
Abstract. Recollections about one of the great Soviet theoreti-
cal physicist Academician Ya B Zeldovich and his influence on
the scientific work of the author and the author's colleagues.

It was ... a time which called for giants and
produced giants ±giants in power of thought,
passion, and character, in universality and
learning. The men who founded the modern
rule of the bourgeoisie had anything but
bourgeois limitations.

Friedrich Engels. Dialectics of Nature
(Moscow: Politizdat, 1957), p. 7

Yakov Borisovich Zeldovich (1914±1987) made major con-
tributions to many fields of theoretical and applied physics:
the theory of combustion and detonation, the physics of
explosions and shock waves, atomic and nuclear physics, the
theory of the weak interaction (conserved vector current),
relativistic astrophysics and cosmology... and this list could
well be continued [1±3]. In our epoch of narrow specializa-
tion, he was perhaps one of the last (together with Fermi,
Feynman, Gamow, and Landau) universalists in the entire
area of physics and astrophysics.

Beginning, I should say at once that I was neither a
disciple nor a close colleague of Yakov BorisovichÐwhen a
young researcher I had no chance to listen to his lectures or
work under his immediate guidance, and we only had a single
joint article [4]. Our close scientific contacts refer to 1970±
1973; they concerned special issues of theoretical physics, and
first and foremost quantum electrodynamics of superstrong
fields. YakovBorisovich was a bright andmany-sided person,
and my reminiscences are of an inevitably fragmentary and
somewhat one-sided character. I nevertheless dare present
them in the hope that they may add some details to the image
of this prominent scientist.

My direct acquaintance with Yakov Borisovich goes back
to the time soon after the appearance of the paper by
Gershtein and Zeldovich [5] (see also Ref. [6]), where they
considered the properties of the atomic spectrum depending
on the nuclear chargeZ in superheavy (Z > aÿ1 � 137) atoms
and spontaneous positron production from a vacuum upon
approaching the heavy nuclei within a distanceR < Rcr 5 lC.
They supposed that when the energy e0 of a discrete electron
level approaches the boundary of the lower continuum of

solutions to the Dirac equation �e0 ! ÿmc 2�: ``the behavior
of the wave function of the bound electron becomes
pathological and the vacuum polarization gets delocalized''
[5]Ð that is, the vacuum charge density moves far away from
the nucleus. The authors therewith proceeded from the
principal term of the asymptotics of the electron wave
function1
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When I got interested in this issue and thoroughly studied
papers [5±7] , I noticed that it follows from theDirac equation
in the Coulomb field V�r� � ÿZa=r that, along with the
exponent (1), the wave function also has a substantial pre-
exponential factor:

c0�r� � r n exp �ÿlr� ; n � Zae0
l

; �2�

which in the limit e0 ! ÿm decreases at infinity faster than
any finite power of r and leads to the following asymptotic
dependence
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(for e0�ÿm andZ � Zcr), and so thewave functionof the level
at the edge of lower continuum remains localized (although
l! 0 in this case), and the mean radius of the electron cloud
will be hri5 lC. Thus, the arguments presented in Ref. [5] in
favor of bound state delocalization and vacuum polarization
rearrangement asZ! Zcr are no longer pertinent.

We shall briefly explain the derivation of these formulas.
The level energy e0 includes the electron rest energy m and
depends on Z, with the inequality ÿm4e0�Z� < m met for
the states of the discrete spectrum. The value of e0 � m
corresponds to the free electron at rest, e0 > m to the upper
continuum, e0 � ÿm to the critical nuclear charge,2 and
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1 Hereinafter, m and lC � �h=mc are the electron mass and Compton wave

length, respectively, aB � �h 2=me 2 � aÿ1lC is the Bohr radius, r is the

distance between the electron and the nucleus, l is the dimensionless

momentum of the bound state, a � e 2=�hc � 1=137 is the fine-structure

constant, Zcr and Rcr are the critical charge of the nucleus and the

appropriate distance between colliding nuclei at which the electron level

descends to the lower continuum boundary e0 � ÿmc 2. We make use of

the relativistic units: me � �h � c � 1.
2 The exact value of the critical charge Zcr > 137 depends on the nucleus

radius rN and, to a lesser extent, on the bulk distribution of the electric

charge in a nucleus, the degree of ionization of the outer electron shells in

the atom, the nucleus edge diffusivity, and some other factors [8±18]. The

first estimate of Zcr belongs to Pomeranchuk and Smorodinsky [7], who

allowed for the Coulomb potential cut-off at small distances in the Dirac

equation, but this Zcr value turned out to be overestimated. The calcula-

tions done in Refs [8±11] showed thatZcr � 170 for the ground level 1s1=2,

Zcr � 185 and 230 for the excited states 2p1=2 and 2s1=2, respectively, etc.

