
Abstract. The extended Nambu±Jona-Lasinio model is briefly
described and various ways to apply it are demonstrated. The-
oretical approaches to the low-energy meson production pro-
cesses in colliding electron±positron beams and tau-lepton
decays are reviewed. The processes considered occur via inter-
mediate scalar, vector, and axial-vector mesons in the ground
state and in the first radially excited state. The model uses the
concept of spontaneous chiral symmetry breaking to describe
such states. Experimental and theoretical comparisons with
other phenomenological strong interaction models are pre-
sented.

Keywords: meson physics, chiral symmetry, electron±positron
annihilation, tau lepton decays

1. Introduction

Electron±positron �eÿe�� colliding beam experiments are an
efficient way to study the properties of mesons and the nature
of their interaction. Such colliders operate in many nuclear
research centers worldwide, including VEPP-20001 (Budker
Institute of Nuclear Physics of the Siberian Branch of the
Russian Academy of Sciences, Novosibirsk), BEPC-II
(Beijing Electron±Positron Collider II) (Beijing), Belle (High
Energy Accelerator Research Organization (KEK), Japan),
and BaBar (SLAC National Accelerator Laboratory, USA).
These experiments actively study meson processes, including
in the low-energy region below � 2 GeV of interest here.
Equally interesting from this standpoint are the processes of
pion production in t-lepton decays. Remarkably, the pion
production mechanisms in t-lepton decays and in eÿe�

annihilations are similar and can be described in a single
approach.

To describe data obtained in colliding high-energy eÿe�-
beam experiments theoretically, the perturbation theory in
quantum chromodynamics (QCD) can be used. But in the
energy region of interest for us, the coupling constant of
strong interactions is close to unity and the perturbation
theory is inapplicable. Therefore, different phenomenological
models are used there, which are typically based on the chiral
symmetry of strong interactions [1] and the vector dominance
theory for electromagnetic interactions [2]. A significant

MK Volkov Bogoliubov Laboratory of Theoretical Physics,

Joint Institute for Nuclear Research,

ul. Joliot-Curie 6, 141980 Dubna, Moscow region, Russian Federation

E-mail: volkov@theor.jinr.ru

A B Arbuzov Bogoliubov Laboratory of Theoretical Physics,

Joint Institute for Nuclear Research,

ul. Joliot-Curie 6, 141980 Dubna, Moscow region, Russian Federation;

State University `Dubna',

ul. Universitetskaya 19, 141982 Dubna, Moscow region,

Russian Federation

E-mail: arbuzov@theor.jinr.ru

Received 21 July 2016

Uspekhi Fizicheskikh Nauk 187 (7) 689 ± 714 (2017)

DOI: https://doi.org/10.3367/UFNr.2016.11.037964

Translated by K A Postnov; edited by A M Semikhatov

REVIEWS OF TOPICAL PROBLEMS PACS numbers: 12.39.Fe, 13.35.Dx, 13.66.Bc

Meson production processes

in electron±positron collisions and tau-lepton decays

within the extended Nambu ± Jona-Lasinio model

M K Volkov, A B Arbuzov

DOI: https://doi.org/10.3367/UFNe.2016.11.037964

Contents

1. Introduction 643
2. Extended Nambu±Jona-Lasinio model 644

2.1 Lagrangian for pions; 2.2 Lagrangian for vector mesons; 2.3 Lagrangian for K mesons; 2.4 Lagrangian for

Zmesons; 2.5 Values of model parameters

3. Radiative decays and meson photoproduction processes 649
3.1 Two-photon decays of pions and Z mesons; 3.2 Radiative decays of vector and pseudoscalar mesons;

3.3 Photoproduction of neutral pseudoscalar mesons by leptons

4. Meson production in electron±positron annihilations 650
4.1 Processes e� � eÿ ! P� g; 4.2 Processes e�eÿ ! �Z;Z0;Z�1295�;Z�1475��g; 4.3 Process e�eÿ ! po; 4.4 Process
e�eÿ ! p�pÿ; pp 0; 4.5 Process e�eÿ ! Z�Z0�2p

5. Tau-lepton decays 657
5.1 Decay tÿ ! pÿ�pÿ�1300��nt; 5.2 Decay tÿ ! pÿp0nt; 5.3 Decay tÿ ! Z�Z0�pÿnt; 5.4 Decay tÿ ! Z�Z0�pÿp0nt;
5.5 Decay tÿ ! opÿnt; 5.6 Decay tÿ ! f1pÿnt; 5.7 Decays t! Kÿ�p0;Z;Z0;K0�nt

6. Conclusion 665
References 665

Physics ±Uspekhi 60 (7) 643 ± 666 (2017) # 2017 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

1 VEPP is the Russian abbreviation for colliding electron±positron beams.



shortcoming of most of these models is the need to introduce
additional arbitrary constants to describe every new class of
processes. As a result, the predictive power of such models is
greatly reduced.

Among various phenomenological models of strong
interactions, the Nambu±Jona-Lasinio (NJL) model is
notable [3±12]. It is based on the QCD-motivated effective
four-quark chiral symmetric interaction [13]. The model is
implemented with a mechanism of spontaneous chiral
symmetry breaking, enabling the masses of constituent
quarks to be expressed in terms of masses of current quarks
and the quark condensate. Remarkably, this model auto-
matically includes vector dominance [6, 8, 14].

The NJL model successfully describes a range of physical
properties of mesons, including the mass spectrum and their
interactions at low energies, using a limited set of fixed
parameters. In the NJL model framework, these parameters
have a fundamentalmeaning: quarkmasses, the unique cutoff
parameter of integrals in quark loops, two constants of the
effective four-quark interaction, and the 'tHooft interaction
parameter. To fix these parameters, the corresponding
observables are used: the masses of p, K, Z, and r mesons
and the widths of decays pÿ ! mÿnm and r! pp. These
parameters are kept fixed, which enables consecutive predic-
tions of the mass spectrum of nonets of scalar, pseudoscalar,
and vector mesons and of their low-energy interaction
characteristics in good agreement with experimental data
(see, e.g., reviews [8, 10, 12, 15, 16]).

The main goal of this review is to consider theoretical
approaches to describing meson production processes in
colliding eÿe� beams and in t-lepton decays. At energies
below 2 GeV, these processes, as noted above, have similar
mechanisms: intermediate mesons play the leading role in
both the ground and the first radially excited states. Indeed,
higher radially excited states are too heavy and contribute
little to the considered processes.

To take the excited states into account, the phenomen-
ological models use different approaches, which assume the
introduction of new degrees of freedom and additional
parameters. In most models, the additional parameters are
introduced for each new process separately. In this respect,
of special interest is the extended Nambu±Jona-Lasinio
model [11, 16±19], which enables taking the ground and
radially excited states of mesons into account simulta-
neously. This model enables introducing the radially excited
states using a polynomial form factor quadratic in the quark
transverse momentum. The chiral symmetry and its sponta-
neous breaking mechanism are then preserved. The quark
condensate value and masses of constituent quarks remain
the same as in the standard NJL model. These requirements
significantly restrict the number of additional model para-
meters.

The structure of this review is as follows. In Section 2, we
describe the extended Nambu±Jona-Lasinio (ENJL) model
for nonets of pseudoscalar and vector mesons and for
isovector charged scalar kaons. In Section 3, the Primakoff
processes and photoproduction of pions and Z mesons in
collider eÿe� beam experiments are considered. In Section 4,
we present the results for different meson production
processes in eÿe� annihilation. Section 5 describes semi-
lepton decays of t leptons. In Sections 3±5, we systematically
compare the results obtained in the framework of other
phenomenological models. In Section 6, the general analysis
of the obtained results is presented.

2. Extended Nambu±Jona-Lasinio model

The chiral-symmetric four-quark interaction with local
currents has the form

L�4�int �
G1

2

�
d4x

X9
j�1

X2
i�1

�
J j
S; i�x�J j

S; i�x� � J j
P; i�x�J j

P; i�x�
�

ÿ
�
d4x

X9
j�1

X2
i�1

�
G2

2
J j; m
V; i �x�J j

V; i; m�x��
G3

2
J j; m
A; i �x�J j

A; i; m�x�
�
;

�1�
where Gi are the coupling constants. The scalar �S�,
pseudoscalar �P�, vector �V�, and axial-vector �A� quark
currents are

J j
S�P�; i�x� �

�
d4x1 d

4x2 �q�x1�F j
S�P�; i�x; x1; x2�q�x2� ;

�2�
J j; m
V�A�; i�x� �

�
d4x1 d

4x2 �q�x1�F j; m
V�A�; i�x; x1; x2�q�x2� ;

where �q � ��u; �d; �s� are the u, d, and s quark fields. The values
of the main model parameters and means of their determina-
tion in terms of the observed quantities are described in [18,
20]. To describe mesons containing quarks, the 'tHooft
interaction [21, 22] is also introduced. The form factors
F�x; x1; x2� for the local interaction describing the ground
states of mesons are expressed as

F j
S;1�x; x1; x2� � t jd�x1 ÿ x�d�x2 ÿ x� ;

F j
P;1�x; x1; x2� � ig5t

jd�x1 ÿ x�d�x2 ÿ x� ; �3�
F j; m
V;1 �x; x1; x2� � gmt jd�x1 ÿ x�d�x2 ÿ x� ;

F j; m
A;1 �x; x1; x2� � g5g

mt jd�x1 ÿ x�d�x2 ÿ x� ;

where gm and g5 are the standard Dirac matrices.
To describe the excited states, nonlocal form factors are

used, which have quite a complicated form in the coordinate
representation (see [17]). Below, we work in the momentum
representation, in which the form factors have a simpler
form:

F j
S; 2�k2� � t jc j

S fj�k2� ;
F j
P; 2�k2� � ig5t

jc j
P fj�k2� ; �4�

F j; m
V; 2 �k2� � gmt jc j

V fj�k2� ;
F j; m
A; 2 �k2� � g5g

mt jc j
A fj�k2� ;

where c j
S, c

j
P, c

j
V, and c j

A are coefficients in the form factors of
the excited states of mesons. The index j � 1; . . . ; 9 defines the
basis elements t j of the flavor group U(3) [23]. This basis is
slightly different from the standard Gell-Mann matrices l:

tk � lk ; k � 1; . . . ; 7 ;

t8 � l0 � l8���
3
p �

1 0 0
0 1 0
0 0 0

 !
; �5�

t9 � ÿl0 �
���
2
p

l8���
3
p �

0 0 0
0 0 0

0 0 ÿ ���
2
p

0@ 1A :
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To describe the first radially excited states, we introduce the
functions fj�k2� in the form of a quadratic polynomial in the
three-dimensional quark momentum,2

fj�k2� � 1� djk
2 : �6�

The slope parameters dj are uniquely determined from the
requirement that taking the excited states into account does
not change the quark condensate value, which is equivalent to
the condition that the constituent quark masses are constant.
This requirement reduces to the vanishing of the one-loop
integral with one quark propagator (a `tadpole' type) with
one form factor at the vertex:

ÿiNc tr

�
L3

d4k

2p4
fj�k2�
k̂ÿm

� 0 ; �7�

where the constituent quark mass m is either mu �
md � 280 MeV or ms � 420 MeV; L3 � 1:03 GeV is the
three-dimensional momentum cutoff parameter [18, 20]; and
Nc � 3 is the number of quark colors. The slope parameter is
somewhat different for light (u and d) and strange (s) quarks:
du � ÿ1:784 GeVÿ2 and ds � ÿ1:727 GeVÿ2. It is important
to note that these values are not arbitrary model parameters;
this is not so with the coefficients c j

U, however, which are
determined by the masses of excited meson states. We note
that the functions fj�k2� determine the interaction between
mesons.

We also include the six-quark 'tHooft interaction [21, 22],
which has the form

L�6�int � ÿK
n
det
�
�q�1� g5�q

�� det
�
�q�1ÿ g5�q

�o
; �8�

where K is the 'tHooft interaction constant. To include this
interaction in the original Lagrangian of the NJL model (1),
one contraction of quark fields (by all possible means) is
required, which gives rise to the appearance of a nondiagonal
interaction between light and strange quarks. This allows
solving the UA�1� problem and describing the states of
isoscalar Z and Z0 mesons [10, 15, 22].

