
Abstract. This paper presents results of theoretical and experi-
mental research explaining the retrograde final-stage rolling of
a disk under certain relations between its mass and geometric
parameters. Modifying the no-slip model of a rolling disk by
including viscous rolling friction provides a qualitative explana-
tion for the disk's retrograde motion. At the same time, the
simple experiments described in the paper completely reject
the aerodynamical drag torque as a key reason for the retro-
grade motion of a disk considered, thus disproving some recent
hypotheses.
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The authors of Ref. [1] brought out an intuitively nontrivial
factÐ the turn of a rolling disk with a central hole. Invoking
an analogy with planetary motion in celestial mechanics, they
designated such motion `retrograde'. It should be recalled
that in the Russian literature [2] the term used to denote
motion like this one is referred to as `backward', whereas the
term implying the opposite is `forward'. Using `backward'
and `forward' to describe the rolling of a disk hides the
physical sense of motion, so that the English terminology of
`retrograde' and `prograde' motions will be used below to
describe the main disk motions, respectively, in opposition to
and along a disk's rotation.

In the opinion of the authors of Ref. [1], the turn is caused
by aerodynamical drag forces arising because of the presence
of the central hole in the disk. However, the model proposed
by them does not reflect the physical nature of the disk rolling
process. Similar concerns (see Refs [3±5]) were raised with
respect to the work by Moffat [6], who considered aero-
dynamical drag as the basic mechanism dissipating the energy

of a homogeneous disk. Nevertheless, it revived interest in
exploring spinning disk dynamics and triggered a large
number of papers, whose results cannot be ignored if one
seeks a description of the retrograde turn of a disk with a
central hole, sometimes called a ring (especially when the hole
diameter tends to that of the disk).

The bibliography of work exploring the problem of solid
disk motion, also known as Euler's disk problem, can be
found in Refs [7±12]. There are two models describing Euler's
disk dynamics, which account for its contact with the surface:
one without slip [13], and the other one with slip [4, 14]. Note
that slip is observed in experiments through initial motion
stages, being subsequently replaced by rolling. The question
of applicability of different models for contact interaction is
also discussed in relation to the rolling of a hollow cylinder
[15]. It should be remembered that models with idealized slip
are described by Hamiltonian systems, whereas models with
idealized rolling are described by nonholonomic systems.
Euler's disk dynamics received extensive treatment for
various models of friction, and yet some questions still
remain open (for example, disk shudder before the disk
comes to rest [11]).

As follows from experiments, the rolling trajectory of a
spinning homogeneous disk differs from that of a spinning
ring by the absence of the turn, and represents a wavy spiral.
Based on theoretical and numerical studies [13], we have
shown that both retrograde and prograde disk rolling can be
observed in a nonholonomic model for certain mass-geo-
metric characteristics, being a function of the energy level.
However, the framework of the nonholonomic model does
not allow transitions between energy levels.

It should bementioned that the ring turn effect discovered
by the authors of Ref. [1] is neither new nor solely related to
rings. It was reported in earlier studies by ACOr, who carried
out numerical simulations of the Thompson top [16], and in
the recent experimental work of R Cross [17]. The aero-
dynamics of the tops explored in these studies is substantially
different from ring dynamics.

The disproof of the thesis that aerodynamical drag is the
main cause of the turn of a spinning ring may rely on simple
experiments that we carried out. For the first experiment (see
movie 1 [18]) we made a special ring with the central hole of a
cylindrical shape with a radius of 33 mm, whereas the upper
and lower rims of the ring had different radii R1 � 40 mm
and R2 � 35 mm (i.e., the ring in its diametral section looks
likes an isosceles trapezoid). If the ring rolls on its large rim,
its trajectory of motion resembles that of a disk and does not
exhibit retrograde motions; however, the ring performs a
retrograde turn if it rolls on its smaller rim independent of
initial conditions. The angularmomenta of aerodynamic drag
differ but slightly when the ring rolls on its large or small rims,
and yet the motion character differs dramatically. The results
of this experiment allow a conclusion to be drawn that the
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presence of retrograde ring turn is strongly dependent on the
relationship between the ring radius of inertia and the radius
of the rim the ring rolls on.

As a continuation of this experiment, we sealed up one of
the ring surfaces with an adhesive film (see movie 2 [19]); the
mass-inertia properties of the ring were largely unaffected by
this intervention, but the ring aerodynamics became nearly
those of the disk. The results were similar to those of the
previous experiment: when rolling on its smaller rim, the ring
performed a retrograde turn, and this did not occur when the
ring rolled on the larger rim. Similar experiments were
conducted with rings having different geometrical and mass
characteristics. The independence of ring trajectories from the
film presence invites the conclusion that air resistance affects
the dynamics of ring rolling only weakly.