The evaluation of Rcr, which requires a numerical solution of the `two-

centers problem' for the Dirac equation, was performed in Refs [14±20].



e0 < ÿm to the states of the lower continuum (the so-called
Dirac sea filled with unobservable vacuum electrons; the hole,
i.e., the unfilled state in this sea, corresponds to the positron
[21, 22]).

Analogously, if the condition e0�R;Z1;Z2� � ÿm (where
R is the distance between the nuclei) is met for the energy e0 of
the ground term of the set of two nuclei with charges Z1 and
Z2, this determines the `critical' internuclear distance
Rcr�Z1;Z2�. When these nuclei approach so that R < Rcr,
the bound level vanishes from the discrete spectrum, becom-
ing quasistationary and going to the lower continuum, and
the spontaneous production of e�eÿ pairs from the vacuum
begins with electrons `alighting' into the K-orbit (if for
R > Rcr it was not occupied with electrons), while positrons,
penetrating through the Coulomb barrier, tend to infinity,
where they can be registered. In the threshold region
(Zÿ Zcr 5Zcr), the probability of spontaneous positron
production is exponentially low [9±11], because the barrier
in the effective potentialU � eVÿ V 2=2 is wide and has a low
penetrability.

After these explanations, let us go over to formulas (1)±
(3). The first two follow from the quasiclassical expression for
the electron wave function c0�r� / exp fi � r p�r 0� dr 0g, where
the momentum under the barrier is expressed for the case of
vector coupling 3 as

p�r� �
�������������������������������������ÿ
e0 ÿ V�r��2 ÿm 2

q
(we consider the potential V�r� ! 0 at infinity). For the
Coulomb field, when V�r� � ÿZa=r for r > rN, we arrive at

ip�r� � ÿl� Zae0
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which immediately gives formula (2), while for the short-
range (Z � 0) potential it leads to expression (1). In general,
one has
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from which the presence of the power function r n in the pre-
exponential factor of formula (2) is seen to be connected with
precisely the Coulomb `tail' of the atomic potential V�r�.

As concerns the asymptotics (3) at the edge of the lower
continuum, its derivation is more complicated and cannot be
obtained directly from formula (2) but needs an exact solution
of theDirac equation at an energy e0 � ÿm, which, in the case
of the Coulomb attractive field, is found analytically and has
the form 4
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where Kin�x� is the Macdonald function known from the
theory of special functions. Since Kin�x� / exp �ÿx� for
x4 1, this immediately implies asymptotics (3). Note the
specific character of the decrease in the level wave function:

c0�r� / exp �ÿc1
��
r
p � for e0 � ÿm and r!1, different from

the typical behavior c0�r� / exp �ÿlr� in short-range poten-
tials.

The behavior of atomic wave functions for e0 ! m and
e0 ! ÿm is substantially different, although in both cases
l! 0. In the former case (a hydrogen-like atom), the level
energy is en � m�1ÿ �Za�2=2n 2�, with n � 1, 2; 3; ::: being the
principal quantum number of the level, and

l � Z

n
; n � n ; cn�r� / r n exp
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(in Hartree atomic units �h � m � e � 1). The electron density
reaches its maximum at distances hri � n 2Zÿ1aB from the
nucleus and, as n!1, i.e., en ! m, the bound state becomes
delocalized.5 On the contrary, as Z! Zcr and e0 ! ÿm, the
atomic state is compressed, and its mean radius hri decreases
with increasing Z. At Z � Zcr, we have hri � a 1=2lC �
0:001aB, with the numerical hri value depending on the
nucleus radius rN [9±11]. Thus, solutions of the Dirac
equation in the presence of a Coulomb field are no longer
symmetric in the sign of the energy e.

Having ascertained all this, I called Yakov Borisovich
with certain agitation and set forth my considerations. His
first reaction was negative. ``You have made some mistake.''
However, having listened to my arguments, he said: ``I should
think it over.'' And in no more than two or three days he
himself called me: ``Yes, it seems likely that you are right.
Come to my place and we shall discuss everything in more
detail.'' And, at the end of our conversation, he said: ``You
should meet Migdal, for he has ideas concerning positron
levels emanating from the lower continuum. