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Abstract. Coherent states (CSs) were first introduced and
studied in detail for bound motion and discrete-spectrum sys-
tems like harmonic oscillators and similar systems with a quad-
ratic Hamiltonian. However, the problem of constructing CSs
has still not been investigated in detail for the simplest and
physically important case of a free particle, for which, besides
being physically important, the CS problem is of didactic value
in teaching quantum mechanics, with the CSs regarded as
examples of wave packets representing semiclassical motion.
In this paper, we essentially follow the Malkin—Dodonov—
Man’ko method to construct the CSs of a free nonrelativistic
particle. We give a detailed discussion of the properties of the
CSs obtained, in particular, the completeness relations, the
minimization of uncertainty relations, and the evolution of the
corresponding probability density. We describe the physical
conditions under which free-particle CSs can be considered
semiclassical states.

1. Introduction

Coherent states (CSs) play an important role in modern
quantum theory as states that provide a natural relation
between quantum mechanical and classical descriptions.
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They have a number of useful properties and, as a conse-
quence, a wide range of applications, e.g., in semiclassical
descriptions of quantum systems, in quantization theory, in
condensed matter physics, in radiation theory, and in
quantum computations (see, e.g., Refs [1-7]). Although
there are numerous publications devoted to constructing
CSs of different systems, a universal definition of a CS and a
workable scheme to construct them for an arbitrary physical
system is not known. However, we believe that the problem of
constructing CSs for systems with quadratic Hamiltonians of
the general form was completely solved by Dodonov and
Man’ko, using Malkin’s and Man’ko’s integral of motion
method (see [6-8]). It should be noted that extracting concrete
sets of CSs and their properties (for a given quadratic system)
from their general results sometimes requires additional
technical efforts. In this article, we turn our attention to the
CSs of a free particle. Besides their physical importance, there
is a didactic advantage of using free-particle CSs in teaching
quantum mechanics, regarding them as examples of exact
wave packages representing semiclassical particle motion. In
this relation, we note that CSs were first introduced and
studied in detail for systems with bounded motion and a
discrete spectrum, like a harmonic oscillator or a charged
particle in a magnetic field. However, for such a simple and
physically important system as a free particle, the problem of
CS construction was not solved at that time. We believe that
this situation is explained by the fact that the free particle
represents unbounded motion with a continuous energy
spectrum, and a generalization of the initial (Glauber)
scheme of constructing the CSs of a harmonic oscillator was
not so obvious in this case. Although CSs of a free particle, in
principle, could be extracted from the abovementioned
general results of Dodonov and Man’ko, many authors
(ignoring or simply unaware of their results) keep trying to
construct CSs of a free particle, inventing their own ways.
Describing these attempts, we have to cite Refs [9-12] devoted
to this problem. In our opinion, no single one of these studies
completely solves the problem under consideration. The
authors of Ref. [10] have quite closely approached the goal,
choosing a particular case of initial states for their CSs. But
even for such initial states, they did not derive an explicit form
of time-dependent free particle CSs and did not study their
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properties. In fact, their program was realized in [9], but the
author did not identify his states with some kind of CSs. In
[11], the authors consider the limit of zero frequency in the
CSs of a harmonic oscillator, deriving a sort of CSs for a free
particle. Their CSs are expressed in terms of sums of Hermite
polynomials, and the complicated forms of the CSs hampers
their interpretation, study, and application. Another study
[12] treats free-particle CSs in the framework of a general
approach to constructing CSs for systems with a continuous
spectrum. The approach is based on using nonnormalizable
fiducial states and involves quite complicated techniques. The
authors do not present free-particle CSs well defined for any
time instant.

In this article, in fact following the Dodonov—Man’ko
method, we construct different families of generalized CSs of
a free massive nonrelativistic particle. We discuss the proper-
ties of the constructed CSs in detail, including completeness
relations, minimization of uncertainty relations, and evolu-
tion of the corresponding probability density in time. We
describe physical conditions under which free-particle CSs
can be considered semiclassical states.

