
Abstract. Modern astrophysical methods for determining spins
of rotating stellar-mass black holes in close binaries and of
supermassive black holes in active galactic nuclei are briefly
discussed. Effective spins of coalescing binary black holes de-
rived from LIGO/Virgo gravitational wave observations are
specially addressed. The effective spins of coalescing astrophys-
ical binary black holes and black holes with neutron stars are
calculated for two plausible models of black hole formation
from stellar core collapses (without or with an additional fall-
back from the stellar envelope) taking the stellar metallicity and
star formation rate evolution in the Universe into account. The
calculated distributions are consistent with the reported LIGO/
Virgo observations. Distributions of the effective spins expected
in yet undiscovered neutron star ± black hole binaries have been
calculated. The effective spins of primordial coalescing stellar-
mass black holes can reach a few percent due to the accretion
spin-up in a cold external medium.

Keywords: gravitational waves, black holes

1. Introduction

1.1 The Kerr metric
In Einstein's general relativity (GR), the structure of space±
time around a stationary rotating black hole (BH) in a

vacuum is fully described by the axially symmetric steady
Kerr metric [1]. The parameters of the metric include the BH
mass M and angular momentum J, which can be conveni-
ently expressed in dimensional angular momentum units
a � J=�GM=c�. In the Boyer±Lindquist coordinates [2]
minimizing the number of nondiagonal metric elements, the
Kerr metric can be written in the form 1

ds 2 � ÿ
�
1ÿ 2Mr

S

�
dt 2 ÿ 4Mar sin2 y

S
dt df� S

D
dr 2

� S dy 2 �
�
r 2 � a 2 � 2Ma 2r sin2 y

S

�
sin2 y df 2 ;

�1�
D � r 2 ÿ 2Mr� a 2 ; S � r 2 � a 2 cos2 y :

The richness of the mathematical structure and physical
effects in the Kerr metric is described in dedicated texts (see,
e.g., [3]). The condition for the presence of a horizon
�grr !1� and the absence of a `naked' singularity in a
rotating BH requires ÿM4 a4M. Measuring the mass in
units of the BH mass M renders the Kerr parameter a
dimensionless, ja �j4 1. Below, we use the dimensionless
parameter a � and call it the `BH spin'.

As jaj ! 0, Kerr metric (1) transforms into the Schwarzs-
child metric, and at large distances the Kerr metric asympto-
tically 2 turns into the metric for a steadily rotating body in a
vacuum that was derived from Einstein equations in the
weak-field limit in 1918 by Lense and Thirring [4]. From the
astrophysical standpoint, any celestial body rotates and
therefore the collapse of massive stars should generally result
in the formation of rotating BHs with a nonzero parameter a.

An important notion we use below is the last marginally
stable orbit of test particles (or innermost stable circular
orbit, ISCO) in the Kerr metric. These orbits determine the
inner boundary of an accretion disc around a rotating BH and
are probed by astrophysical observations. In the equatorial
plane y � p=2, the ISCO radius rISCO depends on the BH
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1 Here, we use geometrical units G � c � 1, unless stated otherwise.
2We note that the space±time around a nonrotating spherically symmetric

body in a vacuum is exactly described by the Schwarzschild metric

(Birkhoff's theorem).
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spin a: for a Schwarzschild BH �a � 0�, rISCO � 6M � 3rg
�the gravitational radius is rg � 2M ' 3 km �M=M��� [6].
For a > 0, i.e., in the case of corotating particles, the
ISCO radius decreases as rISCO � 3rg ÿ �4

���
6
p

=3�a for a5M,
and in the case a �M�1ÿ d� with d5 1 approaches rISCO '
�rg=2��1� �4d�1=3�, being above the outer BH horizon r� �
�rg=2��1� �2d�1=2� [7]. For example, for an accretion disc in a
close binary system or in a galactic nucleus, a � 0:9981 (the
Thorne limit determined by the balance of the angular
momentum of an accreting BH in the photon field of the
disc) [8], and the ISCO radius is rISCO�0:998� � 1:23M.