With the 'tHooft interaction, the four-quark NJL
Lagrangian can be represented in the form [16, 24]

L��q; q� �
�
d4x �q�x��i6qÿm 0�q�x�

� 1

2

�
d4x

X9
a�1

X9
b�1

�
G
�ÿ�
ab J a

S; 1�x�Jb
S; 1�x�� G

���
ab J a

P; 1�x�Jb
P; 1�x�

�
�
�
d4x

X9
a�1

Ga

2

�
Ja
S; 2�x�Ja

S; 2�x� � Ja
P; 2�x�Ja

P; 2�x�
�

ÿ G2

2

�
d4x

X9
a�1

X2
i�1

Ja; m
V; i �x�Ja

V; i; m�x�

ÿ G3

2

�
d4x

X9
a�1

X2
i�1

Ja; m
A; i �x�Ja

A; i; m�x� ; �9�

where m 0 is the current quark mass,

G�11 � G�22 � G�33 � G1 � 4KmsI1�ms� ;
G�44 � G�55 � G�66 � G�77 � G1 � 4KmuI1�mu� ;
G�88 � G1 � 4KmsI1�ms� ; G�99 � G1 ; �10�
G�89 � G�98 � �4

���
2
p

KmuI1�mu� ;
Gab � 0 ; a 6� b; a; b � 1; . . . ; 7:

We introduce the general notation for loop integrals that
appear in calculations:

I �l�n �m� � ÿiNc

�
d4k

�2p�4
f l�k2�

�k 2 ÿm 2 � i0�n

�Y�L2
3 ÿ k2� ; l � 0; 1; 2 : �11�

Here, Y is the Heaviside theta-function. The constant before
the excited states of scalar and pseudoscalar mesons is

Ga � G1�c aP�2 : �12�

After standard bosonization, we obtain

L��q; q; s;j;V;A� �
�
d4x1

�
d4x2 �q�x1�

�
�
�i6qx2 ÿm 0�d�x1 ÿ x2�

�
�
d4x

X2
i�1

X9
a�1

�
s a
i �x�F a

s; i�x; x1; x2�� j a
i �x�F a

j; i�x; x1; x2�

� Va
i;m�x�F a; m

V; i �x; x1; x2� � Aa
i; m�x�F a; m

A; i �x; x1; x2�
��

q�x2�

ÿ
X9
a; b�1

�
d4x

�
1

2

hÿ
Gÿab
�ÿ1s a

1 �x�s b
1 �x�

�ÿG�ab�ÿ1j a
1 �x�j b

1 �x�
i
ÿ 1

2GV

hÿ
Va;m

1 �x�
�2�ÿAa;m

1 �x�
�2i�

ÿ
�
d4x

�
1

2G1

hÿ
s a
2 �x�

�2 � ÿf a
2 �x�

�2i
ÿ 1

2GV

hÿ
Va; m

2 �x�
�2 � ÿAa; m

2 �x�
�2i�

: �13�

Here, j, V, and A are pseudoscalar, vector, and axial-vector
fields.

Among the boson fields introduced, scalar isoscalar fields
s 8; 9
1 with nonzero vacuum expectation values hs 8; 9

1 i �
s 8; 9
0 6� 0 are of special interest. By an identity transforma-

tion (subtracting vacuum expectations from s 8; 9
1 and adding

them to the current quark masses m 0), we pass to physical
fields and obtain the constituent quark masses instead of
current masses [10, 17]:

m 0
u � mu

ÿ
1ÿ 8G

�ÿ�
88 I

�0�
1 �mu�

�
; �14�

m 0
s � ms

ÿ
1ÿ 8G

�ÿ�
99 I

�0�
1 �ms�

�
: �15�

In this review, we restrict ourselves to describing electron±
positron annihilation into hadrons and t-lepton decays with a
minimal number of mesons (no more than three) in the final
state.

2.1 Lagrangian for pions
Formula (13) for the free Lagrangian of pion fields in the one-
loop approximation after renormalization of meson fields

2 The form factors in fact depend on the transverse part of the quark

momentum k? � kÿ �kP=P 2�P, where P is the 4-momentum of a meson.

In the meson rest frame, the transverse momentum takes the simple form

k? � f0; kg. Therefore, we take k as the argument.
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yields (see [18, 25] for the details)

L�2��p1; 2� � ÿp 2
1

M 2
p1

2
ÿ p 2

2

M 2
p2

2
� P 2

2
�p21 � 2Rpp1p2 � p 2

2 � :
�16�

Here, P is the meson momentum operator,

Rp � I
�1�
2 �mu�

����
Z
p����������������������������������

I
�0�
2 �mu�I �2�2 �mu�

q ; �17�

where we have taken the pÿa1 transitions into account, and

Z � 1ÿ 6m 2
u

M 2
a1

: �18�

We note that two renormalizations of meson fields have
been made. The first is due to the reduction in the kinetic
terms to the normal form by absorbing the integrals I2 arising
from quark loops into the meson fields. The second
renormalization is due to taking the possible transitions
between pions and axial-vector mesons into account. This
gives rise to the appearance of the additional dipole factor

����
Z
p

before the renormalization coefficient for the pion ground
states [8]. A similar renormalization for the excited states can
be disregarded because the corresponding coefficient is

����
�Z

p
�

�1ÿ R 2
p6m

2
u=M

2
a1
�1=2 � 1 (see [18]).

The unphysical meson masses are determined as

M 2
p1 � g 2

p1

�
1

Gp
ÿ 8I

�0�
1 �mu�

�
;

�19�
M 2

p2 � g2p2

�
1

�cp�2G1

ÿ 8I
�2�
1 �mu�

�
;

where Gp � G�11 and c p � c1P. The constants gp1�
�4ZI �0�2 �mu��ÿ1=2 and gp2��4I �2�2 �mu��ÿ1=2 are the pion éeld

renormalization constants. After renormalizations, they

also turn into the quarkëmeson coupling constants in

Lagrangian (13).
The diagonalization of Lagrangian (16) yields the stan-

dard free Lagrangian for physical fields:

L�2��p; p 0� � ÿp2 M 2
p

2
ÿ p 0 2

M 2
p 0

2
� P 2

2

ÿ
p2 � p 0 2

�
: �20�

Here, the masses of p and p 0 � p�1300�mesons are expressed
in terms of the masses of unphysical mesonsMp1; p2 as [18, 19,
25]

M 2
p �M 2

p 0 � �
1

2�1ÿ R 2
p �
�
M 2

p1 �M 2
p2

ÿ ���
�����������������������������������������������������������������
�M 2

p1 ÿM 2
p2�2 � �2Mp1Mp2Rp�2

q �
: �21�

This diagonalization is performed by the transformation

p1 � sin �a� a0�pÿ cos �a� a0�p 0����
Z
p

sin �2a0�
;

�22�
p2 � sin �aÿ a0�pÿ cos �aÿ a0�p 0

sin �2a0� :

We note that these transformations of pion fields are
nonunitary, because, in addition to rotation, they include a
rescaling related to the renormalization. The mixing angles
can be found from the expressions

sin a0 �
���������������
1� Rp

2

r
;

�23�

tan �2aÿ p� �
���������������
1

R2
p
ÿ 1

s
M 2

p1 ÿM 2
p2

M 2
p1 �M 2

p2

:

As a result, the quark±pion interaction takes the form

L�p; q� � �q�p 0�
n
Apg5

�
t 3p0�k� �

���
2
p

t�p��k�

�
���
2
p

tÿpÿ�k��ÿ Ap 0g5
�
t 3�p 0�0�k�

�
���
2
p

t��p��0�k� �
���
2
p

tÿ�pÿ�0�k��oq�p� �24�

with k � p 0 ÿ p, where p 0 and p are quark momenta, t� �
�t1 � it 2�= ���

2
p

, and

Ap � gp1
sin �a� a0�
sin �2a0� � gp2 fu�k2�

sin �aÿ a0�
sin �2a0� ;

Ap 0 � gp1
cos �a� a0�
sin �2a0� � gp2 fu�k2�

cos �aÿ a0�
sin �2a0� ;

where fu�k2� is the form factor for light quarks defined by
formula (6).

The parameters G1 and c p can be determined from the
values of massesMp1 andMp2 in Eqns (19), which are in turn
expressed in terms of masses of physical pions:

M 2
p1�M 2

p2� � g
M 2

p �M 2
p 0

2

ÿ ���
���������������������������������������������������������
g 2
�M 2

p �M 2
p 0 �2

4
ÿ gM 2

pM
2
p 0

s
; �25�

g � 1ÿ R 2
p :

However, there is also a third, so far nonfixed, parameter, the
't Hooft coupling constant K. This parameter is deduced
from the Z and Z0 masses in Section 2.5 [see formula (42)].

2.2 Lagrangian for vector mesons
In a similar way, the ENJL model can be constructed for
vector mesons r, o, and f. After the renormalization
V m ! V m

r , the free Lagrangian of the model for unphysical
vector mesons takes the form

L�2��r;o;f� � ÿ 1

2

X2
i; j�1

X5
a�1

V m; a
r; i R

mn
i; jV

n; a
r; j ;

R mn
11 � g mnP 2 ÿ P mP n ÿ g mnM 2�Va

1 � ;

R mn
22 � g mnP 2 ÿ P mP n ÿ g mnM 2�Va

2 � ;

R mn
12 � R mn

21 � RVa

ÿ
g mnP 2 ÿ P mP n� ;

RVb

���
b�1; 2; 3; 4

� RVu
� I

�1�
2 �mu�����������������������������������

I
�0�
2 �mu�I �2�2 �mu�

q ;
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RV 5 � RVs
� I

�1�
2 �ms����������������������������������

I
�0�
2 �ms�I �2�2 �ms�

q ;

M 2�Vb
1 � �M 2�r1;o1� �

g 2
r1

4G2
;

M 2�Vb
2 � �M 2�r2;o2� �

g 2
r2

4G2�c r�2
;

g 2
r � g 2

r1
� 3

2I
�0�
2 �mu�

; g 2
r2
� 3

2I
�2�
2 �mu�

;

M 2�V 5
1 � �M 2�f1� �

g 2
f1

4G2
;

M 2�V 5
2 � �M 2�f2� �

g 2
f2

4G2�cf�2
;

g 2
f1
� 3

2I
�0�
2 �ms�

; g 2
f2
� 3

2I
�2�
2 �ms�

: �26�

The free Lagrangian for vector mesons is diagonalized
using angles bu

0 , b
u, b s

0, and b s:

sin bu; s0 �
��������������������
1� RVb; 5

2

r
;

�27�

tan �2bu; s ÿ p� �
��������������������
1

R 2
Vb; 5

ÿ 1

s
M 2�Vb; 5

1 � ÿM 2�Vb; 5
2 �

M 2�Vb; 5
1 � �M 2�Vb; 5

2 �
:

After transformations analogous to those made for pion
fields, we obtain the Lagrangian for interactions of physical
vector mesons with quarks:

L�r;o;f; q�� �q�p 0�
�X3
a�1

Artar̂a�k�� Aot8ô�k�� Aft9f̂�k�

ÿ
X3
a�1

Ar 0ta r̂ 0a�k� ÿ Ao 0t8ô 0�k� ÿ Af 0t9f̂
0�k�
�
q�p� ;

k � p 0 ÿ p; r� � r1 � ir2���
2
p ; V̂ � V mgm ;

Ar � Ao � gr1
2

sin �bu � b u
0 �

sin �2b u
0 �

� gr2
2

f �k2� sin �b
u ÿ b u

0 �
sin �2b u

0 �
;

Ar 0 � Ao 0 � gr1
2

cos �b u � bu
0 �

sin �2b u
0 �

� gr2
2

f �k2� cos �b
u ÿ b u

0 �
sin �2bu

0 �
;

Af � gf1

2

sin �b s � b s
0�

sin �2b s
0�
� gf2

2
f �k2� sin �b

s ÿ b s
0�

sin �2b s
0�

;

Af 0 � gf1

2

cos �b s � b s
0�

sin �2b s
0�
� gf2

2
f �k2� cos �b

s ÿ b s
0�

sin �2b s
0�

:

2.3 Lagrangian for K mesons
In the ENJL model, the Lagrangian for the interaction of
strange mesons with quarks has the form

DLint�q; �q;K;K�0;K�� � �q

�
ig 5

X
j��;ÿ

tj
ÿ
aKK

j � bK ~K j
�

�
X
j��;ÿ

tj
ÿ
aK�

0
K � j0 � bK�

0

~K � j0

�
� 1

2
gm
X
j��;ÿ

tj
ÿ
aK�K

� j
m � bK� ~K � jm

��
q ; �28�

where K�, K��0 , and K�� are the respective pseudoscalar,
scalar, and vector-strange mesons. Their first radially excited
states are marked by a tilde over the symbols; t� and tÿ are
the matrices

t� � l4 � il5���
2
p �

���
2
p 0 0 1

0 0 0
0 0 0

 !
;

�29�

tÿ � l4 ÿ il5���
2
p �

���
2
p 0 0 0

0 0 0
1 0 0

 !
:

The coefficients ar and br resulting from the diagonalization
of the original Lagrangian for kaons are

ar � 1

sin �2y 0
r �

�
gr sin �yr � y 0

r � � g 0r fus�k2� sin �yr ÿ y 0
r �
�
;

br � ÿ 1

sin �2y 0
r �

�
gr cos �yr � y 0

r � � g 0r fus�k2� cos �yr ÿ y 0
r �
�
;

r � K; K�0; K
� : �30�

2.4 Lagrangian for g mesons
After bosonizing, taking two-vertex quark loops with
different Z mesons at the ends into account, and renormaliz-
ing similarly to the pion case, we arrive at a nondiagonal free
Lagrangian for isoscalar fields:

L�2��F� � 1

2

X4
i; j�1

FiKi j�P�Fj ; �31�

where F � �j8
1;j

8
2;j

9
1;j

9
2�,

K11�P� � P 2 ÿM 2
j8
1
;

