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Abstract. The theoretical description and survey of the physical
properties of superconducting states in uranium ferromagnetic
materials are presented. On the basis of microscopic theory, we
show that the coupling between electrons in these ferromagnetic
metals by means of magnetization fluctuations gives rise to a
triplet-pairing superconducting state, and establish the general
form of the order parameter dictated by symmetry. The theory
allows explaining some specific observations, including the
peculiar phenomenon of reentrant superconductivity in URhGe
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in a magnetic field perpendicular to the spontaneous magnetiza-
tion direction. In addition, we describe several particular topics
related to uranium superconducting ferromagnets: (i) critical
magnetic relaxation in dual localized—itinerant ferromagnets,
(ii) phase transition to the ferromagnetic state in a Fermi liquid
and UGe,, (iii) superconducting ordering in ferromagnetic me-
tals without an inversion center.

Keywords: ferromagnetism, superconductivity

1. Introduction

Superconductivity and ferromagnetic ordering are usually
antagonists of each other. The reason is that the exchange
field exceeds the paramagnetic limit field and destroys
superconductivity by aligning the electron spins directed
oppositely in Cooper pairs. Nevertheless, singlet supercon-
ductivity can coexist with ferromagnetism when the critical
temperature of the transition to the superconducting state is
greater than the Curie temperature, as is the case with so-
called ternary compounds, which were actively investigated in
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Figure 1. (Color online.) Temperature—pressure phase diagram of
(a) UGe,, (b) URhGe, and (c) UCoGe. FM, SC, and PM stand for
ferromagnetic, superconducting, and paramagnetic phases; TCP is the
tricritical point, and CEP is the critical end point [9].

the 1980s. The coexistence reveals itself in a form known as
the Anderson—Suhl or crypto-ferromagnetic superconducting
state [1, 2], characterized by the formation of a periodic
domain-like magnetic structure. The structure period or the
domain size A is larger than the interatomic distance, but
smaller than the superconducting coherence length &,, which
weakens the depairing effect of the exchange field, leading to
an effective averaging of it to zero.

The coexistence of superconductivity and ferromagnetism
recently discovered [3—6] in several uranium compounds—
UGe;, URhGe, UCoGe, and Ulr— exhibits quite different
properties. In the first two compounds, the Curie temperature
Tc is higher than their critical temperatures for super-
conductivity Tsc by more than an order of magnitude
(Fig. 1a, b). In UCoGe, the ratio T¢/Tsc at ambient pressure
is about four (Fig. 1c). This, together with the fact that the
upper critical field at low temperatures greatly exceeds the
paramagnetic limit field in the first three compounds (see
reviews [7-9]), indicates that we are dealing here with Cooper
pairing in a triplet state. In Ulr, the upper critical field is
smaller than the paramagnetic limit field [6]. The reason is
most likely in the low specimen quality: it is known that
impurities and inhomogeneities strongly suppress the upper
critical field in unconventional superconductors.

Ferromagnetism does not suppress the superconductivity
with triplet pairing; hence, there is no reason for the
formation of a cryptomagnetic state. Indeed, no traces of
spatial modulation of magnetic moment directions on a scale
smaller than the coherence length have been revealed [4, 10—
12]. On the other hand, neutron depolarization measurements
of UGe, down to 4.2 K (that is, in the ferromagnetic but not
superconducting region) establish that the magnetic moment
is strictly aligned along the @ axis, with a typical domain size in
the bc plane of the order of 4.4 x 10~* cm [13], about two
orders of magnitude larger than the largest superconducting
coherence length in the b direction, &, ~7 x 107% cm. A
similar domain size was recently measured in UCoGe [14].

It is therefore natural to assume that these ferromagnetic
superconductors are triplet superconductors similar to super-
fluid phases of He?. It must be kept in mind, however, that
unlike liquid helium, which is a completely isotropic neutral
Fermi liquid, here we are dealing with superconductivity
developing in strongly anisotropic ferromagnetic metals.
Namely, UGe,, URhGe, and UCoGe have an orthorhombic
structure with the magnetic moment oriented along the « axis
in the first of these compounds and along the ¢ axis in the last
two (Fig. 2). Ulr has a monoclinic PbBi-type structure (space
group P21) without inversion symmetry, with the magnetic
moment oriented along the [101] direction [15].

The magnetic moments in UGe, [16], URhGe [17], and
UCoGe [18] are mostly concentrated around uranium ions.
At T =0, they are respectively equal to 1.4ug, 0.4up, and
0.07u5. Although these values are much smaller than the

URhGe, UCoGe

Figure 2. (Color online.) Crystal structures of UGe,, URhGe, and UCoGe
1.




February 2017

Superconductivity in uranium ferromagnets 123

moment per uranium atom deduced from the susceptibility
above T¢ (2.8, 1.8ug, and 1.5ug, respectively), this is still
not sufficient to treat uranium compounds as completely
itinerant ferromagnets. Instead, they are dual localized—
itinerant ferromagnets. The most weakly delocalized mate-
rial is UGe; [16, 19] and the most itinerant one is UCoGe [20,
21].

The interaction between conduction electrons by means of
spin waves in a system of localized moments has been
proposed as the most plausible pairing mechanism. Models
of this type have been applied to the superconducting
antiferromagnet UPd;Al; [22] and to reentrant superconduc-
tivity in the ferromagnetic URhGe [23].

The general form of the order parameters of super-
conducting states in orthorhombic ferromagnets dictated by
symmetry was found in [24-26]. Subsequently, a microscopic
description of triplet superconductivity was developed based
on the pairing interaction due to exchange of magnetization
fluctuations in orthorhombic ferromagnets with strong
magnetic anisotropy [27, 28]. This approach allowed explain-
ing the interplay of the pressure dependence of the Curie
temperature and the critical temperature of the superconduct-
ing transition and the magnetic field dependence of the
pairing interaction for field orientations parallel or perpendi-
cular to the spontaneous magnetization direction. The latter,
in turn, allows explaining the peculiar phenomenon of
reentrant superconductivity in URhGe in a magnetic field
along the b direction [29].

Here, we present a survey of the theory and the physical
properties of superconducting uranium compounds. Starting
from the symmetry of superconducting states valid for a
multiband orthorhombic ferromagnet, we limit ourselves to
a description of the simplest two-band spin-up, spin-down
superconducting ferromagnet. The structure of the super-
conducting order parameters and the quasiparticle spectrum
are derived. We then explore the corresponding weak-
coupling microscopic theory of pairing due to exchange by
magnetic fluctuations in strongly anisotropic media with
orthorhombic symmetry. The theory reproduces the super-
conducting order parameter dictated by the symmetry. The
assumptions made in the previous treatments are demon-
strated explicitly. We next discuss the low-temperature
specific heat, the upper critical field, and other concrete
properties of uranium ferromagnet superconductors.

Special attention is paid to the peculiar phenomenon of
reentrant superconductivity in URhGe [30]. In the frame-
work of the Landau theory of phase transitions, it is
demonstrated that a magnetic field perpendicular to the easy
magnetization direction decreases the Curie temperature, and
the transition between the anisotropic ferromagnetic and
paramagnetic states becomes a first-order phase transition
in a strong enough field. The pairing interaction increases
significantly in the vicinity of the transition, stimulating the
reentrance to the superconducting state suppressed by the
orbital mechanism.

We show that the magnetic field along the spontaneous
magnetization direction suppresses the longitudinal fluctua-
tions of magnetization. This allows us to explain the peculiar
phenomena of the field-direction dependence of nuclear
magnetic resonance relaxation [31] and the sharp anisotropy
of the upper critical field [9, 32] in UCoGe.

In addition, we describe several particular topics related
to superconductivity in uranium superconductors: (1) the
origin of non-Landau damping of critical magnetic fluctua-

tions in ferromagnets with a dual localized—itinerant nature of
f-electrons [33, 34]; (2) the phase transition to the ferromag-
netic state in UGe; [35] and in a Fermi liquid; (3) the general
structure of superconducting ordering in ferromagnetic
metals without inversion symmetry, as in Ulr.

2. Order parameters, symmetry of states,
and quasiparticle energy spectrum

2.1 Symmetry of superconducting states

in orthorhombic ferromagnets

We consider a two-band ferromagnetic metal with the
respective electron spectra

er(k) =& (k) +pu,  g(k)=¢ (k) +u (1)

for the spin-up and spin-down bands (Fig. 3), where £; and ¢,
are the energies measured from the chemical potential p.

The spin-triplet superconducting state arising in a
ferromagnetic metal consists of spin-up, spin-down, and
zero-spin Cooper pairs described by the matrix order
parameter [36]

[ A'(k,r) AKk,r)
(k1) = (AO(k,r) Ai(k,r)>
= AT(k,n)|11) + 2°(k, ) (IT1) + [11)) + 4*(k,1)| L])
. —dy(k,r)+id,(k,r) d-(k,r)
:<d("”)“)“’y:< d.(k, 1) d.(k, ) id},(k,r))’

()

where 4'(k,r), A*(r,k,r), and 4°(k,r) are the spin-up, spin-
down, and zero-spin amplitudes of the superconducting order
parameter, depending on the Cooper pair center of gravity
coordinate r and the momentum k of pairing electrons;
6 = (0y,0,,0:) are the Pauli matrices. Equivalently, the
order parameter can be written as the complex vector

A0k, 1) = 3 [~ A 1) (% 4i9) + 44k, 1)(% — )] + 270k, )2
(3)

Here and in what follows, X, y, Z are the unit vectors along the
corresponding coordinate axes.

4

\
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A

Figure 3. Density of states for spin-up N () and spin-down N'!(¢) electron
bands in a ferromagnetic metal.
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We consider a ferromagnetic orthorhombic crystal with a
strong spin—orbit coupling fixing the spontaneous magnetiza-
tion along one of the second-order symmetry axes chosen as
the z direction. Its point symmetry group, or black-white
group, consists of rotation through the angle © around the
z axis and rotations through m around the x and y directions
combined with the operation of time reversal R, which
changes the spontaneous magnetization direction to the
opposite:

DZ(C2Z) = (Ea C2:7 RC;? RC21) . (4)

Because we are not interested in possible translation invar-
iance breaking at the transition to the superconducting state,
we do not consider the full space group of the normal state.
Besides the point operations, the symmetry group of the
normal state includes the U(1) group of gauge transforma-
tions

Grm = U(1) x D2(C5) = U(1) x (E,C;,RCy,RCy). (5)

Superconducting states with different critical temperatures
are described by the basis functions of different irreducible co-
representations of the symmetry group of the normal state.
There are only two different corepresentations A and B of the
group Ggpy [24, 26]. The vector order parameters

da(k,r), dg(k,r)

of the corresponding states are determined by the amplitudes

I\ k() + ik (),

A5 (k,¥) = kol (r) + ik, (r) (6)
A (k1) = kol (r)

Ak, r) = kLL(r)

A (k,x) = kLL(r) (7)
Ay (k1) = kL)1) + ik, L (r)

Here and in what follows, k\, k}, k are the components of the
unit momentum vector k = k/[k|. For state A, the pair of
scalar complex order parameter amplitudes for spin-up
pairing have the common phase (nl,7]) = (Inll,[n]]) x
exp (i(p ). The spin down pair also have the common phase
(nk,nl) = (Inkl, |11 |)exp (ip!). The zero-spin amplitude has
its own phase n? = |11 |exp (ip°). We assume that the three
phases ¢, ¢!, and ¢° either coincide, ¢! = ¢! = ¢° = ¢, or
differ by £n. The same holds for the spin-up, spin-down, and
zero-spin order parameter components of the B state.

We can verify that the order parameter da(k,r) is
invariant under all transformations of the group Gp that is
isomorphic to the black-white group of the normal state
D,(C5), but contains the combined elements of time reversal
and gauge transformations:

Ga = (E, Cj,exp (2ip)RC5, exp (2ip) RCY) . (8)

For instance, the element RC;5, combining the transforma-
tions y — -y, 2 — -1, k, — —k,,k. — —k. and complex
conjugation of the order parameter, transforms into itself up
to a phase factor exp (—ig), such that

exp (2ip)RCyda(k, 1) = da(k,r).

The order parameter dg(k,r) is invariant under all
transformations of the group

Gg = Ds(E)
= (E,Cj exp (i), exp (2ip)RC5 exp (i), exp (2ip)RC3)
9)

that contains the combined elements of time reversal
(complex conjugation) and multiplication by phase factors
(gauge transformations).

It is important to note that the five component order
parameter of the A state, nl, nl, nt, 11}, ;7,, and the four-
component order parameter of the B state, C C found
from pure symmetry considerations include the Zero spin
components. In other words, they are not equal-spin-pairing
states consisting of Cooper pairs with opposite spins. This
fact is explained below in the framework of the microscopic
approach.

In writing Eqns (6) and (7), we were limited by the simplest
form of the superconducting state order parameters. In
general, the following complications must be taken into
account.

(i) Each term in Eqns (6) and (7) can contain k2, k2, k2-
dependent factors invariant under all rotations of the
orthorhombic group [24].

(ii) Equations (6) and (7) are written as they should be for
a two-band spin-up and spin-down ferromagnet. For a multi-
band ferromagnet, the spin-up, spin-down, and zero-spin
parts of the order parameter should consist of several terms
related to different bands.

(iii) Also, if necessary, the higher-order harmonics (higher
powers ofk’k’"k ) of the same symmetry as the one linear in
the components of k in Eqns (6) and (7) can be taken into
account [24].

