancement rate and to speed up simulations at
small d, it was proposed to divide the process into a sequence
of generations of electron and photon avalanches [81]. In the
i-th generation, the electrons produced by high-energy impact
ionization are simulated, and the contribution of photons is
ignored. Using the steady-state angular and energy distribu-
tions of the i-th generation of electrons, the bremsstrahlung of
the i-th generation is simulated, which in the following cycle
produces secondary electrons (and positrons) of the i� 1-th
generation, which, in turn, generate photons of the i� 1-th
generation, and so on.

Ideologically, this approach goes back to the independ-
ence of the RREA bremsstrahlung characteristics of whether
they are computed self-consistently with the avalanche
development or obtained from already calculated steady-
state electron energy distributions [103]. In the first approach,
the angular and energy distributions of the radiation are
computed self-consistently with the avalanche development.
In the second approach, for each d, first, the steady-state
electron angular and energy distributions are calculated, and
then the bremsstrahlung characteristics in the subsequent
moments of time are computed. It turns out that the brems-
strahlung obeys the same laws as the parent RREA: the
radiation flux is amplified exponentially with the same
characteristic time scale te as the RREA, and in a wide d

range there is a universal steady-state energy distribution of
the bremsstrahlung independent of d.

The time dependence of the number of electrons in the n-
th generation is obtained repeating the specified procedure n
times:

N �n�e �t� � Ne�0� 1
n!

�
cint

te

�n

exp
t

te
; �76�

where Ne�0� is the initial number of high-energy electrons.
The total avalanche population at moment of time t is the

sum of high-energy electrons of all generations:

N1e �t� � Ne�0� exp t�1� cin�
te

; �77�

where cin � cgcgete, cge is the average number of electrons
capable of entering the runaway mode, which are generated
per unit time by one photon of the steady-state spectrum; cg
describes the growth of the number of photons in the steady-
state mode, so thatNe�0�cg is the initial number of photons in
this mode. The coefficient cg is given by the formula

cg � te

�
feg

fe�e�Sbrem�e�ve�e� de
� e

egmin

sbrem�e; eg� deg

�Mfegg

�
1ÿ exp

�
ÿmin

ÿ
t; t�eg�

�
te

��
; �78�

in which fe�e� is the steady-state electron energy distribution
normalized per electron, Sbrem � Nsbrem is the total macro-
scopic bremsstrahlung cross section, ve�e� is the electron
velocity, sbrem�e; eg� is the bremsstrahlung cross-section
differential with respect to photon energy eg and normalized
to unity �� eegmin

sbrem�e; eg� deg � 1�, Mfegg is the mathematical
expectation along trajectories of photons with the initial
energy eg, and t�eg� is the lifetime of a photon with energy eg.

Since 1ÿ exp �ÿmin �t; t�eg��=te� increases with d, but
more slowly than te decreases, cg decreases with the rise in d,
and the ratio cg=te increases. Instead of the simplest
exponential mode of avalanche enhancement with the time
scale te, as given by Eqn (19) in Section 4, according to
Eqn (77), the mode is realized (formally at t!1) with the
time scale

te
1� cin

: �79�

Using numerical simulation, the steady-state angular and
energy distributions of electrons and bremsstrahlung photons,
time dependences of the electron and photon numbers, and
spatial electron distributions along and perpendicular to the
electric force were found for the first four generations at
d � 1:5 [81]. The calculated value of the parameter cin with an
accuracy of 1% is within the interval 0.1845±0.19455, to
which the interval for the limit enhancement time t1e �
te=�1� cin� 2 �597:14; 603:23� ns corresponds, even the
upper boundary of which is significantly less than te � 696:4
computed without splitting into generations (see Table 3).

8.2 Concept of relativistic positive feedback
Long ago, it was discovered [1±9] that photons with energy eg
above the gas ionization threshold eion and photoelectric
effect threshold eph on the cathode, radiated from the gas
discharge volume and ionized by the primary electron
avalanche and streamer, produce free electrons as a result of
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the gas ionization and photoelectric effect on the cathode.
This also happens in the volume directly between the positive
avalanche (streamer) trail and the cathode, so that secondary
avalanches are initiated, extending towards the primary
avalanche (streamer) and thus facilitating the propagation
of the cathode-directed streamer. Thus, positive feedback is
realized as a sequence of generations of electron avalanches
and photons forming an ionized channel, propagating self-
consistently with the emission of photons with energies
eg 5eion towards the cathode, i.e., against the direction of
the electric force vector e. Unlike the simple exponential
electron multiplication exp �aTx� along the gas-discharge
gap, with the feedback taken into account, the number of
electrons increases according to the following law [1±5]:

ne�x� � n0 exp �aTx�
1ÿ gT

�
exp �aTx� ÿ 1

� ; �80�

where gT is the second Townsend coefficient responsible for
the generation of secondary electrons outside the primary
avalanche (streamer) volume. Generally, coefficient gT also
accounts for both the potential and kinetic emission of
electrons from the cathode due to bombardment by positive
ions. The discharge in a gap with interelectrode spacing d
becomes self-sustained under the condition [1±5]

gT
�
exp �aTd � ÿ 1

� � 1 : �81�

By analogy, Dwyer proposed a mechanism of relativistic
positive feedback (RFB) including consecutive generations of
high-energy electrons, bremsstrahlung photons, and positrons
[73]. In this mechanism, the bremsstrahlung of the primary
RREA, secondary positrons, their bremsstrahlung, and e�eÿ

annihilation photons, creating secondary high-energy elec-
trons in the volume that includesÐwhich is of primary
importanceÐ the regions beyond the main volume of the
primary avalanche, support a series of relativistic avalanches.
Without RFB, the process fades out, because, according to
Dwyer, the ionization by the external sources (cosmic rays;
products of atmospheric radon disintegration; electrons
accelerated during lightning discharges) is insufficient for
the initiation of consecutive generation of relativistic ava-
lanches. The external sources only deliver the initiating REs.
Instead of Eqn (19) from Section 4, Dwyer suggests that the
rise in the RREA electron population obeys the following
law:

Ne�t� � N�0�g t=tD exp
L

le
; �82�

where L � vt is the vertical length of the domain with a
sufficiently strong electric field, in which with velocity v the
ascending relativistic avalanches propagate. The time t is
defined as the delay between the moment when the initial
relativistic electron, produced in processes involving some
portion of the avalanche bremsstrahlung flux propagating
against the direction e of the electric force acting on electrons,
appears at the border of the strong field domain, and the end
of the cycle, when the next batch of feedback electrons enters
this domain. The following estimates are obtained for air at
ground level [73]:

t < 10 ms for E > 350 kVmÿ1 ; �83�
t < 3 ms for E > 500 kVmÿ1 :

The coefficient gD, as a relativistic analog of the second
Townsend coefficient gT (`amplification factor' [73]), is
defined as the number of feedback REs generated in the
considered volume with electric field per initial RE that
entered this volume from the outside [73].