K22�P� � P 2 ÿM 2
j8
2
;

K33�P� � P 2 ÿM 2
j9
1
;

K44�P� � P 2 ÿM 2
j9
2
;

K12�P� � K21�P� � RZu
P 2 ;

K34�P� � K43�P� � RZs
P 2 ; �32�

K13�P� � K31�P� � gs1gs2
2

G�89
;

K14�P� � K41�P� � K24�P� � K42�P� � 0 ;

K23�P� � K32�P� � 0 ;

RZu
� Rp ; RZs

� RV 5 ;

gs1 �
1�������������������

4I
�0�
2 �ms�

q ; gs2 �
1�������������������

4I
�2�
2 �ms�

q :

The masses of unphysical mesons are

M 2
j8
1
� g 2

p1

�
1

Gÿ88
ÿ 8I1�mu�

�
;

M 2
j8
2
� g 2

p2

�
1

�c 8P�2G1

ÿ 8I
�2�
1 �mu�

�
;

�33�
M 2

j9
1
� g 2

s1

�
1

Gÿ99
ÿ 8I1�ms�

�
;

M 2
j9
2
� g 2

s2

�
1

�c 9P�2G1

ÿ 8I
�2�
1 �ms�

�
:
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The transition to physical fieldsFph � �Z; Ẑ; Z 0; Ẑ 0� is made by
numerically diagonalizing the matrix Ki j. As a result, the
mixing matrix [25] is obtained, which is presented in Table 1.
This matrix allows describing the interaction of physical Z
mesons with quarks in terms of the previously defined
interactions of unphysical mesons:

Lint�Z; q� � �q�k 0�
�
ig5
X
j�8; 9

tj
X

g�Z; Z 0; Ẑ; Ẑ 0
Aj

gg�p�
�
q�k� ;

Aj
Z; Ẑ; Z 0; Ẑ 0 � gj; 1b

j j
1

Z; Ẑ; Z 0; Ẑ 0 � gj; 2b
j j
2

Z; Ẑ; Z 0; Ẑ 0 fj�k2� ;
�34�

where g8; 1 � gp1 , g8; 2 � gp2 , g9; 1 � gs1 , g9;2 � gs2 , and the

coefécients b
j j
2

Z; Ẑ; Z 0; Ẑ 0 are elements of the mixing matrix

presented in Table 1.

2.5 Values of model parameters
In the NJL model, the Goldberger±Treiman relation holds,
which follows from the calculation of the p� ! m�nm decay
width:

gp1 � gp � mu

Fp
; �35�

where Fp is the pion decay constant. On the other hand [8],

m 2
u

F 2
p
� Zÿ1

g 2
r

6
�
�
1ÿ 6m 2

u

m 2
a1

�ÿ1 g 2
r

6
: �36�

From (36), using experimental values of the parameters
Fp � 92:8 MeV, gr � 6:14, and ma1 � 1230 MeV, we find
mu � 280 MeV. The strange quark mass ms � 420 MeV was
fixed in [26] in terms of the experimental values of K-meson
masses. The calculated mass of the fmeson in the model was
in satisfactory agreement with experimental results.

The parameter gr is expressed in terms of the integral I
�0�
2

depending on the cutoff parameter L3 [see Eqns (26)]. This
implies that L3 � 1:03 GeV. The values of the cutoff
parameter, the quark masses, and the slope parameters of
the form factors can be used to calculate the integrals though
which the coupling constants of quark±meson interactions
are expressed:

gr2 � 9:87 ; gp2 �
gr2���
6
p � 4:03 ;

gs1 � 3:00 ; gs2 � 5:28 ; �37�
gf1
� 7:34 ; gf2

� 12:54 :

We also obtain

RVu
� 0:545 ; RZu

� Rp �
����
Z
p

RVu
� 0:474 ; �38�

RZs
� RVs

� 0:411 ; Z � 0:69 :

The mixing angles of the excited and nonexcited pions
a0 � 59:12� and a � 59:48� were obtained in [18, 19]. The

corresponding angles for the f mesons are b s
0 � 57:13� and

b s � 68:4�. For the r mesons, b0 � 61:5� and b � 81:8�.
For completeness, we present some values of integrals

with two propagators and different numbers of form factors:

I
�0�
2 �mu� � 0:0398 ; I

�1�
2 �mu� � 0:0135 ; �39�

I
�2�
2 �mu� � 0:0154 :

The from-factor slope parameters and the mixing angles
for kaons have the values

dus � ÿ1:761 GeVÿ2 ;

yK � 58:11� ; yK�
0
� 74� ; yK� � 84:74� ; �40�

y 0
K � 55:52� ; y 0

K�
0
� 60� ; y 0

K� � 59:56� :

The coupling constants are

gK �
�

4

ZK
I
�0�
2 �mu;ms�

�ÿ1=2
� 3:77 ;

g 0K �
ÿ
4I
�0�
2 �mu;ms�

�ÿ1=2 � 4:69 ;

gK�
0
� ÿ4I �0�2 �mu;ms�

�ÿ1=2 � 2:78 ;

g 0K�
0
� ÿ4I �0�2 �mu;ms�

�ÿ1=2 � 4:69 ;

gK� �
�
2

3
I
�0�
2 �mu;ms�

�ÿ1=2
� 6:81 ;

g 0K� �
�
2

3
I
�n�
2 �mu;ms�

�ÿ1=2
� 11:49 ;

I
�n�
2 �m1;m2�� ÿi Nc

�2p�4
�
d4kY�L2

3ÿ k2� f n
1; 2�k2�

�m 2
1ÿ k 2��m 2

2ÿ k 2� ;

ZK �
�
1ÿ 3

2

�mu �ms�2
M 2

K1

�ÿ1
� 1:83 : �41�

The diagonalization yields the masses of the ground and
first radially excited states of the corresponding mesons,
which are presented in Table 2 in comparison with experi-
mental values [27] (we take the masses of neutral mesons).

In diagonalizing the free Lagrangian of the Zmesons, the
following model parameters have been used:

G1 � 3:14 GeVÿ2 ; K � 6:1 GeVÿ5 ; �42�
c 8P � 1:50 ; c 9P � 1:66; c p � 144 :

Table 1.Mixing matrix coefficients for Zmesons.

Ri; j Z Ẑ Z 0 Ẑ 0

j8
1

j8
2

j9
1

j9
2

0.71

0.11

0.62

0.06

0.62

ÿ0.87
0.19

ÿ0.66

ÿ0.32
ÿ0.48
0.56

0.30

0.56

ÿ0.54
ÿ0.67
0.82

Table 2.Masses of pseudoscalar and vector mesons.

Meson M theor, MeV M exp, MeV

p

p�1300�
K

K(1460)

r

r�1450�
K��892�
K��1410�
K�0�800�
K�0�1430�
f�1020�
f�1680�

136

1300

490

1300

768

1490

887

1479

900

1500

1019

1682

134.9766(6)

1300(100)

497.611(13)

� 1460

775.26(25)

1465 (25)

891.66(26)

1414(15)

682(29)

1425(50)

1019.461(19)

1680(20)
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Here, we show the value of the parameter cp entering the pion
mass definition (19).

The diagonalization of the free Lagrangian results in
finding the masses of physical Zmesons:

MZ � 520 MeV ; MZ 0 � 910 MeV ; �43�
MẐ � 1280 MeV ; MẐ 0 � 1470 MeV :

The corresponding experimental values are

M exp
Z � 548 MeV ; M exp

Z 0 � 958 MeV ;

M exp
Ẑ �MZ�1295� � 1294 MeV ; �44�

M exp
Ẑ 0 �MZ�1475� � 1476 MeV :

When considering the Z mesons, we have taken only quark±
antiquark states into account and ignored their possible
mixing with the pseudoscalar glueball.

3. Radiative decays
and meson photoproduction processes

This section is devoted to describing two-photon decays of
neutral pseudoscalar mesons in both the ground and the first
radially excited states. We also consider the leading two-
particle radiative decays of pseudoscalar and vector mesons
in the ground and the first radially excited states. In addition,
we present the results for different cross-symmetric processes
with the production of neutral pseudoscalar mesons, which
are studied in electron±positron colliders.

3.1 Two-photon decays of pions and g mesons
The two-photon decay of a neutral pion, which is the
principal decay mode, has been studied both experimen-
tally and theoretically by many authors. When studying
this process, we encounter the problem known as the
Adler±Bell±Jackiw anomaly (see [28] for a detailed discus-
sion). In the standard NJL model, this process is described
in review [8], as are similar decays of the Z and Z0 mesons.

In the ENJL model, the decay cross section of the ground
and excited states of pions into two photons has the form [29]

Gp!gg �
�
a
p

�2
M 3

p

16pm 2
u

�
I
�3�
0 �mu�gp1

sin �a� a0�
sin �2a0�

� I
�3�
1 �mu�gp2

sin �aÿ a0�
sin �2a0�

�2
� 8:0 eV ; �45�

Gp 0!gg �
�
a
p

�2
M 3

p 0

16pm 2
u

�
I
�3�
0 �mu�gp1

cos �a� a0�
sin �2a0�

� I
�3�
1 �mu�gp2

cos �aÿ a0�
sin �2a0�

�2
� 1:0 eV : �46�

Themodern experimental value of the p0 ! gg decay width is
�7:7� 0:2� eV. The p�1300� ! gg decaywidth obtained in the
model is the theoretical prediction to be tested experimen-
tally. When calculating the integral I

�3�
0 �mu�, we are dealing

with an anomalous triangle diagram that represents the
Wess±Zumino term. The integral converges, and therefore
no cutoff is used. However, if a cutoff is used, the chiral
symmetry of the Wess±Zumino sector of the chiral Lagran-
gian is broken.

Two-photon decays of the Z mesons can be described
similarly [30]. For example, the Z�550� two-photon decay
amplitude is

TZ!gg � a
9p

emnrsq
r
1 q

s
2 E

m
1 E

n
2

�
�
R1; 1

gp
mu

5I
�0�
3 �mu� � R2; 1

gp2
mu

5I
�1�
3 �mu�

ÿ R3; 1
gs1
ms

���
2
p

I
�0�
3 �ms� ÿ R4; 1

gs2
ms

���
2
p

I
�1�
3 �ms�

�
; �47�

where emnrs is the Levi-Civita tensor, q
r; s
1; 2 and E m; n1; 2 are the

momenta and polarization vectors of photons, and Ri; j are
the elements of the mixing matrix of the Z mesons (see
Table 1). Numerical values of the two-photon decay widths of
four states of the Z mesons are listed in Table 3.

3.2 Radiative decays of vector and pseudoscalar mesons
Radiative decays of pseudoscalar and vector mesons with one
photon in the final state, which are described by the
anomalous triangle quark diagrams (Fig. 1), are very similar
to the two-photon decays of pseudoscalar mesons considered
above. Such radiative decays for the ground state of light
pseudoscalar and vector mesons p, Z, Z 0, r, o, and f are well
studied experimentally. Studies of the corresponding decays
with the participation of radially excited states of these
mesons are carried out on modern accelerators, including
VEPP-2000 and BEPC-II. The ENJL model predicts the
decay widths of these processes. Corresponding results were
obtained in [31] (Table 4). Table 4 shows that the ENJLmodel
does not cardinally change the standard NJL model results
for the ground states of mesons, which are in good agreement
with the experimental data. This allows us to hope that
predictions of this model for processes with radially excited
states are reasonable.

3.3 Photoproduction of neutral pseudoscalar mesons
by leptons
We now turn to the processes of meson production in
electron±positron accelerators.

We start by considering the generation of pseudoscalar
mesons in eÿe� beams through intermediate photons:

eÿ�p1� � e��p2� ! eÿ�p 01� � e��p 02� � P�p� ; �48�
where P � p, p�1300�, Z, Z0, Z�1295�, and Z�1475�. In the
leading approximation, the total cross section of the two-

Table 3. Theoretical �G theor� and experimental �G exp� values of the decay
width G of Zmesons into two photons.