2. Constructing time-dependent CSs
of a free particle

2.1 Basic equations

For simplicity, we consider one-dimensional quantum
motion of a free nonrelativistic particle of mass m on the
whole real axis R = (—o0, 00). This motion is described by the
Schrodinger equation

ino,¥(x,t) = H¥P(x,1), xeR, (1)

where the Hamiltonian H, and the momentum operator py,

- h? p2
Hx = __62 :p_x
2m

s Px=—1h0y, (2)
are self-adjoint on their natural domains [13].
It is useful to introduce the dimensionless variables
h

q:Xl_l, 'L'Zwl‘. (3)

Then Eqn (1) takes the form

. . P nl o
= = erv H\'ZiHv
SY(q,7) =0, S=1i0 pp)
52 2
Y/ R . ml
H:?y p:_1647 l//(qvf):\/zlp<lq7 h T)7 (4)

with |¥(x, 1) |2 dx = |y(q,7) |2 dg. We call the operator S the
equation operator.
In terms of creation and annihilation operators

. q+ip o §g—ip o
a= , a'= , la,a'l=1,
V2 va o 144l
the Hamiltonian H is a quadratic form:
M
H= [ata+aat - (at)* —a?]. (5)

It cannot be reduced to the first canonical form for a
quadratic combination of creation and annihilation opera-
tors, which is the oscillator-like form, by any canonical
transformation; this indicates that the spectrum of H is
continuous (see, e.g., [14]).

2.2 Integrals of motion linear

in canonical operators ¢ and p

We construct an integral of motion A(t) linear in § and j. The
general form of such an integral of motion is

A(r) =f(7) ¢ +ig(r) p+ (1), (6)

where f(t), g(t), and ¢(t) are some complex functions of the
time 7. For the operator 4(t) to be an integral of motion, it
has to commute with the equation operator in (4);

[$,4(@)] =0. (7)

If the Hamiltonian is self-adjoint, the adjoint operator At(7)
is also an integral of motion, [S, 4 ()] = 0.

Substituting representation (6) in Eqn (7), we obtain the
following equations for the functions f (), g(z), and ¢(1):

@(r) =0, (8)

f(@)=0, &r)-if(x) =0,

where the dots denote derivatives with respect to 7. The
general solution of Eqns (8) is

f(t)=c1, glt)=cy+icit, ¢(r) =const, (9)

where ¢; and ¢, are arbitrary constants. Without loss of
generality, we can set ¢(t) = 0. Thus,

A(t) =c1g+igt)p, gt)=cx+icr. (10)

The commutator [/i(r), fiT(’Eﬂ is given by
[fi(r),/i*(r)] =2Re (g*(7) (1)) = 2Re(cfe2) = 6. (11)
Equations (9) imply that ¢ is a real-valued integral of
motion, 6 = const. In what follows, we set 6 = 1,

0=2Re(cfca)=1. (12)

Let ¢; = |e1]exp (ipy) and ¢ = |e2| exp (i, ). Condition (12)
then implies that
1
|C2HCI|COS(M2—H1):§- (13)

Choosing & = 1, we set A(t) and A'(z) to be annihilation and
creation operators,

[A(1),AT(1)] = 1. (14)
It follows from Eqns (10) and (12) that

G=g (1) A) +g@) A'(v), glv) = +ian,
ip=ciAt) —cAl(x). (15)

We note that the operators § and p cannot depend on the
constants ¢y, ¢, or time 7. Indeed, using Eqns (6) and (12), it
can be verified that the relations 0.¢ = 0.p =0.,p =04 =
0.,p = 9,,¢ = 0 hold.
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2.3 Time-dependent generalized CSs form
We consider eigenvectors |z, ) of the annihilation operator poz 1
A(t) corresponding to an eigenvalue z: (g, 0) =
V2ng(1)

