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Abstract. We briefly describe the current state of research in the
rapidly developing field of optical frequency standards using
optically and electromagnetically trapped ultracold atoms and
ions. The primary emphasis is on the new spectroscopic techni-
ques developed at the Institute of Laser Physics, SB RAS, to
improve the stability and precision of current optical frequency
standards.
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1. Introduction

It is well known that one of the main achievements of
microwave quantum electronics is the development of
quantum frequency standards, on which the atomic time
scale TAI (French: Temps Atomique International) was
based. Since 1967, these standards have been used to define
units of time and frequency in the International System of
units. The development of coherent visible light sources
stimulated research on laser frequency stabilization by
linking it to the center of a quantum transition in atoms,
ions, and molecules. In other words, the investigation of
quantum standards for optical frequencies started almost
immediately after the invention of lasers.

The advantages of replacing the microwave band with the
optical one are obvious: the operating frequency and quality
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factor of the reference resonance increase along with the
relative stability of the standard [see Eqn (1) below].

It was already known earlier that after scaling the optical
frequency down to the microwave region, the relative stability
is maintained in principle. But this important advantage of
optical frequency standards was almost completely concealed
in the first steps of research, due to physical effects associated
with the translational motion of elementary radiators (mainly
the Doppler broadening of the spectral line) and technical
problems of scaling the frequency by a factor of 10°.
Nevertheless, by using the methods of nonlinear laser spectro-
scopy with ultra-high resolution [1], it was possible to
significantly increase the stability of optical standards (from
1078 to 107'%) and create the first systems for optical
frequency scaling. The achievements of the first stages of
developing optical frequency standards are quite well
described in reviews [2, 3] and monographs [1, 4].

The last decade was marked by great achievements in
ultra-high resolution spectroscopy and fundamental laser
metrology. The preparation of this article was mainly
motivated by the impressive recent success in improving the
stability and accuracy of quantum frequency standards in the
optical region. This success is connected with the develop-
ment of methods for laser cooling of ions and atoms to ultra-
low temperatures (of the order of 1 uK and lower) and also
for precise control over their translational and internal
degrees of freedom.

Almost immediately after the invention of lasers, it was
understood that laser radiation has a virtually unlimited
potential to control not only internal but also translational
degrees of freedom of atoms. The 1970s and 1980s are
known for the useful interplay among pioneering ideas,
fundamental experiments, and advanced theories. At that
time, experiments on the mechanical action of laser radiation
on atoms and ions were being carried out both in Russia
(USSR) and abroad. In a large number of key cases, there is
no doubt about the superiority of Russian scientists. For
example, the idea of increasing the resolution of laser
spectroscopy by localizing the atoms in optical lattices was
first presented by Letokhov [5] in 1968, pioneering experi-
ments on laser cooling of a neutral atom beam were
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performed at the Institute of Spectroscopy, RAS, by
Balykin, Letokhov, and coauthors [6, 7], and the idea of
atomic interferometry belongs to Dubetsky, Chebotayev,
Kazantsev, and Yakovlev [8]. The main achievements of
the first stage (until the end of 1986) of the research on laser
cooling and spatial localization of atoms are described in
detail in reviews [9-11] and monographs [12, 13], which also
contain a comprehensive bibliography of original works.

However, due to a number of objective and subjective
reasons, research activity on this topic decreased in Russia at
the end of the 1980s and especially in the 1990s. As a result,
the main revolutionary achievements of the second stage
(after 1986) are attributed to foreign scientists. The main
achievements are as follows: experimental realization of the
magneto-optical trap (the main source of ultracold neutral
atoms) by S Chu [14], the discovery of laser cooling over-
coming the Doppler limit—a breakthrough from tempera-
tures of the order of 1073 K down to lower than 10~¢ by
W Phillips and coauthors [15], the development of the theory
of laser cooling lower than the Doppler limit [16] and the
recoil limit [17] by C Cohen-Tannoudji and coauthors, and
the observation of the Bose—Einstein condensation of alkali
metal neutral atoms by three different groups in 1995 [18-20].
These and other significant achievements in the field of
ultracold atoms have been mentioned in many review articles
(see, e.g., articles published in Physics—Uspekhi [21-23]) and
monograph [32].

We recall the main definitions and notions of quantum
metrology that are used in describing frequency-standard
characteristics. For any quantum frequency standard, the
frequency of the macroscopic oscillator (which is a micro-
wave oscillator for the microwave band and a laser for the
optical band) is linked to the quantum transition between two
levels using a feedback system. As a result, the oscillator
frequency becomes almost independent of varying macro-
scopic conditions, such as temperature and pressure. How-
ever, even this stabilized frequency over time experiences
weak fluctuations around some mean value. The main
metrological characteristics of the frequency standard are its
stability and accuracy.

Frequency stability is a state in which the oscillator
frequency remains constant during its continuous operation,
and instability is inversely proportional to stability. Stability
depends not only on the width of the spectral line but also on
the resonance intensity (contrast) and noise level. To describe
the relative instability dw/w numerically, the Allan variance
[33] over some observation (averaging) time 7 is used. In the
ideal case of white noise caused by the quantum nature of the
detection process, the relative instability can be estimated
as [34]

1
rosm\VT (1)

oy(1) &
where Q is the quality factor of the reference resonance (the
ratio between the FWHW and the resonance frequency), s/n
is the signal-to-noise ratio, proportional to v/N (N is the
number of resonant atoms), and 7. is the duration of one
measurement cycle.

Frequency standard accuracy is a state in which the
average oscillator frequency coincides with the frequency of
the unperturbed quantum transition (under ideal conditions).
The frequency standard accuracy is connected with the
uncertainty of systematic shifts of the mean oscillator

frequency relative to the frequency of an unperturbed
quantum transition. There are many technical and physical
reasons for these shifts to appear. For modern optical
standards, the most fundamental reasons are field shifts of
various natures. We note that in order to achieve high
accuracy, we need to perform a thorough theoretical and
experimental analysis of systematic shifts, which is almost
impossible without a high stability of the standard.

