
Abstract. Low-emittance electron (positron) beams are essen-
tial for synchrotron light sources, linear collider damping rings,
and circular Crab Waist colliders. In this review, the principles
andmethods of emittance minimization are discussed, prospects
for developing relativistic electron storage rings with small
beam phase volume are assessed, and problems related to emit-
tance minimization are examined together with their possible
solutions. The special features and engineering implementation
aspects of various facilities are briefly reviewed.

Keywords: electron storage ring, emittance, brightness, syn-
chrotron light source

1. Introduction

The transverse phase volume (emittance) of a beam in an
electron storage ring is an important parameter that often
determines the setup operation efficiency. Very low emittance
is essential for damping rings, which prepare dense electron
and positron beams with extremely small dimensions in order

to obtain large luminosity in linear colliders [1]. Small
emittance is also important for circular e�eÿ colliders with a
Crab Waist collision scheme, in which bunches with very
small vertical size can intersect at a quite large angle [2]. The
new collision scheme results in luminosity enhancement by
one to two orders of magnitude with respect to traditional
head-on collision schemes. However, the highest demand for
ideas and approaches regarding emittance reduction is
provided by synchrotron radiation (SR) sources, because
their main parameterÐbrightnessÐ is determined by the
emittance [3].

Currently, there are over 40 operating storage rings
around the world used as SR sources, in which scientists
perform various kinds of research in the fields of physics,
chemistry, biology, medicine, geology, archaeology, and
material sciences. The SR from these sources is also used for
technological applications. This is the most popular type of
electron storage ring with ultrarelativistic energies
(E > 1 GeV).

There are several generations of SR sources, and the
emittance becomes smaller with every new generation. First-
generation storage rings had the horizontal emittance
ex � 300ÿ500 nm (emittance is measured in [m rad] units,
but for simplicity we omit the radian angular unit here and
hereafter) and were initially designed for particle physics
experiments. Second-generation storage rings were specia-
lized facilities with the emittance ex � 20±100 nm, used for
experiments with SR. Third-generation devices are now the
most popular and advanced ones, having the emittance
ex � 1ÿ10 nm and generating high-brightness X-ray beams.

Until recently, it was believed that the development of
X-ray radiation sources based on electron storage rings
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had reached its limit, and the fourth-generation term was
assigned to free electron lasers based on linear accelerators [4]
or multi-pass accelerator recuperators [5]. However, in 2014,
National Synchrotron Light Source II (NSLS II) started
operation at Brookhaven National Laboratory with the
electron beam energy E � 3 GeV, an orbit length of 792 m,
and ex � 0:5 nm [6]. In 2016, the MAX IV storage ring was
launched at the MAX IV laboratory at Lund University
(Sweden) with E � 3 GeV, a perimeter of 528 m, and the
emittance ex � 0:2ÿ0:3 nm [7]. An upgrade of the European
Synchrotron Radiation Facility (ESRF) has been started in
France (Grenoble) [8]. In fact, this will be a new storage ring
based on the existing infrastructure. This new device will have
the same energy and orbit length (6 GeV and 844 m), but its
emittance will be decreased by a factor of 30, to ex � 0:13 nm.
FollowingWinick, whowrote in [9] that every new generation
of radiation source improves one of the important parameters
(brightness, coherence, etc.) by approximately one order of
magnitude, we can assert the emergence of the new fourth
generation of circular SR sources.

Many laboratories in Europe, the USA, Japan, and China
have plans to create new (or upgrade existing) SR sources
with the horizontal emittance much lower than 1 nm. There
are discussions of the possibility of obtaining ex � 5ÿ10 pm,
which is comparable with the diffraction size of the radiation
source with l � 1 �A (see, e.g., [10]).

We note that such an impressive decrease in the phase
volume occurred not due to new ideas but due to gradual and
constant progress in physics and the technology of circular
accelerators of charged particles: the appearance of effective
simulation algorithms for beam motion and a magnetic field,
the design of lenses with shorter focal lengths, increase in the
beam parameter measurement accuracy, the development of
new vacuum technologies, etc.

In Russia, experiments on synchrotron radiation are
performed at the National Research Center `Kurchatov
Institute' (NRC KI) using the second-generation Kurchatov
SynchrotronRadiation Source (KSRS), which is based on the
Siberia-2 storage ring with an energy of 2.5 GeV and the
emittance ex � 90 nm [11], and at the Budker Institute of
Nuclear Physics (BINP) SB RAS using two storage rings,
VEPP-3 and VEPP-4M,1 which are mainly used for experi-
ments in the field of elementary particle physics (first
generation) [12].

2. Relativistic electron beam emittance

In a circular accelerator with an equilibrium orbit located in
the horizontal (median) plane, the transverse motion of an
ultra-relativistic electron is described by equations for
betatron oscillations,

d2x

ds 2
� Kx�s� x � 1

r�s�
DE
E0

; �1�

d2y

ds 2
� Ky�s� y � 0 ; �2�

where x and y are horizontal and vertical deviations of the
particle from the equilibrium orbit and the independent
variable s corresponds to the coordinate along the orbit.
Periodic functionsKx�s� andKy�s� are coefficients in Eqns (1)

and (2), and they depend on the vertical magnetic field at the
orbit By�s� and on its gradient G�s� � qBy=qx:

Kx�s� �
�
By�s�
Br

�2

� G�s�
Br

; Ky � ÿG�s�
Br

;

where the magnetic rigidity Br is related to the total
momentum p0 (the total energy E0) of an equilibrium
electron as Br � p0=e � E0=ce. The existence of the right-
hand side in (1) is explained by the fact that for a particle with
a nonequilibrium energy, the curvature radius r�s� in the field
By and hence the particle motion trajectory are different from
those in the case of the equilibrium energy E0. It is assumed
that there is no coupling between betatron oscillations (its
influence is discussed in Section 5.2).

Solving Eqn (2) gives vertical betatron oscillations in the
form (Floquet solution)

y�s� �
�����������������
2Jyby�s�

q
cos �fy�s� � f0y� ; �3�

where constants Jy and f0y are defined by the initial
conditions, and the betatron functions (the amplitude by�s�
and the phase fy�s�� are related as

fy�s� �
�s
s0

ds

by�s�
: �4�

Expression (3) describes pseudoharmonic oscillations
with the instantaneous amplitude Ay�s� � �2Jyby�s��1=2 and
instantaneous wavelength ly�s� � 2pby�s�, where the beta-
tron function is a periodic solution of the equation 2byb

00
yÿ

b 02y � 4b 2
y Ky � 4.

The integral in (4), taken along the orbit, is independent of
the integration limits and determines the betatron oscillation
frequency (in units of the circulation frequency)

ny � 1

2p

�
ds

by�s�
: �5�

It is obvious that the higher the focusing is, the higher the
betatron frequency.

Direct integration over the phase volume�
y 0 dy �

�
y 0

dy

ds
ds �

�
y 02 ds � Jy

shows that the constant of motion Jy is an action integral,
which is conserved in a conservative system.

The solution of (1) is different from (3) due to the nonzero
right-hand term. We express the horizontal displacement of a
particle as a sum of betatron and `energetic' motion,

x�s� � xb�s� � xE�s� � xb�s� � Z�s� DE
E0

; �6�

where we introduce a dispersion function Z�s�. Now, sub-
stituting (6) in (1), we obtain two equations: one for the
horizontal betatron motion (index b is omitted for x),

d2x

ds 2
� Kx�s� x � 0 �7�

and the other

d2Z
ds 2
� Kx�s� Z � 1

r�s� ; �8�1 VEPP: from the Russian abbreviation for Colliding Electron±Positron

Beams.
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with a periodic solution defining the dispersion function.
Expression (6) shows that a particle with a nonequilibrium
energy experiences betatron oscillations xb�s� around a new
dispersion orbit xE�s�. Horizontal betatron oscillations have
the same form as the vertical ones in Eqn (3),

x�s� �
������������������
2Jxbx�s�

p
cosfx ; �9�

x 0�s� � ÿ
�����������
2Jx
bx�s�

s
�sinfx � ax�s� cosfx� ; �10�

where the initial phase is set to zero (which can be done due to
the periodicity condition) and the parameter a�s� � ÿb 0�s�=2
is introduced. The prime stands for the derivative over s.

The constant, which is an integral of motion, can be
expressed as the Courant±Snyder invariant [13]

2Jx � gx�s� x 2 � 2ax�s� xx 0 � bx�s� x 02 ; �11�

where another parameter is introduced:

g�s� � 1� a 2�s�
b�s� : �12�

Expression (11) defines the phase trajectory of particles in
the �x; x 0� coordinates, which is easily seen to be an ellipse
(Fig. 1). The tilt of the ellipse axes varies during the particle
motion, but its area S � 2pJx is conserved.

For an ensemble of particles with different initial condi-
tions (that is, with different values of the action J), the
averaging of second moments of the beam distribution
function using (9) and (10) gives

hx 2i � bxhJxi ; hx 02i � gxhJxi ; hxx 0i � ÿaxhJxi : �13�

The root mean square emittance of the beam is the square
root of the second moment matrix determinant

ex �
��������������������������������������
hx 2ihx 02i ÿ hxx 0i2

q
� hJxi ;

where expression (12) is taken into account. This means that
the beam emittance is equal to an integral of motion averaged
over all particles of the distribution. The above considera-
tions are also valid for the vertical motion.

2.1 Betatron oscillation damping
due to synchrotron radiation
According to the Liouville theorem, for motion described by
Hamilton equations, an integral of action and, in particular,
the emittance are conserved. But a relativistic electron, while
rotating in a magnetic field, experiences acceleration and
emits energy. Precisely synchrotron radiation determines the
equilibrium emittance in high-energy electron storage rings.

SR is emitted into a narrow cone with a characteristic
angle � 1=g, g4 1, directed along the tangent to the
instantaneous trajectory of the particle. The radiation power
of a particle with an energy E moving along a circular orbit
with radius r in a transverse magnetic fieldB has the form [14]

Pg � cCg

2p
E 4

r 2
� e 2c 3Cg

2p
E 2B 2 ; �14�

where

Cg � e 2

3e0�m0c 2�4
� 8:846� 10ÿ5 m GeVÿ3 :

If nothing is done, the beam energy would decrease due to
SR, and dispersive orbit (6) would change continuously until
the beam is destroyed on the vacuum chamber wall. There-
fore, there are special devices in the storage rings, accelerating
resonators, which create a longitudinal radio-frequency (RF)
electric field in the equilibrium orbit. This field is phase-
synchronized to the moment of beam flight in such a way that
the average SR energy loss is compensated. However, the
resonator field restores only the longitudinal momentum of
the particle, while its transverse component diminishes. This
leads to betatron oscillation damping and hence to a decrease
in the beam emittance. The appearance of such a radiation
reaction force can be easily illustrated for vertical betatron
motion (Fig. 2).

