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Abstract. We review the current status of nondestructive high-
resolution X-ray diffractometry research on semiconductor
structures with quantum dots (QDs). The formalism of the
statistical theory of diffraction is used to consider the coher-
ent and diffuse X-ray scattering in crystalline systems with
nanoinclusions. Effects of the shape, elastic strain, and lateral
and vertical QD correlation on the diffuse scattering angular
distribution near the reciprocal lattice nodes are considered.
Using short-period and multicomponent superlattices as an
example, we demonstrate the efficiency of data-assisted simu-
lations in the quantitative analysis of nanostructured materi-
als.

Keywords: high-resolution X-ray diffraction, coherent and diffuse
scattering, superlattice, quantum dots

1. Introduction. Methods of research
on structures with quantum dots

Quantum dot arrays in semiconducting systems find a wide
range of applications in nano- and optoelectronics, including
lasers, solar cells, transistors, emitters, and infrared photo-
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detectors [1]. Therefore, the nondestructive control of the
quantum dot (QD) shape, size, elastic strain, composition,
and spatial distribution over large areas in growing epitaxial
layers remains a major challenge.

Originally, semiconductor optoelectronics was based
solely on heterostructures with ultrathin active layers
(quantum wells) exhibiting dimensional quantization effects
only in one direction [2]. The analysis of the quantization of
higher-dimensional structures exemplified by quantum wires
and QDs was initially undertaken theoretically [3], because
structures with QDs proved more difficult to manufacture
than quantum-well devices. Quantum dots were first
observed experimentally in InAs/CaAs superlattices by
transmission electron microscopy [4]. Parallel X-ray diffrac-
tion measurements [4] provided information only on the
general superlattice structure. Because rocking curves (RCs)
recorded with the help of a double-crystal diffractometer [4]
characterize total X-ray scattering— including its coherent
and diffuse components —data on the presence of QDs and
the properties of nanostructures cannot be obtained based on
the analysis of double-crystal RCs alone.

Transmission electron microscopy (TEM) [5] and cross-
sectional scanning tunneling microscopy (X-STM) [6] are the
well-known and widely used methods for studying QDs.
TEM is employed to obtain information on QD size and
ordering, as well as nanostructure contours, while X-STM
makes measurements at the atomic level possible and
thereby provides a deeper insight into the shape and
composition of individual QDs. Unfortunately, both techni-
ques are purely local and allow characterizing only very
small portions of a sample; extrapolation of the data thus
obtained to the whole sample requires great caution.
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Another disadvantage of these methods is the necessity to
destroy the sample by cleavage.

Methods based on X-ray diffraction provide data on the
structural properties averaged over the entire sample. How-
ever, they also have drawbacks related first and foremost to
their indirect character. This requires choosing an appro-
priate model for the construction of a relevant theory to be
used as a basis for numerical simulation or the solution of the
inverse X-ray diffraction problem [7-9]. Also important is the
so-called phase problem, because the detector of an experi-
mental setup fixes the complex reflection coefficient modulus,
while the X-ray wave phase is lost.

Various approaches to the investigation of QD structural
characteristics are based on the use of X-ray and synchrotron
radiation. Grazing incidence small-angle X-ray scattering
(GISAXs) [10, 11] is currently the most frequently used
method for the purpose. It is rather simple as far as the
study of QD shape and the treatment of its results are
concerned. As a rule, GISAXS requires the use of intense
synchrotron radiation (SR), because the signal in the form of
a scattered X-ray wave is reflected from a QD itself rather
than from a more massive matrix. Grazing incidence X-ray
diffraction (DIXD) [11] is a more complicated method for the
treatment of experimental data. In this case, X-ray diffraction
originates in a crystalline matrix, whereas QDs play the role
of structural defects.

Also worthy of mention are anomalous X-ray scattering
methods, such as multiwavelength anomalous diffraction
(MAD) and diffraction anomalous fine structure (DAFS) [12].
Methods using nanobeam X-ray diffraction (NBXD) [13]
have been intensively developed in recent years. Finally, we
mention methods of coherent X-ray scattering from QDs with
the use of SR [14]. Most of the above X-ray experiments do
not require developing sophisticated theories; numerical
simulation is typically performed with the help of the finite
element method [15]. Detailed analysis of small-angle and
anomalous scattering techniques can be found in recent
reviews [5, 10-12] and monographs [15-17]; practically all of
them are realized with the help of SR sources, which hampers
their wide application in modern material science research.

At the same time, there are no analytical reviews of
research on crystalline systems with QDs based on the
traditional methods of complanar high-resolution X-ray
diffraction (HRXRD). This review is designed to fill this gap.

2. High-resolution X-ray diffraction

The use of X-rays for the solution of various diffraction
problems implies in the first place the choice of an X-ray beam
with a proper wavelength, monochromaticity, and angular
spread. The majority of theories in the field of X-ray
crystal optics are based on the assumption of an
unbounded front of incident monochromatic radiation.
This approach is not so simple in a real situation, because
any radiation is characterized by spectral as well as angular
spread. The use of perfect single crystals as monochroma-
tors and devices for beam formation in diffractometers
ensures a high degree of radiation collimation and mono-
chromatization (AA/A ~ 1073). Specifically, the spread of a
good synchrotron beam can be less than 1 arcsecond [15-18].

Recently, many diffraction studies have been carried out
with the use of SR sources. The main advantages of SR
include a continuous spectrum, high intensity and brightness,
and a high degree of polarization and collimation along the

beam length. Disadvantages (compared to an X-ray tube) are
the low signal-to-noise ratio, difficulty of suppressing higher
harmonics, and relatively low stability of radiation intensity
[17, 18].

The small angular and spectral spread of the X-ray beam
incident on the sample is achieved by a proper arrangement of
crystal monochromators, collimators, and mirrors [18]. The
beam spread can be decreased by using a crystal monochro-
mator of asymmetric geometry with the diffraction planes not
parallel to the crystal surface but making a certain angle ¢
with it. The beam angular width is narrowed by the choice of
material for the monochromator crystal with a reduced
susceptibility y,. Today, the most widely used materials for
manufacturing monochromators are silicium and germanium
crystals. Also, diamond is frequently used as a monochroma-
tor for SR due to its high resistance to radiation damage.

The use of X-ray optical elements allows forming beams
with low divergence and high monochromaticity for diffrac-
tion experiments. Carefully choosing the collimator exit slit is
equally important. The beam smearing and the results of
measurements strongly depend on the slit width. Moreover, it
is recommended that the so-called slotted multiple-reflection
crystal monochromators proposed by Bonse and Hart be
used [19].

On the other hand, suppression of multiple reflection
‘tails’ results in a large decrease in the reflection coefficient.
Indeed, the resulting reflection curve obtained with a slot-
type monochromator is the product of several curves, while
the background intensity sharply decreases and the signal-to-
noise ratio increases.

A double-crystal X-ray diffractometer consists of an
X-ray radiation source, a monochromator, the studied
sample, and a detector with a wide angular aperture. Such a
device was proposed by Compton and Allison [20]. At
present, it is sometimes called a double-axis diffractometer,
because crystals are substituted by multilayer X-ray mirrors,
or the monochromator may consist of a few crystals.

The use of a monochromator permits markedly decreas-
ing the radiation spectral composition effect and generating a
monochromatic linearly polarized beam of almost plane
X-ray waves with a small angular spread.

During measurements by double-axis diffractometry, the
X-ray beam reflected from the sample smears due to
structural defects and instrumental distortions. To register
the signal with a high angular resolution, the analyzer is
placed between the sample and the detector. Such a setup with
the rotating sample and analyzer is referred to as a triple-
crystal X-ray diffractometer. Initially, such an instrument
was called a triple-axis spectrometer [21], but the name triple-
crystal diffractometer is presently more commonly used for
the above reasons, bearing in mind the progress in X-ray
optics.

2.1 Triple-axis X-ray diffractometry

The first design of a triple-axis diffractometer was realized in
the study of thermal diffuse scattering in silicium, germanium,
and diamond crystals in 1972 [21]. A year later, it was used to
study dislocation loops and inclusions in copper by the
Huang scattering method [22]. The modern interpretation of
triple-axis diffractometry is expounded in Ref. [23].

In this method, the monochromator and the analyzer are
perfect single crystals in a parallel and dispersion-free
configuration (n, —n, +n). Registered RCs are termed ‘scans’
in the w-, ¢-, and 0/20-section mode of the reciprocal q(w, ¢)
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space, depending on the relative rotation of the sample and
the analyzer.

The reflection intensity 7;,(q) is a function of the rotation
angles of the sample, ®, and the analyzer, ¢. Therefore, the
reciprocal space map (RSM) of the scattering intensity
angular distribution shows equal-intensity contours 7,(q) =
I(w,¢) = const. To construct it in rectangular (gy,q.) or
oblique (w,¢) coordinates, measurements of scattering
intensity from the sample should be made with a given
angular resolution by recording a number of sections
I4(qx, q:) or I(w, &).

An RSM formation scheme for the study of defective
crystals is presented in Ref. [23]. RSMs of the scattering
intensity angular distribution are constructed near a recipro-
cal lattice (RL) node h belonging to crystal reflecting planes
(hkl). The scattering vector Q = k;, — ko is usually repre-
sented as the sum Q =h+q, where the vector q is the
deviation of the scattering vector from the RL node. In a
symmetric diffraction scheme, projections of q in the diffrac-
tion plane are determined by the angular positions of the
sample and the analyzer: ¢, = ksinfg(2w —¢) and ¢. =
—x cos 0p ¢, where 0p is Bragg’s angle. It follows from these
relations that in symmetric diffraction geometry, only g
changes under sample rotation, and the space in the direction
perpendicular to the RL vector h is analyzed.

Rotating the analyzer crystal through ¢ affects both ¢. and
¢y, giving an intensity distribution over the Ewald sphere. The
condition ¢, = 0 must be satisfied for the movement along h,
which leads to 2w = &. The analyzer scanning rate is twice the
sample rotation velocity; such scanning is usually termed
(w—20) or 0/20 scanning. Sample deviation from the initial
position when the analyzer is motionless (w-scanning)
corresponds to the RL rotation around the origin and
therefore the end of the vector h describes an arc around the
(000) node.

Sectioning far from the RL node as a result of rotation of
the sample crystal (for instance, at a fixed position of the
analyzer crystal) gives the intensity distribution along the line
& = const. In this case, the curve has three peaks called the
analyzer pseudopeak, the main peak, and a monochromator
pseudopeak at the respective angular positions w =0,
o =~ ¢/2, and o = ¢. In a different method of scanning, when
the analyzer rotates and the sample remains fixed
(o = const), there are two peaks besides the diffuse back-
ground: the monochromator pseudopeak at ¢ = @ and the
main peak at ¢ = 2w. In recording (w—26) or 0/20 scanning,
we are dealing with a section of the reciprocal space along the
h vector (Bragg scattering), the peak at a single point
o = ¢ = 0, and the total RC profile recorded at ¢ = 2w.

The form of RSMs depends not only on the study sample
but also on the monochromator and analyzer type. With these
X-ray optics elements produced with regard for multiple
reflection, pseudopeak intensities in the diffraction pattern
markedly decrease and can even disappear [24]; hence, the
importance of the problem related to the influence of
instrumental distortions on the formation of RSMs of the
scattering intensity angular distribution [25-27].

2.2 Statistical theory of X-ray diffraction.

Coherent and diffuse scattering

X-ray scattering from structures with QDs is typically
described in terms of one variant or another of statistical
diffraction theory, such as the one based on the use of the
Kato formalism [28-40], the mutual coherence function [41,

42], and the Dederichs—Krivoglaz kinematic approach [43,
44]. Interpretation in the framework of Kato’s statistical
dynamical theory [28] describing both coherent and diffuse
scattering as a whole appears to be the most promising, albeit
a more complicated approach. Other methods [41-43] allow
analyzing diffuse scattering only separately from the coherent
part, and are therefore applicable only at large values of ¢,
and ¢, when the influence of the coherent component can be
neglected.

The construction of a consistent triple-crystal diffracto-
metry theory presents serious challenges, one of which is
related to the intensity normalization. In a theoretical
treatment, the incident plane wave usually has an infinite
intensity, while the intensity of a diffusely scattered wave
remains finite. The intensities of coherent and diffuse waves
become incomparable. On the other hand, the intensity of an
experimental primary beam from the monochromator illumi-
nates only a certain part rather than the entire surface,
depending on the exit slit width. Therefore, a theoretical
description of the intensity of an X-ray beam incident on the
sample should relate it to its lateral width and regard the
intensity as a finite value.

One more problem arises in experimental differentiation
between coherent and diffuse scattering intensities. These
intensities overlap in the immediate vicinity of the RL node,
which means that ignoring distribution patterns of the
coherent and diffuse components makes it difficult to obtain
information about the structural characteristics of the study
object.

It was noted above that the formalism of the statistical
dynamical theory of spherical wave diffraction from a
defective crystal was proposed by Kato [28]. This theory was
modified by Bushuev in the case of a plane wave [29, 30]. For
gradient and multilayer crystals, the formalism of statistical
dynamical theory was developed in Refs [31-40]. Specifically,
a variant of the one-dimensional statistical dynamical
diffraction theory was applied to study laser heterostructures
by the combined analysis of double- and triple-crystal RCs in
the /20 scanning mode [7]. The same method was used in the
numerical solution of the inverse problem of diffraction from
gradient semiconductor structures [8, 9]. However, it is
impossible to analyze RSMs in the framework of these
theories.

The general case of the statistical dynamical theory for
triple-crystal diffractometry is described in Ref. [37]. This
theory applies to crystals of any thickness, but the main
equations unfortunately have a very complicated mathema-
tical structure. It was shown in Refs [35, 45] that the effects of
diffuse absorption of coherent waves, multiple diffuse
scattering, and Bragg’s diffraction of diffuse waves can be
neglected for crystals less than 10 um thick. Bearing this in
mind, the theory in [37] was modified for the description of
X-ray scattering in layers and films with a thickness up to
10 um [40]. The modified theory considers coherent scattering
in the framework of dynamical diffraction and diffuse
scattering, taking only primary extinction into account.
Multiple diffuse scattering or, in other words, secondary
extinction is disregarded, because it has practically no
influence on the diffraction pattern.