Referring to modern quantum frequency standards, we
can distinguish two main research fields: optical frequency
standards based on ultracold single ions in radio frequency
traps (like the Paul trap [35]) [36—43] and those based on
ensembles of ultracold neutral atoms (with the number of
atoms greater than 10* —10°), trapped in an optical lattice at
the magic wavelength (so-called optical lattice clocks) [44—
46]. In both cases, elementary oscillators (single ions or
atoms) become spatially localized at scales that are much
shorter than the probe laser wavelength.

One of the main goals of this research is to create primary
optical frequency standards with a relative frequency
uncertainty of the order of 10~7-10~'8. In the case of ion
standards, these investigations have been conducted for
more than 30 years. The best results are obtained for the
standards based on the aluminum ion [47], with a relative
frequency uncertainty of 8.6 x 107!8, the strontium ion [48,
49], with 1.2 x 10~'7, and the ytterbium ion [50], 3 x 10~'8.
Active and productive research on lattice clocks began much
later, when a number of laboratories simultaneously suc-
ceeded in obtaining ultranarrow resonances at a strongly
forbidden optical transition 'Sy < 3Py in atoms of strontium
[51-53] and ytterbium [54] in 2005-2006. However, after a
short period of time, the researchers achieved quite signifi-
cant results [55, 56] and reached the values of relative
frequency instability comparable with the best ion stan-
dards or even overcoming them. The most promising lattice
clocks are the ones based on strontium and ytterbium [57—
62], which have increased their stability and accuracy by an
order of magnitude in the last four years: from 1 x 1077 to
2x 10718,

We note that the metrological characteristics of single-ion
or lattice clocks are now significantly better than those of the
first atomic standards based on the cesium fountain. This
means that in the nearest future, units of time and frequency
can be redefined using optical frequency standards [63]. We
recall that in the International System of units, one second
equals 9,192,631,770.0 periods of radiation corresponding to
the transition between two hyperfine levels of the cesium-133
atom ground state. The currently operating fountain-type
elementary cesium frequency standards are used to define the
second from the corresponding microwave transition
(~9.2 GHz). They have an accuracy of 3 x 107!¢ and long-
term stability of the order of 10~!° per day [64]. In the nearest
future, it will be possible to reach the accuracy level of
1 x 10-'° by using cryogenic technologies and taking sys-
tematic errors into account [65]. However, this level of
accuracy is believed to be the limit for the cesium fountain.
Despite such outstanding characteristics, this makes it
impossible to perform many fundamental physical experi-
ments and limits the practical applications of frequency and
time metrology in the fields of precise navigation on Earth or
in space, relativistic geodesy, and telecommunication tech-
nologies.

One revolutionary achievement on the way towards the
transition to a new type of optical frequency standards was
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made in 1999. It was the development of a new femtosecond
laser with self-synchronization of modes of the ‘clock
mechanism’ (optical and radio frequency synthesizer), which
universally links any of its components to the reference
frequency standard in the optical or microwave region [66—
68]. Until that time, the problem of linking fast (uncountable)
optical oscillations with electronically countable microwave
oscillations remained largely unsolved.

The usual approach to solving this problem consists in
creating frequency chains that link the center of the
transition between components of the cesium atom hyper-
fine structure with some specific frequency in the optical
range. Every link in these chains uses a nonlinear diode or
crystal, and all intermediate oscillators at every stage must
be phase-matched [3]. Linking frequency chains assembled in
a number of laboratories was very complicated and required
large material resources for their development and main-
tenance. But the main disadvantage of this approach was its
experimental limit: each chain could measure only one
specific frequency.

A qualitatively new stage in solving the problem of
creating a ‘clock mechanism’ that would link the optical and
microwave ranges began after the development of high-
stability femtosecond lasers operating in the mode synchro-
nization regime. The idea of using a laser with mode
synchronization producing an equidistant frequency comb
in order to measure frequency intervals (i.c., as a ‘frequency
counter’) was independently proposed in the 1970s by
Chebotayev together with Baklanov [69] and by Hansch and
coauthors [70]. Only after many years was the true signifi-
cance of this prophetic idea understood, when lasers with
short enough femtosecond pulses were developed [67, 68].
Precisely this achievement— the development of a reliable
clock mechanism that would link optical and microwave
ranges—was awarded the Nobel prize in 2005. In their
Nobel lectures, Hall and Hansch [67, 68] emphasized the
pioneering contribution of Chebotayev to the idea of using
lasers as frequency counters.

In the case of frequency standards based on neutral
atoms, the decisive factor was a fruitful idea of Katori [44,
45] about the localization of ultracold atoms in spatial
structures created by a laser standing wave (optical lattices).
By choosing a specific wavelength of laser radiation (the so-
called magic wavelength), the exact equality of quadratic
Stark shifts can be achieved for the ground and excited states,
which in turn fully compensates the shift of the reference
optical resonance frequency, which is linear in intensity (‘light
shift cancelation’ technique).

We note that the development of next-generation optical
standards for frequency and time with a precision higher
than that of the modern fountain-type cesium standards not
only can open possibilities for performing new fundamental
physical experiments but also is of unique practical interest
for optical communication, navigation, and global position-
ing systems. The enormous, explosive interest in this
problem that has occurred over recent years can easily be
explained. Due to the high relevance and significance of this
research field, there are numerous review articles, among
which we mention out only the latest and, possibly, the most
comprehensive one [71]. This allows us to further concen-
trate only on those new methods that were proposed,
developed, and investigated by us in order to improve the
stability and increase the accuracy of modern optical
frequency standards.