We assume that the photon is emitted along the direction
of electron instantaneous motion (the influence of the non-
zero radiation cone angle � 1=g is discussed in Section 2.2),
and it results in a change in the total momentum p by a value
dp. After the emission, neither the particle coordinate nor the
trajectory tangent y 00 change compared to the equilibrium
orbit. However, after the flight through the resonator, the
longitudinal momentum of the particle is restored and the
trajectory slope changes:

y1 � y0 ;

y 01 �
py

p� dp
� py

p

�
1ÿ dp

p

�
� y 00

�
1ÿ dp

p

�
< y 00 : �15�

Substituting (15) in (11), we obtain a variation of the motion
integral [15]

dJy � ÿ�ayy0y 00 � byy
02
0 �

dp
p
:

x0

x
������������
2Jxbx

p
��������������
2Jx=gx

p

���������������
2Jx=bx

p

S � 2pJx

������������
2Jxgx

p

Figure 1. Phase ellipse defined by (11) with the area S � 2pJx.
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Figure 2.Decrease in the particle vertical momentum py due to SR.
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Averaging the last expression over the beam and using (13),
we obtain

dey � hdJyi � ÿey�ÿa 2
y � bygy�

dp
p
� ÿey dp

p
:

Because the radiation energy loss U0 during one revolu-
tion is small with respect to the total energy of the beam
E0 � p0c (usually, U0 � 10ÿ3E0), the particle momentum
variation is slow, and the momentum can be averaged over
the period T0, whence we have the following equation for the
vertical emittance:

dey
dt
� ÿ ey

T0

�
dp

p0
� ÿ U0

E0T0
e0 � ÿ 2

ty
ey ; �16�

with the solution

ey�t� � ey�0� exp
�
ÿ 2

t

ty

�
; �17�

where the damping time

ty � 2
E0

U0
T0 �18�

is related to the oscillation amplitude. Expressions (16) and
(17) describing phase volume damping contain an additional
factor of 2 because ey � A 2

y according to (3).
We now express the average radiative energy loss U0 due

to SR in terms of the storage ring parameters. From
expression (14) for the radiation power, we have

U0 �
�
Pg dt �

�
Pg

ds

c
� Cg

2p
E 4
0

�
ds

r 2
� Cg

2p
E 4
0 I2 ; �19�

where we introduce a notation for the second radiation
integral [16]

I2 �
�
ds

r 2
: �20�

We see that the betatron oscillation damping time (18)
depends on the cube of the beam energy and on the curvature
radius of the beam trajectory in themagnetic field: the smaller
the radius (the larger themagnetic field), the faster the vertical
emittance diminishes.

The damping mechanism is the same for horizontal
betatron oscillations. However, according to (6), the emis-
sion of a photon with an energy DEg results in a change
xE�s� � Z�s�DEg=E0 in the closed orbit about which the
betatron oscillations take place. This makes the calculations
more complicated and we only show the result without the
derivation, which can be found in circular accelerator text-
books (see, e.g., [17]):

ex�t� � ex�0� exp
�
ÿ 2

t

tx

�
; tx � 2

Jx

E0

U0
T0 ; �21�

where the dimensionless decrement

Jx � 1ÿ I4
I2

�22�

takes the influence on the damping of the specific magnet
lattice into account in terms of the radiation integrals I2 and

I4 �
�
Z
r

�
1

r 2
� 2

G

Br

�
ds : �23�

Although we consider the transverse emittance here, we
note for completeness that SR also leads to the damping of
longitudinal synchrotron oscillations. If the reduced electron
energy is different from the equilibrium one by d�t� � DE=E0

and its longitudinal coordinate with respect to the beam
center is z�t�, the longitudinal (`energy') emittance can be
defined similarly to the transverse one:

eE �
���������������������������������
hd 2ihz 2i ÿ hdzi2

q
:

Under the action of SR, the longitudinal emittance decreases
as

eE�t� � eE�0� exp
�
ÿ 2

t

tE

�
; tE � 2

JE

E0

U0
T0 ; �24�

where

JE � 2� I4
I2
:

It is easy to see that Jx � JE � 3. For a planar orbit
without the coupling of vertical motion with longitudinal
and horizontal ones, Jy � 1. Generally, this is not the case,
but a detailed analysis of damping of all three oscillation
modes shows that the Robinson theorem holds [18]:

Jx � Jy � JE � 4 : �25�

According to (25), the damping enhancement of any oscilla-
tion mode is accompanied by a damping reduction in another
mode.

2.2 Quantum effects of radiation. Equilibrium emittance
In the foregoing, we used a classical model of radiation (the
equations did not contain the Planck constant) and assumed
that the energy can be emitted in arbitrarily small portions.
These considerations led us to the result in (17) and (18),
which corresponds to a beam size reduction to zero.

In reality, the energy is emitted almost instantaneously,
randomly, and statistically independently by single photons
with DEg � �ho. Because the photon energy is much less than
the electron energy, the weak `kicks' that accompany every
emission event lead to particle velocity diffusion. Although
the quantum emission changes neither the coordinate x0 nor
the trajectory angle x 00, the orbit along which these quantities
are measured changes abruptly (Fig. 3) and, according to (6),
the new coordinate and angular deviation can be expressed as

xb � x0 � Z�s� DEg

E0
; x 0b � x 00 � Z 0�s� DEg

E0
:

Substituting these expressions in (11) and averaging over the
betatron oscillation phase and the distribution of particles in
the beam, we obtain the increase in the horizontal emittance
after one emission event:

Dex � 1

2

hDE 2
g i

E 2
0

H�s� ; �26�

H�s� � gx�s� Z 2�s� � 2ax�s� Z�s� Z 0�s� � bx�s� Z 02�s� : �27�

The function H�s� is often called the Courant±Snyder
dispersion invariant, although, strictly speaking, it is con-
stant only in the regions where the magnetic field is zero.
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If we multiply (26) by the average number of photons _N
emitted per unit of orbit length and integrate along the
storage ring perimeter P, then the obtained value charac-
terizes the average rate of emittance growth due to fluctua-
tions. Accounting for betatron oscillation damping (21) leads
to the equation

dex
dt
� 1

2E 2
0P

�
_NhDE 2

g iH�s� dsÿ
2

tx
ex :

The theory of SR provides the product of photon emission
frequency and photon root-mean-square energy in the form

_NhDE 2
g i � 2Cqg 2E0

Pg

r
;

Cq � 55

32
���
3
p �h

mc
� 3:832� 10ÿ13 m : �28�

Using this expression together with (14), we obtain

dex
dt
� Cqg 2

2

Jxtx

I5
I2
ÿ 2

tx
ex ;

where we introduce the fifth radiation integral

I5 �
�

H�s���r 3�s��� ds : �29�

Balancing the quantum induced oscillations and `classical'
damping of betatron oscillations, defined by the condition
dex=dt � 0, leads to the equilibrium emittance

ex � Cqg 2
I5
JxI2

: �30�

The equilibrium emittance depends on the electron energy
(quadratically), on the optical functions of the storage ring
(via the H�s� function), and on the radii of the bending
magnets. Generally, expression (30) holds for small currents
(the emittance increases for high currents), and it does not
take the possible coupling of transverse oscillations into
account.

For a planar orbit without coupling of transverse degrees
of freedom, the vertical function vanishes,Hy�s� � 0, and the
quantum induced mechanism described above is absent.
Reducing the vertical emittance to zero is limited by the
finite angle of emission quanta � 1=g, which leads to the
equilibrium value

eymin � 13

55

Cq

Jy

�
ds by�s�=jr 3j�

ds 1=r 2
; �31�

which is very small (approximately 1=g 2 times the equilibrium
horizontal emittance). For a real storage ring, the vertical
emittance is determined by the coupling of transverse
oscillations, by the vertical orbit distortion, which leads to
the appearance of Hy�s� 6� 0 (characteristic values ey �
�10ÿ3ÿ10ÿ2� ex), by the scattering of particles on each other
inside the bunch, and by other effects.

The simultaneous action of the quantum `noise' and
damping (24) also determines the equilibrium longitudinal
emittance. The steady-state relative root-mean-square disper-
sion of the particle energies sd in the beam can be found using
the relation

s 2
d � Cqg 2

I3
JEI2

; I3 �
�

ds

jr 3j ; �32�

and the longitudinal size of the bunch

sz � ac
os

sd ; �33�

where os is the frequency of small synchrotron oscillations
and the factor a, which characterizes the change in the orbit
length for a particle with a nonequilibrium energy,

DP
P
� da ;

is defined using the first radiation integral:

a � I1
P
� 1

P

�
Z�s�
r

ds : �34�

We note that the energy spread in the beam, Eqn (32),
depends solely on the storage ring energy and the curvature
radius of the equilibrium orbit and does not depend on the
parameters of the accelerating system. At the same time, the
longitudinal size of the beam, Eqn (33), depends on the
synchrotron oscillation frequency and can be controlled by
changing the parameters of the accelerating system (for
example, the voltage on the resonator gap or the RF field
oscillation frequency).

For all three degrees of freedom, the photons are emitted
in small portions (with respect to the electron energy) with the
emission events being random and statistically independent.
Using the central limit theorem, it can be shown that the
stable particle distribution over all coordinates is Gaussian.
For example, in the case of the horizontal coordinate,

C�x� � 1���
2
p

sx
exp

�
ÿ x 2

2s 2
x

�
;

where sx �
���������
exbx

p
is the root-mean-square size of the beam.

We note, however, that the radiation source size is not
necessarily equal to the betatron size. If the radiation is
emitted from the azimuth s with the dispersion function
Z�s� 6� 0, then, due to energy diffusion, the effective root-
mean-square size of the source is expressed as

sx eff �
�����������������������������������������
exbx �

�
Z�s�DE

E0

�2
s

: �35�

3. Lattice function optimization

To achieve low emittance for a given energy, we can, in
accordance with (30), increase the damping (increase the

DEg � �ho

x0 � Z�s�DE0

E0 x � Z�s�DE0 ÿ DEg

E0

Dx�ÿZ�s�DEg

E0

Figure 3. Betatron oscillation amplitude change due to the quantum

character of emission.
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integral I2), optimize the optical functions in the bending
magnets (decrease I5), or increase the decrement Jx in Eqn (22)
by varying the integral I4. All these methods are used,
although the last one is limited by the condition Jx � JE � 3.
Increasing Jx decreases JE, which can lead to the enhance-
ment (`antidamping') of synchrotron oscillations. Even if the
motion remains stable, this results in an increase in energy
spread (32) and bunch length (33), which is often undesirable
for experiments with a short time resolution.

We qualitatively analyze consequences of the emittance
reduction problem. For an isomagnetic lattice (bending
radius of the magnets r�s� � const), when the beating of the
betatron functions is small, the dispersion function can be
approximated as [19]

Z�s� �
�
aR
nx

bx�s�
�1=2

;

where R is the average radius of the storage ring (P � 2pR),
nx is the horizontal betatron oscillation frequency, and
momentum compaction factor (33) in a smooth approx-
imation is a � nÿ2x . Substituting these expressions in (27),
we obtain the following expression for equilibrium emit-
tance (30):

ex � Cqg 2

Jx

R

rn 3x
: �36�

To decrease the emittance, it is expedient to increase the
magnet curvature radius, but this would lead to a larger
storage ring size. The most efficient way is to increase the
focusing and the betatron oscillation frequency nx. Vice versa,
lattice function optimization for emittance reduction is often
accompanied by stricter requirements for the focusing.

