
Abstract. If the motion of a body along a rough surface is
modelled such that the point of contact has a zero velocity, in
many cases qualitatively incorrect results can be obtained. For
the model to be physically valid, it is necessary to take into
account the finite contact area and the presence of rotational
friction, along with the sliding friction.
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The subject of this note are articles [1, 2], both dealing with the
dynamics of rattlebacks on a rough horizontal surface.

The author of this comment gave a talk on the dynamics
of rattlebacks, accompanied by an experimental demonstra-
tion, to French mathematicians at the Institut national de
recherche en informatique et en automatique (INRIA,
Rocquencourt, France) in 1995. The experimental demon-
stration impressed the listeners, and one of them proposed
that it be shown to physicists, adding ``They will immediately
invent a new elementary particle.'' The joke demonstrated the
perplexity for the listeners in conjuring up an explanation to
what had been seen.

The behavior of rattlebacks is indeed astonishing, and one
may succeed in proposing a plausible explanation for the
experiment primarily by choosing a physically grounded
model. Purely mathematical aspects play in this case a
secondary role.

The model of the rattleback, constructed and studied in
Ref. [3], represents a cut elastic ellipsoid resting on an elastic
half-plane. The area of contact is computed on the basis of the
Hertz theory of contact stresses. The main vector and main

torque of the forces of interaction between the rattleback and
the plane are obtained by integrating the elementary forces of
Coulomb dry friction in the form of elliptic type double
integrals.

Euler's differential equations of motion with the right-
hand sides in the form of double integrals are inconvenient for
the analysis. Two methods of simplifying the problem are
known.

The first, utilized by the authors of Ref. [1, 2], consists in
replacing the Hertz contact area by a point, under the
assumption that there is no slip at this point (nonholonomic
condition). This assumption leads to a substantial simplifica-
tion, because frictional forces are reduced to the reaction of
nonholonomic constraint.

Such a model of contact interaction of rolling elastic
bodies (nonholonomic model) has been widely disseminated
(see, for example, Ref. [4]).

Yet it is incorrect in the Hadamard sense. An arbitrarily
small contact area, but differing from a point, would lead to a
stepwise change in the result.

In the particular case of a spherical ball rolling along a
plane, this incorrectness was demonstrated by Ju I Neimark
and N A Fufaev [5].

The very poor fit between the nonholonomic model of
elastic contact and experiments forced PContensou [6] to turn
to a finite contact area when considering the dynamics of a
nautical vertical gyroscope. Reference [7] presents an example
where experimental results differ from the theoretical ones by
a factor of 130/3. Reference [8] shows that for a Thompson top
(tippe top), the nonholonomic model contradicts experiment
not only quantitatively, but also qualitatively.

The second way of simplifying the problem and making
the simplification correctly was checked in Refs [3, 8]. The
double integrals on the right-hand sides of the differential
equations describing the rattlebackmodel discussed inRef. [3]
are approximated by their Pad�e expansions uniformly
converging in the entire domain spanned by varying kine-
matic parameters.

The Coulomb dry friction law, viz.

F � f N sign v ; �1�
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with account for not only the slip velocity v but also for
rotation with angular velocity u, in the first Pad�e approxima-
tion depends on them as a fraction-linear function

F � f Nv

jvj � ajuj ; �2�

where a is determined by the size of the contact area and the
law of the distribution of normal stresses over it.

Of paramount importance is the circumstance that the
dependence of the force on the velocity v in formula (2) does
not contain a discontinuity of the first order, as is the case for
law (1). This is so if u 6� 0, however small the angular velocity.
Specialists in gyrodynamics call this effect as `Zhukovskii
friction revitalization'.

Expanding function (2) in the Taylor series in v in the
vicinity of v � 0, we find

F � xv ; x � f N

ajuj ; �3�

hence, it follows that dry friction acquires the characteristics
of viscous friction if rotation accompanies the slip.

For this reason, one can argue that dry friction warrants
the absence of slip at the contact point of the rattleback and
plane (nonholonomic condition) only when the rattleback is
not rotating. But it is precisely the specific features of its
rotation which present the main interest.

Thus, the model considered in Refs [1, 2] and discussed
here provides, strictly speaking, not a physical but an artificial
mathematical model, having nothing to do with a real object.

Sometimes, the nonholonomic model of rolling rigid
bodies is regarded as an approximation. This approximation
needs be substantiated. The possibility of substantiating it can
be seen in formula (3) if the angular velocity u is assumed to be
sufficiently small. In various technical tasks, this approach is
fully plausible. However, an analysis of various delicate
mathematical effects in the framework of rough initial
assumptions does not seem justifiable.

If, instead of Coulomb law (1), established for the simplest
kinematics, one resorts to law (2), which rigorously follows
from (1) in the case of arbitrary kinematics, then, as shown in
Refs [3, 8], all actually observed effects of rotation of the
rattleback, as well as the Thompson top, are recovered with
the same accuracy as that of Coulomb law (1) proper.
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