2. Method of magnetically induced spectroscopy
of strongly forbidden optical transitions

The first scheme of optical lattice clocks was proposed for odd
isotopes [43, 44], which provide a reasonable width (of the
order of several mHz) of the forbidden transition level due to
the mixing of working levels Py and 3P, via a nonzero nuclear
spin. Soon, such a scheme was experimentally realized for 8’ Sr
by Japanese scientists [46, 51] and then successfully confirmed
in other laboratories [52, 53]. But for odd isotopes, the energy
levels are defined by the total angular momentum operator

F=S,+17J, (2)

where S, is the nuclear spin operator and J = L +S is the
electron angular momentum operator (L and S are operators
of orbital and spin momenta). In this case, the electronic
transition 'Sy < 3Py transforms into the transition
F, =8, — F. =S, (Fig. 1), where Fy. are total angular
momenta of the ground and excited states, which are equal
to the nuclear spin S,. This means that the energy levels are
degenerate with respect to the total angular momentum
projection m (=S, <m < S,). The energy shifts of the
ground state sublevels |Fg,m) in a magnetic field are
determined only by the nuclear magneton, while the shifts of
the magnetic sublevels of the upper state |F.,m) are
determined by both nuclear and electronic magnetons (due
to mixing with the magnetically sensitive state 3P;) (see Fig. 1).
Therefore, g-factors of the ground and excited states are
different, which in turn leads to a linear sensitivity of the
transition frequency between magnetic sublevels to the
magnetic field (see Fig. 1).

The clock transition in the case of odd isotopes is usually
the one between Zeeman sublevels with the maximal magnetic
quantum number m = S,, which has the frequency shift
AgS,puz|B|, where pg is the Bohr magneton and B is the
magnetic field vector. As the estimates and experiments show,
in order to provide the frequency standard stability on the
level of 1077 — 1078, the magnetic field has to be controlled
on the level of several uG, which is a quite difficult task.

We also note that the degeneracy of energy levels in odd
isotopes (with respect to magnetic sublevels) leads to optical
pump effects, which should also be taken into account when
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Figure 1. Schematic illustrating the Zeeman structure that forms in odd
isotopes with a nonzero nuclear spin (S, # 0), and the linear sensitivity to
the magnetic field of the frequency of optical transitions between Zeeman
sublevels with the same magnetic quantum number m (due to different
g-factors of upper and lower states).
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determining the metrological characteristics of the frequency
standards.

Therefore, even isotopes (those with the zero nuclear spin)
that have nondegenerate energy states 'Sy and P, are more
suitable from the metrological standpoint, because in this case
the frequency of the transition 'Sy« 3Py is not linearly
sensitive to the magnetic field, and the optical pump effects
are absent. However, the use of even isotopes encounters a
profound problem: the transition 'Sy < 3Py is extremely
weak and the reference resonance cannot be detected by
using the standard single-photon excitation scheme. The
idea of using two-photon [72, 73] and even three-photon [74]
excitation schemes (with phase-matched lasers at significantly
different frequencies) remains unrealized.

In this situation, we have proposed the method of
magneto-induced excitation of forbidden transitions
ISy < 3Py for even isotopes with zero nuclear spin [75]. The
idea of this method is to use an external static magnetic field in
order to mix the states P, and 3P, which makes the
transition 'Sy « 3P partially allowed and enables its single-
photon excitation.

We first consider a three-level system, illustrated in Fig. 2.
We assume that states |1) and |3) have opposite parities, and
an electric-dipole transition is possible between them, while
states |2) and |3), having the same parity, are connected
through the magnetic-dipole transition. The transition
between states |1) and |2) is assumed to be forbidden due to
some selection rule (for example, by the total angular
momentum). States |1) and |2) are long-lived, and in the
framework of this model, their relaxation rate is zero. State
|3) has some nonzero relaxation rate y due to the spontaneous
transition |3) < |2).

We propose exciting the transition |1) < |2) at a
frequency w,; by simultaneously applying two fields. One of
these fields is an optical probe with a frequency w, and an
amplitude Ej,, which acts on the electric dipole transition
[1) +|3). The corresponding matrix element is the Rabi
frequency Qg = (3|(dEy) |1)/h, where d is the electric dipole
moment operator. The other field is a static magnetic field B,
which links states |2) and |3) via the magnetic-dipole
transition with the corresponding matrix element Qp =
(2|V,,|3) /1 of the magnetic-dipole interaction operator

Vm = 7[1Ba (3)

2)

2]

1)

Figure 2. Three-level system illustrating the mechanism of magneto-
induced resonance.

where fi= —uB(j—I—S) is the magnetic dipole momentum
operator, defined by the operators the total J and spin S
moments of the atom (in 7 units). In this case, the Rabi
frequency at the transition between states |1) and |2), in the
lowest approximation of the perturbation theory, has the
form

QrQ
Vo = j u ; 4)
Y

where 43, is the difference between the frequencies of levels
|3) and |2). This means that as the probe field frequency w, is
scanned, a resonance must be observed at w, = wy;, where
) is the frequency of the forbidden transition |1) < |2).

This result can be explained in two ways. One interpreta-
tion is connected with the concept of mixing states |2) and |3).
Indeed, according to the first order of the perturbation theory
(with respect to the parameter Q5/43, < 1), in the presence of
a static magnetic field, state |2) acquires a small admixture of
state |3):

Qp

2') =12) o P (5)

As a result, the transition |1) < |2’) becomes partially
allowed (for example, for spontaneous decay). We can use
(5) to calculate Rabi frequency (4): Vo1 =(2'|(dE,) |1)/h.

Another interpretation is in terms of two-photon spectro-
scopy. In this case, expression (4) can be considered a two-
photon Rabi frequency in the limit where the frequency of one
of the fields (in our case, the magnetic field) tends to zero.
Then the frequency difference A3, plays the role of a single-
photon detuning, and the condition for the two-photon
resonance corresponds to the equality of the optical field
frequency and the forbidden transition frequency, i.e.,
w = wy].

We note that under the action of the applied fields, the
frequency of the transition |1) < |2) experiences quadratic
shifts: an optical one

(2§
Ap = 6
E 4A32 ) ( )
and a magnetic one
0.2
A = ——|AI;2| . (7)

Expression (4) for the absolute value of V5, can then be
rewritten as

[Var| = 2+/|4£45] . (8)

We can see from (8) that the same Rabi frequency can
correspond to different values Ag and Ap. For example, if
the magnetic field has higher stability, the more suitable
situation (from the metrological standpoint) would be the
one with a stronger magnetic shift component, and vice
versa.

Moreover, the spontaneous transition line |2) < |1) is
broadened in accordance with the perturbation theory:

~ ©)

Y =Y
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Figure 3. Level structure for alkali-earth atoms.

We see that the broadening is inversely proportional to the
square of a large quantity 43, and is therefore negligible in
most cases.