Various defects in real crystalline structures disturb the
ideal lattice periodicity. Because these disturbances are
random, e.g., result from the presence of randomly distrib-
uted inhomogeneities in the bulk, X-ray diffraction is
inevitably accompanied by diffuse scattering. In this review,
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self-organized QDs are regarded as a certain type of defect of
the crystalline structure arising from the mismatch between
lattice parameters of QDs and the basic matrix. Moreover, it
should be borne in mind that the size of nanostructures and
their spatial correlation characteristics are subject to inevi-
table fluctuations.

We note that a distortion of the ideal periodicity of the
crystal lattice may be nonrandom, as in the case of elastic
bending of the sample. Such distortion is described by a
continuous lattice displacement field u(r). In the presence of
defects in a crystalline structure, the lattice displacement
function wu(r) [and hence the phase function ¢(r) =
exp (ihu(r))] is represented in the form of the mean and
fluctuation parts,

u(r) = (u(r)) +du(r),  ¢(r) = (d(r)) +34(r),
where (¢(r)) = exp (ih(u(r))) describes nonrandom large-
scale strains in the bulk crystal. Random lattice displace-
ments caused by statistically distributed defects are given by
the fluctuation phase function ¢(r) = exp (ihdu(r)); its
mean f(r) = (¢(r)) is defined as the Debye-Waller static
factor [28].

X-ray diffraction in imperfect crystals is described by a
set of coupled Takagi equations [46] for transmitted Ey(r)
and diffraction Ej(r) wave amplitudes. These equations are
widely used to analyze RCs in double-crystal geometry. A
transition from double- to triple-axis diffractometry requires
certain mathematical transformations, resulting in the
substitution of the initial amplitudes Ey ,(r) by their Fourier
transforms Ey ;(¢y,y,z) in the diffraction equations. The
next step is statistical averaging of the diffraction equations,
owing to which the X-ray field amplitudes are represented
as the sum of coherent (Ey 4(qx,y,z)) = E§ ,(gx,»,2z) and
diffuse 8Ey 1 (¢, ,2) = E& ;,(¢x, ¥, z) components.

The following equations describing coherent scattering
have been derived in statistical X-ray diffraction theory [40]:

W =i(ap — gxcot 01)Eg(qx, »,2)
+i %Jj dg' Ef(qx—q',9,2) d(q',3,2),
1
—W =i(bag +n — g cot 02)Ej(qx, y, 2) v
+i y—zinjj: dg' E§(qx—q',y,2) " (q",y,2),

where a9 =myo/(490),  an—n = Crypy 4/ (Ayp0), N =
(2m/Ay,) sin (20B)w is the angular parameter used in double-
crystal diffractometry in the 6/260 scanning mode, 4 is the
X-ray wavelength in a vacuum, w = 0 — 0y is the deviation of
the X-ray beam from the Bragg angle 0g, 7, = sin0; o,
01> = Op F ¢ are the angles determining the direction of the
incident and diffraction beams relative to the entrance surface
of the crystal, ¢ is the tilting angle of the reflecting planes with
respect to the sample surface, b = y,/y, is the asymmetry
factor, C is the polarization factor, y, , = —ro(4*/nVe)Fo  is
the Fourier component of X-ray polarization, V. is the unit
cell volume, ro = e2/(mc?) is the classical electron radius, e
and m are the electron charge and mass, and Fy ; are the
structural factors in the direction of transmission and
diffraction. For the purpose of describing X-ray scattering
in the context of triple-axis diffractometry, the angular
parameter # is written in terms of projections of the vector q

as 1 =gqycoth, —q.. The parameters ¢(q’,y,z) and
$*(¢q',v,2) in the right-hand side of Eqns (1) are Fourier
transforms of the phase functions ¢(r) and ¢*(r), where the
asterisk denotes complex conjugation.

In general, both diffuse and coherent scatterings occur in
the complicated process of dynamical diffraction and are
described by a set of integro-differential equations [37].
Semiconducting crystals of opto- and nanoelectronics are
usually investigated in Bragg’s geometry; therefore, diffuse
scattering can be described in the kinematic (Born) approx-
imation, ignoring secondary extinction, which substantially
simplifies the analysis.

We consider the diffuse scattering intensity distribution
near a reciprocal lattice node h as a function of the vector q.
By definition, the diffuse scattering intensity on the crystal
surface is expressed as [28, 44]

1 () = (En(q) E; (q)) — (En(@))(E; (@) - (2)

The first term in the right-hand side of Eqn (2) stands for the
total scattering intensity, from which the coherent component
is subtracted. The use of the formal solution for coherent
waves (1) and simple transformations of the statistical
dynamical diffraction theory [28] yield an equation for the
diffuse scattering angular distribution:

I(q) = lezjdxjdﬂah(r)f(l E0)

xexp [~(1+b) 2] (. q) L5 () (3)

where  is the linear X-ray absorption coefficient and I (r) is
the intensity of the transmitted X-ray beam within the bulk of
the crystal at the point with a coordinate r.

Relation (3) for the diffuse scattering intensity is applic-
able to crystalline media undergoing spatial changes in the
chemical composition, structural defects, and extended elastic
strains of the crystal lattice. This formula coincides with the
expression for incoherent scattering intensity from one-
dimensionally deformed crystals in a double-axial recording
scheme [31-33]. The two expressions differ in that Eqn (3)
contains the correlation volume instead of the correlation
length [37, 38, 40]:

o(r,q) = J dp g(r, p) exp [i(ap +h((u(r +p))— (u(r))))] ,
(4)

+00

—00

where the vector p determines the shift from a given point r.
This parameter characterizes the diffuse scattering intensity
angular distribution in deformed crystals and depends on the
structural defects distributed in the bulk. The type of defects
(shape, size, elastic strains, etc.) is described by the intrinsic
correlation function [28, 38]

_ (exp [ih(Su(r + p) — du(r))]) — /*(r)
g(r,p) = 7 :

(3)

An analytic expression for the intrinsic correlation func-
tion has been derived for certain defect models in Refs [38, 39,
47, 48]. Considering diffuse scattering in the framework of
triple-axis diffractometry implies integrating (4) over ¢,. This
results in transforming the correlation volume into the
correlation area 1(r, ¢y, q.) = J"fozc dg, t(r,q) [38, 39]. For a
uniform distribution of defects, the solution for the correla-
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tion volume can be represented in a different form. Introdu-
cing the function D(r) = 1 — exp (ih du(r)) [49] allows writing
the expression for the Debye—Waller factor as

f=exp (—%JD([‘) dr) .

Moreover, intrinsic correlation function (5) can be repre-
sented in the form

) = Vel )] JD(r)D*<r+ p)dr,

where c is the concentration of defects in the bulk crystal. The
introduction of the spatial-variable function D(r) facilitates
practical calculations. Specifically, the expression for the
correlation volume can be represented using the Fourier
transform D(q) = [ D(r) exp (iqr) dr:

t(q) = c[Ve(1 =72 [D@)]. (6)

Because the intensity angular distribution in Eqn (3) is
proportional to the correlation volume, the parameter D(q) in
(6) can be logically interpreted as the diffuse scattering
amplitude. The representation of z(q) in form (6) has been
used to calculate diffuse scattering from crystalline media
with spherically symmetric defects [50], quantum dots [51, 52],
and quantum rings [53].

2.3 Direct and inverse X-ray diffraction problems

The development of the theory and the choice of the solid
structure model as a basis for the calculation of the scattering
intensity angular distribution are commonly regarded as the
direct problem of X-ray diffractometry. Modern experimen-
tal X-ray diffraction measurements are frequently accompa-
nied by numerical simulation. Researchers are satisfied with a
qualitative coincidence of theoretical and experimental data
in the framework of the solution of the direct problem.

A specific aspect of X-ray diffraction optics is the solution
of inverse problems for the structured medium parameters
based on X-ray diffraction data [7-9, 54-61]. Various
approaches to the reconstruction of structural characteristics
of materials include high-resolution X-ray diffractometry [7,
54-58], reflectometry [59, 60], and the phase contrast
technique [61]. Analysis of X-ray rocking curves (see [54]
and the references therein) provides information on the
crystal lattice strain profile, composition, and static Debye—
Waller factor. Difficulties in uniquely determining the lattice
composition and structural defects arise as early as this stage,
because diffraction equations contain the product of Fourier
coefficients of the medium polarizability and the static
Debye—Waller factor, which are jointly responsible for the
degree of interaction between X-ray waves and the electronic
system of the medium under conditions of Bragg’s diffrac-
tion. Additional diffraction measurements and data obtained
by other methods are needed to eliminate the ambiguity. For
example, the results of double- and triple-crystal diffracto-
metry were used for the numerical solution of the inverse
problem in Ref. [7], whereas the authors of [58] analyzed
different orders of diffraction reflection.

The solution of the inverse problem has some peculia-
rities. Because the inverse problem involves the solution of
differential, integral, and integro-differential equations, the
well-posedness of the problem acquires special importance
[54]. The existence of the solution, its uniqueness, and its
stability are to be considered in the first place. A necessary

condition for well-posedness is the phase problem, because
the diffractometer detector fixes the complex reflection
coefficient modulus, but the phase is lost. Moreover, in
solving the inverse X-ray diffraction problem, peculiarities
of a given experiment with its inevitable measurement errors
and instrumental distortions imposed on the signal must be
taken into account. Taken together, these factors virtually
prevent a unique solution of the inverse problem.

The diffraction problem becomes much more complicated
if the studied object contains statistically distributed inclu-
sions in the crystalline space. We note that these inclusions
practically always differ in size; therefore, it makes no sense to
speak of the absolute uniqueness of the solution. It is in
principle impossible in the near future to obtain information
on the size and spatial arrangement of individual nanoinclu-
sions in a structured medium, even with the use of ultra-
powerful supercomputers. For the present, only averaged
characteristics of a study object are available for analysis.

In contrast to X-ray reflectometry [60], in which interac-
tion of X-ray waves depends on the electron density of the
medium, an indispensable condition for X-ray diffractometry
is translational ordering of atoms in the crystal lattice. We
note that crystalline systems with an ideal structure and
periodically distributed homogeneous nanoinclusions are
thus far unavailable, despite recent progress in crystal
growth technology; therefore, production of coherent X-ray
waves in the diffraction process is always accompanied by
diffuse scattering. Such scattering is characterized by the
specific intensity angular distribution, depending on the
nanostructure size and shape; it is superimposed on the
coherent component and thereby contributes to the total
signal. This creates a serious obstruction to the solution of
model-independent inverse problems.

Nevertheless, the solution of inverse problems based on
minimizing the residual functional describing how closely
calculations conform to observed data in the framework of
the chosen model allows obtaining sufficiently accurate
information on the structural characteristics of the study
objects.

3. X-ray diffraction in structured media

Structured crystalline media encompass solid-state systems
and multilayer structures characterized not only by a
translational period of the basic matrix but also by an
additional period or other spatial variation resulting from
the use of modern technologies or external impacts. Such
objects include single crystal and multilayer surface gratings,
nanoporous layers, semiconducting superlattices, self-orga-
nized systems with quantum dots and wires, etc. Results of
high-resolution X-ray diffractometry of nanostructured
media, including self-organized quantum wires, correlated
surface roughnesses, etc., on the lateral surface and in the
bulk of the lattice are reported in Ref. [62]. Most experiments
with these objects were carried out in a grazing geometry and
calculations are made in the distorted-wave Born approxima-
tion.

3.1 Multilayer quantum dots

We consider the application of high-resolution X-ray dif-
fractometry for the study of structures with QDs. First, RSMs
of the X-ray scattering intensity angular distribution were
used to analyze multilayer GaAs/AlAs QDs obtained by
electron-beam lithography with subsequent ion etching [63—
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Figure 1. Schematic of (a) a multilayer QD and (b) an RSM from a lateral periodic structure from Si/SiGe quantum dots [67].

66]. Contours of equal intensity measured for (004) and (113)
RL nodes produced a picture of satellites periodically
arranged in vertical and lateral directions. The multilayer
nanostructures were much bigger than self-organized QDs;
electron microscopy showed that they were shaped like
cylinders 640 nm in height having a radius of 65 nm. Such
QDs formed a two-dimensional lateral lattice with a period of
350 nm in one direction and 300 nm in the other (perpendi-
cular) direction.

A two-dimensional model for calculating coherent and
diffuse scattering was proposed for the quantitative analysis
of QD structural characteristics and lateral ordering [64]. A
comparison of numerical results and experimental data
yielded averaged structural characteristics of QDs, such as
the mean strain values in nanostructures and their size
averaged over the ensemble. X-ray diffraction measure-
ments, showed that the mean QD radius was 50 nm instead
of the 65 nm on electron micrographs [64]. Analyses of
diffuse scattering revealed random lattice shifts in the bulk
multilayer QDs. The formation of a diffuse spot around the
GaAs node can be attributed to the presence of defects in the
substrate near-surface layer. The cause of a much stronger
diffuse scattering for asymmetric diffraction than (004)
reflection remains to be explained. The authors of Ref. [64]
argue that the numerical simulation results generally agree
with experimental data for RSMs from laterally ordered
multilayer QDs.

The results of a later study on multilayer QDs in Si/SiGe
by the HRXRD method are reported in Ref. [67]. The original
superlattice of Si/SiGe with quantum wells was grown using
the molecular beam epitaxy technique at 600 °C. A laterally
periodic structure was formed from QDs by electron litho-
graphy with subsequent ion beam etching. Certain QD
samples were cylinders with a radius of 30, 40, 60, or 100 nm
(Fig. 1a).

