Physics— Uspekhi 57 (9) 839—-876 (2014)

© 2014 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

REVIEWS OF TOPICAL PROBLEMS

PACS numbers: 61.43.-j, 61.50.Ah, 61.50.Ks, 61.66.Fn, 61.72.jd, 61.72.jj

Nonstoichiometry and superstructures

A I Gusev

DOI: 10.3367/UFNe.0184.201409a.0905

Contents

1. Introduction

2. Disorder—order transition channel and the distribution function

3. M, X superstructures

839
841
843

3.1 Trigonal M,X superstructure; 3.2 Cubic M, X superstructure; 3.3 Tetragonal M, X superstructures; 3.4 Super-

structures of lithium nickelite Lij_,_.Nij;,O,; 3.5 Sequence of M, X superstructure formation

4. M3 X, superstructures

849

4.1 Monoclinic M3X, superstructure; 4.2 Orthorhombic M3 X, superstructures; 4.3 Trigonal M;X, superstructure;

4.4 Sequence of M3 X, superstructure formation
5. M4X; superstructures

853

5.1 Cubic and tetragonal superstructures of type M, X3; 5.2 Ordering in the trigonal {-Ta4C;_, phase

6. M X5 superstructures

855

6.1 Trigonal M X5 superstructure; 6.2 Monoclinic M¢Xs superstructure: C2/c or C2 space group? 6.3 Monoclinic

(space group C2/m) MgXs superstructure; 6.4 Sequence of Mg Xs superstructure formation

7. Mg X7 cubic superstructures
8. Superstructures of lower hexagonal M,C, carbides

861
863

8.1 Rhombohedral B”-W,C superstructure; 8.2 Trigonal e-W,C superstructure; 8.3 Orthorhombic B’-W,C super-
structure; 8.4 Sequence of disorder—order and order—order transformations in W,C,

9. Superstructures of nonstoichiometric Ti, O, and VO, oxides with double defectiveness

866

9.1 Monoclinic TisOs superstructure; 9.2 Cubic TisOs superstructure; 9.3 Relation between monoclinic and cubic
TisOs superstructures; 9.4 Rhombic Ti;O, and Ti O3 superstructures; 9.5 Tetragonal TisOs superstructure;

9.6 Tetragonal Vs5;Og¢4 superstructure; 9.7 Monoclinic V40 superstructure

10. Conclusion
References

Abstract. The way in which nonstoichiometry and order and
disorder interrelate in solid phase compounds is discussed. Non-
stoichiometry due to the presence of structural vacancies is
widely found in such solid phase compounds as transition metal
carbides, nitrides, and oxides, and in related ternary interstitial
compounds. It is shown that it is nonstoichiometry that deter-
mines the disordered or ordered distribution of atoms and va-
cancies. A review is given of the current status of research into
structural order—disorder phase transitions in nonstoichiometric
compounds with basal cubic and hexagonal crystal lattices.
Symmetry analysis results for disorder—order and order—order
phase transformations are considered in detail. Key superstruc-
ture types that form in nonstoichiometric compounds with va-
cancies in one or two sublattices are also described.
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1. Introduction

Nonstoichiometry reflects the mismatch between the chemi-
cal composition of a compound and the number of sites in
crystal sublattices occupied by the atoms of its different
components [1, 2]. Nonstoichiometry is only possible in two-
and multicomponent crystalline compounds. The elemental
composition of nonstoichiometric compounds cannot be
expressed as a ratio of small integers.

The nonstoichiometry of a solid is due to the presence of
structural vacancies and interstitial atoms. The concentration
of these point defects in the majority of double and more
complex crystalline compounds is rather low and does not
exceed 0.01 at.% at 300 K, allowing deviations from
stoichiometry to be often neglected for such compounds.
Strongly nonstoichiometric compounds are those containing
structural vacancies and homogeneity intervals in which
vacancy concentration is such that it ensures interaction
between them [1-6]. The group of strongly nonstoichio-
metric compounds includes oxides, sulfides, selenides, car-
bides, nitrides, borides, metal hydrides, and related ternary
compounds possessing homogeneity intervals [1-7]. Such
intervals comprise a concentration region in which the type
of crystalline structure of a nonstoichiometric compound
remains unaltered despite a change in its composition [1-6].
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The location of the upper and lower boundaries of the
homogeneity interval depends on temperature.

The best known nonstoichiometric compound, wustite
(FeO), always contains excess oxygen due to the presence of
vacancies in the iron sublattice: the homogeneity interval of
wustite extends at high temperatures from Feg 34O to Feg 950
and does not include the stoichiometric composition of FeO.
Large deviations from stoichiometry with vacancies in the
metal sublattice occur in the FeygsS and Cu; 73S sulfides.
Nonstoichiometry with vacancies in the oxygen sublattice is
characteristic of the TiO,_,, V,0s5_,, CeO,_,, UO,_,,
MoO;_,, and WO;_, oxides. Cubic titanium (Ti,O.) and
vanadium (V,O.) monoxides contain up to 15 at.% of
vacancies in both metal and oxygen sublattices; their
composition within the homogeneity interval varies from
TiOgs5-080 to TiOjp5-133 and from VOgss_06 to
VO, 25_1.30, respectively. The highest degree of nonstoichio-
metry is found in cubic M X, carbides and nitrides (M = Ti,
Zr, Hf, V, Nb, Ta; X = C, N; 0.50 < y < 1.0); under normal
conditions, they may contain up to approximately 30—50 at.%
of structural vacancies in the nonmetal sublattice. Hexagonal
carbides and nitrides M> X, = MX, ), (0.40 < y’/2 < 0.50)
have a narrower homogeneity interval.

In 1799-1806, the French researcher J L Proust formu-
lated the law of definite proportions, stating that each
chemically pure substance always contains exactly the same
proportion of elements by mass. In 1803, the English chemist
J Dalton discovered the law of multiple proportions,
according to which the elemental composition of a com-
pound can be expressed as the ratio of small integers, i.e., it
is stoichiometric. The notion of stoichiometry was introduced
by Jeremias Benjamin Richter (1762-1807) in his book
Anfansgrunden der Stochiometrie oder Messkunst chemischer
Elemente [8]. Proust’s ideas were opposed by C L Berthollet,
who studied alloys and arrived at the conclusion that the
composition of compounds may change steadily, and some of
them may have a varying composition. The controversy
between Proust and Berthollet lasted from 1800 till 1808 and
ended in a temporary defeat of the latter. On the one hand, the
law of definite proportions and the law of multiple propor-
tions significantly contributed to many achievements in
chemistry and metallurgy but, on the other hand, they
hampered the development of the solid state theory. Non-
stoichiometry had been regarded as a curiosity till the early
20th century, when N S Kurnakov [9] demonstrated the
practical utility of Berthollet’s ideas. Since the 1930s, the
notion of nonstoichiometry has been used, based on Kurna-
kov’s works, in a sense opposite to stoichiometry.

The conception of the crystal as a periodic three-
dimensional ordered ensemble of particles is a physical
model of an ideal solid. Real crystals always have various
defects. In fact, crystals totally free of defects for 7> 0 K are
nonexistent; therefore, the presence of defects is not in itself a
sign of nonstoichiometry. Its essential feature is the mismatch
observed between the chemical composition of a compound
and the number of sites in the crystal lattice occupied by its
components.

Nonstoichiometry of a solid is due to the presence of such
point defects as structural vacancies. The introduction of
structural vacancies into a solid changes the number of atoms
in the crystal and its composition. Therefore, they differ from
Frenkel, Schottky, and anti-Schottky defects that are point-
like, too, but do not affect the crystal composition. From the
crystallographic standpoint, the presence of structural vacan-

cies is a consequence of the discrepancy between the chemical
composition of a compound, i.e., the relative number of
atoms of various kinds, and the relative number of sites in
different crystal sublattices occupied by these atoms. Physi-
cally, the cause of producing structural vacancies is the
mismatch between the composition of a compound and its
crystalline structure, owing to which the atoms of one
sublattice cannot occupy the sites of another. It makes
impossible the formation of antistructural defects and gives
rise to structural vacancies in the crystal.

Structural vacancies, i.e., vacant sites of a crystal lattice,
behave as atoms occupying the sites of the same lattice.
Therefore, they are considered to be an analog of atoms
rather than mere ‘holes’ in the lattice. Deviation from
stoichiometry and the resulting homogeneity interval can be
described as a substitution solid solution, the components of
which are atoms and structural vacancies located in a sole
sublattice. Thus, vacancies and atoms of a nonstoichiometric
compound make up a substitution solution that can be either
disordered or ordered.

Under certain conditions, interstitional atoms and vacan-
cies undergo redistribution over lattice sites and give rise to a
variety of ordered structures. The ordered distribution is most
probable at low temperatures, whereas disordered distribu-
tion occurs at high temperatures, when the entropic contribu-
tion to the free energy of a nonstoichiometric compound is
large enough [1-6]. Indeed, the thermodynamically equili-
brium state of strongly nonstoichiometric compounds at
temperatures below 1000 K is an ordered state, whereas the
disordered state in the same temperature range is metastable.

Totally ordered and totally disordered distributions are
the limiting states of a nonstoichiometric compound. Order-
ing is responsible for the formation of one or several ordered
phases in the homogeneity interval of a nonstoichiometric
compound. Nonstoichiometry is a prerequisite for promoting
disorder or order in atom and vacancy distributions in the
structure of a nonstoichiometric compound.

Nonstoichiometry occupies a highly important place in
solid state research and materials science, especially in
semiconductor electronics. Nonstoichiometry accounts for
the dependence of all properties of nonstoichiometric sub-
stances on their composition and the possibility of a targeted
modification of these properties by varying the composition
of a nonstoichiometric compound within its homogeneity
interval or by ordering such a compound at fixed chemical
composition.

Investigations in recent decades have shown that changes
in the properties of a nonstoichiometric compound under-
going ordering are comparable in terms of magnitude with
those resulting from the alteration of its composition within
the homogeneity interval of the ordered phase. This means
that variation of the composition of strongly nonstoichio-
metric compounds and redistribution of atoms and vacancies
in their crystal lattices represent two equally acceptable
modes of controling their properties.

The notion of atomic or atomic-vacancy ordering is a
synonym of the disorder—order structural phase transition.
The interchanging components of a substitutional solid
solution in the disordered state are randomly distributed
over crystal lattice sites, with the probability of filling any
site by an atom of a given type corresponding to its
concentration in the solution. A drop in temperature induces
a disorder—order phase transition that, in turn, causes the
lattice sites of a disordered solution to break up into a few
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sublattices. Sublattices of an ordered solid solution differ
from one another in probabilities of site occupation by atoms
of a given type. The ordered phases resulting from lattice
breakup into several sublattices in a disordered crystal are
called superstructures.

Ordering processes occur not only in solid substitution
solutions (alloys) but also in interstitial solid solutions, given
the number of interstitial positions is greater than the number
of atoms occupying them. In ordering of interstitial solid
solutions, the unoccupied positions and interstitial atoms act
as components of a substitution solid solution, while solvent
atoms form an immobile atomic core in which interstitial
atoms and vacancies undergo redistribution.

Thus, the presence of structural vacancies in nonstoichio-
metric interstitial compounds leads in certain conditions to
ordering. In the description of ordering in nonstoichiometric
compounds, interstitial atoms and structural vacancies are
regarded as interchanging components of a binary substitu-
tion solution in the nonmetal sublattice. Due to this, in the
simplest case of a nonmetal sublattice of nonstoichiometric
compounds having a type Bl or L'3 structure, ordering is
reduced to the breakup of the site system formed by
octahedral interstices of the metal sublattice into two new
sublattices. All sites of the first superstructural sublattice are
filled up with interstitial atoms, while the sites of the other
sublattice remain vacant. Clearly, it is quite admissible to
speak about the existence of a vacancy sublattice in the case of
ordering in nonstoichiometric compounds.

Ordering of nonstoichiometric compounds is accompa-
nied by symmetry reduction. Indeed, part of symmetry
transformations in a disordered nonmetal or metal sub-
lattice combining occupied and unoccupied sites do not
belong to the group of symmetry elements of an ordered
crystal, since these sites become crystallographically none-
quivalent.

Atomic-vacancy ordering is widespread in nonstoichio-
metric compounds and observed in most ongoing experi-
ments with nonstoichiometric carbides, nitrides, and oxides.

However, the available experimental data on the structure
of ordered phases of nonstoichiometric compounds are far
from complete and not infrequently contradictory.

Crystallographic considerations in Ref. [10] suggest the
formation of type M,C, M3C,, MsCs, M4Cs, MsCs, MsCy,
M¢Cs, and MgC; ordered structures in carbides. Calculations
of ordering processes in strongly nonstoichiometric cubic
MX, compounds by the order parameter functional method
[1-6, 11-17] showed that only M,X, M3X,, and MyXs
superstructures can form, taking into account thermo-
dynamic limitations. In the case of a specific position of the
upper boundary of the homogeneity interval (as in cubic
vanadium carbide VC,), the MgX; phase can appear as a
result of the disorder—order transition.

The first review of ordered structures of carbides and
nitrides of transition metals was presented in Ref. [18].
Atomic ordering of nonstoichiometric compounds was
discussed in later studies [19-23]. A sufficiently detailed
comprehensive analysis of ordering processes in nonstoichio-
metric compounds, based on the results obtained before 2000,
can be found in several reviews and monographs [1-6, 1214,
24-29]. New data on the superstructures of nonstoichiometric
compounds were reported at the beginning of the 21st
century; also, the sequence of disorder—order and order—
disorder phase transformations became for the first time a
matter of discussion. The present work is an attempt to

summarize the available data on superstructures of nonstoi-
chiometric compounds and additionally attract the attention
of experimentalists to such interesting objects as strongly
nonstoichiometric compounds.

2. Disorder—order transition channel
and the distribution function

It is convenient to describe the structure of ordered phases
using the distribution function n(r), i.e., the probability of
discovering an atom of a given kind at site r = (xy, y1,z1) of
the Ising lattice undergoing ordering transformations. To
perform the symmetry analysis and to calculate the distribu-
tion functions of interstitial atoms in various superstructures,
it is necessary to move to the reciprocal lattice of these
superstructures and to find the channel of the disorder—
order structural phase transition. The basis vectors b} of the
reciprocal lattice are defined via translation vectors a; of the
unit cell by the ordinary formula
X ay

b} =2n ————
! nal(azxa3)’

(1)
where i, j k=1,2,3.

In the case of nonstoichiometric MX, compounds with
the basic structure Bl1, the Ising lattice undergoing atomic-
vacancy ordering is the nonmetal face-centered cubic (fcc)
sublattice. Translation vectors determining the positions of r
sites in this sublattice have the form: r = xja; + yja; + zja;,
where a;, a,, a3 are the fundamental translations of the fcc
lattice in the [100]g, [010],, and [001], (|a;| = |az| =
|as| = @) directions, and xj, yi, z; are the site coordinates
(integers or half-integers) in the nonmetal fcc sublattice. The
basis vectors of the reciprocal lattice corresponding to the
direct fcc lattice are equal to by = (111), by = (111), and
b; = (111) in 2/ap, units. From here on, the numbering and
description of {k,} stars of the wave vectors of the fcc lattice
and their k) rays are given in accordance with monographs
[1, 2, 30, 31].

Combining the above superstructure vectors by, b3, and b3
of the reciprocal lattice and translating them by the vector
r = mb] + mb; + n3b3 permit us to determine which none-
quivalent vectors enter the first Brillouin zone of the
disordered nonmetal fcc sublattice and to which {k,} stars
these nonequivalent vectors belong. In this way, we find the
channel of disorder—order structural phase transition, i.e., the
set of all nonequivalent superstructure vectors ks(«" ) of the
reciprocal lattice measured from the nearest structural site of
this lattice and entering the first Brillouin zone of the
disordered lattice constructed around this site; these vectors
are the rays of {k,} stars associated with this phase
transformation. Such a definition of the phase transition
channel was formulated in paper [26] based on previous
studies [12, 13, 32-34]. The term ‘transition channel’ was
proposed in Ref. [35] with respect to second-order phase
transitions. Today, it is used when describing second- and
first-order structural phase transitions. Since the transition
channel is known, it is possible to calculate the distribution
function n(r) of atoms in an ordered lattice.

Deviation of the probability n(r) from its magnitude in the
case of disordered (statistical) distribution can be represented
as the superposition of several plane concentration waves
[36]. Their wave vectors are superstructure vectors making up
a disorder—order transition channel [1, 2]. In the static
concentration wave method [36], the distribution function
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n(r) has the form

)=y+ ZZZM exp (i) exp (ik)r)

s jeEs
+exp (—ip)) exp (—ik)r)] (2)

where y is the fraction of sites occupied by the atoms of a given
kind in the lattice undergoing ordering; the quantity

5 157 [exp (ig)")) exp (ikVr)
+exp (—ip!)) exp (—ik/1)] = Ak, r)

is the plane standing static concentration wave generated by
the k") superstructure vector of the {k,} star; 5, is the long-
range order ?arameter corresponding to the {k,} star, and

n,y, and q)s are the amplitude and the phase shift of the
concentration wave, respectively. It follows from Eqn (2) that
each star of the wave vector {k,} corresponds to a long-range
order parameter . The distribution function at sites r located
in crystallographically equivalent positions assumes one and
the same value, because it is invariant with respect to rotation
and reflection transformations entering the symmetry point
group of the ordered crystal. The total number of values taken
by the distribution function is greater by unity than the
number of long-range order parameters. Summation in
formula (2) should only be taken over nonequivalent super-
structure vectors of the first Brillouin zone.

The notion of the phase transition channel is of impor-
tance for the construction of the diffraction pattern of an
ordered crystal; it ensures Correct and unambiguous determi-
nation of parameters y, and (/)y( of the distribution function
n(r).

Given ordering in the Bravais lattice, each superstructure
vector k( /) in the first Brillouin zone corresponds to the
opposite superstructure vector k( /) Vector k(’ ) enters the
phase trdnsmon chdnnel if i 1t 1s not equivalent to vector k< N,
ie., if [k\/) — (~k/))]= 2k /) # H. The concentration wave
w1th the opposite wave Vector —ks( undergoes a phase shift
with the opposite sign equaling —goﬁj ), Thus, the opposite
superstructure vector —kSU ) does not enter the phase transi-
tion channel in that and only in that case where the doubled
superstructure vector Zk( /) equals the structural vector H of
the reciprocal lattice. In the case of ordering in the fcc lattice,
such vectors are the rays of {ko¢} and {kjo} stars.

Nonequivalent superstructure vectors k<’ and k ) give
two similar concentration waves; due to thls the correspond-
ing terms of Eqn (2) can be combined. As a result (see paper
[26]), function n(r) takes the form

=y+ %Z’?s > {z - ;5(2&?” — H)]

s JEsS
x [p()) exp (ik 1) + 7" (k) exp (=ik!r)], (3)
where y(k{/)) = y,exp (ip”) and 3 (k) = y,exp (~ip,”)
are complex-conjugate quantities, and

Sk w4 L IF K =H,
’ 0, if 2k!/) #H.

The delta function §(2k”) — H) allows taking account of the
case when the opposite superstructure vector —kx(f) is

equivalent and does not enter the phase transition channel.
The sum 3}, 9(2k") — H) over the entire set of sites {H} of
the reciprocal lattice equals either unity (in an fcc lattice, such
vectors are the rays of Lifshitz {ko} and {ko} stars alone) or
zero. Summation over s and j in Eqn (3) means summation
taken over all vectors of the phase transition channel, barring
the opposite vectors —ks(«’ ),1i.e., summation over the truncated
phase transition channel.

Bearing in mind the known relations exp (i) = cos o +
isina and exp (—io) = cos o — isina, the authors of Ref. [26]
transformed the distribution function (3) into the trigono-
metric form used in practice to describe concrete super-
structures:

N=y+Y 0. [Ageos (k) + Bysin (k)] , (4)

s jES

where
Ay = {2 — 25(21( 7 H)} yycos )|
H
Bsj=— {2 - Zé(Zk - H)} yysing V).
H

The numerical values of A,; and By; coefficients [i.e., the
explicit form of the distribution functlon n(r)] being known, it
is possible to find parameters y, and ¢’ U) of this function:

= {2 = 62k
H
. B T Ay
() — _ arct i\ LT () Ay
s arean (ASJ) * 2 ( ‘Asj|)

#5 (1 |i,|) (1+ éw) (©)

For the Lifshitz {ko} and {kjo} stars in an fcc lattice,
coefficient By; =0 and 7y = |Ayj|. As follows from formula
(62 the phase shift ¢y U) = 21 = 0 in this case for Ag; >0, and
s ) = for Ay < 0. If certain coefficients By; corresponding
to Lifshitz stars from {ks} to {ko} vanish i 1n the distribution
function, i.e., By; =0, the phase shift ¢’ U = =0, too, for
As; > 0, and is q)f 7 = = n for 4,; < 0.

In calculating the distribution function, coefficients y, are
defined so that the long-range order parameters 7, equaling
unity correspond to the fully ordered state of the crystal.
Under this condition, the distribution function of nonmetal
atoms assumes only two different values at the totality of sites
of the nonmetal fcc sublattice undergoing ordering: n; = 0 at
vacant sites, and n, = 1 at the sites occupied by nonmetal
atoms. Thus, knowledge of the transition channel and the use
of the static concentration wave method allow us to obtain the
general form of the distribution function for any structure
without specifying the values of the long-range order
parameters #,.

It was shown both experimentally and theoretically that
superstructures My Xo,—1 (M2, X2,-10), where t =1, 1.5, 2, 3,
and 4, are produced in strongly nonstoichiometric com-
pounds together with some other superstructures (TisOs,
Tiy03, TiyOs, V404, V520e4). A few new superstructures
have recently been described and the data on the known ones
substantially corrected and improved.

- H>}1\<A§,—+B§>W!, (5)
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With this in mind, we shall consider below transition
channels and distribution functions corresponding to super-
structures of nonstoichiometric compounds. For uniformity
and convenience, the unit cells of superstructures will be
constructed whenever possible so that vacant sites are
located at their vertices.

3. M, X superstructures

3.1 Trigonal M, X superstructure

The unit cell of a trigonal (space group R3m) M,X super-
structure is shown in Fig. 1. The major axis of such a unit cell
has direction [111],,. Its translation vectors, as well as the
coordinates of atoms and vacancies in an ideal trigonal M, X
structure, are presented in Table 1. The trigonal (space group
R3m) M, X type ordered phase was observed experimentally
in titanium carbide [37].

Calculations of superstructure vectors and their transla-
tion showed that the trigonal M, X superstructure forms in a
nonstoichiometric MX, compound in the phase transition
channel involving a single ray k9<3) = by/2 of the Lifshitz star
{ko} (Table 2). For other orientations of the unit cell
([111] g, [111],, and [111],,), the transition channel con-
tains rays k9l , k92 ,or kg, respectively. The subscript of the
wave vector corresponds to the star number, and the
superscript to its ray number. The distribution function
describing a trigonal (space group R3m) M,X superstruc-
ture has the form

n(xy,y,z) =y — %9 cos [n(x; — y1 +z1)] . (7)

In this superstructure, coordinates (xy, yr, z1) of the sites of the
fce Ising lattice correspond to those in Fig. 1 and are related to
the trigonal coordinates in Table 1 by the following expres-
sions: x1 = X /2 + yu + Zu/2, y1 = =X — Yu/2 — Zue/2, and
21 = Xir /24 V1 /2 + zie. Function (7) also describes the trigo-
nal (space group R3m) substitution superstructure 4B (of the
CuPt type).

The completely ordered state of a nonstoichiometric M X,
compound is reached when the long-range order parameter
19(y) equals unity, and the relative concentration of inter-
stitial atoms in the nonmetal sublattice is yy = 1/2. In the
nonmetal sublattice of a fully ordered trigonal (space group
R3m) M, X structure, the complete atomic plane (111),, in
which all sites are occupied by interstitial atoms, and the
defective plane (111),, all sites of which are vacant,
successively alternate in the [I11[p, direction. In such a
superstructure, distortions of the metal sublattice must be
apparent.

