
Abstract. The problem of quantum fluctuations in magnetic
nanostructures is discussed by considering a linear chain of a
finite number of atoms with the exchange interaction of the
electron spins of neighboring atoms, as in Heisenberg's theory
of ferromagnetism. Electromagnetic magnetic dipole radiation
from a spin flip wave is calculated. It is shown that including
quantum field fluctuations in the radiation energy flux calcula-
tions gives much larger values than in the case of the averaged
electromagnetic field. Radiation decay due to spin interaction
with the quantized electromagnetic field is estimated.

Keywords: magnetic nanostructure, electron spin, exchange
interaction, spin wave, quantum fluctuations, electromag-
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1. Introduction

There has been increased interest recently in research on
micro- and nanostructures as possible candidates for spin-
tronics and magnetic logic devices [1±7]. This research deals
with the physical phenomena characteristic of spin dynamics
in magnetic materials (particularly in micro- and nano-
structured magnetic films) because spin dynamics control
the properties of spin wave propagation in semibounded
magnetic structures, systems of magnetic dots, strips,

etc. [8±11]. There are several types of periodic magnetic
structures where spin wave propagation can be conveniently
studied. These so-called magnon crystals (MCs) [12, 13] can
be fabricated, for example, as a ferromagnetic film (ormatrix)
containing an array of an infinite [14] or finite [15] number of
cylindrical ferromagnetic inclusions.

In both unbounded and semibounded MCs, spin wave
propagation is manifested in the band structure of the MC
spectrum. Furthermore, under certain conditions, edge spin
waves are excited around ferromagnetic inclusions due to the
violation of the reciprocity property of the magnetic perme-
ability tensor of the ferromagnet and the consequent appear-
ance of a peculiar vortex component in the field of the spin
wave scattered on a heterogeneity. It is shown in [15] that a
ring-shaped periodic system of magnetic inclusions exhibits
high-quality spin wave eigenmodes, i.e., microcavities that
can be considered magnetic circuit elements. Another type of
magnetic circuit elements, one acting as a spin wave
microguide, can be realized as a finite linear chain of
magnetic inclusions in a ferromagnetic matrix [16]. Spin
dynamics not only determine the properties of spin waves
but also are regarded as a means to excite terahertz radiation
via the spin flip effect [17].

An important general point to note about the methods
used and results obtained in the cited studies is that only
magnetic structures 100 nm or more in size have been
investigated. For sizes below 100 nm and of the order of
10 nm, and especially for 1 nm, both the methods and the
results may be incorrect, the reason being that these methods
overwhelmingly use the well-known Landau±Lifshitz equa-
tion [18] of the theory of magnetism. This equation does not
take individual magnetic moments into account, but uses a
continuous magnetization function, which is the density of
magnetic moments averaged locally over a physically infini-
tesimal volume [19] and which ignores possible fluctuations
(see, e,g., [20] for a discussion).

In this article, quantum fluctuations in magnetic nano-
structures are addressed using a physical model, a finite linear
chain of atoms such that spins of neighboring atoms
experience exchange interaction, as in Heisenberg's theory
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of ferromagnetism [21]. It is assumed that all atoms in the
chain initially have their spins aligned along one direction,
except the first two atoms, whose spins are flipped. This initial
state generates spin flip waves along the chain due to the
exchange interaction.

Using the equations obtained for the nonstationary
quantum amplitudes of flip probability waves, the solution
of the Schr�odinger equation with the Heisenberg Hamilto-
nian can be represented in the transparent form of a sum over
the eigenfunctions and energy eigenvalues of spin flip modes.
This solution is used to calculate the electromagnetic
radiation from spin flip waves starting with the Maxwell±
Lorentz equations for the quantum operators of the electro-
magnetic field, which are written in accordance with Ref. [22]
in the Schr�odinger representation with the Hamiltonian
extended to include, in addition to the Heisenberg Hamilto-
nian, the Hamiltonian of the quantized electromagnetic field
and theHamiltonian for the interaction of the spin chain with
the electromagnetic field. Averaging the operator Maxwell±
Lorentz equation over the quantum state of our extended
system leads to macroscopic Maxwell equations [23], which
are then used to calculate the electromagnetic radiation from
the chain of flipped spins. By analogy with electric dipole and
electric quadrupole radiation [24], we consider magnetic
monopole and magnetic dipole radiation. Because the total
spin of the chain commutes with the Heisenberg Hamilto-
nian [25], the only contribution to the chain of flipped spins is
from the magnetic dipole radiation. We note that the
radiation from the chain of flipped spins can also be
calculated without using the macroscopic Maxwell equa-
tions: we can instead calculate the operator Poynting vector
for the operator Maxwell±Lorentz equations and only then
average it over the quantum state of the extended system. This
second strategy takes quantum fluctuations of the electro-
magnetic field into account and turns out to produce larger
radiation energy flows.