Thus, both the mass M and the spin a � of a BH are the
most important parameters that can be measured or esti-
mated from astrophysical observations. These observations
are different for stellar-mass BHs � �3ÿ60�M� in close
binaries and supermassive BHs (SMBHs) with M > 106M�
in galactic nuclei.

Methods of BH parameter estimations from astronomical
observations have been extensively discussed in the literature
(see, e.g., reviews [9, 10] and the references therein). The most
reliable mass estimates of stellar-mass BHs are obtained from
dynamical measurements of the motion of the secondary
companion (optical star) in close binary systems (CBSs).
Orbits in such systems are almost circular. In this case, the
radial velocity amplitude measured from spectroscopic
observations Kv � Vv sin i (i is the binary orbit inclination,
the angle between the orbital angular momentum and the
line of sight) and the binary orbital period Pb enable the
construction, using formulas of the classical two-body
problem, of a combination with the dimension of mass, the
so-called `mass function' of the invisible component with a
massMx, which for a circular orbit is given by

f �Mx� � K 3
vPb

2pG
�Mx sin

3 i

�1� q�2 ; �2�

where q �Mv=Mx is the mass ratio of the visible to the
invisible component of the binary. Clearly, the mass function
sets only a lower mass limit of the unseen component, because
the determination of the orbital binary inclination requires
independent measurements.3 It is accepted to consider the
condition Mx 0 3M� for the mass of the unseen component
in a CBS as the necessary signature of a BH [12, 13]. This mass
limit of the unseen relativistic component without evidence of
a solid surface is attained in two dozen close X-ray binaries
[10, 14].

The advent of gravitational-wave (GW) astronomy [15]
offered a novel possibility to estimate the masses and spins of
BH components in coalescing binary systems observed by
LIGO/Virgo GW interferometers [16±18].

1.2 Black hole spins in X-ray binaries and galactic nuclei
Measuring BH spins is a much more difficult task than
measuring BH masses and is model-dependent. In X-ray
binaries, the matter from the gravitationally captured stellar
wind of the optical star of early spectral class (e.g., inCygX-1)
or from the Roche lobe overflow by an optical star (e.g., in
GRS 1915+105, A0620-00, etc.) forms an accretion disc
around the BH. The viscous friction in the differentially

rotating disc heats the gas to very high temperatures, and
thematter loses its angular momentum and gradually diffuses
in the thermal time scale towards the BH. The inner radius of
the accretion disc is determined by the ISCO around the BH,
rISCO: particles in the region r < rISCO freely fall into the BH.
The structure and properties of stationary accretion discs
around BHs are determined by the mass accretion rate _M
through the disc, physical parameters of the gas (radiation
opacity, viscosity coefficient, etc.), and by the boundary
conditions at the inner radius [19±22].

Thus, measurements of spectral and time characteristics
of the emission from accretion discs around BHs enables
indirect estimates of their masses and spins. A modern review
of such observations and the list of sources can be found
in [23].

The spin of BHs in X-ray binaries and galactic nuclei can
be estimated in different ways (see [24] for a recent review and
critical comments in [25]).

1.2.1 Continuum spectrum of the accretion disc. Through the
boundary condition at the inner disc radius, the BH spin
affects the form of the thermal spectral continuum radiated
by the accretion disc. But the large number of model
parameters (the accretion disc type, the BH mass, the
distance to the source, the viewing angle, parameters of the
hot corona above the disc, etc.) does not allow precise
measurements of BH spins (see Table 2 in [23] for X-ray
binaries).