Distribution function (7) at all sites of the fcc nonmetal
sublattice takes two values, n; and n,, that are the probabil-
ities of detecting interstitial atoms at these sites (see Table 1).
Parameters y, and (pS(J ) of distribution function (7) are
presented in Table 2.

A trigonal (space group R3m) M,X superstructure can
also be represented in the hexagonal arrangement (see Fig. 1).
Translation vectors of the hexagonal unit cell of this super-
structure and magnitudes of the distribution function at its
sites are listed in Table 1.

3.2 Cubic M,X superstructure -
The unit cell of the cubic (space group Fd3m) M,X super-
structure is illustrated in Fig. 2. Translation vectors of this

[001]p:

7 S
Chex S .
] .
> ~_ @ c e
N AT
AN - \ '.v“ bhex
CX
PN HEZAAN R
- =] S\
b;& Ry R
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M, X (space group R3m)

Figure 1. Positions of trigonal and hexagonal unit cells of the trigonal
(space group R3m) M, X superstructure in a lattice with the basic structure
Bl1: (O) interstitial atom, (@) metal atom, and (O) vacancy. The hexagonal
unit cell is shown by dashed-dotted lines.

unit cell, together with atom and vacancy coordinates, are
given in Table 1. The cubic (space group Fd 3m) M, X ordered
phase was observed experimentally in titanium and zirconium
carbides [37-39]. In Ref. [26], the position of the unit cell of
this superstructure in the lattice with structure Bl is shown
incorrectly (without the shift of the origin of its coordinates
by the vector —(1/4)(111),); as a result, the coordinates of
atoms and vacancies in the unit cell of the cubic (space group
Fd3m) superstructure were given incorrectly, too.

The disorder—order MX,—M,X (space group Fd3m)
phase transition channel includes all four rays of the {ko}
star (see Table 2). The cubic M,X superstructure under
consideration is described by the distribution function

n(xt,y1,21) =y — %9{—005 [TE(XI + )1 +ZI)}
+ cos [n(—x1 + y1 + z1)] + cos [n(x; — y1 + z1)]
+ cos [m(xy + y1 — zI)]} , (8)
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Figure 2. Position of the cubic (space group Fd3m) unit cell of the M>X
superstructure in a lattice with structure B1: (O) interstitial atom, (®) metal
atom, and (O) vacancy. The origin of coordinates of the cubic M,X
superstructure has coordinates (—1/4 — 1/4 — 1/4),, of the lattice with
the basic structure B1.
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Table 1. Superstructures of type M X.
Symmetry Space group Translation v Atom Position Atomic coordinates Values
vectors and in ideal ordered structure of distribution
of unit cell multi- function
plicity n(x1, yr, zr)
X/atr y/btr Z/Clr
Trigonal No. 166 ay =1 (121), | aj/2 | X1 (vacancy) 1(a) 0 0 0 np=y—1my/2
R3m by =1 (211) ), X2 1(h) 1/2 1/2 1/2 m=y+ny/2
(D3) e =3(112)p M1 2(c) 1/4 1/4 1/4
x/ahex y/bhex Z/Chex
Hexagonal No. 166 apex = 5(101) 5y, | 3a3, /2 X1 (vacancy) 3(a) 0 0 0 n=y-—rn/2
R3m bhex = 1 (011) 5, X2 3(b) 0 0 1/2 ny =y +ny/2
(D3) Chex = 2(111) 5, Ml 6(e) 0 0 1/4
x/acub y/bcub Z/Ccub
Cubic No. 227 acup = (200)5,, | 8aj, | AT (vacancy) 16(c) 1/8 1/8 1/8 mo=y=—rny/2
Fd3m beus = (020) 5., X2 16(d) 5/8 5/8 5/8 m=y+ny/2
7) Caub = (002) 5, M1 32(e) 3/8 3/8 3/8
x/ag /b z/e
Tetragonal No. 123 a = 1(110), | a3,/2 | A1 (vacancy) 1(a) 0 0 0 m=y=no/2
P4/mmm b, = 1(110), X2 1(d) 1/2 1/2 1/2 =y +n,/2
(Diy) ¢ = (001)p M1 1(b) 0 0 1/2
M2 1(c) 1/2 1/2 0
x/ay y/bi z/a
Tetragonal No. 141 a, = (100) p,, 2a3, X1 (vacancy) 4a) 0 0 0 m=y—ng/2
14, Jamd b, = (010) 4, X2 4(b) 0 0 1/2 m =y +ng/2
(D4) ¢ = (002) 5, Ml 8(e) 0 0 1/4
* The volume of the unit cell of a superstructure expressed through parameter ap; of the unit cell of the basic disordered structure of type Bl.

Table 2. Disorder—order phase transition channels MX,—M>X and parameters of the distribution functions n(xy,yr,z;) describing M,X

superstructures.
Symmetry Space group Disorder—order transition channel Parameters of the distribution function
Star {k,} Rays k) of the {k,} star Vs ol
Trigonal No. 166 {ko} kY =by)2 79 =1/2 o) =n
R3m (D3)
Cubic No. 227, {ko} ks = (by + by +bs)/2, 79 = 1/4 o3 =0
Fd3m (0)]) @ _ _ @ _
{ko} ky” =bi/2, y9 =1/4 @y =T
{ko} k¥ = b2/2, 7 =1/4 95 =m
{ko} k¥ = by/2 7 =1/4 o) =
Tetragonal No. 123 {ko} k) = (by +by)/2 710 =1/2 ol =n
P4/mmm (D},
Tetragonal ’ NO-dl41 19 {ks} ki) = (b; +3by + 2b3)/4, 75 = V2/4 o) =3n/4
I D
l/am ( 4/1) {kS} k§§2) _ 7](?51) vg = \/5/4 (ﬂéz) — ,375/4

with parameters y, and (pg('/ ) presented in Table 2. For a fully
ordered crystal, the relative stoichiometric concentration of
interstitial atoms is yy = 1/2. As Fig. 2 depicts, coordinates

(x1, y1, z1) are related to the coordinates of this superstructure,

given

in Table 1,

by expressions xy = 2xep — 1/4,
Y1 =2ycub — 1 /4, and z; = 2zop — 1/4.

3.3 Tetragonal M, X superstructures

Function (8) at the sites of the fcc nonmetal sublattice
takes the same values n; and n, (see Table 1) as function (7)
describing the trigonal M, X superstructure.

The literature mentions two tetragonal (space groups
P4/mmm and I4;/amd) M>X superstructures. Their unit
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Figure 3. Position of tetragonal unit cells of M,X superstructures in a
lattice with the basic structure Bl: (a) space group P4/mmm, and (b) space
group /4, /amd, (O) interstitial atom, (®) metal atom, and (0) vacancy.

cells are demonstrated in Fig. 3 (a different arrangement of
the unit cell, with the origin of coordinates displaced with
respect to that of the basic lattice Bl, is possible for a
superstructure with the space group /4;/amd). Translation
vectors of tetragonal unit cells of the M,X phases and
coordinates of atoms and vacancies in them are presented in
Table 1.

The phase transition channel associated with the forma-
tion of a tetragonal gspace group P4/mmm) superstructure
contains one ray k1((]) of the {kjo} star (see Table 2). The
distribution function of interstitial atoms in the tetragonal
(space group P4/mmm) M, X superstructure has the form

n(xt,y1,21) =y — % cos (2nzy) . (9)

A similar distribution function describes the tetragonal
(space group P4/mmm) substitution superstructure AB (of
the CuAu type). The values of distribution function (9) at
sites related to different positions of the nonmetal sublattice
of the superstructure of interest are given in Table 1.
According to Fig. 3a, coordinates (xp,yy,z) are linked by
the expressions x; = x(/2 4+ /2, y1 = —x¢/2+ /2, and
z1 = z; to the tetragonal coordinates of this superstructure,
listed in Table 1.

In the nonmetal sublattice of the perfectly ordered
tetragonal (space group P4/mmm) M, X phase, the complete
and fully defective (containing only vacancies) (001) 5, planes
successively alternate. In such superstructures, the metal
sublattice is grossly distorted, which makes unlikely the
existence of a tetragonal (space group P4/mmm) MrX
superstructure in nonstoichiometric compounds; it should
be regarded as a model as far as nonstoichiometric com-
pounds are concerned.

The ordered tetragonal (space group I4,/amd) MX
phase (Fig. 3b) was experimentally examined in titanium
nitride [40, 41]. Its disorder—order phase transition channel
contains rays kél) and kg(2> of the {kg} star (see Table 2). The
distribution function describing this M,X superstructure
depends on a single long-range order parameter:

n(xy,y,z1) =y — %8 {cos [m(2x1 + z1)] + sin [n(2x; + z[)]} )
(10)

Function (10) assumes two values at the sites found to belong
to different positions of the nonmetal sublattice under
consideration (see Table 1). Parameters of the distribution

function (10) are listed in Table 2. According to Fig. 3b,
coordinates (xi, y1,z;) are related to the tetragonal coordi-
nates of this superstructure by expressions x; = x, y1 = Vi,
and z; = 2z,.

In fully ordered tetragonal M,X phases, where the
respective long-range order parameter (y;, or ng) equals
unity, the relative stoichiometric concentration yg of inter-
stitial atoms is 1/2.

3.4 Superstructures of lithium nickelite Li; _, ;Nij, O,
Marked deviations from stoichiometry in the metal sublattice
are characteristic of lithium nickelite, related LiAM O, oxides,
and their solid solutions. The crystalline structures of
complex LiMO, (M = Ni, Co) oxides are derivatives of the
basic structure Bl and differ in the mode of ordering of
lithium and transition metal (M) cations in (111), planes or
in equivalent (111),, (111),,, and (111),, planes of the fcc
sublattice. When ions of lithium and metal M separately fill
the alternating metal (111),, planes of the basic cubic lattice,
layered structures are formed.

A few ways of writing out the chemical formula of lithium
nickelite are applied in the literature: Li,NiO, [42-44],
Lij_Nij+ O, [43, 45], and Li/Ni,_O, (or Li,Ni;_,0,
where y = x'/2) [46, 47]. This discrepancy in formulas is due
to different views of its structure. The triple Li—Ni—O system
gives rise to a solid solution Li,Ni;_, 0 (0 < y < 0.5), the end
members of which are cubic nickel monoxide NiO (at y = 0)
and trigonal (rhombohedral) stoichiometric lithium nickelite
LiNiO; (at y =0.5, i.e., LipsNigsO). The structure of
stoichiometric nickelite LiNiO; can be regarded as a result
of ordering the Li and Ni atoms (ions) in the basic cubic
structure of the Bl type. Formulas Li;_,Ni;;,O, and
Li,/Niy_,-O; are virtually identical (x’ = 1 — x) and reflect
substitution of lithium by nickel in the solid solution, even if
they do not take into account possible vacancies in the lithium
sublattice. Indeed, deviation of the nickelite composition
from that of stoichiometric LiNiO; is associated with the
appearance of structural vacancies in the lithium sublattice,
the concentration of which can be rather high. Formula
Li,NiO, (or Li,®;_,NiO;, where W is the structural vacancy
in the lithium sublattice) takes account of the presence of
vacancies [42—44], but disregards Ni substitution for Li.
Reference [48] shows that the formula of lithium nickelite
should be presented as Li;_,_.Ni;; O, (Lij_,_.®.Nij,,O,) if
Li substitution by Ni during formation of NiO/LiNiO, solid
solution and the presence of structural vacancies W in the
metal sublattice are to be taken into consideration. This
formula takes account of peculiarities of the lithium nickelite
structure and permits us to analyze its ordering by making use
of the atomic distribution function.

The symmetry analysis of experimental and theoretical
nickelite superstructures Li;_,_.®_Ni;,,O;, from determin-
ing the disorder—order transition channel to calculating
distribution functions of the atoms undergoing ordering,
was performed for the first time in paper [48].

The unit cell of the trigonal (rhombohedral) ordered
LiNiO, phase of the nickelite Lij_,_.Ni;;,O,) is demon-
strated in Fig. 4. Translation vectors of the unit cell and
coordinates of atoms and vacancies in it are presented in
Table 3. The trigonal cell is primitive as regards Li atoms; it
contains a single Li atom, one Ni atom, and two oxygen (O)
atoms. The nonprimitive cell is hexagonal, has a volume that
is three times larger, and contains three atoms of Li and Ni
together with six O atoms in positions 3(«)(000),
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Figure 4. Position of the rhombohedral (space group R3m) unit cell of
lithium nickelite LiNiO, in the lattice with the basic structure Bl [59]:
(@) Li, (®) Ni, and (0) O. The figure shows successive alternation of atomic
planes filled only with Li atoms, O atoms, or Ni atoms in the direction

(111]p.

3(b)(001/2), and 6(c)(001/4), respectively. The hexagonal
cell has the translation vectors apex= (1/2)(101),,
bhex = (1/2)(011) gy, €hex = 2(111) 5 Or Apex = (1/2)(011) 4,
bhex = (1/2)(110) ,, and chex = 2(111) .

Unlike the trigonal M, X (M, X0) superstructure with O
vacancies in the nonmetal sublattice, the trigonal (space
group R3m) superstructure of lithium nickelite contains m
vacancies in the metal sublattice and is referred to as of type
MX, (MmX,). The trigonal lithium nickelite superstructure
forms via the same phase transition channel as the
trigonal M, X superstructure The transition channel
includes a single k< ray of the Lifshitz {ko} star to
which the long-range order parameter 119M corresponds in
the metal fcc sublattice of lithium nickelite. In disordered
Li; . -Ni;;, O, (Li;_,_ .m.Ni;,,0,), probabilities n™)(r),
n™N)(r), and n®)(r) coincide with the fraction of metal
sublattice sites occupied by Li or Ni atoms or with the
fraction of vacant sites, respectively, ie., n(r)=
(1—x—2)/2, n™M)(r) = (1 +x)/2, and n™(r) = z/2. The
metal fcc sublattice takes the part of the Ising lattice in
which ordering involves Ni atoms, on the one hand, and Li
atoms and structural vacancies W, on the other hand.
According to paper [48], the distribution function of Ni
atoms in the trigonal (space group R3m) Li;__.Ni; O,
superstructure has the form

(Ni) L+x pg™
n (xy,y1,21) = 3 —TCOS[( YI+ZI)] (11)

and depends on the long-range order parameter n()(M>.

Function ]gll) at sites of the metal fec subldttlce takes two
Values nN (1+x)/2+11 /2 andn =(14+x)/2-

/2 (see Table 3). One (n](ﬁ)) is the probability of
detectmg Ni atoms at the sites of the nickel sublattice, and
the other (n](dl )) is the probability of detecting Ni atoms at the
sites of the lithium sublattice (from here on, the subscript in
the notations of probabilities n and concentrations ¢ stands
for the sublattice of interest, while the superscript denotes the
sort of atoms located at the sites of this sublattice). During
rhombohedral ordering, Li atoms and vacancies O are
statistically distributed over the sites of the common lithium
sublattice; therefore, the distribution function of the sites of
the sole Li-sublattice in the basic cubic lattice can be written
out as

(M)

g
2 —5— cos [m(xp

n(Ll’.)(XIJI,ZI) = -+ ZI)} - (12)
Distribution function (12) at sites of the metal fee sublattrce
takes two leues n{L) (1- )/2+n9 )/2, and nN‘ L) —
(1-x)/2— ;19 /2 (see Table 3).

The fully ordered state of lithium nickelite is reached for
the stoichiometric L1N102 composition when the long-range
order parameter 119( )(, ) = 1, the relative concentrations of
Li and Ni atoms in the metal sublattice are identical, and
structural vacancies are absent, i.e., x4 = 0 and zi, = 0. In the
metal sublattice of the fully ordered rhombohedral (space
group R3m) LiNiO, structure, hexagonal atomic planes
(111)p,, all sites of which are occupied by Li atoms,
successively alternate in direction [l111]y, with planes
(111) g,, the sites of which are occupied by Ni atoms.

Symmetry analysis [48] unambiguously indicates that the
structure of rhombohedral lithium nickelite is described by a
single order parameter, 179<M>, although certain authors (see,
for instance, paper [46]) believe erroneously that two
parameters are needed for the purpose: one for the order
description in the Li sublattice, and the other for the order
description in the Ni sublattice. But the long-range order
parameter in these sublattices is totally determined by
parameter 119( . Indeed, the degree of ordering in Li and Ni
sublattices can be estimated using the parameter 119(M and the
obtained values of the distribution function. The degree of
ordering in the Ni sublattice is given by

o e gy

Ni = (Ni) max (Ni) max

Ni ONi

The highest possible concentration of nickel in the Ni-

sublattice is cl(\INi)max 1. Taking this into account and
Y and nN ) of functions (11) and (12),

>—|—x.

knowing the values nN
the degree of ordering in the Ni-sublattice is ny; = ;79(

Table 3. Trigonal (rhombohedral) [space group No. 166 — R3m (Dm)] LiNiO; superstructure of lithium nickelite Lij_,_,Ni;.,O,: a, = (1/2)(121)31,

by = (1/2)(201) . and ey = (1/2)(112) .

Atom Position and Atomic coordinates Values of distribution function
multiplicity in perfectly ordered structure
x/ay V/by z/ew n(Li'.)(xl-,ylszl) n ™ (xp, 1, 21)
Li 1(a) 0 0 0 n = (1= x)24+9i" )2 N = (14 x)2=ni" )2
Ni 1(b) 1/2 1/2 1/2 nG = (1= x)/2-n" )2 ny) = (1+x)/2+ 08" /2
o) 2(c) 1/4 1/4 1/4
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By analogy, the degree of ordering in the Li-sublattice is 7 ; =
(cﬁiL') - c](jm) ](_iL') 4% where C]SI;I) = ”ﬁiLl) and c](_]i“) = n](ff')
are concentrations of Li and Ni atoms in the Li-sublattice,
Fi)max -1
1

i.e., in the Li layers. The value of c](_ — x is the

highest possible concentration of lithium in the Li-sublattice.
Taking this into account and knowing the values n&\“)
n{iLl) of functions (11) and (12), the degree of ordering in the

Li-sublattice is found to be #; = (ng(M) —x)/(1 —x).

and

The dependence of the maximum value of the long-range
order parameter ngM on the Li;_, .Ni;;,O, composition
during formation of the rhombohedral LiNiO; phase for the
values of 0<x<1 and 0<z<1-—x has the form
ng(M)max(x, z) =1 —x. Therefore, n*** = (1 —2x)/(1 —x)
and nJ* = 1. In the case of a maximum long-range order
parameter in Lij_,_.Nij;O;, when x =0 and z =0, the
degree of ordering in the Ni- and Li-sublattices equals 1. For
x > 0, the degree of ordering in the Ni-sublattice remains
equal to 1, since all its sites are occupied only by Ni atoms.
Alternatively, the degree of ordering in the Li-sublattice does
not exceed n** = (1 —2x)/(1 — x), because its sites are
occupied not only by Li atoms but also by xN, nickel
atoms. The degree of ordering cannot be negative; therefore,
it follows from the relation n3** = (1 — 2x)/(1 — x) that a
rhombohedral (space group R3m) superstructure cannot exist
for x > 0.5. Indeed, a high vacancy concentration (z > 1/6)
leads to disordering up to the cubic phase or to a reduction in
symmetry with the retention of Ni atomic planes and with
ordering of Li atoms and vacancies in (111)g, planes of the
common Li-sublattice. In lithium nickelite with an excess of
Ni (x = 1/6), the reduction of symmetry may proceed with
the redistribution of Li and Ni atoms over all (111), planes
in the metal sublattice and their ordering in these planes. Such
orderings may occur as first-order phase transformations via
transition channels containing the rays of the {ks} and {ks}
stars, besides the rays of the {ko} star. As a result, super-
structures of type Lis®MNicO;, with monoclinic and trigonal
symmetries may arise. For z > 0.25, Li;mNizsOg and
Li,mNi;Og¢ superstructures may be formed. Indeed, Refs [42,
49] report the detection of a monoclinic Li;®Ni4Og super-
structure in nickelite Lig s0_0.75NiO;. A symmetry analysis of
Li;mNisOg (M7m0Og) and Li;mNiz;O¢ (MsmOg) superstruc-
tures was performed in paper [48].

3.5 Sequence of M, X superstructure formation

The thermodynamic computation of phase equilibria in
Ti—C, Zr—C, and Ti—N systems by the order parameter
functional method [1-5] confirms the formation of M, X type
ordered phases but does not allow the determination of their
symmetry or space group. It remains to be elucidated if
superstructures of type M, X are mutually exclusive or can
arise one after the other in a certain sequence as temperature
drops.

References [50, 51] report the results of the symmetry
analysis of the M, X phase structure with a view to determin-
ing the possible sequence of phase transformations during the
formation of M,X type superstructures in the nonstoichio-
metric carbides MC, and nitrides MN,.

Disorder—order or order—order phase transformations
occurring as the temperature decreases are transitions from
a higher free energy state to a lower energy one. The state of a
substance undergoing atomic or atomic-vacancy ordering can
be characterized by the Landau thermodynamic potential —

that is, in this case, the functional of probabilities of detecting
atoms of a certain kind at lattice sites, site coordinates, and
temperature. The probabilities, in turn, are the functions of
long-range order parameters. The Landau potential passes a
few minima corresponding to high-symmetry disordered and
low-symmetry ordered phases. As temperature drops, dis-
order—order and order—order phase transitions occur with the
reduction of symmetry. The symmetry analysis permits us to
quantitatively evaluate the degree of symmetry reduction
during superstructure formation and to determine the
physically admissible sequence in which these superstruc-
tures can arise.

The ordering of X atoms and O structural vacancies
occurs in the basic nonmetal fcc sublattice of the disordered
cubic (space group Fm3m) M X, phase and is associated with
the splitting of highly symmetric 4(b) positions into two or
more positions of the low-symmetry ordered phase. The
disordered cubic (space group Fm3m) MX, phase has a
point symmetry group m3m (Oj) including 48 symmetry
elements /; —hygg [1, 2, 31]. The symmetry point groups of
the four M, X superstructures under consideration belong to
subgroups of the m3m (O,) point group. Therefore, the
transition from the disordered cubic MX, phase to any of
these superstructures constitutes a disorder—order phase
transformation.

According to the Landau phenomenological theory of
phase transitions [52], a necessary condition for the second-
order phase transition is an identical equality to zero of the
coefficient of the cubic term in a power series expansion of the
free energy in the long-range order parameter. If a second-
order phase transformation occurs with a change in transla-
tional symmetry, the group-theoretical Landau criterion is
equivalent to the following necessary condition for realizing
the second-order phase transition [36]: a second-order phase
transformation is feasible only when it is impossible to choose
from the star vectors associated with this transformation
three (not necessarily different) vectors, the sum of which
would be equal to zero or to the structural vector H of the
reciprocal lattice in a disordered crystal. In other words, the
following inequalities hold during a second-order phase
transformation:

ks(h) + ks(jZ) + kS(.Ié)

3ks(./'> (13)

}7&0 or H.

Determination of MX,—M>,X phase transition channels
revealed that the formation of any M, X type superstructure is
associated with one of the Lifshitz stars {kjo}, {ko}, or {kg}.
For the vectors of {ky} and {kg} stars entering the transition
channel, condition (13) is fulfilled. This means that disorder—
order transitions with the formation of M, X superstructures
(space groups R3m, Fm3m, I4/amd) satisfy the Landau
criterion for second-order phase transitions. The formation
of a tetragonal (space group P4/mmm) M, X superstructure
can only be a first-order phase transformation, since condi-
tion (13) is not fulfilled for the {kjo} star.