2.2 Superconducting states in UCoGe
Unlike URhGe and UGe,, where the superconducting state
arises only in the ferromagnetic state, the phase diagram of
UCoGe in Fig. lc includes ferromagnetic (FM +SC) and
paramagnetic (SC) superconducting states [37].! The symme-
tries of all the states shown in Fig. 1c obey the subordination
rules usual for a second-order phase transition [37]. Namely,
the symmetry group of the ferromagnetic superconducting
state A,

Gemysc = (E, G5, exp (2ip)RCy, exp (2ip)RCy),  (10)
is a subgroup of the symmetry group of the ferromagnetic
state

Geum = U(1) x Dy (C5) = U(1) x (11)

and the symmetry group of the paramagnetic superconduct-
ing state

Gsc = (E,C3,C5,Cy)+exp (2ip)R x (E,C5,C5,C)).

(E,C;,RC5,RC3)

(12)

Both of these groups are, in turn, subgroups of the group of
the paramagnetic normal state

Gn =U(1)x{(E,C;,C5,C3)+ R x (E,C},C3,C3)}. (13)

! Any superconductor is a diamagnet; however, here and in what follows,
we call a state that does not have a spontaneous magnetic moment a
‘paramagnetic’ superconducting state.
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The order parameter of the paramagnetic superconduct-
ing state looks like the order parameter of the superfluid
3He— B phase [36]:

d(k,r) = kry (0% + kyny (1) + koo ()2 (14)

Under the phase transition into a superconducting ferro-
magnet state, the exchange field lifts the Kramers degeneracy
between the spin-up and spin-down electron states. Hence,
unitary order parameter (14) transforms into a type-A
nonunitary order parameter of superconducting ferromag-
netic state (6):

]é)(;/,x& + ]é}r’”yy + kAZ”Izi

= [-A"(K)(X +iy) + 44 (k) (x —iy)] + 4°(k)Z

— L el v) — ik} (1) (% + 19)

2 (Rarble) + b (6) (8 — ) + Konl(e)2 (15)
A similar analysis of the phase symmetry and the order
parameter transformation can also be performed for the
transition from a paramagnetic superconducting state to the
ferromagnetic superconducting state B.
A phase transition from the paramagnetic superconduct-
ing state to the ferromagnetic superconducting state in
UCoGe has never been revealed experimentally.

N = N =

[\S)

2.3 Quasiparticle spectrum

in ferromagnet superconductors with triplet pairing

We consider a two-band ferromagnetic metal with the
electron spectra &;(k) and ¢ (k) for the spin-up and spin-
down bands.

Even in the absence of an external field in a ferromagnet,
there is an internal field Hj, acting on the electron charges.
The internal magnetic field in all uranium superconducting
ferromagnets is larger than the lower critical field H (see,
e.g., [14]). Hence, the Meissner state is absent and the
superconducting state is always the Abrikosov mixed state
with a spatially inhomogeneous distribution of the order
parameter and the internal magnetic field. In this case, to
find the elementary excitation energies, we have to solve the
coupled systems of Gor’kov and Maxwell differential equa-
tions. Some simplifications occur at low temperatures. Here,
because Hi,, € H.o, we can work in the London approxima-
tion, such that the internal magnetic field Hiy (r) = rot A(r) is
a slow function of coordinates. In the inter-vortex space, the
order parameter is constant, and the electron (hole) momenta
acquire a Doppler shift k + mv(r) due to the nonzero velocity
of the superfluid component,

/ 2e
vs(r) = m <Vgo +% A(r)) .
Then the Gor’kov equations become

. 1 1 .
10y =5 (&4 + &4 )o0 — 3 (& = &14)o: —i(do)a,

io,(d*o)

1 1
iw, + 3 (&_+¢& a0+ 3 (&- =& )
G -F

(8

_ g0 0
_G—k,—(o 0 00 ’

(16)

where

fui(k) 25171(1(:‘37”"5)@ém(k)ik"s- (17)

As iw, — E, the equality of the determinant of this system to
zero gives the energy of elementary excitations

E = kvs+

1 1
S (P4 E0)+ (dd) & {Z [¢f - &7 2i@x a).]’
1/2

/
- (i(dxd*)_,)2+i(d><d*)2}l 2] (18)

The excitation energies acquire the simplest form in the so-
called equal-spin-pairing state with dy = 0:

ET:kver\/5%+dd*+i(d><d*)2:kvs+ E4 42, (19)

Ey = kv /&34 dd —i(d x &) = kvo + /7 + 47, (20)

It is also instructive to write the energy of excitations in the
nonunitary superconducting state [36],

E=kv +1/& +dd £ [i(d x "), 1)
arising from a paramagnetic normal state with &, = & = ¢.
In all the cases, the Kramers degeneracy is lifted.

We next discuss what kind of pairing interaction gives rise
to the A and B superconducting states in ferromagnets with
orthorhombic symmetry.

3. Superconducting states
in microscopic weak-coupling theory

3.1 Triplet pairing by spin-fluctuation exchange
The interaction between two electrons is assumed to be due to
the attraction of one electron by the magnetic polarization
cloud of the other. Unlike superfluid He?, where the pairing
of atoms originates from the magnetic polarization in an
isotropic Fermi liquid, pairing of electrons in a ferromagnetic
metal occurs in an anisotropic medium due to polarization of
the electron liquid and the localized moments.

We therefore consider the pairing originating from the
attraction

Hom == 50607 [ rd's Si6) 2,6~ 1) S0 (22
between the electrons with magnetic moments pg by means of
the electron—-magnon interaction in a ferromagnetic medium
with orthorhombic symmetry. Here,

S(r) = YL (r)eup 1 (r)

is the electron spin density operator, y;;(r) is the medium
susceptibility, and 7 is an exchange constant.

Transforming the interaction Hamiltonian into the
momentum representation and retaining only the odd-parity
terms (with respect to k and k'), after some straightforward
algebra [38] we obtain the Bardeen—Cooper—Schrieffer (BCS)
Hamiltonian for triplet pairing from Eqn (22):

1
Hyiing =5 3 Vo K, K )} ()} (—-K)a, (K as (K, (23)
kk'
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where

Vapro(k, k') = Vij(k k') (i070,) 45 (1070, )]

70

(24)

I
Vij(k, k') = —/112312(5 Trj"(k,k)8; — Xf}(k»k/)) (25)

is expressed through the odd part of the medium static
susceptibility

S u u 1

7k k') = Xij(kvk,) =35 [Xij(k - k') =k + kl)] .
The critical temperature or the upper critical field is

determined as an eigenvalue of the linear equation for the

order parameter

Ayp(k,q) = —TZZ Viuin(k, k') Gy (K, @)
X G;té(_k +q, _wn)Ayé (k :q) . (26)

Here, the matrix of the order parameter in the momentum
representation is

T 0
4k, q) = JA(k,r) exp (iqr) d*r = (jogi’zg 318?2;) 7
(27)

and G, (k’,w,) is the matrix of the normal-metal Green’s
function. In the absence of an external field or when the
external magnetic field is strictly parallel to the spontaneous
magnetization, this Green’s function is diagonal,

_(G" 0
6= (5 &) (28)
where
1
G = (29)

: 7,1 "
o, — &

Matrix equation (26) is a system of coupled linear
equations for the order parameter components

A(k, q) fTZZ [V1(k,k)G'G 4" (k',q)
+ V(K k"G G A (K’ q)
+ V1K k(GG +G1GHA(k',q)]
=-TY > [V k)G
n k'

+ VH(K& kNG 'GI A (K, q)
+ V0K k') (GG + GG A (k'

G'A'(k',q)

)],
Q=-T> > [V(kKk)G'G4'(k'q)

+ VUK kGG AN (K, q)

+ 7%k, k') (G'GT+ GG 4

‘k',q)], (32)

where the arguments in the Green'’s function products are the
same as in matrix equation (26). For instance,

G'G' =G (k' 0,) G (-k'+q,—w,).

The pairing amplitudes found from Eqn (25) are

VIIKK) = Ve + Vo +iVey — iV = —ug 1?72, (33)
VAR K) = Vi + Vyy — iV +iVye = — 131772, (34)
VLK, K') = =V + Vi + 1V + 1V

= —upl* (1 — 1y = 2i1%) s (35)
VIR K) =~V + V=iV — iV

=~ (1 — 1 + 23 5 (36)
POk = Ve = KR (8 J; Ty~ 25) (37)
V%K') = (VT (k K))" = =V +1V).

= —upl (1 — iz, (38)
VO K) = (V' (kK) = Vi +1V,

= gl (=1 — i) (39)

We see that the equations for AT, A}, and A° are entangled.
Moreover, the entanglement still exists in the case of a strong
spin-up and spin-down band splitting, which allows us to
omit all the terms that involve the combinations
G'G' + G'G! corresponding to interband pairing.> Ignor-
ing the inter-band pairing, we find

Q=-TY_ Y [VI(kk"G
n k'

G141 (k',q)

+ VK k)GIGI AN (k' q)] (40)
Q=-T> > [V'(kk)G'G4'(k'q)
n k'’
+ VH(k kGG 4 (k' q)], (41)
JZZ [V (k,k)G'GT4"(k',q)
+ VoK, k' )GlGiA (k',q)] . (42)

We see that Eqn (42) for the order parameter component A°
corresponding to the pairing of particles with opposite spins is
still present. According to Eqn (42), the pairing with opposite
spins is induced by the pairing terms with parallel spins.
Hence, in general, a superconducting state in a ferromagnetic
metal is not an equal-spin-pairing state. This property
originates from the spin—orbit coupling. Indeed, we see in
what follows that the pairing amplitudes ¥°T and V' arise
due to the spin—orbit terms in the ferromagnet gradient
energy, which are presumably small. Therefore, with good
accuracy, we can work with Eqns (40) and (41) corresponding
to equal-spin-pairing superconductivity, ignoring the ampli-
tude 4° induced by the pairing of electrons with up—up and
down—down spins. In this case, we are dealing with a two-
band superconducting state similar to the A, state of
superfluid *He [39]. This property is supported by recent
low-temperature thermal conductivity measurements in a
magnetic field [40].

Both the up—up spin (¥'") and the down-down spin (V1)
pairing amplitudes are determined by the susceptibility
component parallel to the direction of the spontaneous
magnetization y}, which greatly exceeds the susceptibility

2 The case of UCoGe at a pressure of about 1.1 GPa when the Curie
temperature is almost equal to the temperature of the superconducting
transition requires a special treatment.
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along the other crystallographic directions. On the other
hand, the spin-up and the spin-down Cooper pairs interact
with each other due to the susceptibility anisotropy y # ¥,
which gives rise to a phase transition to an A,-type state
common to the spin-up and the spin-down bands. The
susceptibility anisotropy does not exist in the exchange
approximation and is completely determined by the spin—
orbit coupling. Even in isotropic liquid *He, the spin—orbit
coupling leads to entanglement between the spin-up and spin-
down order parameters [41]. However, in view of the
smallness of spin—orbit interaction, the entanglement
between the spin-up and spin-down components is practi-
cally absent, which results in two subsequent phase transi-
tions in a magnetic field: first to the spin-up A, state and then
to the mixed spin-up and spin-down 4, superfluid state [39].
We next find the susceptibility.

3.2 Magnetic susceptibility

of an orthorhombic ferromagnet

We seek the static magnetic susceptibility following the

phenomenological approach in the Landau theory of phase

transitions. The free energy of an orthorhombic ferromagnet

in a magnetic field H(r) is
.7::JdV(FM—FFv)7 (43)

where we take the orthorhombic anisotropy into account in

expressions for the condensation energy density

FM = oc-7M22 + OC},«M)? + O(\Mf + ﬁzMj + ﬁwM\%MLZ

+ B MM + B M>M; — MH (44)
and the gradient energy density
OM, OM;
Fv =1 cxﬁ dial} 45
v /1/ axi axj ( )

The z direction is always chosen along the spontaneous
magnetization; hence, the x, y, z coordinates are respectively
directed along the a, b, c crystallographic axes in URhGe and
UCoGe, and along the b, ¢, a axes in UGe,,

a: =00(T—Tc), x>0, o,>0, (46)
where T¢ is the Curie temperature and
Yoo 00
y?j:/f = 0 V}xl 0 , o0=X,),z, (47)
0 0 yx
- 0 V.\‘y Yz
Vio;'#ﬁ = yllj] =\ T 0 Vyz (48)
7,\‘2 "/yz 0

The corresponding energy density in the exchange approx-
imation is

. ; oM oM
F exchange F exchange _ M2 M4 ~MH+vy, — ——
M Ty oM™+ f Uy Ox; Ox;
(49)
where
Joe 00
Vij = 0 'yyy 0 s (50)

0 0 7.

and hence the gradient energy is determined only by three
constants instead of the 12 constants that occur when taking
small relativistic interactions into account.

We take the magnetic field as the sum of a constant field in
the direction of spontaneous magnetization and the coordi-
nate-dependent small addition

H(r) = 8H.(r)X + 8H,(r)y + (H- + 3H.(r))z. (51)
By varying functional (43) with respect to the magnetization
components, we arrive at the equations

20 M+ 2B MM + 28, M2 M,

M, M, O’ M.
— 29X Yoy A =38H,,
i gxox, T axey ¥ axer oo
20, My + 2B, MM, + 2B, MM,
M, M, M
_2,},‘ y —y ,\_A. ZZSH 52
’V}] axi ax] /.\} ax ay }))xz ay az Yo ( )
20 M. + 4. M + 2B, . MIM. + 26, M M.
2 2 2
. O*M. M, M,
0 oM, oMy _ H.+8H. .

_ 22 ., —
Tij Ox; Ox; Vxz Bxoz 0y 0z

The equilibrium magnetization projections are determined by
the equations

M.r:07 M}’:Oa (53)
o H

MP=— 4 = 4

T T2p g 54

The first and last terms in the right-hand side of (54)
correspond to the spontaneous and the induced parts of
magnetization along the z direction.