Figure 11 illustrates three mechanisms of high-energy
electron generation initiated by one high-energy particle in a
thunderstorm atmosphere [37]. In the figure, for clarity, the
trajectories of positrons and photons propagating against the
vector e and initiating new avalanches (blue arrows) are
displaced to the right; actually, as was shown by numerical
simulation, they generally lie within the initial avalanche
volume [37, 42]. The RFB mechanism increases the RE
number by almost � 1013 times, in contrast to the simple
RREA mechanism, which provides an increase in the RE
number by � 105 times relative to that in the simple Wilson
acceleration mechanism.

Unlike classical formula (80), which was derived using the
Townsend coefficient, time t and coefficient gD in Eqn (82)
are introduced by analogy without justification. Assuming
cin � �te=t� ln gD in Eqn (77) and taking into account that
L � vt and le � vte, it is possible to obtain Eqn (82). However,
the physical sense of the coefficient cin � cgcgete, derived
rigorously to consider the bremsstrahlung contribution to
the avalanche enhancement as a continuous process, does
not correspond to the sense of the parameters t and gD,
introduced artificially to describe the same process of
avalanche development.

Despite the obvious genesis of the RFB mechanism,
doubts have been expressed concerning its efficiency. Thus,
Milikh and Roussel-Dupr�e [104, 105] consider the RFB
insignificant in many cases. Objecting, Dwyer and Rassoul
[106], in particular, note that the production rate of positrons
should be compared not to the full RE generation rate, as
Milikh and Roussel-Dupr�e do on the basis of their own
estimations, but to the generation rate of the initiating
particles that would correspond to the RFB process. Dwyer
and Rassoul note that already in the first studies [73, 107] it
was shown that the RFB can really be applied to thunder-
clouds, limiting the electric field strength to the magnitude
Eth � 284 kV mÿ1 and, thereby, the maximal achievable
RREA enhancement. The threshold magnitude of the
thunderstorm field strength, at which the RFB becomes self-
sustained, i.e., the equality gD � 1 holds, depends on the
strong field configuration, of major importance being the
horizontal size of the domain with the field on which, in
particular, the RFB due to long-range photons is dependent
[82, 108].

The avalanche electrons with the highest energies move in
the directions close to the electric force direction . The angular
distribution of the photons with energies sufficient to
generate secondary REs is close to the angular distribution
of the parent electrons [99, 103, 108, 109]. Therefore, the
secondary electrons are produced in processes with the
participation of the photons generally near the RREA
symmetry axis. As the velocities of photons and relativistic
electrons are virtually the same, a majority of secondary
electrons should be generated by photons in the same space
domain that is occupied by high-energy electrons, and,
therefore, doubts about the RFB mechanism efficiency
could arise.

However, the photon free path length between two
consecutive events of elementary interactions is large in
comparison with the free path length of electrons having the
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same energy, and the field does not affect their motion.
Therefore, some portion of secondary REs is generated by
photons far away from the main electron bulk, and thus is
capable of initiating new avalanches. Indeed, according to
results of numerical simulations at d � 1:5, during avalanche
development, the main part of it, containing almost � 99%
of the electrons, moves along the e direction, so that the
avalanche dimensions grow, but its volume as a whole
remains rather small. Nevertheless, a small number (� 1%) of
electrons leave the main volume of the avalanche, and with
avalanche development, these electrons can lag more and
more behind the bulk [81]. As the relativistic avalanches
extend over distances of tens of kilometers, and the dis-
charges caused by them develop in volumes up to 1000 km3,
the RFB mechanism, including the production of secondary
high-energy electrons in the processes involving photons
and positrons far away from the primary avalanche, can be
efficient, and the generation of a series of consecutive
avalanches is supported not only by air preionization due to
cosmic rays, as was believed when paper [30] was published, in
which the estimates are executed based on the flux of 1 cm2 sÿ1

of secondary cosmic rays with an energy > 1 MeV at the
altitude of 10 km [110], but also by the RFB mechanism.

8.3 Mechanism of relativistic positive feedback
In further studies [42, 80, 108], Dwyer develops the RFB
mechanism. Using numerical simulations with the REAM
code, the mechanism is analyzed by tracing the trajectories of
a series of generations of electrons and photons crossing a
plane located at mid-height of the domain with size L with
the electric field in which the simulated RREA is being
developed. The initial REs and photons are marked as
particles of the first generation. The number of the RE
generation which produced a new particle is attributed to all
secondary electrons, photons, and positrons, irrespective of
the birth mechanisms. As soon as an electron moving along
vector e crosses themiddle plane, the number of its generation

is increased by 1. The RFB coefficient gD is defined as the
ratio of the number of REs in the generation N� 1 crossing
the middle plane to the number of REs in generation N
crossing the same plane.

The relative contributions of the RFB mechanisms are
illustrated in Fig. 12. In the range of high field strength
magnitudes, feedback at the expense of the RE bremsstrah-
lung dominates. To switch the RFB on, the effective
attenuation length lat along the vector e of the RFB
mediators, i.e., high-energy photons and positrons, should
exceed the RREA amplification length le. Thus, with the
increase in the number of le lengths and, therefore, with the
increase in the number of REs, the number of the feedback
electrons crossing the middle plane can also increase relative
to the initial number of REs. In weak fields, length le exceeds
the attenuation length lat of the photons due to Compton
scattering, so that the RFB is switched off when the field
strength is less than � 750 [kV mÿ1] Nmol=NL. As the length
of the runaway positron flux attenuation due to e�eÿ

annihilation amounts to hundreds of meters, in the range of
low field strength magnitudes the RFB is carried out due to
annihilation. On the other hand, in the range of stronger
fields, the length le is so small that the probability of pair
production is less than the probability of the RFB at the
expense of the bremsstrahlung [42].

In the range of small field strength magnitudes, the
most typical for thundercloud fields, the process is poorly
affected by the reduction in the longitudinal (along the
height) size L of the domain with the field, as the positrons
are generated generally near the primary avalanche. This
is illustrated in Fig. 13, where a dependence on L of the
maximum field strength Emax, required for the fulfilment of
the condition gD � 1, is given for three values of the ratio
of the transverse size R of the domain with the field to the
length L [42].

Dwyer notes that the field strength Eth �kV mÿ1� �
284 �Nmol=NL�, being a threshold for RREA development, is

Relativistic feedback
(Dwyer, 2003)

Runaway electron
(Wilson, 1925)

RREA
(Gurevich et al., 1992)

Seed particle

M�oller
scattering

g and e�

transport and
interactions

Enhancement
up to �105 Enhancement

up to �1013

Subsequent avalanches...

etc...