The trigonal (space group R3m) M,X superstructure has
the point symmetry group 3m (Ds,) including 12 symmetry
elements, whereas the m3m (0;) point group of the basic
cubic disordered phase contains 48 elements; for this reason,
the reduction in rotational symmetry equals 4. The reduction
in translational symmetry is described by the ratio of unit cell
volumes of low- and high-symmetry phases; it equals 1.5 in
the case of transition from the high-symmetry disordered
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M X (space group Fd3m)

M, X (space group R3m)

M> X (space group P4/mmm)

0 =
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Figure 5. (Color online.) The possible sequences of disorder—order and order—order phase transformations occurring with decreasing temperature and
associated with the formation of type M» X superstructures in strongly nonstoichiometric MX, compounds with the basic structure B1. The topmost unit
cell of a nonstoichiometric MX, compound has a basic cubic (space group Fm3m) structure; the sites of the nonmetal sublattice in this cell are statistically
occupied by X atoms with probability y. Intermediate formation of the tetragonal (space group P4/mmm) M>X superstructure in the third phase
transformation sequence can be excluded due to the thermodynamic instability of such a phase in MX, compounds with the basic structure Bl. The

notation ‘vac’ in unit cells of M, X superstructures indicates vacant sites.

compound MX), to the low-symmetry trigonal phase M,X (in
the hexagonal arrangement). The overall symmetry reduction
is equal to the product of rotational and translational
reductions. For this reason, in the disordered cubic (space
group Fm3m) MX, phase — ordered trigonal (space group
R3m) M, X phase transition, the overall symmetry reduction
is given by N = n(G)/n(Gp) = 6, where n(G) and n(Gp) are
the orders of space groups G and Gp relevant to high- and
low-symmetry phases.

The cubic (space group Fd3m) M>X superstructure has
the same point symmetry group m3m as the disordered MX,
phase; therefore, the rotational symmetry reduction equals 1.
Translational symmetry reduction during transition from the
disordered M X, phase to the cubic (space group Fd 3m) M X
phase equals 8. Due to this, the overall symmetry reduction in
the disordered cubic (space group Fm3m) MX, phase —
ordered cubic (space group Fd3m) M,X phase transition is
equal to 8.

Although the point symmetry group of the trigonal (space
group R3m) M,X superstructure is a subgroup of the point
group of the cubic (space group Fd3m) M, X superstructure,
transition from the cubic (space group Fd3m) M,X super-
structure to the trigonal one is impossible because, in this
case, symmetry would raise rather than reduce. It follows
from a comparison of symmetry reduction during formation
of trigonal and cubic M,X superstructures that their forma-
tion is equally probable. Indeed, Ref. [37] reports that these
superstructures arise in different concentration regions. It
may be supposed that in nonstoichiometric M X, compounds
differing in the amount of nonmetal y, parallel disorder—order
transitions are possible from the cubic (space group Fm3m)
disordered MX, phase to the cubic (space group Fd3m)
ordered M>X phase and from the cubic (space group Fm3m)
disordered MX, phase to the trigonal (space group R3m)
ordered M, X phase.

Tetragonal (space group P4/mmm and I4,/amd) M, X
superstructures have the same point symmetry group 4/mmm
(D4y) that includes 16 symmetry elements iy —/ha, hyz—hye,
hys—hyg, and hiy;—hyy [1, 2, 34]. Thus, the rotational
symmetry reduction during formation of tetragonal M,X
superstructures proceeds in a similar fashion and equals 3.
The change in translational symmetry in disorder—order
transitions resulting in tetragonal M, X superstructures with
space groups P4/mmm and 14, /amd equals 1/2 and 2, while
the overall symmetry reduction in these transitions is equal to
3/2 and 6, respectively.

It is clear from the ratio of symmetry elements /; that the
point group 4/mmm of tetragonal M, X superstructures is not
a subgroup of group 3m of a trigonal superstructure. This
means that order—order transitions from a trigonal super-
structure to any of the two tetragonal M, X superstructures
with decreasing temperature are impossible. Order—order
transitions from a cubic M, X superstructure to any of the
two tetragonal M,X superstructures with decreasing tem-
perature are equally impossible, because symmetry would
raise rather than reduce.

Bearing in mind changes in general and translational
symmetries, the tetragonal (space group P4/mmm) M X
superstructure can be formally regarded as highly symmetric
with respect to the M, X superstructure with the space group
I4)/amd. In this case, the overall reduction in symmetry
during the order—order transition from M,X (space group
P4/mmm) to M, X (space group I4; /amd) equals 4.

On the whole, the above analysis demonstrates the
possibility of three sequences of transformations involving
ordered M, X phases with a decrease in temperature (Fig. 5).
The first and second sequences are the cubic (space group
Fm3m) disordered M X, phase — cubic (space group Fd 3n)
ordered M,X phase and cubic (space group Fm3m)
disordered MX, phase — trigonal (space group R3m)
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ordered M,X phase transitions; they may occur in non-
stoichiometric MX, type compounds with different y
compositions and include only disorder—order transforma-
tions. The alternative sequence is the cubic (space group
Fm3m) disordered MX, phase — tetragonal (space group
P4/mmm) ordered M,X phase transformation; it includes
disorder—order and order—order transformations. In the
absence of an ordered phase in experiment, the transforma-
tion sequences remain physically valid anyway, even with-
out this phase.

The above transformation sequences were found from
symmetry considerations. It was shown in Refs [1, 2, 5, 53]
by the order parameter functional method that the forma-
tion of cubic, trigonal, and tetragonal (space group
14, /amd) M, X superstructures is equally probable from the
thermodynamic point of view and must occur at closely
spaced temperatures. As regards the tetragonal (space group
P4/mmm) M, X superstructure, it has a higher (absolute) free
energy than other M, X type superstructures and therefore
cannot arise in nonstoichiometric MX, compounds with
structure Bl, meaning that the tetragonal (space group
P4/mmm) M,X superstructure can be excluded from the
third sequence. Then, the third sequence takes the form of
the cubic (space group Fm3m) disordered MX, phase —
tetragonal (space group [4)/amd) ordered M,X phase
transformation and also includes only disorder—order transi-
tions.

It was shown in experiment that the first and second
sequences of disorder—order transformations with the pro-
duction of cubic and trigonal M,X phases are realized in
nonstoichiometric carbides of different compositions, espe-
cially in titanium carbide. According to Ref. [37], ordering in
nonstoichiometric carbide TiC, leads to the formation of the
cubic (space group Fd3m) M, X superstructure in the region
from TiCgq9_051 to TiCyss055, while the trigonal (space
group R3m) M,X superstructure has the homogeneity
interval TiCyss—TiCys9. The disorder—order transition
temperature for both superstructures falls in the range of
990-1020 K. The third transformation sequence, i.e., dis-
order—order transition with the formation of a tetragonal
(space group [4;/amd) M,X superstructure, occurs in
nonstoichiometric nitrides. It can be supposed that the
realization of one sequence or another is related to the
macroscopic state of a nonstoichiometric compound, namely
to grain size and morphology in the disordered phase and the
origin of formation of the primary ordered phase on a certain
crystallographic surface, as well as to the distinctions in M—C
and M — N interatomic interactions.

4. M;X, superstructures

4.1 Monoclinic M;X, superstructure
The unit cell of a monoclinic [space group C2 (B112)] M3X,
superstructure is depicted in Fig. 6. Its translation vectors and
coordinates of atoms and vacancies in an ideal monoclinic
M3 X, superstructure are presented in Table 4. In Ref. [26], the
space group of this superstructure was determined incor-
rectly; therefore, certain atoms and vacancies in the unit cell
were disregarded. This error was repeated in later publica-
tions [1, 2, 6].

The monoclinic [space group C2 (B112)] M3X, super-
structure forms via the phase transition channel involving six
rays of the {k4} star with parameter u, = 1/3 (Table 5).

Table 4. Monoclinic [space group No. 5— C2 (B112) (C23)] M;X, super-
structure: Z = 6, V' = 9a3,/2,am = (1/2){112) g, by = (111) 5, and ¢y, =
(3/2)(110) ;.

Atom Position Atomic coordinates in Values
and perfectly ordered structure | of distribution
multi- function
plicity | X/am | »/bm z/em n(xy, yr, z1)
X1 (vacancy) 2(b) 1/2 1/2 2/3 | m=y—2n,/3
X2 (vacancy) 4(c) 1/6 1/6 0 n o=y—2n,/3
X3 2(h) 1/2 1/2 0 ny =y +14/3
X4 2(b) 1/2 1/2 1/3 m=y+n/3
X5 4(c) 1/6 1/6 1/3 | m=y+n/3
X6 4(c) 1/6 1/6 2/3 m=y+n,/3
Ml 2(a) 0 0 1/6
M2 2(a) 0 0 1/2
M3 2(a) 0 0 5/6
M4 4(c) 1/6 2/3 0
M5 4(c) 1/6 2/3 1/3
M6 4(c) 1/6 2/3 2/3

The monoclinic M3X; superstructure is described by the
distribution function

4m(xy +
n(xy, y1,z1) = —173—4{005 {%}

B \/; “in {415(,\'13-&- 21)} - %5 “in {415()/134— zl)}

41r(x1—y1)} V3 . {4n(x1—y1)]}.

3 + ——sin 3 (14)

+ cos [ 3
Parameters y, and q)f" ) of function (14) are presented in
Table 5. For the completely ordered M3X, phase, the
quantity ys =2/3. Figure 6 shows that coordinates
(x1,1,21) are related to the coordinates of the monoclinic
M3 X, superstructure, presented in Table 4, by the following
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Figure 6. Position of the monoclinic [space group C2 (B112)] unit cell of the
M; X, superstructure in the lattice with the basic structure Bl: (O) inter-
stitial atom, (®) metal atom, and (O) vacancy. Although angles o, f8, and y
of anideal unit cell are equal to 90°, this structure is monoclinic rather than
orthorhombic in terms of symmetry. The origin of coordinates of the
monoclinic M3 X5 superstructure has coordinates (—1/4 —1/4 0),, of the
basic lattice with structure B1.
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Table 5. Channels of disorder-order MX,—M;X, phase transitions and the parameters of distribution functions n(xy, yr,z;) describing M3X,

superstructures.
Symmetry Space group Disorder—order transition channel Parameters of the distribution function
{k;} star ) rays of the {k,} star Vs ol
Monoclinic No.5 {ks} = (by—by)/3, 74 =V3/9 ol =n/3
€2 (B112) {ks} kY =k, 74 =3/9 o)) = —n/3
(C3) {ks} Kk = (by + 2bs +b3)/3, 74 =V3/9 S =n
{ks} k= k7, 7e=V3/9 9\ = —n
{ks} k" = (2b; + by +b3)/3, 74 =/3/9 o =m/6
{k4} kil()) — _k‘§9) Y4 = \/3/9 ‘f)( ) _ —7TE/6
Orthorhombic No. 71 {ky} Y = (b + by + 2b3)/3, 9. =1/3 ol =n
Immm (D3) {ki} Ky = k! 74=1/3 o) =—n
Orthorhombic No. 20 {ks} k(Y = (by + by + 2b3)/3, 74 =1/6 oV =4n/3
cm, ke K = k(). w16 | o= a3
(D$) {ks} K = —(7b) + b, + 2b3)/12, 73 =6/12 I = 1n/12
{ks} kY = k7, 73 = V6/12 <p§4> - _lln/12
{k3} = (b; — 5by 4+ 2b3)/12, 73 =6/12 (pz =7n/12
{ks} K = K 73 = V6/12 0¥ = —7n/12
Trigonal No. 164 {ks} ) = _by/3, ys=1/3 (p5(5> =
P3ml (D3) {ks} k= k) 7s=1/3 0¥ =
described by the distribution function
cth_[OOl]Bl
2ny 4n(x1 + 1)
< ot z0) = = 22 cos | LN (15)
| 3 3
\V*(i ?AP’ >_7
® ool For the fully ordered M;X, phase, the quantity yy = 2/3. In
hd il e accordance with Fig. 7, coordinates (xi, y1,z1) are related to
g y
C A %] Yﬁd * (0101 the coordinates of the orthorhombic (space group Immm)
o K/ o I\ : . il
i 0 M5 X, superstructure, presented in Table 6, by the equations
%z Xt = /2 + 30 /2) V1 = —Xen/2 + 3ven /2, and 71 = Zup.
b In the ordering under consideration, the nonmetal

[100] M; X, (space group Immm)

Figure 7. Position of the orthorhombic (space group Immm) unit cell of the
M5 X, superstructure in the lattice with structure Bl: (O) interstitial atom,
(®) metal atom, and (O) vacancy.

equations: Xy = Xm/2 + ¥m + 3zm/2 — 1/4, y1= Xm/2 + ym —
3zm/2 —1/4, and z1 = Xy — ym. The distribution function
(14) assumes two values, n; and ny, at sites of the nonmetal fcc
sublattice (see Table 4).

In the completely ordered monoclinic [space group C2
(B112)] M3X; (y = 2/3, n, = 1) superstructure, one third of
the sites of each nonmetal atomic plane (111),, are vacant,
while the remaining ones are occupied by interstitial atoms.

4.2 Orthorhombic M3X, superstructures
The literature describes two orthorhombic M3;X, super-
structures with space groups Immm (Fig. 7) and C222,
(Fig. 8). Translation vectors of the unit cells of these
superstructures, as well as the coordinates of atoms and
vacancies in them, are listed in Table 6.

The disorder-order MX,—M3X, (space <%roup Immm)
phase transition channel includes two rays k, ' and k
the {k4} star with parameter u, = 1/3 (see Table 5). The
orthorhombic (space group Immm) M3X, superstructure is

sublattice of the disordered MX, compound splits into two
nonequivalent sublattices differing in probabilities 7#; and n,
of site occupation by interstitial X atoms (see Table 6).

The orthorhombic unit cell of the M3X, superstructure
with the space group C222; is depicted in Fig. 8. The presence
of the ordered (space group C222;) M3;X, phase in titanium
carbide TiCy ¢4 was shown by a Monte Carlo computation in
Ref. [23]. Traces of the orthorhombic (space group C222))
ordered Ti;C, (M3X>) phase were observed in experiment
[37]. The M3X, superstructure forms via the transition
channel involving two rays of the {k4} star and four rays of
the {k;} star (see Table 5). The actual parameters of the {k4}
and {k;} stars are u, = 1/3 and py = 1/12, respectively.

The distribution function of interstitial atoms in the
orthorhombic (space group C222,) M;X, superstructure has
the form

1 4m(xy +
”(XIaJ’th) —113—4{— cos {M}

V3 . {4nxl+y1 }
Sin

s (1, V3 n(2x; — 4y — 3z1)
z{(2+6>cos[ 3
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Table 6. Orthorhombic M3 X, superstructures.

Space group | Translation vectors v Atom Position Atomic coordinates Values of distribution
of unit cell and multi- in ideal ordered structure function n(xy, y1, 1)
plicity
X/ V/bn z/¢m
No. 71 am =1 (110) 5., 3a3,/2 X1 (vacancy) 2(a) 0 0 0 np=y—2n,/3
Immm b, = 3(110) 5, X2 4(g) 0 1/3 0 n =y +n4/3
(D3 e = (001) 5 Ml 2(c) 1/2 1/2 0
M2 4(h) 0 2/3 1/2
x/ ¥/bum z/em
No. 20 ag = (110) 5, 1243, X1 (vacancy) 4(b) 0 1/6 1/4 ny =y —1n,/6—n3/2
€222 b = (330) p,, X2 (vacancy) 4(b) 0 1/3 1/4 no=y—1n4/6—ns/2
(D3) e = (002) X3 (vacancy) 8(c) 1/4 5/12 0 mo= 7 —14/6 — 13/2
X4 4(b) 0 0 1/4 m=y+n/3
X5 4(b) 0 1/2 1/4 ny=y+n/3
X6 4(b) 0 2/3 1/4 ny =y —n,/6+n3/2
X7 4(b) 0 5/6 1/4 ny =y —1ny/6+13/2
X3 8(c) 1/4 1/12 0 ny =y —14/6+13/2
X9 8(c) 1/4 1/4 0 m =y +,/3
M1 4(a) 0 0 0
M2 4(a) 1/2 0 0
M3 8(c) 1/4 1/12 1/4
M4 8(c) 1/4 1/4 1/4
M5 8(c) 1/4 5/12 1/4
M6 8(c) 0 1/6 1/4
M7 8(c) 0 1/3 1/2

* The volume of the unit cell of a superstructure expressed through parameter ap; of the unit cell of the disordered basic Bl type structure.

N (1 \/§> i [n(2x1 — 4y — 321)}

2 6 3
e
+G+‘/§)sin[“(_2xl *34”_321)]}. (16)

As in the preceding case, the quantity yy = 2/3. Function
(16) takes three values at all sites located in different
positions on the nonmetal sublattice of the M3X, structure
(see Table 6). As follows from Fig. 8, coordinates (xi, yr, z1)
are related to the coordinates of the M3 X, structure, listed in
Table 6, by the following equations: x; = X, + 3y — 1/2,
y1=—Xm+3ym — 1/2, and z; = 2z, — 1/2.

Parameters y, and ¢@;’’ of distribution functions (15) and
(16) are presented in Table 5.

4.3 Trigonal M3X, superstructure

The unit cell of a model trigonal (space group P3ml) M;X,
superstructure is depicted in Fig. 9. Translation vectors of this
unit cell and coordinates of atoms and vacancies are given in
Table 7. The trigonal (space group P3ml) M3X, super-
structure forms via the transition channel involving two
rays, ks(5> and k5(6), of the {ks} star (see Table 5). In this

[001]

/1

=~

< [010]
aﬁ/// N TS >—>‘
T T \
e = —
[100] 5 S b

M3 X, (space group C222))

Figure 8. Position of the orthorhombic (space group €222;) unit cell of the
M3 X, superstructure in the lattice with structure Bl: (O) interstitial atom,
(®) metal atom, and (O) vacancy.

superstructure. the actual parameter ps of {ks} star rays
equals 1/3.
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Figure 9. Position of the trigonal (space group P3m1) unit cell of the M3 X>
superstructure in the lattice with structure Bl: (O) interstitial atom,
(®) metal atom, and (O) vacancy. The origin of coordinates of the trigonal
M;X, superstructure has coordinates (1/211/2),, of the basic lattice
with structure Bl.

Table 7. Trigonal [space group No. 164— P3ml (Dfd)] M;X; superstructure:
Z=1,V=3a},/4,a,=(1/2){101) g, by =(1/2)(011) 5, and, e, = (111) p,.

Atom Position Atomic coordinates Values of distri-
and |in perfectly ordered structure | bution function
multi- n(xy, yi,z1)
plicity X/ ay /b z/ey
X1 (vacancy) | 1(a) 0 0 0 n=y—2ns/3
X2 2(d) 1/3 2/3 1/3 n=y+1ns/3
M1 1(b) 0 0 1/2
M2 2(d) 1/3 2/3 5/6

The distribution function for the trigonal M3X, super-
structure has the form

2n(xy — y1 + Zl)} . (17)

2
”(XI:J’IyZI):y_%COS{ 3

As follows from Fig. 9, coordinates (xp, y1,z1) are related to
the coordinates of the M3X, superstructure presented in
Table 7 by the following equations: x; = xy/2 + z¢+ + 1/2,
n=yu/2— ze+1, and z; = —x¢/2 + /2 + z + 1/2.
Distribution function (17) assumes two values at all sites of
the nonmetal fcc sublattice (see Table 7). For the completely
ordered trigonal M;X, phase, the quantity yy = 2/3. Para-
meters 5 and (péj) of (17) are presented in Table 5.

Given that only the nonmetal sublattice of the trigonal
(space group P3m1) M3X, superstructure is considered, two
complete atomic planes, all sites of which are occupied by
interstitial atoms, and one defective plane having all sites
vacant alternate successively in the [111],, direction. The
formation of such a superstructure in nonstoichiometric
MX, compounds with structure Bl is unlikely. This
inference is consistent with thermodynamic calculations by
the order parameter functional method [1, 2, 5, 53], showing
that the formation of the trigonal (space group P3ml) M3X,
superstructure in nonstoichiometric MX, compounds is
impossible.

4.4 Sequence of M3X, superstructure formation
Thermodynamic calculations [1-6] of phase equilibria in
Ti—C, Zr—C, Hf—C, and Ti—N systems, including non-

stoichiometric MX, compounds with the basic cubic Bl
structure, confirm the possibility of forming ordered M;X>
type phases with the exception of the trigonal (space group
P3m1) phase. We shall perform a symmetry analysis of three
other M3 X> type superstructures and discuss the sequence of
their formation with decreasing temperature.

Point symmetry groups of monoclinic and orthorhombic
M3 X, superstructures take the part of the subgroups of the
m3m (Oy,) point symmetry group of the disordered cubic
(space group Fm3m) MX, phase. Therefore, the transition
from phase M X, to any of these superstructures is a disorder—
order phase transformation.

The determination of MJX,—M3X, phase transition
channels showed that the formation of monoclinic and
orthorhombic M3X, superstructures is associated with the
symmetry distortion affecting one ({ks}) or two ({k4} or
{ks3}) non-Lifshitz stars. Moreover, for orthorhombic (space
groups Immm and C222) superstructures, 3k4£1> = (220), and
for the monoclinic (space group C2) superstructure,
3k4§5> = (202). This means that condition (13) is not fulfilled
and the formation of these M3X, type superstructures is a
first-order phase transformation.

Among the three M3 X, superstructures being discussed,
the orthorhombic (space group Immm) M3;X, phase exhibits
the highest symmetry. It has a point symmetry group mmm
(D7) that includes 8 symmetry elements, i —hy and has — g,
whereas the point group m3m (0;) of the basic cubic
disordered phase includes 48 elements; for this reason, the
rotational reduction in symmetry equals 6. The volume of the
unit cell of this superstructure is ¥ = 3ap,/2 (see Table 6);
therefore, the translational symmetry reduction is 3/2. The
overall symmetry reduction equals 6x3/2 = 9.

Another orthorhombic (space group C222) M3X, phase
has the point symmetry group 222 (D,) including 2 symmetry
elements, /#; and /,. The volume of the unit cell of this
superstructure is ¥ = 12a3,. Accordingly, rotational and
translational symmetry reductions equal 24 and 12, while
the overall symmetry reduction during the formation of the
orthorhombic (space group C222;) M3X, superstructure
equals 24 x 12 = 288.

The monoclinic [space group C2 (B112)] M3X, super-
structure possesses the point symmetry group 2 (C2) that
includes two symmetry elements, s, and /4. Therefore, the
rotational symmetry reduction during its formation in a
nonstoichiometric compound with structure Bl equals 24.
The reduction in translational symmetry during formation of
this superstructure is 9/2, and the overall symmetry reduction
reaches 24 x 9/2 = 108.

Point symmetry groups of orthorhombic (space group
C222;) and monoclinic (space group C2 (B112)] M;X,
superstructures are subgroups of the point symmetry group
of the orthorhombic (space group Immm) M;X, phase. Thus,
the highest-symmetry orthorhombic (space group Immm)
M3 X, superstructure may be a high-temperature phase as
compared with orthorhombic (space group C222;) and
monoclinic (space group C2) M3;X, phases. More likely is
the order—order orthorhombic (space group Immm) M3;X,
phase — orthorhombic (space group C222;) M;X, phase
transition, since it is associated with the maximum overall
symmetry reduction equal to 32. In the order—order orthor-
hombic (space group Immm) M3X, phase — monoclinic
(space group C2) M;X; phase transition, the overall reduc-
tion in symmetry is 12, and this transition cannot be excluded.
The point symmetry group of the monoclinic (space group
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C2) M;X, phase is not a subgroup of the point symmetry
group of the orthorhombic (space group C222,) M3 X, phase;
therefore, the orthorhombic (space group C222;) M3X, phase
— monoclinic (space group C2) M3X; phase transformation
is impossible. Moreover, such a transition would be accom-
panied by a symmetry raising instead of reduction.