Figure 3 shows a diagram of the main energy levels, which
is typical for even isotopes of most alkali-earth atoms (Be,
Mg, Ca, Sr, Zn, and Cd), mercury, and rare-earth ytterbium.
Our goal is to excite the resonance corresponding to the
forbidden transition 'Sy < 3Py.

State |1) in Fig. 2 corresponds to the atomic state 'Sy and
state |2) corresponds to *Py. State |3), which provides the
‘two-photon’ linking, corresponds to 3P;. In this scheme, the
electric dipole interaction with the probe light field

Ep(1)=Re{Eyexp [~ i (wpt ~ kpr)]}, By = Epey, (10)

is realized via the intercombination transition 'Sy « 3Py.
Here, E;, and E, are vector and scalar amplitudes, e, is the
unit polarization vector, and k,, is the probe wave vector.
Magnetic dipole interaction with the static magnetic field B is
realized via the transition 3P| < 3Py.

With the vector nature of E, and B, together with the
Zeeman degeneracy of the state *P; taken into account, the
expression for the total ‘magneto-induced’ Rabi frequency (4)
takes the form

2 11
v, :fuB<3IIdH >BEp_

11
V31243 (1
Here, (3||d|[1) = (*Py||d||'So) is the reduced matrix element
of the dipole moment for the transition 'Sy « 3Py, and its
numerical value can be obtained empirically from the lifetime
of the 3P, state:

1 4of[@ld)In [

Tip, 3hc3

where ), is the frequency of the transition 'Sy < 3P;.

We now represent the magnetic field in the form B = Bb,
where the real unit vector b (|b| = 1) describes the orientation
of the vector B and B = |B|. In this case, expression (11) can
be rewritten as

Va1 = av/I, B(be,) = a\/T, Becos ¢, (12)
where I, = c|E, |*/(8m) is the intensity of the probe light wave,
and the coefficient a is an individual characteristic of the
chosen element; ¢ is the angle between the vectors b and e,
when the probe field is linearly polarized (that is, when
e; =ep). It is clear that the optimal orientation is the one
where the vectors e, and b are parallel and | cos ¢| = 1.

The quadratic Zeeman shift has the form

Ap = bB?, (13)
and the light shift is expressed as
AE = W[p 5 (14)

where w is the dynamic polarizability at the transition
frequency wy;. We note that in order to correctly calculate
light shifts (14), the contributions of all states that are
connected with the levels *Py and 'Sy by dipole transitions
must be taken into account (for example, a contribution from
the dipole transition with the level 'Py in Fig. 3). Therefore,
expression (8) for real atoms becomes

Var = v/ 1448l
where y = a/\/|bw| # 2.

We also note that besides the second-order paramag-
netic interaction, which is responsible for shift (7) of the
level Py, a diamagnetic interaction makes its own contribu-
tion to the quadratic Zeeman effect (13), even in the first
approximation:

(15)

BZ,,Z

B {1—\/2({1)@1)}2&(0,@) ,
(16)

Vi==[Bxr]’=

o —

where {b® b}, is the second-rank tensor product of two
vectors and Cy,,(0, @) is the modified spherical harmonic [76].
However, numerical calculations show that for all considered
atoms, this contribution does not exceed 10% of the
paramagnetic contribution.

As an example, we estimate the limit instability of the
frequency in the framework of the proposed method for Yb
atoms, based on realistic assumptions for the field values and
their stability. For Yb, we use the values of the coefficients
a~18.6 mHz G '(mW cm2)""% bhr —-62mHz G2
w15 mHZ (mW cm2)"!, and y ~0.6. Modern experi-
mental techniques allow obtaining a magnetic field
|B| = 10 G with an uncertainty ~ 1 mG. This leads to the
regular quadratic shift 45 = 6.2 Hz with the uncertainty
3(4p) ~ 1.2 mHz. If I, =8mW cm2, the light shift is
Ap ~ 120 mHz. If we use a realistic value for the intensity
control at the level of 1%, the value of the possible light shift
fluctuation is 6(4g) ~ 1.2 mHz. Then the frequency determi-
nation error can be estimated to be around 1.7 mHz, which
means that the instability is of the order of 3 x 1078 for the
forbidden transition frequency 5.183 x 10'* Hz. The Rabi
frequency (12) for the field values mentioned above and for
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E,|B is V12 ~ 0.5 Hz. Stimulated transitions with such a
Rabi frequency can be detected in atoms captured in a
nondissipative optical lattice at the magic wavelength.

The estimates made for even Yb isotopes show that the
described method is promising for application in new-
generation optical frequency standards, which use atoms
trapped in the optical lattice at the magic wavelength. In
particular, the frequency instability can reach values 10~'7 —
10-'3, which are limited by the uncertainty of optical and
quadratic Zeeman shifts. This method can be applied to
alkali-earth atoms and to atoms with a similar energy level
structure (Mg, Ca, Sr, Yb, Zn, Cd, Hg).

The magnetically induced spectroscopy method was
successfully realized experimentally, first with !7*Yb atoms
[54, 56], then with ¥ Sr atoms [77-79], and recently with >*Mg
atoms [80].

3. Generalized Ramsey method
in ultra-high resolution spectroscopy
of ultracold atoms and ions

As a specific example, we consider the magnetically induced
spectroscopy method [75] described in Section 2, for the
strictly forbidden optical transition 'Sy — 3Py in even
isotopes of alkali-earth-type atoms trapped in an optical
lattice at a magic wavelength. To be specific, we assume that
the clock transition frequency wy (in the presence of only the
lattice field, including thermal and collision shifts) is
unperturbed. In this case, the frequency shift

A = kI, + f|B|’ (17)
occurs, caused by the probe laser field (with the intensity /)
and a static magnetic field B (see [75]).