Backward propagating
positrons and g-rays

e � ÿE=E

Figure 11. Comparison of the efficiency of RE generation mechanisms: byWilson [14] (acceleration of electrons to high energies), by Gurevich et al. [30]

(RREA according the GMR mechanism, enhancement by 105 times relative to the Wilson mechanism), and by Dwyer [73] (RREA with RFB,

enhancement by 1013 times relative to the GMR mechanism) [37].
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not marginal, because the rate of ionization only by
relativistic avalanches is not necessarily sufficient to dis-
charge the thundercloud field under the conditions of active
cloud electrification. Really, the measured magnitudes of the
thunderstorm field strength [31, 32] often significantly exceed
Eth. The RFB mechanism imposes the upper limit on the
large-scale electrostatic field strength, achievable in the
atmosphere. If this limit is exceeded, the RE flux increases

exponentially, the conductivity is raised, and, as a result, the
strength quickly decreases below this limit. The polarization
of the gas-discharge plasma, formed during the development
of the RREA series, weakens the field, and the generation of
avalanches is terminated.

Dwyer calculates the RE flux during the time tdis of
discharge development with the RFB participation, defined
as the time during which the field strength at the end of
avalanche development is decreased by e times. At atmo-
spheric pressure with the field strength rise from a
magnitude near the threshold Eth � 284 kV mÿ1 to E �
500 kVmÿ1, the time tdis sharply decreases fromabout 134 ms
to about 20 ms, and then slowly decreases to� 17 ms with the
growth of E, the self-breakdown field strength being
Eself � 2:5ÿ3 MV mÿ1. The RE flux increases by orders of
magnitude up to 1019 mÿ2 sÿ1 with the increase in field
strength from Eth to E � 500 kV mÿ1, and then slowly
increases to � 2� 1019 mÿ2 sÿ1 at E � 3 MV mÿ1. For
other pressures, the results are scaled as E�NL=N�, depend-
ing on LN=NL.

The RFB imposes a restriction on the field strength and,
therefore, on the enhancement of a single RREA. Figure 14
illustrates the highest possible RREA enhancement factor
exp x � exp

� L
0 dz=le�z� as a function of the field strength,

reduced to the pressure, for several values of the ratio L=R of
the dimensions of the domain in which the avalanche
develops. It is seen that, irrespective of L=R, the enhance-
ment factor does not exceed 105, but even in this extreme case
the required size L is so great that exp x � 105 cannot be
applied to thunderstorms, especially taking into account that
the distances are scaled inversely proportional to themolecule
concentration (altitude) [42]. One relativistic RE per m length
produces � 105 secondary low-energy electron±ion pairs, so
that the screening of the field by polarizing plasma limits the
RE fluence to the order of 1010 mÿ2, produced before the field
significantly weakens [73].
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On the other hand, the RFB enhances RE generation.
Assuming that the RFB is switched off at the moment of time
tdis, the ratio of the maximal RE and bremsstrahlung fluxes
computed with the RFB taken into account and according to
the RREA standard model was calculated. The ratio is equal
to 109 near the threshold Eth � 284 kV mÿ1, 1011 at E �
500 kV mÿ1, and 1013 at E � 3 MV mÿ1 [42].

Dwyer defines the gas-discharge process in a thunder-
storm field with RFB participation as a unique mechanism,
different from the mechanism of a single RREA, capable of
generating 1016ÿ1017 REs, depending on the source altitude.
To produce REs in such numbers, a transverse avalanche size
of 100 m is sufficient, which is much less than the sizes of
thunderstorm domains with a strong field [82]. The above
values of tdis � 17ÿ134 ms [42] correspond to tdis � 0:1ÿ1 ms
at altitudes of � 15 km, which is consistent with the
frequently recorded rise times of terrestrial gamma-ray
flashes (TGFs).

In Dwyer's opinion, the term `runaway breakdown'
frequently applied to the standard model of a single RREA
is erroneous, since according to several criteria RREA is not a
true breakdown. He emphasizes that, according to the
classical definition, the breakdown gives rise to a new state
of the system, which is independent of further external
influences [1±4]. The breakdown and the subsequent dis-
charge necessarily lead to the field collapse in the absence of
a sufficiently high-power external source of voltage (current).
In the standard RREA model, after the removal of an
external source of high-energy seed electrons, avalanche
development is sharply terminated. During RREA develop-
ment, the conductivity of the gas medium is raised due to an
increase in the low-energy (a few eV) electron population.
This, however, does not necessarily lead to the field collapse,
especially since the predicted rate of ionization by high-energy
electrons leading to ``anomalous growth of conductivity'' [38,
11, 112] is strongly overestimated, as shown in analysis [99].

8.4 Self-sustained avalanches
in the lightning leader transverse field
The RFB effect is clearly illustrated by the example of the
development of consecutive RREA generations in the lateral
vicinity of a lightning leader [113, 114]. Since, in this case,
owing to the field geometry, the RFB threshold is signifi-
cantly decreased, an analysis of the RFB in the leader
transverse field is of undoubtful interest.

Conditions required for the development of RREA
consecutive generations in the transverse field of a posi-
tively charged leader are found in Ref. [114]. To model this
process using the ELIZA code, numerical simulations of the
electron, photon, and positron trajectories were executed
under STP conditions in the transverse field of an infinitely
long circular cylinder (Fig. 15) with the radius rmin. The
cylinder carried a surface �E�r� � 0, r < rmin� or volume
charge �E�r� � lr=�2pE0r 2min�, where E0 is the permittivity of
free space. Outside the cylinder �r5 rmin�, the field strength
was E�r� � l=�2pE0r� in both cases. Here, r is the distance
from the cylinder axis and l is the linear charge density. The
field strength distribution in the region r < rmin is inessential,
as the main voltage drops in the range r5 rmin. The domain
of RREA enhancement is restricted to the interval �rmin; rmax�,
such that at the radius rmin � l=�2pE0Eself� the self-break-
down field strength Eself � 30 kV cmÿ1 is attained, and at
rmax � l=�2pE0dthFminP� the RREA threshold overvoltage
d�rmax� � 1:3 is achieved. The simulation was performed in

terms of RE generation with the number of electrons Ni,
where i is the generation number. N0 seed electrons constitute
the zero generation. The REs which are produced only by
ionizing collisions of the REs themselves constitute an
avalanche of the i-th generation. The avalanche of the i�1-th
generation is initiated by a photon emitted by the avalanche of
the i-th generation. To switch the RFB on, the sequence of the
numbers Ni, beginning with some number i, should obey the
geometrical progression law with the geometric ratio q�l� �
Ni�1=Ni 5 1. The calculations are executed for charge densities
in the range of �l1; l2� � 1ÿ2 mC mÿ1, corresponding to the
magnitudes of rmin�l� and rmax�l�.