Meson
G, eV

Z�550� Z�1295� Z�958� Z�1475�

G theor 520 93 4990 230

G exp 510� 26 ì 4340� 140 ì

A�P�

P�A�
q

g

Figure 1.Amplitude of radiative decays of pseudoscalar �P� and vector �A�
mesons with a quark triangle loop q � �u; d; s�.
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photon production process has the form [32]

sP � �4a�2 ln2
� ��

s
p
2me

�
GP!gg

M 3
P

Y

�
M 2

P

s

�
;

�49�
Y�z� � �2� z�2 ln 1���

z
p ÿ �3� z��1ÿ z� :

Numerical results [30] and the corresponding experimental
data [33] for Zmesons with the total center-of-mass energy of
colliding beams

��
s
p � 29 GeV are presented in Table 5. For

pions [29] with the total energy of the beams
��
s
p � 3 GeV, the

predicted values are sp � 0:43 nb and sp�1300� � 0:09 nb.
We now consider the Primakoff processes with pion and

Z-meson production on a charged lepton [29]:

g�k� � l�p� ! P�p1� � l�p 0�; l � e; m ;

p 2 � p 0 2 � m 2
l ; k 2 � 0; p 2

1 �M 2
P ; �50�

s � 2kp >M 2
P 4m 2

l :

The cross section is dominated by kinematics with the
exchange of an almost real photon with the momentum
q � pÿ p 0. In this case, calculations are conveniently per-
formed using the Sudakov parameterization:

q � a~p� bk� q? ; q 2 � ÿ q2 � a 2m 2
l

1ÿ a
; �51�

a � q2 �M 2
P

s
:

The differential cross section has the form

ds gl!Pl � aG�P! gg�
M 3

P

�
1�

�
1ÿM 2

P

s

�2�
q2 dq2

�q2�m 2
l M

4
P=s

2�2 :
�52�

The total cross section of the process is

s gl!Pl � aG�P! gg�
M 3

P

�
1�

�
1ÿM 2

P

s

�2��
ln

s 2

m 2
l M

2
P

ÿ 1

�
:

�53�
For the energy

��
s
p � 3GeV, we obtain the total cross sections

s ge!pe � 0:37 nb, s ge!p 0e � 0:14 nb, s ge!Ze � 0:33 nb,
s ge!Z 0e � 0:54 nb, s ge!Z�1295�e � 3:6 pb, and s ge!Z�1475�e �
5:7 pb.

4. Meson production
in electron±positron annihilations

In this section, we consider production of light mesons in
eÿe� annihilations at the center-of-mass energies up to 2GeV.
These processes occur with the participation of intermediate
mesons in both ground and radially excited states. Experi-
mental data show that the ground and first radially excited
states of intermediate vector mesons make the greatest
contribution to these processes. We note that the ENJL
model can quite satisfactorily describe exactly these states.
In Sections 4.1±4.5, we describe the following processes:
e� � eÿ! P� g, where P � p, p�1300�, Z, Z0, Z�1295�, and
Z�1475�; e� � eÿ ! p� o; e� � eÿ ! p� � pÿ; and
e� � eÿ ! Z2p.

4.1 Processes e� � eÿ ! P� c
The amplitude of the process e� � eÿ ! p0 � g is determined
by four contributions (Figs 2±4):

T l � �egmeemlab
p a
p p

b
g

smu

ÿ
Bg � Br�o � Bf � Br 0�o 0

�
; �54�

where s � �p1�e�� � p2�eÿ��2. We ignore the contribution
from the intermediate f�1680�, because its pg decay has a
low probability.

The contribution from the contact diagram with photon
exchange (see Fig. 2) is

Bg � 2Vg�p0g ; Vg�p0g � gp1I
�0�
3 : �55�

The nonexcited intermediate r and omesons give

Br�o �
�
sin �b� b0�
sin �2b0�

� RVu

sin �bÿ b0�
sin �2b0�

�

�
�

s

sÿM 2
r � iMrGr

� s

sÿM 2
o � iMoGo

�
Vrp0g

gr1
;
�56�

Vrp0g � gp1

�
sin �b� b0�gr1I �0�3

sin �2b0�
� sin �bÿ b0�gr2I �1�3

sin �2b0�
�
:

The first factor in the expression forBr�o takes the splitting of
the vector vertex in the gÿr�o� transition into account. This
splitting appears in the extendedmodel to describe the mixing

Table 4. Widths of one-photon radiative decays in the standard and
extended NJL models in comparison with experimental data [27].

G, keV
Decay

NJL ENJL PDG*

r! Zg 52.1 45.5 44.7

o! Zg 6.2 5.5 3.9

f! Zg 30.9 32.01 55.3

f! Z0g 0.267 0.257 0.27

Z0 ! rg 49.9 69.4 57.7

Z0 ! og 5.03 6.9 5.5

Z�1295� ! rg ì 12.6 ì

Z�1295� ! og ì 1.4 ì

Z�1295� ! fg ì 7.6 ì

Z�1475� ! rg ì 11.9 ì

Z�1475� ! og ì 2.9 ì

Z�1475� ! fg ì 8.1 ì

r! pg 89.8 81.7 89.4

o! pg 832 756 703

p�1300� ! rg ì 26.2 ì

p�1300� ! og ì 229 ì

* Particle Data Group Collaboration.

Table 5. Total two-photon production cross sections s of pseudoscalar
mesons.

Meson
s, nb

Z�550� Z�1295� Z�958� Z�1475�

s theor 1.4 0.014 2.1 0.022

s exp 1:25� 0:13 ì 1:8� 0:3 ì
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the r1 and r2 states in the physical r meson. The general
structure of the gÿr�o;f� transition via a quark loop is
described in [8].

The transition of the intermediate f meson into p0g
occurs due to its mixing with the o meson:

Bf �
���
2
p

3

s sin yof
sÿM 2

f � iMfGf

Vop0g

gr1
;

�57�
Vop0g � 3Vrp0g :

The mixing angle is yof � ÿ3� [12, 15, 34].
The contribution of the intermediate r 0 and o 0 mesons

has the form

Br 0�o 0 �
�
ÿ cos �b� b0�

sin �2b0�
ÿ RVu

cos �bÿ b0�
sin �2b0�

�
1

gr1

�
�

s

sÿM 2
r 0 � iMr 0Gr 0

� s

sÿM 2
o 0 � iMo 0Go 0

�
Vr 0p0g ;

�58�

Vr 0p0g � ÿgp1
�
cos �b� b0�gr1I �0�3

sin �2b0�
� cos �bÿ b0�gr2I �1�3

sin �2b0�
�
:

The process cross section is

s e�eÿ!pg�s� � a 3

24p2s 3f 2p
l3=2�s;M 2

o;M
2
p �

1

g 2
p1

� jBg � Br�o � Bf � Br 0�o 0 j2 ; �59�
l�s;M 2

o;M
2
p � � �sÿM 2

o ÿM 2
p �2 ÿ 4M 2

oM
2
p :

A comparison of the calculated cross section of this process
in the ENJL model with experimental data [35±37] is
presented in Fig. 5. These calculations used the masses and
widths of mesons in [27], with the exception of the width Gr 0 ,
which was assumed to be 340 MeV, one standard deviation
below the central experimental value. Our results are also in
agreement with the generalized vector dominance model
calculations [38].

The e� � eÿ ! p 0�1300� � g process is described simi-
larly; the main difference is in the modification of the vertices
Vg��r; r 0;o;o 0�p 0g:

Vg�p 0g � Vg�p0g
cos �a� a0�
sin �2a0� � gp2I

�3�
1

cos �aÿ a0�
sin �2a0� ;

Vrp 0g � ÿgr1
sin �b� b0�
sin �2b0�

gp1
cos �a� a0�
sin �2a0� I

�3�
0

ÿ gr2
sin �bÿ b0�
sin �2b0�

gp1
cos �a� a0�
sin �2a0� I

�3�
1

ÿ gr1
sin �b� b0�
sin �2b0�

gp2
cos �aÿ a0�
sin �2a0� I

�3�
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2 :

All other factors are exactly the same as in p0g production.
The predicted cross section of the p�1300�g production is
shown in Fig. 6.

4.2 Processes e�eÿ ! �g;g0;g�1295�;g�1475��c
Electron±positron annihilation into the Zg pair was studied
experimentally in the VEPP-2M collider [39]. Similar pro-
cesses producing Z0 mesons and the first radially excited
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Figure 3. Feynman diagram of the e�eÿ ! p0g process with intermediate

r, o, and fmesons.
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Figure 4. Feynman diagram of the e�eÿ ! p0g process with intermediate

excited r 0 and o 0.
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Z mesons will be studied using the modified VEPP-2000
collider. In the ENJL model, this process is described in [40].

The structure of the amplitude of processes with Zig pair
production is very similar to that presented in Section 4.1 for
the pg pair production. Here, we include the contributions
from the intermediate photon and r, o, and fmesons both in
the ground and first radially excited states. Especially
important are the contributions from the intermediate f and
f 0 mesons, because the Zmesons contain both ud-quark and
s-quark structures. The amplitude has the form

T l � �egme
p a
Z p

b
g

s
fTg � Tr�o � Tf � Tr 0�o 0 � Tf 0 gemlab ;

�61�

where contributions from the intermediate states are
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:

The coefficients CgV denote the constants of the transition of
a virtual photon into a vector meson:

CgV � sin �b q � b q
0 �

sin �2bq
0 �

� RV
sin �bq ÿ bq

0 �
sin �2b q

0 �
;

�63�
CgV 0 � ÿ

�
cos �b q � bq

0 �
sin �2b q

0 �
� RV

cos �b q ÿ bq
0 �

sin �2b q
0 �

�
:

The values for vertices are taken in the low-momentum
approximation:
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The energy dependence of the r 0-meson width can be taken
into account using the formula

Gr 0 �s� � Y�2mp ÿ
��
s
p �Gr 0!2p �Y� ��sp ÿ 2mp�

�
�
Gr 0!2p � Gr 0!op

��
s
p ÿ 2mp

mo ÿmp

�
Y�mo �mp ÿ

��
s
p �

�Y�mr 0 ÿ
��
s
p �Y� ��sp ÿmo ÿmp�

�
�
Gr 0!2p � Gr 0!op � �Gr 0 ÿ Gr 0!2p ÿ Gr 0!op�

�
��
s
p ÿmo ÿmp

mr 0 ÿmo ÿmp

�
�Y� ��sp ÿmr 0 �Gr 0 ; �65�

where Gr 0!2p � 22 MeV and Gr 0!op � 75 MeV were
obtained in [19], and Gr 0 � 400 MeV is the full width of the
r 0 meson.We use full widths of the excitedo 0 andf 0 mesons.
This is justified by their small contributions compared to that
from the r 0 meson. We note that the contribution from the
f 0 meson is noticeable only for energies

��
s
p

> 1:5 GeV.
Unfortunately, the ENJL model cannot predict the relative
phases between the ground and excited states of the inter-
mediate mesons, and we therefore choose them from the
approximation of experimental data in the framework of the
vector dominance model [39].

The total cross section of the considered process has the
form

s�s� � a
24p2s 3

l3=2�s;m; 0�jT j2 ; �66�

where l�a; b; c���aÿbÿc�2ÿ 4bc and m� mZ;mZ 0 ;mẐ;mẐ 0 .
The results of numerical calculations are presented in Figs 7±
10. Figure 7 also shows a comparison with experimental
data [39]. Figures 8±10 show the ENJL model predictions.
These figures suggest that accounting for the excited states is
important at energies above 1 GeV. Our predictions can be
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used to select the physical program of further experimental
research on modern electron±positron colliders.

4.3 Process e�eÿ ! px
The eÿe� annihilation into a op0 meson pair with subse-
quent o! p0g decay was studied at energies below 2 GeV in
several experiments: DM2 (from the French Detecteur
Magnetique 2) [41], ND (Neutral Detector) [42], and
CMD-2 (Cryogenic Magnetic Detector) [44]. For a theore-
tical description of this process, several phenomenological
models have been used, which are typically based on the
chiral symmetry and vector dominance principles. A general-
ized vector dominance model with the contribution from the
intermediate vector mesons r�770�, r 0�1450�, and r 00�1700�
was used in [44]. Arbitrary free parameters inferred from
experimental data were introduced there. Earlier, the
r 0 ! op decay was considered in the relativistic [45] and
nonrelativistic [46] quark models. In [47], the e�eÿ ! op0

process was studied at energies near the f-meson resonance,
where experimental data obtained by the KLOE (K Long
Experiment) collaboration [48] are available. Here, we do
not focus on this energy range and ignore the contribution
from the f meson at energies above its mass (and below
2 GeV). We note that in [44, 49, 50], different models were
used to show that the contribution from the second radially
excited state r 00�1700� to this process is small. In the ENJL

model, this process is described in [51, 52]. Unlike the models
used in the papers cited above, our model does not require
the use of any additional parameters.

Unlike the process e�eÿ ! pg discussed in Section 4.1, the
process we consider here includes only r0�770� and r 0�1450�
as the intermediate mesons (in addition to a photon). The
amplitude of this process takes the form

T � �e gme
1

s
emlnZ p n

o p
Z
p

ÿ
Tg � Tr � Tr 0

�
El�o� ; �67�

where s � �p1�e�� � p2�eÿ��2 � q 2, and E is the polarization
vector of the o meson. The amplitude calculation is fully
analogous to that given in Section 4.2, with the only difference
in the expression for the triangle vertex describing the po pair
production instead of the pg pair. In particular, the r! po
transition vertex in the ENJL model is

Vrop � gp1

�
gr1

�
sin �b� b0�
sin �2b0�

�2
I
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� g 2
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�
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�2�
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� 2gr2
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The large number of terms in this vertex is due to the form
factors in both the r-meson and o-meson vertices. A detailed
description of other vertices can be found in [52]. The
obtained amplitudes enable the calculation of the energy
dependence of this process, shown in Fig. 11. It can be seen
that the predictions are compatible with the experimental
data. Especially good agreement is observed at energies up to
1.4 GeV. At higher energies, contributions from higher-order
excited states of the intermediate vector mesons should be
taken into account for better agreement.