The third experiment was carried out in a vacuum
chamber used for casting. The pressure in the chamber was
lowered to 102 Pa (0.0145 psi 1). Experiments were performed
with a usual wedding ringmade of gold, which was thrown on
an aluminum plate with the help of driving mechanisms
installed in the vacuum chamber. The retrograde ring turn
effect was preserved in the vacuum chamber, as demonstrated
by movies [20, 12]. These experiments allow us to unequi-
vocally rule out aerodynamic forces from the basic factors
leading to the retrograde ring turn.

In our opinion, to describe retrogrademotion dynamics, it
is convenient to use amodified nonholonomic model of a disk
rolling [13] that takes into account the rolling friction. This
model also describes the ring dynamics, which differ from
those of a disk only through the mass-geometric parameters.
The practice of modifying idealized models proved to be
efficient for explaining the qualitative effects in some
problems, e.g., in cases regarding the Thomson top [17] or
rattleback [22]. Despite substantial disparity between experi-
mental and theoretical data, the modified models can serve as
a simple tool to qualitatively explain phenomena accompany-
ing the motion of physical bodies.

The nonholonomic model allows both prograde and
retrograde trajectories in a disk motion [13]. The addition of
dissipation to the nonholonomic model would provide a
transition from prograde rolling to a retrograde turn.
Dissipation in this case can be described by various models.
The most thorough results of exploring the mechanisms of
spinning disk energy dissipation, including experimental
ones, are presented in Refs [10, 23]. According to their
authors, after a short stage of slip, the main factor affecting
the dynamics of Euler's disk is the rolling friction, which is
modelled in Refs [12, 23] as a viscous contact with a quadratic
dependence on the motion velocity. This is confirmed by the
rather good agreement between the results of numerical
simulations for the nutation angle and the precession speed,
and the experimental results. However, the authors of
Refs [10, 23] did not pay necessary attention to the
trajectories of disk motion in the framework of the explored
friction models or to the dependence of the trajectory shape
on mass-geometric characteristics of a disk. Notice that
Contensou [24] was the first to construct the viscous contact
model.

To describe the disk motion, we consider two reference
frames (Fig. 1). The first one, OXYZ, is at rest, and its unit

vectors are a , b , c ; the second one, Cxyz, is moving, being
stiffly coupled to the disk center of mass, with the unit vectors
e1, e2, e3. The position of the system will be specified
through the coordinates of the disk center of mass in the
fixed reference frame: rc � �X;Y;Z� and the matrix Q �
�a ; b ; c � describing the disk orientation in space. Here and
in what follows (unless otherwise specified), all vectors are
expressed in projections on the axes of the mowing reference
frame Cxyz.

The equations of disk motion can be written down in the
form

I _x� Ix� x�r�N�Mf ; m _v � mv� xÿmgc�N : �1�

Here, Mf, N are, respectively, the torque of rolling friction
and the plane reaction force, m is the disk mass, and r is the
radius vector of the contact point in the moving reference
frame:

r �
�
ÿ Rg1���������������

1ÿ g32
p ;ÿ Rg2���������������

1ÿ g32
p ;ÿh

�
; �2�

where R is the radius of the rim the disk rolls on, h is the
distance from this rim to the center of mass, and g1; g2; g3 are
the components (directional cosines) of the vertical vector in
the moving coordinate system.

The absence of slip at the contact point is provided by the
nonholonomic constraint

f � v� x� r � 0 : �3�

Solving the combination of equation (1) and the time
derivative of constraint (3), onemay find the reaction forceN.
Inserting the expression obtained into the first equation (1)
and eliminating the velocities with the help of constraint (3),
we arrive at

I _x� Ix� x�mr

� ÿr� _x� _r� xÿ �r� x� � x� gc
��Mf : �4�

Based on physical considerations, the torque of rolling
friction can be factorized into three components that
correspond to frictional torques in different directions (see
also Ref. [23]): the torque opposing the disk rotation relative
to the vertical c with friction coefficient mg, the torque
opposing the turn of the disk around the vector s tangent to
the disk rim at the point of contact with the surface with
friction coefficient mt, and the frictional torque opposing the
disk rolling on its lower rim with friction coefficient mn. In
general, when all three friction coefficients are distinct, the

1 psi is an off-system unit of measure for pressure: pound-force per square

inch: 1 psi= 6894.75729 Pa.
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Figure 1.Disk rolling on a horizontal plane.
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frictional torque can be written down as

Mf � ÿblx ; bl � mgc 
 c � mts 
 s � mnn
 n ; �5�
where the unit tangent (s ) and normal (n) vectors at the
contact point are expressed as

s � c � e3���������������
1ÿ g32

p ; n � c � �e3 � c ����������������
1ÿ g32

p ;

and the tensor product of vectors a, b is defined as follows;

a
 b � kaibjk :
In general, the friction coefficient mg, mt, mn can depend on

the phase variables and the reaction forceN of a plane. In this
paper, we limit ourselves to considering the case of viscous
rolling friction, linear in angular velocities. In this case, the
coefficients mg, mt, and mn are constant. Furthermore, to
simplify the model, we assume that all three coefficients are
equal: mg � mt � mn � m, and the rolling friction torque takes
the form Mf � ÿmx. It turns out that, even with such a
notably rough assumption, the results of numerical modeling
qualitatively agree with the experimental results.