The above analysis indicates that a drop in temperature in
MX, type nonstoichiometric compounds with structure Bl
may cause two alternative phase transformation sequences
involving ordered M3X, type phases, namely the cubic (space
group Fm3m) disordered M X, phase — orthorhombic (space
group C222) ordered M;X, phase transition and the cubic
(space group Fim3m) disordered M X, phase — orthorhombic
(space group Immm) ordered M3X, phase — monoclinic
(space group C2) ordered M3X, phase transition. Both
sequences include disorder—order and order—order transfor-
mations. The former sequence ending in the formation of an
orthorhombic (space group C222|) M3X, superstructure
appears more likely, taking into consideration the overall
symmetry reduction.

5. M4X3 superstructures

5.1 Cubic and tetragonal superstructures of type M4X3
Unit cells of cubic (space group Pm3m) and tetragonal (space
group I4/mmm) M4X5 superstructures are shown in Fig. 10.
Translation vectors of the unit cell of the former super-
structure coincide with those of the basic crystal lattice with
structure Bl; coordinates of the atoms and vacancies in an
ideal cubic M4 X3 superstructure are presented in Table 8. The
cubic (space group Pm3m) ordered M, X3 phase forms via the
phase transition channel involving all three rays of the {kjo}
star (Table 9).

The distribution function describing the cubic M4X;
superstructure has the form

M4 X5 (space group 14/mmm)

M4 X3 (space group Pm3m)

Figure 10. Positions of (a) cubic (space group Pm3m) and (b) tetragonal
(space group I4/mmm) unit cells of M4 X3 type superstructures in a lattice
with structure Bl: (O) interstitial atom, (®) metal atom, and (O) vacancy.

Coordinates (xp,yr,z1) of the basic nonmetal fcc sublattice
coincide with the coordinates of the cubic M4X; super-
structure. Distribution function (18) at sites located in
different positions of the nonmetal sublattice takes the
following values: n; =y — 3p 0{4, and ny =y +1,,/4 (see
Table 8). Parameters 7,y and ¢,;’ of function (18) are given in
Table 9. For the completely ordered M4 X3 phase, the relative
stoichiometric concentration of interstitial atoms yg is equal
to 3/4. The same function describes the cubic (space group
Pm3m) substitution 43 B superstructure (of the CusAu type).

The unit cell of a tetragonal (space group 14/mmm) M4 X3
superstructure is depicted in Fig. 10b. Translation vectors of
these cell and coordinates of the atoms and vacancies are
presented in Table 8. The disorder—order M X, — M4 X3 (space
group I4/mmm) transition channel includes one ray of the
{kio} star and two rays of the {kg} star (see Table 9).

The tetragonal interstitial M4 X3 structure is described by

n(xp,y,z1) =y — T%O (cos (2mxy) 4 cos (2myr) + cos (2nz1)) . the distribution function that depends on two long-range
(13) order parameters, 17;, and #g:
Mo Mg
n(xy, yi,21) =y — 4 cos (2nzy) — > cos [n(2x; +z1)] . (19)
Table 8. Superstructures of type M4 X;.
Symmetry |Space group| Translation vectors Vv Atom Position Atomic coordinates Values of distribution
of unit cell and multi- |  in ideal ordered structure function n(xy, y1,z1)
plicity
x/acub y/bcub Z/Ccub
Cubic No. 221 acu = (100) 5, 0131 X1 (vacancy) 1(a) 0 0 0 n =y—73n,/4
Pm3m beup = (010) 5, X2 3(c) 1/2 0 1/2 ny =y+n,/4
(O) Ceup = (001) ) M1 1(b) 12 12 12
M2 3(d) 0 1/2 0
x/a, y/be z/e
Tetragonal No. 139 a, = (100) ., 243, | X1 (vacancy) 2(a) 0 0 0 np=y—mo/4—1z/2
14/mmm by = (010) 4, X2 2(h) 0 0 1/2 m =y —n0/4+ng/2
17 _
(D) e = (002) 5 X3 4(d) 0 12 14 | n3=y+n,/
Ml 4(c) 0 1/2 0
M2 4(c) 0 0 1/4
* The volume of the unit cell of a superstructure expressed through parameter ap; of the unit cell of the basic disordered Bl type structure.
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Table 9. The channels of disorder—order MX, —M,4X; phase transitions and the parameters of distribution functions n(xy, yi, z;) describing My X;

superstructures.
Symmetry Space group Disorder—order transition channel Parameters of the distribution function
{k;} star ks(-f ) rays of the {k;} star Vs (Px( /)
Cubic No. 221 {Kio} k() = (b +b2)/2, 7o =1/4 o) =m
Pm3m {kio) kig = (b +b3)/2, mo = 1/4 o =7
3 3

() {kio} kg = (by +b3)/2, no = 1/4 o1 =7

Tetragonal No. 139 {kio} k](é) = (b +b2)/2, Y10 = 1/4 (pl((? =r
14 /mmm {ks} kél) = (by + 3by + 2b3)/4, g =1/4 ‘Pé” —

(D) {ks} k= k. 7 =1/4 g =

In accordance with Fig. 10b, coordinates (xy,y,z1) are
related by expressions x; = x, y; = 3, and z; = z/2 to the
coordinates of this superstructure, listed in Table 8. Distribu-
tion function (19) takes three values at the sites pertaining to
different positions of the nonmetal fcc sublattice (see Table 8).
For the totally ordered M4X3 phase, the relative stoichio-
metric concentration of interstitial atoms is ygy = 3/4.

Distribution function (19) also describes the tetragonal
(space group I4/mmm) substitution A3B superstructure
characteristic of, e.g., Al3Ti and Ni; V.

Superstructures of type M4X3 in nonstoichiometric MX),
compounds with the Bl structure have never been observed in
experiment. Thermodynamic calculations by the order para-
meter functional method [1-6, 53] have given evidence that
type M4 X3 superstructures do not form in nonstoichiometric
M X, compounds with the Bl structure.

The cubic (space group Pm3m) M,X3 superstructure
possesses a higher symmetry than the tetragonal (space
group I4/mmm) M4 X5 superstructure. It follows, thus, from
the symmetry analysis that the cubic (space group Fm3m)
disordered MX, phase — cubic (space group Pm3m) ordered
M4 X5 phase — tetragonal (space group I4/mmm) ordered
M4X5 phase transition is formally possible as temperature
decreases. The phase transformation sequence remains
physically valid, despite the lack of an ordered phase in
experiment.

5.2 Ordering in the trigonal {-Ta,4C;_, phase

The high nonstoichiometry of the nonmetal sublattice is
characteristic not only of cubic and tetragonal carbides but
also of trigonal {-M4Cs_ (M4C;3_O14x, 0.20 < x < 0.56)
vanadium, niobium, and tantalum carbides. The large
concentration of structural vacancies O in the carbon
sublattice of nonstoichiometric trigonal {-M,Cs_, phases
amounting to tens of at.% is a prerequisite for their atomic-
vacancy ordering.

The first investigations into the ordering in nonstoichio-
metric {-M4C;_, phases were carried out using the {-phase of
tantalum carbide [54-56].

In Refs [57-59], formation of {-Ta,Cs_, was erroneously
interpreted as ordering involving cubic carbide TaC,. How-
ever, this transformation is not a disorder—order transition
between the disordered cubic TaC, carbide and trigonal (-
Ta,C;_, carbide, because cubic symmetry of the basic metal
fce sublattice of disordered TaC,, carbide is not preserved in {-
Ta4C3_X.

Disordered {-M4C;s_, (M =V, Nb, Ta) carbide phases
have a trigonal (space group R3m) structure in which 12 metal
atoms twice occupy 6(c) positions, while sites of the nonmetal

sublattice are located in 3(a), 3(b), and 6(c) positions having
coordinates (000), (001/2), and (00 ~ 5/12), respectively
(from here on, atomic coordinates and parameters of unit
cells of the {-phases are expressed in hexagonal axes).

In {-M,C5_,0;,, phases, even at x = 0, a quarter of all
positions of the nonmetal sublattice are vacant. Carbon
atoms fill all 6(c) positions, while the remaining C atoms
and structural vacancies occupy 3(«a) and 3(b) positions. The
location of C atoms and O vacancies in 3(a) and 3(b) positions
may become statistic or ordered. For statistical distribution,
C atoms equiprobably, (1 —x)/2, occupy 3(a) and 3(b)
positions in the nonmetal sublattice. An ordered distribution
is possible in two variants. In one of them, the atoms occupy
3(a) positions with a probability of (1 — x), while 3(b)
positions are vacant. During such ordering, new crystal-
lographic positions do not appear, and the lattice retains its
trigonal symmetry. An X-ray and neutronographic experi-
ments [54-56] confirmed the validity of this variant. Accord-
ing to these studies, the other variant with C atoms and
vacancies occupying 3(b) and 3(a) positions, respectively,
with probability (1 —x), does not agree with available
experiments.

The unit cell of a disordered trigonal {-TasC;_, phase
shown in Fig. 11a in hexagonal axes contains three TasC;_,
formula units. In disordered {-Ta,C;_, carbide, C atoms and
O vacancies statistically, with the same probability (1 — x)/2,
occupy 3(a) and 3(b) positions in the nonmetal sublattice.
The unit cell of an ordered trigonal {-phase of tantalum
carbide also contains three TasCs;_, formula units. Coordi-
nates of the atoms and vacancies in this cell are presented in
Table 10. The composition of an ideal {-phase corresponds to
~ TaCog; (TaCys3) or TagCs;_, with x =1/3. Tantalum
atoms occupying 6(c¢) positions with coordinates
(00 ~ 1/8) in the planes normal to the c-axis of the unit cell
are displaced toward carbon sublattice planes formed by the
sites at 3(b) positions and away from carbon sublattice planes
formed by 3(a) sites (Fig. 11b). The presence of such
displacements indirectly suggests different populations of
3(a) and 3(b) positions by C atoms, i.e., their possible
ordering.

The {-Ta,C5_, phase has a close-packed metal sublattice
transitional between hexagonal close-packed (HCP) and fcc
metal sublattices of hexagonal and cubic Ta,C and TaC,
carbides.

Taking account of the ordered distribution of C atoms
and O vacancies over 3(a) and 3(b) positions, the structural
formula of the {-phase can be represented as TasCyCi_ O 4y
If the distribution of carbon atoms and vacancies between
3(a) and 3(b) positions is described by the long-range order
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Figure 11. Arrangement of atoms in the unit cell of disordered (a) and
ordered (b) trigonal (space group R3m) {-Ta4C;_, phases (the cell is
shown in hexagonal axes): (®) Ta atoms, (®) Ta atoms outside the cell,
(0) C atoms, (O) structural vacancies, (<) 3(a) and 3(b) positions of the
nonmetal sublattice of the disordered phase statistically, with probability
(I —x)/2, occupied by C atoms and vacancies. (a) Dashed-dotted lines
show the primitive cell of the disordered {-TasC;_, phase formed by 3(a)
and 3(b) sites, and also 3(a), 3(b), and 6(c) positions of the nonmetal
sublattice octahedrally surrounded by tantalum atoms. (b) Ordered
distribution of C atoms over 3(a) positions and structural vacancies O
over 3(b) positions.

parameter #, ideal ordering with the long-range order
parameter 7., = 1 is achieved at x =0, when all 3(a)
positions are occupied by C atoms and 3(b) positions are
vacant. If x increases, i.e., with a rise in vacancy concentra-
tion, parameter 7,,,, decreases, since vacancies appear in 3(a)
positions. The dependence of the maximum value of the long-
range order parameter on the {-phase composition has the
form n,.(x) =1 —x. In the disordered {-phase, 3(1 — x)
carbon atoms equiprobably occupy 3(a) and 3(b) positions;
therefore, the relative concentration of carbon atoms
involved in the ordering process amounts to (1 —x)/2.
Then, the function describing the distribution of C atoms
over 3(a) and 3(b) sites in a nonmetal sublattice of the trigonal
{-phase can be represented as

1—
n(r) = Tx +g cos (6mzy) ,

(20)
where r = (xn, yh, zn) is the site of the nonmetal sublattice
occupying either the 3(a) or 3(b) position. Distribution
function (20) defines the probability of detecting carbon

Table 10. Trigonal [space group No. 166— R3m (D3,))] (-TasCs_, =
TasC,C_ Oy, carbide: Z = 3, a, = by, = 0.3123, and ¢, = 3.0053 nm.

Atom Position| Atomic coordinates Values
and in hexagonal axes of distribution
multi- function
plicity Xfan | y/bu | z/ch n(Xn, ¥, zn)
Cclr 3(a)” 0 0 0 m=(1-x)/2+n/2
C2 (vacancy) | 3(b) 0 0 0.5 |m=(1-x)/2—n/2
C3 6(c) 0 0 0.4170
Tal 6(c) 0 0 0.1274
Ta2 6(c) 0 0 | 0.2910

* Carbon C atoms occupy all 3(a) positions in {-TasC;_, carbide at
x = 0 and the maximum long-range order parameter; for x > 0 and the
maximum long-range order parameter, C atoms occupy only part of the
3(a) positions, while their remaining part is vacant; 3(b) positions are
always vacant regardless of composition and order parameter; 6(c)
positions of nonmetal lattice are always filled with carbon atoms.

atoms at r sites relevant to the 3(a) and 3(b) positions in the
nonmetal sublattice of the {-TasC;_, phase. With a maximum
long-range order parameter, 1, (x) = 1 — x, function (20) at
all 3(a) sites assumes the value of (1 — x) but vanishes into
3(b) sites. In other words, the probability of detecting C atoms
at 3(a) and 3(b) sites at the maximum long-range order
parameter is (1 —x) and 0, respectively. For lack of
ordering, when n =0, the distribution function n(r) =
(1 —x)/2 at all 3(a) and 3(b) sites of the nonmetal
sublattice. The values of function (20) at the sites of the
nonmetal sublattice of the {-TasC;_, phase are given in
Table 10.

6. M X5 superstructures

The literature contains a wealth of data on carbide super-
structures M¢Cs (M¢CsO) for which ¢ = 3. Experiments have
demonstrated the formation of M¢Cs superstructures differ-
ing in symmetry and distribution of C atoms and O vacancies
over the lattice sites in strongly nonstoichiometric cubic
(space group Fm3m) MC, carbides of group V transition
metals (M =V, Nb, Ta) with a relative carbon content of
0.79 < y £ 0.88 at temperatures below 1300 K. Trigonal
(space group P3; or P3;12) and monoclinic (space group
C2/m, C2 or C2/c) M¢Cs superstructures have been
proposed in the literature for ordered nonstoichiometric
vanadium and niobium carbides. The formation of an
incommensurate MCs-like ordered phase was observed in
nonstoichiometric tantalum carbide TaC, [60-62].

The sequence of phase transformations accompanying the
formation of M¢Cs superstructures in nonstoichiometric
MC, carbides was discussed in Ref. [63]. However, reports
published after 2008 propose updated structures with new
space groups for ordered M¢Xs (MCs) phases. These data
were summarized by the authors of Ref. [64], who revised the
transformation sequence during the formation of M X5 type
superstructures in nonstoichiometric MX, compounds with
the Bl structure. The discussion below takes account of the
new information on superstructures of type M Xs.

6.1 Trigonal M X5 superstructure

The formation of an axial trigonal ordered V¢Cs phase has
been established by the electron diffraction method, electron
microscopy, and NMR method [65-67]. In terms of symme-
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Figure 12. Position of trigonal (space group P3;12 and P3;) unit cells of
M¢Xs (M¢Cs) superstructure in a lattice with the basic structure Bl. The
contours of the unit cells are shown by solid and dashed-dotted lines,
respectively. The origin of coordinates (000),; |, of the trigonal (space
group P3;12) unit cell has cubic coordinates (2/3 5/6 1/2),,, and the
origin of coordinates (000) 5, of the trigonal (space group P3) unit cell has
cubic coordinates (0 1/6 7/6)p,. (@) metal atom, (O) interstitial atom X
(C), and (O) vacancy.

try, this superstructure belongs to the space group P3; or
enantiomorphic space group P3,. The authors of Refs [68, 69]
used structural neutronography to elucidate the structure of
the trigonal V¢Cs phase and showed that it has the space
group P3;12. Later on, the authors of Ref. [70] reconsidered
the experimental data [65] on the crystalline structure of
ordered nonstoichiometric vanadium carbide and demon-
strated that the trigonal V¢Cs superstructure possesses the
space group P3;12 rather than P3;.

Trigonal (space groups P3;12 and P3;) unit cells of M4 X5
(MCs) superstructure are demonstrated in Fig. 12. Coordi-

nates of the atoms and vacancies in ideal trigonal (space
groups P3;12 and P3;) M¢ X5 superstructures are presented in
Table 11. Both unit cells have identical translation vectors
(see Table 11). The unit cell of the M X5 superstructure with
the space group P3;12 is displaced one third of the ¢y -axis
length from the trigonal (space group P3)) cell, i.e., by vector
/3 = (2/3)(111)p.

Trigonal (space groups P3;12 and P3,) M¢Xs (MeCs)
superstructures are formed via the phase transition channel
involving 13 k) rays of the three {ko}, {ky4}, and {ks} stars
(Table 12).

The identical disorder—order transition channel corre-
sponding to trigonal (space groups P3,12 and P3|) M¢Xs
superstructures suggests that they are described by one and
the same distribution function depending on three long-range
order parameters: 1y, 14, and 15, corresponding to {ko}, {k4},
and {k3} stars:

n(xi 7)== cos [ — i +21)]
_23_\/§ - [4n(x13—zl)} +COS[4 (y13+zl)}
[} o )
_Vgsin{ (xlfSyrszI }

23 [ (5x1+3y1+zl)} { (3x1+y1—521)}

(1)

+ ——sin

i

n(3x1 + y1 — 5z1) }}
|

Referring to Fig. 12, coordinates (xp, yi, z1 are related to the
coordinates of the trigonal (space group P3;12) MsXs

Table 11. Trigonal [space group No. 151— P3;12 (D3) and No. 144— P3; (C2)] MsXs (MsCs) type superstructures: Z =3, ¥V =9a},/2, and

ay = (1/2)(211) gy, by = (1/2)(112) g, € = 2(111) .

Atom Space group P3,12 Space group P3,; Values of distribution
" ) ) " ; . function (>, y1, z1)
Position Atomic coordinates Position Atomic coordinates
and multi- in ideal ordered structure and multi- in ideal ordered structure
plicity plicity
x/ay y/by z/ey x/ay V/bu z/ey
X1 (vacancy) 3(b) 1/9 2/9 1/6 3(a) 1/9 2/9 1/2 n=y—1n9/6—n4/3—1n3/3
X2 3(b) 4/9 8/9 1/6 3(a) 4/9 8/9 1/2 ny =y —19/6+1,/6+15/6
X3 3(b) 7/9 5/9 1/6 3(a) 7/9 5/9 1/2 ny =y —1ny/6+14/6+15/6
X4 3(a) 1/9 8/9 1/3 3(a) 1/9 8/9 2/3 ny=y+ny/6—1n4/3+n3/3
X5 3(a) 4/9 5/9 1/3 3(a) 4/9 5/9 2/3 ng =y +19/641,/6 —13/6
X6 3(a) 7/9 2/9 1/3 3(a) 7/9 2/9 2/3 =y +19/6+1,/6—1n3/6
4/9 5/9 1/12 3(a) 4/9 5/9 5/12
M1 6(c)
4/9 5/9 7/12 3(a) 4/9 5/9 11/12
1/9 8/9 1/12 3(a) 1/9 8/9 5/12
M2 6(c)
1/9 8/9 7/12 3(a) 1/9 8/9 11/12
7/9 2/9 1/12 3(a) 7/9 2/9 5/12
M3 6(c)
7/9 2/9 7/12 3(a) 7/9 2/9 11/12
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Table 12. Disorder—order MX, — My Xs phase transition channels and parameters of the distribution functions 7(xy, i, z;) describing MsXs (MCs)

superstructures.
Symmetry Space group Disorder—order transition channel Parameters of distribution functions
{k;} star ks(-f ) rays of the {k;} star Vs %U)
Trigonal No 151 {ko} kg(3) =hy/2, 70 =1/6 (/79(3> -
P312 {ks} k(Y = (by + by + 2b3)/3, 74 =V3/18 ol =7n/6
(D3) {ka} ki =k, 74 =/3/18 o? = _n/6
or {ks} K = (b —b))/3, 74 =3/18 o) =3n/2
No. 144 (k) K = k{7, W=VIS | ol =32
P3, {ky} K\ = (2b) 4 by + b3)/3, 74 =V3/18 ol =sn/6
() {ks} kY =k, =318 | 0¥ =-st/6
{ks} k() = —(4b, + by + 2b3)/3, 73 =/3/18 o)) = /6
{ks} kY = -k, 73 =/3/18 o = —7n/6
{ks} K = (2b) + 3b, + 4b3)/6, 73 =/3/18 o =2
{ks} k'Y =k, =38 | ol¥ =—n/2
{ks} k{™ = (2by + by — 2bs) /6, 73 =3/18 9" = —5m/6
{ks} K = k[P 73 =/3/18 oY = 51/6
Monoclinic No. 15 {ko} ké” =h,/2, 99 =1/6 (/,9(3> —
C2/c {ks} ki = (b + by +2b3)/3, ya=1/12 o) =4n/3
(C12/cl) {ks} ki =k, 74 =1/12 o = —4n/3
(C5) {3} k) = —(4b; + b, + 2b3)/3, 7 =1/12 o8 = 4n/3
or {ks} ki = kg, 7 =1/12 ¢1" = —4n/3
No.5 {ko} k(Y = (4b) + by — 4b3)/12, 70 = V3/12 ol = —n/6
C2(C121) {ko} K = k¥, 90 =V3/12 oY =m/6
(S3) {ko} k") = —(8by + by + 4bs) /12, 70 = V3/12 o = ~7m/6
{ko} ki = k" 70 =V3/12 ol =7Tr/6
Monoclinic No. 12 {ko} kg“) =h,/2, 79 =1/6 %(3> -
C2/m {kq} k" = (by + by +2b3)/3, 7 =1/6 oV =n
(C12/m1) {ke} kP = -k, 70 =1/6 o = —n
(C3h) {ks} k(Y = —(4b; + by + 2hs) /3, 73 =1/6 o)) =
{ks} kY = k7 1=1/6 o) ==

superstructure, listed in Table 11, by the following expres-
sions:  Xp = Xg — Vue/2 + 2z +2/3, y1 = Xue/2 + yu/2 —
2z4—5/6, and z; = —xy/2 + yir + 2z — 1/2. Parameters y,
and (psm of function (21) are presented in Table 12.
Distribution function (21) describing trigonal M¢X5 (MCs)
superstructures takes four values: ny, ny, n3, and ny at the sites
of the basic nonmetal fcc sublattice (see Table 11), meaning
that the nonmetal sublattice of the disordered nonstoichio-
metric M X, (MC,) compound splits into four nonequivalent
sublattices in the ordering being considered. For ideal Mg X
(MsCs) superstructures, quantity y in distribution function
(21), i.e., the relative concentration of interstitial X atoms,
equals 5/6.

The identity of the phase transition channel and the
distribution function means that for the trigonal MgX;
phase only one of the two trigonal structural models is
valid. Given that the usual requirements for a unit cell are
fulfilled (correspondence to crystal symmetry, maximum
number of right angles and minimum volume), its choice
in one and the same lattice is controversial and possible in a
variety of ways [71]. This explains why one and the same
crystal is described differently in experimental studies. As a
matter of fact, the requirements for the choice of a unit cell
are reduced to a single condition: it must possess the highest
possible symmetry. Given an equal volume of cells, this

means that the point symmetry group of the selected unit
cell must include the maximum number of symmetry
elements (operations).

The point symmetry group 322 (D) of a trigonal (space
group P312) MsX5 superstructure comprises 6 symmetry
elements: hy, hs, ho, hy3, hy7, and &y, and the point symmetry
group 3 (C3) of a trigonal (space group P3;) MCs super-
structure has three elements: %y, hs, and hg [1, 2, 31]. This
means that the trigonal (space group P3;12) structural model
of the M¢X5 phase possesses a higher symmetry than the
trigonal model of the M¢Xs phase with space group P3;. In
other words, the former model more adequately describes the
crystalline structure of the ordered MgXs (MgX50) phase
than the latter one. Thus, the trigonal (space group P3;12)
MsXs (M¢Cs) superstructures observed in experiments [65—
67, 72, 73] and described later in reviews [1-6, 26] actually
belong to the space group P3,12.