The total magnetization is the sum of the constant part

and the small coordinate-dependent addition
M(r) = M.z + M, (r) + M, (r) + M. (r), (55)

whose Fourier components M (k) satisfy linear equations
derived from Eqns (52):

2ot + B M2 + 95k k) SM(K) + 7. ek, 3M, (K)
+ 7okok SM.(K) = 8H, (K)

Vakky M (K) + 2(oy + B, M2 + ], ki k)3 M, (K)
+ 9,2k, k-0M (k) = 8H, (k)

Vrckck:8M(K) + 7,k k-0 M, (k)
+ 2(ct + 6B, M2 + 7 ki kj)SM(K) = 8H (K) .

(56)

The coupling between the magnetization components in
Eqns (56) is due to the small terms in the gradient energy
originating from the relativistic interactions. Disregarding all
the products of terms such as y, k.k,7,.k k., we obtain a
solution of this system of equations in the form

oM, I (57)
Axx = SH., ~ 2(OCx + ﬁx_,M_.Q + '}’i;ki k}) )
5M, !
oM, . 58
Lyy OH,  2(ay + B,.M2 + 71}1 kikj) Y
SM. !
- (59)

= T SH. T 2o+ 6B M2+ i kiky)
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o = OM, _ M, tor, as well as all the higher angular harmonics determined by
Y 8H, 8H. the last term in the denominator. Calculations without these
Vorkck, simplifications are much more cumbersome but do not lead to
- N it ; , (60 ualitatively different results. Thus, we obtain
ot BNk o BTy () auattamely 4
oM, M. 7L k) L (64)
Axz SHZ SH\( z
- Vckik 6y T 6. M2+ 2y°kE = 2.(3M?— M3)+2y°kE,  (65)
Aot PM2+ viyki ki) (o= + 68. M2 + viyki ki) where M. is the solution of Eqn (54) and M., =
SM.  SM M.(H.=0)= (—ot;/2ﬁz)1/2. At arbitrary temperatures
Ay = oo = = below the Curie temperature, we can use the known
’ 0H.  SH, experimental values of the field-dependent magnetization
- Kk 62) M_.(H.) and its almost temperature-independent sponta-

T Ayt By M2y kikg) (o 6B M2 + v kiky)

The expressions for the susceptibility components depend
on the wave vectors through combinations like k2. They are
derived for wave vectors much smaller than the inverse
interatomic distance a~!. The corresponding wave-vector-
dependent terms in the susceptibility components found from
an appropriate microscopic model then contain combinations
of trigonometric functions like ysin® ka/a?. These combina-
tions at small k reproduce our phenomenological expressions,
and at k =~ kp are of the order of y/a?, as are the phenomen-
ological expressions. This means that our formulas for
susceptibilities are still qualitatively valid at large wave
vector transfers k =~ kg determining Cooper pairing. The
Fermi wave vectors kg are different at different points of the
Fermi surface; hence, kg is a function of direction in the
reciprocal space with orthorhombic symmetry.

The odd part of the z component of the susceptibility is
found as
quz(k7k/) = [X:z(k_k/) _Xzz(k+kl)]

2%1;‘ ki kj,

- . (63)
(o + 68.M2 + vij(kik; + kr’k;"))z — (2y;ki /?,'/)2

N —

According to Eqns (33) and (34), the pairing interaction is
determined by this formula. The situation is similar to the
case of the weak-coupling singlet pairing, where the zero-
frequency limit of the phonon propagator plays the role of a
potential for the phonon-mediated attraction among elec-
trons. We are interested in the pairing interaction inside the
ferromagnetic state where o, +68.M2 > 0. At the Curie
temperature, this combination is equal to zero and y2(k,k’)
diverges at coincident arguments corresponding to Cooper
pairing. This is an inevitable property of a model with static
interaction.

To avoid this pairing interaction divergence, Fay and
Appel [42], in their theory of p-wave superconductivity in an
itinerant ferromagnet, introduced a cutoff depending on the
distance from the ferromagnetic phase transition. As a result,
the critical temperature of the phase transition to the super-
conducting state with a finite value in both the ferromagnetic
and the paramagnetic state turned out to be equal to zero at
the transition between them. This misleading property does
not take place in a model taking the retardation effect in
pairing interaction into account.

At a finite value of a. + 68, M2, we can keep only the
angular dependence in the numerator of Eqn (63), ignoring
the angular dependence of kg and the orthorhombic-
symmetry terms y/;(kik; + k/k[) ~ 2y°k in the denomina-

neous part M,y = M.(H. =0).
In a similar manner, we find the odd part of the
susceptibility x and y components:

_x_k2AA ,\}’_szA
20 (k) ~ VZTF Rkl 7t (k) ~ ’ZTF KL (66)
X v
where
ay = Oy + ﬂszzz + 2V\k12? ) (67)

ay = oy + f,.M 2429V kE.

All the off-diagonal susceptibility components are linear
in the anisotropy terms determined by the spin—orbit
coupling:

o kE .- A
1 (kK )~ 22— ; (k! + kLK, (68)
xty
Ve KE 2 20 pip
v (k k') ~ F; (ki + kik:) (69)
XYz
VokE oon
1o (k,k) z4}& ;( vkl k), (70)
-
dy = 0y +[3sz_72, a, = o, +[3},ZM,2,
(71)
a.=o. + 6. M> =4p.M? + H.

Here, we completely disregard the fourth order terms in
respect of the products of wave vector components. They
have the same symmetry as Eqns (68)—(70), but seriously
complicate the corresponding expressions.

3.3 Pairing amplitudes

Equations (33)—(39) express the pairing amplitudes through
the susceptibility components in a ferromagnetic metal with
arbitrary symmetry. Explicit formulas for the susceptibility
components in an orthorhombic ferromagnet are found in
Section 3.2. The structure of superconducting states in an
orthorhombic crystal is determined by the angular depen-
dence of pairing amplitudes:

VI K) = V(K K') = —upl P
ﬂ%lzkéyli léf lgjl

=— > =—Vigkik], (72)
4[B.(3M2 — ME) +y°k{] '

VLK K') = —Vayki k] +iV3(kok] + kykL) (73)

Vi k') = (V(kk")", (74)
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VO K') = =Wy ki k] (75)

V1Iok, k") = (VI(k, k"))’
= —Walkok! + kKL) + iW5(k kL + koK) (76)
Pk k) = (VK k") = - (Vkk")", (77)
where the constants are
pE 212k2yz
Vi = i1 k3 4 = )
a:  4[p.3M2 — M%) +y*k]
y 2712712
Vij v ugd “kgy.,
b= upI kG 2 — =2 V=2
VZ j = HB (ax {1}%> 3 4&"([1}’ ’ (79)
2122 (v vl v
Wllj—'uB /2,"‘/[21_/_]; )
20 \eg a4 a (80)
wy — KD ki
4a.a. ’ 4a,a.

The pairing interaction between the particles in the same
spin-up or spin-down band plays the most important role.
The corresponding amplitude originates from the odd part of
the magnetic susceptibility component y ., which depends on
the temperature and the magnetic field. The amplitudes V;;
and Wy;; are mainly determined by the exchange interaction.
The amplitude V; is equal to zero in the exchange
approximation, but it can have a nonnegligible magnitude
corresponding to a strong orthorhombic anisotropy of the
susceptibility, y. # x,,. The amplitudes V'3, W,, and W3 are
determined by the spin—orbit terms in the gradient energy of
an orthorhombic ferromagnet, and we treat them as the
smallest among the amplitudes.

3.4 Critical temperature of the phase transition

to a paramagnetic superconducting state in UCoGe
Equations (30)—(32) are also applicable to finding the critical
temperature of the phase transition from the normal to the
paramagnetic superconducting state observed in UCoGe at
high pressures (Fig. 1¢). In this case, the internal magnetic
field is absent; hence, the normal-state Green’s functions for
the spin-up and spin-down electrons areequal, G' = G = G,
and the order parameter is spatially homogeneous. The
equations then take the form

) = =TY > [V k)4 R) + VT (k)4 &)
n k'

+2V 10k, k") 4° (k)] G(k', 0,)G(—k', —w,) , (81)

= fTZZ [V (k, kA (k') + VH (k k)4 (k')

+2V0(k, k") A (k)| Gk, 0,)G(—K', —,) , (82)

o) = —T3 S 2Pk k) AT K + VO (k)AL ()

+ VK, k)4 (k"] G(k',0,)G(—K', —w,) . (83)

Substituting the paramagnetic-state order parameter compo-
nents (see Section 2.2)

Ai = lgxnx + ilgyrly ) A 0 = kznzf
(84)

= 71%)(";( + ilgyﬂy )

in these equations gives five equations for the three ampli-
tudesn,,n,, and n.. Two of these equations coincide with two
others, and we are left with the system of three independent
equations

(;”71 —gix+ gZx)rI,x + g3y7’]}, + 2W22112 =0 )

gty + (27 — g1y

2woh + 2wayn, + B

_g2\ );71 +2VV3_77’], = 07 (85)

(A = wi)n. =0.
The pairing coupling constants are
gix = Vl,\,\<l€\2N0(k)>
81y = V1,1fy</€fN0 k)> ) &2y = V2y1< Az )>7

Wiz = WIZZ<I€2NO k)>7 &3x = V?<]€3 ( )>7
83y = V3<]€2N0 > ’ Wox = < Ax > ’
wa = Walk2No(K)), w3 = Wa(k2No(k)),

W3<k No(k)).

The angular brackets denote averaging over the Fermi surface
and Ny(k) is the angular-dependent density of electronic
states on the Fermi surface. We have

€

1
AT)=2nT —=1In—,
HZZOCOH T

where ¢ = 2ygy/m, Iny = 0.577 is the Euler constant, and ¢ is
the cutoff energy for the pairing interaction. The critical
temperature of the phase transition

1
TSC = &C€Xp (— —)
g

is expressed in terms of the maximal eigenvalue of the matrix
corresponding to system of linear equations (85).

(86)

3.5 Phase transition from the paramagnetic

to ferromagnetic superconducting state in UCoGe
Equations (81)—(83) can also be used to determine the critical
temperature of the phase transition that must separate the
paramagnetic superconducting and ferromagnetic supercon-
ducting states in UCoGe (Fig. 1c), but which has not been
discovered experimentally. The Green’s function of the
paramagnetic superconducting state must be used here:

iwn + ék
24 & 2k 402k} 4 n2k?

Gk,w,) = (87)

Substituting the ferromagnetic-state order parameter compo-
nents (see Section 2.2)

A= —knl+ikyn), | (88)

A =len+ikynl, A= lenz
in Eqns (81)—(83) gives five equations for the five amplitudes
nl.nl, nkn}, and n?. The maximum eigenvalue of this system
determines the critical temperature of the phase transition
from the paramagnetic to the ferromagnetic superconducting
state.

This phase transition occurs in the itinerant electron
subsystem. Mathematically, it is described by a smooth
development of an inequality in the spin-up and spin-down
amplitudes of the order parameter, that is, by the develop-
ment of a spontaneous magnetic moment of a purely super-
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conducting nature. Simultaneously, magnetization related to
the subsystem of localized moments appears. Its emergence,
induced by the superconducting electron magnetic moment, is
similar to the crossover between paramagnetic and ferromag-
netic normal states in an external magnetic field. It can be
expected that due to the smallness of the magnetization, the
superconductor remains in the Meissner state below the
transition line.

There is another possible scenario of the phase transition
from the paramagnetic to ferromagnetic superconducting
state. It is realized when the transition driving force is the
ordering in the subsystem of localized moments. In this case,
the subsystem of superconducting electrons is rearranged
under the action of spontaneous magnetization.

The theory of the phase transition from the paramagnetic
to the ferromagnetic superconducting state must include the
effect of the emergence of supercurrents and the field
dependence of the magnetization, which can be important in
view of the divergence of the magnetic susceptibility near the
Curie temperature. A satisfactory treatment of this phenom-
enon is currently absent.’

3.6 Superconducting states in orthorhombic ferromagnets
We now find what kind of superconducting state emerges at
the phase transition from a normal ferromagnetic to the
superconducting ferromagnetic state. Performing the Taylor
expansion of Eqns (30)—(32) in powers of q up to the second
order and then passing to the coordinate representation by
the substitution

q— D= —iV, + 2eA(r), (89)

we obtain the equations

; ek
Ak =T 27 Viijki k]

1 ’G!
x (GTGT +=G!

26" Gzt Drom ) 4100
! m

d*k’ C e -
+TY JW (Vaijki k] —iV3(kok) + KLk,)]

n

(90)

3 However, see Ref. [109], which appeared after this review was written.

1 o’G!
Tl o2t !
x(GG +2G oKk
. &G!

1
~ PYRES TR D Dm AO k/7 ’
27 okjok), ! ) (k')

1 0*G
X <GiGi+5 G! ok/ok! D,Dm)A (k',r)
d’k’ . 1 0’G
. Gt~ 6G"'——— D, D
+ ; 4[ (27‘5)3 Wl,j k’ k/ (G G + 2 G akl/ akrln ! "
1 o*G!
+GlG! +5 G! oKk D;D,,,)Ao(k’,r) (92)

Here, as before, the arguments in the products of the Green’s
functions are

G'G' =Gk, w,) G (~k', ~w,),
°Gl Gl (—k’', ~w,

T / :GT(klywﬂ) ( 12 : 1) ’
Ok ok}, Ok ok},

In a single-domain ferromagnet in the absence of an
external field, H =0, or in an external field directed along
the spontaneous magnetization axis Z, the order parameter
components are independent of z, and the operators of so-
called long derivatives are
0 2

. 0
Dy =—-1—, N

D, =
ox 4

(93)
Here, we introduce an internal electromagnetic field corre-
sponding to the spontaneous magnetization Hi, = 4nM and
ignore the difference between the external field and the
magnetic field induced inside the medium by the external
field.