Similar to previous studies [63—-66], RSMs of multilayer
Si/SiGe QDs showed additional diffraction orders (satel-
lites) in the vertical and lateral directions (Fig. 1b). The
relatively large angular dimension of satellites on the RSMs
is due to the use of a wide detector slit for the enhancement
of scattering intensity. The symbol S in Fig. 1b denotes the
diffraction peak from the substrate and D/ indicates the
corresponding diffraction order (satellite), where the sub-
script 7 is the superlattice diffraction order and the super-
script j is the lateral order related to the QD periodic

arrangement. Line E is the trace of the Ewald sphere in the
plane of reciprocal space due to the limited angular resolving
power of the diffractometer detector. The processes of elastic
relaxation in bulk multilayer Si/SiGe QDs were studied
based on X-ray diffraction data and calculations by finite
element methods [67].

3.2 Semiconductor structures

with self-organized quantum dots

The first observation of the growth of self-organized InGaAs
QDs in the InAs/GaAs SL structure dates back to 1985 [4].
The results of high-resolution X-ray diffractometry were used
for the quantitative analysis of Si/Ge structures with QDs
only 10 years later [68]. The angular distribution of scattering
intensity from superlattices with self-organized QDs near RL
nodes in SeGe [68-72] and InGaAs [73-77] suggested the
presence of interference diffuse maxima around superstruc-
tural satellites of coherent scattering (Fig. 2).

The statistical kinematic X-ray diffraction theory was
used for RSM numerical simulation [69, 70] to obtain
information on elastic strains and the vertical and lateral
correlation of the QDs. The authors of Refs [69, 70] calculated
diffuse scattering using a cylindrical QD model. Elastic strain
fields associated with the presence of QDs in the crystalline
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Figure 2. (a) Measured (left) and simulated RSM near the (004) node of the
Ge/Si superlattice with SiGe QD [70]; (b) measured RSM near the (004)
node of the InAs/GaAs superlattice with InGaAs QDs for different
azimuthal positions of the sample [77].
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Figure 3. RSM (111) reflections from PbSe/PbEuTe superlattices with
different thicknesses of PbEuTe spacers: (a) 10.4 nm, (b) 16.4 nm,
(c) 21.4 nm, (d) 45.4 nm. Formation of a 3D hexagonal lattice from 43
QDs (a—c), and 3D trigonal lattice from QDs (d) [80].
medium were calculated with the use of Green’s functions.
Only qualitative agreement between the results was achieved 42
(Fig. 2a), because only the diffuse component was taken into
account to compare experimental and theoretical RSMs in 3.22 3.24 3.26 3.28 330
the framework of the computational algorithm. Nonetheless, g, A

Refs [69, 70] demonstrated the unique potential of the
HRXRD method for the study of morphology and elastic
strain in structures with self-organized QDs.

The method for RSM construction was later successfully
used for the analysis of PbSe/PbEuTe [78-80], EuTe/SnTe
[81], InAs/InP [82], and ZnMgTe/ZnSe [83] multilayer
systems with QD arrays. For example, the authors of
Ref. [80] showed that the PbSe/PbEuTe lattice is unique in
that a variety of interlayer correlations are formed in it
depending on changes in the PbEuTe spacer thickness, the
PbSe QD size, and the growth temperature. Figure 3 shows
RSM (111) reflections from PbSe/PbEuTe superlattices
differing in the spacer thickness. When the spacer thickness
is relatively small, the QDs form a 3D hexagonal lattice in
which they are arranged strictly one above the other in the
vertical direction. The presence of a thick spacer layer results
in the formation of a 3D trigonal lattice from QDs with a
nonvertical line, whose slope is found from the RSM analysis
(see Fig. 3). Well apparent vertical diffraction satellites can be
observed together with lateral oscillations of the scattering
intensity distribution caused by the short-range ordering of
QDs in the horizontal direction [80].

A diffuse scattering angular distribution on the RSM
permits determining not only the QD size, elastic strain, and
spatial correlation, but also the stacking slope, i.e., deviation
from the QD vertical arrangement one after another relative
to the sample surface [80, 84-86]. We also note that the RSM
method is successfully used to study the morphology of QD
chains by measurements at different azimuthal positions of
the sample [87, 88].

3.3 Diffraction on 3D periodic quantum dot arrays
Modern nanotechnologies allow creating new artificial
materials with various functional properties for devices to be

Figure 4. RSMs near the (224) Bragg peak from a 3D SiGe QD periodic
structure [90].

used in physics, chemistry, biology, and medicine. Self-
organization of nanostructures with the use of templates is
recognized as a possible method for the precise positioning of
nanoscale objects to obtain arrays, molecules, and crystals
from QDs.

High-resolution X-ray diffractometry was used to
determine the size, chemical composition, and strains of
self-organized Ge/Si(001) islands in the form of a 3D lattice
grown on a (001)Si substrate with pits preliminarily etched
by electron-beam lithography and arranged in the form of a
square grid [89]. Numerical simulation of the measured
diffuse scattering intensity was performed in the framework
of the kinematic approximation in order to determine the
island parameters. To create templates with a desired
periodicity and reduce the structure size, UV interference
lithography (EUV-IL) at the wavelength 13.5 nm was used
[90].

The structural perfection of a 3D Si/SiGe periodic
system was investigated by high-resolution diffractometry
with the use of synchrotron radiation [89]. RSMs near
(004) and (224) reciprocal lattice nodes were measured and
analyzed to obtain quantitative information on positional
distortions in the QD arrangement and to determine Ge
content in the QDs. The authors proposed a structural
model describing elastic strain depending on the QD shape
and composition with the QD spatial distribution taken
into account [91]. A typical RSM with a well apparent
structure of numerous diffraction satellites in vertical and
lateral directions inherent to long-range objects is shown in
Fig. 4 [90].
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4. Influence of the quantum dot shape, size, and
elastic strain on X-ray diffuse scattering

Of all the characteristics of nano-scale structures in a crystal-
line medium, the shape, size, and elastic strain caused by the
mismatch between QD lattice parameters and the matrix
material play the most important role. Specifically, the
elastic strain is responsible for a marked alteration of the
electron zonal structure of the material. Moreover, it plays a
special role in the process of spatial ordering of QDs in
semiconducting materials.

Much attention has recently been given to research on the
elastic strain distribution inside and outside self-organized
QDs (see Ref. [92] and the references therein). A variety of
approaches are used to calculate such strain based on the
numerical finite element method [93], molecular dynamics
[94], and the valence force field [95], as well as the Green’s
function formalism [96] and the analogy between electrostatic
problems and elasticity theory [97].

Calculation of elastic strain in crystalline systems with
QDs encounters difficulties and rarely permits an analytic
solution. On the other hand, investigations of QD systems by
high-resolution X-ray diffractometry require the develop-
ment of models taking the elastic strain distribution into
account. This problem is further complicated by the necessity
to calculate not only the elastic strain itself but also diffuse
X-ray scattering from crystal lattice distortions caused by this
strain. These difficulties may account for the small number of
publications on the subject [69-72].

The theory of diffuse scattering is fairly well worked out
for the spherically symmetric inclusion model [44, 50], but
such QD self-organization occurs very rarely. As a rule, the
QD size in the lateral direction is much bigger than its vertical
size. The authors of Refs [69—72] considered cylindrical QDs
with special reference to their elastic strain and stress
relaxation on a free surface. In these reports, the solution for
the calculation of diffuse scattering was represented as the
product of the Fourier transform of the point defect
displacement field and the QD shape function. Such an
approach is not quite correct, in view of the difference
between spatial variations of strain due to spheroidal and
cylindrical inclusions [98]. On the other hand, this difference
is not so important for the transformation of a spherically
symmetric structure into a spheroidal one.

4.1 Diffuse scattering from epitaxial structures

with quantum dots of different shapes

As was noted in the preceding section, of all the structural
characteristics of nano-scale materials, the shape of the QDs
and their elastic strain caused by the mismatch between QD
lattice parameters and the matrix material play the most
important role. The Stranski-Kastanow growth mode is
known to lead to QD self-organization, the form of which
strongly depends on the growth temperature, the relation
between component flows, and the growth rate. Under
certain conditions, QDs have the form of a lens, ellipsoid,
dome, regular pyramid, or regular truncated pyramid with a
square base (see Ref. [99] and the references therein).

The shape and size of QDs are studied by transmission
electron and atomic force microscopy [99]. In recent years,
scanning tunneling microscopy has found an increasingly
frequent application in high-resolution structural studies
[99]. As a rule, these methods allow the investigation of very
small samples and mostly produce images of individual QDs.

Moreover, cleavage leads to the destruction of the study
objects. Hence the necessity of nondestructive techniques
enabling the study of intact objects and providing informa-
tion on the statistically averaged characteristics of semicon-
ducting systems with QDs.

Following Ref. [52], we analyze diffuse scattering in a
crystalline layer with buried QDs, regardless of their spatial
correlation. The consideration of thin layers with nanoinclu-
sions allows markedly simplifying general equations (3)—(6).
As mentioned in Section 2.2, the scattering intensity angular
distribution depends on the vector q determining the devia-
tion of the diffraction vector from the RL node. The
expression for the diffuse scattering intensity has the form

I;}(@) = Kp Re [t(q)] , (7)
where
=] doawewian ®)

is the intrinsic correlation volume and Kp is a constant
coefficient [50]. We recall that the term correlation volume
was introduced in [38] by analogy with correlation length.
With the strain fields outside QDs disregarded, the intrinsic
correlation function g(p) in (8) describes the shape of the
QDs. At a reciprocal lattice node, with q = 0, the correlation
volume is equal to the QD volume Vgp:

“0)= | dpeo) = Voo

The QD intrinsic correlation function in a crystalline matrix
can be represented in the form of a convolution [49, 50]:

1

2(p) :%

JD(r)D*(rJr p)dr, 9)

where the function D(r) depends on the elastic strain field and
describes local distortions in the crystal lattice. Substituting
(9) in expression for correlation volume (8) yields

_|p()
Vab

| 2

(q) (10)

where D(q) is the Fourier transform of D(r).

Following [96], we consider the model of a medium with
QDs periodically arrayed in three directions. In this case, the
QD array strain tensor e, can be represented as a three-
dimensional Fourier series:

1
e(r) = 7,

POACAESICIP

ny,ny,n3

(11)

where Vy = didrd;, di, d>, and d; are QD translational
periods in the respective directions of the crystal with a
cubic unit cell, and

¢, (&) = eion(8)
Cii +2C1(Caa? /&) + Can) ™!

x|1= 3 22 2 2
1+ (Clz + C44) Zl,zl ép /(C44£ + Canfp)

(12)

is the Fourier transform of the strain tensor component
of an individual QD inside the cubic crystal [96]. Here,
Ci11, Cyp, and Cy4 are elastic constants, the coefficient
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Can = C11 — C1p — 2Cy4 describes the anisotropic part of the
strain tensor, & = (am — agp)/am is the lattice mismatch
strain, and ay and agp are the constants of the basic matrix
lattice and QDs.

Equation (12) involves the Fourier transform of the QD
characteristic function yqp(r) [96],

Ton(®) = | rap(r)exp (En)dr. (13)
QD
where
I, reVop,
XQD(r) = {07 r ¢ VQD7

and integration is performed over the entire QD volume. We
note that the QD characteristic function yqp(r) is an analog
of the shape function in the X-ray diffraction theory and its
Fourier transform 7op (&) structurally coincides with the
correlation volume in the absence of elastic strain fields
around QDs.

The projection of the elastic displacement field onto a
distinguished direction is a result of integration of the strain
tensor

U,(r) = Jr

#Vaop

e (r')dr' + Uy, (14)

where U, is the initial displacement at the interface between a
QD and the basic matrix. We recall that we do not take real
mutual diffusion of matrix components and QDs into
consideration. Substituting (11) in (14) finally leads to

Ui == 3 e, S0 g

VL (én)r (15)

ny,na,n3

where ¢.(§,) is given by (12).
The diffuse scattering amplitude in (10) can be represented
as the sum of two terms,

D(q) = Dsw(q) + Dp(q), (16)
where the first term Dgsw(q) is the amplitude of diffuse
scattering by the crystalline matrix, regardless of the elastic
strain outside QDs (Stokes—Wilson scattering). The second
term Dp(q) accounts for the influence of lattice displacement
fields near QDs. This term in sum (16) can be represented as
[1 — exp (ihU)] exp (igr) dr.

Do(q) = Jx (17)

¢ Vap

The numerical calculation of diffuse scattering from a
crystal with buried QDs including elastic lattice displace-
ments (15) can be conveniently done in a generalized spherical
coordinate system. As a result, we have the following
expression for the second term in (16):

h T
Dp(q) = —2n 4 J df sinfcos 6

q Jo

X J dr r2U,(r, 0) exp (igrcos 0), (18)
ro(0)

where ry(0) is the distance between the center and the
boundary of QDs in the vertical diffraction plane.

The above approach was used to simulate the diffuse
scattering intensity distribution from an array of buried InAs

QDs of different shapes in a GaAs basic matrix. The choice of
QDs in the form of a cylinder was determined by the fact that
it was the first model used to analyze diffuse scattering from
the Si/Ge SL in the framework of the concept of point defects
in an isotropic semi-infinite continuum [69-72]. Models of
conical and spheroidal QDs respectively describe real grow-
ing QDs in the form of a pyramid or an ellipsoid. Also, the
model of spheroidal QDs fairly well approximates frequently
occurring QDs in the form of a lens [100]. Special attention
given in our research to the analysis of diffuse scattering from
pyramidal QD systems is attributable to difficulties of
calculations. Another important reason to consider the
above QD models is the existence of an analytic solution for
the Stokes—Wilson scattering.