The results obtained are as follows: q�l1� � 0:1, q�l2� �
10, the threshold magnitude q�lth� � 1 being attained at the
density lth � 1:5 mC mÿ1, typical of leaders [10, 33, 115],
rmin � 9 m, and rmax � 100 m. In the region �rmin; rmax�, where
the potential difference

Djth �
lth
2pE0

ln
rmax

rmin
� 65 MV

is common to thunderstorm fields [10, 33], the RREA is
enhanced only 270 times. Note that lth and Djth are
independent of the voltage. For a uniform volume charge
distribution in the domain r < rmin, the results are as follows:
q�l1� � 0:1, q�l2� � 10, threshold magnitude q�lth� � 1
being attained at density lth � 1:1 mC mÿ1 (rmin � 6:5 m,
rmax � 70 m), which is close to lth � 1 mC mÿ1 obtained by
Carlson [113].

The RREA enhancement limit of 105 (see Section 8.3),
required for self-sustained discharge ignition, was obtained
by Dwyer when initiating secondary avalanches by photons
emitted `backward' (against the vector e � ÿE=E ) [42, 73],
but the probability of `backward' high-energy photon
emission is much less than the probability of `forward'
photon emission. In the transverse field of the leader, the
threshold enhancement and, accordingly, the required poten-
tial difference decrease. In the case of a positively charged
leader, it is due to the fact that the electrons, attracted to the
leader, emit high-energy photons mainly towards the leader.
The contribution of positrons moving against the vector e is,
most likely, similar in both cases.

Lightning
channel

RREA i� 1

generation

RREA i
generation

Photon

E�r� � l=2pE0r

Relativistic feedback area

Figure 15. Schematic diagram of the relativistic feedback in the transverse

field of a lightning leader [114].
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9. Relativistic runaway electron avalanche
in laboratory experiments

Undoubtedly, the observation of the full-scale RREA in
laboratory would be of great interest, especially under
conditions close to the STP. When modeling in the labora-
tory the process characteristic of the thunderstorm atmo-
sphere, experimental conditions, most of all the field strength,
degree of its nonuniformity, and air density, should not differ
considerably from those in nature. Unfortunately, the spatial
restriction is the main shortcoming of any imaginable
laboratory experiment for RREA modeling in fields with the
strength significantly below the self-breakdown magnitude
Eself � 3 MV mÿ1 �d � 14� in the atmosphere, because, at
small values of d, the length le multiply exceeds any reason-
able spatial scale of the laboratory experiment. Three
laboratory experiments with the purpose of observing the
RREA [116±119] and demonstrating the runaway breakdown
[116, 119] were carried out. The first two experiments were
performed in 1996±1998 at the Lebedev Physical Institute
(LPI) of the Russian Academy of Sciences [116] and VNIIEF
[117, 118] in cooperation with the Los Alamos National
Laboratory (LANL); the third experiment was executed at
the Institute of Electrophysics of the Ural Branch of the
Russian Academy of Sciences in cooperation with LPI [119].

9.1 Experiment of the Lebedev Physical Institute
The first experiment on the observation of the runaway
breakdown according to the GMR mechanism was carried
out with microwave discharge in a quasi-spherical chamber
with a diameter of dcham � 45 cm with a superimposed
external magnetic field with induction B � 400ÿ1200 G
(0.04±0.12 T) [116]. The discharge was initiated by injecting
a 30-ns-long electron pulse with the maximal electron energy
emax � 300 keV, for which the length of the Larmor orbit is
23±7.5 cm. The observed X-ray generation was interpreted as
a manifestation of the runaway breakdown. But the experi-
ment was carried out in a deep vacuum (P � 5� 10ÿ6 Torr,
i.e.,� 6:7� 10ÿ9 atm), so that the ionization free path length
of electrons even with an energy � 100 eV, i.e., near the
position of the maximum sion;max � 2:6� 10ÿ20 m2 of the
ionization cross section of the air molecules [120], lion;max �
�sion;maxNLP�ÿ1 � 200 m, exceeded by several orders of
magnitude the chamber diameter. For emax � 300 keV, the
cross section is sion � 10ÿ23 m2; hence, the free path lion of the
injected electrons is longer by approximately three orders of
magnitude. Apparently, a multipactor microwave discharge
(see, e.g., [121, 122] and references therein) developed, in
which electrons produced on the chamber walls were
energized in the microwave field and, while colliding with
the walls, generated X-rays, which, therefore, could not be
evidence of RREA development in a gas volume. The
experiment, undoubtedly, is of interest for the physics of
microwave discharges in connection with X-ray generation
but has no relation to the breakdown problem driven by
relativistic avalanches.

9.2 Experiment of the Russian Federal Nuclear Center
VNIIEF
9.2.1 Concept of the experiment. Unlike classical Townsend's
avalanches [1±5, 123], including electrons of all energies, the
RREA is amplified only at the expense of electrons with
energies above the runaway threshold eth. Consequently, the
idea of experiment [117, 118] was to inject into a long air gap

with spacing d between flat electrodes a pulse containing a
sufficiently large number of electrons Ninj�0; e5 eth� with
energies exceeding eth and to measure at the gap exit the
number N�d; e5 eth� of electrons in the range e5 eth or the
relative increase in their number. Executing such an experi-
ment is a great challenge because of the inevitable production
of a huge number of electrons with energies e5 eth, the
necessity to select the high-energy electrons against the
background of electrons with under-threshold energies, the
need to conduct measurements of small quantities in an
unfavorable electromagnetic environment, etc. To exclude
the outflow of the high-energy electrons from the acceleration
domain because of the scattering in air, the areas of the
electrodes should be rather vast to correspond to the long
interelectrode spacing d.

The VNIIEF experiment was planned in cooperation with
LANL in 1995, based on greatly underestimated values of
RREA enhancement length le [43, 44]. It was supposed that,
using rather high overvoltage d in a meter-scale air gap, it
would be possible to create at least one amplification by
e times of the avalanche in the open atmosphere. However,
because of the real le magnitudes, it was possible to observe
only an initial stage of RREA development.