When developing frequency standards (especially primary
ones), an obvious question arises: ‘““What should one do with
these shifts?” We see two possible answers to this question.
The first is in the precise experimental measurement of the
coefficients x and $ with a high control rate over the values 1,
and |B|. Then, based on the results of spectroscopic measure-
ments, we can calculate the unperturbed transition frequency
wq for I, = 0 and B = 0. For example, in the magnetic field
B~ 1073 T (~ 10 G), the quadratic shift [3|B\2 is of the order
of 10 Hz. In this case, in order to be able to reach absolute
precision in the frequency determination at the level of 1 mHz
and less (with a relative error less than 10~!7), we need to
determine the value of the coefficient f and control the value
of the magnetic field with an accuracy of 10~* (for the
magnetic field, this corresponds to the order of 1 mG).
Obviously, reaching such a level of precision for the
measurement of the coefficient f would require great effort
on the part of scientists over many years. Moreover, there is
not much hope for theoretical calculations for many-electron
atoms to have such an accuracy (that is, around 0.01%), due
to the diamagnetic contribution. Similar estimations can be
made for the shift caused by the probe laser field (k1p).

In [81], we proposed a new solution to the problem of field
shift (17). The suggested solution uses the Ramsey spectro-
scopy method with pulses separated in time (Fig. 4) with
different durations. Speaking of magnetically induced spec-
troscopy [75], we here mean that during the action of the
pulses (with the Rabi frequency Qy and durations 7; and 1),
the atoms are influenced by the probe laser field with a
frequency w in the presence of the magnetic field B, and

Q(l‘) |e>‘1
Qq
Aslep AS[QP
laser o
T| T T2
0 ! l2)

Figure 4. Illustration of Ramsey pulses with different durations (z; and 7,).
During the action of Ramsey pulses, a frequency shift 4 occurs.

during the free evolution (duration 7°), the magnetic field and
the probe wave are switched off simultaneously.

This means that the proposed scheme of Ramsey spectro-
scopy has one distinctive feature, which is related to the
frequency shift 4 only during the action of the pulses. If the
atoms at the initial instant 7 = 0 were in the ground state |g),
then after the action of two pulses, the population of atoms in
the excited state |e) is

b= 90 [ s 0T o Q0+ 1)
¢ 2 2 2

— ———~8in — sin —— sin

20-4) . 6T . Qn . Qu ]
Q 2 2 2

T . 29(‘51—’[2)}’ (18)

0
+sin? == sin
2 2

where 0 = w — w is the detuning of the probe field frequency
from the frequency of an unperturbed transition (that is,
during the free evolution between two Ramsey pulses), and
Q= (Q}+(5— A)z)'/2 is the generalized Rabi frequency
during the action of the pulses.

Expression (18) describes Ramsey fringes, with the central
resonance (as a function of ¢) used as a reference one. The
existence of an additional frequency shift A4 during the action
of the pulses also leads to a shift of the central resonance
maximum Jwy with respect to the frequency wy of the
unperturbed transition.

We describe the functional dependence of 3w under the
condition |4/Qy| < 1. For this, we use the most general
mathematical considerations and represent signal (18) as a
Taylor series in the detuning J:

ne=A9 + 4054+ 4252 4 .| (19)

where the coefficients 4 ¥) can in turn be expanded in series in
A/ as

A\ AN
s () ()
0

Q Qo
A A\’
g (A O
A, o + A, % +...,
A\> A\
AD = AP AP (=) + AT (S )+, (20)
Q() Q0

This result directly follows from the symmetry of expression
(18) under the transformation 6 — —d, 4 — —A4.



190 AV Taichenachev, V I Yudin, S N Bagayev

Physics— Uspekhi 59 (2)

If [4/€| < 1, we can use expression (19) to easily find the
sought dwy in the form

_ AWM
5(1)0 ~ —m .

(21
Relation (21), together with (20), allows us to determine the
main part of the dependence of dwy on 4/Qy. For example, in
the case of Ramsey pulses with equal duration (7| = 1, = 1),
this dependence is linear:

S o o (22)

0
But as we show below, this formula is inapplicable in the
general case of Ramsey pulses with different durations
(t1 # 12). In particular, by choosing special values of the
parameters (1, 72, Qo) for |4/Qy| < 1, we can obtain a cubic
dependence:

_ AN\3
S — ) .
Wy X <Qo>
This allows drastically improving the metrological character-
istics of atomic clocks based on the Ramsey spectroscopy
method over that in the case of the single-pulse method (Rabi
spectroscopy), which is used today in optical atomic clocks.

For these purposes, we consider the expression for the
coefficient Afl in (20):

4 _sin [2o(1 +72)/2]
o _
Q

Q Q Q
70(11;_ ©) + 20y T'sin —(;l sin (;2

QO(TI —+ Tz)

(23)

X |2sin

— Q(t; + 12) cos 3 (24)
It follows that if the condition
Qy(t) +12) =2mn, n=12,3... (25)

holds, then Af” = 0, which, according to (20) and (21), leads
to the cubic leading dependence of Sw, on 4/Q in (23).

However, for the application to optical clocks, besides
condition (25), which significantly decreases the shift Swy, we
also need the amplitude of the central resonance to be close to
maximal. Notably, this can be achieved by maximizing the
coefficient AéZ) in (20), which determines the curvature of the
central resonance peak under the condition |4/Q| < 1. It can
be shown that under condition (25), the relation

T2

AP =2 sin? (Qor))

; (26)

holds, which implies that the coefficient A(g2> reaches its
maximal value at

n(2m+1)

2 b
Combining conditions (25) and (27) leads to the following
relation for 7; and 1,:

Q11 = m=0,1,2,... . (27)

T 4n

rl_2m+li

(28)

In the simplest case n =1 [that is, in the case where
Qo(t1 + 12) = 2w in (25)], we obtain 73/7; = 3 (for m = 0) or
72/11 = 1/3 (for m = 1), i.e., one of the Ramsey pulses is one
third the length of the other. Figure 5 shows the total Ramsey
pattern in this case and Fig. 6 shows the curve of the central
resonance, together with that for the standard Ramsey
method with equal pulses (Qyt; = Qp1, = 1/2). As can be
seen, the amplitude of the resonance in our method is also
close to the maximal value (= 1).

We note that the difference in pulse durations (z; # ;) isa
principle feature of the proposed method. Indeed, if equal
pulses are used (7 = 71) when condition (25) is satisfied, then
the central resonance has a flat peak and small amplitude,
which is unsuitable for optical standards.