If only the exchange interaction is taken into account, the
spin chain emits for an infinitely long time. But including the
interaction of the spins with the quantized electromagnetic
field causes the radiation to damp; we use the Heitler method
[26] to estimate this damping

2. Time-differential equations
for the spin flip probability wave amplitudes

Our starting point is the nonstationary Schr�odinger equation

i�h
qC
qt
� HC �1�

for an ensemble of N atoms arranged into a linear chain
along the x axis of a rectilinear coordinate system x, y, z,
with the exchange interaction of electron spins of neighbor-
ing atoms, as in Heisenberg's theory of ferromagnetism [21]
(for simplicity, only one electron in each atom is assumed to
be involved in the exchange interaction). The Hamiltonian
H is taken to be the Heisenberg exchange interaction
Hamiltonian

HW � ÿI
XN
i�1

X
di

SiSi�di ; �2�

where I is the exchange interaction integral and Si is the
electron spin vector operator of the ith atom in units of the
Planck±Dirac constant �h. The first sum in the right-hand

side of Eqn (2) is over all atoms in the chain, and the second
sum is over the nearest neighbors with the indices d1 � 1,
dN � ÿ1, and di � �1 for 1 < i < N. The solution CW�t� of
Eqn (1) with Hamiltonian (2) is sought in the form of the
expansion

CW�t� �
XN
`�1

a`�t�C` ; �3�

where C` is the stationary wave function of an ensemble of
atoms in which all the atoms of the chain except the `th one
have their spins aligned along the positive z direction,
whereas the `th atom has its spin flipped. The nonsta-
tionary probability amplitudes satisfy the system of differ-
ential equations

i�h
da1�t�
dt
� E0a1�t� � I

�
a1�t� ÿ a2�t�

�
; �4a�

i�h
da`�t�
dt
� E0a`�t� � I

�
2a`�t� ÿ a`ÿ1�t� ÿ a`�1�t�

�
;

1 < ` < N ; �4b�

i�h
daN�t�
dt

� E0aN�t� � I
�
aN�t� ÿ aNÿ1�t�

�
;

�4c�

where E0 � ÿ�1=2� I�Nÿ 1� is the ground state energy
eigenvalue of a system with Hamiltonian (2), when all the
spins are aligned along the positive z axis.

The derivation of the system of equations (4) is based
on the following equality (verified in the manner shown in
Ref. [27]):

HWC` � ÿ 1

4
Ib`C` � I

�
b�` C` ÿ

X
d`

C`�d`
�
; �5�

where

b` � 2�Nÿ 1� ; ` � 1;N ; b` � 2�Nÿ 1� � 1 ; 1 < ` < N ;

�6a�

b�` � 1 ; ` � 1;N ; b�` � 2 ; 1 < ` < N : �6b�

Substituting the assumed solution form (3) in Schr�odinger
equation (1) and approximating the quantities E0 ÿ �1=4� I
by E0 in Eqn (4b) yields system (4).

The solution of system (4) can be found in the form of
monochromatic waves a`�t� � exp �ÿiot� a` with amplitudes
equal to the sums of forward and backward waves,

�ÿ1�`ÿ1a` � A exp �i`y� � B exp �ÿi`y� ; �7�

where 14 `4N, A and B are certain undetermined
`-independent coefficients, and y is a dimensionless wave
number. When substituted in Eqn (4b), this solution in the
form of as yet unknown monochromatic waves yields the
wave dispersion relation

o � o0 � oW cos y ; o0 � E0 � 2I

�h
; oW � 2I

�h
: �8�

The characteristic frequency oW is of the order of the
exchange rate between two electrons in a molecule [28].
Substituting the solution expressed in terms of monochro-
matic waves in Eqns (4a) and (4c) gives two relations for the
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coefficients A and B:

A

B
� ÿ 1� exp �ÿiy�

1� exp �iy� ; �9a�

A

B
� ÿ 1� exp �iy�

1� exp �ÿiy� exp
�ÿ 2i�N� 1� y� : �9b�

Comparing relations (9a) and (9b) yields discrete spectra of
wave numbers and eigenfrequencies,

on � o0 � oW cos yn ; yn � 2pn
N

;

n � 0;�1;�2; . . . ;�
�
N

2
ÿ 1

�
;
N

2
; �10�

and the simplified relation between the coefficients,

An

Bn
� ÿ exp �ÿiyn� : �10a�

We note that although we have not used periodic
boundary conditions, discrete wave number spectrum (10) is
the same as if we did use them. In fact, this implies that the
solution of system (4) is expressed as an expansion over a set
of eigenfunctions exp �i`yn� (a well-known expansion set in
the quantum theory of solids [29]) under the assumption that
N, the number of atoms in the chain, is even. This function set
satisfies the orthogonality conditionX

n

exp
�
i�`ÿ ` 0� yn

� � Nd`` 0 : �11�

Substituting Eqns (10) and (10a) in Eqn (7) shows that the
spin flip probability amplitudes can be written as the
expansion

�ÿ1�`ÿ1a`�t� �
X
n

Cn exp �i`yn� exp �ÿiont� �12�

with

Cn � ÿBn exp �ÿiyn� � Bÿn : �13�

Because C0 � 0, the constant mode n � 0 does not contribute
to expansion (12). Inverting expansion (12) at t � 0, we can
express the coefficients Cn in terms of the initial probability
amplitudes:

Cn � 1

N

XN
`�1
�ÿ1�`ÿ1a`�0� exp �ÿi`yn� : �14�

We note that the condition for the coefficientC0 to vanish
can be satisfied by assuming that all atoms in the chain
initially have their spins aligned in the same direction, except
for the first two atoms, whose spins are flipped:

a1�0� � a2�0� ; a3�0� � a4�0� � . . . � aN�0� � 0 : �15�

For initial conditions of form (15), the coefficients in (14)
become

Cn�a1�0�
N

exp �ÿiyn�
�
1ÿ exp �ÿiyn�

�
; CN=2 � ÿ 2a1�0�

N
:

�16�

Eigenmodes and energy eigenvalues of flipped spins.The sum in
expansion (12) is taken over both positive- and negative-n
modes, but it is convenient in what follows to use only the
expansions over positive n. For this, we introduce new
amplitudes

fn` � �ÿ1�`ÿ1
�

~Cn exp �i`yn� � ~Cÿn exp �ÿi`yn�
�
; �17�

~C�n � C�n ; n � 1; . . . ;
N

2
ÿ 1 ; ~C�N=2 � 1

2
CN=2 : �17a�

With these, expansion (12) becomes

a`�t� �
XN=2
n�1

fn` exp �ÿiont� : �18�

The new amplitudes (17) satisfy the orthogonality condi-
tionXN

`�1
fn` f

�
n0` � gndnn 0 ; �19�

gn � 4
��a1�0���2 1ÿ cos yn

N
; n � 1; . . . ;

N

2
ÿ 1 ;

gN=2 �
4
��a1�0���2
N

: �20�

The symbol * in Eqn (19) denotes complex conjugation.
Substituting spin flip probability amplitudes (18) in the
original expansion (3) for the solution of Schr�odinger
equation (1) with Heisenberg Hamiltonian (2), we obtain

CW�t� �
XN=2
n�1

Fn exp

�
Ent

i�h

�
; �21�

Fn �
XN
`�1

fn`C` ; En � �hon ; HWFn � EnFn : �21a�

According to the last equality, the functions Fn are the
En-level eigenfunctions of the Heisenberg Hamiltonian. We
note that the stationary wave functions C` of the spin chain
state with one spin flipped satisfy the orthogonality condition

�C`;C` 0 � � d`` 0 ; �22�

where �. . . ; . . .� denotes the Hilbert space scalar product.
Combining orthogonality conditions (19) and (22) implies
an orthogonality condition for eigenfunctions of the Heisen-
berg Hamiltonian,

�Fn;F
0
n� � gndnn 0 : �23�

Using this condition, we can calculate the norm of nonsta-
tionary wave function (21) from the wave of flipped spins, to
obtain the following physically obvious result:ÿ

CW�t�;CW�t�
� � ÿCW�0�;CW�0�

� � 2
��a1�0���2 : �24�

We use eigenfunctions (21a) and their corresponding
Heisenberg Hamiltonian energy levels to calculate the
electromagnetic radiation from the chain of flipped spins.
We note that the radiation intensity is expressed in terms of
thematrix elements of the chain spins with respect to the given
eigenfunctions and the differences between energy eigenva-
lues.
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3. Maxwell±Lorentz equations for quantum
electromagnetic field operators

Our treatment of electromagnetic radiation from a non-
stationary ensemble of flipped spins is based, in accordance
with Ref. [22], on quantum electrodynamics equations for the
microscopic electromagnetic field in the case of nonrelativis-
tic particles. The quantum electrodynamics system that we
consider is an ensemble of spins participating in the exchange
interaction and of photons. In the Schr�odinger representa-
tion, the extended Hamiltonian H of such a system has the
form

H � HW �HF �HWF : �25�
where HW is Heisenberg Hamiltonian (2). The Hamiltonian
of the free electromagnetic field,HF, is usually written as

HF �
X
kl

�hokc
�
klckl ; �26�

where the annihilation operators ckl and creation operators
c�kl of a photon with a wave vector k and polarization l � 1; 2
satisfy the commutation relations �ckl; c�k 0l 0 � � dkk 0dll 0 . We
note that the commutator of any two operators a and b is
defined as �a; b� � abÿ ba. The Hamiltonian HWF for the
interaction of the spin chainwith the electromagnetic field has
the form

HWF � ÿ
�

drm�r� h�r�; h�r� � rot a�r� ; �27�

wherem�r� denotes the quantummagnetization vector, which
we choose in the form

m�r� � ÿ e�h

mec

XN
`�1

S`d�rÿ r`� ; �28�

where ÿe and me are the electron charge and mass. The
quantum magnetic field operator h�r� � rot a�r� is the curl of
the quantum operator of the vector potential that corre-
sponds to the quantized electromagnetic field and which can
be written as

a�r� �
X
k`

Gk`

�
ck` exp �ikr� � c�k` exp �ÿikr�

�
;

Gk` �
�
2p�hc 2

okO

�1=2

ek` ; ek` k � 0 :
�29�

Here, O is the electromagnetic field quantization volume and
ek` is the photon polarization vector.

After these preparations, we can formulate the Maxwell±
Lorentz equations for themagnetic field operator h�r� defined
above and for the electric field operator e�r� � ÿ�1=c� _a�r�,
where the time derivative of an operator in the Schr�odinger
representation is defined in terms of the commutator with
Hamiltonian (25):

_a�r� � �i�h�ÿ1�a�r�;H� : �30�

The operator Maxwell±Lorentz equations in the Schr�odinger
representation have the form

rot e�r� � ÿ 1

c

q
qt

h�r� ; rot h�r� � 1

c

q
qt

e�r� � 4p rotm�r� ;
�31a�

div e�r� � 0 ; div h�r� � 0 : �31b�

Averaging Eqns (31) over the quantum state of our extended
system gives the macroscopic Maxwell equations.