Expression (36), despite its simplicity, gives a rather good
estimate for the equilibrium emittance, even for modern
storage rings with a large beating of the betatron functions.
For example, in the case of the Sibir-2 SR source at the
Kurchatov Institute [11] with the beam energy 2.5 GeV,
nx � 7:7, R � 19:7 m, r � 4:9 m, R=r � 4, and Jx � 1,
estimate (35) gives the emittance 80 nm, while its exact value
is around 90 nm.

3.1 Basic principles of magnet lattice optimization
In the late 1960s±early 1970s, in order to generate SR, scientists
used synchrotrons and storage rings designed for particle
physics. The first magnet lattice of an SR-dedicated storage
ring was developed in 1975 by Chasman and Green [20].
Because the storage ring energy E � 1:5 GeV was not large,
it was suggested that hard radiation be obtained by installing
several periodic alternating magnets (wigglers) with a strong
magnetic field (up to 4 T). Such devices need straight sections
with zero dispersion and small values of the betatron
functions (see Section 4.3), and this problem was successfully
solved in the Chasman±Green (CG) lattice.

The storage ring consisted of six identical cells (super-
periods); each included two achromatic bends separated by
quadrupole lens triplets and a straight section with a zero
dispersion function (Fig. 4a). The achromatic bend was
constructed using two bending magnets (divided into two
parts in the original CG lattice) with a focusing lens between
them. In order to obtain a small beam size and high radiation
brightness, the betatron functions in the magnets had to be
small. Although there was no special optimization of the
horizontal emittance in the CG lattice, small values of the bx
and Z functions in themagnets decreased the emittance by one
order of magnitude compared with `conventional' electron
storage rings with the same energy.

If the CG lattice is modified such that each superperiod
contains only one achromatic bend, the Double Bend
Achromat (DBA), lattice is obtained, as shown in Fig. 4b.
This simple, robust, and compact lattice (especially if lens
doublets are used instead of triplets) became the basis ofmany
second- and third-generation SR sources.

The first expression for the minimal emittance was
obtained for the DBA lattice of the Sibir-2 SR source [21]
created by the BINP SB RAS for the Kurchatov Institute. At
approximately the same time, research on electron storage
ring emittance optimization was performed in other labora-
tories around the world [22, 23].

For an isomagnetic lattice, r�s� � const and equilibrium
emittance (30) can be expressed as

ex � Cqg 2

Jx
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where angular brackets denote the averaging of the dispersion
invariant H�s� over the ring magnets. On the edge of the
magnet adjacent to the dispersionless section, Z � Z 0 � 0.
Inside the magnet,

Z�y� � r�1ÿ cos y� ; Z 0�y� � sin y ; �38�

where y � s=r is the bending angle in the field of the magnet.
We assume that the betatron function in the magnet has a
minimum bxm�ym�. Then, neglecting weak focusing in a
uniform field, we obtain

ax�y� �
�
bxm
r
ÿ r
bxm

�
sin �yÿ ym� cos �yÿ ym� ;

bx�y� � bxm cos2�yÿ ym� � r 2

bxm
sin2�yÿ ym� :

Substituting these expressions together with (38) in (37) and
calculating

hH i � 1

y0

� y0

0

H�y� dy ;

where the full magnet bend angle is y0 � L0=r, we obtain

hH i � A

�
bxm �

r 2

bxm

�

�
�
bxm ÿ

r 2

bxm

��
B cos �2ym� � C sin �2ym�

�
; �39�

where the functions A, B, and C are defined as

A � 1ÿ 1

y0
sin y0 ; B � 1

y0

�
sin y0 ÿ 1

4
sin �2y0� ÿ y0

2

�
;

C � 1

y0

�
ÿ cos y0 � 1

4
cos �2y0� � 3

4

�
:

By finding theminimum (39) from the condition dhH i=dym �
dhH i=dbxm � 0 and expanding the obtained expressions in a
series in y0 5 1, we obtain

ym � 3

8
y0

�
1ÿ 1

240
y 2
0 � . . .

�
;

bxm � r

��������
3

320

r
y0

�
1� 47

6720
y 2
0 � . . .

�
; �40�

hH i � r

4
�����
15
p y 3

0

�
1ÿ 11

210
y 2
0 � . . .

�
: �41�

Disregarding the terms in parentheses, which are quadratic in
y0, we obtain the minimal emittance of the DBA (or CG)
lattice:

eDBA � Cqg 2

Jx

y 3
0

4
�����
15
p ; �42�

which for Jx � 1 is

eDBA�m� � 9:5� 10ÿ8 E 2 �GeV� y 3
0 : �43�

The expressions presented show that the emittance can be
decreased by dividing the storage ring into a large number of

superperiods that contain magnets with a small bending angle
y0. However, this result also explains the complications of
emittance reduction. The optimal betatron function accord-
ing to (40) is

bxm � r

��������
3

320

r
y0 � L0

10
;

where L0 is the magnet length. The smaller L0 is, the smaller
the required minimal beta function and the stronger should
the focusing be. This creates problems, both technological
(quadrupole lenses with a large field gradient are needed) and
dynamical (see Section 5).

3.2 Review of low-emittance lattices
Simple expression (42) stimulated research on other types of
magnet cells for low-emittance storage rings. It turned out
that for any of them, the minimal emittance can be expressed
as

exmin � F
Cqg 2

Jx
y 3
0 ; �44�

where the factor F describes the cell features, for example,
FDBA � 1=�4 �����

15
p �. The minimum value of F can be obtained

if the achromaticity of the bend is not required. At the same
time, horizontal betatron and dispersion functions must have
a minimum at the center of the magnet:

bxm �
L0

2
�����
15
p ; Zm �

y0L0

24
: �45�

In this case, the minimum emittance can be expressed as

eTME � Cqg 2

Jx

y 3
0

12
�����
15
p : �46�

This lattice is called the Theoretical Minimum Emittance
(TME) lattice, and FTME � 1=12

�����
15
p � FDBA=3. Character-

istic dependences of optical functions for a TME lattice
consisting of a central magnet and two quadrupole lens
doublets are shown in Fig. 5.

The disadvantage of the TME lattice is the nonzero
dispersion function in the straight sections, which limits the
application of wigglers and undulators, which are the main
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radiation sources in modern storage rings. Therefore, it is
natural to combine low-emittance TME magnets with DBA
magnets providing zero dispersion in straight sections. This
combined lattice was named the MBA (Multiple Bend
Achromat) lattice, with M referring to the total number of
magnets in a superperiod.

As an example, in Fig. 6 we show a superperiod of the 7BA
SR source MAX IV [24]. Its central part consists of five TME
magnets. To the left and to the right of them two more
magnets are placed in order to set the dispersion function to
zero. The magnets are equipped with a vertical focusing, and
it is therefore sufficient to place only one focusing lens
between them, which makes the whole superperiod more
compact.

It seems that the MBA minimum emittance should be the
sum of the corresponding DBA (two magnets on the edges)
and TME contributions. As an example, we consider a lattice
with one central magnet (Triple Bend Achromat, TBA), for
which the minimum emittance according to (42) and (46) is

eTBA � 2

3
eDBA � 1

3
eTME � 7

9
eDBA : �47�

However, the matching of optical functions between the edge
DBA magnet (length L1 and radius r1) and the central TME
magnet (L2 and r2) leads to the condition [25]

L 3
2

r 2
2

� 3
L 3
1

r 2
1

: �48�

In the case of an isomagnetic lattice, r1 � r2 and Eqn (46)
gives L2 �

���
33
p

L1. If we set L1 � L2, the condition r1 �
���
3
p

r2
should be satisfied. It is possible to choose other values for the
field and the length of central and edge magnets that satisfy
condition (48) and which slightly change the TBA lattice
minimum emittance [26]. For an isomagnetic lattice, the
minimum emittance

eTBA � Cqg 2

Jx

y 3
TBA

4
�����
15
p �49�

has the same form as for the DBA lattice (42), but because
y1TBA < y0DBA, the TBA storage ring emittance can be smaller
than the DBA emittance. For example, using the average
TBAmagnet bend angle yTBA��2y1TBA � y2TBA�=3 � y0DBA,

we obtain [26]

eTBA �
�

3

2� ���
33
p
�3

eDBA � 0:66eDBA :

In the general case of the MBA, the expression for the
minimum emittance of an isomagnetic lattice coincides with
(42):

eMBA � Cqg 2

Jx

y 3
1MBA

4
�����
15
p ;

where the bend angle of an edge magnet y1MBA in a ring with
N superperiods can be found from the relation

2y1MBA � �Mÿ 2� y2MBA � 2p
N
:

The FODO 2 cell is a simple, compact magnet cell using
the minimum number of elements (Fig. 7). Because the
minima of the horizontal betatron and dispersion functions
are located outside the magnet (in a defocusing lens), the
FFODO factor is large compared with the F factors of the
lattices described above. However, for a storage ring with a
fixed length, the number of magnets in the FODO configura-
tion is larger than in other lattices with the same length (due to
the FODO compactness) and hence the emittance can be
small due to the small value of y 3.

In the thin-lens approximation (the focal length f is
much larger than the lens length), the FFODO factor (44) has
the form [27]

FFODO � 1ÿ �3=4� sin 2 mx
cos mx sin

3 mx
; �50�

where mx is the phase over half the cell length. The FFODO

dependence on the full increase in the betatron phase per cell,
2mx, is shown in Fig. 8.

The minimum value FmFODO � 1:2 is attained at
2mx � 137�. For the full increase in the betatron phase per
cell, 2mx � 90� FFODO90

� 2
���
2
p

.
There is some conventionality in the magnet lattice

classification. For example, the MBA cell shown in Fig. 6 is
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precisely a FODO lattice in which the defocusing lens and the
bending magnet are combined. Presumably, such a lattice
was first used due to its compactness in the VEPP-3 and
VEPP-4 storage rings at the BINP SB RAS [28].

Table 1 summarizes the results of emittance optimization
in various magnet lattices. Key explanations and the notation
are given in the text. We recall that TBA and MBA are
combined cells, which use magnets with different lengths (an
isomagnetic field is assumed); therefore, in order to compare
different lattices, the F factor is given for the average over the
magnet bend angle, as was explained above.

For all lattices except FODO, theminimum emittance was
obtained under the condition that the superperiod provides
an achromatic bend. If we allow the dispersion function to be
nonzero in straight sections, then the emittance can be further
reduced by a factor of 1:5ÿ2. In this case, we should
additionally take into account that due to the increase in the
effective beam size [see (35)], the brightness of the undulator
radiation can decrease and, if there is a wiggler with a strong
field installed in the straight section, the emittance can even
increase (see Section 4.3).

The first dedicated synchrotron radiation sources were
still using the FODO lattice [Photon Factory (Japan) and

Double Ring StoreÐDORIS (Germany)]. With the emit-
tance reduction methods being developed, various versions of
the DBA and TBA lattices are becoming popular. Examples
of DBA SR sources are the Elettra (2 GeV, Italy) or the
Advanced Photon SourceÐAPS (7 GeV, USA). TBA SR
sources are the Pohang Light SourceÐPLS (S. Korea), the
Advanced Light SourceÐALS (USA), and the Taiwan
Photon SourceÐTPS (Taiwan). In storage rings built over
the last few years using the MBA lattice, the emittance is
significantly lower than 1 nm as, for example, in MAX IV
(Sweden) or ESRF Extremely Brilliant SourceÐEBS
(France).