Calculations of diffuse scattering were done for symmetric
reflection of (004) CuK,, radiation. In all the figures showing
RSMs of diffuse scattering, the ratio of intensities between
neighboring contours is given in the logarithmic scale and
equals 0.316. The height of all QD models, except pyramidal
inclusions, is 7 = 5 nm and the lateral size is 2R = 20 nm. For
a QD model in the form of a truncated cone, the angle o
between the height and the generatrix is 45°. Elastic displace-
ment distribution maps are represented in a linear scale with
the ratio of lattice displacements between neighboring lines
being 0.6 x 107 nm. Due to the large mismatch between
InAs and GaAs lattice parameters, the distribution of strain
inside QDs and very weak diffuse scattering from its internal
part were disregarded in the calculations.

The pyramidal QD dimensions were chosen based on
calculations of diffuse scattering on systems with spheroidal
nanostructures of the same volume (height # =5 nm, dia-
meter 2R =20 nm). The following parameters for the
pyramidal model were chosen under the assumption of
equal volumes of QDs in the form of a spheroid and a
truncated pyramid: the height 4 = 4.37 nm, the length of the
upper and lower base edges A} = 7.47 nm and 4, = 16.2 nm,
the angle « = 45° between the base and one of the pyramid
faces.

Analytic expressions for the Stokes—Wilson scattering by
a crystalline medium with cylindrical, conical, and spheroidal
QDs have the respective forms

Rh . -h
Dsc\yxlj(q) =2n m J1(qoR) sinc (%) ,

h con

Dgy'(q) = 2TEJ dz —=— J1(qoRS°") exp (ig.z) ,
0 q0 -
h/2 Rell

Dgy(q) = ZNJ dz = Ji(qoR") exp (ig:2) ,
—h/2 qo0

where Ji(qoR) is the first-order Bessel function, sincx =
sinx/x, R = R+ ztana and R = R[1 —z2/(h/2)*])"?
are conical and spheroidal QD radii depending on the
coordinate z, and ¢o = (¢ + qf)m.

The analytic solution for Stokes—Wilson scattering in the
form of a truncated pyramid is written as

Dsw (q) =2r

H 1. .
{smc (Hq1)exp (—i(Ry — Hqy))
qxqy

+ sinc (Hg>) exp (i(R) — Hgy))
— sinc (Hgs) exp (i(R> — Hgs))
— sinc (Hgs) exp (—i(Rz — H%))} .
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Figure 5. Two-dimensional maps of (a) the distribution of elastic displace-
ment and (b) diffuse scattering from a CaAs crystalline matrix with InAs
QDs in the form of a cylinder, truncated cone, and ellipsoid (from top
down). The distance between adjacent QDs in the vertical and lateral
directions is 500 nm [52].

Figure 6. Two-dimensional maps of (a) the distribution of elastic displace-
ment and (b) diffuse scattering from an InA/GaAs superlattice with
uncorrelated InAs QDs in the form of a cylinder, truncated cone, and
ellipsoid (from top down). The distance between adjacent QDs in the
vertical direction is 30 nm [52].

with the angular parameters
(g —gy)cota+q. _ (qx—gy)cota—q.
q1 = D) ) 2 = 2 )

_ (gx +gy)coto+g: ~ (gx+gqy)cota —g:
q3 = 2 o qa = 2 )

and H being the pyramid height. The coefficients R, and R,
have the form Rj> = (¢+A41 F qyA2)/2, where A, is the
length of the upper and lower base edges.

Figure 5 presents elastic displacement and diffuse scatter-
ing maps in the case of a low QD packing density in the
crystalline matrix. The mean distance between adjacent QDs
is 500 nm. In this case, lattice displacement fields from QDs
propagate over rather long distances. Such spatial changes in
strain affect the angular distribution of diffuse scattering
intensity. Lattice displacements near the center of a QD
influence the formation of the diffuse scattering intensity
distribution far from the RL node. For example, the contours
of equal diffuse scattering by a crystal with conical QDs have
a characteristic slope depending on the angle o between the
cone height and the generatrix (see Fig. 5). Such intensity
behavior near the RL node is also observed in the case of
diffraction from crystalline islands with a trapezoidal cross
section [101].

Figure 6 presents maps of the elastic displacement and
diffuse X-ray scattering distribution for QDs with large

packing density. The vertical distance between QDs is
20 nm. The distance between neighboring QDs in the lateral
direction is 30 nm. Such a spatial arrangement of QDs is
characteristic of nanostructured superlattices. In this case,
elastic lattice displacement fields rapidly decay with distance.
This means that the QD shape has only a weak effect on the
diffuse scattering angular distribution (Fig. 6b). Therefore,
the main factor in the analysis of diffuse scattering on
superlattices with QDs is the ratio of the QD height to its
lateral size, rather than the shape of nanoinclusions [102].
But the differences in the angular distribution of diffuse
scattering from superlattices with QDs of different shapes do
exist (Fig. 6b). They practically disappear if fluctuations of
the QD size and spatial correlation are taken into account.
Hence, analysis of diffuse scattering from superlattices with
QDs by the HRXRD method can be done in the framework
of a QD model that is the most convenient for numerical
calculations. The model of choice for the purpose is that of
ellipsoidal quantum dots.

We consider in more detail the results of numerical
simulations of diffuse scattering from a crystalline medium
with QDs in the form of a pyramid. The mismatch between
the deformation of constant lattices of the GaAs matrix and
InGaAs QDs is known to depend on the composition spatial
distribution in the nanoinclusion boundary region. Two
mismatch strain values sé]) =0.016 and 80( =0.003 were
used in numerical calculations.
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Figure 7. (Color online). (a, b) Orientation of the diffraction plane / (grey
color) with respect to QD configuration; (c,d) respective 2D maps of
elastic strains; and (e,f) diffuse scattering angular distribution. The
distance between adjacent QDs in the vertical and lateral directions is
250 nm [52]; the mismatch strain is > = 0.003 (c, d).

We recall that the angular distribution of diffuse scatter-
ing from a crystal with pyramidal QDs depends on the
nanostructure orientation with respect to the diffraction
plane. Figure 7 shows two positions of the diffraction plane
relative to the QD configuration for the azimuthal angles 0°
(Fig. 7a) and 45° (Fig. 7b). Figures 7c,d present elastic
displacement fields for a low QD packing density in the
crystalline matrix. The mean distance between neighboring
QDs is 250 nm in the vertical and lateral directions. The
respective diffuse scattering distribution maps are depicted in
Figs 7e, f.

Figure 8 presents two-dimensional elastic lattice displa-
cement maps and the diffuse scattering angular distribution
for QDs with a high packing density characteristic of
superlattices in the absence of vertical and lateral correla-
tion of nanostructures. The mean QD-QD distance is 20 nm,
and the distance between neighboring QDs in the lateral
direction is 30 nm. Numerical calculations demonstrate that
the behavior of elastic strain and therefore the diffuse
scattering angular distribution strongly depend on the
mismatch strains between the QD lattice and crystalline
matrix parameters.

For a relatively large strain (a(gl) = 0.016), the contribu-
tion from Huang scattering becomes essential, as confirmed
by the appearance of a ‘zero line’ at ¢. = 0 on the diffuse
scattering map (Fig. 8b). For a weak strain (332) = 0.003), the
Stokes—Wilson scattering depending on the QD core shape
prevails. In this case, the zero line is faint and the character-
istic diffuse scattering behavior directly related to the slope of
pyramidal QD faces becomes apparent (Fig. 8d). We recall
that a similar characteristic slope of equal diffuse intensity
contours was documented in a crystalline medium with
conical QDs [52].

It follows from the foregoing that results of numerical
calculations of the diffuse scattering angular distribution can

¢.,nm~!

Figure 8. Two-dimensional maps of (a,c) elastic strains and (b,d) the
angular distribution of diffuse scattering from an InAs/GaAs structure
with uncorrelated InAs QDs in the form of a truncated pyramid for
mismatch strains &' = 0.016 (a,b) and &}” = 0.003 (¢, d). The distance
between adjacent QDs in the respective vertical and lateral directions is 20
and 30 nm.

be used for the nondestructive quantitative analysis of
semiconducting systems with differently shaped QDs. The
sole difficulty that remains to be overcome in self-organized
QD growth technology is the production of equally sized
nanostructures. For this reason, most RSMs show blurred
scattering distribution contours, which means that a compar-
ison with theoretical results in numerical calculations must
take the QD size fluctuations into account.

4.2 Spheroidal quantum dots

High-resolution X-STM demonstrated that the shape of InAs
QDs in a crystalline GaAs matrix is best described by an
ellipsoid [6, 103, 104]. Moreover, it has recently been shown
that InAsGaAs QDs coated with a thin GaAs;_,Sb, layer
also have an ellipsoidal shape [105]. Because the model of
ellipsoidal (spheroidal) QDs markedly simplifies numerical
computations, the detailed analysis below is limited to two
independent approaches for the calculation of diffuse scatter-
ing from nanostructured systems in the framework of this
model.

4.2.1 Analytic solution of the problem. We consider a crystal-
line medium with randomly distributed spheroidal QDs. The
difference between the QD lattice parameter and the crystal
lattice period of the basic matrix due to their different
chemical compositions typically results in elastic mismatch
strains on the inclusion boundary. The atomic displacement

vector at a point r is written as
U(r) :AJ rirg dr’,
ylr—r'|
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where A =¢(1+v)/(4n(l —v)), & = (din — am)/am 1s the
mismatch between the inclusion lattice (a,) and the
matrix (ay), v is the Poisson coefficient, and V is the
inclusion volume. The lattice displacement vector outside
a QD is represented as a series U(r) = Uy(r) + Uy (r) +
Uy (r) +...U,(r) ..., where each term has the form

U,(r) = A(n+ 1) M%Pn(cos()) Q. (19)

Here, Q, = jV dr’r'"P,(cos '), P,(x) is the Legendre poly-
nomial of degree n. Integration in the expression for Q,, is over
the QD volume.

We consider a spheroidal QD model [51]. Let /. be the
vertical elliptic axis and R the radius of a spheroid section in
the lateral plane (lateral semi-axis). The radius Ry(0) =
R{1 + [(R/(2.))* — 1] cos? 0} "/ describes the QD bound-
ary. In this model, the coefficients Q, entering (19) can be
written as

2k—1

1
X
Q, = 2 Ak J,l dx 0T ”2)(”+3)/2 for even n,
n/2 1 2 (20)
‘Qn = kz:; bnk J_l dx W for odd n y

where a,; and b, are factors depending on the degree n of the
Legendre polynomial and the term number k, and ¢ =
(2R/L.)* — 1. 1t follows from relation (20) that only the
coefficients Q, with even n have nonzero values. Substituting
(20) in relation (19) after simple transformations shows that
the lattice displacement vector U(r) outside the QD can be
represented as the sum

0 lz 2 n
U(r) =4 Z C, ((E) - R2) Py, (cos ) rz"% , (21
n=0

where A = AV, with Vg = 2anR2/3 being the QD volume.
The coefficients C,, of the first 10 terms in sum (21) are

Co=1, C; =024, C;=0.54x10"", C3=0.12x 107",
Cy=029%x1072, Cs=0.67x10"%, Cy=0.16x 1073,
C;=037x107%, C5=089x%x107°,Cy=0.11x107°.

The diffuse scattering amplitude in the formula for correla-
tion volume (10) can be written as

o0

D(q) = Dsw(a) + Du(a) + > Du(a),

n=1

(22)

where the first term Dgsw(q) is the amplitude of diffuse
scattering from the crystalline matrix without the elastic
strain outside the QD. The second term in (22) describes
Huang scattering by analogy with ‘Coulomb’ defects [43, 44].
This term, or the dipole term of the expansion, can be
conveniently calculated in the generalized spherical coordi-
nate system. This gives the expression for the Huang
scattering amplitude

2nAhq
Dy (q) = (12

(po(q, R,lz) . (23)

The function @y(q, R, .) depends on g = ; /g2 +q} +q2 and
the parameters R and /. of the spheroid of interest:
1
Do(q, R, ) = J dx exp [igp(x, R, L)x]
-1
where

p(x, R, L) = R{l + {(;;2 - 1%2}1/2.

The multipole corrections to the diffuse scattering
amplitude can be written, depending on the number #, in the
form

lz 2 n
Difa) =251 C | (5) - R (a0, (4. R.L).
where
1
®,(q,R, L) = J dx Pz,,(x)x2" exp [iqp(x, R, lz)x}
-1

x fu(igp(x, R, 1.)x) .

The factor f,(igp(x, R,I-)x) in the integrand is defined
recursively,

1 1 1 1
T -1 <r2n—1 t 2n—2 (}’2"72 +f”*1(r)>) )

with the initial value

Ja(r)

5 71 El(fr)
Silr) _;—i_ exp (r)’
where
E\(iR) = J: dz e’(pi;iz)

is the integral exponential.

Strictly speaking, the lattice displacement field U(r) of
an individual QD in an unbounded crystalline medium
tends to disappear as r — oo. A different character of
elastic strain relaxation is inherent in densely packed
QDs in which the distances between nanostructures are
comparable to their size. Therefore, the influence of
neighboring QDs on the elastic displacement distribution
can be taken into account by introducing the notion of
the outer boundary of strain relaxation, i.e., the distances
at which lattice displacement fields vanish. The solution
of the boundary value problem leads to the conclusion
that the factor r/r?*3 in Eqn (21) should be substituted
in each nth term of the multipole expansion by the
expression

(520 (g
R12/1+3 p2n+3 R12n+3 ’

where Ry(0) is the distance determining the boundary of the
QD surface and R;(0) is the distance from the center of the
QD at which elastic displacement vanishes. As a result,
lattice displacement vector (21) takes a more complicated
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form:

. 00 L 2 n
Ulim) = 4 C, <<7) - Rz) Py, (cos
m=a> (3 21(c050)
R2n+3 -1
«(1-a) (1
R{™(0)
As Ry (0) — oo, expression (24) passes into (21).