6.2 Monoclinic Mg X5 superstructure:

C2/c or C2 space group?

A solid boron solution in fcc palladium, PdB,, was recently
investigated in Refs [74, 75] by structural neutronography,
X-ray, and electron diffraction techniques. The disordered
solid PdB, solution has a basic cubic structure Bl. The
authors of Refs [74, 75] took advantage of the analogy with
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Figure 13. Position of monoclinic unit cells of the M X5 (MCs) super-
structure in a lattice with the basic structure Bl: (a) the cell with space
group C2, and (b) the cell with space group C2/c. Dashed-dotted lines in
figure (a) additionally show the contour of the monoclinic cell with space
group C2/c. The origin of coordinates (000), Je of the monoclinic (space
group C2/c) unit cell has cubic coordinates (1/2 1/4 1/4)p,, ie., it is
displaced by vector (1/4)(211) 5, with respect to the origin of coordmdtes
(000) 5, = (000), of the monoclinic (space group C2) unit cell. Vertical
dashed lines show projections (x) of atoms, vacancies, and vertices of unit
cells onto the plane (x y0),,. (®) metal atom, (0) interstitial atom X (C),
and (O) vacancy.

ordered nonstoichiometric MCs carbides [1, 2, 26, 34] and
arrived at a conclusion about the formation of a monoclinic
[space group C2/c (C12/c1)] Pd¢B (M¢X) superstructure.
The monoclinic (space group C2/c¢) Pd¢B superstructure
corresponds to the inverse M¢X5 superstructure with the
same space group. In the present case, by inversion is meant
the inversion of populations of octahedral interstices (a
vacant interstice is replaced by the one occupied by a
nonmetal interstitial atom and vice versa).

The disorder—order transition channel for the inverse
monoclinic (space group C2/c¢) M¢Xs (MCs) superstructure
was studied in Refs [76, 77]. It turned out to be identical with
the disorder—order transition channel via which the mono-
clinic MCs superstructure with a space group C2 forms. Let
us clarify if there is a physical difference between monoclinic
M¢Xs (M¢Cs) superstructures with space groups C2/c¢ and
C2.

Figure 13a shows the position of the unit cell of the
monoclinic (space group C2) My X5 superstructure and the
contour of the unit cell of the monoclinic (space group C2/c¢)
M X5 phase. Figure 13b illustrates the arrangement of atoms

and vacancies in the unit cell of the monoclinic (space group
C2/c) MsXs (MgXs0O) phase. Referring to Fig. 13, the origin
of coordinates (000),, of this superstructure has cubic
coordinates (1/21/41/4),,, ie., it is displaced by vector
(1/4)(211),, with respect to the origin of coordinates
(000) 5, = (000) ., of the monoclinic (space group C2) unit
cell of the M¢Xs (M¢Cs) superstructure. Coordinates of
atoms and vacancies in ideal monoclinic (space groups C2/c¢
and C2) Me¢Xs (MgXsO) superstructures and translation
vectors of unit cells are presented in Table 13. The unit cells
of monoclinic superstructures comprise four M¢Xs formula
units and have equal volumes V = 643, .

Figure 13 demonstrates that translation vectors of the
unit cell of the monoclinic (space group C2/c¢) M¢Xs phase
have the same length and direction as those of the
monoclinic (space group C2) MXs phase or are their
linear combinations: acy/. = ac2, beyye = bea, and ¢y =
ac) + ¢, the volumes of both unit cells being equal. Due
to the invariance of determinants in formula (1) with
respect to addition and subtraction of the rows, the
superstructure vectors of the reciprocal lattice of the
monoclinic (space group C2/c¢) M¢Xs phase also coincide
or are combinations of the vectors of the reciprocal lattice
of the monoclinic (space group C2) M¢Xs phase: ag,, =
A — ety = (1/4)(113). by =biy = (1/3)(110). and
Cooe =€ = (1/4)(111). Monoclinic (space groups C2/c
and C2) M¢Cs phases are formed via the same disorder—
order transition channel involving 9 vectors belonging to the
Lifshitz star {ky}, non-Lifshitz stars {ks}, {ks;}, and non-
Lifshitz star {ko} with 48 rays (see Table 12).

Taking account of this channel, the distribution function
of interstitial atoms X (C) in monoclinic (space groups C2/c¢
and C2) M X5 (MCs) superstructures depends on four long-
range order parameters, 79, 14, 3, and n, corresponding to
stars {ko}, {ks}, {ks}, and {ko}, and has the form

=)y- 1 cos [ﬁ(xl -+ ZI)]

{COS {4n(x16+ yl)}  Jisn {4n(x1 + 1) }}

n(xt, y1, 1)

=
=

—
\S]

3 3

_111_; {COS {n(xl— 53yl— 321)} _ JAsin [n(xl— 53yl— 321)]}

M0 ) 500 | FEIE 7y1+ 9z1) o [ mG Ty 9z0)
12 6
4 3cos { (Tx1 + 31 — 921)} V3 sin { (7*c1+y1921)}}
6 6 '

(22)

Referring to Fig. 13, coordinates (xi, yi1, z1) of the disordered
cubic Bl structure are related to the coordinates of the
monoclinic (space group C2/c¢) M¢Xs superstructure (see
Table 13) by the expressions x; = xp/2 + 3ym/2 + 3z /2 —
1/2, yi= —xm/2 4+ 3ym/2-3zm/2 + 1/4, and z; = —xp+
m — 1 /4. Distribution function (22) describing monoclinic
(space groups C2/c and C2) M Xs (MCs) superstructures at
all sites of the basic nonmetal fcc sublattice takes 5 different
values, ny, ny, n3, ng, and ns (see Table 13). The similarity of
distribution functions means that only one of the two
monoclinic (space groups C2/c and C2) structural models
holds for the M X5 phase. Since the volumes of the unit cells
are equal, the higher symmetry cell should be chosen here.
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Table 13. Monoclinic superstructures of type Mg Xs (MCs) [space group No. 15— C2/¢ (C12/¢1) (C§,) and No. 5— C2 (C121) (C3)]: Z = 4, V = 6a;;
acyye = (1/2)(112) g1, beaye = (1/2)(330) 5y, ecape = (1/2)(332) s a2 = (1/2){112) gy, bz = (1/2)(330) ;. eco = (112) ;.

Atom Space group C2/c¢ Space group C2 Values of distribution function
Position Atomic coordinates Position Atomic coordinates (oo y1,21)
and in ideal ordered structure and in ideal ordered structure
multi- multi-
plicity x/ay »/bu z/cy plicity x/ay V/bu z/cq
X1 (vacancy) 4(e) 0 1/12 1/4 2(a) 0 0 0 np=y—19/6—=n4/12 —n3/12 = 1ny/2
2 | sz |4 |2 | 20 1/3 V2 [m =y = /6 — /12— 3/12 o2
0 5/12 1/4 2(a) 0 1/3 0 ns =y —19/6 — /12 — n3/12 +1/2
X2 4(e)
0 7/12 3/4 2(b) 1/2 1/2 12 |ns=y—n9/6—n,/12 = n3/12 + 1y /2
0 3/4 1/4 2(a 0 2/3 0 n3y =y —19/6+1,/6+13/6
“ ‘o / / (@ / L=y =1/ + /6 + 15/
0 1/4 3/4 2(b) 1/2 1/6 1/2 ny=y—"n9/6+n4/6+1n/6
X4 4(c) 1/4 3/4 1/2 4(c) 1/2 2/3 1/4 ng=y—+ny/6+n4/6—13/6
1/4 5/12 1/2 4(c 1/2 1/3 1/4 ny=y+1ny/6—1n4/1241n5/12
B s | / / © | v / /4 m=ytn/6=n/12+m)
1/4 1/12 1/2 4(c) 1/2 0 1/4  |m=y+n9/6—n4/12+n3/12
1/8 1/4 3/8 4(c 1/4 1/6 1/8
B o | / / © | v / /
1/8 3/4 7/8 4(c) 3/4 2/3 5/8
5/8 5/12 3/8 4(c 3/4 1/3 1/8
i o | / / © | ¥ / /
3/8 7/12 5/8 4(c) 3/4 1/2 3/8
1/8 7/12 3/8 4(c 1/4 1/2 1/8
s o LY / / © | U / /
5/8 1/12 3/8 4(c) 3/4 0 1/8

Table 14. Monoclinic [space group No. 12— C2/m (C12/m]l) (C;h)] M Xs superstructures: Z =2, V=3a},, acoym = (1/2)(112) ,, beaym =

(1/2)(330) 5, and eco/m = (1/2)(112) 4,.

Atom Position and Atomic coordinates in ideal ordered structure Values of distribution function n(xy, y1, z1)
multiplicity
x/acym y/bcam z/¢cam
X1 (vacancy) 2(a) 0 0 0 n=y—n9/6—n4/3—n3/3
X2 2(d) 0 1/2 1/2 m =y +n9/6—14/3+n3/3
X3 4(g) 0 1/3 0 ny =y —19/6+1,/6+15/6
X4 4(h) 0 1/6 1/2 ng=y—+n9/6+n,/6—n3/6
M1 4(i) 1/4 0 3/4
M2 8(/) 1/4 2/3 3/4
The point symmetry group 2/m (Cy;,) of the monoclinic 001
(space group C2/c) M¢Xs (M4Cs) phase includes 4 symmetry (001
elements (rotations Ay, h4, hys, and hyg), whereas group 2 (C2) e\
of the monoclinic (space group C2) M¢Xs (MsCs) phase
comprises only two symmetry elements, /; and /4. Therefore, 7 W{}\P‘
it is inferior to the monoclinic (space group C2/c¢) structural RN N
model of the M¢Xs phase in terms of symmetry. Thus, the 7}\6 M\P
monoclinic (space group C2/c¢) model more adequately / {/ ;1\
describes the crystalline structure of the ordered MgXs ol e ;(#‘\v%f (010]5
(M X50) phase than the model with a space group C2. To ﬁ\ﬁﬁ(‘@nzw bey
sum up, the monoclinic (space group C2) MsXs5 (MsCs) 2"\ 4 é( /
superstructures observed in experiments [78-81] and also e B e }5
described in reviews [1-6, 26] actually belong to the space [100]1 1 /
group C2/c. | Q]
am Z

6.3 Monoclinic (space group C2/m) Mg X5 superstructure

The unit cell of the monoclinic (space group C2/m) M¢Xs
(MCs) superstructure includes two M¢Xs formula units
(Fig. 14). Translation vectors of the unit cell and coordinates
of atoms and vacancies are given in Table 14. The disorder—

MeXs (MeXsO) (space group C2/m)
Figure 14. Position of the monoclinic (space group C2/m) unit cell of
MsXs (MgCs) superstructure in a lattice with the basic structure Bl.
(@) metal atom, (0) interstitial atom X (C), and (O) vacancy.
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order transition channel associated with the formation of the
monoclinic (space group C2/m) M X5 (MCs) superstructure
involves five nonequivalent superstructure vectors of three
stars, {ko}, {ks}, and {ks} (see Table 12). Taking this into
account, the distribution function of carbon atoms in
monoclinic (space group C2/m) MsXs (MCs) superstruc-
tures depends on three long-range order parameters, 7y, 1y,
and #;:

n(xy,y1,z1) =y — %9 cos [TC(XI -+ ZI)]

Ma o [411:()61 —I—yl)} M o {n(x; 5y1 — 3z1)

3 3 3 3

: . (23)

In accordance with Fig. 14, coordinates (xi, y1, z1) of the basic
disordered Bl structure are related to the coordinates of the
monoclinic (space group C2/m) MsXs superstructure by
the expressions X1 = Xm/2 + 3ym/2 + zZm/2, y1 = —xm/2+
3¥m/2 — zm/2, and z; = —xy + zy. The distribution func-
tion (23) at all sites of the basic nonmetal fcc sublattice takes
the same 4 values (see Table 14) as distribution function (21)
describing the trigonal M¢Xs superstructure (see Table 11).
However, the relative positions of the sites of four sublattices
in the monoclinic (space group C2/m) ordered superstructure
differ from those in the trigonal (space group P3,12) M¢Xs
superstructure. The long-range order in the distribution of
carbon atoms and vacancies in the monoclinic (space group
C2/m) M¢Xs superstructure under consideration is also
different from that in the monoclinic (space group C2/c)
M X5 superstructure.

The monoclinic (space group C2/m) superstructure of
type MeXs (MCs) was observed in experiments with
nonstoichiometric niobium carbide NbC, [32, 33, 82-86].
According to paper [73], solidification of vanadium-rich Fe
alloys is accompanied by dispersed precipitation of the
ordered V¢Cs phase that also has the monoclinic (space
group C2/m) structure.

6.4 Sequence of Mg X5 superstructure formation
The above symmetry analysis of M¢Xs (M¢Cs) superstruc-
tures gives evidence that the ordering of nonstoichiometric
MX, (MC,) compounds with y ~ 5/6 results in formation of
one trigonal (space group No. 151— P3;12) and two
monoclinic (space groups No. 12— C2/m and No. 15—
C2/c) MgXs (MsCs) phases. The ordering of X atoms and O
structural vacancies occurs in the basic nonmetal fcc sub-
lattice of the disordered cubic (space group Fm3m) MX,
phase and is associated with the splitting of high-symmetry
4(b) positions into two or more positions of the low-
symmetry ordered phase. The disordered cubic (space group
Fm3m) MX, phase has a point symmetry group m3m (O),)
that includes 48 symmetry elements, &} —/hgg [1, 2, 30, 31].
Point symmetry groups of trigonal (space group P3;12),
monoclinic (space group C2/c¢), and monoclinic (space group
C2/m) M¢Xs (M¢Cs) superstructures include six (%, hs, ho,
/’l13, /’l17, hz]), four (/’ll, ]14, /125, hzg), and again four (/11, h4, /125,
hyg) symmetry elements, respectively. They are subgroups of
the point symmetry group of the basic disordered cubic (space
group Fm3m) MX, (MC,) phase; therefore, the transition
from the disordered MX, (MC,) compound to any of these
superstructures represents a disorder—order phase transfor-
mation. The formation of these MgXs superstructures
proceeds with a symmetry distortion over three or four
irreducible representations, meaning that MX, — McX;s

phase transitions do not satisfy the Landau group-theoreti-
cal criterion for second-order phase transitions: they are
realized through a first-order transition mechanism.

The point symmetry group 322 (D3) of the trigonal (space
group P3112) MgXs superstructure includes 6 symmetry
elements: hy, hs, hy, hi3, hy7, and hy;, while the point
symmetry group m3m (O,) of the basic cubic disordered
MC, phase contains 48 elements, /1 —/hyg; therefore, the
rotational symmetry reduction equals 8. The reduction in
translational symmetry upon the transition from the high-
symmetry disordered MX, (MC,) phase to a low-symmetry
trigonal M¢Xs (M¢Cs) superstructure equals 4.5. The overall
symmetry reduction is the product of rotational and transla-
tional reductions. Therefore, the overall symmetry reduction
in the disordered nonstoichiometric cubic (space group
Fm3m) MX, phase — ordered trigonal (space group P3;12)
M¢Xs phase transition amounts to N =36. The point
symmetry group 2/m (Cy,) of monoclinic (space group
C2/m and C2/c) ordered M¢Xs phases involves 4 symmetry
elements, 1y, Ky, hys, and hog; hence, the rotational symmetry
reduction in the disorder—order transition reaches 12. The
reduction in translational symmetry during the transition
from the disordered MX, phase to the monoclinic (space
group C2/m) M¢Xs superstructure would run to 3 and equals
6 in the transition to the monoclinic Mg X5 phase with a space
group C2/c. The overall symmetry reduction in disorder—
order MX, (space group Fm3m) — MXs (space group C2/m)
and MX, (space group Fm3m) — MXs (space group C2/c)
transitions amounts to 36 and 72, respectively.

As far as transitions between individual M¢Xs (MCs)
superstructures are concerned, it is clear from the relationship
between symmetry elements /; that a trigonal superstructure
is unrelated to monoclinic M¢Xs superstructures in terms of
symmetry, because its point group is neither a group nor a
subgroup of the point groups of monoclinic superstructures.
Therefore, the transition between the trigonal and any of the
two monoclinic MgXs phases cannot be an order—order
transition but is possible as a polymorphic transformation.

The order—order phase transformation is only possible for
monoclinic (space groups C2/m and C2/c¢) MgXs super-
structures. Since the point symmetry groups of these super-
structures are identical, a transition between them does not
affect rotational symmetry. A reduction in translational
symmetry in an order—order transition equals the ratio
between unit cell volumes of low- and high-symmetry
ordered phases or the ratio between site numbers in the unit
cells of these phases. For the monoclinic (space groups C2/m
and C2/c) M¢Xs (M¢Cs) superstructures under considera-
tion, the reduction in translational symmetry equaling 2 will
occur during the order-order M¢X;s (space group C2/m) —
M X5 (space group C2/c) transition. Therefore, the order—
order monoclinic (space group C2/m) Mg¢Xs phase —
monoclinic (space group C2/c¢) M¢Xs phase transformation
occurs with a two-fold overall symmetry reduction.

Thus, a decrease in temperature is accompanied by two
transition sequences involving M X5 (M¢Cs) phases (Fig. 15).
The first one covers a cubic (space group Fm3m) disordered
MX, phase — monoclinic (space group C2/m) ordered MsXs
phase — monoclinic (space group C2/c¢) ordered M X5 phase
transformations, including only disorder—order and order—
order transitions with symmetry reduction by a factor of 36
and 2, respectively. The alternative sequence embraces a cubic
(space group Fm3m) disordered MX,, phase — trigonal (space
group P3;12) ordered M¢Xs phase — monoclinic (space
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MX, (MC,) (space group Fm3m)

MeXs (MeCs) (space group P3;12)

MeXs (MeCs) (space group P3;)

Figure 15. (Color online.) Physically admissible sequences of disorder—order and order—order phase transformations proceeding with a decrease in
temperature and producing superstructures of type M Xs (MCs) in strongly nonstoichiometric MX,, (MC,) compounds with the basic B1 structure. The
topmost unit cell of the nonstoichiometric MX, (MC,) compound has a basic cubic (space group Fm3m) structure; the sites of the nonmetal sublattice in
this cell are statistically occupied by X (C) atoms with probability y. According to verified data, M X5 (MCs) superstructures belong to the space groups
P3;12 and C2/c (space groups P3; and C2 were identified incorrectly). Of the two possible sequences, the cubic (space group Fm3m) disordered MX,
(MC,) phase — monoclinic (space group C2/m) ordered M¢Xs phase — monoclinic (space group C2/c) ordered M¢Xs phase transformation is most
likely to occur. The vacant sites of the nonmetal sublattice of M X5 (MCs) superstructures are not shown.

group C2/c) M¢Xs phase transformations, including disor-
der—order transitions with symmetry reduction by a factor of
36 and polymorphic transformation of the trigonal phase into
the monoclinic one. Experimental data suggest a higher
probability of the former sequence.

7. MgX7 cubic superstructures

Unit cells of cubic (space groups Fm3m and P4332) super-
structures of type MgX7 have similar translation vectors but
differ in the relative positions of occupied and vacant sites in
Mg X7 phases (Fig. 16). Translation vectors of unit cells and
the coordinates of atoms and vacancies in these phases are
presented in Table 15.

The phase transition channel associated with the forma-
tion of a cubic (space group Fm3m) MgX; superstructure
includes all rays of {kjo} and {k¢} stars (Table 16). The
distribution function of interstitial atoms in the cubic (space
group Fm3m) MgX7 phase has the form

n(xy,y,z1) =y — % [Cos (2mx1) + cos (2myr) + cos (27:21)]

- %9{005 [m(x1 + y1+ 21)] + cos [mxt — y1 + 21)]

+ cos [n(x; + y1 — z1)| + cos [m(—x1 + y1 + Zl)}} (24)

and depends on two long-range order parameters, 1, and #q.
Referring to Fig. 16a, coordinates (xi,yr,z1) of the basic
disordered Bl structure are related to the coordinates of the
cubic (space group Fm3m) MgX; superstructure given in

[001]5 b
Ccub
AR
_er{ To * o L[c®
b[” [3)
T¢ |
o3 Tt e
[ ] H
a0 2 Pl | | Jotos
010 [o_— Q.
Acub ] [1[00] " = ) beun
Bl A
[100]51 Beub

Mg X7 (space group P4332)

Mg X7 (space group Fm3m)

Figure 16. Position of cubic (space group Fm3m) unit cells of MgX;
superstructures in a lattice with the basic structure Bl: (a) space group
Fm3m, and (b) space group P4332 (the origin of coordinates (000) 7, x, of
this superstructure MsX7 has coordinates (—1/4 —1/4 —1/4), of the
basic structure of type Bl). (O) interstitial atom, (@) metal atom, and
(O) vacancy.

Table 15 by the expressions x; = 2Xeup, V1 = 2Veub, and
z1 = 2zeup. The values of function (24) at sites located in
different positions of the nonmetal sublattice are presented in
Table 15, and the values of parameters y, and gos(’ ) of this
function in Table 16. The same distribution function (24)
describes the cubic (space group Fm3m) substitution super-
structure A7 B (of the Pt;Cu type).

The cubic (space group P4332) MgX; superstructure
forms via the transition channel involving all rays of {ke},
{kg}, and {k4} stars with u, =1/4 (see Table 16). The
distribution function describing this superstructure depends
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Table 15. Cubic superstructures of type Mg X7.
Symmetry Space Translation vectors Vv Atom Position Atomic coordinates Values of distribution
group of unit cell and multi-| in ideal ordered structure function n(xy, y1, z1)
plicity
x/acub y/bcub Z/ccub
Cubic No. 225 e = (200),,, | 8aj, | X1 (vacancy) 4a) 0 0 0 | m=y=3mp/8—ny/2
Fm3m bouy = (020) ;. X2 4(b) 1/2 1/2 1/2 | m=y—3n/8+ny/2
5 —

(0p) Ceub = (002) gy X3 24(d) 0 1/4 1/4 | my=yp+n/8
M1 8(c) 1/2 1/4 1/4
M2 24(e) 1/4 0 0

X/acup | V/bew | z/ccun
Cubic No. 212 aeub = (200) 5. 8a3, X1 (vacancy) 4(b) 5/8 5/8 5/8 ny=y—1ny/8—3ng/8 —3n4/8
P4;32 beun = (020) 5, X2 4(a) 1/8 1/8 1/8 | ma=y+1ne/8+3n5/8 —3n4/8
6 _

(0°) Ceup = (002) 5, X3 12(d) 1/8 5/8 5/8 | my=y+n9/8—n5/8 4 14/8
X4 12(d) 1/8 3/8 7/8 ng=y—ne/8+ng/8+n,/8
M1 8(c) 3/8 3/8 3/8
M2 24(e) 1/8 3/8 1/8

* The volume of the unit cell of a superstructure expressed through parameter ap; of the unit cell of the basic disordered Bl structure.

Table 16. Disorder—order M X, — Mg X7 phase transition channels and parameters of the distribution functions describing superstructures of type MgX7.