In concluding this section, we note that the above
minimum emittance values cannot be achieved in practice,
because that would require too rigid focusing, fraught with
various technological and dynamical problems. It is the
developer's skill that defines how close one can get to these
minimum values. For example, a 7 GeV APS storage ring
provides ereal=emin � 3:6 and the Elettra SR source at Trieste
provides ereal=emin � 1:4 (here, magnets with a transverse
field gradient are used, which we consider in Section 4).

References to electronic resources that describe various
SR sources can be found in [29].

4. The use of special magnets

After optimizing the magnet lattice, one can additionally
reduce the emittance by using special magnets, like those with
a transverse or longitudinal field gradient, as well as magnetic
wigglers (periodic magnetic systems), which create an alter-
nating field on the beam orbit.

4.1 Magnet with a transverse field gradient
Magnets with a transverse field gradient G � qBy=qx have a
double effect on the emittance. The appearance of the
gradient changes the behavior of the lattice functions
entering H�s� in (27), and optimization for TME then
provides the minimumH�s� averaged over the magnet:


HTME�K�
��
HTME�0�

�
�
�
1ÿ 3

70
KL 2 � 17

19600
K 2L 4�. . .

�
; �51�

Table 1.Minimum emittance for various magnet lattices.

Lattice F Optimization conditions

FODO90

� 2
���
2
p

2mx � 90� ;
f

L
� 1���

2
p

FODOmin � 1:2 2mx � 137�

DBAmin

1

4
�����
15
p Z0 � Z 00 ; bx0 � L

�����
12

5

r
; a0 �

�����
15
p

TBA
1

4
�����
15
p

�
3

2� ���
33
p
�3

� 0:66

4
�����
15
p r1 � r2 ; L2 �

���
3

3
p

L1

MBA
1

4
�����
15
p

�
M

2� �Mÿ 2� ���
33
p
�3 r1 � r2 ; L2 �

���
3

3
p

L1

TME

1

12
�����
15
p Zmin �

Ly
24

; bxmin �
L

2
�����
15
p

30

20

10

FFODO

30 60 90 120 150 180

2mx, deg

Figure 8. FFODO [see Eqn (50)] versus the full increase in the betatron phase

2mx per FODO cell.

January 2018 Low emittance electron storage rings 37



whereK � G=�Br� is the reduced focusing coefficient andL is
the magnet length. As a result, the mean dispersion invariant
increases for a defocusing magnet (K < 0) and decreases for a
focusing one (K > 0).

The other, stronger, effect is related to the change in the
radiation integral I4, Eqn (23), which determines horizontal
and longitudinal damping decrements. The possibility of
reducing the horizontal emittance by using gradient magnets
was first pointed out by Vignola [30]. In the approximation of
a small bending angle of a dipole, y5 1,

Jx � 1ÿ 1

6
KL 2 � 1

180
K 2L 4 � . . . : �52�

After comparing the coefficients in (51) and (52), it is easy to
see that the net effect ex � hH i=Jx is a decrease in emittance
for a defocusing magnet, and an increase for a focusing one.
Aswe havementioned, the increase in the horizontal damping
decrement leads to a decrease in the longitudinal decrement;
therefore, in practice, we obtain values Jx � 1:5ÿ2:0. A
positive feature of a defocusing bending magnet is the
reduction in the number of vertically focusing quadrupole
lenses, which makes the magnet lattice more compact.

Defocusing bending magnets are used in SR sources such
as Elettra (B�1:21 T,G � ÿ2:86 Tmÿ1) [31], ALS (B � 1 T,
G � ÿ4 Tmÿ1) [32], and PLS II (B � 1:45 T,G � ÿ4 Tmÿ1)
[33]. The gradient is small compared with the gradient in
quadrupole lenses, but the magnet length of � 1 m provides
noticeable vertical focusing.

4.2 Magnet with a longitudinal field gradient
To obtain a low emittance, the horizontal betatron and
dispersion functions should be minimal on some azimuth of
the bending magnet and increase as in open space outside it
(neglecting the weak focusing � rÿ2). Along with these
functions, H�s� also increases. But because the integrand in
(29) includes the term H�s�=jr3j, the increase can be
compensated by making the field B � 1=r large in the region
whereH�s� � min, and decreasing as the dispersion invariant
increases. The integral I5 and the resulting emittance should
then be lower than those in the isomagnetic case. These
considerations are valid for any lattice, but for simplicity
and clarity we consider only the TME lattice in what follows
(H�s� reaches its minimum in the magnet center).

Using magnets with a longitudinal gradient in order to
additionally decrease the emittance was first proposed by
Wrulich in 1992. This proposal remained unpublished at that
time and the corresponding article [34] appeared only in 2007.
Numerical optimization of a magnet with a longitudinally

inhomogeneous field was discussed in 2002 [35]. The orbit
curvature changed from the center to the edge of the magnet
according to the equation 1=r�s� � b=�1� as�l, where a and b
are constants. It was shown that the emittance reaches its
minimum for l � 1, that is, for an almost linear increase in the
magnet bend radius. With an unlimited maximal field, the
emittance could be made arbitrarily small.

The minimum emittance for various field profiles along a
magnet was studied analytically and numerically in [36±40].
The problem that arises is that the optimization procedure
turns out to be very laborious, resulting in complicated
expressions, which can be investigated only numerically.
However, expanding the exact expressions in a series in the
magnet bending angle allows obtaining simple dependences
that can be used to identify general trends and give a
recommendation for the parameters of the magnet with
longitudinal field variation. Below, we follow the considera-
tions in [41, 42].

We consider a magnet in which the curvature radius is
minimal in the center rc and increases linearly at the edges to a
value rs, as shown in Fig. 9:

r�s� � ks� rc �
2�rs ÿ rc�

L
s� rc ; �53�

where k is the longitudinal gradient andL the full length of the
magnet. The field has its maximum Bc in the center and
decreases hyperbolically to Bs at the magnet edges.

The full bending angle in such a field is

y � 2 ln �rs=rc�
k

� 2y

k
:

Substituting (53) in (1) and (8), calculating the lattice
functions and the dispersion invariant, and optimizing
equilibrium emittance (30), we obtain [41]

eLR min � Cqg 2

Jx

y 3

12
�����
15
p 3

�����
15
p

exp �ÿy�
y 3
ÿ
exp �y�ÿ1�

�
A�y�B�y�
exp �2y�ÿ1

�1=2

;

�54�
where y � ky=2 � ln�rs=rc� � ln�Bc=Bs�, and two auxiliary
functions are expressed as

A � �4yÿ 23� exp �4y� � 8�y� 5� exp �3y�

ÿ �y 2 � 12y� 10� exp �2y� ÿ 8 exp �y� � 1 ;

B � 2 exp �2y� ÿ y 2 ÿ 2yÿ 2 :
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Figure 9. Profiles of (a) the magnetic field and (b) the bending radius for a magnet with a longitudinal gradient k.
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The obtained expressions are quite cumbersome for analysis,
but by expanding them in series in y < 1, we find a simple
dependence that shows how the minimum emittance changes
compared with the minimum emittance in a homogeneous
field, Eqn (46):

eLR min � eTME

�
1ÿ 9ky

32
� 2337k 2y 2

71680
ÿ . . .

�
: �55�

Here, eTME was calculated for BTME � Bc and yTME � y. It
turns out that the additional reduction in the emittance
depends only on one parameter, y � ln �Bc=Bs�. Figure 10
shows the relative decrease in the minimum emittance for a
magnet with the curvature radius increasing linearly with y.

For the considered magnet, the emittance decrease is
limited by the maximal field value in the center. For a
reasonable value of the gap between the magnetic poles
(several centimeters), usingmodern superconducting technol-
ogies, we can presumably obtain Bc � 10 T [43]. It may seem
that for a field reaching zero values at the edges, Bs ! 0
(y!1), an arbitrarily small emittance can be obtained. But
if the bending angle and the field at the center are fixed, the
magnet length would increase (Bs ! 0, L!1), which is
unacceptable due to the increase in the storage ring
perimeter.

Two other models of the longitudinal variation of the
magnetic field were considered in [42]. For a sandwich-dipole
(SD) field (strong in the center and weak at the edges), there is
a principal limitation for the emittance reduction: eSD �
0:22 eTME, where eTME corresponds to a magnet with a
homogeneous field equal to the central field of the SD
magnet and with the bending angle equal to the full bending
angle of a gradient magnet. When approaching this limit, the
central field grows infinitely, while the edge field decreases to
zero, and the bending angles of the central and edge magnets
turn out to be equal.

Another popular model of a magnet with a longitudinal
field gradient combines the properties of the two models
described above: the field in this magnet is constant in the
center and decreases hyperbolically at the edges. The exact
solution for the minimum emittance is very cumbersome (the
expression is several dozen lines long), but the expansion in a

series in y � ln�Bc=Bs� allows interpreting the results quite
easily. The resulting series is similar to (54), but its coefficients
are not constant, instead being functions of the ratio between
the decreasing field bending angle and the full angle y:

eLRFT min � eTME

ÿ
1� a1�p� y� a2�p� y 2 � a3�p� y 3 � . . .

�
;

where p � ys=y, and ai�p� are polynomials. For example,

a1�p� � ÿ 1

32
p
ÿ
5p 4 ÿ 30p 3 � 74p 2 ÿ 96p� 56

�
:

Calculations show that the optimal value providing the
minimum emittance is p � 0:5.

The use of magnets with a longitudinal field gradient is a
very promising method for the additional emittance reduc-
tion. For example, in the ESRF upgrade project, dipoles are
used in which the magnetic field changes along the orbit from
0.65 T to 0.16 T.

4.3 Emittance reduction using wigglers
Emittance reduction using periodic magnetic systemsÐ
wigglersÐwas considered in detail in [44]. Some of these
results are presented in this section.