Table 4 presents a few values of overvoltage d and the
corresponding voltages Uappl � dF min

in P to be applied to
electrodes at atmospheric pressure. For the chosen values of
d, the values of the runaway threshold eth, the average energy
of electrons hei, time te, and length le of the RREA enhance-
ment are given. Apparently, it is not easy to elaborate an
experimental configuration corresponding to the length le of
the RREA enhancement in a rather weak thundercloud field
�d < 2ÿ3�. To decrease the runaway threshold and, there-
fore, to increase the RE numbers in both the injected and
secondary beams, high voltages Uappl are required, which,
however, are limited by electric breakdowns in air and along
the surface of the solid dielectric isolating the electrodes. To
avoid interference, the injected beam duration is to be much
less than te. It is imaginable to create a stressed gap with
length d in the meter range, and, in view of the inequalities
le 4 d and eUappl 5 hei, it was expected to observe only an
initial stage of the RREA.

In the initial part of the trajectories �5 d �, the injected
electrons are separated into decelerated (thermalizing) and
runaway �e5 eth�. The ratio of the number of primary
(injected) electrons to the number of secondary REs is
practically independent of the initial energy einj of the injected
high-energy electrons, as, beginning from einj > �3ÿ4� eth, the
secondary electron production probability per unit length in
the range e5 eth�d� weakly depends on the energy of the
primary electrons. This significantly reduces the requirement
for accuracy in measuring the energy spectrum of the injected
electrons.

The small overlapping of the spectra of injected and
secondary high-energy electrons, decreasing with the growth
of d, is one more important circumstance that, in principle,
allows estimating the avalanche enhancement from the
experimental results. In the course of avalanche multiplica-
tion, not only does the number of the REs increase, but also
the energy distribution in the range e5 eth�d� changes. In the
electric field, the distribution of primary electrons shifts to
higher energies, but a low and extended plateau appears in the
lower-energy part �e5 eth�d�� of the distribution of second-
ary REs. Before the direct execution of the experiment, it was
required to create registration methods, in which the specified

1210 L P Babich Physics ±Uspekhi 63 (12)



peculiarities of the electron distribution would be revealed.
The avalanche-like reproduction of relativistic electrons in the
open atmosphere in fields with strength below the threshold
Eself of the self-sustained breakdown could be proven by
comparing the results of measuring these peculiarities with
the expected results predicted by numerical simulation.

9.2.2 Experimental configuration. The experimental setup
included the following units: (1) field-forming system (FFS)
modeling the environment in the thunderstorm atmosphere;
(2) high-voltage power supply feeding the FFS; (3) injector of
nanosecond pulses of relativistic electrons; (4) trigger and
synchronization unit.

The FFS is a chamber having the shape of a truncated
cone with flat electrodes (Fig. 16). The electrodes are isolated
by a hollow solid insulator partitioned by gradient rings with
a compulsory distribution of the potential along the insulator
to provide field uniformity. The diameter of the top electrode
with high potential is equal to 0.6 m and the diameter of the
grounded bottom electrode is 1 m. The interelectrode spacing
is d � 1 m. The voltage is restricted to 1.2 MV by the
breakdowns along the insulator surface. The experiments
were executed with Uappl � 1 MV �d � 5� (see Table 4).
Since at such values of d and Uappl the enhancement is
� exp �d=le� � 1�d=le or � exp �Uappl=hei� � 1�Uappl=hei,
and according to the data in Table 4, at the FFS exit an
increase of 10% in the number of electrons with e5 eth was
expected. A voltage pulse produced by the MIG-5000
generator [124] of the ORION-1 accelerator [125] with a rise
time of 6 ms was applied to the FFS electrodes. A nanosecond
electron beam was injected into the FFS at the maximum
voltage.

The transportable MIN-1 accelerator [126] with an IA-9
acceleration tube [127] was used as the injector. A weakly
diverging electron beam slightly nonuniform in the cross
section with a diameter of 16 mm was generated. The
electrons were injected via a 50-mm-thick titan anode of the
tube with a diameter of 30 mm. The maximum magnitude of
the beam current pulse outside the anode of the tube was
Imax � 2 kA, and the pulse duration was t0:5 � 7 ns. The
electrons were distributed in the energy interval up to
e injmax � 670 keV 4 eth�d � 5� � 90 keV (see Table 4). The
beam was injected through a hole with a diameter of 20 cm
in the high-voltage electrode covered with ametal meshwith a
transparency of 0.7.

The absolute energy distribution of the injected electrons
was calculated as DN=De � I�t�Dt=�e 2U�t�� using the oscillo-
scope traces of current I�t� and voltage U�t� at the injector
acceleration tube with a timing accuracy of the traces of no
worse than 1 ns. The energy distribution of the electrons on
the anode surface normalized to unity is given in Fig. 17. Also
presented here is the distribution of electrons at the exit from
the anode calculated using the ELIZA code. A similar

distribution with two groups of electrons near 300 and
650 keV was also measured with the magnetic spectrometry
method. The calculated number of electrons on the internal
surface of the anode was � 9� 1013. About 30% of the
electrons were absorbed in the anode; the distribution in the
range below 300 keV experienced the greatest changes. The
calculated total number of electrons at the tube outlet was
� 6� 1013.

9.2.3 Detectors for measuring the electron energy distribution
in wide-aperture beams. Since an extremely small enhance-
ment of the electron flux was expected, an adequately
sensitive method of detecting electrons at the FFS exit was
required. After analyzing the possibilities and testing several
methods, the popular method of charge spectrometers with
absorbing filters providing a fairly complete picture of the
energy distribution of wide-aperture beams was chosen. In
such spectrometers, metal collectors of various thicknesses
with a rather vast collecting surface operate as detecting units.
The basic design of collector detectors is illustrated in Fig. 18.
The aluminum electron collector 2 is located in the metal
thick-walled case 1. Capacitors 5 increase the capacity
between the case and the collector. In the top part of the
case, there is a window covered with aluminum foil 3.
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Figure 16. Schematic diagram of an experiment on the observation of the

RREA initial stage. 1Ðgenerator of the voltage pulses (MIG-5000 of the

ORION accelerator), 2Ðvoltage divider, 3Ðgradient rings, 4Ðhigh-

voltage electrode, 5Ðinjector of the electron beam (MIN-1), 6Ðfield-

forming chamber, 7Ðdetectors [118].
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Table 4.Dependence on the overvoltage d of the voltageUappl to be applied
to the air gap under STP conditions, and the RREA characteristics (see
Table 3) for the realizable values of d.

d Uappl, MV eth, keV hei, MeV te, ns le, m

1.5

2

3

4

5

0.33

0.44

0.65

0.87

1.09

1400

470

160

116

90

6.75

6.74

6.79

6.83

6.87

696.4

189.7

77.6

47.5

34.3

187.3

50.8

16.6

12.6

9.1
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Commonly, filters 3 of various thicknesses implement the
selection of electrons by energies, while the collectors have
one thickness meeting the condition of full absorption of
electrons with the maximal expected energy. Large errors in
the case of thin filters, when the detector readings are so close
to each other that it is impossible to select with the required
accuracy the secondary electrons making the major contribu-
tion to the readings of thin filters are an obvious shortcoming
of such a configuration.