To describe the boundary between neighboring QDs
where elastic strain fields vanish, two geometric figures can
be considered: a parallelepiped with sides 2d,, 2d,, 2d. and a
spheroid with semi-axes d, d. (in our model, d, = d,). If the

boundary has the form of a rectangular parallelepiped, the
following expressions hold:

r2n+3 r
B R12n+3(0)> 243 (24)

%, tanf =0,

dZ X
Ri(0) = 2| cos |’ taanZ,
. tan@>é

2|sin 0|’ d.’

The spheroidal boundary is described by
dy

- 2\/1 + ((dy/d-)* = 1) cos? 0 '

R (0)

Quantum dots, especially in the case of their high density in
the growth plane, most frequently form a short-range order
characteristic of lateral square lattices with the principal axes
in the [100] and [010] directions. As mentioned above, square
lattices have been produced from long-range-order nano-
structures on specially prepared substrates with a periodic
relief, referred to as quantum dot crystals [89-91]. Hence,
when choosing the shape of the boundary of the elastic strain
field where lattice displacements totally vanish, preference
should be given to rectangular parallelepipeds. On the other
hand, there are systems with QDs in which hexagonal lattices
are formed from QDs [80]; in such cases, more sophisticated
boundary conditions have to be introduced. In a certain
approximation, the spheroid boundary model can be used to
address the problem.

4.2.2 Numerical simulation. There are two methods for the
study of X-ray diffuse scattering by a crystalline structure
with spheroidal QDs in the framework of our analysis. One is
the analytic solution of the problem, the other is the Green’s
function formalism. The next natural step is a comparative
analysis of calculations of the scattering intensity angular
distribution based on these two methods. For this, we
consider a GaAs crystalline matrix in which spheroidal InAs
QDs of the height /. = 5 nm and lateral radius R = 10 nm are
distributed. Results of numerical calculations of diffuse
scattering are presented in the form of reciprocal space
maps; the ratio of intensities between the neighboring lines
for all contours is 0.38.

We first consider the case where the lattice displacement
fields in spheroidal QDs are described by formula (21) and
decay infinitely. If a spheroidal QD transforms into a
spherically symmetric structure, the expression for elastic
displacements in (21) retains only the zeroth term of the
expansion described by the well-known ‘Coulomb’ strain
relaxation with the distance from the QD boundary [44].
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Figure 9. Simulated RSMs of diffuse scattering from a GaAs crystal with
spheroidal QDs of low bulk concentration (QD-QD distance in vertical
and lateral directions is 250 nm): (a—d) multipole expansion and (e, f)
Green’s function methods. (a, ¢, ¢) &> = 0.003, (b,d,f) &' = 0.016.

The more the 2R//. ratio differs from unity, the greater
number of expansion terms must be taken into account in
the numerical calculation of the scattering intensity. Simula-
tions showed that seven terms of the multipole expansion are
sufficient for calculations with the aforementioned QD
dimensions (2R//, = 4). Considering the next terms intro-
duces no further changes in the results of calculations within
the computational error.

Figure 9 shows intensity distribution maps of diffuse
scattering from a GaAs crystal with spheroidal InGaAs QDs
for the mismatch strains eéz) =0.003 (Fig. 9a,c,e) and
sé]) =0.016 (Fig. 9b,d,f). The maps are calculated by
multipole expansion and Green’s function methods. The top
panel (Fig. 9a, b) corresponds to the QD model in which the
elastic fields of lattice displacements do not intersect each
other and vanish at infinity. Such a model can be realized only
in the case of a very low concentration of QDs, the distance
between which in three directions is much greater than
250 nm. For comparison, Figs 9c,d present the results of
multipole calculations of diffuse scattering with the introduc-
tion of parallel planar boundaries between QDs at a distance
of 125 nm from the center of the nanostructure. Although
images of equal-intense contours are generally similar at first
sight, they differ in the details.

Moreover, the contribution from Huang scattering
becomes essential for a relatively large strain mismatch
between the QD lattice and basic matrix parameters, as is
evidenced by the appearance of the zero line at ¢. =0 on
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Figure 10. Simulated RSMs of diffuse scattering from a GaAs crystal with
spheroidal QDs of high bulk concentration (the QD-QD distance in the
respective vertical and lateral directions 20 and 30 nm): (a, b) multipole
expansion and (c,d) Green’s function methods. (a,c) séz) =0.003,
(b,d) el = 0.016.

the reciprocal space map (Fig. 9b,d,f). Stokes—Wilson
scattering depending of the QD shape prevails for weak
strain (80<2) = 0.003), when the trace of the zero line
disappears (Fig. 9a,c,e). The Green’s function method a
priori implies a finite distance between adjacent QDs.
Calculations of the diffuse scattering distribution maps
with identical boundary conditions in the framework of
the two independent approaches yield similar results
(Fig. 9c,e and Fig. 9d,f), with minor differences for
mismatch strains 802 =0.003 in the case of positive ¢.
values (Fig. 9c, e) and sél) = 0.016 in the case of negative ¢.
(Fig. 94, f).

Modern technology allows creating systems with QD
arrays in which distances between neighboring nanostruc-
tures are comparable to their size. Such structures have a high
density of self-organized nanostructures and elastic strain
fields from QDs rapidly decreasing toward the boundaries
with the nearest neighbors. Figure 10 presents intensity
distribution maps of diffuse scattering from a GaAs crystal
with spheroidal InGaAs QDs for the mismatch strains
&) =0.003 (Fig. 10a,¢) and &" =0.016 (Fig. 10b,d),
calculated by the multipole expansion method (Fig. 10a, b)
and using the Green’s function (Fig. 10c,d). The distance
between adjacent QDs in the vertical and lateral directions is
20 nm and 30 nm [106]. The QD-QD boundary is chosen in
the form of a rectangular parallelepiped. The results of diffuse
scattering calculations by two independent methods differ
insignificantly, as in the case of a low concentration of
nanostructures. On the whole, high QD concentrations are
associated with broad scattering peaks and a slower decrease
in intensity with the distance from the RL node. This suggests
that the influence of Stokes—Wilson scattering in this event is
greater than in the case of a low QD concentration.

Finally, numerical simulation has demonstrated that the
form of the boundary conditions for the elastic strain field in
the case of QDs spaced far apart from each other has

practically no effect on diffuse scattering. In closely packed
QDs, the equally intense contours for the boundaries in the
form of a rectangular parallelepiped or a spheroid are
significantly different. Moreover, the two approaches reveal
a difference in the diffuse scattering angular distribution in
the case of a spheroidal boundary. It is especially noticeable
far from the RL node.

5. Spatial correlations
in the arrangement of quantum dots

The ordering of QDs in a crystalline matrix of semiconduct-
ing structures (in other words, their spatial correlation) plays
an important role in the tunneling of charge carriers in a
quantum medium. Systems with vertically coupled QDs can
serve as basic elements for injection heterolasers, solar cells,
transistors, quantum computers, and other devices [1].

We recall that the QD spatial correlation can be described
by long- and short-range order models. In the former case, the
equilibrium positions of all QDs are fixed and have a strictly
translational order. In the latter case, QDs obey the nearest-
neighbor distribution law, but the strict periodic arrangement
of all neighbors is absent. The nearest-neighbor distribution
law can be used to derive the total distribution function. The
short-range order can be described by introducing the radial
distribution function [107] or based on the paracrystalline
model described in Ref. [108].

QD arrays of various orderings are formed in semicon-
ducting systems, depending on the growth conditions,
including randomly distributed nanostructures, on the one
hand, and regular structures (crystals) of QDs on the other
hand. Evidently, there are no natural systems with strong
translational ordering. Perfect crystals grown by modern
technologies contain structural defects even at a first sight.
This observation is true of nanostructured media formed, for
example, by the lithographic technique or under conditions
facilitating self-organization. Therefore, analyses of X-ray
diffraction data must always include both coherent scattering
from ordered objects and diffuse scattering in the case of
random deviations from the statistically averaged ordering in
the system.

A variety of deviations from the ordered spatial arrange-
ment of nanostructures always occur in crystalline systems
with QDs. Each deviation characteristically affects the
scattering intensity angular distribution. We analyze the
scattering intensity distribution in a reciprocal space in
general terms using a superlattice with QDs as an example.
Figure 11 schematically depicts the QD spatial correlation in
a superlattice and illustrates its effect on the scattering
intensity angular distribution.

We first consider X-ray diffraction from an ideal super-
lattice in the absence of QDs. Because there are neither
random inhomogeneities nor other crystal lattice defects in
the bulk superlattice, only coherent scattering is observed.
Scattering intensity is distributed along the crystal truncation
rod (CTR) (Fig. 11a). The intensity profile is a totality of
vertical diffraction orders located at an angular distance
inversely proportional to the superlattice period. If the
superlattice contains a 3D periodic QD array that gives rise
to an ‘ideal crystal’ of QDs, additional satellite maxima,
besides CTRs, are formed near the RL node (Fig. 11b). The
angular distance between satellites is inversely proportional
to translational periods of QD nodes. In this case, coherent
diffraction scattering occurs.
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Figure 11. (Color online). Schematic of spatial correlation of QDs in a
superlattice and its effect on the scattering intensity angular distribution.
Blue color (areas /) depicts the intensity of coherent scattering, green color
(areas 2) is the intensity of diffuse scattering.

We assume that the ‘crystal’ made of QDs is not ideal.
Then two cases are possible. In one of them, QDs randomly
deviate from the nodes of the 3D lattice by a small distance
without the loss of the average long-range order in their
arrangement. This situation resembles a snapshot of
thermal atomic oscillations in crystal lattice nodes. As a
result, diffraction peaks retain their angular positions, and
diffuse scattering maxima are formed around them (see
Fig. 4). If distortions in the 3D lattice made of QDs do
not preserve the long-range order, the additional diffraction
satellites result from diffuse but not coherent scattering
(Fig. 11c). Finally, if the QDs are arranged randomly, a
blurred contour of diffuse scattering, characteristic of
noncorrelated QDs of a certain shape, forms around a
coherent CTR (Fig. 11d). X-ray diffraction in a semicon-
ductor superlattice with chaotically distributed inclusions
was theoretically investigated in Ref. [109]. The influence of
the spatial correlation of defects on the formation of diffuse
maxima was shown in Ref. [110

Self-organized QDs in a superlattice typically retain the
long-range order related to the superlattice period. But the
stacking length is not preserved [111]; in other words, the
vertical rows contain different numbers of QDs (Fig. 12).
Moreover, the size of the QDs fluctuates, and the positions of
their centers along the stacking line vary.

In the lateral direction, self-organized QDs preserve only
the short-range order in their arrangement in superlattice

—

layers. This shows that a thorough analysis of the influence of
the spatial correlation of QDs on the scattering intensity
angular distribution is needed.

5.1 Lateral correlation of quantum dots.

Short-range order

Following Ref. [112], we consider the influence of short-range
order in the QD lateral arrangement on diffuse X-ray
scattering. It is known that both paracrystalline and radial
distribution models are based on the introduction of the
probability function for the QD location, but the latter
model is applicable only in the case of an isotropic QD
distribution along the growth surface. We note that variants
of the paracrystalline model were used to analyze experi-
mental data by the GISAXS method [113, 114], triple-crystal
X-ray diffractometry [114], and the GIXD technique [115].
The influence of the spatial QD correlation on diffuse
scattering was theoretically considered with the use of the
radial scattering function in Ref. [116].

The concept of an ideal paracrystalline lattice for point-
like units [117] was used in [112] to develop a statistical theory
of kinematic diffraction on epitaxial layers with QDs differing
in the degree of lateral ordering.

QDs created by a self-assembly process in a crystalline
layer under certain growth conditions destroy the transla-
tional order in the lattice and induce diffuse scattering. If
the arrangement of QDs is spatially correlated, the expres-
sion for the diffuse scattering intensity should be written in
the form

I;(q) = Kp Re (T(q)) . (25)
Here, in contrast to (7), the intrinsic correlation volume t(q)
is substituted by another function 7(q) that takes the QD
spatial correlation into account. In the absence of spatial
correlation, the intrinsic correlation volume t(q) is the
Fourier transform of the Kato intrinsic correlation func-
tion g(p). This function corresponds to the QD size and
shape and the induced elastic strain near the QD. Because
the diffuse scattering angular distribution depends not only
on QD characteristics but also on their mutual spatial
arrangement, we introduce the correlation function G(p)
taking both these factors into account. Such a function can
be represented as a convolution of the QD spatial distribu-
tion function W(p) and the QD intrinsic correlation
function g(p):

G(p) :jw dp’ W(p')g(p’ — p). (26)

—00

We define the parameter of the angular distribution of diffuse
scattering on spatially correlated QDs as the Fourier trans-
form of G(p),

L roo dpG(p) exp (iqp) -

—00

(27)

If QDs are distributed randomly, i.e., in the absence of any
order in their arrangement, the correlation function G(p) can
be readily transformed into the intrinsic correlation function
g(p). With (26), correlation parameter (27) can be written as
the product

(28)
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where 7(q) is the correlation volume (shape function) of an
individual QD and

ra) - | (29)

dp exp (iqp) W(p)

—00

is the interference structural factor depending on the QD
spatial ordering.