A wiggler consists of a set of alternating magnets, which
increases the radiation reaction force and under certain
conditions leads to a decrease in the beam emittance. If we
write the radiation integrals separately for the ring magnets
and for the wiggler, In � In0 � Inw, then the relative emittance
change can be expressed as

re � exw
ex0
� 1� I5w=I50

1� I2w=I20
: �56�

The vertical field along the wiggler axis z (we consider only the
regular region and ignore the contribution of edge poles) can
be described in the cosine model framework,

By�x � y � 0; z� � Bw cos �kwz� � Bw cos

�
2p
lw

z

�
;

where Bw and lw are the amplitude and the period of the
magnetic filed. Using this model, an estimate can be found for
the radiation integral in a wiggler with the number of periods
N, the lengthLw � Nlw, and themean value of the horizontal
betatron function bx�z� � �bx:

I2w � 1

2
h 2
wLw ; I5w � 8

15
Nywh 2

w

�
5Z 2

w0

�bx
� �bxy

2
w

�
: �57�

Here, hw � 1=rw � Bw=�Br� is the maximal curvature of the
trajectory in the wiggler, yw � hw=kw is themaximal deviation
angle of the orbit from the wiggler axis, and Zw0 is the
dispersion function on the straight section of the storage
ring in which the device is installed. In I5w, we show only the
lowest-order terms in the angle yw 5 1. The fifth integral in
(57) reaches its minimum at Zw0 � 0. But because the
dispersion function cannot be set precisely to zero in the
straight section, it is reasonable to set a practical threshold
below which the influence of the residual dispersion on the
resulting emittance is considered small:
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Figure 10.Relative minimum emittance for a magnet with a linear increase

in the curvature radius. Solid curve corresponds to exact solution (54),

while the dashed one is approximation (55).
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Under this condition, the fifth radiation integral of the
wiggler can be expressed as

I5w � 8

15
Ny 3

wh
2
w

�bx :

Substituting I5w and I2w in (56), we obtain

re � 1� 8Ny 3
wh

2
w

�bx=�15I50�
1� h 2

wLw=�2I20� : �58�

Figure 11 shows the typical dependence of the re function
in Eqn (58) on the wiggler field amplitude. For a given field
period, when increasing its amplitude, the emittance first
decreases due to the additional damping and then increases
due to the enhancement of quantum induced oscillations. The
minimum of the curve in Fig. 11 provides the amplitude of the
wiggler field for which the emittance is minimal.

The wiggler influences not only the emittance but also
other beam parameters, including the energy spread. For the
cosine field model, the third radiation integral in Eqn (32)
increases by

I3w � 4

3p
h 3
wLw : �59�

The intention is to make the magnetic wiggler field
homogeneous in the horizontal direction, but the edge
focusing of the poles leads to a modification of the vertical
betatron function and to a shift of the vertical betatron
frequency by

Dny � 1

8p
h 2
wLw by ; �60�

where by is the vertical betatron function of the wiggler
averaged over its length. To compensate these parasitic
effects, the vertical betatron function in the wiggler is
designed to be small, and special quadrupole lenses are used
to compensate the vertical focusing variation.

Twenty damping wigglers developed and fabricated at the
BINPSBRASwith a net length of 80m, the period lw�0:2 m,
and the field amplitude Bw � 1:5 T resulted in a four-fold
reduction in the horizontal emittance of the PETRA III
(Positron±Electron Tandem Ring Accelerator III) SR source
with the energy of 6 GeV, reaching a record small value
ex � 1 nm [45].

4.4 Robinson wiggler
In a storage ring that uses homogeneous-field magnets, the
emittance can be decreased by redistributing the damping
decrements (as was considered in Section 4.1) using the
gradient wiggler proposed by Robinson [18].

The Robinson wiggler is a sequence of magnets in which
the field and the gradient change such that their product is
negative (Fig. 12). The field integral is chosen to be such that
the beam orbit is not disturbed outside the wiggler. A device
installed in the gap with a nonzero dispersion function creates
a horizontal dimensionless damping decrement given by (22),

Jx � 1ÿ Z
pjhw0j

� Lw

0

hw�z�Kw�z� dz ; �61�

where Z is the dispersion function averaged over the wiggler
length, jhw0j is the orbit curvature modulus (the field of each
pole has the same absolute value), and Kw � �qBy=qx�=�Br�
is the reduced field gradient.

Using the Robinson wiggler at the Proton Synchrotron
(PS) at CERN allowed reducing the horizontal emittance by
50% [46]. Currently, there are plans to install a gradient
wiggler in the following SR sources: SOLEIL 3 (France) [47],
TPS (Taiwan) [48], and Metrology Light SourceÐMLS
(Germany) [49].

5. Problems of emittance reduction

Reaching limit values of the parameters is always accompa-
nied by overcoming both technological and fundamental
difficulties. A detailed description of such difficulties related
to low-emittance storage rings would be too long. In this
section, we briefly consider some of themain problems related
to the beam dynamics. Technological difficulties related to
the construction of low-emittance storage rings are discussed
in examples in Section 6. Details can be found, e.g., in [50].

5.1 Chromatic correction and dynamic aperture
The coefficients in Eqns (1) and (2) depend on the particle
energy; if it is different from the equilibrium value,
E � E0 � DE � E0�1� d�, where d � DE=E0 5 1, the parti-
cle is focused differently than the equilibrium one, in
accordance with

Kx; y�d� � G

Br�1� d� � Kx; y�0��1ÿ d� :
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Figure 11. Relative variation of the beam emittance due to the wiggler

influence.
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Figure 12. The Robinson wiggler. Dashed line schematically shows the

beam orbit.

3 (French) Source Optimis�ee de Lumi�ere d'Energie Interm�ediaire du

LURE (Laboratoire pour l'utilisation du rayonnement �electromagn�e-
tique).
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The focusing strength dependence on the energy, known as
the chromaticity, can be regarded as a systematic error in the
focusing coefficient,

DKx; y�s� � ÿKx; y�s� d ; �62�

leading to the dispersion of betatron frequencies in the beam,
a distortion of the optical functions, and limits on steady
motion for a nonequilibrium particle, as well as other
undesired effects. The betatron oscillation frequency can be
expanded in a series in the particle energy deviation

n�d� � n0 � x1d� x2d
2 � . . . ; �63�

where

x1 �
dn
dd

�64�
is known as the linear natural chromaticity of the betatron
frequency and can be estimated as (we omit the subscript in
what follows)

xx; y � ÿ 1

4p

�
Kx; y�s� bx; y�s� ds : �65�

It can be seen from expression (65) that the tighter the
focusing is (which is needed for the emittance reduction), the
larger the storage ring chromaticity. Table 2 shows values of
the natural chromaticity divided by the number of super-
periods (xx; yc � xx; y=Nc) together with other parameters for
three SR sources of different generations.

To compensate the chromaticity, sextupole lenses (SLs)
are used, in which the field depends quadratically on the
coordinates:

By�s� � 1

2
B 00�s��x 2 ÿ y 2� ;

Bx�s� � B 00�s� xy ; B 00 � qBy

qx 2
: �66�

If a sextupole lens is placed in the azimuth where the
dispersion function Z�s� 6� 0, then because the horizontal
displacement of the particle with nonequilibrium energy is
given by [Eqn (6)]

x�s� � xb�s� � Z�s� d ;

it follows that field (66) that acts on the particle can be
represented (up to d) as

By � �B 00Z� dxb � B 00

2
�x 2

b ÿ y 2� ;

Bx � �B 00Z� dy� B 00xby : �67�

The first term in (67) depends on the betatron coordinate
linearly and, similarly to (62), is an energy-dependent
focusing correction,

DKSL�s� � B 00�s�
Br

Z�s� d � m�s� Z�s� d ;

which can be used for the linear chromaticity compensation in
accordance with

x SL
x; y � �

1

4p

�
B 00�s�
Br

Z�s� bx; y�s� ds ; �68�

where the + sign corresponds to the vertical plane.
The smaller the emittance is, the tighter the focusing, the

larger the chromaticity, the smaller the dispersion function,
and the stronger sextupole lenses are needed to compensate
the chromaticity. The maximal integral gradient of a sextu-
pole lens at a second-generation SR source ANKA with the
emittance ex�70 nm isB 00L � 700� 0:1 Tmÿ1, while for the
fourth-generation SR source ESRF±EBS with ex�0:13 nm,
this is already B 00L � 1700� 0:2 T mÿ1.

Fabricating strong sextupole magnets is a complicated
technological problem, but the main problem is related to the
fact that the betatron oscillation equations become nonlinear
(due to the second term in (6)). A nonlinear oscillator has
important properties: anharmonicity (the appearance of a
large, generally infinite, number of harmonics in the force)
and nonisochronicity (the dependence of the oscillation
period and frequency on the amplitude). Due to these
properties, the increase in the amplitude would lead to a
change in the particle oscillation frequency until it reaches
either a strong low-order resonance or the region of over-
lapping weak high-order resonances, with the result that the
regular motion becomes stochastic [51]. Both outcomes result
in the collapse of the particle. The region of the initial
parameters of betatron motion that corresponds to regular
motion is called the dynamic aperture. A small dynamic
aperture limits the particle lifetime and the injection effi-
ciency.

Figure 13 shows the dynamic aperture of a small-
emittance electron storage ring, obtained by simulating the
particle motion in a nonlinear magnet lattice. The visualiza-
tion is performed using a popular technique, frequency map
analysis (FMA) [52], allowing regular and stochastic motion
to be separated. The plot shows the set of initial parameters
for the particles that are stable over a certain period of time
(usually of the order of the damping time). The white region
corresponds to an unstable particle and the shades of grey
indicate the betatron frequency diffusion rate for a particle
with given initial conditions. Strong frequency diffusion is
characteristic of stochastic (unstable) trajectories. It is seen
that the maximal horizontal coordinate (horizontal dynamic
aperture) is Ax�x0 max � 15 mm and the vertical one is

Table 2. SR radiation sources and their parameters.

Storage ring Generation Country E, GeV P, m ex, nm Nc xxc=xyc

ANKA*
Elettra
Sirius

2
3
4

Germany
Italy
Brazil

2.5
2.4
3

110
259
518

70
10
0.3

8
12

20

ÿ2=ÿ 1

ÿ3=ÿ 2

ÿ6=ÿ 4

* Abbreviation from German Angstr�omquelle Karlsruhe.
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Ay � y0 max � 12 mm. The uncertainty in the aperture size is
related to the fact that the unstable motion region can contain
isolated islands of stable trajectories, and there is therefore
some uncertainty in the definition of the boundary between
the stable and unstable motion regions. Different regions in
Fig. 13 are related to nonlinear resonances, which satisfy the
equationmxnx�x0; y0��myny�x0; y0��n, wheremx; y and n are
integer numbers. Close to the resonances, the share of the
stochastic motion increases.

For a particle with a nonequilibrium energy, the dynamic
aperture is usually smaller than for a particle with the
equilibrium energy, which motivates introducing the
dynamic energy acceptanceÐ the energy deviation dmax �
DEmax=E0 Ð for which the transverse dynamic aperture is
larger than zero. The characteristic value of the dynamic
acceptance is d � ��1ÿ5�%. A small acceptance leads to a
short lifetime.

Limiting the dynamic aperture and the energy acceptance
is one of the most serious problems for low-emittance storage
rings, and many studies are related to this topic (see, e.g., [53±
55] and the references therein). For theoretical estimates,
various versions of the perturbation theory are used. Numer-
icalmodeling and optimization are performed usingmodeling
programs, which solve the particle equations ofmotion (in the
most general case, for three degrees of freedom) in the
magnetic field of a storage ring with nonlinear components
taken into account. Besides sextupole lenses, there are other
sources of nonlinear perturbations, such as wigglers and
undulators, errors in the magnetic element fabrication, and
a field created by the space charge of the electron bunch.

5.2 Vertical emittance
For a planar storage ring, the vertical emittance determined
by SR is very small. Because it is impossible to make the orbit
ideally flat (due to magnetic field errors), the vertical
emittance is in reality several orders of magnitude larger
than that defined by expression (31). The main contribution
is made by two effects: linear coupling of the betatron
oscillations and excitation of the vertical dispersion function.

The couplingof betatronoscillations occurswhenEqns (1)
and (2) contain terms depending on the second coordinate.