Essentially new opportunities are offered by a different
version of the method, in which the collector operates as
both the electron energy selector and the recorder [117,
118]. In such a version, the thickness of filter 3, which only
shields the detector from electromagnetic disturbances, is
invariable, while the collectors of various thicknesses are
used. In comparison with the conventional technique, one
more advantage of using collectors of various thicknesses
not shading each other is the considerably reduced effect of
the scatter of the voltage on the collectors in different pulses
on the distribution of electrons in the low-energy part of the
region e5 eth, extracted from the results of voltage measure-
ments on the collectors.

The registration is carried out as follows (see Fig. 18). The
part of the beam which passed through the filter 3 is partially
absorbed in collector 2. The voltage arising at capacitors 5 is
proportional to the charge, i.e., to the number of electrons
absorbed in collector 2. The maximal voltage magnitude is
recorded by the electronic circuit. The effect of electromag-
netic noise did not exceed 5% of the useful signal, and the
charge leakage from the collector due to air ionization within
the detector volume was insignificant. To reduce the electron
scattering from the bottom of the detector case, a lattice of
1-mm-thick aluminum plates with a height of 20 mm was
used. Plates spaced 15 mm apart cross each other at right
angles. The lattice placed under the collector on the grounded
detector case (Fig. 18) reduced reflection from 12% to 1±2%,
thereby, in essence, eliminating the registration of the scat-
tered electrons. The method was implemented with the use of
8 identical detectors, each with area Scol � 329 cm2. They
were evenly arranged around the FFS grounded electrode at
the same distances from the FFS symmetry axis.

9.2.4 Observation of the initial stage of an avalanche. Table 5
presents the results of measuring the charges collected by the
collectors in one of the pulses and the results of numerical
simulations taking into account the electrons reflected from
the FFS anode. The relative measurement error is estimated
as �10%, taking into account normalization to the thickest
collector absorbing electrons of all energies. The error is

mainly caused by random deviations of the beam from the
symmetry axis of the system, because of which in different
pulses different numbers of electrons arrive at the collectors.

Figure 19 illustrates the electron energy distribution
expected at Uappl � 1 MV on the surface of a disk modeling
the collector, normalized to a fraction of 0.107 of the total
number of electrons on the internal surface of the injector
anode �9� 1013�. In this distribution, the number of second-
ary electrons is 11.7%. To show that the RREA was really
observed, it was necessary to compare the results of measure-
ments and calculations of the expected collector indications
(see Table 5). In addition to calculating the contribution of all
electrons to the collector indications, the contributions of the
primary (injected) and secondary electrons were calculated
separately. A comparison of the experimental data with the
normalized results of calculations assuming a zero portion of
secondary electrons (fifth line in Table 5), i.e., considering
only the contribution of primary electrons to the expected
collector indications, lead to the conclusion that the number
of generated secondary electrons in the runaway range e5 eth
was rather large.

It should be noted that the expected indications of
detectors calculated without allowing for the electrons
reflected from the FFS anode significantly differ from the
indications of thin collectors. However, the expected collector
indications calculated allowing for the reflection of electrons
from the FFS anode practically coincide with the measure-
ment results, as is seen comparing the third and fourth lines in
Table 5. Therefore, the enhancement of the flux of relativistic
electrons in an electric field was implemented, i.e., the RREA
initial stage was observed in the open atmosphere in a field
nearly three times weaker than Eself required for the self-
sustained breakdown by electrons with an energy of a few
electronvolts.

Experiments with higher voltage have been planned.
Numerical simulation predicts that with the increase in Uappl

to 1.7 MV the fraction of secondary electrons with e5 eth
would increase to 22%.

9.3 Experiment of the Institute of Electrophysics
of the Ural Branch of RAS
As pointed out in the Introduction, discharges in the open
atmosphere at high overvoltages relative to the self-sustained
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Figure 18. Collector detector intended for the measurement of electron

energy spectra. 1Ðcase; 2Ðcollector; 3Ð50-mm-thick filter; 4Ð

recorder; 5Ðadditional capacitors; 6Ðlattice of wells for reducing

the effect of scattered electrons [118].
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breakdown voltage Uself generate subnanosecond pulses of
high-energy REs [11, 12, 17±26]. A discharge of exactly such
a class [19, 20] was used in experiment [119]. The discharges
were implemented in a gas-discharge gap bounded by a solid
conic insulator with the interelectrode spacing in the
centimeter range and sophisticated cathode geometry
(Fig. 20a). It was supposed that along the symmetry axis far
away from the cathode, the provided potential distribution
was close to uniform (Fig. 20b), which is convenient for the
interpretation of the obtained results, as in this case the
overvoltage d depends only on time due to the changing
voltage. A grid with a transparency of 50% was used as an
anode. The electron current was detected behind the anode by
a collector with an area of Scoll � 1 cm2. In the framework of
the experiment concept developed in [119], it was expected
that the primary RE beam, while passing through the gas,
would generate a secondary RE avalanche through which
runaway breakdown would be demonstrated.

Two experimental configurations were implemented: in
one of them the field domain was separated from the collector
only by a 1-mm-thick air gap, cutting off electrons with
energies of less than 6±7 keV, and in the second, additionally
by a 60-mm-thick aluminum foil cutting off electrons with
energies below 95 keV [119]. At d5 100, an RE pulse was
observed having a picosecond duration and consisting of a
peak (runaway electron beam (REB) [119]), which in the
configuration without the filter was followed by a secondary
peak (`avalanche current' [119]) observable in the oscilloscope
traces in Fig. 21. The secondary peak is interpreted according
the GMR mechanism as an RE avalanche, initiated by the
primary peak, and a manifestation of the runaway break-
down.

Such an interpretation is unexpected, as the energy of the
electrons in the RE avalanche (see Table 3) exceeds by several
times the magnitude eUmax in the experiment [119] (see
Fig. 21). To verify this interpretation [119] of the experi-
mental results, a numerical analysis was carried out [97, 98]. It
was necessary to clarify whether the secondary peak of theRE
pulse is really produced by the preceding peak.

Setting of the numerical experiment. According to the
experimental configuration in [119], it was assumed in [97,
98] that in the super-strong nonuniform field near the cathode
the primary RE beam (REB [119]) is formed. The beam
continues its motion in the weaker uniform field towards
the anode and further to the collector. The 3D simulation
was executed with the ELIZA code. Trajectories of Ninj �
2:25� 106 electrons with initial energy einj � 10 keV were
traced. The electrons were `injected' at point x � 0 (the
cathode top) along the electric force ÿeE into the air gap
d � 1:9 cm in length (see Fig. 20a). The beam current pulse
was approximated by an isosceles triangle with the half-height
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Table 5. Calculated expected collector indications allowing for the reêection from the FFS anode (see the distribution in Fig. 19) and experimental
collector indications normalized to the indications of collector no. 8.