We now consider the dependence of the shift dw, on 4 /Qo
in more detail. Figure 7a clearly proves the general considera-
tions discussed above, according to which the fulfillment of
condition (25) leads to a drastic decrease in the central
resonance shift sensitivity (for |4/Qy| < 1), in contrast to the
case of standard Ramsey spectroscopy with equal pulses
(Fig. 7b).

Figure 8 shows the emergence of a linear contribution (in
A/Qp) under the condition Qy(t; + 1) # 2n. The slope of this
linear contribution is positive if Qy(t; +12) > 2n and
negative if Qy(t; + 12) < 2m.

To demonstrate the effectiveness of the new method, we
use quite realistic estimates for the control rate of Qy(t; + 12),

ne

0.8 -

0.6

04

0.2

-4 -2 0 2 4 5/Q

Figure 5. Ramsey fringes with condition (25) satisfied: Q(7; + 12) = 2m,
/11 =3, QT = 20; A = 0; n, is the population of the excited state.

19+
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Figure 6. Comparison of central Ramsey resonances with condition (25)
satisfied (Qo(t1 + 12) = 27, 12 /71 = 3, Qo T = 20, 4 = 0) (solid curve) and
in the case of standard Ramsey spectroscopy with equal pulses
(Qot1 = Q12 =1/2, QT = 20, A = 0) (dashed curve).
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Figure 7. Numerical calculation results for the central resonance shift
Tdwy dependence on 4/Qy: (a) for a new type of Ramsey spectroscopy
under the fulfillment of condition (25) (Qo(t) + 12) =27, 12/7) = 3,
QT = 20), (b) for the standard Ramsey spectroscopy with equal pulses
(Q()T] = .QO‘[Q = 7'[/2, .Q()T: 20)
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Fig_ure 8. Numerical calculation results for the central resonance shift
Tdwy dependence on 4/Q, for different values of the parameter
r= .Qo(‘l,'] + 12)/(21'5) (12/‘51 =3 and QyT = 20).

the level of a 1% offset from 2x, and |4/Qy| < 0.01. In this
case, |dwg| < 0.00075/T (in s~ units) for Q7 = 20. For
example, if we set T'= 0.5 s (that is, Qy ~ 6.4 Hz, which can
be realized in the magnetically induced spectroscopy method
in modern standards based on atoms in an optical lattice [54,
77]), then we obtain the estimate \%o| < 0.0003 Hz, which
corresponds to a relative frequency uncertainty lower than
10~'8. For comparison, if we consider the standard Ramsey
method with equal pulses (Qy1; = Q¢72 = ©/2) under the
same conditions (]4/Qy| < 0.01, Q,T =20), we obtain
|%0| < 0.015/T, which is more than one order of magnitude
(in this case, 20 times) larger than in our method.

The proposed method was experimentally realized at
Physikalisch-Technische Bundesanstalt (PTB) (Brunswick,
Germany) [82] under our careful supervision of the experi-
ment. The frequency field shift was suppressed by more than
three orders of magnitude. Recently, a successful experimen-

tal realization of the combination of two of our methods —
magnetically induced spectroscopy and generalized Ramsey
spectroscopy — was reported in [79]. Further generalizations
of the proposed method, which include taking the finite line
width of the laser radiation and the lifetime of the excited state
into account, can be found in our papers [83, 84].

4. Synthetic frequency method

Two of the main factors that limit the accuracy of modern
atomic frequency and time standards are the thermal shift and
its temperature fluctuations. A happy exception is the 2’ Al™
ion [40, 43, 47] (and possibly 'In* [85]), for which the
polarizabilities of the upper and lower levels of the clock
transition 'Sy — 3Py luckily coincide with quite a high
accuracy. As a result, the thermal shift of the mentioned
optical transition in >’ Al* at room temperature has a relative
value slightly less than 10~!7, while in all other atomic
standards, this value is much higher. For example, in the
case of the quadrupole transition 2S; , — ?Ds; in the "'Yb*
ion, the relative thermal shift at room temperature is
5.8 x 10719 [86]. For modern lattice clocks with strontium
[55, 87] and ytterbium [54, 88], the respective thermal shifts (at
the 'Sy — 3Py transition) are 5.5 x 1013 and 2.5 x 10713 [89].
In the case of the cesium radio frequency standard, this value
is 2.12 x 10714 [90].

Currently, there are two solutions to the thermal shift
problem. A radical approach is based on the use of cryogenic
technologies in order to make this shift negligible. Up to now,
this method has been implemented only for mercury ions
199Hg™ [39]. Another approach involves precise thermal
stabilization of the setup (in order to decrease the influence
of temperature fluctuations) together with numerical calcula-
tions (theoretical and/or semi-empirical) of the shift at a given
temperature.

In [91], we proposed an alternative method, which allows
significantly (by two to three orders of magnitude) decreasing
the thermal shift and its fluctuations in atomic standards
without using cryogenic technologies or precise thermal
stabilization. Our approach is based on using two clock
transitions placed in an identical thermodynamic environ-
ment. Such a system has a combination frequency that does
not undergo a thermal shift even at room temperature.

Our method is based on the fact that in the majority of
cases, the thermal shift has almost the same temperature
dependence for different transitions in atoms and ions. This
universal dependence is described as A7 oc T4.

We now consider two clock transitions with frequencies
w1<0> and wz(()) in the same thermodynamic environments, that
is, in the same cell. For definiteness, we assume that
(U1<0> < w2(0>. Then the frequency of each transition with the
thermal shift taken into account can be represented as

ol(T) =0 +aT*, j=1,2, (29)
where g; is an individual characteristic of the jth transition,
which depends on the atomic structure; a; is mostly deter-
mined by the scalar part of the polarizability tensor in the
static electric field. We introduce the coefficient ajp = a;/ax.
It is easy to see that the superposition @ (7)) — a12m2(T') does
not experience a thermal shift:

o1(T) — o1202(T) = wl(o) — alzwz(o) . (30)
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We can now define a new ‘synthetic’ frequency wgyn; as
wgynt = K(01(T) — appwa(T)) = K(CU1<0> - Oflzwz(o)) , (31)

where K is some numerical factor, which is random in general.
If some technology allowed the use of the frequency wgyn; as a
reference one, then we would be able to create atomic clocks
where the thermal shift and its temperature fluctuations are
suppressed, even at room temperature. At the same time, the
thermal shifts ajT4 at operating frequencies w; can be rather
large.