A(t)|z,7) = z|z,7) . (16)

In general, z is a complex number. It follows from Eqns (15)
and (16) that

q(f) = <Z7T|‘}|Za T> =4qo+pt, qo= (,’2*Z+ C2Z*a
p(t) = (z,7lpl z,7) = i(c1z" — ¢fz) = p,

z=c1q(t) +ig(r) p = c1q0 +icop. (17)
Written in the g-representation, Eqn (16) becomes

[c1q + g(1) 3] D212(q,7) = 28512 (q, 1) ,

®:12(q,7) = (glz,7) - (18)
The general solution of this equation has the form

2
‘1 4 zq

qlz,7) = @ (g,7) = exp [————i———l—x [ },

{glere) = 2200 ) s 2 Taim T
(19)

where y(t, z) is an arbitrary function of 7 and z.
We can see that the functions @{'?(¢, t) can be written in
terms of the mean values ¢(t) and p(t),

52(g, 1) =exp {ipq _ i(l‘[) l[q— q(r)]z + (/5(1,2)}’ (20)

where ¢(7, z) is again an arbitrary function of t and z.
The functions @, satisfy the equation

SO (gq,1) = Alt,z) D (g, 1), (21)
where

) =id(t,z —l 244

ie2) = i(e2) — o2+ 5. 22)

For functions (20) to satisfy Schrodinger equation (4), we
have to fix ¢ (t, z) from the condition A(z, z) = 0. Thus, for the
function ¢(z, z), we obtain

¢(t,2) :—%pzf—llng(r)—i—lnN, (23)

2

where N is a normalization constant, which we suppose to be
real.
The density probability generated by function (20) is given

by
N la—a@)
@] p{ 2lg(@)’ }

(24)

p(q.7) = |@52(q,7)| =

By considering the normalization integral, we find the
constant N:

r@ p(g,1)dg=1= N=(2r) "/*. (25)

—00

Thus, normalized solutions of the Schrodinger equation that
are eigenfunctions of the annihilation operator A(z) have the

ool 1)y 1)

and the corresponding probability density is

&2 (q,7) = |02 (g, 7) [

o la—a@)]’ 57
¢Emmep{ 2mm2}' >

In what follows, we call solutions (26) the time-dependent
generalized CSs. In fact, we have a family of states para-
meterized by two complex constants ¢; and ¢, that satisfy
constraint (12). As we see in what follows, each family of
generalized CSs represents so-called squeezed states. Addi-
tional constraints on the constants ¢; and ¢, transform these
states into CSs of the free particle (see below).

We note that the generalized CSs can be constructed in the
Glauber manner, by acting with the displacement operator
D(z,t) = exp [zA1(1) — z* A(7)] on the vacuum vector |0, 7)
defined by A(7)]0, ) = 0:

2 o0 n
<q|z7 ‘L'>=D(Z, ) <q|0,1:>:exp (— %) Z; i <q\n, r>,

(26)

NG
|n,t) = = |0, 1),
_ wp [~
|0,7) = e exp ( @) 2 ) . (28)

Functions (28) differ from those in (26) by a constant phase
factor only.
Using the completeness property of the states |1, ),

Z\n,r}(n,ﬂ:l, v, (29)
n=0

we can find the overlapping and prove the completeness
relations for the generalized CS of the free particle:

712 2
(z',7]z,7) = exp (Z’*z 7%) , VY

|[(alz15) el 4% = motq - 01,

d’z =dRezdlmz, V1. (30)

3. Standard deviations, uncertainty relations,
and CSs of a free particle

Calculating standard deviations o,(t), ¢,, and the quantity
o4p(7) in a generalized CS, we obtain

oy(x) = (G- @)) = /(@2 — (@) = |e@)].
op(2) = (b = 02 = V(52 — () = /@) = le,
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It is easy to see that the generalized CSs minimize the
Robertson—Schrodinger uncertainty relation [15, 16]:

(32)

This means that these states are squeezed states for any time
instant.