With the dependence of the pairing interaction in
Eqns (90)-(92) on the wave vector taken into account, we
can choose the superconducting order parameter as the linear
combinations

Substituting these expressions in Eqns (90)—(92) leads to two
independent systems of differential equations

m(f) = Aa[mﬁ(r) ) Cx(r) = Bmﬁé’[}(r) s (94)
for the components of the vectors

1) = (1), (0) (), ) (), () (95)

L) = (L), &), (). L) (96)
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which correspond to two different superconducting states with
different critical temperatures pertaining to corepresentations
A and B. Thereby, the derived microscopic equations confirm
the conclusions that were made in Section 2 based on pure
symmetry considerations.

3.7 Equal-spin-pairing states

We next simplify the problem and work with Eqns (40) and
(41) that correspond to superconducting states of pairs of
different-spin electrons. Then state A is described by the four-
component order parameter

A (k1) = kenl(r) + ik )(r). (97)

At (k1) = kany(r) + ik (r) | (98)
and state B by the two-component order parameter

Al(k,r) = kLl(r), (99)

A (k1) = kegh(r). (100)

Equations (94) for the critical temperatures of phase
transitions to these states are determined by the 4 x 4 and
2 x 2 matrices

Azli
gLZ +1], g7\)+ Lzﬁ‘ ‘Lz;\ iLTl\t _gh/l_" 1L2n L%\'
_ ghA+ Lg\»*iLEJ\ gl + Li, g}))+1L2\1+L3\ IL%U
—iLy, g?‘(} 11‘%)1\‘4»1‘%‘( g]); +Lh gz‘}“L L%ﬁrll‘m
7g2\'; lLv;\ L 3x *iLtn\» gz;)7L L 1LZU gly/L + Llly
(101)
g14/L+LT: g%z;“—i_L%:
Baﬁ = - i L, 1 . (102)
gZ-/“+Lz glz/“+le

X 1§k E (k2N ()
4[p.3M2 — M3) +ykE]

(103)

is one of the pairing interaction constants, the angular
brackets mean averaging over the Fermi surface, and NJ (k)
is the angular-dependent density of electronic states on the
Fermi surface of the band 7. Accordingly,

&= Var(KING(K)) . g5, = Va(kiNG (k). (104)
All the other pairing interaction constants are obtained by the
obvious substitutions x < y and T« | or x — z. We have

1
MT)=2nT —=In—,
n;)wn r

(105)
where ¢ = 2ygy/m, Iny = 0.577 is the Euler constant, and ¢ is
the cutoff energy for the pairing interaction. We assume here
that it has the same value for both bands.

The differential operator

VleZJ

and the operator L%, and other operators with the same
structure are obtained by the obvious substitutions x — y, z,

'(k, w,)D'

(106)

1 — 2, and T— |, but a similar operator with the index 3 is

1 &’k -
Ll =- 1T 2G(k, »,)D! 1
=3 T [ s 6 ol (107)
where
*G1(—k, —w,) 0*G1(—k, —w,)
= Y pi+————2 D (108
ok TR v (108)
Operators of the second type are
1 &Pk - -
T
Ll‘C} 2 VIXXTZ;J(2TE)3 kxkyGT(kawn)
0’G1(—k, —w,)
— 2 (D.D,+D,D, 1
akxak7 ( R }+ Y «)7 (09)
and L;}\ and other operators of this type are obtained by the

obvious substitutions x — y, 1 — 2, and T—]. A similar
operator with the index 3 has the form

Lo=tyr 'k
3T 3 Z 2n)?

n

—— kok, G (K, ,)

0*G1(—k, —w,)

akx akl (Dny —+ Dny) .

(110)

3.8 Equal-spin-pairing states near the critical temperature
As noted in Section 2, the internal field acting on the electron
charges in uranium ferromagnets is much weaker than the
upper critical field at zero temperature. In this case, the
gradient terms produce only small corrections of the order

O(Hini/(He2(T = 0))) to the eigenvalues of linear differential
equations (94). Neglecting these, we arrive at the system of
algebraic equations

= (gl ol +ganl + gg}nﬁ)m
t
2

= (gn! +glon! —gdn)), (111)
1= (gl + e —ginhi,
= (gl + gt +einhi,
for the A state and
t_ (ol pl
L (gléé +g24( ))” (112)

Cl = (gz CT+g1 C ))°

for the B state. Taking into account that the coupling
constants with indices 1 and 2 significantly exceed the
constants with index 3 originating from the spin—orbit terms
in the gradient energy of a ferromagnet,

81,82 > &3,

we obtain three independent systems of equations for the x, y,
and z components of the order parameter:

n,l = (gl ) + &5,

(113)
= (g3 +glnh)i,

= (g1, + &y}, (114)
(gz}n) +gi )i,

CZT = (g.t] + 2L, (115)

0= (gnt] +gllh)a.
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Thus, in the exchange approximation for the energy of
magnetic inhomogeneity, we have three different supercon-
ducting states (kvn),kenl), (kyn! kynt), and (kL] k.0
with different critical temperatures determined by the vanish-
ing of the determinants of Eqns (113)—(115).

4. Physical properties

4.1 Critical temperature

Assuming that the highest critical temperature corresponds to
the (kun!,kwn}) superconducting state and equating the
determinant of system (113) to zero, we obtain the BCS-type
formula

1
Tzsc:xp(——), 116
" (116)
where the coupling constant
i ! T 132
8l T 81k gix — 8ix
o) =] L+¢('x4‘” velel, a1

is a function of temperature. Thereby, formula (116) is in fact
an equation for the critical temperature of the transition to
the superconducting state. We now discuss the simplest case
of a single-band (say, spin-up) superconducting state with
g=2g.

In URAGe, the transition to the superconducting state
occurs at a temperature much lower than the Curie tempera-
ture. Hence, the temperature dependence of the coupling
constant can be ignored. Then the critical temperature is
determined by the relation

| e 1
n—~—F—X
Tsc gfx

(ot0-Tc + “/:klg)z
PRI 2y2 kR (k2N (K))

(118)

where we have used Eqns (54) and (103) for g{x in the absence
of a magnetic field. The Curie temperature 7T¢ in URhGe is an
increasing function of pressure (Fig. 1b). The pressure
dependence of all other quantities in the right-hand side of
this equation is unknown. Assuming that the right-hand side
as a whole also increases with pressure, we see that this should
be accompanied by a slow decrease in the temperature of
transition to the superconducting state. And, vice versa, when
the right-hand side decreases with pressure, the temperature
Tsc(P) increases. The first case obviously corresponds to the
observed pressure dependences T¢(P) and Tsc(P) in URhGe;
the second corresponds to the situation in UCoGe (Fig. 1c).
In the latter case, of course, this argument is only applicable in
the region where Tsc is significantly smaller than T¢.

Here, we do not consider UGe,, where the superconduct-
ing state arises in the phase diagram region below the line of
the first-order phase transition from the paramagnetic to the
ferromagnetic state.

4.2 Upper critical field parallel to the ¢ axis in UCoGe
The upper critical field H(T) parallel to the spontaneous
magnetization axis in UCoGe [43] exhibits a peculiar bent
upward (Fig. 4). A natural explanation of this phenomenon is
that the critical temperature itself is a function of the magnetic
field. Indeed, near Tsc, the temperature dependence of the
upper critical field is

Ho=ATsc(Tsc —T), (119)
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Figure 4. (Color online.) The upper critical field H.; in UCoGe extracted
from resistivity and thermal conductivity measurements. (M Taupin,
unpublished (2016).)

where 4 ~ ¢, /v} is a constant and the critical temperature of
the (kynl, k.nt) state in the single-band approximation with
H # 0 is given by

In—— = — o [B.3M2 = M2) +7°kE]’. (120)

At temperatures well below the Curie temperature, the
magnetization is almost temperature independent. On the
other hand, the UCoGe magnetic moment in a field directed
parallel to the ¢ axis rapidly increases [44]. In fields of about
1T, M. = M.(H) is about twice as big as Mo = M.(H = 0).
Hence, in accordance with (120), increasing the magnetic field
leads to a decrease in the coupling constant ngx and the critical
temperature Tsc(g{\,).

The temperature dependence of the upper critical field can
be rewritten as a dependence of the transition temperature
TS on the magnetic field, determined by the orbital effect
and by the field dependence of the pairing interaction

gl = gl (H):

H
TS = Tsclg),) —

ATsc(ngx) '

Obviously, the field dependence Tsc (ngX(H)) not only shifts
the linear field dependence T3P (H) down but also creates an
upward curvature, in accordance with the experimental
temperature dependence of the upper critical field shown in
Fig. 4.

In URhGe, the dependence H;(T) does not reveal an
upward curvature [45] (Fig. 5). Unlike the magnetization
change in UCoGe, the change in the magnetic moment in the
field H. smaller than 1 T is negligibly small in URhGe [46].
Hence, the field dependence of the pairing constant plays no
role.

(121)

4.3 Upper critical field in URhGe

The superconducting critical temperature in all uranium
ferromagnets increases with improving the sample quality,
as it should in unconventional superconducting states where
the Tsc(/) dependence on the electron mean free path at
[ > & is described by [36]

TUF

o (122)

Tsc =~ Tsco —
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and the zero-temperature upper critical field increases with
the sample purity as the square of the critical temperature:

(123)

The last relation has been demonstrated by measurements of
the upper critical field in URhGe in samples of differing
quality [45] (see Fig. 5).

Another peculiar property revealed by Hardy and Huxley
[45] is the temperature dependence of the upper critical field
anisotropy. The ratio of H,(7T') along the ¢ axis to that along
the b axis is independent of the temperature. But the ratio of
H(T) parallel to the a and b axes (or @ and ¢ axes) increases
linearly by approximately 20% as the temperature decreases
from T, to zero (Fig. 6). This is consistent with the
temperature behavior of the upper critical field in the single-
band phase with the order parameter at H = 0:

AT (k1) = nlk,.
It can be shown in this case [47] that the solutions of the linear

Gor’kov equations corresponding to the maximal upper
critical field for the different crystallographic directions are

A'(k,1) ~ A(H, T)(ky + ik:)po (x, 2)
+ B(H, T) (ks — ik )(x,2), H| b, (124)
( 1) ~ ACH, T) (ke + ik, o (x, )
B(H, T)(ky —iky ) (x,y),  Hll e, (125)
( )~ kabo(v,2), Hla, (126)

where ¥, (x, y) are the Landau functions of a particle with the
charge 2e in a magnetic field, » is the Landau level number,
and A(H,T) and B(H, T') are functions of the magnetic field
and temperature. We see that the solutions for the field along

>

Figure 6. Temperature dependence of the ratio of the upper critical fields
parallel to different axes in URhGe [45].

the ¢ and b axes have the same structure and differ from the
solution for the field along the @ axis, which naturally explains
the observed temperature dependence of the upper critical
field anisotropy.

This property is still valid in a multi-band superconductor
with equal-spin-pairing if we assume (as we did in the single-
band case) that our superconducting state is an A state whose
order parameter components in a zero field are

ANkr) =niky,  AKE) =gk, (127)
Thus, the observed temperature dependence of the upper
critical field anisotropy strongly points to the preferable order
parameter structure for the superconducting state in URhGe.

4.4 Zeros in the spectrum and specific heat

at low temperatures

As we have already noted, even in the absence of an external
field in a ferromagnetic superconductor, there is an internal
field Hj, acting on the electron charges. The internal
magnetic field in all uranium ferromagnets is larger than the
lower critical field H.,. Hence, the Meissner state is absent
and the superconductor is in an Abrikosov vortex state with
spatially inhomogeneous distributions of the order parameter
and the internal magnetic field. At low temperatures, when
due to Hy, < Hy, the distance between vortices is much larger
than the core radius, contributions to the specific heat on the
Fermi surface from the vortex cores and the inter-vortex
space can be separated.

It is customary to operate not with the specific heat but
with the ratio C/T = y, which, in a normal metal, is directly
proportional to the electron density of states on the Fermi
surface. The core contribution to the specific heat is due to the
almost gapless excitations localized in the vortex cores.
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function of the ordered moment [9].

Hence, due to the vortex cores, y preserves a finite value in the
limit 7= 0:

y NHim
v~

)

/N>
HCZ

(128)

where py is the normal-state value of y.

Another contribution to the density of states originates
from the so-called Volovik effect [48] taking place in the inter-
vortex space. In this case, the energy of excitations is given by
Eqns (19) and (20). In the absence of additional phase
transitions, there are either A or B superconducting states
with the respective order parameters (97), (98) and (99), (100).
The A-state order parameter vanishes at isolated points
ky =k, = 0; hence, the inter-vortex space contribution to
the density of states is given by [48]

»ANHimln Hc R
Yiv He Hipy N

(129)

The B-state order parameter vanishes on the line k, = 0;
hence, the inter-vortex space contribution to the density of
states is given by [48]

Hint
PN - 1
He, N (130)

wB
Yiv ~

As shown in Section 3, the mixing of the x and y
components of the order parameter in the A state is in fact
quite small, owing to the smallness of the V3 amplitude of
pairing. Therefore, the gap in the A-state spectrum is almost
equal to zero either on the line k, = 0 or on the line k,, = 0.
Hence, the inter-vortex contribution to the density of states in
the A state can be given by the same square-root formula as
for the B state.