Similar calculations in the ENJL framework for the
process e� � eÿ ! p0 � r0 are presented in [54].

4.4 Process e�eÿ ! p�pÿ; pp 0
The eÿe� annihilation into a pair of charged pions was
carefully investigated both experimentally [55] (also see the
references therein) and theoretically [56±61]. However, in
most theoretical papers, additional parameters had to be
introduced to satisfactorily describe the experimental data.
At the same time, in the ENJL model, such a description can
be obtained without introducing additional free parameters.
This allows describing both the experimental data and
theoretical predictions for the production of the charged p
and p 0�1300�meson pairs.

To describe the e�eÿ ! p�pÿ; pp 0 processes at energies
below 1 GeV, it is sufficient to use the standard NJL model
taking the intermediate states of the photon and r and o
mesons in the ground states into account. However, at higher
energies, the intermediate state r 0�1450� becomes important.
In the ENJL model, the first radially excited states of mesons
for this process was taken into account in [62].

The e�eÿ ! p�pÿ process amplitude is described by the
diagrams shown in Figs 12 and 13. The amplitude is

T � �e gme
4pa
s
�Bg � Br � Bo � Br 0 � fa1�s��p m

p� ÿ p m
pÿ� ; �69�

where a � 1=137, s � �pe� � peÿ�2, and fa1�s� describes the
pion production through the intermediate a1 mesons,

fa1�p 2� � 1

Z
�
�
1ÿ 1

Z

�
�
�
p 2 ÿm 2

p

�grFp�2
�2

�1ÿ Z�

� 1�
�
p 2 ÿm 2

p

�grFp�2
�2

�1ÿ Z� ; �70�

whereZ is the renormalization factor described in Section 2.1
that takes the pÿa1 transitions into account. The first term
describes production of two pions directly from the quark
triangle loop, the second term corresponds to a situation
where one of the pions is produced via the intermediate
a1�1260� meson, and the third term describes both pions
produced via the intermediate a1 mesons (Fig. 14).

The contribution from the photon exchange diagram is
normalized to unity: Bg � 1. With the gÿr transitions, the
quantity Br has the form

Br � CgrCrpp

gr

s

m 2
r ÿ sÿ i

��
s
p

Gr�s� ; �71�
Cgr � sin �b� b0�

sin �2b0�
� Rr

sin �bÿ b0�
sin �2b0�

:

The rpp vertex is proportional to the coefficient

Crpp � sin �b� b0�
sin �2b0�

gr1 �
sin �bÿ b0�
sin �2b0�

I
�1�
2

I
�0�
2

gr2 : �72�

For the contribution from the intermediate o meson, we
obtain

Bo � C�s�CrppCgr

3g 2
r

s

m 2
o ÿ sÿ i

��
s
p

Go�s� ; �73�

where the function C�s�� C1�s�� C2�s� describes the transi-
tion of the omeson into a rmeson with its subsequent decay
into two pions. The function C1�s� describes the direct
transition into the r meson due to the difference in the u and
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d quarks,

C1�s� �
g 3
rm

2
o

3�m 2
r ÿ sÿ i

��
s
p

Gr�s��
3

�4p�2 ln
m 2

d

m 2
u

; �74�

and C2 describes the contribution from the o! g! r
transition:

C2�s� � ÿ 4pa s
3gr�m 2

r ÿ sÿ i
��
s
p

Gr�s�� : �75�

The last part of the amplitude with intermediate r 0 mesons is
similar to the contribution from the r-meson ground state:

Br 0 � exp �ip� Cgr 0Cr 0pp

gr

s

m 2
r 0 ÿ sÿ i

��
s
p

Gr 0 �s� ;

Cgr 0 � ÿ
�
cos �b� b0�
sin �2b0�

� Rr
cos �bÿ b0�
sin �2b0�

�
; �76�

Cr 0pp � ÿ
�
cos �b� b0�
sin �2b0�

gr1 �
cos �bÿ b0�
sin �2b0�

I
�1�
2

I
�0�
2

gr2

�
� 1:68 :

Unfortunately, the model we use does not allow determin-
ing the relative phase of amplitudes with intermediate
r mesons in the ground and excited states. Guided by
experimental data, we have chosen the phase difference
equal to exp �ip�. The energy dependence of the width Gr 0

can be taken into account using a formula in [63].
For the total cross section, we obtain

s�s� � a 2p
12s

f 2a1�s�
�
1ÿ 4m 2

p

s

�3=2��Bg � Br � Bo � Br 0
��2 : �77�

It can be seen from Fig. 15 that our results are in good
agreement with experimental data [55] for the e�eÿ ! p�pÿ

process in the energy range up to 1 GeV.
In considering the e�eÿ ! pp 0 process, it is possible to

disregard the contribution from diagrams with an intermedi-
ate o meson. The cross section, which is constructed in full
analogy with the p�pÿ pair creation, has the form

s�s� � a 2p
12s 2

L3=2�s;m 2
p 0 ;m

2
p �
��Bpp 0

g � B pp 0
r � Bpp 0

r 0
��2 : �78�

Unlike the previous process, the considered process requires
accounting for the contribution from the component with the

form factor also in the vertex with an outgoing p 0�1300�
meson. The energy dependence of the p 0�1300� process cross
section is presented in Fig. 16. Our results for this process are
qualitative, because no contribution from the intermediate
state of the second radially excited state of r�1700� has been
taken into account.

4.5 Process e�eÿ ! g�g0�2p
After the two-pion annihilation process studied in
Section 4.4, it would be natural to consider the process
e�eÿ ! 3p. It can be easily described following [64], where
the `subprocess' g � ! 3p with the intermediate o-meson
contribution is described in detail in the framework of the
chiral-symmetric model. Therefore, we restrict ourselves here
to referencing this paper and immediately turn to describing a
more interesting annihilation process into three pseudo-
scalars with participation of the Z or Z 0 mesons.

We conclude our discussion of the meson production
processes in colliding eÿe� beams by considering the reac-
tions

e� � eÿ ! Z�Z0� � p� � pÿ ;

which are also mediated by the intermediate r and r 0 mesons.
These processes have been studied experimentally in a
number of experiments, including DM1 [65], DM2 [66], ND
[42, 67], CMD-2 [68], and BaBar [69]. From the theoretical
standpoint, these processes have been discussed using
different phenomenological models [68, 70, 71]. Here, we
present calculations [72] of these processes in the ENJLmodel
and compare them with the experimental and theoretical
results obtained in the theoretical papers cited above.

The full amplitude of the considered process is

T � ÿ 4pa
q 2

�e gmeHm ; �79�

where q � pe� � peÿ in the center-of-mass reference frame.
The hadronic part of the amplitude includes contributions
from the intermediate photon and vector r and r 0 mesons
(here, g � Z;Z0):

Hm � Vm

�
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The corresponding Feynman diagrams are presented in
Figs 17 and 18 with the contributions

Tg�q 2; s� �
X2
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i
ggVj

w j
V

ÿ
T
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�i�jÿ2�
4 �s�� :

To simplify the formulas, we introduce the notation for
frequently encountered mixing angle combinations:

wp �
1
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sin �aÿ a0�

� �
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;
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:

The vertices ggpp and Vgpp contain two contributions:
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The T
�n�
& �s� contribution corresponds to the so-called anom-

alous quark diagram (see Fig. 19). The contribution T
�n�
4 �s�

originates from two triangle quark loops connected by a
virtual vector meson (see Fig. 20). We have ignored the
intermediate r�1450� meson contribution to T

�n�
4 �s� because

it is strongly suppressed compared to the r�770� contribution

due to the kinematics and the small partial width of the
r�1450� ! 2p decay (see [19]).

Because gp1w
1
p 4 gp2w

2
p � 0, we disregard the contribu-

tions with the form factor at pion vertices, as in calculations
of other processes:

Yn
i�1

X2
j�1

gpjw
j
pT
�k�
nonÿp I

�k�i jÿi�
n�k

����
gp2w

2
p!0

� gn
p1T

�k�
nonÿp I

�k�
n�k :

The second triangle diagram shown in Fig. 20 was calculated
in the ENJL model in [19]:

gV!pp � gr1w
1
V � gr2w

2
V

I
�1�
2

I
�0�
2

: �84�

The photon-to-vector-meson �r, r 0� transition is described
by the factor

CgV � w1V � w2V
I
�1�
2���������������

I
�0�
2 I

�2�
2

q : �85�

Here, we use the fixed width Gr � 147:8 MeV for the r�770�
ground state and the energy-dependent width for r�1450�
according to formula (65).

The total cross section of the process is

s�q 2� � a 2

192pq 6

� s�

sÿ
ds

� t�

tÿ
dt
��T�q; s; t���2 ; �86�

where s � �pg � pp��2, t � �pg � ppÿ�2, and the integration
limits are defined as

t� � 1

4s

�
�q 2 �m 2

g ÿ 2m 2
p �2

ÿ �l1=2�q 2; s;m 2
p � � l1=2�m 2

g ;m
2
p ; s�

�2�
;

sÿ � �mg �mp�2 ; s� �
ÿ �����

q 2
p

ÿmp
�2
; �87�

l�a; b; c� � �aÿ bÿ c�2 ÿ 4bc :

eÿ

e�

g

pÿ

p�

Z�Z0�

Figure 17. Feynman diagram with an intermediate photon. The dashed

circle denotes the sum of two subdiagrams shown in Figs 19 and 20.

g
eÿ

e� pÿ

p�

Z�Z0�

r, r 0
u, d

Figure 18. Feynman diagram with intermediate vector mesons r�770� and
r�1450�.

pÿ

p�

Z�Z0�

u, d

Figure 19. Vertex subdiagram VZpp with a box quark loop.

pÿ

p�

Z�Z0�

r, r 0

u, d

u, d

Figure 20. Vertex subdiagram VZpp with two triangle quark loops.
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Numerical results for the energy dependence of the cross
section are presented in Figs 21 and 22.

The obtained results suggest that the ENJL model allows
a description of the energy dependence of the total cross
section of the e�eÿ ! Z2p process in good agreement with
experimental data below 2 GeV. This enables us to suppose
that predictions obtained for the e�eÿ ! Z02p process are
reasonable in the same energy range.

One of the first theoretical attempts to describe experi-
mental data for the e�eÿ!Z2p process is presented in [68],
where a generalized vector dominance model with the
intermediate r�770�, r�1450�, and r�1700� mesons was used.
We note that several additional free parameters were
introduced there, which were then fitted to experimental
data. In addition, only the structure with two triangle
diagrams was taken into account. It is also important to
note that the fitting to experimental data suggested a
negligibly small numerical contribution from the second
radially excited state of r�1700�.

In [70], a model based on the resonance chiral symmetry
was used. This model also contains a large number of free
parameters. However, the intermediate state of the r�1450�
meson, which clearly plays a significant role in the considered
energy range, was neglected in [70]. Later, in [71], the
intermediate states of the r�770�, r�1450�, and r�1700�
mesons with additional free parameters were taken into
account. The results in [71] also showed that the contribution
due to r�1700� is insignificant.

5. Tau-lepton decays

The ENJL model also allows describing the leading semi-
lepton modes of t-lepton decays. We emphasize that here we
can also avoid introducing arbitrary parameters. The
mechanism of constructing the amplitudes of these decays is
very similar to the one we used for cross sections of electron±
position annihilation processes with production of mesons at
low energies described in Section 4. The role of the inter-
mediate photons in the t-lepton decays is played by
W� bosons, which can generate charged intermediate vector
mesons in both the ground and radially excited states.

Importantly, because the mass of the t lepton is 1777MeV,
the role of the second and higher radially excited intermediate
states here is quite insignificant. Therefore, it is possible to
expect that the ENJLmodel, which takes only the ground and
first radially excited states of mesons into account, should
give very satisfactory theoretical predictions for the leading
semi-leptonmodes of the t-lepton decays. In Sections 5.1±5.7,
we consider a range of the main decay modes of t-leptons and
check the model assumptions.

5.1 Decay s ÿ ! pÿ�pÿ�1300��ms
We start by considering the simplest mode of the semi-lepton
tÿ ! pÿnt decay and describing a similar process producing
the first radially excited pion state tÿ ! pÿ�1300�nt. We note
that besides the decay width calculation, of interest is also the
determination of the weak decay constants Fp and Fp 0 , which
play an important role in constructing different chiral models
in meson physics.

To describe the t-lepton decays, in addition to the quark±
meson Lagrangian, we need the Lagrangian of the weak
coupling of the lepton current to quarks:

Lweak � �tgmg5n
GF���
2
p jVudj�dg5gmu ; �88�

where GF � 1:1663787�6� � 10ÿ5 GeVÿ2 is the Fermi con-
stant and jVudj � 0:97425�22� is the Cabbibo±Kobayashi±
Maskawa matrix element. Only the axial part of the currents
is written here because the production of a pseudoscalar pion
is considered.