We consider a two-dimensional function W(p,,p,)
describing the short-range structural order in the arrange-
ment of QDs. In this case, the equilibrium positions of all
QDs are not fixed rigidly as was the case for the long-range
order (see above). We choose two characteristic directions
of QD arrangement in the lateral plane (x,y) given by basic
vectors a and b. Let the nearest-neighbor position functions
H{ b(p'\,, p,) be given, with superscripts a and b indicating the
respective lateral directions. The degree of fuzziness of this
function corresponds to the lateral disorder of QDs. The
distribution of the second-nearest neighbors is given by the
function

b 1, b 1, b
Hy ' (py,py) = H" (py,p,) @ H (py,p,)

b ®2
=H{""(p.,p,)"",

where the symbol ® denotes the convolution of functions.
The convolution of a function with itself (autocorrelation)
results in additional fuzziness, such that the resulting
fuzziness increases, while the peak height decreases. General-
izing this reasoning to the description of the distribution of
the next neighbors, e.g., those with a number m in the lateral
direction a, we obtain

Hy(py,py) = H(pypy) " (30)
It can be shown that the variance (mean square deviation)
of the QD spatial distribution increases with m as
A% = A{'\/m. Let the numbers of QDs in the directions of
a and b equal N, and N,. If the number of QDs is finite,
the functions H%’(p.,p,) must be normalized to
(N, » — |m|), because the peak weight W(p,, p,) decreases
with increasing |m|. Therefore, for direction a, for example,
we must write

W py, py) =9d(py)

N,
“ N, —|m
> T‘ (Hip(pspy) + HY,(p0p)) - (1)
m=

The other dependence, W’(p.,p,), can be written similarly;
hence, the lateral QD distribution is described by a convolu-
tion of these functions. As a result, we obtain the interference
structural factor

F(Qxa fly) = Fu(‘].\'v %’) Fy(qx, ‘]y) ) (32)

where structural factors of different directions are

Fa x4y =1
(g% qy) +Na,b

{ZT'b(q.\»7qy)[(1— Z"(qe40)) Nap— (1= 21" (g6, 9)™")] }

xRe a,b 2
(1 - Zl~ (q-\'v qy))

(33)

Here,

Z{" gy, qy)

+00 —+00
= [ dp\J dpy exXp [l(q‘(p,\ + qypy)] Hl”(px’ py) (34)

J —00 —0o0

are the Fourier transforms of the unit distribution functions
of QDs.

We recall that a solution of type (33) for the model of
scattering elements with a one-dimensional quasi-periodic
lattice was obtained in the framework of a different
theoretical approach [118]. In the case of an infinite number
of QDs (N,,» — o), the interference structural factor in (33)
is simplified [113-115]. In the traditional triple-crystal X-ray
diffraction scheme, the scattering intensity angular distribu-
tion in the RS depends on the parameters ¢, and ¢..
Therefore, the expression

Fla.) - | " dgy Flgegy) (35)

should be used instead of (33) for numerical calculations in
the framework of this scheme. The solutions thus obtained
were used to numerically simulate the angular distribution
of coherent and diffuse scattering from an InGaAs/
GaAs(001) system with ellipsoidal InAs QDs. Calculations
were done using parameters corresponding to (004) reflec-
tion of g-polarized CuK,; radiation. The QDs were 10 nm
high and 20 nm in diameter. The spatially correlated QDs in
the epitaxial InGaAs layer formed a random square lattice; its
fuzziness was described by the normal (Gaussian) distribu-
tion. Calculations were done for a large number of QDs
(Ngp — 00). The QD distribution functions W(p,) for
different dispersion values and the corresponding interfer-
ence structural factors F(q,) are presented in Fig. 13.

Calculated scattering intensity distribution maps near the
(004) GaAs RL node are shown in Fig. 14. The vertical
central strip corresponds to coherent scattering on the
InGaAs layer with QDs and the semi-infinite GaAs sub-
strate. In the absence of spatial correlation, equal-intensity
contours are related to typical Huang scattering from a layer
with randomly distributed QDs (Fig. 14a). Diffraction
patterns are markedly altered in the case of a short-range
order in the QD arrangement (Fig. 14b,c). Additional
interference fringes characterizing the degree of QD Ilateral
ordering appear (Fig. 14c). Fuzziness of the lateral lattice
leads to a proportional widening of the interference fringes
(Fig. 14b). We note that such characteristic interference
fringes from spatially oriented SiGe islands were observed
experimentally near the (004)Si node on the scattering
intensity distribution maps [114].

5.2 Vertical correlation of quantum dots

The first model for the description of the vertical correlation
of QDs in the X-ray diffraction theory was considered in
Ref. [69]. In accordance with the formalism of the stationary
random process theory [119], the authors introduced the
correlation function governing the diffuse scattering beha-
vior depending on the QD ordering. If the correlation length
tended to infinity, diffuse scattering was determined by the
superlattice structural factor. In another limit case, with the
zero correlation length, the diffuse scattering intensity was
proportional to the number of periods of the multilayer
structure.
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Figure 13. (a) QD distribution functions W(p, ) (not taking the central §-shaped maximum into account) and (b) the corresponding interference structural
factors F(q,). The mean distance between QDs is T, = 50 nm, the variance 4 = 0.15T, = 7.5nm (1), 4“ = 0.3, = 15 nm (2) [110].
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Figure 14. Simulated maps of the intensity distribution for scattering on the InGaAs/GaAs system with QDs near the (004)GaAs node of the reciprocal
lattice (a) with and (b,c) without spatial correlation. The mean distance between QDs is T, = 50 nm, the variance (b) 4“ =0.37, = 15 nm,
(¢c) 4 = 0.15T, = 7.5 nm. The ratio of intensities of neighboring contours presented on the logarithmic scale is 0.45.

A model of QD lateral deviations from the stacking
midline was proposed in [120] based on the results of
investigations of X-ray diffraction on a superlattice in the
grazing geometry. In this model, the deviation variance
increases with the superlattice period number n as ¢, = \/noa,
where ¢ is the variance of the first (bottom) superlattice layer.
Such behavior of the variance is characteristic of short-range
structural order [114].

The above models ignore the principal feature of the
growth structure of superlattices with QDs, i.e., the stacking
length. Indeed, the number of vertically coupled QDs in the
bulk of a multilayer structure is subject to variation (see
Fig. 12), and the stacking length is not always equal to the
thickness of a multilayer system. Moreover, the blurring of
diffuse maxima depends on the mean stacking length rather
than the QD lateral fluctuations in the lateral plane. Because
the number of vertically coupled QDs is the main parameter
measured by modern instruments of nano- and optoelectro-
nics, we consider some details of the model taking the vertical
QD correlation into account in a superlattice depending on
the stacking length [121].

The arrangement of QDs in the vertical direction along
the z axis is known to have a strict long-range order due to
periodic alternations of layers differing in chemical composi-
tion. In the lateral direction, self-organized QDs usually
create a short-range order that can be described by the
paracrystalline model [112]. The QD spatial distribution
function W(p) can be written as the product

W(p) = Wi(py, p,) Wv(p.), (36)

where Wi(p,,p,) and Wy(p.) describe lateral and vertical
spatial arrangements of QDs. The lateral QD distribution is
not considered here because the detailed analysis of
Wi(py,p,) is presented in Section 5.1. We assume for
simplicity that Wi(py, p,) = 1.

We examine the correlation function Wvy(p,) in more
detail. Let a function w(z) define the probability for a nano-
particle to be at a point z; then the position of another particle
at a point z’ shifted strictly vertically by p.=z—=z' is
described by the function w(z’). The vertical correlation
function can by definition be represented in the form of a
convolution [122],

+oo —+00
Wv(p) = | dew@ e —p) = [ dw w0,
(37)

The formation of vertically coupled QDs is usually
determined by the conditions of the growth technology
being used and depends on a variety of parameters, such as
the elastic strain distribution, the thickness of wetting and
spacing layers, their composition, the growth temperature,
and so on. Sequential deposition of wetting and spacing layers
gives rise to a superlattice with QD arrays characterized by
translational ordering in the vertical direction. The transla-
tional period corresponds to the period of superlattice
modulation of the composition. Therefore, the function w(z)
describing QD stacking is periodic, w(z) = w(z 4 Isp). Let Iy
be the vertical distance (the superlattice thickness) over which
QDs are arranged strictly above one another to form a
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vertical column. This distance can be called the stacking
thickness, while the distance /vy is referred to as the vertical
correlation length.

It follows from the foregoing that correlation parameter
(28) can be written as the product

T(q) = t(q) Fv(g:).- (38)
The influence of coupled QDs on the diffuse scattering
distribution is described by the interference structural factor

e = [ dp. expliazo) (o). (39)

—00

Substituting (37) in expression (39) for the interference
structural factor along the vertical direction z yields

+00 2
[ dzw(z)exp (ig.z)| .

J —00

Fy(g:) = (40)

The interference structural factor of stacked QDs is written as

_ FV(anlV)a |Z| <,
Fu(g:) = { " sy (41)
where
1~ ?
Folgsiy) = \yj dz(z) exp i0:) “2)
—ly

Such a representation of the stacked QD structural factor
means that interference diffuse scattering in the vertical
direction is produced by QDs periodically arranged along
the z axis at the spacing given by the correlation length.
Correlation effects are absent outside the stacking thickness;
therefore, Fy(g.) =1. If the superlattice contains no
vertically aligned QDs, i.e., the correlation length /y is
smaller than the superlattice period /s, the interference
factor in the vertical direction is always unity. This means
that the intensity angular distribution profile contains no
diffuse scattering superstructure orders (satellites). In this
case, the shape of diffuse lines depends only on averaged
structural characteristics of the QDs randomly distributed
along the z axis and is described by their intrinsic
correlation volume (8).

Because w(z) is a periodic function, as was noted above, it
can be regarded in the model of a long-range order and
written as a Fourier series,

w(z) = Z B, exp (—inKsLz) ,

n=-—00

(43)

where Kg; = 2n/I5 is the superlattice modulation period in
reciprocal space (the distance between diffraction satellites).
The Fourier coefficients in (43) are

1 (hsu/2
B, = —J w(z)exp (inKspz) dz. (44)
IsL )i 12
Substituting (43) in (42) yields
& sin [(g- — nKsp) Iv] 2
Fv(g., Iv) = B, . 45
vigs ) ,1;;6 (q: —nKsp) lv *3)

The QD interference factor of stacked QDs in form (45)
has a clear physical meaning. Superstructural maxima of
diffuse scattering on the superlattice with vertically aligned
QDs form near the RL node at ¢5* = nKs;. = 2nn/Is;,, where
n=0,=%1,+2,...1sthe number of the diffuse satellite. Diffuse
intensity maxima are defined by the Fourier coefficients B,,.
According to (44), their values depend on the statistical
distribution of QD centers. Due to the difference in the QD
size, these centers can shift with respect to the heterobound-
ary between wetting and spacing layers. The width of diffuse
satellites in RSs in the vertical direction depends on the
correlation length /y. Because the width of the neighboring
vertical columns of QDs in a superlattice with self-organized
QDs can be different (see Fig. 12), the statistically averaged
correlation length /v and the corresponding variance of its
probability distribution must be introduced to describe
diffuse scattering. The interference factor of stacked QDs
can then be written as

Fy(g-v) = > (B, ¥(g-.lv.n),

n=—0o0

(46)

where ¥(q., ly,n) is determined by the probability function
for the correlation length distribution p(z,/ly) over the
superlattice thickness:

sin [(6]_7 - nKSL)Z} ?

(g- —nKsL)- plz,lv)dz.

'P(q27 ZV? }’l) = Jow (47)

We consider the model where the vertical probabil-
istic function for the QD distribution in the interval
(—/ls1./2;1s1./2) has the form

w(z) = exp (—'—j) .

Fourier coefficients (44) for this exponential have the analytic
expression

B, = % {1 —iexp (—%)(—1)"} . (49)

(48)

Numerical simulation of the diffuse scattering angular
distribution was performed for a 20-period InAs/GaAs
superlattice with ellipsoidal QDs [51]. The superlattice
period was 20 nm and the GaAs spacer thickness 15 nm.
The mean lateral QD radius was R = 12.5 nm and the height
[, = 5 nm. Statistical averaging over the QD dimensions and
the correlation length was done with the use of the log normal
distribution. The variance of QDs spread over dimensions
was 30% of the QD radius and height. Formula (48)
describing the vertical QD distribution was used in the
calculations, with the parameter ¢ = 3 nm.

Figure 15a presents a map of the diffuse scattering angular
distribution in the absence of vertical correlation. It applies
under the condition /y < [gy; in other words, a multilayer
structure does not contain stacked QD columns. Here and on
the next maps, the equal-intensity contours of diffuse
scattering are shown on a logarithmic scale. The ratio of
intensities between adjacent lines is 0.4. The diffuse scattering
pattern depicted in Fig. 15a is in excellent agreement with
equal-intensity contours for a crystal with randomly arranged
ellipsoidal inclusions, which means that incoherent scattering
on the superlattice in the absence of vertical QD correlation is
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Figure 15. Simulated maps of the spatial distribution of X-ray radiation
diffuse scattering by a 20-period superlattice with QDs: (a) in the absence
of vertical correlation, ly < [sp; mean correlation length & = 2ig. (b),
Iy = 20/sy. (c); stacking variance oy = Iy /4.

not accompanied by the formation of diffuse scattering
superstructural satellites.

Figure 15b illustrates the effect of the correlation length
(stacking thickness) on the formation of the diffuse scattering
angular distribution. In the case of a short correlation length
Iy = 2lg1, diffuse maxima satellites blur in the vertical
direction (Fig. 15b), and the half-width of diffuse peaks is
Agq. ~ 0.035 nm. Figure 15c shows the formation of the
diffuse scattering pattern under the condition v = 20/,
i.e., the total vertical QD correlation. The angular intensity
distribution for scattering on stacked QDs over the entire
superlattice thickness is characterized by the appearance of
relatively high and narrow (Ag. =~ 0.0035 nm~') diffuse
satellites.

6. Quantitative X-ray diffraction analysis
of heterostructures with quantum dots

Electron microscopy and X-ray diffraction are mutually
complementary methods used in research on semiconducting
systems with QDs [123]. TEM provides information at the
atomic level for samples of very small volumes, whereas X-ray
diffractometry allows obtaining averaged characteristics of
the entire object. Because the diffraction techniques are
indirect, the main problem encountered in their application
is the need to design a rather complicated procedure for the
reconstruction of the intricate structure of the study material
based on the scattering intensity angular distribution.