Collector number 1 2 3 4 5 6 7 8

Collector thickness, mm 0.2 0.4 0.6 0.8 1.0 1.2 1.5 5

Experiment, U � 1MV 0.055 0.13 0.21 0.37 0.50 0.67 0.78 1

Calculation

11.7% secondary
+88.3% primary electrons

0.051 0.10 0.21 0.36 0.50 0.68 0.82 1

0% secondary
+100% primary electrons

0.010 0.039 0.14 0.28 0.44 0.64 0.80 1

AvalancheAvalanche

REB REB

Â b

ÿ380 kV ÿ380 kV

1 ns 1 ns

Figure 21. Pulses of the applied voltage U�t� and electron current Ie�t� on
the collector downstream of the anode without mutual U�t� and Ie�t�
timing. The filter between the anode and collector is absent. In case (a), the

RE beam was emitted 0.15 ns earlier than in case (b) [119].
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duration Dt1=2 � 70 ps, corresponding to experiment [119],
and a maximum at the varied moment of time tm. Electrons
with energies above 1 keV were taken into account. The field
strength was calculated as E�x; t� � G�x�U�t�=d, x 2 �0; d �,
where G�x� describes the field strength distribution along the
gap symmetry axis, as illustrated in Fig. 20b. The voltage
oscilloscope traces were approximated as follows (cf. Fig. 21):

U�t� � Umax

t

t1
; t < t1 ;

1 ; t1 4 t < t2 ;

1ÿ tÿ t2
t1

; t2 4 t < t1 � t2 ;

8>>>><>>>>: �84�

where t1 � 0:4 ns, t2 � 0:9 ns, andUmax � 500 kV (according
to Fig. 20b). Both experimental configurations, with the filter
and without it, were simulated. As the primary RE beam was
generated at the leading edge of the voltage pulse [119], the
limitation tm 4 t1 was imposed.

Results of the numerical experiment. are a temporal
dependence of the RE current dNe=dt on the `collector' with
an infinite surface and time-integrated electron energy
distributions dNe=de on the collector.

The dependence dNe=dt at tm � 0:3 ns is presented in
Fig. 22a. If the aluminum filter is absent, the integral of the
beam current is 99.7% of Ninj for primary electrons and
33.2% for secondary ones. In the option with the filter, the
integral equals 99.4% and 26.9%, respectively. Hence, the
fractions of the primary and secondary electrons which
passed the filter equal, respectively, 99:4=99:7 � 1 and
26:9=33:2 � 0:81. It is seen that the current pulse width at
half-maximum Dt1=2 is almost equal to the initial width of
70 ps and the pulse base widened by less than 50 ps at the
expense of the secondary electrons. These results do not agree
with the experimental data [119] where the `tail' duration
exceeds 160 ps, and either the integrals of currents for the
primary peak and the `tail' without the filter are close to each
other, as in Fig. 3 of Ref. [119], or the integral of the `tail' is
greater (see Fig. 21).

The energy distributions dNe=de, normalized to Ninj, are
illustrated in Fig. 22b. Without the filter, 94% of the primary
electrons are in the energy range above 400 keV; 86% and
95% of the secondary electrons are, respectively, in the
ranges of > 100 keV and > 40 keV. Therefore, the filter that
according to [119] cuts off electrons with energies of< 95 keV
should not significantly affect the registered RE current,
which contradicts the oscilloscope traces in Figs 3 and 4 of
Ref. [119], where the `tail' is observed in the absence of the
filter.

Variation of tm, e0, and G�x� with fixed amplitude Umax

did not essentially affect the computed results. Being reduced
to the real collector area Scoll � 1 cm2, the fraction of
secondary electrons decreases, because the spectrum of
secondary electrons is significantly softer than that of
primary electrons, and they experience stronger angular
scattering, thus forming, in the opinion of the authors of
Ref. [119], a strongly diverging flux. Moreover, considering
the attenuation in the anode will somewhat reduce the
fraction of secondary electrons. And, finally, the accepted
value of Umax greatly exceeds the voltage amplitude in the
experiment (cf. Fig. 21).

Thus, the strongly expressed `tail' of the picosecond RE
pulse (see, e.g., Fig. 21), interpreted as an RE avalanche
initiated by the primary pulse (REB [119]), was not revealed in

the numerical experiment. The calculated pulse of secondary
electrons is poorly expressed; it practically merges with the
pulse of primary electrons, and the fraction of secondary
electrons on the collector relative to the number of primary
electrons is � 30%. Therefore, under the experimental condi-
tions in [119], it was possible to observe the initial stage of the
RE avalanche as a weak enhancement of the primary electron
pulse, but the portion of secondary REs is too small to
significantly affect the development of the breakdown, in
comparison with the contribution of the primary pulse.

Nature of the secondary peak. The results of numerical
simulations of the discharge at multiple overvoltages in the
self-consistent field at 1 atm [128], which showed that REs
greatly contribute to the total current, prove the importance
of the runaway of low-energy electrons (`thermal runaway'
[129] or, more precisely, `high-field runaway' [108]). However,
an attempt to explain the secondary peak by the acceleration
of the secondary low-energy electrons (5 1 keV), disregarded
in the ELIZA code, in the prolonged domain with undis-
turbed uniform field (E � 160 kV cmÿ1 [119]) was unsuccess-
ful: in 0.1 ns, one electron of the primary peak does not
generate even a single secondary RE in the gap [97, 98].

The passage of the primary beam through the gas-
discharge gap is accompanied by the polarization of the
secondary plasma, in particular, by the displacement of
the field towards the anode, so that the field strength
can locally increase in the anode vicinity by orders of
magnitude. The secondary peak in [119] can then be
explained by the runaway of low-energy electrons in the
near-anode domain. The characteristic time of the field
redistribution (Maxwellian relaxation time) estimated as
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tM � 50 ps [97, 98] agrees rather well with the experiment
[119] (see Fig. 21).

It should also be kept in mind that there is a difference in
the electrodynamics of the configurations with and without
the filter, in particular, ``...the sagging out of the electric field
from a gas-discharge gap into the drift space through the
holes in the grid,'' to which Bokhan and Sorokin [130] paid
attention in connection with the studies of the so-called open
discharge (see, e.g., [22, 130±132] and references therein). As a
result of the `sagging out' of the field into the space outside the
grid anode, a breakdown between the grid and collector can
occur, manifesting itself as a secondary peak in the config-
uration without a filter. In the experiments with the filter, the
latter shields the collector from the plasma formed in the
domain with the field sagged out.