First, we calculate the t! pnt decay width in the
standard NJL model. The corresponding quark±meson
Lagrangian has the form

L � �q
�
tÿg5�igppÿ � gma

ÿ
1m�
�
q ;

�89�
tÿ �

���
2
p 0 1

0 0

� �
:

The one-loop Feynman diagram (Fig. 23) is the main
contributor to this process. The corresponding amplitude is

At!pnt �
GF���
2
p LmjVudjHm ; �90�

where Lm � �ungmg5ut is the lepton current and Hm is the
hadron current. In the one-loop approximation (see Fig. 23),
the hadron current is given by

H �1�m � p m
���
2
p

gp14mu I
�0�
2 �mu� � p m

���
2
p mu

Zgp1
: �91�

To obtain the final expression, it is necessary to consider the
two-loop approximation with an intermediate a1 meson

5
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2

1

0
1000 1200 1400 1600 1800 2000

s 1=2, MeV

s�
q
2
�,
n
b

Figure 21. Comparison of the ENJL model predictions with experimental

results of the BaBar collaboration [69] for the process e�eÿ ! Z2p.
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Figure 22. The ENJL model cross section for the process e�eÿ ! Z 02p.
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(Fig. 24). The two-loop approximation yields the following
contribution to the hadron current amplitude:

H �2�m � p m
���
2
p mu

gp1

�
1ÿ 1

Z

�
: �92�

The sum of the contributions to the hadron current yields

Hm � p m
���
2
p mu

gp1
� pm

���
2
p

Fp �93�

in agreement with the Goldberger±Treiman relation
�gp � mqFp�. We recall that above we obtained
Fp � 92:8 MeV from this relation. Then the theoretical
value of the considered decay width G theor�t! pn� �
2:45� 10ÿ10 MeV agrees with the experimental value
G exp�t! pn� � 2:46�1� � 10ÿ10 MeV [27].

Similar calculations can also be performed in the ENJL
model. For decays with the production of the ground state of
a pion, contributions with form factors only at vertices with
axial-vector mesons a1�1260� and a01�1640� should be taken
into account. The contribution from the first diagram has the
same form (90), (91) as in the standard NJL model. The
contribution from the intermediate a1�1260� meson to the
hadron current takes the form

H �a1�m � ÿ 6m 2
u

m 2
a1

���
2
p

Z
mu

gp1
p m
�
sin �b� b0�
sin �2b0�

� RV
sin �bÿ b0�
sin �2b0�

�2
:

�94�

The first radially excited state a01�1640� yields

H
�a0

1
�

m � ÿ 6m 2
u

m 2
a 0
1

���
2
p

Z
mu

gp1
p m
�
cos �b� b0�
sin �2b0�

� RV
cos �bÿ b0�
sin �2b0�

�2
:

�95�
We have disregarded the pion mass in the denominator of the
Breit±Wigner propagators because it is small compared to the
a1- and a 01-meson masses.

In the ENJL model, three diagrams contribute to the
decay constant Fp:

F ext
p � mu

Zgp1

�
1ÿ 6m 2

u

m 2
a1

�
sin �b� b0�
sin �2b0�

� RV
sin �bÿ b0�
sin �2b0�

�2
ÿ 6m 2

u

m2
a 0
1

�
cos �b� b0�
sin �2b0�

� RV
cos �bÿ b0�
sin �2b0�

�2�
: �96�

The estimate we obtain in the extended model,
F ext
p � 94:6 MeV, is in satisfactory agreement with the

standard value of the pion weak decay constant. This makes
it possible to obtain reasonable estimates of the
t! p 0�1300�n decay width and the decay constant Fp 0 .

In the diagram shown in Fig. 23, an excited state of p 0 is
present in the final state. The corresponding part of the
hadron current takes the form

H p 0
m � p m

���
2
p mu

Zgp1

�
cos �a� a0�
sin �2a0� � Rp

cos �aÿ a0�
sin �2a0�

�
: �97�

For a two-loop diagram like the one shown in Fig. 24, vertices
describing the transition of aW boson into a1 and a 01 have the
same form as in the process with pion production in the
ground state. Here, thewidths should be taken into account in
propagators of the a1 and a 01 mesons:

B � 1

M 2
a1�a 01� ÿM 2

p 0 ÿ iMa1�a 01�Ga1�a 01�
: �98�

In the vertices describing transitions of a1 and a
0
1 into p

0, form
factors in both the first and second quark loop vertices should
be taken into account (see [73] for more details).

As a result, for the t! p 0�1300�nt decay width, we obtain
G total
t!p 0nt � 2:2� 10ÿ13 MeV. This value is consistent with the

experimental estimate of this width reported in [74]:
2:27� 10ÿ13 MeV < G exp

t!�p 0�nt < 4:31� 10ÿ13. The decay
width we obtain corresponds to the decay constant of the
excited pion Fp 0 � 4:7 MeV.

5.2 Decay s ÿ ! pÿp0ms
The tÿ ! pÿp0nt decay is structurally very close to the pion
pair production in electron±position annihilation considered
in Section 4.4; only the weak interaction is used instead of the
electromagnetic interaction, and a W boson plays the role of
the intermediate photon (see Figs 12 and 13).

Here, we restrict ourselves to the case of pair production
of pions in the ground state but with the contribution from
intermediate rÿ mesons in both the ground and first radially
excited states taken into account (see [75, 76]). The amplitude
of the considered decay is

T � GFjVudj fa1�p 2�m 2
r

�
1ÿ i

�����
q 2

p
Gr�p 2�=m 2

r

m 2
r ÿ p 2 ÿ i

�����
p 2

p
Gr�p 2�

� exp �ip�CWr 0Cr 0pp�1=gr�p 2=m 2
r

m 2
r 0 ÿ p 2 ÿ i

�����
p 2

p
Gr 0 �p 2�

�
�p m

pÿÿ p m
p0�lmpÿp0; �99�

where lm is the standard lepton current, and the form factor
fa1�p 2� of the r-meson decay into two pions is taken in
accordance with formula (70). The factors

CWr 0 � ÿ
�
cos �b� b0�
sin �2b0�

� Rr
cos �bÿ b0�
sin �2b0�

�
;

�100�

Cr 0pp � ÿ
�
cos �b� b0�
sin �2b0�

gr1 �
cos �bÿ b0�
sin �2b0�

I
�1�
2

I
�0�
2

gr2

�

n

t

p
W

Figure 23. Feynman diagram for the one-loop contribution to the t! pnt
decay.

n

a1�a 01�

t

p
W

Figure 24.Diagram of the t! pnt decay with an intermediate axial-vector

meson.
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describe the mixing between the ground and excited states of
vector mesons in the ENJL model. When taking the excited
intermediate r�1450� into account, the phase coefficient
exp �ip� is chosen to be the same as in the case of eÿe�

annihilation. In the standard NJL model, vector dominance
automatically arises after summation of the contributions
from the contact diagram and the intermediate vector meson
r�770�. This determines the form of the first term in the
square brackets in formula (99). The second term corresponds
to the contribution from the intermediate radially excited
vector meson r�1450� in the ENJL model.

As a result, we obtain a numerical estimate of the partial
decay width Br�tÿ ! pÿp0nt� � 24:8%, which is in satisfac-
tory agreement with the experimental data (Table 6).

The relative contribution of the excited r�1450� meson is
traditionally estimated using the phenomenological Kuhn±
Santamaria parameterization proposed in [57]:

1

1� b

�
m 2

r

m 2
r ÿ p 2 ÿ i

�����
p 2

p
Gr�p 2�

� b
m 2

r 0

m 2
r 0 ÿ p 2 ÿ i

�����
p 2

p
Gr 0 �p 2�

�
: �101�

The parameter b is found by fitting it to experimental data.
We note that in the ENJL model, this parameter can be
calculated and turns out to be dependent on the transferred
momentum. Near the peak for p 2 � m 2

r 0 , we obtain

b � exp �ip� CWr 0Cr 0pp

gr
� ÿ0:086 : �102�

This value is in agreement with estimates inferred from the
experimental data [77±79] (see Table 6).

We note that the contribution to this decay from the first
radially excited intermediate meson r 0 is small. Indeed, the
calculation of the partial width ignoring the r 0 meson yields
24.7%.

5.3 Decay s ÿ ! g�g0�pÿms
The decays tÿ ! Zpÿnt and tÿ ! Z0pÿnt have not been well
studied experimentally so far; only upper limits on their
partial widths are available [80]. Nevertheless, some theore-
tical papers make predictions in the frameworks of different
phenomenological models [81±89]. These processes are
interesting because they relate to so-called second-class
decays, which are suppressed compared with the main
hadron modes of the t-lepton decay.

In the ENJL model (see [81]), the vector and scalar
channels shown in Figs 25 and 26 make the greatest
contribution to the amplitude of these processes. The vector
channel contribution is

TV � ApZ�Z 0�m 2
r

��
1ÿ i

�����
q 2

p
Gr�p 2�
m 2

r

�
BWr�p 2�

� br
p 2

m 2
r
BWr 0 �p 2�

�
�p m

pÿ ÿ p m
Z�Z 0��lmpÿZ�Z 0� ; �103�

where BWr�r 0��p 2� is the Breit±Wigner propagator of the
r mesons. The parameter br defines the relative contribution
of the excited state r�1450�; we take its value fromSection 5.2,
where the t! ppnt decay width was calculated. Here, we use
the possibility of the transition p0 ! Z via a quark loop. This

transition was calculated in [81]. Such transitions were first
considered in [8] when calculating the o! pp decay width,
which occurs due to the o! r0 transitions via a quark loop.
Such transitions are possible due to the mass difference
between the u and d quarks. The amplitude of the
p0 ! Z�Z 0� transitions is
ApZ�Z 0� � 2g 2

p

hÿ
2I
�0�
1 �md� �m 2

Z�Z 0�I
�0�
2 �md�

�
ÿ ÿ2I �0�1 �mu� �m 2

Z�Z 0�I
�0�
2 �mu�

�i EZ�Z 0�
m 2

p ÿm 2
Z�Z 0�

: �104�

The constituent quark masses mu � 280 MeV and
md � 283:7 MeV are taken from calculations in [8], where
these values were used to describe both the decay o! 2p and
the mass difference between charged and neutral pions and
kaons. The factors EZ � sin �y and EZ 0 � cos �y are expressed
through the difference betweenmixing angles of theZmesons,
�y � 54� � y0 ÿ y, where y0 � 35:3� is the ideal mixing angle
and y � ÿ19� describes the deviation from it.

A comparison of the transition constants p! Z�Z 0� with
those found in [87, 88] is presented in Table 7.

Disregarding the scalar channel contribution, it is possible
to obtain the following values for the partial widths of the
considered decays:

BrV�t! Zpn� � 4:35� 10ÿ6 ; �105�
BrV�t! Z 0pn� � 1:11� 10ÿ8 : �106�

Table 6. Comparison of the partial width Br�tÿ ! pÿp0nt� with experi-
mental data.

Br�tÿ ! pÿp0nt�, % b

CLEO [77]

Aleph [78]

Belle [79]

Theory

25:32� 0:15

25:471� 0:097� 0:085

25:24� 0:01� 0:39

24.8

ÿ0:108� 0:007

ÿ0:097� 0:006

ÿ0:15� 0:05�0:15ÿ0:04
ÿ0:086

pÿ

p0 Z�Z0�

n

tÿ

Vÿ

Figure 25. Feynman diagram with intermediate mesons Vÿ � rÿ�770�,
rÿ�1450�.

pÿ

Z�Z0�

aÿ0

n

tÿ

Wÿ

Figure 26. Feynman diagram with intermediate scalar mesons aÿ0 �980� or
aÿ0 �1450�.

Table 7. Comparison of constants EpZ�Z 0 �.

jEPRpZ j [87]
1:34� 10ÿ2

jENJL
pZ j [81]

1:55� 10ÿ2
jEPRpZ 0 j [88]

�3� 1� � 10ÿ3
jENJL
pZ 0 j [81]

6:79� 10ÿ3
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The contributions from the intermediate scalar mesons
aÿ0 �980� and aÿ0 �1450� are described by the diagram shown
in Fig. 26. The transition Wÿ ! aÿ0 yields���

3
p

4gr
gEWjVudj�md ÿmu� p m Wÿ

m a
ÿ
0 ; �107�

where gEW is the electroweak coupling constant. For the
transition into the excited state aÿ0 �1450�, we obtain

CWa 0
0
�

���
3
p

4gr
gEWjVudj�md ÿmu�

�
�
cos �f� f0�
sin �2f0�

� Rr
cos �fÿ f0�
sin �2f0�

�
p m Wÿm a

0
0
ÿ
; �108�

where we use the mixing angles for the scalar isovector
mesons f0 � 65:5� and f � 72:0�.