Equations (129) and (130) are applicable to defect-free
superconducting crystals. In the presence of inhomogeneities
created by impurities, dislocations, and domain walls, the gap
in the quasiparticle spectrum is suppressed in a finite vicinity
of the order parameter zeros [36] as well as in a finite vicinity
of the inter-domain walls. As a result, the zero-energy density
of states acquires a field-independent contribution. At a high
enough impurity concentration, the square-root field depen-
dence can also be modified [49].

Qualitatively, the low-temperature dependence of y on the
magnetic field at moderate amounts of impurity is described

by
Hiut Hint)
— 4+
HcZ Hc2 N

70 = Vaw + Viv T v & <a+ (131)

with a constant a < 1.
We can estimate the magnitude of the internal field as

H,,; = const %—U , (132)
agu

where p; is the magnetic moment per uranium atom at zero
temperature and ayy is the distance between nearest-
neighbor uranium atoms. The inter-uranium distances in
UCoGe, URhGe, and UGe, are close to each other. But the
corresponding magnetic moments 0.05ug, 0.4u5, and pg are
quite different, which determines the difference in Hj, in
these materials. An indeterminacy is also introduced by the
unknown prefactors in Eqn (132). Another way to determine
the internal field is to set it equal to the external field along the
direction of spontaneous magnetization that suppresses the
ferromagnet multi-domain structure.

The internal fields estimated in review [9] are about 100 G
for UCoGe, 800 G for URhGe, and 2800 G for UGe,, in
accordance with the higher value of the magnetic moments
in these materials. The zero-temperature upper critical field
directed along the spontaneous magnetization is 1.2 T in
UCoGe [43] and approximately 2.2 T in UGe; [19]. The
known value 0.6 T of H., for URhGe has been measured [45],
albeit in a single crystal with a low relative residual resistance,
equal to 21. We can therefore expect that the real value of the
low-temperature upper critical field in URhGe is roughly the
same as in UCoGe. Then the part of the ratio y,/yy that
depends on the field and is found from Eqn (131) is
approximately 0.1 for UCoGe, 0.3 for URhGe, and 0.5 for
UGe;. The corresponding experimentally established values
are presented in Fig. 7.

5. Reentrant superconductivity in URhGe

URhGe has a peculiar property. At a sufficiently low
temperature, a magnetic field of about 1.3 T directed along
the b axis suppresses the superconducting state [45], but in a
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Figure 8. (Color online.) Temperature—field phase diagram for the
magnetic field parallel to the » axis in URhGe. PM, FM, and PPM
denote paramagnetic, ferromagnetic, and strongly polarized paramag-
netic states. SC and RSC denote superconducting and reentrant super-
conducting states [50].

much stronger field of about 10 T, superconductivity is
restored and exists in the fields up to 13 T [30]. The maximum
critical temperature in this field interval is =~ 0.4 K. In the
same field interval, the material transfers from the ferromag-
netic to the paramagnetic state via a first-order phase
transition. The superconducting state exists not only inside
the ferromagnetic state but also in the paramagnetic state
separated from the ferromagnetic state by a first-order phase
transition (Fig. 8).

The observation of an abrupt collapse of spontaneous
magnetization in a sufficiently strong external field along the
b axis was already reported in the first publication on
magnetic-field-induced superconductivity in the ferromag-
net URhGe [30]. Recently, the first-order character of the
transition has been confirmed by the direct observation of
hysteresis [50] in the Hall resistivity in the vicinity of the
transition field Hg ~ 12.5T.

In Sections 5.1-5.4, we develop a phenomenological
description of the ferromagnetic—-paramagnetic phase transi-
tion in an external magnetic field perpendicular to the
spontaneous magnetization direction. We find the magnetic
susceptibility and show that the magnetic susceptibility
corresponding to longitudinal magnetic fluctuations
increases greatly in the vicinity of the first-order phase
transition, stimulating the reentrance of the superconducting
state.

5.1 Phase transition in an orthorhombic ferromagnet

in a magnetic field perpendicular

to spontaneous magnetization

The Landau free energy of an orthorhombic ferromagnet in a
magnetic field H(r) is

]—':JdV(FM+F\7), (133)

where, in writing
Fy = oM+ B.M2 +6-M? + 0, M + o, M

+ By MIM] + B MIM] + . MIM; —MH,  (134)

we took the orthorhombic anisotropy and the sixth-order
term in powers of M. into account. The density of the

gradient energy is taken in the exchange approximation,

oM oM

Fv=79, — —
\% /Ijaxl_ axl_v

(135)

where x, y, z are the coordinates along the respective a, b, ¢
crystallographic directions, and

OCZ:OC:()(T—TC()), O(X>07 O(y>0, (136)
Yoo 00

Vij = 0 7y, 0 (137)
0 0 7.

In the constant magnetic field H = H,y, the equilibrium
magnetization projections along the x and y directions are
obtained by minimizing free energy (134) with respect to M,
and M,:

H,
M,=0 M,=——— . 138
=0 M S ) (1)
Substituting these expressions in (106), we obtain
F M2 4+ BM*+ 5. M6 — H; 139
M=o M>+ .M+ :*ZW7 (139)

which, after the expansion of the denominator in the last
term, gives

FM:—g+&sz+[5_,Mj+SzM_f’+..., (140)
y
where
& = o0(T— Tco) + ﬁ;’gf , (141)
L oo
5_5+/;ﬁ4;21‘2 (143)

We see that in the magnetic field perpendicular to the
spontaneous magnetization direction, the Curie temperature
decreases as

2
Pty (144)

4o 2ot

The coefficient f, also decreases with H, and reaches zero at

2a‘3/2ﬁ 1/2
po = Pe 145
p B (145)
In this field, under the condition
o208, Tco
=S, 146
o (146)

Curie temperature (144) is still positive and at H, > H" the
phase transition from the paramagnetic to the ferromagnetic
state becomes a first-order transition (Fig. 9). The point
(H", Tc(H;")) on the paramagnetic—ferromagnetic phase
transition line is a tricritical point.
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Figure 9. (Color online.) Phase diagram of a uniaxial ferromagnet in a
magnetic field perpendicular to the spontaneous magnetization axis. PM
and FM denote paramagnetic and ferromagnetic states. The red line is the
Curie temperature. The blue line is the first-order transition.

Minimizing the free energy in Eqn (140) gives the value of
the order parameter in the ferromagnetic state,

1 - = =
M?=—(—p.+ 2—3&25:) 147
A (147)
Minimizing the free energy in the paramagnetic state
Fpara = 0, M} — H,M,, (148)

with respect to M, gives the equilibrium value of the
magnetization projection on the y axis in the paramagnetic
state:

H,

M, =—.
" 2a,

(149)

Substituting this in Eqn (148) yields the equilibrium value of
the free energy in the paramagnetic state

in the ferromagnetic state to zero in the paramagnetic state.
Substituting (152) in the equation Fys = Fyara gives the
equation of the first-order transition line

[

46.0. = B2, (153)
that is,
B-H? B2
T*=T*H,) =Tco — —L 4+ L=, 154
(Hy) 0 daZa | dus, (154)

The corresponding jump of M, (see Fig. 10) is given by

H, H,

M=o g — Ty
! 4 2(06},- =+ ﬁy: M z* 2) 20(}’

MP = (155)

5.2 Susceptibilities

In a field perpendicular to the magnetization direction,
magnetic susceptibility components can be found in the
same manner as in Section 3.2 in the case of a parallel field.
In the ferromagnetic state at 7' < T'*, they are
Xi)(k) ~ [Z(O(x + ﬁszzz + BUM}Z + Vij kf kl)] - ’

-1
71) [2 ﬁv:M2+yijkik')} ) (156)
1K) ~ [2(0 + 6B M2 +156. M2 + . M? + ki k)]~

2(4p. M2 + 128 M + 9, kik)]
and in the paramagnetic state at 7> T*,

' (K) & (2005 + By M+, ki k)]~ '

1

15 (K) = [2(o +yykiky)] (157)
(k) ~ 23 + 9, kik)]
= [2(0e0(T = Te(Hy)) + vy kiky)]

The spin-triplet pairing interaction is expressed through

H? the odd part of the susceptibility components:
Fpara:_ﬁ- (150) |
y .
. ) . Xilil(kvkl):E[Xii(kfkl)fxii(k+k,)]7 =X,z (158)
On the line of the first-order phase transition from the
paramagnetic to ferromagnetic state determined by the
equations [51] Hence, for the ferromagnetic state at T < T*, we have
6FM 2 2
Fy=Fpun, ==0 151 VikE o o2 VikE ;oo
S VA B k) ~ (Zf)l; ik (kK & (;f)i kikj,
the order parameter M, experiences a jump (Fig. 10) from xkz ' (159)
- Vi
, B 7k K) ~ S kik]
M= (152) (ab)
26
M. M,

H,
Figure 10. Magnetic ficld dependences of M. (H,) and M, (H

,) with jumps at the first-order transition.
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LZ,E ﬁwMz ﬁxl M2 + 2))](]% I
ay = oy + B, M + 29k,
f

al =4p.M? + 126, M* + 29k,

:a\

(160)

where M.(H,) and M,(H,) are equilibrium values of the
magnetization components. It is instructive to compare the
expressions obtained for the odd parts of the susceptibility
components with Eqns (64)-(67) found at 6. = 0, H, = 0, but
H. #0.

For the paramagnetic state at 7 > T'¥,

2 . 2
1o (kK ~ g;k; kikl (R K) = g;}pk)i kikj |
2k, k) ~ ’”ké k! (160
- (aP)?
P = o+ By, M} + 20k,
ay = oy + 29k}, (162)
aP =20 (T — Tc(H,)) + 2pkg .

Thus, under the first-order transition from the paramagnetic
to the ferromagnetic state, the susceptibility components
change their values jump-wise.

As we saw in Section 3.1, the pairing interaction in the
ferromagnetic state is mostly determined by the odd part of
the z component of the susceptibility:

Vij klg
402B. M2 + 65.M* + yk2)?

fu ~ A
2k k') ~ ikl (163)

The equilibrium magnetization M. (H,) decreases with the
magnetic field H, (see Fig. 10). It can be expected that the
jump of M, at the first-order transition is much smaller than
the low-temperature magnetization at the zero field H, = 0:

M. > M. (164)

“1H,=0, T=0 ‘

In this case, according to Eqn (163), the susceptibility ™ on
the first-order transition line substantially exceeds its initial
value at H, = 0, which stimulates the reentrance of super-
conductivity.

5.3 Superconducting state

in the vicinity of the first-order transition

The suppression of the Curie temperature by the magnetic
field perpendicular to spontaneous magnetization leads to an
effective increase in pairing interaction. This effect can in
principle compensate the suppression of superconductivity by
orbital depairing. In URhGe, the Curie temperature is much
higher than Tsc. Hence, the orbital effect succeeds in
suppressing the superconducting state (H4(T=0)~ 1.3 T
(see [45])) well before the effect of decreasing the Curie
temperature and the stimulation of pairing intensity mani-
fests itself. But at fields higher than 10 T, the last effect starts
to overcome the orbital depairing and the superconducting
state is restored. The critical temperature of the super-
conducting transition begins to increase and approaches the
line of the first-order transition from the ferromagnetic to
paramagnetic state and intersects it [30, 50]. Here, we discuss

Figure 11. Magnetic field H, directed perpendicular to the exchange
field h.

what happens to the superconducting phase transition line at
the intersection with the line of the first-order ferromagnet—
paramagnet phase transition 7*(H,).

In the external field oriented along the b axis, which is
perpendicular to the exchange field / (Fig. 11), it is natural to
choose the spin quantization axis along the direction of the
total magnetic field 4z + H,y. The normal-state matrix
Green’s function then retains 1ts diagonal form

5~ _(GV 0
Gn - ( 0 Gl> I (165)
where
-1
Gt = (10— & & g 07+ 17 ) (166)

We can use the formulas obtained in Section 3.1, but with the
susceptibility tensor written in the new coordinate system,

Zij = Zij = Rit 2o Rjm (167)
where
1 0 0
R=1[0 cosp —sing (168)
0 sing cos @

is the matrix of rotation around the X direction through the
angle given by tanp = H, /h.

For simplicity, we can work with the equal-spin-pairing
superconductivity, ignoring the amplitude A°. Also, the
gradient energy of the orthorhombic ferromagnet in
Eqn (135) was taken in the exchange approximation such
that the pairing amplitude V3 = 0. In contrast to the case of a
parallel field, we here disregard the orbital effects, ignoring the
order parameter coordinate dependence. In this case, the
critical temperature Tsc(H,) of transition to the super-
conducting state is determined from the self-consistency
equations

A1( _“ITZZ{A”kk cos® ¢
+ 13y (k) sin” 9] G G141 (k)
[(/(W(k k ) _7)\(1( k )) COS2 0]

+ (1K) = 22k K)) sin’ 9] Gl GIA' K L (169)
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Figure 12. (Color online.) Field—temperature phase diagram of (a) URhGe and (b) UCoGe for the field directed along the » axis. SC, FM, and RSC denote
the superconducting, ferromagnetic, and reentrant superconducting states [9].

— 1 (k, k') cos® @

A k) = ugl TZZ{ J’n
+ (1 (k k") — 72 (k, k) sin> 0] G| GJ AT (k. q)
+ [k k') cos® o + 2 (k, k') sin? 9] GG 4! (K )},
(170)

where G| = G!(k’,,) and G} = G1(—k’, —®,), and simi-
larly for the Green’s functions G and G given by Eqn (166).
In the ferromagnetic state near the first- order transition, the
angle is ¢ & 1/4, and the susceptibilities are determined by
Eqns (159) and (160).