10. Conclusion

The present review is restricted to publications on the
relativistic runaway electron avalanche (RREA): discussed
are the genesis of the avalanche concept, the avalanche
average characteristics, the methods and history of their
calculation, and attempts to observe the avalanche in the
laboratory. The results of studies of high-energy processes in
a thunderstorm atmosphere and their interpretation within
the RREA concept are available in reviews [37±40] and
references therein.

The classical Townsend avalanche of low-energy electrons
is amplified via ionizing collisions of electrons with energies
above the ionization threshold of atomic particles, but is
populated with electrons of all energies. The development of
an avalanche series (low pressures) or single streamers (high
pressures, including the open atmosphere) is causal to the
electric breakdown in gases [1±5]. However, thunderstorm
fields are too weak for the development of the Townsend
multi-avalanche or single-channel streamer mechanisms of
the breakdown [1±5]. To overcome this difficulty, the GMR
mechanism of runaway breakdown in the atmosphere [30]
was proposed for relatively weak thundercloud fields. The
mechanism allows for rare events producing high-energy
electrons, thanks to which the RREA is formed as a process
of the exponential rise in the number of high-energy electrons
accompanied by the exponential growth of the low-energy
electron population.

The genesis of the RREA concept and the runaway
breakdown in atmosphere should be rigorously presented
as follows: (1) the Wilson hypothesis on the possibility of
acceleration of electrons in thundercloud electric fields [14]
and the snowball effect owing to the impact reproduction of
electrons [133, 134]; (2) the term `runaway electrons' intro-
duced by Eddington in connection with the Wilson hypoth-
esis [27] and later borrowed by the authors of fusion studies
(e.g., [135±137]); (3) the first experiments intended to check
the Wilson hypothesis [138±148] (see also [11, 37, 39]);
(4) Gurevich's theory of electron runaway in weakly ionized
plasma with the dominance of electron-neutral interactions
[51]; (5) discovery and investigation of the electron runaway
phenomenon in open atmosphere discharges in strong and
super-strong electric fields [11, 12, 17±26]; (6) successful
registration of X-rays inside thunderclouds [34, 35] and
neutron flux enhancements on Earth's surface in correlation
with the lightning electromagnetic pulse [149]; (7) Gurevich±
Milikh±Roussel-Dupr�e theory of the avalanche-like amplifi-
cation of runaway electrons in thunderstorm fields [30];

(8) relativistic positive feedback RFB [42, 73, 107] as an
extension of the classical streamer mechanism [1±5] into the
relativistic energy range.

In fact, however, paper [30] is based on the Wilson
hypothesis [14], the Gurevich theory [51], and the experiment
by McCarthy and Parks [35]. The authors of the first
publications on the RE and X-ray generation by discharges
in the open atmosphere [13, 15±17] were familiar with neither
the Wilson hypothesis [14] nor the Gurevich theory [51],
though Noggle et al. [15], who observed X-rays from
discharges in helium at atmospheric pressure, cite Wilson's
paper. Similarly, the authors of the report of 1994 about the
penetrating radiation from lightning discharges [150] were
not familiar with the already published concept of runaway
breakdown in thunderclouds [30].

Like the Townsend avalanche, the RREA is character-
ized, first of all, by the time te and length le of enhancement by
e times. The values of le, analytically calculated in the
pioneering article [30] without allowing for angular scatter-
ing, are underestimated by less than two times relative to the
values calculated finally by the MC [58, 65, 71, 72, 74, 97±99]
and KE [65] techniques. For weak fields, typical of thunder-
clouds, the underestimation does not exceed 1.5 times (see
Table 2). Surprisingly, in the improved analysis [76] and the
first calculations using the KE method, aimed to correct the
results of [30], strongly underestimated values of te and le were
obtained. As emphasized by the authors of [58], within the
previous kinetic and analytical models [43, 44, 85±88], the
RREA development rate was overestimated by almost an
order of magnitude, which greatly reduced the requirements
regarding the thunderstorm field strength and length le at
which an RE number sufficiently large for the adequate
interpretation of observational results on the high-energy
and optical processes in a thunderstorm atmosphere could
be provided.

Values of te close to the final ones calculated using the full
MC code ELIZA (see the first line of Table 2) were first
obtained with the simplified MC code [68, 77]. Later, errors
due to the `human factor' [43±45, 63, 65, 69, 70] were
corrected, and different groups calculated quite close values
with the MC and KE methods [58, 65, 71, 72, 74, 97±99].
Depending on the `overvoltage' d of the electric field relative
to the electron drag force, those RREA parameters required
for the numerical simulations of the high-energy atmospheric
processes and electric discharges, driven by the RREAs,
under the fluid approximation, were calculated, namely, te,
the directed velocity vre, le � vrete, the electron energy and
angular distributions, the average electron energy hei, the
runaway threshold eth, and the coefficients of the longitudinal
Dk and transverse D? diffusion.

With the introduction of relativistic feedback (RFB) [73]
(by analogy with the positive feedback in the streamer
mechanism of the breakdown), the discharges with RREA
participation became self-sustained [42, 73, 99, 107].
Although the RFB mechanism limits the RREA enhance-
ment factor to about 105, RE flux magnitudes of about
1019 mÿ2 sÿ1 can be attained during the development of
discharges driven by the RFB [42]. In Dwyer's opinion,
``... the feedback can increase the flux of runaway electrons
and the accompanying X-ray emission by factors of trillions,
resulting in large charge motion, an increase in the conductiv-
ity, and ultimately, the collapse of the ambient electric field
under conditions for which ordinary runaway breakdown has
a completely negligible effect'' [42].
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After introducing the RREA concept into the physics of
atmospheric electricity and using it to interpret the results of
explorations of high-energy processes in thunderstorm atmo-
spheres, it was of interest to create the RREA in the
laboratory. The `corrected' values of length le [43, 44] (see
Table 2) gave hope to achieve an overvoltage magnitude
sufficient for producing at least one enhancement length le
under laboratory conditions. However, because the real le
values turned out to be extremely large, the restricted
dimensions of the setup allowed observing in the laboratory
experiment only an initial RREA stageÐunder conditions
which do not differ drastically from those in a thundercloud
(open atmosphere, weakly nonuniform electric field with the
strength significantly less than the self-breakdownmagnitude
Eself � 3 MV mÿ1 in a volume with characteristic dimensions
at least of the meter scale)Ðas an increase (� 12%) in the
number of injected electrons with energies higher than the
runaway threshold [118, 119], which testifies in favor of the
GMR mechanism [30].
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