
Abstract. The power formula for turbulent velocity profiles in a
circular tube offered by G I Barenblatt, A J Chorin, and
VM Prostokishin in their paper ``Turbulent flows at very large
Reynolds numbers: new lessons learned'' (Phys. Usp. 57 250
(2014); Usp. Fiz. Nauk 184 265 (2014)) is discussed.
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In recently published review article [1], which, as far as we can
judge, is the result of more than a quarter-century of work by
its authors on the problem being discussed, it is argued that
the von K�arm�an±Prandtl universal logarithmic law for the
velocity profile of wall flows ``cannot be recognized as correct
and cannot serve as the basis for teaching and engineering
practice.'' Instead, for the flow in a circular pipe the authors
propose the formula 1
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in which y is the distance to the wall, u� is the friction velocity
(calculated from the longitudinal pressure drop), Re is the
Reynolds number based on the mean velocity and the pipe
diameter d, and n is the kinematic viscosity of the fluid. The
applicability region of power law (1) is the ``basic intermedi-
ate region'' which, as pointed out in Section 8 of Ref. [1],
matches the viscous sublayer close to the wall. Thus, as
argued by the authors, the region where (1) is valid is the
same as for the logarithmic law.

The logarithmic law, as rightly written by the authors in
their paper, is ``considered to be one of the fundamental laws
of engineering science,'' so before refuting it, it is wise to learn
what the proposed alternative relation (1) represents on its
own.

We begin, however, by recalling traditional (we can term
them classical) ideas on the behavior of the mean velocity
profile in a pipe and the known similarity laws, the derivation
of which can be found, for example, in monograph [3]. In a
viscous sublayer,where y� � O �1�, thePrandtl lawof thewall
is valid, according to which all velocity profiles can be
described by a single universal function u��y��. This function
exhibits the following asymptotic behavior near the wall:

u� � y� �O�y 4
�� ; y� ! 0 ; �2�

and far from it one has

u� � 1

�
ln y� � B� o�1� ; y� ! 1 : �3�

Relationship (3) is the logarithmic law for the velocity profile
in the near-wall region. Asymptotic form (2) is the exact result
which follows from the Navier±Stokes equations.

In the central part of the pipe, where 1=x � O�1�,
x � 2y=d, the von K�arm�an velocity defect law holds:

umax ÿ u

u�
� f �x� :

Here, umax is the velocity at the pipe axis, and f �x� is a
universal function which has the following asymptotic form
at the wall:

f � ÿ 1

�
ln x� A� o�1� ; x! 0 ; �4�

where A is a constant. Relationship (4) formulates the
logarithmic law for the velocity profile in the outer vari-
ables. Thus, the velocity field is described by two similarity
laws in terms of the two universal functions u��y�� and f �x�.
The region where both asymptotic laws (3) and (4) do overlap
is the logarithmic sublayer. (One can note that asymptotic
form (3) begins to describe the velocity profile from the value
of y� � 30 [3], which is, in practice, the lower boundary of the
logarithmic sublayer or the upper boundary of the viscous
sublayer.)

This fairly elegant concept of two characteristic scales and
two similarity laws by nomeans offers a place for formula (1).
Asymptotic form (3), for instance, cannot be replaced by
formula (1), for, were it the case, one would at least be forced
to assume that at large Reynolds numbers in a very thin
viscous sublayer, for y� � O�1�, the velocity profile in the
wall variables is not a universal one, but depends on the pipe
diameter through the Reynolds number, which, if anything,
contradicts experiments.

Thus, the logarithmic law does not exist on its own but
represents a part of a general concept used for an asymptotic
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1 There is a typo [2] in formula (26) of Ref. [1].



description of the velocity field in a pipe. If the respected authors
of paper [1] are willing to discard it, they should then
simultaneously abandon the Prandtl and von K�arm�an similar-
ity laws and propose something else instead. Put differently, if
one opts for changes, they should not be limited to just
replacing the logarithmic law with the power law, but must
introduce a new theory instead of the classical asymptotic
theory of the velocity field in a pipe, which, as we can judge, is
still lacking.

Reference [1] correctly mentions that problems arise in
attempts to determine the empiric constants � and B from the
results of velocity profile measurements. These problems can
be associated with different causes. First, they are certainly
linked to measurement errors and to the difference in the
interpretation of the results obtained and their processing
technique. So, Ref. [4] mentioned in Ref. [1] proposes the
values of � � 0:44 and B � 6:3, while the more recent study
[5], carried out with the same setup [4], gives ��0:421� 0:002
and B � 5:6� 0:08, which is already fairly close to the pair
� � 0:41 and B � 5 used most frequently. Second, one may
criticize formula (3) proper. Indeed, the derivation given by
Landau [6] only strictly states that

u� � 1

�
ln y� � o�ln y�� ; y� ! 1 : �5�

That the second term of asymptotic form (5) turns out to be
constant is an additional assumption which should possibly
be abandoned. The problem here, however, is the lack of
theoretical arguments for constraining the form of the second
term in expansion (5).