The first attempts to obtain information about crystalline
systems with QDs by means of RSM analysis were under-
taken in Refs [69, 70] using the Krivoglaz kinematical
diffraction theory [44]. However, such an approach cannot
be regarded as a quantitative analysis because it takes only
diffuse scattering into account (Fig. 2a). As a rule, the
intensity of diffuse scattering is lower than that of the
coherent component, even though it is distributed within a

broad RS angular interval. Diffuse and coherent scattering
intensities overlap near the RL node and thereby give rise to
the total reflected intensity contour, meaning that the
qualitative analysis of crystalline media with QDs requires a
number of sequential operations. First and foremost, coher-
ent and diffuse scattering can be taken into consideration
simultaneously by using the formalism of the Kato statistical
diffusion theory [28]. A model of the medium has to be
constructed based on a priori information about the growth
structure.

It should be borne in mind that a model-independent
solution of the inverse diffraction problem is impossible in
this case, because rather intricate structures are investigated
and both coherent and diffuse scattering channels have to be
considered. Moreover, numerical calculations should include
the statistical dispersion of QD dimensions. Experimental
RSM of semiconducting systems with QDs are large data
arrays to be processed in the general case with the use of
modern supercomputers. Another approach to the solution
of the problem is based on identifying vertical and horizontal
RSM sections along coherent and diffuse maxima. Finally,
the quantitative analysis is substantially simplified if experi-
mental diffraction data are considered together with results
obtained by other methods, e.g., TEM [123].

6.1 Short-period superlattices with quantum dots
Short-period superlattices with QDs, i.e., multilayer struc-
tures with ultrathin spacers, are presently the main focus of
research [1]. Therefore, we first consider the application of
high-resolution X-ray diffractometry to the nondestructive
quantitative analysis of a periodic structure with vertically
ordered QDs. The analysis is based on numerical simulation
of the total scattering intensity maps I(q) = 1(q) + 1,(q)
near a certain RL node, where I£(q) ~ f? and %(q) ~
(1 — f?) are the respective intensities of coherent and diffuse
scattering and f'is the static Debye—Waller factor. It is known
that coherent scattering data contain information about the
thickness of the wetting layer and its mean concentration
gradient, the spacer thickness, period fluctuations in QD
superlattices, composition variations of the superlattice
period, etc.

It was mentioned above that the statistical distribution of
QDs in the plane of epitaxial layers allows regarding them as
local structural defects responsible for diffuse scattering and
attenuation of the coherent part of the total X-ray diffraction
scattering. In general, the static Debye—Waller factor relating
diffuse and coherent components is the product f = fqop fs,
where fop = exp (—cqp Vop) is the static factor caused by the
presence of QDs without elastic strain and f; is the static
factor associated with elastic strain around QDs and other
deviations from the translational order in the crystal lattice
(point-like and extended defects, interface roughness, etc.).
Here, cqop is the bulk QD concentration and Vqp is the mean
QD volume.

Unlike coherent scattering, the diffuse component con-
tains information about QDs, including their size, shape,
elastic strain, and lateral and vertical spatial correlation.
Because we have already conducted a detailed study of the
origin of diffuse scattering from a crystalline medium with
QDs, we consider the analytic solution for X-ray coherent
scattering in a multicomponent (polytypic) superlattice with
QDs [124-126].

A characteristic parameter of such a superlattice is its
period consisting of P layers with different lattice parameters.
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Let d be the lattice spacing of the crystalline substrate, and d,
be the lattice spacings and /, the thicknesses of individual
layers of the period, where p=1,2... P gives the layer
number. Then the mean lattice spacing of a multicomponent
superlattice is written as dsp =), 5:1 dyl,/IsL, where
Isp =5, ]},):1 l, is the superlattice period thickness. The
perfection of the crystal lattice in each superlattice layer is
determined by the static Debye-Waller factor f,,.

The solution for the amplitude coefficient of coherent
X-ray wave reflection from an N-period multicomponent
superlattice is given by

RSCL(qx7 l];) = ti(q_,) Nc(q:) W(CIx)
X exp (i(N — 1> A4,(q:) 1,,) : (50)
p=1
where
Ly/2
W(qy) = J,L B dx exp (igyx)

is the parameter depending on the X-ray beam size and L, is
the lateral size of the exposed superlattice surface. The Laue
interference function of the multicomponent superlattice has

the form
P
sin (NZ Ay(q:-) l,,)
c p=1
N (qz) = [[) 5

sin (; Ay(q:) lp>

were A, = (aém — g- + &,h) /2 is the angular parameter and ¢,
is the lattice strain in the pth layer of the superlattice period.
The structural amplitude of a multicomponent superlattice is
written as

) . sin (4,(g:) 1)
Fg1 (¢:) E :ah » (@) .
Ap(q:

xexp(ZZA,‘ ) Ik +14,(q )l)

The coefficients ah =Cr ,{, / (Ay,) characterize interaction
of the X-ray field with the medium electron density of
alternating superlattice layers, where y, = | sin 0g| and 0 is
Bragg’s angle, C is the polarization factor, and 4 is the X-ray
radiation wavelength in a vacuum. Fourier components of the
X-ray polarizability X;Sm are related to the superlattice layer
structural factors Fhk,) as 1,§p> *}"())uthk]/(TCV ), where V is
the unit cell volume, ro = e?/(mc?) is the classical electron
radius, and e and m are the electron charge and mass. In the
case of a two-component superlattice (p = 1,2), solution (50)
takes the form

in (Ny)
sin y

RS (g0 42) = iFS, (g:) exp (i) ~ Wigs),  (51)

where y = A\l + Ayly, A1 2 = (ap — g- +&1,2h)/2, and Y =
(N —1)y+ A1l;. The superlattice structural amplitude is
written as

)

in (A,/
+exp (iy)a,” f> M

1 sin (Alll)
Fg(q:) = a;f >fl 4 4

For complex multilayer systems, coherent scattering is
calculated with the use of a recurrent procedure. If a
heterostructure consists of N layers, including the substrate,
and the coefficient of reflection RY_,(gy,q-) from (N —1)
lower layers is known, the amplitude coefficient of reflection
from a heterostructure R§(qy,q-) is computed using the
recursive formula [33]

(N) 1, (N) (N) g, (N
SyVb," —87b
R} (qxqu) == 2 2 ) (52)
N SI(N) _ 52(1\7)
where
S = (Ry-1(gv,q:) — ™) exp (iEWiy)
N N N 51(12
S2( ) :RN—I(qxqu)_bz( >a bl(_yz) )
fNa
y _ —qV£eW
51(.,2) #v E(N):\/(qz) —4ayal, [y,
A
(1+b)al +eVn+q., &V %
0

is lattice strain in the Nth layer.

Because short-period superlattices with QDs are usually
two-component structures, coherent scattering is calculated
using formulas (51) and (52). Numerical simulation of diffuse
scattering from crystalline media is performed as described in
the preceding paragraphs with due regard for the QD size,
shape, elastic strain, and spatial correlation.

Quantitative X-ray diffraction analysis was done for a
structure analogous to a photoluminescence system with
Aly3Gag;As barriers as thick as 2 um at the bottom and
450 nm at the top, having 240 nm thick upper and lower
CaAs waveguides. The 20-period superlattice with repeated
wetting (InAs) and spacing (GaAs) layers formed the active
region. The structures were grown by molecular beam
epitaxy on undoped GaAs(001) substrates. After the
removal of arsenic oxide from the substrate surface, the
300nm thick GaAs buffer layer was grown at 610°C on
which the main structure of interest formed. Quantum dots
were deposited at 7= 480 °C at a rate of ~ 0.035 monolayers
per second. The instant of QD formation, with the deposited
layer thickness being ~ 1.7 monolayers, was recorded from
the appearance of chevrons close to the diffraction spots of
reflected electrons [106].

X-ray diffraction measurements were carried out on a
high-resolution X’Pert MRD diffractometer (PANalytical).
Double- and triple-crystal (w—20) rocking curves (RCs) and
triple-crystal w RCs at the maximum of the main diffraction
peaks [GaAs(004), AlGaAs] and superstructural satellites
from the multilayer active region (OSL, £1SL, and others)
were measured. RSMs of scattered radiation were recorded
with the analyzer crystal in the (w—260)/w scanning mode
around the symmetric (004) reciprocal lattice node.

A priori growth information was used to construct a
model of a 20-period GaAs(001)-AlGaAs—{InAs/GaAs},q.q
structure with InAs QDs. The first stage of the X-ray
diffraction analysis consists in numerical simulation of
coherent diffraction, because its intensity is much higher
than that of the diffuse component [106]. Coherent scattering
by multilayer structures is calculated based on analytic
solution (51) and recurrent procedure (52) to take diffraction
on the substrate and the buffer layer into account. In the case
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Figure 16. Simulated RSM of (a-c) diffuse and (d) coherent X-ray scattering; (a) the absence of correlation in the QD arrangement, (b) vertical QD

correlation, (c) vertical and lateral QD correlation.

under consideration, the numerical simulation of the RSM
vertical section is performed for (004)GaAs reflection of
g-polarized CuK,;-radiation. Bragg’s angle for the chosen
reflection is 33.026°, and the lattice spacing for the GaAs
substrate is dyos = 1.4133 A. Fourier components of the
X-ray polarizability have the values

75 = (=2.889 +10.084) x 1075,
20 = (=1.697 +10.078) x 1075,
ZanAs — (2,682 +10.239) x 1075,
LA = (—1.459 +10.204) x 107°

(see Ref. [127] and the X-Ray Server website address therein).

The best agreement between simulated and observed
coherent scattering is obtained for the following parameters:
the thickness of the InAs QD-containing InGaAs layer
5.2 nm, the mean composition on the basis of In 11%, the
GaAs spacer thickness 14.8 nm, the lattice parameter
disparity Ad = dinGaas — dgaas = 2.2 x 1073 nm, the elastic
strain ¢ = Ad/dgaas = 0.016, the static Debye—Waller factor
of the InGaAs layer with QDs = 0.85.

The next stage is sequential modeling of diffuse scattering,
which requires taking peculiar features of the object of
interest into account. The size of self-organized QDs in a
semiconducting matrix is known to be different, even if their
volume variance is not very large. Nevertheless, numerical
simulation of diffuse scattering requires statistical averaging
over QD vertical and lateral dimensions, as for porous
crystals [128, 129]. Following the formalism in [130],
statistical averaging over QD dimensions L can be per-
formed with the use of the lognormal distribution

[n (L/(L))+ 02n/2]°
208y

where (L) = [ Lpn(L)dL is the mean QD size in the
lateral and vertical dimensions. Then the QD size variance

of = [, (L— (L))? pin(L) dL and the position Ly, of the
maximum in the QD distribution by size are written as

of = [exp (afy) — 1] (L)*,

2
Lmax = exp <_ 3GLN) <L> :

2

For a small QD size variance, transition to the normal
distribution occurs:

~ 2
O-]% = O-]%N<L> )

Lo = (L).

Numerical simulation of diffuse scattering begins with a
medium model in which the spatial QD correlation is absent.
The simplest but adequate enough shape of QDs is chosen for
the purpose. This requirement is satisfied by the spheroidal
QD model, which is especially simple for statistical averaging
over the nanostructure size.

Figure 16a shows a simulated map of the angular
distribution of coherent scattering by a 20-period InAs/
GaAs superlattice with chaotically arranged -ellipsoidal
QDs. In this case, QDs in an arbitrary superlattice period
are in no way related to the QD distribution in the adjacent
layers. The QD lateral radius is R = 12.5 nm and the height is
[, =5 nm. In the numerical calculations, the QD lateral
density is taken into account, with the distance to the
neighboring QD boundary in the horizontal direction being
32.5 nm, corresponding to half the mean QD-QD distance.
These structural QD parameters were obtained by direct
comparison of theoretical and experimental data.

Figure 16b illustrates the simulated distribution of diffuse
scattering from an InAs/GaAs superlattice with only vertical
QD correlation included. Since the SL period is strictly
maintained to be 20 nm, the QD vertical correlation is
described in the framework of a long-range-order model. It
follows from Fig. 15 that the vertical correlation strongly
influences the width of diffuse maximum bands in the vertical
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factor for the mean distance between QD centers « = 65 nm and the variance

direction by decreasing it while increasing the correlation
length. A comparison of theoretical and observed character-
istics of the structure of interest showed that the QD vertical
correlation length is roughly 140 nm, in agreement with the
stacking length averaged over the thickness of seven periods
of the 20-period superlattice.

Lateral correlation between the nearest QDs was
described in terms of the paracrystalline lattice formalism
[112] with the introduction of the probability function for the
QD location. In the simulated model, the spatially correlated
QDs of the InGaAs epitaxial layer form a random square
lattice, whose fuzziness is described by the normal (Gaussian)
distribution. The QD distribution function W(p,) for the
mean distance between QD centers ¢ = 65 nm and variance
A% =0.45a = 29 nm are presented in Fig. 17a. The corre-
sponding interference structural factor

FL(q,‘c) = JFL(QXv qu) dqy

is shown in Fig. 17b. The influence of vertical and lateral
correlations on the distribution of diffuse scattering from
QDs is demonstrated in Fig. 16¢c. The mean distance between
QDs and the corresponding variance were obtained by direct
comparison of theoretical and experimental data.

A comparative analysis of the experimental and calcu-
lated RSM section curves was based on minimizing the
residual functional

M
>
where Iexp(¢y",) is the measured intensity at angular positions
g for an w scan and ¢!" for an (w—26) scan, Lac(q)',) is the
corresponding calculated total scattering intensity, and M is
the number of angular positions at which scattered radiation
was collected. In our calculations, M = 50 for w scans and
M =460 for (w—20) scans. Minimization of the residual
functional was carried out for w scans of all superlattice
satellites. The discrepancy between theory and experiment
was about 5%.

In the first approximation of numerical calculations of
coherent scattering (Fig. 16d), the lateral width of the incident
X-ray beam and its angular divergence were described by the

pseudo-Voigt function [131, 132]. Therefore, the total
intensity (Fig. 16e) was the result of adding diffuse (Fig. 16c)

1 2

— ]eXP(q;;,qz) - calc(qu)
=M

Iexp (qc’l:)

(53)

and coherent (Fig. 16d) scattering. A more accurate numer-
ical calculation requires taking the instrumental function of
experimental studies into account (Fig. 18c¢).