In the paramagnetic state, the susceptibilities are deter-
mined by Eqns (161) and (162). The angle is ¢ = /2,

(171)

and the equations for A" and A' are independent of 4° [27]:
A1k ) = il *T3 Z{xg%*(k,k’wﬁ Gla' (k')
+ (B, k ) = 722 (k K >>G%G§Al<k’,q>},
ANk, q) = ppI*Ty Z{ 2Pk, K) = P (k,K))

x G GLAI(K',q) + 2 (k. K')G| Gmk',q)}. (173)

(172)

As we have mentioned, the susceptibility components
undergo a finite jump at the first-order phase transition
from the ferromagnetic to paramagnetic state. The Fermi
surfaces of split spin-up and spin-down electron bands and
the corresponding densities of states also undergo jumpwise
changes. The equations for the superconductivity onset
temperature Tsc(H,) are quite different on the different
sides of the ferromagnet—paramagnet phase transition.
Hence, Tsc(H,) should undergo a jump at crossing the first-

order phase transition line 7*(H,), which is indeed observed
in experiment [30].

5.4 Concluding remarks

Using the phenomenological description of the phase dia-
gram in URhGe in a magnetic field directed along the
crystallographic b axis perpendicular to the spontaneous
magnetization direction, we have found that the phase
transition between the ferromagnetic and paramagnetic
states becomes a first-order transition in a sufficiently strong
field. The reentrance of superconductivity is explained by a
significant increase in the magnetic susceptibility in the
vicinity of the first-order transition in comparison with its
zero-field value. The reentrant superconductivity near the
first-order transition line 7*(H,) exists in both the ferromag-
netic and paramagnetic states. The critical temperature of the
transition to the superconducting state undergoes an abrupt
fall at the intersection with the ferromagnet—paramagnet
phase transition line.

The decrease in the Curie temperature in a magnetic field
perpendicular to the spontaneous magnetization direction
enhances the pairing interaction. This effect compensates the
suppression of superconductivity by the magnetic field. In
UCoGe, where the Curie temperature does not greatly exceed
the temperature of the transition to the superconducting
state, this mechanism stimulates the increase in the upper
critical field along the b axis, which is observed in the fields
above 5 T and is shown in Fig. 12. The superconductivity
enhancement in UCoGe is accompanied by an enhancement
of the nuclear relaxation rate caused by the increase in the
magnetic susceptibility in approaching the Curie temperature
in the magnetic field parallel to the b axis [52].

The crystallographic a direction is magnetically much
harder than the b direction. Hence, the decrease in the Curie
temperature due to the magnetic field directed along the a axis
is much less pronounced and practically unobservable in
available magnetic fields [52]. However, we can expect a
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similar development of superconductivity stimulation at
much higher fields along the a direction.

If, in the vicinity of the first-order phase transition, we
activate the field H, directed along the ¢ axis in addition to the
field H, ~ 12 T, thus increasing the total magnetic field to
H=(H;?+ H?2)'2, this would introduce negligible changes
to the pairing interaction that was in the absence of a field
along the hard « axis. At the same time, the orbital upper
critical field in the a direction is larger than that in the
b direction by a factor of 1.5 [45]. This roughly explains the
stability of reentrant superconductivity in URhGe up to the
fields H = (H:* + H2)'* ~ 30 T [53].

It is known that in the presence of an external field along
the spontaneous magnetization direction z, the first-order
transition line 7*(H,) spreads to two first-order transition
surfaces T*(H,,+H.). On these surfaces, the jump in the
spontaneous magnetization decreases with an increase in |H.
and disappears completely on lines beginning at the tricritical
point Tc(H}", H. = 0). It was suggested in [S3] that these lines
terminate at the zero temperature at some quantum critical
points on the (H,,H.) plane and that quantum critical
magnetic fluctuations stimulate superconductivity in the
vicinity of the ferromagnet—paramagnet first-order phase
transition line. This idea looks promising. It can be noted,
however, that in general the tricritical line 7" (H,, H.) can
never reach the zero temperature or simply be located far
from the superconducting region on the phase diagram.
Motivated by the desire to find critical fluctuations, the
recent measurements in [54] demonstrated a huge increase in
the NMR relaxation rate in URhg9Cog1Ge at H, ~ 13 T.
These experiments have been performed at a temperature of
1.6 K, that is, in the region near the second-order phase
transition between the ferromagnetic and the paramagnetic
states. The reentrant superconductivity occurs at much lower
temperatures near the first-order transition line, where the
role of critical fluctuations is certainly less important.

Here, we have demonstrated that the reentrant super-
conductivity in URhGe can arise even in the absence of
critical fluctuations due to a drastic increase in the long-
itudinal susceptibility in the vicinity of the first-order
transition line from the paramagnetic to the ferromagnetic
state.

6. Critical magnetic relaxation
in ferromagnetic uranium compounds

6.1 Critical magnetic relaxation in ferromagnets
Excitations in magnetic systems are measured by neutron
scattering. The inelastic magnetic neutron scattering intensity

1(Q, ) = Alki, k) (35 — 0:04)|F(Q)]*Sup(a. ) (174)

is related to the dynamical structure factor

o8]

Sup(q, ) = [ | dr exp (iw1)(Mq(1)Mp_q(0)),

J —00

which is a correlation function of magnetic moments [55],
related by the fluctuation—dissipation theorem to the imagin-
ary part of susceptibility:

2
1 —exp(—w/T) (175)

Sup(q, ) = (€, @) -

The total transferred wave vector is Q = q + 1, where T is a
reciprocal lattice vector and q lies in the first Brillouin zone;
0, is the direction cosine of Q along the « direction; and F(Q)
is the magnetic form factor measured by elastic neutron
scattering. We put the Planck constant equal to unity, 7 = 1.

For each crystallographic direction, we can take the
imaginary part of the susceptibility as the function

7" (g, ) A

= , 176

that depends on the experimentally measured amplitude 4
and width Iy of the scattering intensity. Then the Kramers—
Kronig relation allows finding the real part of the suscept-
ibility:

1 J 7" (q, ) A

Zq) = 2'(q,0) = |7 de=r-
a

(177)

In the absence of walls and spin—orbit coupling, the
magnetization is a conserved quantity; hence, in a Heisen-
berg ferromagnet above the Curie temperature, the only
mechanism leading to magnetization relaxation is the spin
diffusion, which results in [55, 56]

20y(q) Iy

S(q,w) = , 178

(@, ) l—exp(—a)/T)wZ—&-qu (178)
where the linewidth of quasi-elastic scattering

I'y=Dg? (179)

is determined by the diffusion coefficient D. The ¢> depen-
dence of I'q has been observed in a wide temperature range
above the Curie temperature in Ni and Fe (see Ref. [57] and
the references therein); near Tc¢, it is superseded by a
I < ¢*° dependence, according to predictions of the
mode—mode coupling theory [58].

In weak itinerant ferromagnets at 7 > T¢, another
mechanism of dissipationless relaxation dominates, with the
structure factor given by the same Eqn (178) but with the
linewidth determined by the equality [59, 60]

2@ 7 q = 2po(q), (180)

where yp is the Pauli susceptibility in the free-electron gas and
(q) is the Landau damping, equal to (2/n)qur for a spherical
Fermi surface. A line width linear in the wave vector was
observed in MnSi [61]; however, in other weak itinerant
ferromagnets MnP [62] and Ni3Al [63], the dependence of
the linewidth on the wave vector is closer to the dynamical
scaling theory predictions [58].

6.2 Magnetic relaxation

in ferromagnet uranium compounds

The magnetic susceptibility along the easy axis in uranium
ferromagnets is much larger than in the directions perpendi-
cular to it. In UGe,, the easy axis is along the a crystal-
lographic direction. Neutron scattering measurements
reported in [33] with the scattering wave vector q parallel to
the a axis revealed no extra scattering relative to the back-
ground, while for q parallel to the ¢ axis, a strongly
temperature-dependent contribution was found, as it should
be according to Eqn (174). Magnetic relaxation measure-
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ments in UGe; in [33, 64] show that I'q does not vanish as
g — 0 at temperatures different from 7Tc. The same result was
found for UCoGe [65] for scattering with q parallel to the
a axis, because the easy axis in this material is along the
¢ direction.* Hence, there is a mechanism of the uniform
magnetization relaxation to equilibrium in uranium ferro-
magnets.

The magnetization in an electron gas relaxes due to spin-
flip processes caused by spin—orbit coupling, either between
the electrons [66] or between the itinerant Bloch electron spins
and the potential of ions in a vibrating crystal lattice [67, 68].
Both mechanisms produce such a tiny homogeneous relaxa-
tion rate that it is unobservable in ferromagnetic materials,
while the relaxation rate I'q—o found in UGe; [33] is of the
order of several Kelvins. In what follows, to be specific, we
discuss UGe,.

The magnetic susceptibility of single UGe, crystals has
been measured in [69—72]. The easy-axis magnetization at
zero temperature was found to be 1.43 uy/f.u., which, in the
case of itinerant ferromagnetism, corresponds to a single
completely polarized electron band. On the other hand,
neutron scattering measurements of the magnetic form
factor M(q) [16] show that (i) the shape of M(q) is not
distinguishable from that of free U3* or U** ions, (ii) at low
temperature, M(q — 0) coincides with the magnetization
measured by a magnetometer with an accuracy of the order
of 1%. Thus, practically the whole magnetic moment in both
the paramagnetic and ferromagnetic state is concentrated in
uranium atoms.’

The static magnetic properties of UGe, are described well
[71] in terms of the crystal-field splitting of the U** state,
which is the Hy term of the 5f2 configuration of localized
electrons. Itinerant electron states filling the bands are formed
by two 7s, one 6d, and one 5f uranium orbitals, as well as by
germanium orbitals. Thus, local and itinerant states of
f-electrons coexist in UGe,. The 3H, term of each atom of
UGe, in the paramagnetic state mostly consists of a super-
position of three quasi-doublets and three singlets arising
from the state with the total momentum J = 4 split by the
crystal field [71]. The temperature decrease causes a change in
the populations of these states, leading to a temperature
dependence of the magnetic moment. The degeneracy
removal for the ground state formed by the lower quasi-
doublet allows the system to order magnetically with the
spontaneous magnetic moment ~ 1.5up per uranium atom,
which is twice smaller than the Curie-Weiss moment deduced
from susceptibility in the paramagnetic state. The itinerant
electron subsystem formed by 7s, 6d, and partly 5f electrons is
also present, making a contribution of 0.02uz to the
ferromagnetic ordering, as was demonstrated by muon spin-
relaxation measurements [72, 73]. All the mentioned experi-
mental observations as well the theoretical treatment in [71]
unequivocally point to the local nature of the UGe,
ferromagnetism. This means that quasielastic neutron scat-
tering occurs mostly on magnetization fluctuations in the
localized moment subsystem.

4 A small residual linewidth I'y ~ 0.02 meV has also been registered in
ferromagnet MnP [62].

5 The same property of the strong localization of magnetization in U
atoms has been revealed in URhGe [17] and in UCoGe [18]. In the latter
case, there are also more recent data [20, 21] partly contesting the results in
[18].

The interaction between localized and itinerant electron
subsystems leads to the magnetization relaxation measured
by neutron scattering in paramagnetic and ferromagnetic
states of UGe,. This type of relaxation can be considered an
analog of spin—lattice relaxation well known in the physics of
nuclear magnetic resonance [74]. In our case, the magnetiza-
tion created by the local moments of uranium atoms making the
dominant contribution to neutron scattering plays the role of the
‘spin’ subsystem, whereas the itinerant electrons represent the
‘lattice’ degrees of freedom absorbing and dissolving fluctua-
tions of magnetization. Unlike the NMR relaxation deter-
mined by the nucleus and electron magnetic moment
interaction, the spin—lattice relaxation between localized and
conducting electrons is determined by spin—spin exchange
processes and has no relativistic smallness typical of NMR
relaxation. Deviations of magnetization from the equilibrium
value relax to equilibrium by the transfer to itinerant
electrons. According to this, we treat the magnetization that
is almost completely determined by the local moments of
uranium atoms as a nonconserved quantity [34].

The process of the easy-axis magnetization relaxation to
equilibrium is described by the Landau—Khalatnikov kinetic
equation [75]

oM OF
L — 4= 181
ot M’ (181)
where
oMoM
— — 2 N —
F = JdV(oco(T Tc)M + 74 o, o, MH) (182)

is the energy of the order parameter fluctuations in the
paramagnetic region in a quasistationary magnetic field
along the easy axis. The gradient energy in an orthorhombic
crystal written in the exchange approximation is determined
by three nonzero constants y ., y,,, y... The coordinate axes x,
v, and z are directed along the b, ¢, and a axes. The kinetic
equation can be rewritten as

oM M,
4+ Viji=——2+AH, 183
ot Vi) T + (183)
where 17! = 240y (T — T¢) and
oM
= —2Ay, — 184
J " B, (184)

are the components of the spin diffusion currents. Substitut-
ing

M = mgg, exp [i(qr — w1)],
H = hye, exp [i(gr — w1)]

in Eqn (183), we obtain the susceptibility

Mg A
= =—. 185
2(q, ) =T (185)
The width of quasielastic scattering for q || ¢ is
Ty =2A[0o(T - Tc) +7,,47] - (186)

Below the Curie temperature 7¢ in the ferromagnetic
state, the equilibrium magnetization M = M,(7T) and the
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energy of fluctuations are given by
F= JdV {20«,(% —T)(M — My)*

oM oM

M- My)H| .
6/\'1' ( 0)

+yij6_xi (187)

The expression for the susceptibility has the same form as in
(185) and the quasielastic scattering linewidth is

Ty =240200(Tc — T) +7,,9] - (188)

6.3 Concluding remarks

Experimentally, two independent values were determined: the
width I'q and the amplitude 4 = y(q)I'q of distribution (178)
(Fig. 13). Calculations show that (1) the linewidth of
quasielastic neutron scattering near the Curie temperature is
a linear function of 7'— T¢; (2) the absolute value of the
derivative |dI'y /dT| in the ferromagnetic region is roughly
twice as large as in the paramagnetic region; (3) the
dependence on the wave vector ¢, is parabolic. All of these
findings are in qualitative correspondence with the experi-
mental observations reported in [33] (see Fig. 14a, b).