1.2.2 Fluorescent iron line spectroscopy. Spins of accreting
BHs can also be estimated from the spectroscopy of the Ka

iron line (at energies from 6.4 keV for neutral iron to 6.9 keV
for hydrogen-like iron Fe XXVI). This line emerges during
the reflection of hard X-ray emission that can be generated in
a hot scattering corona above the disc from a relatively cold
gas in the inner parts of the disc (< 107 K) [26]. The reflected
line has an equivalent width of � 150 eV. Due to relativistic
effects at the inner disc radius, the line profile is red-shifted
and acquires a width of � 1 keV [27]. Depending on the
viewing angle and the assumed emission model, the blue wing
of the line sharply drops at the gravitationally red-shifted
frequency. The fluorescent iron line from the inner parts of an
accretion disc around an SMBH was first observed in the
galaxy MCG-6-30-15 [28]. For SMBHs in galactic nuclei,
determining the spin from Ka iron line spectroscopy is the
only means available (other than direct EHT observations
of the BH shadow in the nucleus of the M87 galaxy; see
Section 1.2.4 below). The profiles of the fluorescent Ka and
La iron lines have been accurately measured in the spectra of
several sources, in particular, in the Seyfert galaxy 1H0707-
495 [29]. (The list of SMBHs with spins calculated by iron line
spectroscopy can be found, for example, in Table 3 in [23]).
Unlike continuum spectral fitting, the analysis of the
fluorescent iron line profile formed by the reflection from
the disc does not require knowledge of the BH mass, the
distance to the source, or the disc inclination angle to the
observer. We note that both methods yield consistent
estimates of the parameter a� for accreting BHs in X-ray
binaries (see Table 2 in [23]).

1.2.3 X-ray quasiperiodic oscillations (QPOs). Observations
of quasiperiodic oscillations of X-ray flux offer yet another
method to estimate spins of accreting BHs [30]. In BH
sources, QPOs have been observed at different frequencies,

3 The binary orbit inclination cannot be obtained from spectroscopic

measurements using Newtonian dynamics. However, this becomes possi-

ble in very close binaries with neutron stars (pulsars) using relativistic

effects [11].
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including low-frequency QPOs (from fractions of Hz to
dozens of Hz) and high-frequency QPOs (several hundred
Hz). High-frequency QPOs are close to some characteristic
oscillations for stellar-mass BHs: the Keplerian frequency fK
and the radial fr � fK and vertical fy � fK epicyclic frequen-
cies [31, 32]:

fK�r� ' 220 Hz

�
10M�
M

��
6M

r

�3=2
"
1� a �

�
M

r

�3=2
#ÿ1

: �3�

Applying this model to X-ray QPOs observed by the RXTE
(Rossi X-ray Timing Explorer) observatory enabled high-
precision estimations of masses and spins of BHs in GRO
J1655-40 �M � �5:31� 0:07�M�, a � � 0:290� 0:003� [33]
and XTE J1550-564 �a � � 0:34� 0:01�, which coincided
with spectroscopic estimates. We also note that the observed
spectral correlations of X-ray QPOs in accreting BHs can be
used for independent measurements of BH masses [35].

1.2.4 Observations of an SMBH in M87 by the Event Horizon
Telescope (EHT). Recently, the first results of 1.3 mm VLBI
observations of an SMBH in the active nucleus of the M87
galaxy �M � �6:5� 0:7� � 109M�� with a record high angu-
lar 10-microarcsec resolution carried out by EHT dishes have
been reported [36]. Relativistic MHD modeling of the
observed asymmetric radio brightness in the visible `photon
ring' from optically thin hot plasma around this SMBH, with
the relativistic effects of photon propagation in gravitational
field of a Kerr BH taken into account, enabled the BH spin
estimate a � � 0:5 or a � ' 0:94 [37]. We note that models with
a Schwarzschild BH are rejected by these observations as well
as by the presence of a relativistic jet from the M87 nucleus
with a power Pj 9 1042 erg sÿ1. An independent estimate of
the BH spin in M87, a � � 0:9� 0:1, was also obtained in [38]
from an analysis of the `twisted light' in the Kerr metric.

Thus, observations of accreting BHs in X-ray binaries and
galactic nuclei suggest fairly high spins of these BHs. This is
apparently related to a prolonged accretion of matter and the
history of SMBHmass growth in galactic nuclei in the course
of galactic mergings.