Symmetry Space group Disorder—order transition channel Parameters of distribution functions
{k;} star kj(j ) rays of the {k;} star Vs %m
Cubic No. 225 {kio} ki) k@, k) 7o =1/8 ol =@ — o _ g
Fm3m {ko} k' kg kg kg 79 =1/8 o5 =0 =0’ =0 =
(07)
Cubic No. 212 {ko} kY k2 kY kY 79 =1/16 o =m0 — o — o® =0
P (k) K0, k2, 1 W=VIS | ol = ol = ol = suya
(0%) {kg} Kk, k), kO 75 = V2/16 o =l = 0¥ = —5n/4
{ka} kY kO, kY 2= 1/16 oV = = ¢ 1
(k) kf)’kf)’kilo) 7a=1/16 %(2) _ 16) _ (pilo) -
(k) kf)’kim 7 =1/16 %53) :win) — /2
(k) kf‘),kilz) 7 =1/16 %54) _ Q’ilz) —
{ks} k" kY 74 =1/16 o)) =31/2. 0 = —3n/2

on three long-range order parameters, 1y, #g, and n,:

n(xy,y,z) =y — ’17—2 {COS [ﬁ(xl +y+ ZI)]

— COS [TE(XI -+ ZI)] — COS [TE(XI +y— ZI)}

ng

— cos [n(—x; + y1 + zl)}} 3 {— cos [m(2xy + z1)]

8

+ sin [1(2x1 + z1)] — cos [n(y1 + 2z1)] + sin [r(y1 + 2z1)]

— cos [(xy + 2y1)] + sin [n(x + 2y1)]}

N4
8

+cos [n(yi + z1)] + sin [n(x; — )]

s {cos [m(x1 + y1)] 4 cos [n(x1 + z1)]

— sin [n(x — z1)] + sin [n(y; — z1)] } .

(25)

The values of parameters y, and qosg" ) of function (25) are
presented in Table 16. As Fig. 16b shows, coordinates
(x1,1,21) of the basic disordered Bl structure are related to
the coordinates of the cubic (space group P4332) MgX;
superstructure (see Table 15) by expressions xj=
2Xeub — 1/4, y1 =2Vewp — 1/4, and z; =2z, — 1/4. The
probabilities of filling sites in these sublattices by interstitial
X atoms, i.e., the values of the distribution function (25), are
givenin Table 15. In such ordering, the nonmetal sublattice of
the disordered MX, compound breaks up into four none-
quivalent sublattices.

The cubic (space group P4332) superstructure of type
M X7 has been observed experimentally in vanadium carbide
VC, [87-92], and in dispersed vanadium carbide precipitates
from Fe—Va alloys [73].

In completely ordered cubic superstructures of type
MgX7, the relative content of interstitial atoms in the
nonmetal sublattice is yy = 7/8.
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Cubic MgX; superstructures have unit cells of equal
volume, V = 8aj,, but the point symmetry group 432 (0) in
Mg X7 with the space group P43;32 contains 24 symmetry
elements, /; —/hy4, Whereas the point symmetry group m3m
(Oy,) of the cubic (space group Fm3m) MgX7 superstructure
includes 48 elements, & —hsg. Evidently, one of these two
cubic MgX; superstructures, namely that with the space
group P4332, is a low-symmetry and, accordingly, low-
temperature structure. The cubic (space group Fm3m) MyX;
superstructure is intermediate between the high-temperature
disordered MX, phase and the MgX; superstructure with
space group P4332. The sequence of possible phase transfor-
mations that occur as temperature decreases and give rise to
My X7 superstructures in M X, compound with structure Bl
has the following form: disordered nonstoichiometric cubic
(space group Fm3m) MX, phase — ordered cubic (space
group Fm3m) MgX7 phase — ordered cubic (space group
P4332) Mg X7 phase. In these disorder—order and order—order
transitions, the overall symmetry reduction equals 8 and 2,
respectively.

8. Superstructures
of lower hexagonal M,C, carbides

Ordering in lower nonstoichiometric carbides and nitrides
MyX, = MX,:, (0.40 < y’/2 <0.50) with the basic hexa-
gonal structure of type L'3 is known much less than that in
nonstoichiometric MX, compounds with the basic cubic
structure Bl. Ordering of lower hexagonal nonstoichio-
metric M>X,, compounds most frequently gives rise to
superstructures of type M, X with a different symmetry. A
detailed description of such superstructures exemplified by
lower tungsten carbide W,C can be found in monograph [93].
In what follows, they are considered as typical M, X super-
structures with a basic hexagonal lattice.

The lower tungsten carbide W>C, belong in the group of
strongly nonstoichiometric interstitial compounds and has a
homogeneity interval extending from WCy34 to WCy s, at
~ 3000 K [94] and narrowing as temperature drops. The
literature reports a disordered hexagonal [space group
P63 /mme (Dg,)] B-W2C phase and three ordered phases of
lower tungsten carbide W»C,, viz. orthorhombic B’-W,C
[space group No. 60— Pbcn (D)})] with the {-FeoN (Mo, C)
structure, rhombohedral B”-W,C [space group No. 164—
P3m1 (D3,))] with the C6 (anti-Cdl,) structure, and trigonal
&-W>C [space group No. 162— P31m (D,,)] with the e-Fe;N
structure. In all modifications of W»C, carbide, the tungsten
atoms make up a close-packed hexagonal metal sublattice in
which from 34 to 50% of the interstices can be occupied by
carbon atoms. Lower W,C, carbide can be either disordered
at a high temperature or ordered at a lower temperature,
depending on the arrangement of carbon (C) atoms and O
vacancies.

The basic B-W,C phase has a hexagonal (space group
P63 /mmc) L'3 structure with a disordered arrangement of C
atoms and O structural vacancies in 2(a) positions of the
nonmetal sublattice. The unit cell of the B-W,C phase is
depicted in Fig. 17a. The volume V3 of the unit cell in B-W,C
carbide is (v/3/2)a’c. In disordered B-W,C carbide with the
L'3 structure, the Ising lattice in which atomic-vacancy
ordering may occur is formed by the hexagonal nonmetal
sublattice. For the p-W,C carbide, lattice periods
a. = a, = a, and period a. of the primitive (as regards the
nonmetal sublattice) translation cell in direction [001] is half

[001]2:3 a b
!
P o
= : -
a.=c/2
Pt e
! lay =a |[010],5 [010].3
ax f'J" X
[100]p3 _@=—"_% [100]3

ace

B-W>C (L'3, space group P63 /mmc) B”-W,C (C6, space group P3ml)

Figure 17. Unit cell of the basic disordered hexagonal (space group
P63 /mmc) B-W,C phase with L'3 type structure (a) and position of the unit
cell of the rhombohedral (space group P3ml) ordered B”-W,C phase of
type C6 (b) in the basic lattice with L'3 structure. Periods of the unit cell
of the disordered B-W,C phase equal « in directions [100],,; and [010],,5;
the period in the [001],,5 direction is c. The primitive (as regards nonmetal
sublattice) unit cell of the B-W,C phase is shown by dashed lines; its
periods a, and a, coincide with the respective periods of the unit cell of the
B-W,C phase, and period a. of the primitive cell in direction [001],5 is half
the period c of the unit cell of the disordered B-W,C phase, i.e., a. = ¢/2.
(@) tungsten (W) atoms, (@) sites of the nonmetal sublattice of the
disordered B-W,C phase statistically (with probability 1/2) occupied by
carbon (C) atoms, (0) carbon (C) atoms, and (00) vacant sites of nonmetal
sublattice.

the period ¢ of the unit cell, i.e., a. = ¢/2 (Fig. 17a). Structural
vectors of the reciprocal lattice for the basic hexagonal lattice
are b; = (100) and b, = (010) in 4n/(av/3) units, and
b; = (001) in 47t/c units.

8.1 Rhombohedral p”-W,C superstructure
The unit cell of a rhombohedral (space group P3m1) ordered
B”-W,C phase with the C6 type structure is shown in Fig. 17b.
Translation vectors of this unit cell coincide with translation
vectors of the unit cell of the disordered hexagonal phase and
equal acg = [100],,5, bcg = [010],,5, and ecs = [001],,5. Due
to this, the volume of the unit cell of the rhombohedral phase,
Ves = (vV/3/2)a’c, coincides with that of the unit cell of the
disordered B-W,C carbide. Coordinates of the atoms and
vacancies in an ideal rhombohedral (space group P3ml)
B”-W,C phase are presented in Table 17. It is clear from a
comparison of the disordered B-W,C carbide and the
rhombohedral B”-W,C phase (see Fig. 17) that rhombohe-
dral ordering results in splitting 2(a) positions statistically
half-filled with C atoms into positions 1(«) and (15), one of
which is occupied by carbon atom, while the other is vacant.
The B”-W,C superstructure forms via the disorder—order
transition channel involving k1<7 =b3/2 ray of the {k;7} star
of the hexagonal lattice (the numbering and description of
{ks} stars of the wave vectors of the hexagonal lattice and
their k /) rays are in accordance with monographs [30, 31]).
Notice that vector k 7 =b3/2=(001/2) in 4n/c units or
(001) in 2m/c units. Accordingly, the distribution function of
carbon atoms at r sites of the nonmetal sublattice in the
ordered rhombohedral B”-W,C (WC,) phase depends on a
single long-range order parameter 7,7 and has the form

M7

”(XIJ/I,ZI)=y+7005(2ﬁ21)7 (26)

where y < 0.5 is the relative carbon concentration in f”-W,C
(WC,) carbide, and xj, y1, z; are the coordinates of r sites in
the nonmetal sublattice of the basic disordered hexagonal
phase. Referring to Fig. 17b, coordinates (xi,y1,z1) of the
disordered hexagonal L'3 structure are related by simple
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Table 17. M, X type superstructures of lower hexagonal tungsten carbide W»C.

Symmetry |Space group| Translation vectors Vv Atom Position Atomic coordinates Values of distribution
of unit cell and multi- in ideal ordered structure function n(xy, y1,z1)
plicity
x/ace y/bces z/cce
Rhombo- No. 164 ace = (100) 5, Vs | Cl(vacancy) 1(b) 0 0 1/2 n=y—n/2
hedral P3ml bcs = (0105, C2 1(a) 0 0 0 =y +n7/2
(D5) ccs = (001) 15 M1 (W1) 2(d) 13 | 23 1/4
x/a; v/be z/ce
Trigonal No. 162 = (110) .5, 3V, | Cl(vacancy) 1(b) 0 0 1/2 m=y+1n3/6—2n5/3
P3lm = (120)13, C2 (vacancy) 2(¢) 1/3 2/3 0 ny =y —m7/6—ms/3
(D) ce = (001) 3 C3 1(a) 0 0 0 ny =y —17/6+2n;5/3
C4 2(d) 1/3 2/3 1/2 ng=y+m7/6+ms/3
M1 (W1) 6(k) 1/3 0 1/4
X/aorn | ¥/born | z/Cortn
Ortho- No. 60 forth = (001)5, 4V | €l (vacancy) 4(c) 0 7/8 /4 | m=y—ma/2
rhombic Pbcn born = 2(100) .5, C2 4(c) 0 3/8 1/4 ny =y +n4/2
(D3y) Corn = (120) M1(W1) 8(d) 1/4 1/8 1/12
* The volume of the unit cell of a superstructure expressed through volume V7,3 = (v/3/2)a’c of the unit cell of the basic disordered structure of type
L'3.

expressions Xy = Xc¢g, V1 = Vce, and zy = z¢g to the coordi-
nates of the rhombohedral (space group P3ml) B”-W,C
superstructure (see Table 17) . The values of distribution
function (26) at the sites of the nonmetal sublattice of the
rhombohedral superstructure are listed in Table 17.

The authors of Ref. [95] postulated the existence of the
ordered rhombohedral B”-W,C phase without furnishing
strong structural evidence by a mere reference to Ref. [96],
where W,C carbide obtained by carbidization of a thin
metallic tungsten film was studied using the electron diffrac-
tion technique. In Ref. [96], based on limited data and taking
no account of other models, the researchers hypothesized that
lower B”-W,C carbide has a rhombohedral (space group
P3m1) structure of type C6. The authors of Ref. [95] argued
that the B”-W,C phase exists at temperatures from 2300 to
1500 K. Reference [97] reports without any structural proof
finding the B”-W,C phase in lower tungsten carbide obtained
at 2420-2520 K. The existence of the rhombohedral B”-W,C
phase has never been confirmed in later studies.

8.2 Trigonal £-W,C superstructure

The trigonal (space group P31m) e-W,C phase possesses a
unit cell of volume V; = (3v/3/2)a’c (Fig. 18). Its translation
vectors and coordinates of atoms and vacancies are presented
in Table 17. For the trigonal e-W,C superstructure in the first
Brillouin zone of the disordered hexagonal nonmetal sub-
lattice, there are three nonequlvalent superstructure vectors
corresponding to ray k1(7> =bs /2 of the single-ray Lifshitz
star {k”? and two rays k15>— (by+b2)/3+b3/2 and
kfg)— _kIS) of the two-ray Lifshitz star {k;s}. Thus, the
disorder—order phase transition channel involved in the
formation of the ordered trigonal &-W,C phase comprises
three superstructure vectors, kl(;), k1(§ ,and k; () It should be
noted that vector b3 /2 = (00 1/2) in 4nt/c umts or OOII) in
2n/c units. If 2n/c un1ts are utilized, vectors k]7
b3/2 = (001) and k15 = (b1 +by)/3 +b3/2 =(1/31/31).

Therefore, the distribution function of carbon atoms in the
ordered trigonal e-W,C,, (WC,, y < 0.5) phase has the form

— oy

2 B
+% CcOS ? (XI + 1+ 321)

n(xl,yl,zl) COS (21121)

(27)

Referring to Fig. 18, coordinates (xi, y, z1) of the disordered
hexagonal L'3 structure are related to the coordinates of the
trigonal (space group P31m) &-W,C superstructure (see
Table 17) by the following expressions: x; = Xg + e, Vi =
—X¢ + 2y¢, and z; = z,. Distribution function (27) depends on
two long-range order parameters, 17;; and 7,5, corresponding
to {ki7} and {k;s} stars, and takes four different values at the
sites of the nonmetal sublattice of the trigonal e-W,C phase
(see Table 17).
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Figure 18. Position of the unit cells of the trigonal (space group P31m)
ordered &-W,C phase of type e-Fe;N in the basic lattice with the L'3
structure: (@) tungsten (W) atoms, (0O) carbon (C) atoms, and (00) vacant
sites of the nonmetal sublattice.
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The trigonal (space group P31m) e-W,C phase was found
in W,C samples produced by solid-phase sintering of W—C
mixtures at 2370-2670 K [98], 1920 K [99], and 2070 K [100],
and by arc melting such mixtures [101]. In Refs [101-104], the
W,C samples were ground and the resulting powders were
annealed at 1470 K for 100 h. Neutronographic [103] and
electron diffraction [101] studies revealed that the main phase
in the annealed powders is ordered trigonal (space group
P31m) &W,C carbide with the e-Fe;N type structure.
According to Ref. [103], the temperature of the disorder—
order B-W,C « &-W,C transition depends on the carbon
concentration in carbides and varies from 1920 to 2100 K.
The authors of Refs [105, 106] found that disordered B-W,C
carbide is transformed into a trigonal ordered e-W,C phase at
~ 2120 K. The authors of Ref. [106] maintain that the e-W,C
phase is thermodynamically stable in a temperature range of
2120-1520 K.

Detailed neutronographic and X-ray investigations into
the structure of lower tungsten carbide obtained under
various conditions in a temperature range of ~ 3600-1370 K
are reported in Refs [100, 107-109]. These experiments
demonstrated that lower tungsten carbide W,C is thermo-
dynamically stable in a range from the melting point of
~ 3050 to 1370 K, where it resists decomposition. It was
shown in Refs [100, 107-109] that the sole ordered phase of
lower tungsten carbide W,C in a range from ~ 2700 to 1370 K
is the trigonal (space group P31m) e-W,C phase.

8.3 Orthorhombic B’-W,C superstructure

The unit cell of the orthorhombic (space group Pbhcn) ordered
B’-W,C phase with the structure of type {-Fe, N is depicted in
Fig. 19. Its volume Vo, = (2\/§)a2c, i.e., four times that of
the unit cell of disordered B-W,C carbide. Coordinates of
atoms and vacancies in an ideal orthorhombic (space group
Pbcn) B’-W,C phase are presented in Table 17.

The disorder—order B-W,C (space group P63/mmic) —
B’-W,C (space group Pbcn) transition channel involves one
superstructure k1(4) vector of the {kj4} star. Because vector
b342 =(001/2) in 41/c units or (001) in 27t/c units, vector
k) = —(by+by—b3)/2=—(1/21/2 — 1) in 2x/c units.
The distribution function of carbon atoms in the orthorhom-
bic (space group Pbcn) B’-W,C phase takes the form

n(x1,y1,21) =y ERLI [m(oxr + y1 — 2z1)] - (28)

2
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Figure 19. Position of the unit cell of the orthorhombic (space group Pbcn)
ordered B’-W,C ({-W,C) phase of type {-Fe; N in the basic lattice with the
L’3 structure: (®) tungsten (W) atoms, (0) carbon (C) atoms, and
(O) vacant sites of the nonmetal sublattice.

In accordance with Fig. 19, coordinates (xp,yy,z;) of the
disordered hexagonal L'3 structure are related to the
coordinates of the orthorhombic (space group Pbhcn)
B’-W,C superstructure in Table 17 by the following expres-
sions: X1 = 2Vorth + Zorth — 1, Y1 = 2Zorn — 1/2, and zy = Xorh.
Distribution function (28) takes two values at sites relevant to
different positions of the nonmetal sublattice of the orthor-
hombic B’-W,C superstructure (see Table 17).

The authors of Ref. [95] hypothesized the existence of an
orthorhombic B’-W,C phase. Rontgenograms of W,C
(WCys0) samples annealed for 7< 1270 K in Refs [110,
111] gave evidence of diffraction reflections of the orthor-
hombic B’-W,C phase with a structure of type (-Fe,N.
Samples of W,C annealed at 870, 1070, and 1270 K for
3000, 1500, and 750 h, respectively, retained the ordered
orthorhombic (space group Pbcn) B’-W,C phase [111]. A
neutronographic study [112] of W,C (WCysy) samples
annealed at 1070-1270 K for 600 h confirmed the existence
of the ordered orthorhombic (space group Pbhcn) phase of
lower tungsten carbide.

The orthorhombic B’-W,C phase was also observed in
Refs [97, 102, 103, 113]. Neutronographic data [102, 103]
indicated that this superstructure was present in W, C samples
only after annealing for 7' < 1300 K. It may be argued based
on the results of Refs [97, 102, 103, 110-113] that the
orthorhombic (space group Pbcn) modification of B’-W,C
phase occurs at temperatures below 1300 K.

8.4 Sequence of disorder—order

and order—order transformations in W,C,

Let us consider changes in symmetry during the formation of
various superstructures for the determination of a physically
admissible disorder—order and order—order phase transfor-
mation sequence in W,C, with decreasing temperature.

The point symmetry group 3m (Ds;) of rhombohedral
B”-W,C carbide includes 12 symmetry elements: H, H3, Hs,
Hg, Hl(), H12, H13, H15, H17, HQ(), sz, and H24, of the 24
H\| — Hy4 elements, making up the 6/mmm hexagonal group
[1, 2, 30, 31]; therefore, rotational symmetry reduction
reaches 2. The drop in translational symmetry equals the
ratio between unit cell volumes of ordered and disordered
phases or the ratio between site numbers in these cells. The
overall symmetry reduction N is the product of rotational
symmetry reduction and the translational symmetry fall.
Because the unit cell volume remains unaltered in a
disorder—order transition, translational symmetry reduction
equals 1, and the overall symmetry reduction in the putative
B-W,C (space group P63/mmc) — B"-W,C (space group
P3ml) phase transformation is 2.

The point symmetry group 3m of trigonal e-W,C carbide
includes 12 symmetry elements; therefore, rotational symme-
try reduction equals 2. The unit cell volume increases by a
factor of 3 in the transition from disordered B-W,C carbide to
trigonal &-W,C carbide. The overall symmetry reduction in
the B-W,C (space group P63/mmc) — &-W,C (space group
P31m) transition reaches 6.

The point symmetry group mmm (D) of orthorhombic
B’-W,C carbide includes 8 symmetry elements H;; therefore,
rotational symmetry reduction is 3. The drop in translational
symmetry equals 4, and the overall symmetry reduction in the
B-W,C (space group P63/mmc) — B’-W,C (space group
Pbcn) transition amounts to 12.

Symmetry changes during the formation of putative
orthorhombic and rhombohedral phases are such that the
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hexagonal disordered B-W,C phase — orthorhombic ordered
B’-W,C phase — rhombohedral ordered B”-W,C phase
transition sequence proposed in Ref. [95] is physically
inadmissible, because the B’-W,C — B”-W,C transition
would be accompanied by a rise in symmetry rather than a
fall.

When all three superstructures are formed at different
stages of W,C carbide ordering, the results of symmetry
analysis allow us to propose the sole possible sequence of
phase transformations that occur with decreasing tempera-
ture and agree with the symmetry variations, viz. the
hexagonal (space group P63/mmc) disordered B-W,C phase
— rhombohedral (space group P3m1) ordered p”-W,C phase
— trigonal (space group P31m) ordered &-W,C phase —
orthorhombic (space group Pbcn) ordered B’-W,C phase
transitions. In this case, symmetry reduces twofold during
the transition from hexagonal to rhombohedral carbide, then
threefold in the transition from rhombohedral to trigonal
carbide, and, finally, twofold in the transition from trigonal
to orthorhombic carbide. The transition sequences remain
physically valid even in the absence of observing the ordered
phase in experiment.

The sole ordered phase of lower tungsten carbide W,C in
a temperature range of ~ 2700— 1370 K is the trigonal (space
group P31m) &-W,C phase [107-109]. The existence of the
rhombohedral (space group P3m1) ordered p”-W,C phase in
this temperature range remains to be confirmed. Nor have
any traces of the orthorhombic (space group Pbcn) ordered
B’-W,C phase been observed after prolonged annealing at
1370 K [100, 107-109]. It may be supposed that the transition
from the trigonal ordered e-W,C phase to the orthorhombic
(space group Pbcn) ordered B’-W,C phase occurs at tempera-
tures below 1370 K, since it is consistent with the physically
admissible phase transition sequence. Indeed, the orthorhom-
bic (space group Pbhcn) B’-W,C phase with the {-Fe,N
structure has been observed in lower tungsten carbide
samples annealed at temperatures below 1300 K [103, 111,
112].

Thus, a symmetry analysis and the available experimental
data [100, 103, 107-112] suggests that ordering of lower
tungsten carbide with decreasing temperature leads to the
following sequence of phase transformations: hexagonal
(space group P63 /mmc) disordered B-W,C phase — trigonal
(space group P31m) ordered -W,C phase — orthorhombic
(space group Pbcn) ordered B’-W,C phase.

Calculations of electronic structure and energy stability
of disordered and three possible ordered phases of lower
tungsten carbide W,C [114] by the nonempirical band
FLAPW-GGA method' agree with this experimentally
adopted transition sequence. According to Ref. [114],
trigonal &-W,C and orthorhombic B’-W,C phases are the
most stable ones having similar formation energies (—0.04
and —0.02 eV per formula unit). The rhombohedral (space
group P3ml) ordered B”-W,C phase is characterized by a
very high formation energy, +0.19 eV per formula unit, and
cannot exist. The formation energy of disordered B-W,C
carbide is close to zero, which accounts for its metastability
at low temperatures. Indeed, disordered B-W,C carbide is
found in thermodynamic equilibrium between ~ 2300 K and
the melting point; it undergoes a disorder—order phase

! The fullong-range order parameter potential linear augmented plane
wave (FLAPW) method with generalized gradient approximation (GGA)
of the exchange-correlation potential.

transformation at temperatures below approximately 2000—
2300 K.

9. Superstructures of nonstoichiometric Ti, O,
and V,O; oxides with double defectiveness

Besides nonstoichiometric compounds with a single defective
sublattice, there are nonstoichiometric compounds contain-
ing about 10-15 at.% of structural vacancies simultaneously
in two sublattices: cubic titanium and vanadium monoxides,
Ti, O, and V,O., with the basic crystalline Bl structure [1, 2].