At the same time, it has been found experimentally [33]
(see the inset in Fig. 14c) that the product y(q)Iq is
independent of temperature for 7 > Tc but rapidly
decreases for T' < T¢. Such behavior means that the decrease
in the UGe; susceptibility y(q) with temperature below T¢ is
much faster than the mean-field theory predicts.

400
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100

E, meV

Figure 13. Detected neutron scattering (normalized to a fixed incident
beam monitor count) shown as a function of energy transfer at
Q = (0,0,1.04) (expressed in the reciprocal lattice units), just above the
Curie temperature, at 48 K, and at 1.5 K [33].

Many experimental observations point to the local nature
of magnetism in ferromagnetic uranium compounds. The
interaction between localized and itinerant electron subsys-
tems gives rise to a specific mechanism of magnetization
relaxation similar to the ‘spin—lattice’ relaxation known in
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Figure 14. (Color online.) (a) The ¢ dependence (q||c) of I'q at three different temperatures. (b) The temperature dependence of I'q at q = (0,0, 0.04).
(c) The ¢ dependence of the product x(q)I'q at different temperatures above Tc. The inset in (c) shows the temperatures dependence of y(q)I'q at

q = (0,0,0.04) above and below T¢ [33].
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the physics of NMR. This relaxation, determined by the
exchange spin—spin coupling, is much faster than the NMR
relaxation supported by the much weaker interaction between
electron and nucleus magnetic moments. The phenomenolo-
gical description of quasielastic magnetic relaxation is based
on the specific property of uranium compounds that the
magnetization supported by the moments located at ura-
nium atoms is not a conserved quantity. As a result, the
linewidth of quasielastic neutron scattering at ¢ — 0 acquires
a nonvanishing value at all temperatures except the Curie
temperature.

This conclusion has been confirmed by the microscopic
calculations [76] of magnetic relaxation near the transition to
the ferromagnetic state in a system consisting of localized and
itinerant electrons.

7. Anisotropy of nuclear magnetic relaxation
and the upper critical field in UCoGe

Nuclear magnetic resonance measurements with the *°Co
nuclei in UCoGe show that the magnetic field along the
crystallographic ¢ axis strongly suppresses magnetic fluctua-
tions along this direction [31, 77]. It was also revealed that the
upper critical field value in this superconducting material
drops abruptly at small field deviations from both the a and
b axes toward the spontaneous magnetization direction ¢ [9,
32]. Therefore, the magnetic field component along the ¢ axis
very efficiently suppresses the superconducting state. As we
have seen, triplet pairing in uranium ferromagnet super-
conductors is mostly determined by longitudinal fluctua-
tions of magnetization with the amplitude proportional to
the odd part of the susceptibility . Here, we demonstrate
that both mentioned phenomena have the same origin and are
explained by a strong increase in magnetization [44, 78] and
the corresponding decrease in differential susceptibility (59)
of UCoGe in the magnetic field directed along the ¢ axis.

7.1 Nuclear magnetic relaxation

The nuclear spin—lattice relaxation rate measured in a field
along the o direction is expressed in terms of the imaginary
part of the dynamical susceptibility along the f and 7y
directions perpendicular to « as

¥ (T I

At low temperatures with H || ¢, 1/T} is more than an order of
magnitude smaller than the relaxation rate measured in the
other two field directions [77]. Therefore, if we are interested
in the relaxation rate in a field tilted at an angle 6 to the b axis
in the bc plane, such that 6 is noticeably smaller than /2, we
can use the expression

1 o xl(k,w
o~ Tzk: | % cos? 0. (190)
Assuming that fluctuations of the hyperfine electromag-
netic field at the Co sites are determined by fluctuations of the
magnetization of the subsystem of localized moments, as we
did in discussing the neutron scattering relaxation rate, we
can use the formula

o) A
o P +TE

Fk:2A(a+yi,kikj), (191)

where

a=o.+ B M} +65.M> =2B.3M? — M3).  (192)
To obtain the last equality,

equilibrium condition

as in Eqn (65), we used the

H.
2 2 z
200 + 2B, M} +4B.M; = M
where
M.=M.(H,,H.) = M.(Hcos0,Hsint), M. = M.(H,0)
(193)

are the equilibrium magnetization components in the field

H=H,y+ H.2=Hcos0y+ Hsin0z. (194)

At all temperatures below the Curie temperature, experi-
mental values can be used for the magnetization M.(H,, H.).

The NMR measurements are performed at frequencies
o < I'g; hence, the relaxation rate is determined as

&k
(2n)’'I¢

Tilw) ~ T|Ahf|2Acos20J (195)

For simplicity, we can calculate the converging integral in the
spherical approximation,

J d’k Nro 4nk? dk
er)y’r2 o (2n)*(24)*(a+ yk?)?

1
B 32nA2\ ay’

Then, keeping only the field-dependent part in Eqn (195), we
obtain

1 cos?0

1 - H?/H?
71(9) x

Va o apam2 - m3)

(196)

Measurements of the NMR relaxation rate dependence
on the magnetic field orientation were performed in relatively
small fields H < 3.5 T [31]. In this case, M.y = M.(H,0) is
almost independent of the field H = H,, and it can be set
approximately equal to the spontaneous magnetization
M(0,0). On the other hand, M.=M.(H, H.)~
M.(0, H.) rapidly increases with an increase in H,. For
instance, in the field H, = 1 T, the magnetization M. (0, H.)
is twice as large as at H. =0 [44]. Hence, according to
Eqn (196), taking H = 3.5 T and H, = 1 T, we obtain

1 1

(H: = 1T) ~ 04 = (H. = 0).

(197)
The measured relaxation rate 1/7) [31] as a function of the
magnetic field H, (H. in Fig. 15) decreases faster than this
estimate. This is not surprising in view of the roughness of our
approximations made in deriving Eqn (196).

Thus, the NMR relaxation rate dependence on the
magnetic field along the easy magnetization axis originates
from the corresponding field dependence of the longitudinal
magnetic susceptibility component.

7.2 Upper critical field anisotropy
The anomalous upper critical field anisotropy in UCoGe [9,
32] also finds a natural explanation in terms of the strong field
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Figure 15. (Color online.) Plot of 1/7y vs. H, [31].
5 —
dependence of the longitudinal susceptibility determining the
pairing coupling constant. In Section 4.2, we already derived
this dependence in the case of a magnetic field parallel to the 0

spontaneous magnetization direction (the ¢ axis). If the
magnetic field is directed along the crystallographic b axis,
the critical temperature, ignoring orbital effects, is deter-
mined by Eqns (169) and (170). In a field directed in the
be plane, H = H,y + H.2, Eqns (169) and (170) retain their
form, but the Green’s functions become
-1

Gl — [lwn — &l £ gy [+ HL) 4 2 } . (198)
and the angle ¢ is found from tang = H,/(h+ H.). The
susceptibilities are

k2 A
1k, k) ~ Vi XE Skl (199)
4[B.(3M2 — M%) +ykg]”
k2 o
2k k') ol ki (200)

(o + B-M2 + 29k2)’

where
M.=M.(H, H.) = M.(Hcos6,Hsinf), M. = M.(H,0)

are the equilibrium magnetization components in the field
H=H,y+ H.i.

As usual, we can neglect ;) in view of its smallness
compared to . Then, as in Section 4.2, assuming that the
highest critical temperature corresponds to the (k! k)
superconducting state, in the single-band approximation we
have

In e 1
A
Tsc ngx

[B.BM2 — M%) + 7°ki]

2
cos? ¢ '

(201)

There are no experimental data on the low-temperature
behavior of M. = M.(H,, H:) as a function of both of its
arguments. All measurements have been performed in the
field directed along the crystallographic axes a, b, ¢ [44, 78].
However, judging by the data in [78], where the phenomenon
of strong upper critical field anisotropy has been revealed, we
can expect that the increase in H. at a fixed H, would
significantly increase M,. A decrease in H,, causing an
increase in the Curie temperature Tc(H, ), increases M. as
well. Thus, a magnetic field deflection from the b or a direction
toward the ¢ axis leads to an increase in M. = M.(H,, H.)
and hence to a sharp drop in the pairing coupling constant
described by Eqn (201). This explains the strong anisotropy of

a ¢ b

Figure 16. (Color online.) Angular dependence of Hy; at 0.1 K in UCoGe.
Tsc(H=0)=0.6K[9]

the upper critical field observed in UCoGe at low tempera-
tures in strong magnetic fields [9, 32] (Fig. 16).

8. First-order phase transition
to the ferromagnetic state in UGe;

The pressure-temperature phase diagrams of several weak
ferromagnets exhibit similarity. The transition from the
paramagnetic to ferromagnetic states at ambient pressure
occurs via a second-order phase transition. The phase
transition temperature decreases as the pressure increases
such that it reaches the zero value at some pressure Py. In a
pressure interval below Py, magnetic ordering vanishes
discontinuously. Hence, at high pressures and low tempera-
tures, the ferromagnetic and paramagnetic states are sepa-
rated by a first-order phase transition, whereas at higher
temperatures and lower pressures this is a second-order
transition. Such type of behavior is typical of MnSi [79-82],
UGe, [83, 84] (Fig. 17), and ZrZn; [85]. The same behavior
has been established in the ferromagnetic compounds
Co(Si,_,Sey), [86] and (Sr;_.Ca,)RuOs3 [82], where the role
of pressure is played by the concentration of Se or Ca.

8.1 Phase transition to the ferromagnetic state

in the Fermi liquid theory

The phase transition from the paramagnetic state to the
itinerant ferromagnetic state is usually considered in the
framework of the Stoner theory, where it is a second-order
transition [59]. Some time ago, Belitz, Kirkpatrick, and Vojta
(BKV) argued that in clean itinerant ferromagnets at low
temperatures, this must be a first-order transition, due to the
correlation effects that lead to a logarithmic term in the free
energy density expansion in powers of the dimensionless
magnetization M [87]:

E=Ey+oaM*+BM* + oM*In|M| +.... (202)
Indeed, at a positive coefficient v, the effective fourth-order
term in this formula is negative at small M, and the transition
to the ferromagnetic state is a first-order one.
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Figure 17. Phase diagram of UGe;. Thick lines denote first order
transitions and fine lines second order transitions. The dashed line is a
crossover. Dots mark the positions of critical (tricritical) points. The
region where superconductivity occurs is shaded [33].

The logarithmic correction to the fourth-order term has a
long history. It was first calculated in 1970 by Kanno [88] in
the dilute Fermi gas model in the second order with respect to
the dimensionless gas parameter kra, where kg is the Fermi
momentum related to the total particle density

3

—F
3n2’
and a > 0 is the s-wave scattering length. In general, to solve

the phase transition problem at 7'= 0, we must calculate the
Fermi-gas energy density

n:n“rnl:

E(x) = 3 ner (M)

as a function of the dimensionless spin polarization (magne-
tization)

ol -
ol 4nl

at a fixed kra. Here, e = k2/(2m).

In the first order in kga, the phase transition to the
ferromagnetic state is of the second order and occurs at
kra = n/2 [89]. The second-order perturbation theory pre-
dicts a first-order phase transition [90-92] at kra = 1.054,
consistent with the BKV argument. But because the critical
gas parameter is expected to be of the order of unity,
perturbative predictions may be unreliable. Nonperturbative
effects have been studied in [93] by summing particle—particle
ladder diagrams to all orders in the gas parameter. The theory
predicts a second-order phase transition at kpa = 0.858,
which is in good agreement with the recent quantum Monte
Carlo result kpa = 0.86 [94]. This indicates that the ferromag-
netic transition to the Fermi liquid does not occur by the BKV
scenario.

Thus, the first-order phase transition in UGe, cannot be
explained in the framework of the isotropic Fermi liquid
theory even if we forget that this compound is a strongly
anisotropic ferromagnetic metal with magnetization mostly

supported by the magnetic moments localized at uranium
atoms.

We also note that an isotropic ferromagnetic Fermi liquid
is unstable with respect to transverse inhomogeneous deflec-
tions of magnetization [95, 96]. Therefore, the question of the
isotropic Fermi liquid phase transition to the ferromagnetic
state is only of academic interest.

8.2 Magneto-elastic mechanism
of the development of first-order instability
The magneto-elastic mechanism of the development of a first-
order instability has been proposed in [97], where it was
demonstrated that the change in the transition order from
second to first occurs at high compressibility and at a quite
acute steepness of the exchange interaction dependence on the
interatomic distance. This can easily be demonstrated in the
framework of the Landau theory of phase transitions. Indeed,
neglecting the shear deformation, the free energy density near
the phase transition in an Ising-type ferromagnet has the form
F=oy(T— TC)M2+[§M4+§82—qu27 (203)
where M is the magnetization density, ¢ is the relative volume
change, and K is the bulk modulus. The coefficient ¢ is related
to the Curie temperature pressure dependence as
dTc dTc

q=op) ——=—0 K ——.

de dpP (204)

At a fixed pressure, that is, when changes in the specimen
volume are not accompanied by pressure changes in the
ambient medium, 0F/0¢ = 0, the deformation is determined
by the magnetization squared, ¢ = (¢/K)M?, whence
2 q’ 4
F=oM ——|M". 205
v+ (-5 (205)
Therefore, the phase transition changes its order from second
to firstat ¢2/(2K) > f. The last inequality can be rewritten in
terms of measurable parameters as

2
KAC <dﬁ> .

7o \ap (206)

where we use the formal expression AC = o /(2f) Tc for the
specific heat jump at a second-order phase transition.