3.1 Microscopic Maxwell equations for the averaged
electromagnetic field
We let r�t� denote the statistical operator of our system, a
linear chain of exchange-coupled spins plus photons. This
statistical operator satisfies the evolution equation

i�h
q
qt

r�t� � Hr�t� ÿ r�t�H : �32�
If our system is in a pure quantum state, the statistical
operator is r�t� � C�t� 
C ��t�, where C�t� is a solution of
the initial problem for Schr�odinger equation (1) with
Hamiltonian (25), and 
 is the tensor product of functions.
The averaged value hLi of a certain operator L with a
statistical operator r�t� is calculated as


L�t�� � Sp
ÿ
Lr�t�� � ÿLC�t�;C�t�� : �33�

In averaging operator Maxwell±Lorentz equations (31), we
introduce three macroscopic quantities: the electric field
E�r; t�, the magnetic induction B�r; t�, and the magnetization
vectorM�r; t�, setting

E�r; t��
e�r�� ; B�r; t��
h�r�� ; M�r; t��
m�r�� : �34�
The macroscopic Maxwell equations take the usual form [23]

rotE � ÿ 1

c

qB
qt

; rotH � 1

c

qE
qt

; B � H� 4pM ;

divE � 0 ; divB � 0 : �35�
By solving the Maxwell equations, it is possible to obtain the
following closed equation for the macroscopic magnetic field:�

Dÿ Hdivÿ 1

c 2
q 2

qt 2

�
H�r; t� � 4p

c 2
q 2M�r; t�

qt 2
: �36�

The solution of this equation can be expresses in a dyadic
form as

H�r; t� �
�
dr 0
�
dt 0G �rÿ r 0; tÿ t 0� 4p

c 2
q 2M�r; t 0�

qt 0 2
�37�

by using the dyadic Green's function G�r; t� satisfying
Eqn (36) with its right-hand side replaced with the expression

Ud�r� d�t�, whereU is a unitary dyadic factor.

3.2 Magnetic monopole and magnetic dipole radiation
Expression (37) for the macroscopic magnetic field is
simplified in the far-field wave zone of a nonstationary
chain of flipped spins, where the dyadic Green's function
has the asymptotic form

G�r; t� � ÿUÿ n
 n
� dÿtÿ jrÿ r 0j=c�

4pr
: �38�

It is assumed here that r4 r 0 and n � r=r. In the magnetic
monopole and magnetic dipole approximations, which
correspond to the electric dipole and electric quadrupole
approximations [24], we set jrÿ r 0j � rÿ nr 0 and further

d
�
tÿ jrÿ r 0j

c

�
�
�
1� nr 0

c

q
qt

�
d
�
tÿ r

c

�
: �39�
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Next, we introduce the magnetic monopole vector M �0��t�
and the magnetic dipole tensorMab�t� as

M �0��t� �
�
drM�r; t� ; Mab�t� �

�
dr xaMb�r; t� ; �40�

and set M
�1�
a �t� � nbMba�t�. In the magnetic monopole and

magnetic dipole approximations, expression (37) for the
magnetic field in the wave zone of a nonstationary chain of
flipped spins then takes the form

H�r; t� � ÿ 1

c 2r
n�

�
�M �0��t 0� � 1

c
M
::: �1��t 0�

�
� n ; �41�

where the second and third time derivatives are taken at a
retarded time t 0 � tÿ r=c. The macroscopic electric field in
the wave zone is expressed in terms of the magnetic field as
E � H� n, and the Poynting vector becomes

P�r; t� � c

4p
E�r; t� �H�r; t� � c

4p
nH 2�r; t� : �42�

We are interested in calculating the total intensity I�t� of
the macroscopic field energy emitted in all directions by the
nonstationary chain of flipped spins. We clearly define this
intensity as

I�t� � r 2
�
4p

dn nP�r; t� : �43�

We represent radiation intensity (43) as the sum I�t� �
I �0��t� � I �1��t� of contributions from the magnetic mono-
pole radiation I �0��t� and the magnetic dipole radiation
I �1��t�. From Eqns (41) and (43), we calculate that

I �0��t� � 2

3c 3
�

�M �0��t 0��2 ; �44�

I �1��t� � 1

15c 5
�
4M

:::

ab�t 0� M
:::

ab�t 0�

ÿ M
:::

aa�t 0� M
:::

bb�t 0� ÿ M
:::

ab�t 0�M
:::

ba�t 0�
�
: �45�

We note that Eqn (42) for the Poynting vector can be
represented in the form

P�r; t� � c

4p

h

h�r��i2 �46�

in the region of the vanishing magnetization operator (28).
It follows that the macroscopic electromagnetic field in

the wave zone of a nonstationary chain of flipped spins has its
Poynting vector proportional to the square of the averaged
magnetic field operator. We specify expressions for the
magnetic monopole vector and the magnetic dipole tensor in
Eqns (40) by using expression (28) for the quantum
magnetization vector:

M �0��t� � ÿ e�h

mec
hSi ; S �

XN
`�1

S` �47�

and

Mab�t� � ÿ e�h

mec

�XN
`�1

x`aS`b

�
: �48�

Because the total spin S of the chain commutes [25] with
Heisenberg Hamiltonian (2), it follows that all time deriva-
tives of the total spin vanish, and the contribution from the
magnetic monopole to the radiation energy flow in (44) is zero
if extended Hamiltonian (25) is replaced with Heisenberg
Hamiltonian (2). Assuming that the rectangular coordinate
system has its origin at the first spin in the chain, we write
formula (48) for the magnetic dipole tensor as

Mab�t��daxMb�t� ; M�t� � ÿ e�h

mec
a

�XN
`�1
�`ÿ 1�S`

�
;

�49�
where a is the spin±spin separation. The weighted chain spin Ŝ
emerging in Eqn (49) is defined as

Ŝ �
XN
`�1
�`ÿ 1�S` ; �50�

and does not commute with the Heisenberg Hamiltonian.
Contribution (45) from the magnetic dipole tensor to the
electromagnetic radiation is nonzero. Using Eqn (49), we
simplify formula (45) for the magnetic dipole radiation
intensity to

I �1��t� � 1

15c 5

h
2
ÿ
M
:::

x�t 0�
�2 � 4

ÿ
M
:::

y�t 0�
�2 � 4

ÿ
M
:::

z�t 0�
�2i

:

�51�

The third-order time derivatives in the right-hand side of
Eqn (51) are calculated using the third-order commutator of
the weighted chain spin, Eqn (50), with extendedHamiltonian
(25), giving

M
::: �t��ÿ e�h

mec
a�i�h�ÿ3
���ŜH �H �H ���ÿ e�h

mec
a

�
q 3

qt 3
Ŝ

�
:

�52�

In Section 3.4, we describe an effective method for calculating
expressions of this type.