This can happen when the quadrupole lenses on the ring are
slightly tilted with respect to the beam axis, when there are
solenoid fields, or when the beam is deflected vertically in
sextupole lenses. The linear betatron coupling constant �
depends on the magnitude of the error in the magnetic
element positioning, the closed beam orbit, and the closeness
of betatron frequencies to the coupling resonance nx ÿ ny � n.
This changes the equilibrium emittance of the beam in
accordance with

ex � 1

1� � ex0 ; ey � �

1� � ex0 ; �69�

where ex0 is radiation emittance (30). In the case of full
coupling � � 1, ex � ey � ex0=2. In the opposite case �5 1,
which is characteristic of modern low-emittance electron
storage rings, ex � ex0 and ey � �ex0.

The horizontal dipole component of the field Bx acting on
the particle leads to the appearance of the vertical dispersion
function Zy, and the vertical emittance is formed by SR
fluctuations as described in Section 2.2:

ey � Cqg 2
I5y

JyI2
; I5y �

�
Hy�s�
jr 3�s�j ds � hHyi I3 ;

where hHyi is the value averaged over the lattice. Then

ey � JE
Jy
hHyi s 2

d :

The horizontal field arises due to the tilt of the dipole magnets
with respect to the beam axis or due to the vertical offset of the
quadrupole lenses. The betatron coupling (the tilt of the
quadrupole lenses with respect to the beam axis and solenoid
fields) also creates vertical dispersion even if the coupling
source is located at an azimuth with nonzero horizontal
dispersion.

In modern storage rings, the vertical emittance is
determined by errors in the setup and in the fabrication of
the magnetic element. The lower the horizontal emittance is,
the tighter the focusing, the stronger the quadrupole and
sextupole lenses, and the more rigorous the requirements for
the accuracy of magnet fabrication and installation: char-
acteristic values are of the order of micrometers. The orbit
position is measured by electromagnetic sensors with a
resolution of the order of 1 mm and is adjusted with weak
correction magnets. The coupling of betatron oscillations is
compensated by skew-quadrupole lenses rotated through 45�

about the beam axis. This allows obtaining the vertical
emittance at the level of ey � 10ÿ3 ex0 or less (Table 3).

5.3 Intra-beam electron scattering
When experiencing oscillations, different particles of the same
bunch can undergo elastic Coulomb collisions, during which
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Figure 13. Example of a dynamic aperture image for a storage ring. Each

point corresponds to the particle with initial conditions �x0, y0,

x 00 � y 00 � 0�, being stable over the horizontal damping time.

Table 3. Achieved emittance in SR sources [56].

Storage ring Country ex, nm � � ey=ex, % ey, pm

ALS
ASP
Diamond
ESRF
SOLEIL
SLS*

USA
Australia
England
France
France
Switzerland

6.7
10
2.8
4
3.7
6

0.10
0.01
0.07
0.07
0.10
0.02

4 ë 7
1 ë 2
2
2.8
4
1

* Abbreviation of Swiss Light Source.
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the change in the transverse momentum Dpx is transformed
into a change in the longitudinal one according to
Dps � gDpx. Because g � 103ÿ104, the change in the long-
itudinal momentum can be so large that both electrons find
themselves outside the energy stability region. This phenom-
enon was first observed in a small storage ring ADA (Italian,
Anello di Accumulazione) and was first explained [57] by
Touschek and colleagues [58, 59]. It is now known as the
Touschek effect.

Under the assumption that the beam is flat (ey 5 ex) and
the transverse motion of the particle is nonrelativistic, the
Touschek lifetime of the beam is [60, 61]

1

t
� 1

N

dN

dt
� r 2e cq

8peg 3ss

�
D�e 2�

sx�s� sy�s� sx 0 �s� d 2
a �s�

�
; �70�

where re is the classical electron radius, angular brackets
denote averaging over the orbit, q and ss are the charge and
the length of the bunch, sx; y are the transverse dimensions,
sx 0 is the horizontal divergence, da�s� � Dpa�s�=p0 is the
relative local energy acceptance, and

e � da�s�
gsx 0 �s� ;

D�x� �
�1
0

�
uÿ1 ÿ 1

2
ln uÿ1 ÿ 1

�
exp

�
ÿ x

u

�
du :

It follows from (70) that the Touschek beam lifetime
rapidly decreases with a decrease in the particle energy and
the bunch volume Vb � sssxsy, is inversely proportional to
the beam intensity, t � qÿ1, depends on the betatron
coupling constant as t � ���

�
p

, and requires a large energy
acceptance. This last is determined either by the longitudinal
dynamics (the size of the synchrotron oscillation stability
region) or by the transverse one, because an abrupt change in
the particle energy due to a collision excites betatron
oscillations (as in the case of emission of quanta) with an
offset, which can overcome the transverse aperture.

If the particles in the bunch are scattered by a small angle
and the variation of the longitudinal momentum is not large
enough for them to be destroyed, such intra-beam scattering
(multiple Touschek effect) leads to an increase in the beam
emittance and energy spread in accordance with

dex; y
dt
� 2

Tx; y
ex; y ;

dsd
dt
� 1

Td
sd ;

where Tx; y; d is the rise time for the corresponding degree of
freedom. Emittance growth due to collisions inside the bunch
accompanied by abrupt changes in the particle energies is
reminiscent of quantum diffusion due to SR. The difference
lies in the fact that for the radiation, the result does not
depend on the local bunch size, while for the scattering, on the
contrary, it does: increasing the beam size leads to an increase
in the collision rate. Therefore, the calculation of Tx; y; d turns
out to be quite cumbersome [62, 63]. The leading dependence
on the bunch parameters has the form [64]

1

Tx; y; d
/ q

g 4exeysssd
; �71�

which means that in the same manner as for the Touschek
lifetime, there is a (strong) dependence on the energy, volume,
and current of the bunch.

Taking the radiation damping with the time tx into
account results in the following modification of the emit-
tance evolution:

dex
dt
� ÿ 2

tx
�ex ÿ ex0� � 2

Tx
ex ;

where ex0 is the radiation emittance. The condition dex=dt � 0
results in a new equilibrium emittance, which takes the
synchrotron radiation and the intra-beam scattering into
account:

e 0x0 �
ex0

1ÿ tx=Tx
:

The vertical emittance is still related to the horizontal
emittance through the betatron coupling constant.

Because the rise time of the bunch phase volume due to
particle scattering depends on the phase volume itself, the
process of its calculation is iterative. The same is valid for the
Touschek lifetime: the growth of the emittance due to the
multiple scattering increases the lifetime (because the density
of particles in the bunch decreases), but the increase in the
energy spread reduces it (for a constant energy acceptance).

Intra-beam scattering is a serious limiting factor for low-
emittance storage rings. Starting from some emittance value,
precisely this mechanism (which of course depends on the
bunch current) determines the beam lifetime.

The intra-beam scattering can be reduced by increasing
the beam energy, enhancing the radiation damping using
wigglers, lengthening the bunch, or introducing a strong
betatron coupling, which decreases the particle density in
the bunch.

5.4 Space charge
Every electron experiences electromagnetic action from all
other particles in the bunch. The strength of the space charge
is connected with the simultaneous action of the electric and
magnetic fields. For example, for the vertical coordinate, we
can write

gm�y � e�Ey � bcBx� :

Replacing the independent time variable t with the arc length
s � bct,

�y � b 2c 2y 00 ;

and using the relation between the horizontal component of
the magnetic field and the vertical component of the electric
field,

Bx � ÿEy

bc
;

we can obtain the equation of particle motion

y 00 � eEy

b 2g 3mc 2
: �72�

For a normal particle distribution, the electric field
depends on the coordinates nonlinearly [65]. However, close
to the beam axis, we can use the linear approximation

Ey � el
2pe0

y

sy�sx � sy� ; �73�
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where l � N=� ������2p
p

sz� is the peak linear density of particles
and e0 is the permittivity of the vacuum. On the one hand, the
actions of the electric and magnetic fields in the relativistic
case almost fully compensate each other, and hence the force
in (72) is suppressed as � gÿ3. On the other hand, the
magnitude of the electric field is inversely proportional to
the product of the transverse beam sizes,� 1=�sxsy�, and can
be quite large in the case of an extremely small emittance.

The space charge field leads to a growth of the emittance
similarly to the increase in the transverse size of the bunch for
head-on beams (beam blowup), which limits the luminosity.
These effects are connected with the appearance and interac-
tion of a large number of resonances (due to the nonlinear
nature of the space charge forces) and are poorly described
theoretically; the investigations are performed using compu-
ter simulations. Figure 14 shows the results of such simulation
for one type of beam accumulator cooler ring at the
International Linear Collider (ILC) with the vertical emit-
tance of 2 pm [66].

We can see from Fig. 14 that in the vicinity of some
resonances (described by lines in the betatron frequency
plane), the space charge can significantly increase the vertical
emittance. Despite the absence of a theory that would predict
the emittance change due to the space charge, the degree of
influence of the latter can be estimated in the same manner as
is done in the case of the effects of beam collision in colliders
using the incoherent shift of the betatron frequency. For this,
we note that substituting (73) in (72) yields a linear differential
equation similar to the betatron oscillation equation.Using it,
we easily estimate the correction to the betatron frequency
induced by the space charge (assuming that its influence is
small):

Dnx; y � ÿ 1

4p
2re

g 3b 2

�
lbx; y

sx; y�sx � sy� ds : �74�

Numerical and experimental investigations of collision effects
show that the beam blowup occurs if the space charge
parameter is Dnx; y � 0:1.

5.5 Coherent instabilities
An intensive electron bunch induces an electromagnetic field
in the cavities of a vacuum chamber, which interacts with the
particles of the same or another bunch. Such collective
interaction can lead to beam instabilities or change the
parameters (lengthen the bunch, increase the energy spread,
etc.). Two factors emphasize some coherent effects in
ultralow-emittance storage rings. The first is the small (due
to the small value of the dispersion function) momentum
compaction factor a, Eqn (34), and hence a short bunch
according to (33). The shorter the bunch, the stronger the
beam interaction with the environment can be in principle,
because the spectrum of electromagnetic oscillations induced
by the beam in the vacuum chamber broadens. A small value
of a decreases the threshold current for single-bunch
instabilities. For example, the average current in the bunch
for the longitudinal microwave instability threshold is
expressed as [67]

Ib 4
sz0
R

������
2p
p

aE=e
jzjj=njeff

�
sE
E

�2

;

where R is the mean storage ring radius, sz0 is the bunch
length for a zero current, and jzjj=njeff is the effective
longitudinal impedance. As the bunch current exceeds the
threshold value, both the length and the energy spread of the
bunch increase with the beam intensity.

The second factor is the narrow vacuum chamber due to
small-aperture quadrupole lenses providing strong focusing.
A transverse multibunch instability can be excited due to the
interaction of the beam with a resistive impedance of the
vacuum chamber walls (resistive wall instability). The rise
time of this instability is given by

tÿ1 / bo0I

Eb 3
;

where b is the average value of the betatron function,
o0 � 2pf0, f0 is the circulation frequency, and b is the
characteristic transverse size of the vacuum chamber. It is
clear that this type of instability is sensitive to the vacuum
chamber size. The small mean value of the betatron functions
(especially for the MBA lattice) also contributes to the
development of this instability.