We evaluate the Heisenberg uncertainty relation in a
generalized CS taking constraint (12) into account:

04(0) (7)1, (cre)=1

(33)

N =

1 . 2
= \/ZJr [|cz|\c1|sm (1 — ) + \cl|zr] >

Using (31), we then find ¢,(0) = 0, = |c2| and 06,(0) =
o, = |c1], and hence at t = 0 this relation becomes

1 . 2
O—‘IGP|2R0(C;Q):1 =leafle1|= \/Z + [|CZ||CI| Sin (ﬂz*.ul)] .
(34)

We see that |¢;| #£ 0, i = 1,2, and the left-hand side of (34) is
minimal if p; = p, = u, which provides the minimization of
the Heisenberg uncertainty relation in the generalized CS at
the initial time instant:

1
y0p == .

3 (35)

In what follows, we consider the free-particle generalized
CS with the restriction g, = y,. Such states are simply called
CSs of a free particle.

Now, constraint (12) takes the form

—1

1
|eal|en ] =§=>cz* =7

(36)
We see that the constant p does not enter CS (26). We
therefore set ¢ = 0 in what follows. Then

1

a=lal=0, a=lal=0=5—,
q
2
T
2
Gq-f—m.
q

it

0= +2—%) , 0,(1) = |¢(0)| = (37)

From Eqn (37), we conclude that for any , the Heisenberg
uncertainty relation in the CS takes the form

) _1 1 +i > ! 38)
o4t o =3 40(;‘/2’ (
and the CSs of a free particle are given by
®7(q,7)
_exp {ilpg — (0?/2) 7] — [g — q(0)]*/14(0] +it/2)]}
Vlog +it/(20,)] V2r
(39)

In fact, we have a family of CSs parameterized by one real
parameter g,. Each set of CSs in the family has its specific
initial standard deviations ¢, > 0. Coherent states from a

6
q
Figure 1. Evolution of probability densities.
family with a given g, are labeled by quantum numbers
q .
z=——+Ilo 40
26([ llp ? ( )

which are in a one-to-one correspondence with the trajectory
initial data ¢o and p:
Imz

go=204Rez, p=——.
9q

(41)

The probability densities that correspond to the CSs are
1

[oqz + rz/(40q2)] 2n

[WMMQ}

% exp{ 2 qu +T2/(46(12)

pli(q,t) =
v

(42)

It can be seen that at any time instant 7, probability
densities (42) are given by Gaussian distributions with
standard deviations g,(t). The means (¢) = ¢(t) = qo + pt
move along the classical trajectory with the particle velocity p.
The maxima of the probability densities move with the same
velocity (42).

Figure 1 plots function (42) with ¢ =272, p =2, and
qo = 0 for two time instants t = 0 and 7 = 1.

We compare CSs (39) with the plane waves

oo 2]

Both sets of functions are solutions of the Schrodinger
equation for the free particle. The CSs belong to L3(R),
whereas a plane waves do not. A plane wave propagates with
the phase velocity, that is, p/2. The CS set generates the
probability density that propagates exactly with the particle
velocity p. We can say that CSs (39) represent wave packets
that allow establishing a natural connection between the
classical and quantum description of free particles. Depend-
ing on the parameters of the CSs, some of them can be treated
as semiclassical states of free particles, while some cannot,
because they describe pure quantum states (see below).