3.3 Quantum fluctuations of the electromagnetic field
The expression for the magnetic field operator in the wave
zone of a nonstationary chain of flipped spins is derived
similarly to the case of Eqn (41) for the macroscopic magnetic
field and has the form

h�r� � ÿ 1

c 2r
n�

�
�m �0��t 0� � 1

c
m
::: �1��t 0�

�
� n : �53�

In the right-hand side of this equation, the vectorm �0�, which
is the magnetic monopole operator, and the tensormab, which
is the magnetic dipole operator, similarly to their counter-
parts in the case of Eqn (40) for the macroscopic electro-
magnetic field, are defined by the equalities

m �0��t� �
�
drm�r� ; mab�t� �

�
dr xamb�r� ; �54�

with m
�1�
a �t� � nbmba�t�. The operator Poynting vector P�r�

in the wave zone is defined as

P�r� � c

4p
e�r� � h�r� � c

4p
nh 2�r� : �55�
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Upon averaging, we obtain

P�r�� � c

4p
n hh 2�r�� : �55a�

The following relation has important physical implica-
tions:


nP�r��ÿ nP�r� � c

4p

ÿ

h 2�r��ÿ 
h�r��2�

� c

4p


ÿ
h�r� ÿ 
h�r���2� : �56�

It shows that the energy flow from a nonstationary chain of
flipped spins calculated with the quantum fluctuations of the
electromagnetic field taken into account is always larger than
the energy flow in the averaged electromagnetic field. By
analogy with Eqn (43), we define the operator of the total
radiation intensity J in all directions,

J � r 2
�
4p

dn nP�r� : �57�

In the same way as in Eqns (44) and (45), we have J�t� �
J �0��t� � J �1��t�, where

J �0��t� � 2

3c 3
�

�m �0��t 0��2 ; �58�

J �1��t� � 1

15c 5
�
4m
:::

ab�t 0�m
:::

ab�t 0�

ÿm
:::

aa�t 0�m
:::

bb�t 0� ÿm
:::

ab�t 0�m
:::

ba�t 0�
�
: �59�

Taking the average of these two expressions gives the results
for



J �0��t�� and hJ �1��t�i, comparing which with Eqns (44)

and (45) shows how the contribution from quantum field
fluctuations to the radiation intensity is related to the
quantum fluctuations of the spin chain magnetization. For
example, subtracting Eqn (44) from the averaged Eqn (58)
yields


J �0��t��ÿ I �0��t�� 2

3c 3

h
��m �0��t 0��2�ÿ
�m �0��t 0��2i5 0 :

�60�

In what follows, are interested in component (59) of the
radiation intensity operator. To find it, we must specify the
tensor operator of the magnetic dipole, Eqn (54). Similarly to
Eqn (49), we find

mab � daxmb ; m � ÿ e�h

mec
aŜ : �61�

Component (59) takes the form

J �1��t�� 1

15c 5
�
2�m::: x�t 0��2�4�m

:::

y�t 0��2�4�m
:::

z�t 0��2
�
; �62�

where, similarly to Eqn (52), we have

m
:::�t� � ÿ e�h

mec
a�i�h�ÿ3���ŜH �H �H ��ÿ e�h

mec
a

q 3

qt 3
Ŝ : �63�

In Section 3.4, we present a method for calculating the
average values of expressions (52) and (62).

3.4 Averaging method for the time derivatives
of operators
We note that Eqn (52) implies the ability to calculate the
average value of third-order time derivative of operators.
Expression (62) requires the calculation of the average values
of a product of such derivatives. We formulate a method to
calculate the sought quantities that uses Hamiltonian
eigenfunctions and energy eigenvalues; for simplicity, we
replace the extended Hamiltonian in Eqn (25) with the
Heisenberg Hamiltonian in Eqn (2).

To calculate the average value of the third-order time
derivative of an operator L using the definition of the
operator derivative of type (30), we can verify the physically
obvious equality

hL:::i � q 3

qt 3
hLi : �64�

To calculate the average hLi, we use expansion (21) of the
wave function CW�t� and obtain the average in the form�

q 3

qt 3
Ŝ

�
� �i�h�ÿ3

XN=2
n;n 0�1
�En ÿ En 0 �3

� exp

� �En ÿ En 0 � t
i�h

�
�ŜFn;Fn 0 � : �65�

To calculate the average of the product of third-order
derivatives, we start from the auxiliary equality

hL:::L:::i � ÿL:::CW�t� ;L
:::
CW�t�

� �66�

and find�
q 3

qt 3
Ŝ

q 3

qt 3
Ŝ

�
� �hÿ6

XN=2
n�1

1

gn

XN=2
n 0; n 00�1

�En 0 ÿEn�3�En 00 ÿ En�3

� �ŜFn 0 ;Fn��Fn; ŜFn 00 � exp
� �En 0 ÿ En 00 � t

i�h

�
: �67�

The matrix elements �ŜFn;Fn 0 � in the right-hand side of the
resulting averages (65) and (67) are calculated as an
independent problem, whose solution is given by