The unwanted collective effects can be eliminated by
decreasing the vacuum chamber impedance using a relatively
low-frequency accelerating system (� 100ÿ300 MHz) that
provides a large bunch length. The bunch length can be
additionally increased using passive third-harmonic resona-
tors, which flatten the potential well of the synchrotron
motion. Fast feedback systems can also be used.

6. Paving the way to the diffraction limit

The wave character of radiation imposes a limitation on the
spatial Dx and angular Dc sizes of the source with a
wavelength l in accordance with Dx � l=Dc [68]. This
means that even for a point-like electron, the emittance is
limited by diffraction effects at the level of er � DxDc � l.
For coherent undulator emission with a Gaussian distribu-
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Figure 14.Vertical emittance of an electron bunch at the ILC damping ring

versus the operating point of the betatron frequencies with the space

charge taken into account. The dark region corresponds to the design

value of the emittance, 2 pm. The vertical emittance is much larger in the

bright regions (� 10ÿ15 pm).
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tion of the power density, the radiation emittance is expressed
as [69]

er � l
4p

: �75�

Achievements in the last decade in the calculation and
optimization of cyclic accelerators, technologies for the
development of various systems, beam control, and precise
measurements of beam parameters have led to devices with
the electron beam emittance comparable to the radiation
emittance value. For estimates, it is common to use l � 1 �A,
which corresponds to ex � er � 10 pm. Such devices are
known as diffraction-limited light sources (DLLSs) [70];
while these devices will hardly be realized in the nearest
future, they help in finding technological solutions for
ultralow emittances by investigating and overcoming the
arising problems.

The first steps toward the diffraction limit were made in
2016 at Lund University with the launch of the first fourth-
generation SR source MAX IV and in 2015 in Grenoble with
the start of the ESRF±EBS project realization. Because these
devices are examples for future projects and at the same time
are test sites for new ideas and technologies, we briefly
describe their main features. The parameters of MAX IV
and ESRF±EBS are given in Table 4.

6.1 MAX IV synchrotron radiation source
The Max IV accelerating facility includes two rings with the
maximum energies 1.5 GeV and 3 GeV [71]. The storage ring
with a length of 528 m contains 20 superperiods of the 7BA
lattice shown in Fig. 15.

Defocusing dipoles redistribute the damping decrements
and lower the emittance by making the ring shorter due to the
smaller number of quadrupoles. Central magnets of the 7BA
cell rotate the beam by 3�, while the edge magnets, which set
the dispersion function to zero, rotate it by 1.5 deg. As a
result, the hard radiation from the main magnets is not
transmitted to the straight sections and does not heat the
vacuum chamber with installed superconducting devices.

The chromaticity correction (through the third order), as
well as the optimization of the dynamic aperture and the
energy acceptance, is performed by five families of sextupole
lenses and three families of octupole lenses, which reduce the

betatron frequency dependence on the amplitude. The choice
of nonlinear elements was made after performing thorough
computer simulations. Focusing lenses between the magnets
are divided into two parts, and a sextupole is installed
between them, located at the maximum of Z�s� and bx�s�. As
a result, at the center of the straight section, the dynamic
aperture is Ax � Ay � 9� 2 mm2 for the energy acceptance
�Dp=p0�max � �4:5%, which provides quite a long beam
lifetime and an effective injection.

For a zero current, the MAX IV emittance is ex0 �
320 pm. For a maximum current of 500 mA and a natural
bunch length of 10 mm, the intra-beam scattering increases
the emittance by 45%. Three passive third-harmonic resona-
tors lengthen the bunch to 54 mm and reduce the scattering
influence, resulting in the emittance ex0 � 370 pm. Damping
wigglers (for which either two superconducting wigglers with
a field of 3.5 T or four devices with permanent magnets and a
field of 2.2 T are considered) decrease the emittance to
ex � 220 pm for the 500 mA current. Simulations predict a
Touschek lifetime> 25 h.Moreover, the emittance reduction
using wigglers increases the lifetime, because the horizontal
momentum of the particle becomes so small that after the
collision the longitudinal momentum turns is much less than
the acceptance. The vertical emittance reaches the diffraction
value (ey � er � l=�4p� � 8 pm) for the betatron coupling
constant � � 2ÿ2:5%, which is the design value of the
project.

For compactness, the magnetic elements are integrated
into a single block (Fig. 16), which contains a dipole and
several quadrupole, sextupole, octupole, and correction
magnets, as well as beam position sensors [72]. The yoke
that closes the magnetic flux is simultaneously a rigid bearing
body, and hence there is no need for complicated precision
stands. With careful processing and assembling in the
laboratory, this construction allows obtaining a relative
accuracy of adjacent element placing better than �10 mm
[73], which is unachievable in the case of individual installa-
tion of these magnets on the ring.

The emittance reduction is provided by strong focusing.
The required maximal values of the lens gradients are
G � B 0 � 40 T mÿ1 for quadrupoles and B 00 � 4000 T mÿ2

for sextupoles, and B 000 � 40 kT mÿ2 for octupoles, and they
can be obtained only for a small aperture; therefore, the gap
between the bending magnet poles is 28 mm and the inscribed
diameter of the lenses is 25 mm.

The vacuum system must guarantee a low pressure of the
residual gas (� 10ÿ9 Torr), but the gas conduction of a

Table 4.Main parameters of MAX IV and ESRF±EBS.

Parameter MAX IV ESRFëEBS

Lattice
E, GeV
Perimeter P, m
Maximal current Imax, mA
RF system frequency fRF, MHz
Number of straight sections*
Betatron frequencies nx, ny
Natural chromaticity xx, xy
Momentum compaction factor a
Horizontal decrement Jx
Horizontal emittance** ex0, pm
Energy dispersion sd
Energy loss per revolution U0, keV

7BA
3

528
500
100

20 (19)
42.2; 16.3
ÿ50; ÿ50.2
3.06�10ÿ4

1.85
320

7.7�10ÿ4
364

HMBA***
6
844
200
352

32 (30)
75.6; 27.6
ÿ100; ÿ84
0.87�10ÿ4

1.53
132

9.5�10ÿ4
3300

* Numbers in brackets denote the number of gaps for the installation
of wigglers or undulators.
** Emittance without taking the intra-beam scattering andwigglers into

account.
*** Hybrid MBA.
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Figure 15. Optical functions of the MAX IV superperiod.

January 2018 Low emittance electron storage rings 45



chamber with an inner diameter of 22mm is small, and the use
of lumped pumps is inefficient. Therefore, a nonevaporable
getter (NEG) is applied to the inner surface of the vacuum
chamber. The getter is based, for example, on a Ti±Zr±V
alloy. It efficiently absorbs the gases (except inert ones) and
decreases the photodesorption from the chamber walls [74]. A
differentially pumped vacuum has been actively used in
individual components for a long time (for example, in
small-aperture undulator chambers); however, MAX IV is
the first accumulator in which the getter covers 100% of the
vacuum chamber surface.

In magnetic blocks, the vacuum chamber is cylindrical
and made of copper (to increase the thermal conductivity). In
the median plane, it is connected via electron-beam welding
with a water-cooled distributed radiation absorber, which
effectively absorbs the SR heat with a power density up to
9.4Wmmÿ2 [75]. Some parts of the vacuum chamber (lumped
pumping ports, chambers for fast dipole orbit correctors, and
beam position sensors) are made of stainless steel. Straight
sections contain special chambers (for injection, beam
diagnosis devices, etc.), several ion pumps, and standard
vacuum equipment (valves, bellows, residual gas pressure
sensors, etc.)

The high-frequency accelerating systemofMAXIV is quite
conventional and includes six resonators at a frequency of
99.931 MHz, which provide the maximal accelerating voltage
up to 1.8 MV. The advantages of using the low frequency
(which is traditional for the MAX IV laboratory [76]) are the
low voltage, sufficient for providing large energy acceptance,
a long bunch, which reduces the resistive wall instabilities,
and the existence of commercially available solid-state RF
generators (FM range). Moreover, there are three passive
resonators installed on the ring (the field in them is induced by
the flight of the bunch), which operate at the third harmonic
of the fundamental frequency and lengthen the beam by
approximately a factor of five [77].

In order to reduce the influence of the coherent instabil-
ities, it was decided to operate only in the multibunch regime,
in which the intensity of each bunch is small. The low
frequency of the RF system and third-harmonic resonators
increase the threshold currents for coherent instability
development.

Modern experiments with SR need the maximum stability
of the beam orbit and current. For this reason, the top-up
injection of new particles with the aim to compensate the
losses corresponds to a beam lifetime of � 10 h and is
performed at the energy of 3 GeV. The particle source is a
linear accelerator that operates at a 10 Hz repetition rate
and 3 nC charge of each outgoing bunch (� 0:3% of the

charge corresponding to the 500 mA accumulator current).
The traditional injection scheme with the accumulated beam
orbit bump towards the injected beam is typically realized
using four kicker magnets, and it leads to large residual
oscillations. Therefore, a new injection type was adapted
using a nonlinear kicker magnet, in which the field is zero in
the vicinity of the accumulated beam and is maximal in the
vicinity of the injected beam [78].

The thoroughness of the project and the high fabrication
quality of the systems and elements of the storage ring
resulted in a quick and efficient start of the MAX IV SR
source. The first beam was injected in August 2015,
accumulation was achieved in September, and two undula-
tors with a 7 mm gap were installed in February 2016. In
May 2016, at the International Particle Accelerator Con-
ference, the MAX IV representatives reported a circulating
current � 180 mA, the beam lifetime � 10 h, and the
measured emittance ex � 300 pm [79]. Figure 17 shows the
general view of the MAX IV ring.

6.2 ESRF±EBS synchrotron radiation source
If MAX IV is the first circular SR source of the fourth
generation, the ESRF±EBS device is a major upgrade of the
ESRF third-generation SR source, which has been success-
fully operating in Grenoble since 1994. The difficulty is that
the new storage ring, with a 30 times smaller emittance, had to
be installed in the same tunnel. Moreover, because the
construction of channels for SR output and experimental

a b

Figure 16.MAX IV magnets combined in a single block: (a) sketch, (b) photograph (with the upper half removed).

Figure 17.MAX IV accumulator. A series of identical magnetic blocks can

be seen. In the foreground, there is a small-aperture vacuum chamber of

the straight section.
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stations is a very complicated and expensive task, the upgrade
must preserve all the 30 experimental lines made of straight
sections. The new storage ring uses the old injector facility,
with minor changes. Project development started in 2009 and
its realization began in 2015.

ESRF±EBS consists of 30 standard superperiods and of
two modified superperiods designed for the installation of
injection devices and accelerating resonators. A hybrid
multibend achromat lattice is used in the standard cells [80].
Its magnetic elements and lattice functions are shown in
Fig. 18.

As we have mentioned, low emittance can be efficiently
obtained by decreasing the magnet bending angle y, because
ex / y 3 [see (43)]. In this case, the dispersion function in the
gaps is small, Z / y 2, and the chromaticity correction requires
strong sextupole lenses, which decrease the dynamic aperture.
Therefore, the 7BA superperiod was modified by increasing
the gaps between the first and the second magnets and
between the sixth and the seventh magnets, such that the
dispersion and betatron functions were significantly
increased compared with those in the regular part (consist-
ing of magnets 3±5). Initially, this cell was proposed for the
project of an Italian Super B-factory electron±positron
collider [81].