Figure 18 shows experimental and simulated maps of
the distribution of radiation scattering by a 20-period
GaAs(001)-AlGaAs—{InAs(QDs)/GaAs},;. superlattice
near the GaAs(004) reciprocal lattice node. Calculations of
the total intensity of scattering by the substrate and the buffer
layer took the influence of defects into account in the
framework of dislocation models [133, 134]. The best
quantitative agreement between experimental and theoreti-
cal w and (w—20) scans was obtained for the values of the
Debye-Waller factor of the substrate f*'® =0.96 and of
the AlGaAs-buffer layer f;=0.94. We note that such
agreement was impossible to reach in calculations of
diffuse scattering without taking the QD stacking length
into consideration [135].

——
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Figure 18. (a) Experimental and (b) simulated RSMs from a 20-period
GaAs(001)-AlGaAs—{InAs(QDs)/GaAs},,; superlattice near the
GaAs(004) reciprocal lattice node. (c) The presence of the analyzer strip
on the simulated map is due to the consideration of instrumental
measurement function.
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Figure 19. Schematic of a heterostructure with the multicomponent superlattice. Right panel: the structure of the period of a superlattice with

QDs [125].

The calculation shows that the static factor is fop =
exp (—cop Vop) = 0.927, where Vop = (3n/2)R?L. = 1.6 x
107° pm? is the mean QD volume without taking elastic
strain into account, R = 12.5 nm is the mean QD lateral
radius, the mean QD height is /; = 5 nm (vertical size), and
cop = 4.7 x 10* um~3 is the bulk QD concentration in the
InGaAs layer of the superlattice period corresponding to the
mean QD concentration in the layer ~ 2.4 x 10! cm~2. The
concentration cop was calculated using the QD height and the
mean distance between QD centers ¢ = 65 nm (the mean area
of an individual QD Sop = a? = 4225 nm?; therefore, the
mean surface concentration of QDs is pSD =1/Sqp =
2.367 x 10" ecm~2). The calculated total static Debye—
Waller factor for the InGaAs layer was f= fop fs = 0.85.
The static Debye—Waller factor due to elastic strain and
defects near QDs corresponding to this value was
fs=0917. Averaging over QD dimensions smooths the
influence of the nanostructure shape on diffuse scattering. In
this case, the main structural characteristic of QDs is the
n = h/D ratio [102], where h is the QD height and D its
diameter. For the structure of interest, = 0.2.

6.2 Multicomponent heterostructures with quantum dots
Interlayer QD correlations in multilayer structures obey a
certain mechanism by which the QDs of one layer affect QD
growth in the next one, i.e., information about QD
positions is transferred from one layer to another. There
are three types of such mechanisms: segregation chemical
processes at the surface, morphological peculiarities of the
undulated surface, and long-range interactions of elastic
strain fields from QDs [136, 137]. Each of these processes
causes changes in strain, surface diffusion, and the surface
chemical potential across the spacer. If these changes are
sufficiently large, they affect nucleation of subsequent QDs
and thereby give rise to vertical and lateral correlations in
multilayer systems.

Nucleation of QDs via the Stranski-Krastanov growth
mode is a complicated process depending on a variety of
parameters, such as the surface tension, the lattice mismatch,
the wetting layer thickness and composition, the free energy
and local growth surface curvature, the stepped surface
structure, and growth kinetics. On a planar and chemically
homogeneous surface, these parameters are constant over the
surface width; this results in the nucleation of individual dots
at random positions on the surface. In multilayer structures,
variations in the strain and chemical composition caused by
overgrown QDs lead to selective QD nucleation at specific
positions on the surface. As a result, QDs on this surface

become spatially correlated with respect to the dots in the
preceding layers; in this way, the interlayer QD correlation is
formed [137].

Spacer thickness is paramount for the formation of
vertically coupled QD arrays. As is known, the interlayer
QD correlation decreases with the spacer thickness [138, 139].
Following [125, 126], we discuss coherent and diffuse
scattering by superlattices with QDs in the presence of a
relatively thick multicomponent spacer. The laser-type
GaAs(001)—GaAs—AlGaAs— AlAs heterostructures being
studied were grown by molecular beam epitaxy on precisely
oriented (001)GaAs substrates. They are schematically
depicted in Fig. 19.

The main Al,Ga;_,As (thickness ¢ ~ 1.2 um) and GaAs
(t = 100 nm) layers, as well as thin GaAs and AlAs layers in
smoothing short-period (zsp ~ 3.6 nm) superlattices were
grown at =~ 600°C, whereas InAs QDs and GaAs layers
immediately adjacent to them (=~ 5 nm below and ~ 2.5 nm
above) were deposited at ~ 480°C; the arsenic flow was
reduced several-fold during QD deposition by means of a
regulator on a valved cracker. The InAs deposition rate was
~ 0.03—0.032 monolayers per second.

To enhance the vertical QD size homogeneity, the
substrate temperature was increased to =~ 600°C to
remove the protruding upper part of QDs [140]. Then the
thickness of the GaAs layer was built up to ~ 5.0 nm to
enable formation of a smoothing short-period AlAs
(1.1 nm)/GaAs (2.5 nm) superlattice composed of 9 layer
pairs. The total number of periods with InAs QDs in the
examined superstructures was 3, 6, and 10; the overall
period of the layers with QDs was ~ 54 nm for the first
two samples (3 and 6 periods) and = 48 nm for the third
one (10 periods).

X-ray diffractometry was done with a high-resolution
X'Pert MRD (PANalytical) diffractometer with a multilayer
focusing mirror, a four-bounce Ge(220) Bartels monochro-
mator providing a divergence of the incident radiation of
about 12 arcsec, and a three-bounce Ge(220) analyzer with
the receiver angular aperture of about 7-8 arcsec. The use of
the X-ray optical scheme with the Bartels monochromator
ensured high monochromatization and collimation of the
incident CuK,; radiation, while the high-resolution analyzer
allowed spatial separation of coherent and diffuse compo-
nents of the scattered radiation to obtain detailed information
about the crystal perfection of the studied objects. GaAs(004)
reflection was used to measure (w—260) and v RCs and the
maps of scattering intensity distribution around the recipro-
cal lattice node.
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Figure 20. (Color online). Experimental (left) and simulated RSMs near the (004) GaAs reciprocal lattice node containing (a) three, (b) six, and (c) ten
periods of superlattice structures with quantum dots [125, 126]. /— light blue regions, 2— dark blue regions.

RSM calculations were done by the above method with
minimization of the residual functional [53].

Figure 20 shows observed and simulated RSMs for
samples containing 3, 6, and 10 periods with QDs. The
appearance of coherent and diffuse diffraction orders on the
light blue (regions /) and dark blue (regions 2) RSMs is quite
apparent. For the three-period superlattice, diffuse scattering
from QDs is poorly manifested due to the small number of
layers with QDs (Fig. 20a), whereas the other two samples
exhibit a conspicuous angular shift of diffraction spots of
incoherent scattering relative to coherent peaks (Fig. 20b, c)
[125, 126].

Strictly speaking, all models considered previously [141—
146] and the available experimental data [69, 75-77, 147] gave
evidence of X-ray diffuse scattering by modulated disfigured
crystals, including superlattices with QDs initiated in the
immediate vicinity of superstructural satellites of coherent
scattering. The first results on the shift of diffuse scattering
maxima by a certain angular distance with respect to coherent
superstructural satellites were reported in [125, 126]. An
explanation of this previously unknown effect is proposed in
Ref. [125].

According to (46) and (47), the diffuse scattering distribu-
tion in RSs is a periodic function along the ¢. section. The
period of diffuse maxima arrangement K = 27/l coincides
with the period of coherent diffraction orders. X-ray radiation
is coherently scattered by all P layers of the superlattice period,
with the coherent component in the imperfect superlattice
regions being weaker due to a decrease in the static Debye—
Waller factor. According to Bragg’s law 2dsy sinfg =4,
the mean lattice spacing dsp =) ;1;:1 dpl, /Iy determines
the angular position g of the main (zeroth) superlattice
diffraction peak. Satellite maxima in the reciprocal space are
shifted by the angular distances nK, where n is the diffraction
order number.

Diffuse scattering does not occur in the absence of
defects in the layers of a heterostructure. It is produced
only in QD-containing layers and in the neighboring ones
into which the QD-induced elastic strain penetrates. A
multicomponent lattice may contain fewer layers than the
superlattice period (P). Let the number of layers with
defects in which diffuse scattering occurs be S and S < P.
Then the mean lattice spacing in the superlattice for diffuse

scattering can be written as dsli = Zil dsls/lsli [125, 148],
where /R = 5" | [ is the thickness of the defective part of the
superlattice period. In the general case, do; may be different
from the mean lattice spacing ds;, in the superlattices for
coherent scattering. By virtue of the same Bragg’s law,
2d&) sin0g) =/, where g is the angular position of the
zeroth diffuse scattering maximum. The angular shift
between coherent and diffuse scattering maxima around the
RL node on an RSM is determined by the relation
Ags. = h® — hs, where hl) =2n/dy and hs, = 2n/ds;.
[125].

When QD-induced elastic strains are distributed across all
layers of the superlattice period, i.e., P = S, the mean lattice
spacings for coherent and diffuse scattering coincide,
ds;, = ds?_; therefore, the diffraction order maxima of these
two scattering channels also coincide, Agsy, = 0. This case is
realized for homogeneous thin spacers. As a result, a shift
between coherent and diffuse scattering maxima is absent
[106].

A comparison of theoretical and experimental RSMs
shows that diffuse scattering maxima are shifted by
Agsp = 0.025 nm~!, which means that diffuse scattering
originates not in the entire superlattice period thickness but
only in the part containing QDs and the QD-induced elastic
strain. The results of calculations suggest that in the case of a
six-period superlattice, induced strain spreads over 40 nm in
the growth direction, the period thickness being 54 nm. In the
case of a 10-period SL, this distance is 32 nm (the period
thickness is 48 nm). The multicomponent spacer prevents the
formation of good stacked QD arrays. Unlike short-period
superlattices, where the mean stacking length encompasses
seven periods [106], the QD vertical correlation length in
multicomponent heterostructures is roughly equal to two
superlattice periods with the variance of a quarter of the
period. Thus, only two vertically coincident QDs are present
in a multicomponent superlattice.

Numerical simulations yielded the QD sizes. The mean
QD height was 2.5 nm, and the mean lateral size was 20 nm.
The variance of the QD sizes fluctuations in the vertical and
lateral directions was 30%. Diffraction analysis of multi-
component superlattices revealed long-range order in the
lateral arrangement of QDs. The mean distance between
QDs was 50 nm, and the variance was 20 nm.
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7. Conclusion

This review presents a step-by-step description of nondes-
tructive X-ray diffraction research on semiconducting
systems with QDs for the purpose of quantitative RSM
analysis. This topic is of paramount importance because the
HRXRD method with RSM measurements is used to study
new systems with QDs. Results of RSM analysis, anom-
alous X-ray diffraction, high-resolution TEM, and photo-
luminescence spectroscopy have recently been used to
characterize the structural and optical properties of GaN/
AIN superlattices with QDs [149]. Vertical QD correlation
in a ZnTe/ZnCdSe system was studied with the use of a
lateral deviation model [120] for the analysis of diffraction
orders on RSMs [150, 151].

A difficulty encountered in quantitative RSM analysis
arises from the fact that experimental scattering intensity
distribution maps contain very large arrays of data (from 100
to 1000 values in each direction on a two-dimensional grid,
which roughly corresponds to a range from ten thousand to
one million intensity values on the RSM). The problem is
simplified if only selected RSM sections are considered. For
each intensity value, it is necessary either to make analytic
calculations or to numerically solve multistep integral and
differential equations. Because the fitting method implies
multiple repetition of calculations, the solution of the inverse
problem of X-ray diffraction is hardly possible without the
use of supercomputers.

We recall that RSM calculations for differently shaped
QDs were made in the framework of alternative
approaches. Specifically, X-ray scattering from buried
QDs was simulated in the framework of the kinematic
theory with the use of a finite-element algorithm and the
valence force field model (Keating model) for the elastic
strain energy [152, 153]. But the use of the kinematical
approximation to calculate diffraction from the volume
part in these studies is not quite correct due to dynamical
diffraction for a large number of atoms, regardless of the
crystal shape [154].

Weak angular deviation of diffuse scattering from
coherent satellites at the vertical RSM sections was described
for InAs/GaAs [155, 156] and Ge/Si [157] superlattices with
QDs. Unfortunately, the authors of these publications do not
provide a definitive explanation of this phenomenon.

One more important remark is in order as regards
research with the use of HRXRD but without mapping,
i.e., without RSM measurements [158—171]. In many such
cases, additional measurements are needed, e.g., of diffuse
scattering [157] and photoluminescence spectra [158, 160,
163, 164, 168—-171], as well as the use of TEM [161, 162,
168—171) and AFM [169]. Clearly, related experiments yield
additional information about systems with QDs. On the
other hand, double-crystal RCs alone are hardly sufficient,
for instance, to identify pyramidal InAs QDs in super-
conducting heterostructures or to draw a conclusion on the
vertical coupling (stacking) of QDs without an analysis of
diffuse scattering [165-167].

The approach described in this review can be effectively
used for quantitative analysis of other classes of nanostruc-
tured media, e.g., for the study of self-organized quantum
wires [172] and those obtained by lithographic techniques
[173-175], laterally bounded crystals of different shapes [176—
180], multilayer diffraction gratings [181], laterally modu-
lated superlattices [182, 183], thin layers with quasiperiodic

dislocations [184], domain [185, 186] and porous [187-190]
structures, etc.

This work was supported in part by the RFBR (project
No. 13-02-00272-a).
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