�ŜaFn;Fn 0 �n 6�n 0 � 16daz
ja1�0�j2

N
fn fn 00 sin

2 yn 0
2
; �68�

fn � 1 ; n � 1 ; . . . ;
N

2
ÿ 1 ; fN=2 � 1

2
: �68a�

Substituting Eqns (65) and (67) in Eqns (51) and (59) yields
the final expressions for the contribution of magnetic dipole
radiation from a nonstationary chain of flipped spins to the
average electromagnetic field I �1��t� with the quantum
fluctuations of the field, hJ �1��t�i, taken into account. These
final expressions are

I �1��t� � 4

15c 5

�
e�h

mec

�2

a 2

�
q 3

qt 03
Ŝz

�2

; �69�



J �1��t�� � 4

15c 5

�
e�h

mec

�2

a 2

�
q 3

qt 03
Ŝz

q 3

qt 03
Ŝz

�
: �70�

The quantum fluctuations of the electromagnetic field in the
radiation from a chain of flipped spins are characterized by
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the difference



J �1��t��ÿ I �1��t� �

�
e�h

mec

�2

�
��

q 3

qt 03
Ŝz

q 3

qt 03
Ŝz

�
ÿ
�

q 3

qt 03
Ŝz

�2�
5 0 : �71�

We write expressions (69) and (70) in greater detail. For
this, we introduce the quantity wn whose meaning is the
effective probability on the numbers n � 1; . . . ;N=2 and
which is defined as

wn �
�

2

N

�
fn�1ÿ cos yn� ;

XN=2
n�1

wn � 1 ; �72�

and we also introduce the function

f �En; t� �
XN=2
n 0�1

wn 0 �En 0 ÿ En�3 exp
� �En 0 ÿ En� t

i�h

�
: �73�

Wedefine the normalized intensities Î �1��t� and hĴ �1��t�i of the
magnetic dipole radiation in the averaged electromagnetic
field with quantum field fluctuations taken into account:

Î �1��t� � I �1��t�
4ja1�0�j4

; hĴ �1��t�i � hJ
�1��t�i

2ja1�0�j2
: �74�

The normalization in (74) reflects the square of the wave
function norm, Eqn (24). Now we can write

Î �1��t� � 1

15c 5

�
e�h

mec

�2
a 2

�h 6
N 2

����XN=2
n�1

wn f �En; t�
����2 ; �75�



Ĵ �1��t�� � 1

15c 5

�
e�h

mec

�2
a 2

�h 6
N 2
XN=2
n�1

wn
�� f �En; t�

��2 : �76�
Fluctuation equality (71) for these expressions can be verified
directly based on the probabilistic meaning of the quantities
in Eqn (72).

3.5 Transition probabilities
We consider the general expression (76) for the normalized
intensity of magnetic dipole radiation with quantum field
fluctuations taken into account. Taking the time average in
the sense defined by

f �t�T � lim
T!1

1

T

�T
0

dt f �t� ; �77�

we obtain

Ĵ �1��t��

T
�

X
N=25n 0>n5 1

W�n 0  n��En ÿ En 0 � : �78�

Here,W�n 0  n� is the probability per unit time of the system
of spinsmaking the transition from theEn state to theEn 0 state
with emission of an electromagnetic field quantum with the
energy En ÿ En 0 . The transition probability is expressed as

W�n 0  n� � N 2

15c 5

�
e�h

mec

�2
a 2

�h
wnwn 0 �wn � wn 0 �

�
�
En ÿ En 0

�h

�5

: �79�

Representing radiation intensities (78) in terms of transition
probabilities and transition radiation quanta is in accord with
the ideas of quantum radiation theory [26].

We note that in the right-hand sides of transition
probabilities (79), the number N of spins in the chain enters
in a competitive way both as N 2 and in the denominators of
the w in accordance with definition (72). The result of this
competition is seen most clearly in the large-N limit, when the
energy levels En of the flipped spins come close together and
we can pass from summation to integration in Eqn (78) by
replacing Dn! �N=2p�Dy in accordance with the definition
of yn in Eqn (10). From Eqn (78), we then have



Ĵ �1��t��

T

��
N!1 !

1

15c 5

�
e�h

mec

�2

a 2o 6
w

N

4
C1 : �80�

The numerical factor C1 in the right-hand side of asymptotic
expression (80) is defined by the double integral

C1 � 2

p 2

�p
0

dy
�y
0

dy 0 sin2 y sin2 y 0
�
sin2

y
2
� sin2

y 0

2

�
� �cos yÿ cos y 0�6 : �81�

It follows that averaging over time and taking the limit of a
large number of spins in the chain, N, gives the normalized
intensity of the magnetic dipole radiation with quantum field
fluctuations taken into account that is proportional to the
number of spins, thus indicating incoherent radiation.

We now take the time average of the normalized intensity
(75) of the magnetic dipole radiation in the averaged
electromagnetic field. We obtain



Î �1��t��

T
� 1

15c 5

�
e�h

mec

�2

a 2N 22
X

N=25n 0>n5 1

w 2
n w

2
n 0

�
�
En ÿ En 0

�h

�6

: �82�

The right-hand side of Eqn (82) shows even stronger
competition than in Eqn (79) between the factor N 2 and the
number of spins in the denominators of the w expressions. A
consequence of this strong competition is that in the large-N
limit, the right-hand side of Eqn (82) ceases to depend onN, as
can be seen from the asymptotic behavior



Î �1��t��

T

��
N!1 !