The scalar channel amplitude is

TS � 2Zmu�md ÿmu�EZ�Z 0�
� ÿBWa0�p 2� � ba0Z�Z 0�pBWa 0

0
�p 2�� p mlmpÿZ�Z 0� ; �109�

where BWa0�a 00��p 2� is the Breit±Wigner propagator of scalar
mesons. The masses and decay widths ma0 � 980 MeV,
ma 0

0
� 1474 MeV, Ga 0

0
�ma 0

0
� � 265 MeV are taken from [27],

and the width Ga0�ma0� � 100 MeV for the a0 ! Zp decay is
calculated in our model and corresponds to the upper bound
of the range reported in [27]. The factor ba0Z�Z 0�p is defined as

ba0Z�Z 0�p � exp �ip�CWa 0
0

���
6
p

4Z

Aa 0
0
!Z�Z 0�p
mu

; �110�

where we again use the relative phase exp �ip� for the excited
meson contribution. We obtain ba0Zp � ÿ0:24 and
ba0Z 0p � ÿ0:26, which are close to the values found from
fitting to the experimental data in [86, 88].

Considering only the scalar channel contributions, we
obtain the partial widths

BrS�t! Zpn� � 0:37� 10ÿ6 ; �111�
BrS�t! Z0pn� � 2:63� 10ÿ8 : �112�

We note that the obtained values for the scalar channel
contributions are significantly smaller than those in [86, 88].

The full width of the considered decay can be expressed as

G � G 2
FjVudj 2
384pm 2

t

� m 2
t

m 2
Z�Z 0 ��m 2

p

ds

s 3
l1=2�s;m 2

Z�Z 0�;m
2
p ��m 2

t ÿ s�2

�
�
jTVj2�2s�m 2

t �l�s;m 2
Z�Z 0�;m

2
p �

� jTSj23m 2
t �m 2

Z�Z 0� ÿm 2
p �2
�
: �113�

We note that there is no interference here between the vector
and scalar channel amplitudes. Therefore, the resulting
partial widths are equal to the sum of the corresponding
contributions:

Br�tÿ ! Zpÿn� � 4:72� 10ÿ6 ; �114�
Br�tÿ ! Z0pÿn� � 3:74� 10ÿ8 : �115�

Interestingly, for a decay with the production ofZ 0, the scalar
channel makes the leading contribution, dominated by the
excited intermediate a0�1450�meson.

The obtained results are consistent with the modern
experimental constraints [27]

Br exp�tÿ ! Zpÿn� < 9:9� 10ÿ5 ; �116�
Br exp�tÿ ! Z0pÿn� < 4:0� 10ÿ6 : �117�

Table 8 provides a comparison with theoretical results of
other groups obtained in different phenomenological models.
The first two columns in Table 8 show the vector and scalar
channel contributions separately. It is seen that in many
models the scalar channel dominates over the vector channel
for both decay modes. In the ENJLmodel, a similar situation
occurs only in the case of the decay intoZ 0pn, while in the case
of the Zmeson, the vector channel contributes most. We note
that the problem of describing scalar mesons is currently of
great interest due to the uncertainty of the quark composition
of these mesons.

5.4 Decay s ÿ ! g�g0�pÿp0ms
In the ENJL model, t-lepton decays with the creation of a
neutrino, Z- or Z 0-mesons, and two pions have a very similar
structure to the annihilation processes e�eÿ ! Z�Z0�2p
considered in Section 4.5 (see also [72]). As pointed out
above, the role of the intermediate photon is here played by
a W boson, and instead of neutral rmesons, charged mesons
participate in these reactions. The corresponding diagrams
are similar to those presented in Figs 17 and 18.

The widths of these decays are given by

G�t! Z�Z0�2pn� � 3jVudj2
2pa 2m 8

t
G�t! e�nent�

� mt

0

s�q 2� dq 2 ;

�118�
where s�q 2� coincides with cross section (86) for the
annihilation process and G�t! e�nent� � G 2

Fm
5
t =�192p3�.

The numerical value obtained for the process with Z-meson
production is in good agreement with experimental data
(Table 9). The prediction obtained in the case with the

Table 8. The tÿ ! Z�Z0�pÿnt decay width in various models.

tÿ ! Zpÿnt

BrV � 105 BrS � 105 BrS�V � 105 References

0.25
0.12
0.15
0.36

(0.7, 2.3)
0.44
0.13
0.84

1.60
1.38
1.06
1.00

(0.2, 0.6)
0.04
0.20
4.46

1.85
1.50
1.21
1.36

(0.4, 2.9)
0.48
0.33
5.30

[82]
[83]
[84]
[85]
[87]
[81]
[89]
[90]

tÿ ! Z0pÿnt

BrV � 107 BrS � 107 BrS�V � 107 References

< 1

(0.01, 0.34)
0.11

2� 10ÿ5

(2, 13)
(0.6, 1.8)
0.26
4

(2, 14)
(0.6, 2.1)
0.37
4

[86]
[88]
[81]
[90]

Table 9. Partial decay width of t! Z�Z0�2pn decays in comparison with
experimental data.

Process NJL model PDG [27]

Br�t! Z2pn� � 103

Br�t! Z02pn� � 105
1.46

0.09

1:39� 0:10

< 1:2
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Z 0meson does not contradict experimental upper bounds and
can hopefully be checked in the near future.

In [70], these processes are described in the model of
resonance chiral Lagrangians with the use of two free
parameters, which, however, does not allow the authors to
simultaneously describe both decays satisfactorily.

5.5 Decay s ÿ ! xpÿms
The decay s ÿ ! xpÿms has been studied both experimen-
tally [49, 91] and theoretically (see, e.g., [53, 92±94]). In these
papers, phenomenological models with intermediate vector
mesons and their radially excited states were used. The
structure of the amplitude of this process is similar to that
used to describe the process e�eÿ ! po in Section 4.3:

T � GFjVudj�n�1ÿ g 5�gmt�TWr � Tr 0 �Emnrs p r
o p s

po
np ; �119�

where po and pp are momenta of the o and p mesons. Two
contributions to the amplitude, TWr and Tr 0 , are due to the
respective intermediate vector mesons r�770� and r�1450�.
Here, TWr combines contributions from the contact diagram
(with an intermediate W boson) and the diagram with an
intermediate r�770� meson. This leads to a formula with the
same structure as that arising in the vector dominance model:

TWr � Cr

gr1

1ÿ iGr=mr

m 2
r ÿ p 2 ÿ imrGr

m 2
r : �120�

The factor Cr here corresponds to coefficients before the
antisymmetric tensor describing the anomalous vertex rop.
In the ENJL model,

Cr

gp1
�
�
gr1

sin �bu � b u
0 �

sin �2b u
0 �

�2
I 0
3 �

�
gr2

sin �bu ÿ b u
0 �

sin �2b u
0 �

�2
I
�2�
3

� 2gr1gr2
sin �b u � bu

0 �
sin �2b u

0 �
sin �b u ÿ b u

0 �
sin �2b u

0 �
I
�1�
3 : �121�

The contribution from the radially excited state r�1450� is
calculated without using the vector dominance model, by
directly calculating the two vertices describing transitions via
quark loops Wÿ ! r 0 and r 0 ! op in the ENJL model,

Tr 0 � Cr 0CWr 0
p 2

m 2
r 0 ÿ p 2 ÿ i

�����
p 2

p
Gr 0 �p 2� ; �122�

where mr 0 � 1465 MeV and the running width is taken in
accordance with a formula in [51]. The factorCr 0 corresponds
to the vertex r 0op:

ÿCr 0

gp1
� gr1

sin �b u � b u
0 �

sin �2bu
0 �

gr1
cos �bu � b u

0 �
sin �2bu

0 �
I u
3

� gr2
sin �bu ÿ b u

0 �
sin �2b u

0 �
gr2

cos �b u ÿ bu
0 �

sin �2b u
0 �

I u
3

� gr1
sin �bu � b u

0 �
sin �2b u

0 �
gr2

cos �b u ÿ bu
0 �

sin �2b u
0 �

I u
3

� gr2
cos �b u � bu

0 �
sin �2b u

0 �
gr1

sin �b u ÿ bu
0 �

sin �2b u
0 �

I u
3 :

The factor CWr 0 describes the transition W! r 0 (see [76] for
more details),

CWr 0 � ÿ 1

gr1

�
cos �b u � bu

0 �
sin �2b u

0 �
� Rr

cos �b u ÿ b u
0 �

sin �2bu
0 �

�
:

The width of this process has the form

G�t! opn� � 1

4mt

�
d3po
2Eo

d3pp
2Ep

d3pn
2En

� �2p�
4d �4��pt ÿ po ÿ pp ÿ pn�

�2p�9 jT j2 :

The obtained numerical value for the partial width is
presented in Table 10 jointly with experimental results.
Apparently, the results of our calculations are in good
agreement with experimental data. In addition, in Table 10
we present values of the Wess±Zumino vertex grop in
comparison with the results obtained by other authors.

5.6 Decay s ÿ ! f1p
ÿms

The t-lepton decays considered above occurred via inter-
mediate states with vector and scalar mesons in both the
ground and first radially excited states. However, there are a
number of t-lepton decays occurring via intermediate states
with axial-vector mesons a1�1230� and a 01�1640�. The mass of
the excited state is already close to that of the t lepton itself.
Therefore, it is natural to expect that the contribution to the
decay width from such an intermediate state is very insignif-
icant. Hence, we can use the standard NJL model here,
ignoring the radially excited states.

Indeed, the widths for decays t! 3pn [95], t! pgn [96],
and t! prn [97] calculated in the framework of the
standard NJL model are consistent with experimental data.
This can be illustrated by the t! f1pn decay, which is
currently being actively studied (see theoretical [98±100]
and experimental [101] papers). We note that a comparison
of these calculations in the standard and extended NJL
models is given in the electronic preprint of paper [98]. As
expected, these results are not significantly different. A
similar situation occurs for the calculation of the constant
Fp in the t! pn decay (see Section 5.1).

The amplitude of the considered decay is determined by
the Feynman diagrams shown in Figs 27±29 and has the form

T n
S �

GFjVudj
gr1

Lm
ÿ
1� �Q 2 ÿ 6m 2

u �BWa1�Q 2�

� 6m 2
uBWa1�Q 2��T mn

a1!f1p
;

�123�
T mn
a1!f1p

� Nc

8p2Fp
emnab paqb ;

where p and q are the respective momenta of the pion and the
f1 meson, and Q � p� q. What is important here is the
description of the transition of the W boson into an
a1 meson in the one-loop quark approximation, which turns
out to be proportional to the quantity

gmnQ
2 ÿQ mQ n � 6m 2

ugmn :

Table 10. Partial width and parameters of the process t! pon.

grop, GeVÿ1 Br�t! pon�, %

NJL

CLEO [49]

Aleph [91]

SND-2011 [53]

15.40

16:10� 0:06

ì

15:75� 0:45

1.85

1:95� 0:08

1:91� 0:13

ì
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The first two terms represent a gradient-invariant expression,
which coincides with the corresponding expression describing
transitions of a W boson into a vector rmeson. The constant
term proportional to 6m 2

u violates the gradient invariance.
However, taking the consecutive transitions of a W boson
into a pion and then the pion into an a1 meson into account
(see Fig. 29) gives rise to the appearance of the same constant
in the amplitude but with the opposite sign. As a result, the
sum of the diagrams shown in Figs 27 and 28 acquires a
gradient-invariant form. We note that the product of the part
Q mQ n by tensor T mn

a1!f1p
describing the a1 ! f1p transition is

zero. The remaining sum combined with the contact diagram
(see Fig. 27) gives rise to the vector-dominance expression

1�Q 2BWa1�Q 2� � m 2
a1
ÿ ima1Ga1

m 2
a1
ÿQ 2 ÿ ima1Ga1

:

As a result, we obtain the following partial width of this
decay: Br�t! f1pn� � 4:10� 10ÿ4 for the width Ga1 �
367 MeV taken from [102]. The experimental value of the
partial width of this decay was obtained by the BaBar
collaboration from measurements of two decay modes of the
f1 meson [101]:

Brexp�t! f1pÿnt� � Br�t! 2p�3pÿnt�
Br�f1 ! 2p�2pÿ� ;

Brexp�t! f1pÿnt� � Br�t! p�2pÿZnt�
Br�f1 ! p�pÿZ� :

The corresponding values are �4:73� 0:28� 0:45� � 10ÿ4

and �3:60� 0:18� 0:23� � 10ÿ4. Our theoretical result lies
between these two experimental values.

This decay was theoretically studied using other
approaches in [99, 100]. In [99], an approach similar to the
standard NJL model was used, with the resultant partial
width 2:91� 10ÿ4. In [100], the vector dominance model was
used, with the result 1:30� 10ÿ4. In both papers, only the
contribution from the intermediate a1�1260� meson without
possible pÿa1 transitions in the intermediate state was taken
into account.

5.7 Decays s ! Kÿ�p0;g;g 0;K0�ms
In this section, we discuss t-lepton decays with the production
of two pseudoscalar mesons and a neutrino. In Sections 5.2
and 5.3, we considered such decays without the participation
of strange particles. The decays t! Kÿp0nt [103],
t! Kÿ�Z;Z0�nt [104], and t! KÿK0nt complete the list of
such processes.