The magneto-elastic interaction also produces another
general mechanism for the instability of a second-order phase
transition to the discontinuous formation of a ferromagnetic
state from a paramagnetic one. This was first noted by Rice
[98], who demonstrated that at a very small distance from a
volume-dependent critical temperature T¢(V), where the
specific heat Cy(t) ~ t7%, with t = T/Tc(V) — 1, tends to
infinity due to critical fluctuations, the system bulk modulus

expressed in terms of the free energy density F = Fy + Fy,
Fn ~ —Tct?~%, becomes negative,

2 2
K:K()—A Cﬂ(‘C)V (aTc>

Tc oV
Ca(7) (aTc>2
=Ky — AK? — <0, 207
0 0 TC oP o ( )
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which contradicts the thermodynamic stability of the system.
In reality, as the temperature decreases but before the
temperature corresponding to K = 0 is reached, the system
undergoes a first-order transition, jumping over the instabil-
ity region directly to the ferromagnetic state with a finite
magnetization and the corresponding striction deformation.
This transition is similar to the jump over the region with
OP/0V > 0 on the van der Waals isotherm at the liquid—gas
transition.

The condition of first-order instability (207) can be
written similarly to Eqn (206):

K()Cﬂ(‘[) aTC 2
Te <6P> > 1. (208)
Unlike Eqn (206), this formula demonstrates that the first-
order instability is inevitable due to the infinite increase in the
fluctuation specific heat.

The striction interaction can change the form of the
free energy compared with its form at a fixed volume. A
more elaborate treatment [99] taking this effect into
account leads to the following condition for the first-order
instability:

1 4uk ., [OTc\’
_ R e (2L s,
Tc 3k+an” m(ap ”

Here, the function f(x) determines the fluctuation part of
free energy F= —Tcf[(T— Tc)/Tc), and u is the shear
modulus.

Usually, the left-hand side of Eqn (208) is quite small and
a first-order transition occurs at a temperature 7* close to the
critical temperature, where the fluctuation specific heat is
large enough. This means that the temperature difference
T* — Tc is much smaller than the critical temperature 7c.
The latent heat

(209)

q~=Cu(T*—T¢) (210)
is extremely small in this transition, and hence the first-order
phase transition is practically indistinguishable from a
second-order one; it is called a weak first-order phase
transition or a phase transition of the first order close to the
second order.

According to Eqns (206) and (208), the magneto-elastic
mechanism effectively leads to a first-order transition when
the critical temperature is highly pressure dependent. This
is the case with all the materials mentioned above. To
check criteria (206) and (208), we must calculate the mean-
field jump and the fluctuation part of the specific heat near
the Curie temperature for each particular material. In
Sections 8.3 and 8.4, we do these calculations for UGe; [35]
characterized by strong magnetic anisotropy and by a
precipitous drop in the critical temperature with a pressure
increase near 14—15 kbar [3].

8.3 Specific heat near the Curie temperature

UGe; is an orthorhombic material that exhibits a transition
to the ferromagnetic state at ambient pressure at 7¢c = 53 K.
Magnetic measurements reveal a very strong magnetocrystal-
line anisotropy [100] with a being the easy axis (which we take
to be the z direction). As in Section 7, we take only the easy-
axis order parameter fluctuations into account. Above the
Curie temperature, they are determined by deviations of the

system free energy

F= Jd3r {ocMz + BM* + 9, Vi MV;M

1 aZM(r)J M(r') dﬂ (211)

2 3z Jr—r/|

from the equilibrium value o = o(7 — T¢). The gradient
energy is determined by three constants y,,, 7,,, and y... The
coordinates x,y,z correspond to the crystallographic axes
b, c,a. The last nonlocal term in Eqn (211) corresponds to the
magnetostatic energy [101] —MH — H?/8n of the internal
magnetic field H created by magnetization and is related to it
by the Maxwell equations

rotH=0, div(H+47M)=0.

We use the following estimates for the coefficients in the
Landau functional:

1
=— 212
- (1)
Tc
__Te 213
p 2(m?n)*n @13)
Tca2
T Ry, R R st (214)

Here, m is the magnetic moment per uranium atom at zero
temperature, m = 1.4uy at ambient pressure [16], and
n=a"3 is the density of uranium atoms, which can be
approximately taken to be the cube of the inverse nearest-
neighbor uranium atom separation a = 3.85 A [19].

The mean-field magnetization and the jump in the specific
heat are

Te - T
M? = —% = (mn)? CTC , (215)
ac = Te% _ (216)

The experimentally found specific heat jump ACe, =
10Jmol ' K™ &~ 1 per uranium atom [19] is in remarkable
correspondence with Eqn (216).

To calculate the fluctuation specific heat, we use the
Fourier representation of the part of Eqn (211) that is
quadratic in the order parameter:

2nk?

F= Z<a+vi‘jkikj+ kz’)MkM,k, (217)
k

where My = [ M(r)exp (—ikr) d’r. The last term in this
expression corresponds to the magnetostatic energy [35,
101]. The corresponding thermodynamic potential and the
specific heat found in a similar uniaxial segnetoelectric model
are [102]

T nT
Fo=-=YIn , (218)
242 oty kiky 4+ 2nk2 k2
% dk, dk, dk.
Cno = %%J = (219)
2(2m)” ) (o + 9, ki kj 4 2mk2)
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Passing to spherical coordinates and integrating over the
modulus k, we arrive at

TZOCZ 1 2n d(p
Cro = 5| d¢
0 J L (4203 2 [y + (. — 7))

320
(220)

where y, (@) = y, cos® ¢ + 7y sin? ¢. At the critical tempera-
ture, « = 0 and the integral diverges. Integrating over { with
logarithmic accuracy, we obtain

T2a? 2n n Tc 2nm3n
Cro=——In ) 5 | 221
0 32my/2my3/2 N T3V 2emn T Tc’ (221)
where
11 J2“ do
P2l 37 ()

The condition o < 2w at Tc = 10 K used here is realized at

T—Tc 2mm?n

~ 0.015.
Tc C

(222)

In view of the roughness of the parameters, the region of the
logarithmic increase of specific heat can in fact be broader.

Calculations taking the interaction of fluctuations into
account in the formally similar uniaxial segnetoelectric model
were performed by Larkin and Khmelnitskii [103]. In our
notation, the expression for the fluctuation specific heat at
constant pressure obtained in that paper is

3137242 o\ 173
=g 0 (ln —“) , (223)
167y, 173/ o

where y1x = 3Tcf/(v/32ny3/?) is the effective coupling
constant. Using Eqns (212)—(214), we can rewrite Eqn (223) as

o Te \"/° n 2om2n\ '3
=70 \2nm2n T—71c)

The power of the logarithm {In [(;(/(211)]}1/3 is a very slowly
varying function slightly exceeding unity; hence, in the
temperature range defined by inequality (222) we can
estimate the fluctuation specific heat as

(224)

Cﬂ%—.

3 (225)

We see that the fluctuation specific heat is smaller than the
mean field jump given by Eqn (216). Hence, criterion (206)
can be used to check a tendency to the first-order phase
transition in UGe,.

8.4 Second-order transition instability

The Curie temperature in UGe, decreases monotonically
with increasing pressure: from 53 K at ambient pressure to a
precipitous decrease above 15 kbar [3]. The average value of
the critical temperature derivative with respect to pressure can
be estimated as

0Tc _ 40K

9lc _ 25 3
op S Takbar T 10T em

(226)

For the bulk modulus, we obtain

K=pc?~10" ergem™?, (227)

where we use the speed of sound ¢ ~ 10° cm s~! typical for
metals and the known [104] density p = 10.26 g cm 3. Hence,
for the combination in Eqn (206), we have

Kn (3Tc\’
Te <6P> =0.2. (228)
At Tc = 10 K, the pressure derivative of the critical
temperature is much higher (and its square is even higher)
than its average value given by Eqn (226). We therefore
conclude that at a critical temperature of the order of 10 K,
criterion (206) is fulfilled, and the phase transition to the
ferromagnetic state becomes a first-order transition.

8.5 Concluding remarks
The magneto-elastic interaction contributes to the develop-
ment of the first-order instability at the phase transition to the
ordered state in any ferromagnet. But the actual temperature
range where this instability develops is typically very small,
and the first-order transition is almost indistinguishable from
a second-order one. In the anisotropic ferromagnet UGe,, the
precipitous drop in the Curie temperature as a function of
pressure near 14—15 kbar is sufficient for the second-order
phase transition to the ferromagnetic state to be replaced by a
first-order transition.

At low temperatures, according to the Nernst law and the
Clausius—Clapeyron relation

dTC _1)] — U2

(229)

dpP o S1— 8270 e
the decrease in the first-order transition temperature with
pressure becomes infinitely fast, meaning that even a weak
first-order transition tends to be stronger as the temperature
approaches the absolute zero. Hence, the effect of the
magneto-elastic interaction in ferromagnets or, more gener-
ally, of the order parameter interaction with elastic degrees of
freedom at an arbitrary type of ordering raises doubts about
the existence of quantum critical phenomena.

9. Superconducting order in ferromagnetic Ulr

Ulr has a monoclinic PbBi-type structure without inversion
symmetry, as shown in Fig. 18. At ambient pressure, it is an
Ising-like ferromagnet with the Curie temperature 7¢c = 46 K.

[010]
Ov
Ir \O_ [101]

c

[001]
s

a
[100]
T

Figure 18. Monoclinic structure of Ulr. The arrows indicate the sponta-
neous magnetization direction [105].
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Figure 19. (a) P—T phase diagram of Ulr. Filled and unfilled dots
respectively show the resistivity and magnetization measurements. Super-
conductivity is observed near the critical pressure where the FM2 phase
disappears. (b) Pressure dependence of the ordered moment along [1,0, 1]
at 2 K. Filled dots are the ordered moments determined from the Arrott
plot. Unfilled dots are the residual magnetization M, [106].

The magnetic susceptibility follows the Curie—Weiss law with
the effective moment p g = 2.4up per uranium atom, while
the ordered moment at low temperatures is 0.5 per uranium
atom. The pressure—temperature phase diagram of Ulr
consists of a low-pressure phase FM1, a high-pressure
magnetic phase FM2, and a superconducting phase as
shown in Fig. 19a. The discrete change in the ordered
moment indicates that the FM1-FM2 transition is of the
first order. The FM2—nonmagnetic transition is of the second
order [106].

For Ulr, it is still not clear whether superconductivity
coexists with magnetic ordering [106]. However, if this is the
case, we are dealing with a unique situation where the
superconducting state arises in a material with broken space
and time parity. We here describe the symmetry and order
parameter of this type of superconductivity.

The symmetry group of the normal nonmagnetic state of
Ulr

Gn = (E,Cy,) x R x U(1) (230)
includes the point symmetry group C; = (E, C,,), where Cy
is the rotation around the b axis through the angle m (see
Fig. 19), the time reversal R, and the gauge group U(1). In the
FM2 state, the time reversal is broken and the symmetry
group

Gr = (E,RCy,) x U(1) (231)
includes a combination of the rotation Cy, and the operation
R reversing the direction of spontaneous magnetization lying
in the (a,c¢) plane. Finally, in a superconducting state

coexisting with the FM2 state, the gauge symmetry is broken
and the symmetry group is

GFSC = (E7 eXp (21(/))RC2},) . (232)

The space parity is broken; hence, the magnetic pairing
interaction inevitably includes the Dzyaloshinskii-Moriya
coupling [38]. As a result, the superconducting order para-
meter is the sum of triplet and singlet parts:

A =i(do)a, + idya, . (233)

The triplet part has the usual form

1 . PO .

d(k,l’) = 5 [_()A( + IY)AT(kv l') + (X - ly)Al(kv l')} + Ao(k7 l')Z,

(234)
but in contrast to the coordinate axes in orthorhombic
crystals discussed in Section 2, the coordinate axes of
nonunitary superconducting ordering do not coincide with
monoclinic crystallographic directions. Namely, here, the
unit vector Z is aligned parallel to the spontaneous magnetiza-
tion in the («, ¢) plane (direction [1,0, 1]), X is the unit vector
directed along the b axis, and y = 7 x X:

A'(k,x) = kenl(r) + ikynl(r)
Al(kv l') = kxni(l') + iky’lf;(l') )
A°(k,r) = kn(r),

(235)

where ky, k,, k. are momentum projections on the axes %, J, 2
defined above. The singlet part of the order parameter is

dO(ka l') = Fﬂo(r) ) (236)

where Fis a function of k7, k7, k2.

10. Conclusion

The treatment of the properties of uranium compounds
developed in this paper is based on the symmetry of super-
conducting states with triplet pairing in orthorhombic ferro-
magnets. The phenomenological considerations are sup-
ported by microscopic calculations performed in the frame-
work of the weak-coupling superconductivity theory with
pairing interaction expressed through the frequency-indepen-
dent magnetic susceptibility of an anisotropic ferromagnetic
medium. This approach reproduces the structure of super-
conducting states found on purely symmetry grounds and
allows us to qualitatively explain many experimental observa-
tions.

A topic outside the scope of this paper is ARPES
experiments and band structure calculations, which are still
not in complete agreement. We can recommend two recent
papers reporting the ARPES studies in URhGe [107] and in
UGe, and UCoGe [108], a comparison with band structure
calculations, and a long list of references to previous studies.
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