2. Spins of coalescing binary black holes

2.1 Effective spins from LIGO/Virgo observations
LIGO/Virgo observations of coalescing binary BHs [16]
provide new independent information on the masses and
spins of coalescing binary BHs. In the quadrupole approx-
imation, the form and amplitude of the GW signal from
inspiraling compact objects are determined by a combination
of masses M1 and M2 called the chirp mass: M�
�M1M2�3=5=M 1=5 �M1�q 2�1� q��ÿ1=5, where q �M1=M2 is
the binary mass ratio and M �M1 �M2 is the total mass of
the binary system. The chirp mass is the most precise
parameter that can be determined from GW observations
(see [16]). Spins of the components of a coalescing binary
system are much more difficult to estimate. However,
analyzing the form of the inspiraling GW signal enables
measuring the so-called `effective spin' of the coalescing
binary, a mass-weighted combination of spin projections of
the components on the orbital angular momentum:

weff �
M1a

�
1 cos y1 �M2a

�
2 cos y2

M
; �4�

where yi is the angle between the ith-component spin and the
binary orbital angular momentum.

Most of the detected LIGO/Virgo binary BHs (except two
sources, GW151226 and GW170729) have been found to have
near-zero effective spin (within measurement errors) [16]. At
first glance, this fact seems unusual because collapsing
massive stars should have rotating cores [39] leading to the
formation of BHs with nonzero spins. Rapidly rotating BHs
from stellar core collapses have been thought to be `central
engines' generating narrow-beamed relativistic jets observed
as long gamma-ray bursts [40]. Therefore, it would be
interesting to understand whether it is possible to obtain
close to zero effective spins of coalescing binary BHs formed
in the standard astrophysical evolutionary channel from
massive binary field stars [41±43].

2.2 Model assumptions
It is difficult to measure the rotation of stellar cores from
observations. The theory of the evolution of rotating stars
involves many parameters to describe the stellar core
rotation, including the hypothesis about core±envelope
coupling by the internal magnetic field [44], internal inertial
gravitational waves [45], and other physical mechanisms of
angular momentum transport (see [39] for more details). To
describe the complicated evolution of the core of a massive
star, a semi-phenomenological approach was suggested
in [46], where the star was split into two parts, the core and
the envelope, whose coupling was described by one effective
parameter, the characteristic time of the angular momentum
transfer tc. In this two-zone model, the change in the angular
momentum of the core is written as

dJc
dt
� ÿ IcIe

Ic � Ie

Xc ÿXe

tc
; �5�

where Ic,Oc and Ie,Oe are the moments of inertia and angular
rotational velocities of the core and the envelope. It was
shown in [46] that to describe the distribution of rotation
periods of young pulsars derived from observations, the
characteristic coupling time should be of the order of
tc ' 5� 105ÿ106 years, i.e., should approximately coincide
with the evolutionary time of a massive star after the main
sequence.

If a BH is born in a massive binary system, the rotation of
the stellar core prior to collapse is also affected by the tidal
coupling between the stellar envelope and the orbital motion
of the secondary component. Taking the results obtained
in [46] into account, the results of calculations of the effective
spins of coalescing binary BHs were presented in [47] for
different formation channels with account of both the
metallicity and star formation history (dependence of red-
shift) in galaxies. These calculations adopted the standard
theory of evolution of massive close binaries [42] in addition
to the treatment of the rotational evolution of stellar cores
using the coupling in (5). The key unknown element of double
BH formation frommassive binaries is the common envelope
(CE) stage. This stage has been treated using the efficiency
parameter aCE, which is the fraction of the orbital energy
transferred to the stellar envelope during the binary inspiral
inside the common envelope:DEenv � aCEDEorb, whereEenv is
the binding energy of the envelope in the stellar core [48, 49].

The poorly known physics of BH formation at the end of
a massive star evolution was parameterized by two models.
In the first model, the entire stellar CÿO core formed after a
main sequence star collapsed into a BH, MBH � 0:9MCO
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(taking a 10% gravitational mass defect into account), and
hence the total mass of a binary BH was M � 0:9�MCO; 1�
MCO; 2�. The BH angular momentum in this model was set
equal to that of the CÿO core: JBH � JCO.