We show that such a practical application can be realized
by using a femtosecond frequency synthesizer. We consider a
situation where the frequency synthesizer is stabilized by two
frequencies (7)) and wy(T) at a fixed temperature T
(Fig. 9). As a result, the parameters of a femtosecond comb
can be uniquely defined as

0 0
0y(T) oy (T) _ 0l — o)
ny, —nm

a, —a
2 1 4

+ T,
ny, —n

d =
n,—n
ﬁ):wl(T)—l’lld

_ ”2“’1(0) - ”1w2<0)

+n2a1 —nya T4, (32)

ny—n ny—mn
where dis the pulse repetition rate, f; the offset frequency, and
ny and n, are fixed integers. Then the frequency of the mth
mode is

0(T) = fy +md
B m(wz(o) — w]w)

)+ ”2‘91(0> - ”1‘02(0)

n, —n

m(a, — a,) + ma, —na, T4
h=m

+

(33)

From (33), we can obtain the value m = my at which the 7*
term vanishes:
_Mmdy —may 1y el

my (34)

4 —a I —ap,
In this case, the thermal shift for the frequency w,, is
suppressed. After some simple mathematical transforma-
tions, we conclude that w,,, is synthetic frequency (31),

0) (0)
W = geomb — P17 %@

my synt T 1— %, ’

(35)

as could be expected. It is obvious that by my, we mean the
integer that is nearest to the right-hand side of (34). More-

9"‘;7"

o ( T) wcomh

synt
md ‘ (np —my)d
AL p

IS A \‘ ‘
~r o

Figure 9. Illustration of a femtosecond frequency comb stabilized by two
clock transitions with frequencies w; and w, at a fixed temperature 7.

(U[(T)

Amplitude

over, the requirement m( > 0 must hold, which is equivalent
to w&m® > 0in (35).

We have shown that in a frequency comb stabilized by two
clock transitions ((01(0) and wz(o)), there is a frequency
component (for my > 0) for which the thermal shift and
sensitivity to temperature fluctuations are significantly
suppressed. This frequency component can play the role of
an atomic frequency standard. Moreover, from the practical
standpoint, there can be a whole frequency band with
suppressed thermal shift. Indeed, the frequency components
that are nearest to W, Wy,+4 (With relatively small g),

(0) (0)
W, —w
4 31 —n1 iqn —n
2 1 2 1

a4 —a;

_ 4
wmoif] =Wy, T )

+qgd=w

(36)

also have a very low sensitivity to the thermal shift if
n, —n; > 1. For example, in the case of optical frequencies
0) 0

o, and w, ’, n, — n; can reach several tens or hundreds of
thousands (see the example below for the "'Yb" ion).
Because the exact value of the coefficient o, cannot be
determined, there is some arbitrariness in the choice of the
mpth harmonic. This arbitrary choice is also caused by the
principal limitation of our method, which is connected with
higher-order corrections in 7 to the temperature dependence
of the thermal shift:

AP =aT*+ T+ T8+ ..., j=12. (37)
Usually, at room temperature, these corrections
(bjT6 + giTg +...) amount to ~ 0.01—-0.001 of the domi-
nant term ajT4. Hence, there is not much use in suppressing
the dependence oc 7% in our method by more than two to
three orders of magnitude, because the residual thermal shift
would not be decreased any more. In other words, in order to
determine the range of suitable values of m, it suffices to
obtain the value of «, with a relative accuracy ~ 0.01 —0.001.
The chosen frequency harmonic w,,, could be considered a
universal atomic standard if there were agreement among
laboratories on the fixed values of two integers: n, —n,
and my.

We note that the frequency ,,, can be derived not only
from theoretical calculations but also from experiment. For
this, we should use a low-frequency electric field (or infrared
laser) and find the static polarizabilities at clock transitions
o, and w,. Furthermore, it is very convenient from the
practical standpoint that there is no difference between the
values of the electric field, because the needed coefficient o,
equals the ratio of the scalar parts of unknown polarizabil-
ities. Moreover, in the case of a comb generator stabilized by
, and w,, the frequency w,,, can be directly determined as
the one that does not undergo a scalar Stark shift in the low-
frequency field.

Besides the frequency w,,, (which can refer to the optical
range), a low-frequency signal can be found in our system:

—aydo
m, m,

Wiy

(38)

This signal corresponds to a standard at the frequency @,,,.
Indeed, because the parameters d and f; of the frequency
comb can be measured with high precision, we can use a real
radio frequency d and constantly correct it with the numerical
term f,/m,, such that superposition (38) becomes insensitive
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Figure 10. Hyperfine level structure and clock transitions used in the
7'Yb* jon.

to the thermal shift and corresponds to the standard at the
frequency w,,,. Interestingly, radio frequency (38) can be
defined in our system even if m; < 0 in (34), that is, if the
primary frequency component w,, < 0 and exists only
virtually.

As a demonstrative example of the possible practical
realization of the ideas presented above, we consider the
"'yb* ion, where two clock transitions can be used (Fig. 10):
the quadrupole transition ?S;;, — ?Dj;, (F= 0— F=2,
42436 nm) and the octupole transition 2S;, — 2F;)
(F=0— F=3, 1~ 467 nm). Detailed information on the
spectroscopy of these transitions can be found in [92-94].

Using the results of polarizability calculations for the
above transition, performed in [95] («, ~ 0.382), we obtain
the synthetic frequency wsc)?;‘t‘b ~ 614 THz (Asyn ~ 488 nm).
As we can see, this frequency is quite close to the frequencies
of initial clock transitions (436 and 467 nm), and it can
actually be present in the spectrum of the comb generator.
The thermal shift is in this case suppressed by two orders of
magnitude, down to the relative level of ~ 10717 (or possibly
even lower).