The characteristic feature of the t! Kÿp0nt process is a
relatively low production threshold of the final products. This
implies that the ground states of intermediate mesons lie in
the allowed kinematic region and dominate in this decay
width in both vector and scalar channels. Therefore, it is
sufficient here to use the standard NJL model ignoring the
excited states. This assumption is confirmed by a quantitative
comparison of the results of calculations in the ENJL model
in the appendix of [103].

The vector channel amplitude, including contributions
from the contact diagram (Fig. 30) and the diagram with the
intermediate K� meson (Fig. 31), is given by

TV � ÿ i

2
GFVus

�������������
ZpZK

p g�mu;mu�
g�mu;ms� ��ntg

mt�

�
�
gmn �

gmn
�
q 2 ÿ �3=2��ms ÿmu�2

�ÿ qmqn

M 2
K� ÿ q 2 ÿ i

�����
q 2

p
GK�

�
�pK ÿ pp�n ;

�124�

where Vus � 0:2252 is the Cabbibo±Kobayashi±Maskawa
matrix element, q � pK � pp, MK� � 892 MeV, and
GK� � 51 MeV [27]. The first and second terms in the curly
brackets correspond to the respective contributions from the
intermediate W boson and K��892�meson.

p

f1

n

t

W

Figure 27. Contact diagram describing the decay t! f1pnt.

a1(1260)
a1(1640)

n

t

W

p

f1

Figure 28. Diagram with an intermediate a1 meson for the decay

t! f1pnt.

a1(1260)

n

t

p

p

f1

Figure 29. Diagram with the pÿa1 transition in the intermediate state of

the decay t! f1pnt.

nt

Kÿt

p0

W

Figure 30. Contact diagram of the t! Kÿp0nt decay.

nt

K�,K�0
Kÿt

p0

W

Figure 31. Diagram of the t! Kÿp0nt decay with intermediate vector

�K�� or scalar �K�0� mesons.
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The amplitude of the scalar channel with the intermediate
K�0�800�meson (see Fig. 31) has the form

TS � ÿ i

2
GFVus

�������������
ZpZK

p g�mu;mu�
g�mu;ms� ��ntg

mt�

� 2ms�ms ÿmu�
M 2

K�
0
ÿ q 2 ÿ i

�����
q 2

p
GK�

0

qm ; �125�

whereMK�
0
� 682 MeV, GK�

0
� 547 MeV [27].

It is interesting to compare individual contributions from
the vector and scalar channel to the partial width of the decay
considered:

Br�t! Kÿp0nt�V � 4:14� 10ÿ3 ; �126�
Br�t! Kÿp0nt�S � 0:02� 10ÿ3 :

We see that the vector channel dominates in this case. The full
partial width obtained in the standard NJL model,

Br�t! Kÿp0nt�tot � 4:13� 10ÿ3 ; �127�

is in good agreement with the modern experimental value [27]

Br�t! Kÿp0nt�exp � �4:29� 0:15� � 10ÿ3 : �128�

The differential distribution over the invariant mass of the
kaon and pion is also found to be consistent with experi-
mental data [106] (Fig. 32).

This decay was considered previously using an NJL-like
model [107], where the transition of the W boson into the
K� meson was described by the vector dominance method. As
a result, only qualitative agreement with experimental data
was reached. As regards the scalar channel, its contribution to
the decay width was found to be as small as in our case. In
some other papers [108±110], the t! Kpnt decay was
described by models like the chiral perturbation theory
using additional fitting parameters and form factors.

We next consider the decays t! KÿZnt and t! KÿZ0nt.
Recently, the decay t! KÿZnt has been actively investigated
both experimentally [80, 111] and theoretically [104, 112]. A
chiral perturbation theory extended by taking resonance
states into account was used in [112]. It was argued in [112]
that the use of the Breit±Wigner parameterization for the

intermediate states of mesons does not allow a satisfactory
description of this decay without involving additional form
factors. However, it was shown in [104] that the use of the
Breit±Wigner parameterization in the ENJL model yields
quite reasonable results. Both papers also theoretically
predict the t! KÿZ0nt decay width.

The processes t! KÿZnt and t! KÿZ0nt are described
by the Feynman diagrams in Figs 33 and 34. The amplitude
corresponding to the sum of contributions from the contact
diagram with the intermediate W boson and diagrams with
the intermediate vector mesons K��892� and K̂� � K��1410�
in the ENJL model has the form

TV � ÿ2iGFjVusjl m

�
�
C1gmn � C2C3

gK�

gmnq
2 ÿ qmqn ÿ gmn�3=2��ms ÿmu�2
M 2

K� ÿ q 2 ÿ i
�����
q 2

p
GK�

� C 02C
0
3

gK�

gmnq
2 ÿ qmqn ÿ gmn�3=2��ms ÿmu�2
M 2

K̂�
ÿ q 2 ÿ i

�����
q 2

p
GK̂�

�
�pK ÿ pZ�n ;

�129�

where l m � �ntgmt is the lepton current, q � pK � pZ, MK� �
896 MeV, MK̂� � 1414 MeV, GK� � 46 MeV, and GK̂� �
232 MeV are the masses and widths of the vector mesons [27].
The scalar channel amplitude includes contributions from the
intermediate K�0�800� and K�0�1430�mesons:

TS � ÿ4iGFjVusjl m
�
C4C5

gK�
0

ms ÿmu

M 2
K�

0
ÿ q 2 ÿ i

�����
q 2

p
GK�

0

� C 04C
0
5

gK�
0

ms ÿmu

M 2
K̂�0
ÿ q 2 ÿ i

�����
q 2

p
GK̂�0

�
qm :

Explicit formulas for the coefficients C2; 3; 4; 5 and C 02; 3; 4; 5 can
be found in [104].

1.2�10ÿ13

dG
dMinv

1.0�10ÿ13

0.8�10ÿ13
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0.4�10ÿ13

0.2�10ÿ13

0
700 800 900 1000 1100 1200

Minv, MeV

Figure 32. Differential width of the t! Kÿp0nt decay. Minv is the

invariant mass of the pion±kaon system and dG=dMinv is the dimension-

less differential width.
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Figure 33. Contact diagram for the process t! KÿZ�Z 0�nt.
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Figure 34.Diagrams for the t! KÿZ�Z 0�nt process with an intermediate

vector and scalar mesons.
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We obtain the following estimates for the corresponding
contributions to the partial width of the decay t! ZKÿnt:

Br�t! ZKÿnt�V � 1:46� 10ÿ4 ;

Br�t! ZKÿnt�S � 0:28� 10ÿ7 :

The total value with account for interference,

Br�t! ZKÿnt�tot � 1:45� 10ÿ4 ; �130�

is in good agreement with experimental data:

Br�t! ZKÿnt�exp � �1:58� 0:14� � 10ÿ4 �111� ;
Br�t! ZKÿnt�exp � �1:42� 0:18� � 10ÿ4 �80� ;
Br�t! ZKÿnt�exp � �1:52� 0:08� � 10ÿ4 �27� :

Figure 35 shows a comparison of theoretical predictions
(solid curve) for the differential distribution of the considered
decay with respect to the invariant mass of the final meson
pair with experimental data [111] (black dots with error bars).
The visible deviation of the theoretical curve from experi-
mental points is likely to be due to the nonoptimal choice of
the width and mass of the excited K�0 meson.

In a similar way, the partial width of the t! Z0Kÿnt
decay is theoretically predicted to be

Br�t! Z0Kÿnt� � 1:25� 10ÿ6 : �131�

Presently, there are only experimental upper bounds on this
quantity [27]:

Br�t! Z0Kÿnt�exp < 2:4� 10ÿ6 : �132�

This gives hope to check the theoretical prediction very soon.
We note that a similar value was calculated in [112]:
Br�t! Z0Kÿnt� � 1:03��0:37=ÿ 0:29� � 10ÿ6.

To conclude the description of t-lepton decays into two
pseudoscalar mesons and a neutrino, we consider the decay
t! K0Kÿnt. The process t! K0Kÿnt differs from above
reactions by being dominated by the vector channel contribu-
tions containing nonstrange vector mesons rÿ�770� and
rÿ�1450�. The scalar channel contribution to this decay can
be totally ignored because the transition probability of a
W boson into a scalar meson is here proportional to the small
mass difference of the light d and u quarks. Figure 36 shows a
contact diagramwith the transition of theWboson into a pair

of kaons via the triangle quark loop. Figure 37 presents the
diagram with intermediate vector mesons. The amplitude of
the process is expressed as

T � ÿ2
���
2
p

iGFjVudjl m

�
�
IKKWgmn � IKKrCr

gr

gmnq
2 ÿ qmqn

M 2
r ÿ q 2 ÿ i

�����
q 2

p
Gr

� IKKr 0Cr 0

gr

gmnq
2 ÿ qmqn

M 2
r 0 ÿ q 2 ÿ i

�����
q 2

p
Gr 0

�
�pK0 ÿ pKÿ�n ;

where

Cr � 1

sin �2bu
0 �
�
sin �bu � bu

0 � � RVu
sin �bu ÿ b u

0 �
�
;
�133�

Cr 0 � ÿ 1

sin �2b u
0 �
�
cos �bu � b u

0 � � RVu
cos �bu ÿ b u

0 �
�

describe the Wÿr transitions, and the diverging part of the
integral over the triangle quark loop has the form

IKKV

����
V�r; r 0;W

� ÿi Nc

�2p�4

�
�
d4k

a 2
K�k2�bV�k2�

�m 2
s ÿ k 2��m 2

u ÿ k 2� Y�L
2
3 ÿ k2� ;

aK�k2� � 1

sin �2y 0
K�
�
gK sin �yK � y 0

K�

� g 0K fa�k2� sin �yK ÿ y 0
K�
�
;

br�k2� � 1

sin �2b u
0 �
�
gr1 sin �b u � b u

0 �

� gr2 fa�k2� sin �bu ÿ b u
0 �
�
;
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Figure 35.Differential width of the t! ZKÿnt decay.
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Figure 36. Feynman diagram for the t! K0Kÿnt contact decay.
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Figure 37.Feynman diagram for the decay t! K0Kÿnt with intermediate

r�770� and r�1450�mesons.
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br 0 �k2� � ÿ 1

sin �2bu
0 �
�
gr1 cos �b u � b u

0 �

� gr2 fa�k2� cos �bu ÿ bu0�
�
;

bW�k2� � 1 : �134�
As a result, for the decay t! K0Kÿnt, we obtain [105]

Br�t! K0Kÿnt� � �12:7� 2:5� � 10ÿ4 : �135�

A comparison of the partial width of this decay
calculated in different models with experimental data is
presented in Table 11. We note that the experimental mass
and especially width of the excited r�1450� meson have large
errors. This leads to a high uncertainty in the theoretical
partial width (135), which we have estimated by varying
parametersMr 0 and Gr 0 within the error limits.

The differential distribution of the considered decay width
with respect to the invariant mass of the kaon pair is shown in
Fig. 38 in comparison with experimental data [113]. The solid
curve corresponds to theoretical predictions obtained for the
central values of the mass and width of the r�1450� meson,
and the dashed curve is calculated for the particular example
Mr 0 � 1440 MeV and Gr 0 � 340 MeV.

To conclude this section, we note that because the t lepton
has a very large number of decay modes, we restricted
ourselves to considering only a few examples of such
processes in order to demonstrate the possibility of their
description by different phenomenological models. We have
shown that the ENJL model permits a quite satisfactory
description of all these decays using a minimal set of model

parameters that remain fixed when considering different
processes. This provides a greater predictability with this
model than with other phenomenological approaches.

6. Conclusion

As noted in the Introduction, to describe the low-energy
physics of mesons, various phenomenological models are
used, which are typically based on the chiral symmetry of
strong interactions and on the vector dominance model. The
Nambu±Jona-Lasinio model based on chiral symmetry
breaking is one of the most successful phenomenological
models. It has the minimal number of arbitrary parameters
and hence a greater predictability.

Recently, many theoretical and experimental studies have
been focused on the production of mesons in electron±
positron annihilations at low energies, as well as in t-lepton
decays. In these processes, intermediate mesons, both in the
ground and first radially excited states, play the crucial role.
To describe the radially excited states of mesons, many
authors use additional free parameters. At the same time, in
papers by Volkov and Weiss [17, 18] published in 1997, an
extended NJL model was proposed that describes both the
ground and first radially excited states of mesons in the
framework of the chiral-symmetric approach. The number
of additional parameters increases insignificantly. The addi-
tional parameters were used here only to describe the mass
spectrum of excited mesons. This enabled us to describe the
main decay modes of the radially excited mesons, as well as
their interactions with other mesons. In addition, the
extended NJL models proved to be very effective in describ-
ing eÿe� annihilations and t-lepton decays, which is demon-
strated in this review.

The NJLmodel can describe meson properties not only in
the vacuum but also in a hot dense medium [11, 20, 119, 120].
Presently, this field of physics is being intensively studied. In
particular, the threshold of the phase transition of the
hadronic matter into the quark±gluon plasma is being
determined. Here, the NJL model is also successfully applied.

The authors thank E A Kuraev, D G Kostyunin, and
A A Pivovarov for the fruitful collaboration.
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