Adding to equation (4) the kinematic Euler equations and
quadratures for the disk center of mass, we obtain a closed
system of equations describing the disk dynamics:

I _x� x� Ix�m�r� _x� _r� xÿ �r� x� � x� g c �
� r � ÿmx ; _a � a � x ; _b � b � x ; _c � c � x ;

_x � �a ; r� x� ; _y � �b ; r� x� : �6�

Further, we present the results of numerical modeling of
equations (6), comparing them with available experimental
results.

To obtain quantitative experimental data on the motion
trajectory, we developed a second experimental sampleÐa
ring with variable radius (as a function of height), the
diametral section of which is presented in Fig. 2a. The ring
parameters are as follows: the radii of the rims R1�0:0375 m
and R2�0:0490 m, the mass m�0:1034 , the moments of
inertia about axes Ix�Iy � 0:08647� 10ÿ3 kg m2 and Iz �
0:16610 � 10ÿ3 kg m2, the height of the center of mass
h � 0:0105 m. The experimental trajectory of the center of
mass was retrieved with the help of a motion tracking system
working at the frequency of 200 Hz and referring to markers
located on the ring (Fig. 2b).

Retrograde turns were not observed when the experi-
mental sample rolled on its largest rim at different initial
conditions. However, when it rolled on its smaller rim,
retrograde turns were observed for those initial conditions
which correspond to an energy level that exceeds some critical
value. An example of the experimental trajectory of the ring
rolling on its smaller rim is given in Fig. 3b.

With the help of the motion tracking system, the
following initial conditions were obtained for a given
trajectory: o1�0��ÿ2:5119, o2�0��7:6737, o3�0��29:2722,
and g3�0:7175, which were then utilized to carry out
numerical modeling. The remaining initial conditions can be
specified in an arbitrary way because of the axial disk
symmetry and freedom in the choice of a fixed coordinate
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Figure 2. (a) Schematic of experimental sample; (b) photograph of experimental sample with the tracking system markers placed on it.
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Figure 3. (a) Trajectory of a rolling ring with account for rolling friction (numerical simulations). (b) Trajectory of a rolling ring retrievedwith the help of a

motion tracking system.
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system. The trajectory of a rolling ring obtained by numeri-
cally solving equations (6) for the initial conditions specified
above and friction coefficient m � 5:17� 10ÿ6 is shown in
Fig. 3a.

As is seen from Fig. 3, the shape of the trajectory is in
qualitative agreement with the experimental results. The size
and the number of loops on the trajectory strongly depend on
the friction coefficient, and their consistency with experiment
can be achieved by introducing a variable rolling friction into
themodel. The results of numerical modeling indicate that the
solution of the system is sensitive to the initial conditions and
magnitude of the friction coefficient. However, qualitatively,
the character of the trajectory coincides with that obtained in
experiments in the wide range of disk mass-geometric
parameters and initial conditions.

In this article, we limited ourselves to considering only one
model of viscous rolling friction, because the studies of
dissipation mechanisms carried out in Refs [10, 23] indicated
its key importance and good agreement with experiment.
Nevertheless, we note that the retrograde turn discussed here
was also experimentally observed in the case of rolling with
slip that occurred on individual parts of a trajectory. When
using amodel in which the disk rolls with slip the entire time, a
disk turn was not observed. However, the treatment of the
model with slip at some sections of disk trajectory presents a
more complicated task, because the transition from slip to
rolling requires accounting for dry friction, which can lead to
paradoxic phenomena [25, 26] and calls for special research.
For this reason, the results have an unpredictable character
on the level of a quantitative explanation and can hardly be
obtained in the nearest future. To theoretically construct a
trajectory that would quantitatively coincide with the experi-
mental one seems impossible because of the presence of
microroughness and the inhomogeneity of material charac-
teristics, which is important in problems with friction.

To conclude, we briefly reiterate the results obtained in
our work.

(1) Aerodynamical drag is not the main cause of the
spinning ring turn.

(2) The phenomenon of ring turn can be qualitatively
explained in the framework of disk rolling model without slip
due to the presence of a viscous rolling friction.

(3) Because of randomness and the paradoxic character of
transitions between the rolling and sliding frictions, which
take place at certain sections of motion trajectory, the
construction of ring motion trajectory that would quantita-
tively coincide with the experimental trajectory encounters
difficulties.
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