1

15c 5

�
e�h

mec

�2

a 2o 6
wC2 ; �83�

where the numerical factor C2 is again defined by the double
integral

C2 � 4

p 2

�p
0

dy
�y
0

dy 0 sin4
y
2
sin4

y 0

2
�cos yÿ cos y 0�6 ;

�84�

with C1 5C2. Comparing the asymptotic behaviors in
Eqns (80) and (83) leads to�


Ĵ �1��t��
T
ÿ 
Î �1��t��

T

�
N!1


Ĵ �1��t��
T

��
N!1

� 1ÿ 4

N

C2

C1
: �85�

According to Eqn (85), the relative contribution of the
averaged electromagnetic field to the magnetic dipole radia-
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tion from a chain of flipped spins becomes negligibly small
compared to the contribution calculated with quantum field
fluctuations taken into account.

4. Applying Heitler's damping theory
to the radiation from flipped spins

According to Eqns (75) and (76), the magnetic dipole
radiation from a chain of flipped spins suffers no damping.
To study the possible damping of this radiation, we consider
the solution of Schr�odinger equation (1) with extended
Hamiltonian (25) and with interaction Hamiltonian (27)
between the spin chain and the electromagnetic field taken
in the magnetic dipole approximation,

HWF � ÿ e�h

mec
a
X
kl

kx�k�Gkl� Ŝ�ckl � c�kl� : �86�

We seek the solution of the Schr�odinger equation in the spin-
chain±electromagnetic-field interaction representation,
assuming that

C�t� � exp

��HW �HF� t
i�h

�
Cint�t� : �87�

Substituting this in Eqn (1) gives

i�h
qCint

qt
� Hint�t�Cint ; �88�

where the interaction Hamiltonian in the interaction repre-
sentation is

Hint�t��exp

�
ÿ�HW�HF� t

i�h

�
HWF exp

��HW�HF� t
i�h

�
: �89�

The wave function in the interaction representation is
expanded in a series as

Cint�t� �
X
nl

dnl�t�FnCnl : �90�

Here, Fn is eigenfunction (21a) of HeisenbergHamiltonian (2)
and Cnl are the orthonormalized eigenfunctions of Hamilto-
nian (26) of the free electromagnetic field of nl photons, each
with the wave vector k, polarization ekl, and total energy
El � nl�hok. Substituting expansion (90) in Eqn (88) gives the
system of equations for the expansion coefficients

i�h gn _dnl�t� �
X
n 0l 0
hnljHint�t�jn 0l 0

�
dn 0l 0 ; �91�

with the interaction Hamiltonian matrix elements of the form

nljHint�t�jn 0l 0

� � exp

� �EnÿEn 0 � t
i�h

�
exp

� �ElÿEl 0 � t
i�h

�
� �HWFFnCnl ;Fn 0Cnl 0 � : �92�

The newmatrix element in the right-hand side of this equality
is calculated as

�HWFFnCnl ;Fn 0Cnl 0 � � ÿ
e�h

mec
a�ŜFn;Fn 0 �

�
X
kl

kx�k�Gl�
��nl�1=2dnlÿ1; nl 00 ��nl � 1�1=2dnl�1; nl 0

�
: �93�

With Eqns (92) and (93), system of equations (91) reduces to

i�hgn _dnl�t� � ÿ e�h

mec
a
X
n 0
�ŜFn;Fn 0 �

X
kl

kx�k�Gl�

�
�
n
1=2
l exp

� �En ÿ En 0 � �hok� t
i�h

dn 0; nlÿ1

� �nl � 1�1=2 exp
� �En ÿ En 0 ��hok� t

i�h

�
dn 0; nl�1

�
: �94�

We consider a chain of four flipped spins, which behaves
like a two-level system. Assuming that the system is initially
on the upper level, we can write Eqns (94) following Heitler
[26] as

i�hg1 _d10l�t� � ÿ
e�h

mec
a�ŜF1;F2�

X
kl

kx�k�Gl�

� exp

� �E1 ÿ E2 ÿ �hok� t
i�h

�
d21l�t� ; d10l�0� � 1 ; �95�

i�hg2 _d21l�t� � ÿ
e�h

mec
a�ŜF2;F1� kx�k�Gl�

� exp

� �E2 ÿ E1 � �hok� t
i�h

�
d10l�t� ; d21l�0� � 0 : �96�

In these equations, d10l�t� is the probability amplitude of
finding the system on the upper level, the amplitude being
unity at the initial moment in the absence of photons; d21l�t�
denotes the probability amplitude of finding the system on the
lower level, with zero initial value in the presence of one
photon. The solution of system (95)±(96) is sought in a form
where the probability amplitude of finding the system on the
upper level decreases exponentially with time:

d10l�t� � exp

�
ÿ gt

2

�
: �97�

Substituting the sought solution (97) in Eqn (96) and
integrating yields

d21l�t� �
e�h

mec

1

g2
a�ŜF2;F1� kx�k�Gl�

� exp
�
i�o1 ÿ o2 ÿ ok� tÿ gt=2

�ÿ 1

�h�o1 ÿ o2 ÿ ok � ig=2� : �98�

We next substitute Eqns (97) and (98) in Eqn (5), and after
integrating over the directions of the photon wave vector we
obtain

i�hg
2
�
�

e�h

mec

�2
1

g1g2

���ŜF1;F2�
��2 2p�hc

1

�2p�3

� 4p
3

�1
0

dk k 5 1ÿ exp
�ÿ i�o1ÿo2ÿok� t�gt

�
�h�o1 ÿ o2 ÿ ok � ig=2� : �99�

Assuming that �o1 ÿ o2� t4 1 and gt5 1, we can follow
Heitler [26] in using the asymptotic representation