(43)

4. Semiclassical CSs of a free particle

To discuss the question of which CSs can be treated as
representing semiclassical particle motion, we have to return
to the initial dimensional variables x and ¢ in (3) and to the
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initial wave function ¥(x, ) written in these variables,
Eqn (4). Taking into account that

Px [
t :l = — 1t == PDx,
xX(0) =lq(x) = xo+7 1, p=2p.

hZ
0x(0)=lo,(0)=lo = o, () =al+ - 12, (44)
we obtain
Y(x,t) = !
V[ox +ift/(2may)] v/ar
i I [v— ()]
X €xp { 7 ( T om ’> " 4[o2 + it/ (2m)] } ’
1
(x,0) = P, 0| =
g | | \/[o_f, + h2tz/(4m20x2)] 2
1 x —x(1) :
X exp { -3 p +[h212/(41]74203) } ) (45)

Semiclassical motion implies that the form of distribution
(45) changes slowly with time ¢ in a certain sense. This form
changes due to the change in the quantity 712¢2/(4m>a2) with
time, which is responsible for the change in o2(f) [see
Eqn (44)]. We suppose that in semiclassical motion, this
quantity is much less than the square of the distance that the

particle travels in the same time. We then have the inequality

B, (e ) h h
t —t| = ~ 46
4m?c2 < (m Px> 20, v 2moy ' (46)
which can be rewritten in another form:
2nh
i <dno, =2, (47)
Dx

where 4 is the Compton wavelength of the particle. Hence, the
CSs of a free particle can be considered semiclassical states if
the Compton wavelength of the particle is much less than the
coordinate standard deviation o, at the initial instant. It is
known that in a cyclotron, nonrelativistic electrons move with
velocities v ~ 10° m s~!. Then, according to (46), the CSs of
such electrons with 26, ~ 10~7 can be treated as semiclassical
states.

We note that similar criteria of semiclassicality were used
in the theory of potential scattering [17] and in classifying CSs
in a magnetic-solenoid field [18].

5. Some concluding remarks

In this article, we have studied different types of generalized
CSs of a free massive nonrelativistic particle and established
properties of these states such as the completeness relations,
the minimization of uncertainty relations, and the evolution
of the corresponding probability densities in time. Among all
these types of generalized CSs, families of states are naturally
distinguished which we suggest identifying with the CSs of a
free massive nonrelativistic particle. These CS families are
parameterized by one real-valued parameter, the coordinate
standard deviation g, at the initial time instant. The CSs from
a family with a given ¢, form a complete system of functions
and are labeled by a complex-valued quantum number z,

which is in a one-to-one correspondence with the initial data
of the corresponding trajectory of the coordinate mean value.
CSs minimize the Robertson—Schrodinger uncertainty rela-
tion at all time instants and the Heisenberg uncertainty
relations at the initial instant. The smaller the coordinate
standard deviation o,(7) at the initial instant is, the faster ©
grows with time at an arbitrary instant. At any time instant z,
the probability density corresponding to free-particle CSs is
given by Gaussian distributions with standard deviations
04(t). The coordinate mean value propagates along the
classical trajectory with the mean particle velocity. The
probability density maximum propagates with the same
velocity. The constructed CSs are wave packets that are
solutions of the Schrodinger equation for a free particle.
They belong to the Hilbert space L2 (R), whereas plain waves
do not belong to this space. The CSs allow establishing a
natural relation between the classical and quantum descrip-
tions of free particles. Depending on the parameters of the
CSs, some of them can be considered semiclassical states of
free particles, and some of them cannot, inasmuch as the
latter are purely quantum states. We provide arguments in
favor of the fact that free-particle CSs can be considered
semiclassical states when the Compton wavelength is much
less than the standard coordinate deviation at the initial
instant. The suggested CSs can be apparently identified with
the asymptotic free states in nonrelativistic quantum scatter-
ing theory.

We believe it is useful for a lecture course in quantum
mechanics to complete the description of quantum motion of
a free particle with the free-particle CSs as an example of exact
wave packets, which, under certain conditions, admit a
semiclassical description of such a particle, and which allow
illustrating a large number of general principles of quantum
mechanics, such as the minimization of uncertainty relations.
The acquaintance of an audience with free-particle CSs would
naturally make it easier to understand the CSs of an oscillator
and other quantum systems.
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