It can be seen from Fig. 18 that if the dispersion function
value in the regular part of the cell is Zmax � 1:5 cm, then
Zmax � 12 cm in the dispersion bump region. Large values of
the betatron and dispersion functions, according to (68),
allow using sextupoles with a relatively low gradient
B 00max�1500 T mÿ2 (about 1/3 that in MAX IV) with a
smaller number of lenses, which is favorable for the dynamic
aperture. Moreover, the betatron phase increase between
sextupole lenses at the beginning and at the end of the cell
equals 3p for the horizontal lenses, and p for the vertical
lenses, and hence in both cases the coordinate transforma-
tion between two identical sextupoles is described by minus
the identity matrix. It is known that nonlinear aberrations of
the sextupole lens system are suppressed in this case [82].
Like MAX IV, ESRF±EBS uses octupole magnets to control
the betatron oscillation frequency dependence on the
amplitude.

For the optimization of the dynamic structure (which is
necessary for the effective injection) and dynamic energy
acceptance (which is needed for a large Touschek lifetime), a
nondominated sorting genetic algorithm II (NSGA II) was
used [83]. These efforts resulted in absolute values of the

dynamic aperture and acceptance that are only slightly lower
than the ESRF ones (Fig. 19). Moreover, because the ESRF±
EBS emittance is significantly lower than the ESRF emit-
tance, in terms of the standard beam size, the aperture of the
new SR source is even larger than that of the previous design.

The ESRF±EBS magnets are very diverse and compli-
cated [84]. Three central bending magnets (3±5) have four
poles (Fig. 20a) and are a combination of a weak dipole
component with Bmax�0:57 T and a quite large gradient
B 0max � ÿ37 T mÿ1. Four edge bending magnets of a super-
period (1, 2, 6, and 7) are fabricated based on the Sm2Co17
permanent magnet technology from five sections with
different fields in the range from 0.55 T to 0.16 T. Such
dipoles with a step-like longitudinal field gradient (Fig. 20b)
allow additional emittance reduction, as was described in
Section 4.2.

Small-aperture quadrupole lenses (25 mm in diameter)
provide a gradient up to 90 T mÿ1. In sextupole lenses with a
38 mm aperture, the maximal sextupole gradient is B 00max �
� 1700 T mÿ2. The octupole lenses provide the maximal
octupole gradient B 000max � 36 kT mÿ3 with an aperture of
37 mm. Moreover, there are lumped dipole orbit correctors,
which compensate the winding in the sextupole lenses (dipole
horizontal and vertical, as well as ones creating a skew
quadrupole moment), low-current field correction windings
in the magnets with longitudinal gradient, etc. The total
number of ESRF±EBS magnets is over one thousand.

Sixteen ESRF experimental stations used hard X-ray
radiation from bending magnets. Now, due to the increase
in the number of bending magnets and decrease in the field
amplitude, the SR spectrum becomes soft, and scientists are
considering the possibility of installing short (with a bending
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angle of several milliradians) high-field magnets with single
and two- or three-pole wigglers.

The ESRF±EBS accelerating system works at the
352.2 MHz frequency [85]. Due to the decreased field of the
magnets, the electron energy losses are reduced from 5.5MeV
to 3.3 MeV per revolution, which allows reducing the
resonator voltage from 9 MV to 6 MV. Such a voltage
provides energy acceptance at the level of �4:9%, which is
enough to obtain a large Touschek lifetime. Twelve copper
resonators with an accelerating-voltage higher-mode sup-
pression system will be installed in two straight sections. The
power of one RF generator is 100 kW for a beam current of
200 mA. As withMAX IV, the possibility of a third harmonic
passive resonator installation is being considered. These
resonators would lengthen the beam from 3 to 15 mm,
increase the Touschek lifetime several-fold [86], and weaken
the collective beam interaction with the chamber.

The main part of the vacuum chambers is fabricated from
aluminum alloy using the extrusion method. Due to the low
gas conductivity of narrow chambers, a nonevaporable getter
coating is applied to the inner surface of the chambers, but
lumped ion pumps are also actively used. The vacuum
chamber is not cooled. Magnet radiation is captured by
lumped copper absorbers of various types. The full SR
power absorbed by the absorbers is more than 500 kW. The
maximum power density of radiation on the absorbers is
approximately 110 W mmÿ2.

The beam is injected in ESRF±EBS with an energy of
6 GeV. For this, an existing injecting facility is used which
includes a linear accelerator with an energy of 200 MeV and
a booster synchrotron with an orbit length of 300 m and a
10 Hz repetition rate, which is slightly upgraded in order to
decrease the emittance of the output beam. A new portion of
electrons enters the ring using a traditional scheme with the
horizontal offset in the same way as was done at ESRF. In
this scheme, the accumulated beam is locally bumped by four
kicker magnets towards the injected beam right before the
injection moment in order to decrease the remaining
oscillations. To increase the efficiency, the ESRF±EBS
injection superperiod is modified: the horizontal betatron
function at the injection azimuth is increased from bxi � 6 m
to bxi � 18ÿ20 m. This, together with a reduction in the
injected beam emittance, results in an injection coefficient
(corresponding to the results of many-particle simulations)
up to � 92ÿ95%.

Much attention is paid to the decrease in the transition
time from the old ESRF to ESRF±EBS. The superperiod in
Fig. 18 is separated into four modules, each of which is
assembled in advance and is installed on a precisely
fabricated stage, which is then transported into the tunnel.
Three months are given for the ESRF disassembly and eight
months for the assembly of the new ring. The launch of the
facility is planned to take only one month, and four more
months will be needed for the reconstruction of the channels
for the radiation output and experimental stations. The
beginning of routine user work is scheduled for May±
July 2020.

6.3 Storage ring projects with ultralow emittance
The examples considered above allow us to formulate the
main features of new-generation storage rings with ultralow
emittance:
� MBA magnetic lattice, compact superperiod, short

magnets with a small bending angle;

� dipoles with combined functions (defocusing), a strong
transverse gradient (up to approximatelyÿ40 Tmÿ1), dipoles
with a longitudinal gradient;
� strong focusing and, as a consequence, large quadru-

pole lens gradients (up to � 100 T mÿ1) with a small pole-to-
pole diameter;
� Small dispersion function and strong sextupole lenses

(up to � 2ÿ10 kT mÿ2), which compensate the natural
chromaticity;
� high accuracy of fabrication and relative positioning of

magnet elements (� 10ÿ20 mm);
� small-aperture vacuum chamber (approximately 20±

30 mm in diameter), intense use of differential pumping using
NEG coatings;
� small dynamic aperture, which is increased by using

octupole lenses, computer optimization of several sextupole
lens families, application of complicated optical solutions
(minus the identity transformation of the coordinates
between sextupole pairs, local dispersion increase, etc.);
� additional reduction of the emittance using wigglers;
� strong betatron coupling (several percent), because for

such a low horizontal emittance, the vertical one quickly
reaches values comparable to the diffraction limit.

Many SR laboratories have announced the development
of facilities similar to MAX IV and ESRF with the emittance
< 1 nm. These are either new devices (similar to MAX IV),
such as the BeijingAdvanced Photon Source (BAPS) inChina
or Sirius in Brazil, or storage rings that use the existing
infrastructure (like ESRF±EBS), including Diamond in
Great Britain, SOLEIL in France, Spring-8 in Japan, and
APS in the USA (see, e.g., [87] and the references therein).We
note that new technologies allow `transforming' not only the
third-generation SR sources into the fourth-generation ones,
but also the second-generation (a few remaining facilities)
into third-generation ones. It is shown in [88] how the ANKA
storage ring emittance can be reduced from the initial 90 nm
to 9 nm; in [89], an upgrade of the Photon Factory (Japan) is
described, resulting in a horizontal emittance reduction from
35 nm to 8 nm.

The most ambitious projects have a goal of obtaining the
emittance significantly lower than 100 pm, reaching even
diffraction limit (75). For a hard X-ray range, we assume
l � 1 �A and ex; y � er � 8 pm, and for a soft range, l � 10 �A
and ex; y � er � 80 pm [90]. These storage rings can be
considered the `generators' of ideas and approaches for the
next breakthrough in relativistic electron beam emittance
reduction. Table 5 provides examples of such projects. We
note that although work on the project continues, the
situation at the moment of publication can be different from
the presented one.

All problems regarding the emittance reduction are also
inherent in these rings, but more intensively (very strong
sextupole lenses, the dynamic aperture around �1ÿ2 mm, a
low threshold of microwave instability development, etc.).
We consider two features. The very small dynamic aperture
does not allow injecting the beam, which is shifted with
respect to the accumulated one in the transverse phase
volume. For this reason, other injection schemes are being
investigated. Due to strong intra-beam scattering, the
intensity of a single bunch is small (which is compensated by
a large number of bunches) and the injector performance
suffices to fully replace some of the bunches without
accumulation. In this case, the bunch train is swapped out of
the storage ring with short (� 10ÿ20 ns) electromagnetic
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pulses from a kicker, and a new portion is injected into the
vacant position (so-called swap-out injection [96]). Another
option is injection in the equilibrium orbit in the longitudinal
phase space by using either a very fast kicker (� 1ÿ3 ps) [97]
or wo frequencies of the accelerating system (fundamental
and doubled) [98]. In the latter case, the separatrix of the
fundamental frequency is divided into two by the auxiliary
frequency and a new bunch is injected into the newly formed
vacant separatrix. After that, the auxiliary RF system is
turned off and the injected bunch reaches equilibrium.

Another feature of diffraction-limited emittance storage
rings is the expediency of having equal phase volumes:
ex � ey � er. In this case, the radiation brightness reaches its
maximum, the optics for SR focusing on the sample is
simplified, and intra-beam scattering is decreased (Fig. 21).

Round beams can be created using different methods, for
example, by choosing the operating frequency point close to
the coupling resonance and introducing skew quadrupoles or
solenoids (realized for electron storage rings in [99]). Another
way is to use wigglers with a horizontal field. In the frame-
work of a project, anMBA lattice was developed in [100] with
a relatively large horizontal emittance, ex0 � 80 pm. After
that, using superconducting multipole wigglers with a
horizontal field of 4 T, the horizontal phase volume was
decreased (due to an additional radiation reaction force) and
the vertical one was increased (due to the appearance of
quantum induced oscillations) in accordance with

ex � Cq
g 2

Jx

I5x
I2x � I2wy

� Cq
g 2

Jx

I5x
I2wy

;

ey � Cq
g 2

Jy

I5wy

I2x � I2wy
� Cq

g 2

Jy

I5wy

I2wy
:

The parameters were chosen such that for a beam current of
200 mA with intra-beam scattering taken into account, the
emittance would be ex � ey � 15 pm.

7. Conclusions

We have discussed new physical and technological aspects
related to electron storage rings with a small transverse phase
volume. The author hopes that his work may be useful for the
development of a modern SR source in Russia.
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