The ordering in cubic titanium monoxide TiO,
(Ti,m,_,0.0,_,, where y = z/x, ®m and O are vacancies in
metal and oxygen sublattices, respectively) has been studied
in great detail [115-125]. In titanium monoxide TiO,, the
ordered phases with cubic, tetragonal, rhombic, or mono-
clinic sublattices are formed, depending on the composition
and thermal treatment conditions. The variety of super-
structures in cubic titanium monoxide, TiO,, is due to the
presence of structural vacancies in both titanium and oxygen
sublattices at a time. Of greatest interest is ordering of
equiatomic titanium monoxide Tipg3Opg3 in which mono-
clinic [116, 118, 120, 121, 124, 125] and cubic [117, 126-128]
superstructures of type TisOs arise. During the formation of
the TisOs superstructure, Ti atoms and metal vacancies B are
ordered within the metal fcc sublattice, whereas oxygen atoms
and nonmetal O vacancies undergo ordering at the sites of the
nonmetal fcc sublattice. In other words, equiatomic titanium
monoxide is characterized by the ordering of two atomic
species in two different but equitype Ising lattices.

Vanadium oxides containing less than 50-55 at.% oxygen
also possess wide homogeneity intervals. However, cubic
vanadium monoxide VO, (V.m;_,0.0,_. = V,O;) contains
only one ordered Vs,Og¢4 phase, despite its apparent similarity
to titanium monoxide TiO, [129-135]. This phase exhibits
tetragonal symmetry and forms in the VO;,—VO, 3 region,
i.e., in monoxide containing vacancies only in the vanadium
sublattice. Its structure is significantly different from that of
the known ordered phases in titanium monoxide TiO, and
from the structures of other nonstoichiometric compounds.

Nonstoichiometric vanadium oxides adjoin a solid oxy-
gen solution in vanadium, V(O), called the B-phase. In this
phase, oxygen (O) atoms and O structural vacancies make up
a substitution solution. The high vacancy concentration in the
B-phase creates prerequisites for atomic-vacancy ordering.
Ordering of the B-phase gives rise to a y-phase, i.e., the
monoclinic vanadium suboxide V404 (V140405 ) superstruc-
ture [136-141].

9.1 Monoclinic TisOs superstructure
The unit cell of the monoclinic (space group C2/m) TisOs =
TismOs0 (Ti;om,0190;) superstructure formed in titanium
monoxide TiO, = Ti,O. with vacancies located simulta-
neously in titanium and oxygen sublattices is depicted in
Fig. 20. It contains two formula units TismOsO, and
translation vectors, the coordinates of atoms and vacancies
for this cell are presented in Table 18. The TisOs super-
structure forms via a transition chdnnel 1nV01V1ng 5 vectors,
viz. kl(O) ray of the {kjo} star, two rdysk Jand k4 ofthe {k4}
star with parameter uy = 1/3, and two k| 7 and k rays of
the {k;} star with parameters ,u( )= =1/3 and ,ul =1/6.
Calculations done in Refs [120, 121] showed that the
distribution function of titanium atoms in the monoclinic
(space group C2/m) superstructure of titanium monoxide
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Table 18. Monoclinic [space group No. 12— C2/m (A12/m1) (C23,,)] TisOs (Tism;Os0;) superstructure of Ti,O. monoxide: Z =2, V:Sagl,

ay = (101) 5y, by = (010) 5, and ¢y = (102) ;.

Atom Position and Atomic coordinates in ideal ordered structure Values of distribution functions
multiplicit nri(x1, y1, z1) and no (xy, y1, z
pherty X/ /b fem i (1, V1, 21) o (1, )1, 21)
Til (vacancy m) 2(a) 0 0 nyTi) = X = N19/6 = 14/3 =1, /3
Ti2 2(d) 12 1/2 oty = X+ 119/6 —1g/3 4+ 11/3
Ti3 4(i) 1/6 1/3 nacri) = X +110/6 +14/6 =1, /6
Ti4 4(i) 1/3 2/3 nyriy = X = 119/6 +114/6 + 1, /6
Ol (vacancy O) 2(c) 1/2 1/2 myoy =2z —M/6—n4/3 —1/3
02 2(b) 0 0 nyoy =2 +110/6 —ny/3+1,/3
03 4(i) 1/3 1/6 nyo) =z +110/6 +14/6 —1,/6
04 4(i) 1/6 5/6 n3y0) =z —119/6 +14/6 +1,/6
Ti,O. has the form
dr(x + 21) [001] 51
T X z
nri(x1, y1,21) :xf@cos(hzl)f”—“cos ey
6 3 3 .
m 2n(2xy — z1)
——COS | —————— 29
L cos | 22220 (29) ]
with V1o = 1(/)6’ 401(5) =, 4{24) = 1/6’ (pél) :‘TC, .@iz)‘: —m, \\
y1=1/6, ¢, =n, and ¢,;” = —n. The distribution of 2\ |® q

oxygen atoms in the monoclinic (space group C2/m) super-
structure of titanium monoxide Ti, O, is described by the
function

nol Xy, 5 = — COS — — COS
o (X1, y1,21) Z+6 3 3

2n(2xy —
+%cos{7n( il Zl)}

Mo (2nz1) M4 {4”(/‘(1 +ZI)}

! (30)

with parameters y,, = 1/6, ‘/’1%) =0, y,=1/6, (pil) =,
2 _ _ n'_ 2 _
¢, =-m, 9 =1/6,0;’ =0,and ¢,” =2m.

Referring to Fig. 20, coordinates (xj,yy,z;) of the
disordered cubic Bl structure are related to the coordinates
of the monoclinic (space group C2/m) TisOs superstructure
presented in Table 18, by the following expressions:
XI = Xm + Zm» VI = Vm, and z; = —xy, + 2zy,. The completely
ordered state of titanium monoxide is reached when all long-
range order parameters equal 1, i.e., nyg=n,=n,=1. It
follows from distribution functions (29) and (30) that in this
case the relative concentration of Ti atoms in the metal
sublattice is x = 5/6, while the analogous quantity for
oxygen atoms in the nonmetal sublattice is z = 5/6. In other
words, the stoichiometric composition of an ideal monoclinic
superstructure can be represented as Tis/sOs/6 (Tip8300.83) or
TisOs5 (Ti5IO5D).

Distribution function (29) of Ti atoms at the sites of the
metal sublattice of ordered titanium monoxide takes
four different values: 1y, #a¢ri), 73(1i)> and ny(ryy; distribu-
tion function (30) of O atoms at the sites of the nonmetal
sublattice assumes 4 similar values (see Table 18). Thus,
ordering in the cubic titanium monoxide under discussion
results in the splitting of each sublattice into four non-
equivalent sublattices. In the case of equal long-range order
parameters, the distribution functions take only two values
each, and each sublattice undergoing ordering breaks up
only into two sublattices. It can be seen from Fig. 20 that
the relative positions of oxygen vacancies are exactly the
same as those of titanium vacancies. In fact, the oxygen

‘I [010]5:

(100151

am /

TisWOs0O (space group C2/m)

Figure 20. Position of the monoclinic (space group C2/m) unit cell of the
TismOs0 superstructure in a lattice with the basic structure B1: (0) oxygen
atom, (@) titanium atom, (O) vacancy in the nonmetal sublattice (oxygen
vacancy), and (m) vacancy in the metal sublattice (titanium vacancy).

vacancy sublattice is displaced by vector (1/2)(101)¢,,, =
(1/2)(201)p, with respect to the titanium vacancy sub-
lattice.

9.2 Cubic TisOs superstructure

The ordered cubic TisOs phase was mentioned without any
experimental evidence in one of the first publications on
titanium monoxide, dated 1968 [117]. According to this
report, the cubic TisOs phase exists in a temperature range
from 1250 to 1520 K and, unlike disordered titanium
monoxide, has a triple-period lattice; in terms of symmetry,
it belongs to one of the space groups Fm3, FA32, FA3m, or
Fm3m. Experiments in subsequent decades failed to demon-
strate the cubic TisOs (TismOs0) superstructure, nor has its
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Table 19. Ideal ordered cubic [space group No. 221 — Pm3m (P4/m32/m) (O})] TisMOs0 phase of titanium monoxide Ti,O.: Z = 18, V = 27a3,,
acub = (300) 51, beub = (030) 5, and ceup = (003) 5,
Atom Position Atomic coordinates Values of distribution functions
and multi- in ideal ordered structure nri(x1, yi, z1) and no (x1, yi, z1)
plicity
x/ac | V/bew z/Ceub

Til 1(b) 12 1/2 1/2 nyTi) = X = 110/2 = 17/3 = 061y /6 = Ne2) /6 + Nay /3 + Na) /3 + 211 /3

Ti2 3(d) 1/2 0 0 nyriy = X+ 110/6 +17/9 + 1611/ 18 = N6(2)/6 — N41)/9 + Na2)/3 — 211 /9

Ti3 6(c) 1/6 0 0 3ty = X+ 119/6 — 17/18 4 5061y /36 — 62 /12 + 20401y /9 — 211, /9

Ti4 (vacancy m) 6(f) 1/6 1/2 1/2 14(Ti) :x7n10/27117/67116 /127116 /12

Tis 8(g) 1/6 1/6 1/6 nsery = X = M10/2+ 07/6 +16(1)/ 12+ N2 /12 + 1a(1) /12 + M4z /12 + 1, /6

Ti6 12(h) 1/3 1/2 0 ngeri) = X+ M10/6 + 17/9 = 16(1)/36 = N2 /12 = 14(1) /9 +11/9

Ti7 (vacancy m) 12(j1) 1/2 1/6 1/6 iy = X = N19/2 = Na) /12 = Na2) /12 = 1, /6

Ti8 12(2) 1/2 1/3 1/3 ngri) = X+ 010/6 +17/9 = Ng(1)/9 + 541y /36 — 14() /12 — 1, /18

Ti9 24(k) 0 1/6 1/3 T9(Ti) :X+’710/6—’17/18+Vlo(1)/18—’74(1)/36—’14(2)/12+’I|/9

Til0 24(m) 1/3 1/3 1/6 Riocriy = X+ 119/6 — 17/18 — 11611 /36 + 6(2) /12 — Na1) /36 + 142y /12 — 11 /18

Ol 1(a) 0 0 0 1m0y =2 = M10/2 = 17/3 = 61 /6 = N6(2)/6 + Na1y /3 + Nag) /3 + 21, /3

02 3(c) 0 1/2 1/2 m0) =z +M10/6 +17/9 + (1) /18 — 62y /6 = Na1) /9 + Nag2)/3 — 211/9

03 (vacancy 0) 6(e) 1/3 0 0 n30y =z —1y9/2 = 117/6—116(1)/12—116(2)/12

04 6(f) 1/3 1/2 1/2 ny0) = 2+ 110/6 — 17/18 + Sng1) /36 = H6y /12 + 141y /9 — 11 /9

(ON 8(g) 1/3 1/3 1/3 n50) = 2 = 10/2 +17/6 + 061y /12 + 62/ 12 + N41) /12 + M40y /12 + 1, /6

06 12(h) 1/6 1/2 0 N6(0) :—7+’110/6+'77/9*'16(1)/36*'76(2)/12*714<1)/9+’71/9

O7 (vacancy 0) 12(i1) 0 1/3 1/3 n7(0) :2*7110/2*’14(1)/12*’14(2)/12*'11/6

08 12(ia) 0 1/6 1/6 130y = 2 +110/6 +17/9 — 611 /9 + SN41)/36 — Na2) /12 — 11 /18

09 24(1) 1/2 1/3 1/6 n90) =z +M10/6 = 17/18 + 161y /18 — n4(1y/36 — My /12 + 11 /9

o010 24(m) 1/6 1/6 1/3 m0) = 2 +110/6 = 17/18 = 161y /36 + N6y /12 — Na(1y /36 + Ny /12 — 1, /18

theoretical model been proposed. The simulation method
[127, 128] for the construction of a cubic TisOs superstructure
appeared only in 2012-2013; its existence was confirmed by
electron diffraction data [126, 128].

The unit cell of the cubic (space group Pm3m)
TisOs =TismOs0 (TigoM3O090g) superstructure is illu-
strated in Fig. 21. It has translation vectors ac, = (300) 5,
beub = (030) 5, and ¢y = (003) 5, accordingly, the recipro-
cal lattice vectors are aj =(001/3), a5 =(01/30), and
aj = (1/300). The unit cell contains 18 TismOsO formula
units; coordinates of atoms and vacancies are listed in
Table 19. The disorder—order transition channel involved in
the formation of the cubic (space group Pm3m) TisOs
superstructure includes all the rays of seven stars: {kjo},
{k7}, {ké(l)}a {k6(2)}, {k4(1)}, {k4(2)}, and {kl}, i.e., a total
of 75 superstructure vectors (Table 20).

According to papers [127, 128], the neighboring m
vacancies in the titanium sublattice of the cubic (space
group Pm3m) TisOs superstructure are located within largest
distances ag, and V2 ag from one another. The distribution
function of Ti atoms in the basic fcc lattice found for such an
arrangement has the form

'110
nri(xr, y1,21) = x + —

E COS

E COS

IEklo

/ek7 JEKe(1)
M6(2) (/) M4 (/)
_TS.Z Cos(ks(z)r)JrW_Z cos (k 0 )
J€Ke(2) J€ka)
Nac2 j n j
+1—<8) Z cos (ki(%r) —ﬁZcos k). (31)
J€ks) Jj€ki

[001]51 | €cub

L lo

5

e bl bR Fe o T anm |

Pl

LTI

T
T

X
x

=
¥el
4
b T
¥e)
4

®Ti °0

TisWOsO (TiooM;309905) (space group Pm3m)

Figure 21. Position of the cubic (space group Pm3m) unit cell of the
Tis®MOs0 (TigoM;30990g) superstructure in a basic lattice with the
structure Bl. The vacant sites of the titanium sublattice are in 6(f) and
12( /1) positions, the vacant sites of the oxygen sublattice are in 6(e) and
12(iy) positions: (e) titanium (Ti) atoms, (0) oxygen (O) atoms,
(m) vacancy in the titanium sublattice, and (O) vacancy in the oxygen
sublattice.

In the oxygen sublattice of the cubic (space group Pm3m)
TisOs superstructure, the neighboring O vacancies are also
separated by the largest distances ap; and V2 ap from one
another. The distribution function of O atoms at the sites of
the basic oxygen fcc sublattice with these vacant sites has the
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Table 20. Disorder—order Ti,O,—TisOs phase transition channel with the formation of the cubic (space group Pm3m) TisOs (Tigom13090013)

superstructure.
{k} star ks(/)rays of {k,} stars entering transition channel u® Vs (pf/) for sublattice
Ti (0]
1 N 2 3 i ;
{Kio} kiy) = (b +b2)/2 = 3aj = 001], k', ki m=1/6 | ol)=0 | ¢ff =r
{ks} kY = (b +b3)/2+ 7 (by +by) =323 +aj = [0 1 1/3} w=1/6 | 3=1/36 | o' =n | o) =n
K = k), K, K = Y, 0, 09 =
7 8 7 9 10 9 11 12 11
K7, k® = kD, k) K10 2 O 0 g2 g
| * 2 1 : .
{ke(1)} kit = ttgy (b1 +b2) = a7 =00 1/3), k() = —k\)). Hoy =1/6 | 76y =1/36 | o) =0 oo =m
(3) (4) (3) (%) ) _ (5)
k6(1) Koy = —Kgihy» Keiy» Koy = —Kg)
1 X 2 1 : .
(ke } ki3 = ooy (b1 +ba) =227 =[002/3], k() = —k{(s). =1/3 =1/36 | ol =n | oiy=r
(3) (4) (3) (%) © _
ko) Ke2) = ~Ke)» Ko)» Ko = ko)
{ky)} ki(}) = g (by + by + 2b3) = a3 + a5 =[1/31/30] h=1/6 | vy =1/36 | @) =0 o) =0
) (1) (3) “) _ (3) (%)
ki) = ~kay Ky Kay = —kas Ky
© _ ) D B () 10 o)
ki) = —Kan) Kay> Koty = Ry Kaqry Kay =~k
(1) (12) _ (11)
ki) Kagiy = k)
Ky} ki3, = ta2) (b1 +bs + 2b3) = 2a3 + 22} = [2/32/3 0], =1/3 =1/36 | o) =0 o =0
) (1) (3) 4 _ _ 0 (%) © _ _
ki) = k4<> ko) i) = ki) kg @ ki) = ki),
() ©) 10
k4<2)’ k4(2) = *ka(z)* k4(z)’ k4( k4(2
(1) L (12) _ (1
ki) Kagy = k)
(20) (19)
{k;} k()*,ul (b1+b;)+y1 b2+b3) k™ =1k
(1)
20 20" 0] = [2/3 173 0 kP = ki, kP ki ;
(22) (21)
k](4) _ 7kl(3), kl(s)’ kl(é) _ 7kl(5), kl(7), kl(s) _ *k1(7)~ kl(9)7 klm) =1k,
10 9 11 12 11 13 14 13 -
K10 — k@ gD 02— g (0 09 09 _ g3 k>,
15 16 15 17 18 17 19
K9, K19 — (19 0D 19— (7 (19)
form titanium monoxide is reached when all long-range order
i parameters equal 1. In this case, the relative concentration
no(xy,y1,z1) =z — ﬁ Z cos ( of Ti atoms in the metal sublattice is x = 5/6, while that of
]Eklo O atoms in the nonmetal sublattice is z=5/6. The
Z O] Z (K () ) stoichiometric composition of an ideal cubic superstructure
- cos ( 18 4 cos (Kt can be represented as Tis;Os/s (Tigs30083) or TsOs
S J€ketr) (TigoM13090T1g). In the case of equal long-range order
_Ms(2) Z cos (K ((»)) )+ N4(1) Z cos (k i(/?)r) parameters, the distribuFion functiops take odly two values
18 i 18 i each,. and every sub.lattlce undergoing ordering breaks up
Nacs _ only into two sublattices.
+ % Z cos ( ’ Z cos ( (32) Notice that the mutual arrangement of oxygen vacancies
J€kyp) 1€k1 with respect to each other in the ideal fully ordered cubic

Distribution functions (31) and (32) are calculated by
formula (3), i.e., from the truncated transition channel; for
this reason, sums )  cos (k r) in formulas (31) and (32)
are taken only over odd rays of non-Lifshitz stars (for Lifshitz
stars {kjo }, summation is performed over all three rays). The
values of parameters y, and q)s(j ) entering into functions (31)
and (32) are given in Table 20. In accordance with Fig. 21,
coordinates (xp,yr,z1) of the disordered Bl structure are
related to the coordinates of the cubic (space group Pm3m)
TisOs superstructure, presented in Table 19, by the following
expressions: x| = 3Xcub, Y1 = 3Veub»> and 21 = 3z¢yp.

Distribution functions (31) and (32) take 10 different
values (see Table 19) at the sites of the metal sublattice in
ordered titanium monoxide. The completely ordered state of

TisOs (TigoM 30990 ;g) superstructure is exactly the same as
that of titanium vacancies (see Fig. 21). Evidently, the
titanium vacancy sublattice is displaced by vector
(L/2)(111) p3m = (3/2)(111) 5, in relation to the oxygen
vacancy sublattice.

9.3 Relation between monoclinic

and cubic TisOs superstructures

In disordered nonstoichiometric titanium monoxide TiOj
(Tips3003) with an equal number of vacancies in the
titanium and oxygen sublattices, the cubic (space group
Pm3m) ordered TismOs0 phase may form in addition to the
known monoclinic (space group C2/m) ordered phase of a
similar composition. Are these ordered phases alternatives or
is an order—order transition possible between them?
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The disordered cubic (space group Fm3m) phase of
titanium monoxide TiO, (Ti,O;) has the point group m3m
that includes all 48 symmetry elements, s; —/hyg, of the total
symmetry group of the cube. The point symmetry groups of
monoclinic (space group C2/m) and cubic (space group
Pm3m) TisOs superstructures include 4 (hy, hy, hs, hag) and
48 (hy—hssg) symmetry elements, respectively [1, 2, 30, 31];
they make up subgroups of the point group of the basic
disordered cubic (space group Fm3m) TiO, (Ti,O.) phase.
Therefore, a transition from disordered monoxide to any of
these superstructures is a disorder—order phase transforma-
tion.

The monoclinic (space group C2/m) TisOs superstructure
forms via the transition channel involving rays of the Lifshitz
{kio} star and two non-Lifshitz {k4} and {k; } stars to which
three long-range order parameters correspond. The cubic
(space group Pm3m) TisOs superstructure forms via the
transition channel involving rays of Lifshitz {kjo} star and
six non-Lifshitz {k7}, {kﬁ(l)}, {k6(2)}, {k4(1>}, {k4(2)}, and
{k, } stars (see Table 20). Under symmetry distortion through
a few stars, only critical order parameters corresponding to
non-Lifshitz stars should be regarded for the assessment of
the type of phase transitions. The number of critical order
parameters for monoclinic and cubic TisOs superstructures is
greater than 1; therefore, Ti, O, — TisOs phase transitions do
not satisfy the Landau group-theoretical criterion for second-
order phase transitions and are realized through a first-order
transition mechanism. The disorder—order transition of the
first kind for monoclinic (space group C2/m) TisOs super-
structures is confirmed experimentally by the change in
period ap; of the basic crystalline lattice in titanium mon-
oxide during ordering [120].

As regards phase transformations between TisOs super-
structures, the ratio among /; elements indicates that the
monoclinic (space group C2/m) superstructure is a subgroup
of the cubic (space group Pm3m) superstructure in terms of
symmetry, because its point group is a subgroup of the point
group of the cubic TisOs superstructure. This inference is also
confirmed by a change in the transition channel that involves
the rays of seven stars, {kio}, {k7}, {k¢(1)}» {Ke(2)}> {Ka(1)}
{ks(2)}, and {k; }, for the cubic TisOs superstructure, and the
rays of only three stars, {kio}, {ks}, and {k;}, for the
monoclinic superstructure. This means that the transition
between cubic and monoclinic TisOs phases is the order—
order cubic (space group Pm3m) TisOs phase — monoclinic
(space group C2/m) TisOs phase transformation accompa-
nied by a 12-fold reduction in rotational symmetry. The cubic
(space group Pm3m) TisOs superstructure is a high-tempera-
ture phase with respect to the monoclinic superstructure.

The above results suggest successive realization of dis-
order—order and order—order cubic (space group Fm3m)
disordered monoxide TiO, (TiO.) — cubic (space group
Pm3m) TisOs superstructure — monoclinic (space group
C2/m) TisOs superstructure transitions in the homogeneity
interval of nonstoichiometric cubic titanium monoxide with
decreasing temperature.

9.4 Rhombic TizO; and Ti>O3 superstructures

The authors of Refs [116, 124, 125] observed the appearance
of an orthorhombic superstructure with the space group
Immm or 1222 in the TiOg 7 —TiOg ¢ region. The orthorhom-
bic M3 X, (M3X,0 = My, X5, where t = 1.5) superstructure
described in Section 4.2 has a stoichiometric composition
closest to the lower boundary of the homogeneity interval of

cubic titanium monoxide TiOg 79 = Tip.9700.63. The maxi-
mum value of the long-range order parameter is known to
depend on the composition of the compound undergoing
ordering [1, 2, 5, 6]. In M3X,0 (¢t = 1.5) type orthorhombic
ordering of titanium monoxide TiO, =Ti,O. with
z/x =y < 1, the maximum long-range order parameter in
the oxygen sublattice is given by

nOm ) =2(1—z)=3(1—z) at 1=15. (33)
This means that the maximum value of the long-range order
parameter in the ordered phase is less than 1 even at the lower
boundary of the homogeneity interval of titanium monoxide
TiOg.70 = Tip97006s (v = 0.70, z = 0.68). The orthorhombic
(space group Immm) TizO, (M3X3) superstructure forms via
the transition channel presented in Table 5 and has the unit
cell depicted in Fig. 7; it is described by the distribution
function

(34)

2 (0) 4n( 7
no(x1,y1,21) = 2 — ”g COS{ “(’f1+n)l

3

Translation vectors of this unit cell and coordinates of atoms
and vacancies are listed in Table 6. Distribution function (34)
at the sites of the oxygen sublattice assumes two values:
nyo) =z — 2;1450)/3 in positions 2(a), and nyy = z + 1150)/3
in positions 4(g). Evidently, ny) for 1 >z > (2t —1)/2t
always equals 1, and nyo) = 3z — 2 is always smaller than
unity, which means that in the ordered orthorhombic phase of
monoxide TiO, (y < 1), the oxygen atoms occupy all 4(g)
positions, whereas 2(a) positions are vacant with a prob-
ability of P =1 — ny, i.e., some of them are occupied by O
atoms with probability #;.