In the second model, part of the stellar envelope above
the CÿO core DMfb was assumed to fall back onto a BH
collapsed from the iron core MFe (the fallback model); the
BH mass was calculated as in [50]. Thus, in this model, the
BH mass was MBH � 0:9�MFe � DMfb) with DMfb �
max �MBH ÿ 0:9MCO; 0�. The BH angular momentum,
which changes due to the fallback from the rotating
envelope, is JBH � JCO � DJfb, where DJfb � jfbDMfb. The
specific angular momentum of the rotating envelope matter
accreting onto the BH was assumed to be jfb � dMBH with
the coefficient d � 2 (the mean value between the specific
angular momentum of particles on the ISCO around a
Schwarzschild BH, d � 2

���
3
p

, and around an extreme Kerr
BH, d � 2=

���
3
p

).
To calculate the effective spin of coalescing BHs, the

angle between the BH spin vector and the orbital angular
momentum should be specified (see Eqn (4)). This angle was
calculated for two limit cases: (a) for initially aligned spins of
main-sequence stars with the orbital angular momentum and
(b) for a random initial misalignment of stellar spins. In the
first case, nonzero angles yi prior to the coalescence can be
expected only if some additional kick is imparted to the BH
during the collapse (as in the case of neutron stars, see the
discussion in [42]). For randomly misaligned initial spins of
the binary components, the angle yi can be arbitrary (see [47]
for more details).

2.3 Results of calculations
The results of population synthesis calculations of coalescing
binary BHs taking the rotational evolution of cores of
massive stars into account are presented in Fig. 1 (see the
details of calculations and formulas in [47]). This figure shows
the expected distribution of the effective spins weff of
coalescing binary BHs that can be detected by LIGO/Virgo
interferometers with the current O3 sensitivity 4 as a function
of the total mass of the binary M (Fig. 1a, e) for the two BH
formation models described above. The common envelope
efficiency is assumed to be aCE � 1. The initial spin axes of the
binary components are assumed to be randomly misaligned.
The grey gradient color shows the probability of the
formation of coalescing binary BHs convolved with the
metallicity and star formation rate evolution with look-back
time (redshift) in galaxies. Squares with error bars show the
parameters of the observed binary BHs from the O1/O2
catalogue [16]. The unfilled circles (shown in green online)
represent additional BH+BH binaries reported from inde-
pendent O1/O2 LIGO/Virgo data analysis [52]. The lighter
symbols correspond to a higher probability of spurious
(nonastrophysical) detections. It is seen that the results of
the BH formation model without fallback (the upper panel)
approximately describe the narrow distribution of the
effective spins around zero (but for several less reliable
sources found in [52]) (Fig. 1c), but do not encompass the
most massive coalescing BHs (Fig. 1b). In the model of BH
formation with fallback from the rotating envelope
(Fig. 1e±h), the total masses of the coalescing binary BHs

better correspond to observations, and the calculated
effective spin distribution predicts the existence of rapidly
rotating binary BHs (high values of weff), which have not
yet been reliably found. Clearly, the successful perfor-
mance of the LIGO/Virgo detectors during the O3 run
started in April 2019 will enable significant growth of the
source statistics and a more accurate comparison with
models.5

3. Spins of coalescing
neutron star±black hole binaries

The widely recognized evolutionary model of massive binary
stars [42] also predicts the formation of close binary systems
containing neutron stars with black holes (BH+NS). The NS
in such a binary observed as a radio pulsar would offer a
unique probe of space±time around the companion BH by
accurate pulsar timing measurements. Population synthesis
calculations have predicted about one PSR+BH system for
every several thousand single pulsars in the Galaxy [54], but
searches for such binaries have failed so far. There is hope
that such binaries can be first discovered by gravitational
astronomy methods. The formation rate of BH+NS binaries
is much lower than that of NS+NS and BH+BH binaries
because the formation of the secondary (lighter) NS compan-
ion in a massive binary is accompanied by significant mass
loss from the system and additional kick imparted to the NS
during the supernova explosion, which in many cases can
result in the disruption of the binary system (see, e.g.,
reviews [41, 42] for more details).