We consider now how formula (1) fares in describing
experiments. Figure 1 displays the experimental velocity
profiles [4] for Re � 2:3046� 105 and 7:7147� 106 in the
standard semilogarithmic axes, the power-law estimates by
formula (1), the straight line that corresponds to the
logarithmic law for � � 0:44 and B � 6:3 adopted in Ref. [4],
and the linear profile (2). For the Reynolds number Re �
2:3046� 105 (Fig. 1a), the power-law formula describes the
velocity profile well over the entire logarithmic sublayer (its
tentative lower boundary is drawn at y� � 30, as mentioned
above), and also in some domain above it. In contrast, for the
larger number Re � 7:7147� 106 (Fig. 1b), the behavior
looks rather different. Whereas for the reasons explained
below the experimental points with y� < 887 are absent, it is
clear that as y� decreases the velocity profile follows, at least
approximately, the logarithmic straight line 2 and then
changes to line 3. Thus, the disparity between formula (1)
and the velocity profile in the region between the two dashed
lines in Fig. 1b increases in the direction toward the wall and
becomes rather substantial in the vicinity of the upper
boundary of the viscous sublayer. This is the manifestation
of the principal flaw inherent in formula (1). For any fixed y�
in the limit Re!1, it gives u� ! 1. However, the value of
u� for a fixed y� can only be finite.

Thus, contrary to the statement in Section 8 of review [1],
in no way can the applicability region of formula (1) at large
Reynolds numbers start at the boundary of the viscous
sublayer. It is essentially narrower than the applicability
region of the logarithmic law and, as can be seen from
Fig. 1b, makes approximately an upper decade of the
logarithmic sublayer. The same picture is revealed in Fig. 2,
which presents data from a much earlier study [7]. Although
the conclusion that formula (1) forRe!1 is inapplicable over
a large portion of the logarithmic sublayer can be drawn even

without a comparison to any experimental data. It suffices
simply to pay attention to the limiting value it gives for velocity
as Re!1.

A question arises as to how one can explain the good
performance of formula (1) against the results of measure-
ments demonstrated by Figs 3 and 4 of Ref. [1]. The answer is
that these figures only show parts of the velocity profiles that
fall in the interval accessible in measurements. The point is
that there exists someminimum distance to the wall where the
measurements can still be conducted given that the thickness
of the viscous sublayer tends to zero for Re!1. For this
reason, in physical experiments with large Reynolds numbers,
it is impossible to measure the velocity profile down to the
boundary of the viscous sublayer. As can be seen fromFigs 1b
and 2b, the lower boundary of the domain where the power-
law formula is still valid is approximately the distance to the
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Figure 1. Experimental profiles of flow velocity in a circular pipe [4] for

Re � 2:3046� 105 (a) and 7:7147� 106 (b); 1 formula (1), 2 the logarith-

mic law (3), and 3 the linear profile (2). Shown are the upper boundary of

the viscous sublayer and lower boundary of the applicability region for

formula (1).

February 2015 Letters to the editors 197



wall at which such measurements are still possible. Thus, had
Figs 3 and 4 of Ref. [1] plotted all the data on the velocity
profile in the entire range of distances to the wall (i.e.,
beginning from the lower boundary of the logarithmic
sublayer), the emerging picture would be rather different.

The conclusions of this letter are as follows. Formula (1)
cannot be an alternative to the logarithmic law simply
because their applicability domains are different. The applic-
ability region of the logarithmic law is the logarithmic
sublayer. The power-law formula describes the velocity
profile in one upper decade of this sublayer and in some
domain above it. Over most of the logarithmic sublayer (as
Re!1 this part can be arbitrarily wide in logarithmic axes),
formula (1) is inapplicable since, for any fixed y� and
Re!1, it leads to a physically incorrect result: u� ! 1.
For moderate Reynolds numbers, when the logarithmic
sublayer is fairly shallow, these differences between the
logarithmic and power-law formulas are hardly noticeable.
Moreover, the power-law dependence exhibits a practical

advantage because it well fits the part of the velocity profile
resided above the logarithmic sublayer. For Re!1, the
differences can be arbitrarily large, likewise the error with
which formula (1) describes the real velocity profile.

It should also be noted that formula (1), like any non-
universal, i.e., dependent on the Reynolds number, relation-
ship, cannot be included in the existing concept of describing
the velocity profile in terms of known similarity laws (the wall
and velocity defect laws). By refuting the logarithmic law, the
respected authors are in fact proposing that these laws be
discarded, while not yet offering any replacement.
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Figure 2. Experimental profiles of velocity in a circular pipe [7] for

Re � 4:34� 104 (a) and 3:24� 106 (b). The notation is as in Fig. 1.

198 Letters to the editors Physics ±Uspekhi 58 (2)


	 刀攀昀攀爀攀渀挀攀猀