1ÿ exp
�ÿ i�o1 ÿ o2 ÿ ok� t� gt

�
o1 ÿ o2 ÿ ok � ig=2

! P

o1 ÿ o2 ÿ ok
ÿ ipd�o1 ÿ o2 ÿ ok� : �100�
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The first term in the right-hand side of asymptotic expression
(100), when integrated in the principal value sense, produces
insignificant radiation-induced energy level shifts in the
system and is disregarded in our further calculations.
Substituting asymptotic expression (100) in Eqn (99) then
gives

g � 2

3

�
e�h

mec

�2
a 2

�hc 5

�
E1 ÿ E2

�h

�5
1

g1g2

���ŜF1;F2�
��2 : �101�

The matrix element in the right-hand side of this formula is
calculated in Eqn (68). Substituting it gives the simple result

g � 2

3

�
e�h

mec

�2
a 2

c 5
�E1 ÿ E2�5

�h 6
: �102�

Comparing this with Eqn (79) for the probability of the
transitionW�2 1� in the N � 4 case gives

g � 20W�2 1� : �103�

The last equation indicates that the damping coefficient g is
equal, up to a constant factor, to the probability per unit time
of a system of four spins making the transition from the state
with the energy E1 to the state with the energy E2 in
accordance with the theory of radiation [26]. Using the series
expansion of the wave function in the interaction representa-
tion, Eqn (9), we can argue that in the case of a four-spin
chain, the wave function F1 is replaced with the function
F1 exp �ÿgt=2�. Such a replacement of the wave function F1

multiplies the matrix element (67) by exp �ÿgt�. As a result,
according to Eqn (70), the intensity of the magnetic dipole
radiation calculated with quantum field fluctuations taken
into account, hJ �1��t�i, is, in the case of a four-spin chain,
replaced with hJ �1��t�i exp �ÿgt�, i.e., becomes exponentially
decreasing.

We note that the damping coefficient g of the excited state
of a four-spin system and the half-width DE1 of the excited
level E1 are related by the simple relation DE1=�h � g due to
the time±energy uncertainty principle [26]. This relation can
be generalized to an arbitrary number of spins (which is even
in our case) with levels E1 > E2 > E3 > . . . > EN=2 as

DEi

�h
� gi �

X
j<i

W� j i� : �104�

We note that the width of a certain transition Ei ! Ek

is expressed as a sum of the widths of the two levels, Ei

and Ek,

gki � gi � gk : �105�

The quantities in Eqn (105) can be used to construct
decreasing exponentials exp �ÿgkit� that enter as factors in
the right-hand side terms of matrix element (67) and which
lead to an exponentially decreasing magnetic dipole radiation
intensity hJ �1��t�i when quantum field fluctuations are taken
into account.

5. Conclusion

We have presented the first (to our knowledge) comparative
analysis of the contributions of an averaged field and its
quantum fluctuations to the electromagnetic radiation
produced by a magnetic nanostructure. The specific example
chosen is a finite linear chain of N atoms with exchange

interaction between the electrons of neighboring atoms, as in
Heisenber's theory of ferromagnetism. For simplicity, each
atom is assumed to have only one electron participating in
exchange interaction. It is also assumed that in the initial
state, the spins of all atoms in the chain are aligned
unidirectionally except for the first two, which have their
spins flipped. Because of the exchange interaction, this initial
state generates waves of flipped spins propagating along the
chain.

The waves of flipped spins are calculated with natural
boundary conditions according to which the atoms at the
ends interact with only one neighboring atom; as a result, the
constant mode does not contribute to the solution of the
initial value problem for waves of flipped spins, thus imposing
some restrictions on the choice of boundary conditions.

The expressions we have obtained for the nonstationary
quantum amplitudes of spin flip waves for an even number of
spins are written in terms of eigenfunctions and energy
eigenvalues of the Heisenberg Hamiltonian; they have been
used to calculate the electromagnetic radiation generated by
such waves. Based on quantum electrodynamics equations, a
general theory is constructed to describe the electromagnetic
radiation from a nonstationary ensemble of spins, with
quantum fluctuations of the electromagnetic field taken into
account and with its source given by an ensemble of spins. By
analogy with electric dipole and electric quadrupole radia-
tion, magnetic monopole radiation and magnetic dipole
radiation have been introduced. Because the Heisenberg
Hamiltonian commutes with the total spin of the chain, the
monopole magnetic moment does not contribute to the
electromagnetic radiation. However, the dipole magnetic
moment of the chain does produce such radiation, because
the role of the total chain spin is here played by the sum of
weighted individual spins, which does not commute with the
Heisenberg Hamiltonian.

The intensity of the dipole magnetic radiation from a
nonstationary chain has been calculated both for the average
macroscopic electromagnetic field and with quantum field
fluctuations taken into account. Importantly, it is shown that
quantum field fluctuations increase the radiation intensity.
Furthermore, as the number of spins in the chain increases,
the dipole magnetic radiation intensity from a nonstationary
chain calculated for the averaged macroscopic electromag-
netic field becomes negligibly small compared to that
calculated with quantum field fluctuations.

The easy-to-understand general formulas presented for
themagnetic dipole radiation intensity from an arbitrary even
number of spins are written in terms of the matrix elements of
the weighted chain spin for transitions between Heisenberg
Hamiltonian eigenfunctions and in terms of the correspond-
ing energy eigenvalue differences. These general formulas are
also presented in terms of the transition probabilities of
flipped spins between excitation energy levels of the chain.
Also, an estimate is obtained (usingHeitler's damping theory)
of how the magnetic dipole radiation from a nonstationary
chain of flipped spins is damped due to the interaction of the
chain with the quantized electromagnetic field. Finally, the
relation is discussed between the radiation damping coeffi-
cient and the transition probability between energy levels of
the chain.
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