The ordered orthorhombic (space group Immm) Ti30,0
phase should be distinguished from the hexagonal (space
group P6/mmm) TiOgs (or Ti3O,) phase, which is not a
superstructure of cubic monoxide TiO,. The stoichiometric
Ti3O,0 composition of this superstructure does not enter the
homogeneity interval of cubic titanium monoxide and there-
fore cannot be realized. Only the partly ordered orthorhom-
bic Ti;O,0 phase forms.

According to Hilti [117], the orthorhombic phase of the
nominal TiO 5o composition is produced from the disordered
cubic TiO, phase with the basic structure Bl in the
TiO} g0—TiO; 5y region and belongs to the space groups
Immm, Imm2, or I[222. The superstructure proposed in
Ref. [177] has the same symmetry and Bravais cell as the
orthorhombic M3X; superstructure described in Section 4.2,
although its Ti atoms and ®m vacancies of the titanium
sublattice are ordered, whereas the nonmetal fcc sublattice is
totally occupied by oxygen atoms. Thus, the ordered
orthorhombic phase proposed in Ref. [177] can be repre-
sented as an M,mX3 superstructure inverse with respect to
M;X,0. Indeed, it was shown in work [122] that ordering of
titanium monoxide TiO, for y < 1.0 and y > 1.0 can be
described via TizO,0 and Ti,®O; superstructures character-
ized by rhombic symmetry and an ordered arrangement of O
atoms and oxygen vacancies O (for y < 1.0) or Ti atoms and
titanium vacancies o (for y > 1.0).

The orthorhombic (space group [Immm) Ti,mO;
(Tip,— WO, where ¢t = 1.5) superstructure forms via the
disorder—order transition channel involving kfl) and
kiz) = —kf) rays of the non-Lifshitz {k4} star with para-
meter u, = 1/3. The unit cell of the ordered orthorhombic
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Table 21. Orthorhombic Ti,MO; superstructure and tetragonal Ti,®Os superstructure of disordered monoxide Ti,O. (y = z/x > 1) with the basic Bl

structure.
Symmetry Space Translation vectors Vo Atom Position Atomic coordinates Values of
group of unit cell and multi-| in ideal ordered structure distribution functions
plicity nri(x1, y1, 21) and
1o (X1, 1, 21)
x/arh y/brh Z/crh
_ . Ti
Ortho- No. 71 ag = 5 (110) 5., 3a3,/2 | Til (vacancy) 2(e) 1/2 1/2 0 mny =x =2, /3
rhombic Immm bih = 3(110) 5., Ti2 4(h) 0 2/3 1/2 nymy =y + ,,fi)/3
(D3; i = (001) 0Ol 2(a) 0 0 0 no=z:
02 4(g) 0 1/3 0 no =z
x/a v/b z/¢
; acs _ (Ti)
Tetragonal | No. 87 a, =1(310),, 5a3,/2 | Til (vacancy) 2(a) 0 0 0 i) =X — 4,7 /5
4/m b =1 (130),, Ti2 8(h) 2/5 1/5 0 sy = x + 1" /5
(Cin) e = (001) g, 01 2(b) 0 0 1/2 no =z
02 8(h) 1/10 3/10 0 no =z
* The volume of the unit cell of a superstructure expressed through parameter ap; of the unit cell of the basic disordered structure of type Bl.

¢ 1[001131

LI ey

1R 01015,

a l/CR/V‘ | ]

brh

[100]3 Ti, mO;3 (space group Immm)

Figure 22. Position of the orthorhombic (space group Zmmm) unit cell of
Ti,mO3; monoxide superstructure TiO, = Ti,O. (y =z/x > 1) in the
lattice with the basic Bl structure: (O) oxygen atom, (@) titanium atom,
and (m) vacancy in metal sublattice (titanium vacancy).

(space group Immm) Ti,MO;3 phase of monoxide TiO, with
y > 1 (Fig. 22) is inverse with regard to the unit cell of the
rhombic M3X, (Ti;0,0) superstructure (see Fig. 7) and can
be obtained by substituting nonmetal sublattice sites for
metal sublattice ones. Translation vectors and coordinates
of atoms and vacancies in the unit cell of the Ti,mO3 phase are
presented in Table 21. The distribution function of Ti atoms
over the sites of the titanium sublattice in the orthorhombic
Ti,mO;3 superstructure of monoxide Ti,O, has the form

20" [4n( )
3 cos 3 .

i1, yi, 21) = X — (35)
During the ordering in the metal sublattice of titanium
monoxide TiyO., in which 1 >x>(2r—1)/2¢t and
y =z/x > 1, the maximum value of the long-range order
parameter is equal to

niTi)max(x):2t(l_x)53(1_x) at 1=1.5.

(36)
At the upper boundary of the TiO, (y~ 1.28, x ~ 0.77)
monoxide homogeneity interval, the maximum value of the
long-range order parameter nim in the ordered Ti, O3 phase
does not exceed 0.70. Distribution function (36) at the sites

of the metal sublattice takes two values: ny(r) in 2(c)
positions, and ny(rj) in 4(/) positions (see Table 21). In the
case of a maximum value of long-range order parameter
and 1 >x>(2r—1)/2t, nyrj always equals 1 and
X = ny(ti) = 3x — 2 is always smaller than unity. This means
that the titanium atoms occupy all 4(4) positions in the
ordered rhombic phase of monoxide TiO, (y > 1), whereas
2(c) positions are vacant with a probability of P = 1 — ;).

The Ti,mO; superstructure should be distinguished from
the trigonal Ti,O3 phase which is not the ordered phase of
titanium monoxide TiO,.

9.5 Tetragonal TisOs superstructure

The unit cell of the tetragonal (space group /4/m) TismOs
superstructure of monoxide TiO, = Ti, O, with y = z/x > 1
is shown in Fig. 23. Such an ordered phase was examined in
Ref. [125]. Translation vectors and coordinates of atoms and
vacancies in the unit cell of this phase are presented in
Table 21. The tetragonal (space group 14/m) TisOs super-
structure forms via the disorder—order transition channel

involving four rays: kl(l)’ kl(z) :—kl(l), k1<'3)’ e
¢ [ [001]p
> » Wi
! s /
Q1T Fe T —+ *
1 P * :
’ _ P 4}.—!’.———}4 J!—-—f—— .
/f [ ] VC/ ‘ [OIO]BI
/ o &

b
/

[100]51 Ti, mOs (space group 14/m)

Figure 23. Position of the tetragonal (space group /4/m) unit cell of
Ti,mOs superstructure of the TiO, = TiO. (y = z/x > 1) monoxide in a
lattice with the basic Bl structure: (O) oxygen atom, (@) titanium atom,
and (m) vacancy in metal sublattice (titanium vacancy).
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k! = —kl(n) of the non-Lifshitz {k;} star with parameters
uf” =2/5and u\? = 1/5.

The distribution function of Ti atoms over the sites of the
titanium sublattice in the tetragonal TismOs (Tiy,_mO,,,
where ¢ = 2.5) superstructure of the Ti,O. monoxide has the
form

nTi(XI,yLZI) =X—- 5

+ cos {47‘5(2)&‘1 —yl)] } . (37)

2n1<Ti> {COS {475(,“ + 2y.)}
5

5

Referring to Fig. 23, coordinates (xp, yr, z1) of the disordered
cubic Bl structure are related to the coordinates of the
tetragonal (space group I4/m) TisOs superstructure, pre-
sented in Table 21, by the following expressions:
x1=3x¢/2 — »/2, y1 = x/2 + 3y/2, and z; = z,. At all sites
of the metal sublattice, function (37) takes two values (see
Table 21).

9.6 Tetragonal Vs,Qg¢4 superstructure

A peculiar structural feature of the ordered Vs;Og4 phase is
that four of the 52 vanadium atoms occupy tetrahedral
interstices of the basic cubic lattice. This property is
extrinsic to nonstoichiometric MX, compounds with the Bl
structure, where metal M atoms populate 4(a) positions with
coordinates (000), and nonmetal X atoms occupy 4(b)
positions with coordinates (1/2 1/2 1/2). Positions 4(b)
and 4(a) are octahedrally surrounded by the sites of metal
and nonmetal sublattices, respectively. The tetrahedral
interstices, i.e., crystallographic 8(c) positions with coordi-
nates (1/4 1/4 1/4), in disordered nonstoichiometric com-
pounds with the Bl structure are always vacant. In all known
superstructures of nonstoichiometric compounds with the Bl
structure, both the atoms and the vacancies are redistributed
only over the 4(b) or 4(a) positions of the basic disordered
lattice. The structure of the Vs5,Og¢4 phase is such that V atoms
are distributed during ordering over two different sublattices,
namely over the sites of the basic nonmetal fcc sublattice and
over some of the sites of the cubic sublattice formed by
tetrahedral interstices. The crystalline structure of disor-
dered nonstoichiometric vanadium monoxide was studied
with reference to peculiarities of the V5;Og4 superstructure
in Refs [135, 142]. It was shown that the disordered VO,
monoxide has a cubic (space group Fm3m) structure of the
type D03 differing from the generally accepted Bl structure,

[100] po,

V52064 (space group 14, /amd)

Figure 24. (Color online.) Position of the tetragonal (space group
14, /amd) unit cell of an ideal Vs5;O0g4 (Vs2M12044) superstructure in the
basic cubic lattice with the DO0; structure: (®) vanadium (V) atoms in
octahedral positions, (v) vanadium (V) atoms filling tetrahedral interstices
of the basic disordered lattice, and (@) vacant sites of the metal sublattice.
Oxygen atoms are not shown.

making ordering in monoxide VO, fundamentally different
from that in titanium monoxide Tiyg300g3, in which two
atomic species (Ti and O) are ordered in two equitype basic
fcc sublattices.

The position of the unit cell in the ideal tetragonal (space
group I4; /amd) V5;Og4 superstructure in its cubic lattice with
the D05 structure is shown in Fig. 24. Translation vectors and
coordinates of atoms and vacancies for this cell are presented
in Table 22. The V5,04 superstructure forms via the
disorder—order transition channel involving kl(é) and k1(3)
rays of the Lifshitz {kjo} star, four rays kil), kiz) = —kil),
kf), k4(4) = —kf) of the 12-ray {ks4} star with parameter
py = 1/4, cight rays k", k{¥ = —k{V, k¥, k¥ = k¥,
k3(5), k3(6) = 7k3(5>, k3(7), and k3(8) = 7k3(7) of the 24-ray {ks}
star with parameter p; =1/8, and eight rays kzm =
1 (by +by) + b, kP =k, kY k= kY, kY,
kz((’) = —k2(5>, kzm, and k2(8) = —k2(7) of the 24-ray {k,} star
with parameters u, = 1/4 and p; = 3/8.

During the formation of the Vs;Og4 superstructure,
vanadium atoms undergo redistribution over two Ising

Table 22. Ideal tetragonal [space group No. 141 — I4; Jamd (D}})] V52Ogs (Vs2m12064) superstructure: Z = 1, V = 16a3,, a, = (220) 5, b, = (220) 5, and

¢ = (002) p,.
Atom Position and Atomic coordinates Values of distribution functions
multiplicity in ideal ordered structure ny(y (X1, y1, 21) and ny() (x1, y1, 21)
of vanadium atoms
x/ay /by z/c
V1 (vacancy) 16(h) 0 5/8 1/4 ny @) =X —1019/16 —n4/4 —n3/4 —n, /4
V2 16(h) 0 1/8 1/4 M) =X = Nio/16 —na/4+n3/4+n,/4
V3 16(f) 1/8 0 0 vy =X —M19/16 +n4/4+n3/4 — 1, /4
\L 16(f) 5/8 0 0 nyv() = X = M19/16 + 14 /4 =13 /4 + 1, /4
\& 4(a)* 0 3/4 1/8 ) = Mo
0Ol 16(h) 0 1/8 1/2
02 16(h) 0 7/8 0
03 32(i) 1/8 0 1/4
* Tetrahedral interstice — position 8(¢) of the basic disordered D03 structure.




September 2014

Nonstoichiometry and superstructures 873

lattices. Let us find the distribution function n\(,l) for V atoms
in the Ising lattice formed by four of the 128 tetrahedral (c)
sites of the basic cubic D03 structure: it is represented by four
sites in position (@) of the tetragonal Vs;Og4 structure (see
Table 22 and Fig. 24). The distribution of V atoms over this
lattice is governed by the rays of the {kjo} star. In the
disordered state, V atoms do not occupy tetrahedral sites,
i.e., x = 0. Therefore, the distribution function for V atoms
over the Ising lattice formed by four tetrahedral sites of the
basic D03 structure is given by

ny(y (X, y1,21) = f% [sin (2mx1) + sin (27ty1)]

(38)
and takes a single value n;y(1y) = 1o at the 4(a) sites of the
V5,0¢4 superstructure.

The distribution function for V atoms in the second Ising
lattice formed by octahedral (a) sites of the basic DO0j
structure is related to the rays of three stars {kq}, {k3}, and
{k2}. This lattice of the Vs5;Og4 superstructure contains
64 sites located in four 16-fold positions (f) and (h) (see
Table 22). When the Vs5;0Og¢4 superstructure forms in oxide
V0. (VO,), some of the V atoms pass from the second Ising
lattice to the first one; due to this, the order parameter 7 is
also present in the distribution function of V atoms over the
second Ising lattice. In the end, the first lattice contains 44,
vanadium atoms, whereas their number in the second lattice
decreases from 64x to 64x — 4#,,. The relative number of sites
in the second lattice occupied by V atoms decreases from x to
(x —1,9/16). In accordance with this fact and the transition
channel peculiarities, the distribution function 7y ) (r) for V
atoms in the second Ising lattice has the form

ny(2y (X1, y1,21) = X — %

+%{sin [m(x1 + y1)| = cos [m(xy fyl)]}

7%3 {\/Esin {n(xl+32yl+2zl)}

+cos n(xr — 3y1 — 2z1) ~sin n(xr — 3y1 — 2z1)
2 2

— cos TE(—XI + 3y — 221) _sin TC(—XI + 3y — 221)
2 2

— /2 sin [“(—xl —gyl + 221)]}

3 % {cos {n(xl —&—);I + 221)} +sin {TE(XI +}2’I + 221)}

— V2 cos {—n(xl _J; — 221)}

3 cos {n(—xl +2y1 - 221)}
oo [Tc(—xl - + 221)} n {n(—xl =L + 221)}}
(39)

and depends on four long-range order parameters 7, 74, 13,
and 1,. It follows from Fig. 24 that coordinates (x, yy, z1) of
the disordered cubic DO0; structure are related to the
coordinates of the tetragonal (space group 4, /amd) Vs;Og4

superstructure, listed in Table 22, by the following expres-
sions: x; =2x¢+ 2y — 3/4, y1=—-2x¢+ 2y +5/4, and
71 = 2z4.

In an ideal ordered phase with order parameters
N4 =Ny =1, = 1, the quantity x — 5,,/16 = 3/4; therefore,
the fraction of sites occupied by V atoms in two sublattices
undergoing ordering equals x = 13/16 at #,, = 1. In other
words, the relative stoichiometric concentration of V atoms in
the totally ordered tetragonal phase is xiy = 13/16. Distribu-
tion function (39) of V atoms at the sites of the ordered metal
sublattice in the tetragonal Vs;Og4 superstructure with an
arbitrary degree of order takes 4 different values: 7;(v(2)),
nyv(2)), M3(v(2))> and nyy(2)) (see Table 22). These values in
16(h) and 16(f) positions of the metal sublattice depend on
all four long-range order parameters 1, 4, 3, and n,. At the
same time, the ny(y(;) value of distribution function (38) in
tetrahedral 4(a) positions depends on parameter #,, alone
(see Table 22).

Symmetry distortion over a few irreducible representa-
tions and the presence of rays of non-Lifshitz stars in the
transition channel suggest that the VO, (space group
Fm3m) — V5,044 (space group I4;/amd) phase transition
does not fulfill the Landau group-theoretical criterion for
second-order phase transitions and is realized through the
first-order transition mechanism.

The point symmetry group 4/mmm (Ds;) of the tetra-
gonal Vs,Og4 superstructure includes 16 symmetry elements,
hi—hg, hiz—hig, hos—hog, h37—hsy, from the 48 elements,
h1 —hyg, making up the m3m (O},) point group of the basic
disordered cubic VO, phase; hence, the rotational symmetry
reduction reaches 3. Translational symmetry reduction
equals the ratio between the unit cell volumes of ordered
and disordered phases and amounts to 16 in our case.
Therefore, the overall symmetry reduction in the disordered
cubic monoxide (space group Fm3m) VO, — ordered tetra-
gonal (space group /4;/amd) Vs;O¢s phase transition is
N =48.

9.7 Monoclinic V140¢ superstructure

The monoclinic (space group C2/m) V404 superstructure is
produced during ordering of an oxygen solid solution in
vanadium B-V(O). The solid B-V(O) solution has a body-
centered tetragonal (bct) lattice with the I4/mmm space
group. The bct lattice with periods a and ¢ possesses a
reciprocal lattice with structural vectors b; = (0 t/a nt/c),
by = (/a0 n/c), and by = (n/a n/a 0) [30, 31]. The position
of the unit cell of an ideal V404 superstructure in the basic
tetragonal lattice is illustrated in Fig. 25. Translation vectors
and the coordinates of atoms and vacancies for this cell are
presented in Table 23.

The V1406 superstructure forms via the disorder—order
transition channel involving two rays of each of the three
8-ray non-Lifshitz {k;_;}, {ki—2}, and {k;_3} stars of the
{k:} type. The vector-representative for the {k;} star of the
reciprocal bct lattice has the form kl(l) =vby + w(bs —by).
The stars to which superstructure vectors belong differ only
in the ray length, i.e., the numerical values of parameters v
and u. The {k,_;} star has parameters v =2/7 and u, =
—1/7; for the {k;_»} star vo = 1/7 and p, = 3/7, and for the
{ki_3} star v3 = 4/7 and u; = —2/7. The transition channel
involves two k" =2b,/7 — (by —b;)/7 = [1/7 0 3/7] and
kl(i)l = —kl(l)l rays of the {kj_;} star, two kl(l)z =
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Table 23. Monoclinic [space group No. 12— C2/m (C23h)] V1405 superstructure; Z = 1, ay, = (301),, by = (010, and ¢y, = (102),,.

Atom Position and Atomic coordinates Values of distribution function
multiplicity in ideal ordered structure no(x1,y1,21)*
of oxygen atoms
x/am )//bm Z/cm

o1 2(a) 0 0 0 ny(0) =y+“/1“7)1'7171 +"/1(17)2’7172 +V1(]—)3r]l—3
02 4(i) 2/7 0 1/7 najo) = ¥ +cos (21/Tp{Vymy g — cos (x/7)y{ o,y = cos (3n/T)p{Lamy s
03 (vacancy) 4(i) 6/7 0 3/7 n0) = ¥ = cos (1/7)y(2m_y — cos (3n/7)y Loy 5 + cos (2n/ Ty Lamy s
04 (vacancy) 4(i) 4/7 0 2/7 g0y =Y —m_1/T—m_2/T—n_3/7
\%! 2(d) 0 1/2 1/2
V2 4(i) 9/14 0 1/14
V3 4(i) 11/14 0 9/14
V4 4(i) 13/14 0 3/14

*9(Y = 1/[7cos 3n/7)], 9"y = ~1/[Tcos (2n/7)]. 7" = 1/[7 cos (/7).

(001}

[100],
Bin

bm/(

[010];

ﬁlclr

Figure 25. Position of the monoclinic (space group C2/m) unit cell of the
V1404 superstructure in the body-centered tetragonal lattice: (®) vana-
dium (V) atom, (0) oxygen (O) atom, and (O) vacancy in oxygen
sublattice.

by/7+3(bs —by)/7 =[4/70 —2/7) and k), = —k "), rays
of the {k; )} star, and two k'"; = 4by/7 — 2(b3 — b,)/7 =
2/706/7) and k% = —k ") rays of the {k, 3} star. The
simultaneous presence of the rays of several non-Lifshitz
stars in the transition channel unambiguously suggests the
first kind of the B-V(O) (space group I4/mmm) — y-phase of
V1406 (space group C2/m) phase transformation under
consideration.

The distribution function of oxygen atoms in the mono-
clinic (space group C2/m) V1404 superstructure with any
degree of order has the form

2n(xy + 3z
no(xr,y1,21) =y + & I)}

M1
7 cos (31/7) €08 { 7

o [2n(4x1 —2z) }

7
2n(2xy + 621)]
- .

o M-
7 cos (2n/7)

n-
7cosl(735/7) o8 { (40)

Referring to Fig. 25, coordinates (xi,yr,z;) of a basic
disordered body-centered structure are related by expres-
sions X1 = 3Xm + Zm, Y1 = VYm» and zy = —xpy + 2z to the
coordinates of the monoclinic (space group C2/m) V1404
superstructure, presented in Table 23. Given arbitrary values
of the long-range order parameters, distribution function (40)
takes 4 different values (see Table 23).

The point symmetry group 2/m (Cy;) of the monoclinic
V140¢ superstructure includes 4 symmetry elements hy, hy,
hys, and hyg, while the point group 4/mmm (Dyy,) of the basic
tetragonal disordered B-phase of V(O) consists of 16 elements:
hl—h4, /’113—h16, /125—h28, and h37—/’l40 [30, 31], hence,
rotational symmetry reduction equals 4. The unit cell volume
increases by a factor of 7 during transition from the
disordered B-phase to monoclinic V404 suboxide; there-
fore, the translational symmetry reduction reaches 7, while
the overall symmetry reduction in the B-V(O) (space group
I4/mmm) — y-phase of V140 (space group C2/m) transfor-
mation amounts to 28.

10. Conclusion

The most distinctive feature of strongly nonstoichiometric
compounds is the high concentration of structural vacancies
that can vary from zero to a few dozen atomic percent at the
lower boundary of the homogeneity interval. The high
vacancy concentration is a prerequisite for disorder or order
in the distribution of atoms and vacancies in the structure of
nonstoichiometric compounds. Deviations from the statisti-
cal (disordered) distribution of atoms and vacancies affect
their crystalline structure, as is apparent from the appearance
of short- or long-range orders. The former characterizes only
the radial distribution of the atoms, i.e., fluctuations of the
atomic concentrations in different coordination spheres. The
long-range order includes both radial and angular distribu-
tions and permits determining the atom of which kind is
located in one site or another of the crystal lattice.

The present review gives evidence that atom—vacancy
ordering in strongly nonstoichiometric interstitial com-
pounds is a widespread phenomenon, even though super-
structures of many nonstoichiometric compounds have not
yet been identified.

Superstructures of nonstoichiometric compounds are
more diverse and frequently more complicated than those of
solid substitution solutions (alloys). Indeed, ordering in
nonstoichiometric compounds, e.g., cubic titanium and
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vanadium monoxides, may simultaneously occur in several
sublattices of a basic disordered structure.

Changes in the properties of strongly nonstoichiometric
compounds as a result of ordering are similar in magnitude to
those in the compositions within the homogeneity interval of
an ordered phase. Thus, variation in the composition of
strongly nonstoichiometric compounds and redistribution of
atoms and vacancies in their crystal lattices are two equitable
ways to modify the characteristics of these compounds,
creating an additional motivation to study superstructures
of nonstoichiometric compounds.

This study was supported by the RFBR projects 13-03-
00077a.
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