Figure 2 shows the calculated spatial density of binary
BH+BH and BH+NS coalescences (per year per cubic Gpc)
for themodel assumptions as in [47] about the evolution of the
stellar metallicity and star formation rate in the Universe
depending on the redshift z. The common envelope efficiency
varied in the range 0:54aCE 4 4. The NS kick velocity is
assumed to follow a Maxwellian distribution with the mean
256 km sÿ1. It can be seen that the coalescence rate of
BH+NS binaries per unit volume is at least an order of
magnitude smaller than that of a binary BH+BH, which so
far has not contradicted the observed LIGO/Virgo detection
statistics.

Figure 3 presents the theoretically expected detection
rate per year as a function of the limit redshift (the
integrated coalescence rate per unit volume up to the
distance corresponding to a given z). The solid lines show
the detection rate of binary black hole (BH+BH) coales-
cences taking the star formation rate history into account
for the common envelope efficiency parameter aCE � 1.
The dashed lines marked with `BH+BH LIGO det' and
`NS+BH LIGO det' show the expected LIGO/Virgo O3
detection rateRBHBH � 2� 102 yrÿ1 andRBHNS � 1 yrÿ1 of
BH+BH and BH+NS coalescences. The specific volume
rates of BH+NS coalescences shown in Figs 2 and 3 are in
agreement with independent calculations (see, e.g., [55]).

Figure 4 shows the effective spin distributions of coales-
cing NS+BH binaries Eqn (4), as a function of the total mass
for two BH formation models (as in Fig. 1). The dimension-
less NS spin is defined in the same way as for a BH:
a �NS � JNS=M

2
NS, where J � IoNS � 2pI=PNS is the NS

4 In the ongoing O3 observations, the detection horizon of NS+NS

binaries with a chirp mass of 1:2M� averaged over the viewing angle is

about 120 Mpc. The detection horizon for coalescing compact binaries

depends on the chirp mass as Dh �M 5=6 [53].

5 At the time of writing, about two dozen new BH+BH detections have

been reported; see the list in https://gracedb.ligo.org/latest/. The para-

meters of these binaries will be reported after careful analysis only at the

end of 2019.
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angular momentum (I is the NS moment of inertia). The NS
angular momentum was calculated taking the evolution of

NS rotational period PNS in a binary system into account (see
[56] for more details). Generally, the effective spin distribu-
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Figure 1. (Color online.) Model total massMtot±effective spin weff distribution (normalized to unity) of coalescing binary BHs that can be detected at the

current O3 LIGO/Virgo sensitivity calculated taking the star formation history in galaxies into account. The upper panels (a±d) shows the results for the

direct collapse of the CÿO stellar core into a BH (without fallback from the envelope): Mtot � 0:9�MCO1 �MCO2�. The bottom panels (e±h) show the

model with a partial fallback of the envelope into the BH, with the BH mass as in [50]. The assumed common envelope efficiency is aCE � 1:0, the core±
envelope coupling time is tc � 5� 105 years. Shown are the events from the published O1/2 LIGO/Virgo Collaboration (LVC) Catalogue (the unfilled

squares) as well as additional events from [51, 52] (unfilled triangles and circles). The color grade reflects the probability of their astrophysical originPastro.
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tion of coalescing NS+BH binaries for different BH
formation models is symmetric around the zero value but
broader than that for a binary BH+BH (see Fig. 1). Negative
values of weff for NS+BH binaries are due to the randomly
directed NS kick velocity. The total mass of the coalescing
NS+BH binaries in these calculations does not exceed
27M�.