We can also estimate the frequency band (around wscy";‘l‘b)
where all components of the frequency comb have a similar
(~ 1072) level of suppression of the thermal shift and its
temperature fluctuations. The width of this band is around
1 THz. This means that if we define d ~ 100 MHz, then there
are around 10* harmonics within the specified band and all of
them can be chosen as a standard. We also note that for
d =~ 100 MHz, the number of harmonics between frequencies
o, and w, can be estimated as n, — n; ~ 4.6 x 10°.

We analyze another possible realization of the synthetic
frequency standard, which uses lattice clocks based on the
transition 'Sy — 3Py in alkali-earth neutral atoms. For
example, we consider strontium (wavelength 4 ~ 698.4 nm)
and ytterbium (4 &~ 578.4 nm). Using the calculation results
in[89], o}, = 1.69, the synthetic frequency can be estimated as
wscy"n“tlb ~ 648 THz (Asyn; ~ 463 nm). However, the technical
realization of such a scheme requires great effort because of
the need to operate with lattice clocks for different atoms
(strontium and ytterbium) situated in the same vacuum
chamber.

From the technological standpoint, it is more suitable to
use two different isotopes of the same element, for example,
879r —88Sr [87] and 7'Yb—1"4Yb (or 7'Yb-73YD) [54, 88].
However, we would then face a serious problem of determin-
ing the value and the sign of wsc)f’rﬁ’b in (35). This is because the
conditions w; =~ w, and «;, ~ 1 simultaneously hold in such
systems, and expression (35) becomes extremely sensitive to a

very small quantity 1 — o, ~ £107*—107%. Indeed, expres-
sion (35) can be represented as
(0) (0)

comb _ W) — Wy

+o, (39)

w
I —ap,

which shows that it is quite difficult to calculate the first term
for isoto)pes with good accuracy. And although the isotopic
shift (ul(o - cuz(o) for the mentioned strontium and ytterbium
isotopes is well measured [87, 88], high-precision calculations
and/or experiments on deriving the polarizability for various
isotopes have not yet been performed. Moreover, we can see
from (39) that the sensitivity to other systematic shifts (for
example, to the quadratic Zeeman shift) can be significantly
increased (due to the small denominator 1 — o,), which can
even cast doubt on the appropriateness of applying the
discussed method in this case.

In order to see the full picture, we note that the idea of a
synthetic frequency can be realized not only in the case of
optical frequencies w,; and w, but also, in principle, in the
radio band, for example, by using the hyperfine splitting of an
alkali-earth atom ground state, which is used in radio
frequency standards (fountain clock). In that case, there
must be a possibility of alternately working with two
different atoms in the same setup in order to detect the
corresponding radio frequency resonances. If this is possi-
ble, then, for example, a '**Cs and ¥’Rb pair can be
considered.

We have proposed and developed the concept of an
atomic frequency standard in which the thermal shift and its
temperature fluctuations can be significantly suppressed
(decreased by two to three orders of magnitude) even without
using cryogenic technologies. This concept is based on the
fact that in the system of two clock transitions with
frequencies @ and w; placed in an identical thermodynamic
environment, there is a frequency superposition gyn; &
) — apw, that is insensitive to the thermal shift oc 74. We
define this superposition as the ‘synthetic’ frequency wgyn.

We propose a method for the practical realization of this
idea by using a frequency comb generator stabilized by the
original frequencies w; and w,. In this case, the frequency
Wgyne can exist as one of the frequency components of this
generator, and it can be used as an atomic standard. We show
in a specific example that, based on the ''Yb* ion, we can
develop optical clocks in which the relative thermal shift
would be suppressed to the level of ~ 10~!7 (or even lower),
which is comparable with that for clocks based on the 2’ Al™
ion [40, 43, 47].

In addition, the obtained results will stimulate theoretical
atomic calculations concerning the thermal shift. For exam-
ple, we have to determine not only the polarizability but also
higher-order corrections to the temperature dependence, that
is, bjT6 + ch8 + ..., in (37) in order to obtain the principal
limitation on the possible suppression of the thermal shift in
our method.

5. Conclusions

We have presented three new methods for precise spectro-
scopy of ultracold atoms and ions, which were proposed,
developed, and investigated at the Institute of Laser Physics,
Siberian Branch, Russian Academy of Sciences (SB RAS).
We note that experimental research on magnesium atoms and
single ytterbium ions, which is aimed at the practical
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realization of these methods, has been actively carried out at
in the Institute since 2012. We plan to reach a level of relative
instability better than 10~'° by 2016.

In conclusion, we would like to make a forecast for the
development of the research in the field of optical frequency
standards:

(1) further improvement of metrological characteristics
forion (Al",Yb",In", Sr™, Hg") and atomic (Sr, Hg, Yb,
Mg, Tm) optical frequency standards by using special
methods of control over the frequency field shifts of different
natures (thermal radiation, trap and lattice fields, probe
field); reaching the uncertainty level of 107!3 in the nearest
future; redefinition of frequency and time units based on
optical frequency standards; precise verification of funda-
mental physical laws by using optical frequency standards;

(2) development of fundamentally new optical frequency
standards (for example, based on nuclear transitions, mag-
netic dipole transitions in multicharged ions, etc.) that would
allow reaching the frequency relative instability of the order
of 10~1° and lower;

(3) development of compact mobile optical frequency
standards based on ultracold atoms and ions, including
those working in space and used for high-precision naviga-
tion and geodesy systems;

(4) improvement of metrological characteristics of optical
frequency standards by realizing quantum networks of
atomic clocks and using fiber and space communication lines.

The studies presented in this paper were financially
supported by the general committee of SB, RAS (integration
project No. 62 “Precise spectroscopy of ultracold atoms:
theory, mathematical modeling and experiment”), the Min-
istry of Education and Science of the Russian Federation
(government contract 2014/139, project 826), the Russian
Foundation for Basic Research (projects 15-02-08377, 15-32-
20330, 14-02-0072, 14-02-00939), and a grant from the
President of the Russian Federation (4096.2014.2). Experi-
mental investigations with ultracold magnesium atoms and
single ytterbium ions are respectively supported by the
Russian Scientific Fund grants 16-12-0054 and 16-12-00052.
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