4. Spins of coalescing primordial black holes

Near-zero effective spins of the coalescing binary BHs
detected by LIGO/Virgo can be related to their origin and
evolution and are widely discussed in the literature (see, e.g.,

[47, 58±62] and the references therein). As shown in Section 3,
the narrow distribution of the effective spins of the observed
coalescing binary BHs near zero can be reproduced in the
standard astrophysical channel of the binary BH formation
from massive binary systems [43], assuming no additional
fallback from the rotating stellar envelope (model 1 in Sec-
tion 2; see Fig. 1a±d). In addition to astrophysical scenarios of
binary BH formation [63], in which �10ÿ50�M� BHs result
from core collapses of massive stars, the possibility of the
existence of primordial binary BHs originating in the early
Universe from primordial cosmological perturbations has
been actively discussed [64±68]. The spins of primordial BHs
should be nearly zero [69, 70] and hence the effective spin of
coalescing primordial binary BHs is expected to be small.

To check the last statement, in [57] we studied the
possibility of accretion spin-up of BH components of a
primordial binary BH in an external medium. An initially
nonrotating BH acquiring the mass DM �Mf ÿM0 from
the ambient medium through an accretion disc, where M0

and Mf are the initial and final masses of the BH, acquires
the spin [7]

a � �
����
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3

r �
M0

Mf

�"
4ÿ

�����������������������������
18

�
M0

Mf

�2

ÿ 2

s #
�6�

(if no angular momentum is taken away by the disc radiation;
the formula is valid for Mf=M0 <

���
6
p

; otherwise, a � �
a �max ' 0:998, the so-called Thorne limit [8]). For DM5M0

we obtain the estimate a� ' 9=
���
6
p �DM=M0� from (6).

For a single BH with a mass m moving with a velocity v,
the fractional mass increase due to the Bondi±Hoyle±
Lyttleton accretion over time t0 is

DM
M0
� 4prm

�v 2 � c 2s �3=2
t0 ; �7�

where r is the medium density and cs �
����
T
p � 10ÿ5

���������������
T=1 eV

p
is the sound velocity in the mediumwith a temperatureT. For
a 1M� BH in a medium with the density r � 10ÿ24 g cmÿ3

under the condition v4 cs over the Hubble time
t0 � tH � 4� 1017 s, we obtain DM=M0 ' 1:7� 10ÿ3m5 1.
Thus, the possible accretion-induced spin acquired by a single
BH is a � ' 3:76DM=M0 ' 0:006�m=M��. For a BH with the
mass m � �30ÿ50�M�, the spin can be noticeable, but it is
very difficult to measure the spin of a single BH.

In a binary system, the effective BH spin can be measured
from gravitational-wave observations. Integration of the
accreting mass from the ambient medium over the orbit in
the binary BH system [57] shows that for two point-like
masses m1 and m2 (with q � m1=m2 being the binary mass
ratio and M � m1 �m2 � m1�1� 1=q� the total mass) the
accretion-induced fractional mass growth of the mass M1

over the Hubble time tH is

DM1

M1

����
0

� 5prM 1=2a
11=2
0

88m 4
2

� 5

88

�
256

5

�11=8

prt 11=8H m
5=8
1 q 3=4�1� q�15=8 : �8�

Here, the well-known relation between the coalescence time
of a binary due to GW emission with the initial orbital semi-
major axis a0 is used: t0 � 5a 4

0 =�256Mm1m2�. Numerically,
for m1 � 30M�, we obtain a very low value, DM1=M1 �
10ÿ6ÿ10ÿ7.
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However, the estimate of the accretion-induced BH mass
growth in a binary system significantly increases if the initial
orbit is highly eccentric, e0 � 1. In this case [57],

DM1
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1ÿ e 20

�2:58

:

�9�
In the last equation, the chirp mass of the binary system was
introduced as M� �M1M2�3=5=M 1=5 �M1�q 2�1� q��ÿ1=5,
which can be directly inferred from an analysis of spiraling
GW waveforms from a coalescing binary consisting of two
point-like masses.
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The effective spin of a primordial binary BH accreting
from the external medium is found to be

weff �
q
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for any mass ratio f, because the function f �q� �
�1� q��q 2 � qÿ3� has the minimum f �qmin� � 4 at qmin � 1.
Accounting for the constraint on themaximum possible value
of the initial eccentricity for a given sound velocity of the
external medium cs leads to the maximum possible weff shown
in Fig. 5. A rough upper bound can be written as

weff;max ' 0:01

�
r

10ÿ24 g cmÿ3

�� M
30M�

�0:97�
cs

10ÿ5

�ÿ2:75
in a wide mass ratio interval 0:1 < q < 10. This estimate
suggests that the effective spin of coalescing primordial
binary BHs can be a few percent due to accretion of gas
from the cold interstellar medium. In this spin-upmechanism,
the spins of both BH components must be aligned with the
binary orbital angular momentum.

5. Conclusions

Measurements of BH rotation from astronomical observa-
tions remain a relevant problem formodern astrophysics. The
angular momentum (spin) of a BH is the second most
important parameter (after the mass) determining the
structure of space±time around the BH. The rotation of BHs
in close X-ray binaries and in galactic nuclei is likely to be a
necessary condition for launching relativistic jets in AGNs
and microquasars and can determine the structure of the
outflows (see review [71]). Gravitational-wave astronomy
offered new possibilities of direct measurement of BH spins
in coalescing binary BHs. The current LIGO/Virgo results
[16] suggest a fairly narrow effective BH spin distribution
around zero weff, which can be used to understand the origin
of coalescing binary BHs with masses of �10ÿ60�M� [72, 73].

We have shown (see [47] and Fig. 2) that the astrophysical
channel of coalescing binary BH formation from the evolu-
tion of massive binary stars taking the evolution of stellar
metallicity and the star formation rate in the Universe into
account leads to the effective BH spin and total mass of
coalescing binary BH distribution that does not contradict
the current LIGO/Virgo results [16]. Additional fallback of
matter from the rotating stellar envelope onto a newborn BH
resulting from a massive star iron core collapse can signifi-
cantly spin up the BH, leading to a wide effective spin range
(see Fig. 1e±h). The rapid rotation of components of
coalescing binary BHs has not yet been reliably found [16],
although there are indications that such binaries are present
in the O1/O2 LIGO/Virgo data [51, 52]. These additional
sources require confirmation.

Undiscovered up to now (June 2019) remain coalescing
compact binaries hosting a black hole and a neutron star. The
existence of such systems follows from the modern theory of
evolution of massive binaries. Using the same model assump-
tions of BH formation, we have calculated the coalescence
rates of NS+BH binaries (see Fig. 2) and their detection rate
by the O3 LIGO/Virgo interferometers (see Fig. 3). For
standard assumptions about the binary evolution para-
meters, the detection rate of BH+NS binaries is more than
one order of magnitude lower than that of BH+BH binaries
(see the dashed curves in Fig. 3): RBHBH � 2� 102 yrÿ1 and
RBHNS � 1 yrÿ1. The chances of detecting these types of
coalescing compact binaries in the ongoing O3 LIGO/Virgo
observations are not very high. We also calculated the
expected distribution of the effective spins of BH+NS
binaries depending on the assumed BH formation model
(see Fig. 4). Due to the substantial kick velocity imparted to
a newborn NS, the effective spins of NS+BH coalescing
binaries fall within a wide range, ÿ0:4 < weff < 0:4, even in
the conservative case without fallback of matter from the
rotating stellar envelope onto the newborn BH (upper panel
in Fig. 4a±d).

We have also considered the possible spin-up of primor-
dial BHs due to gas accretion from the cold interstellar
medium. We have shown (see [57] and Fig. 5) that the
accretion spin-up of primordial BHs in binary systems can
result in effective spins of the order of several percent;
therefore, small positive effective spins of an observed
coalescing BH+BH system does not contradict the hypoth-
esis of their possible primordial origin.
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Note added in proof. On August 14, 2019, the LIGO/Virgo
detectors registered the coalescence of a compact binary
highly likely consisting of an NS and a BH (S190814bv). No
electromagnetic counterparts of this event have been reported
so far.
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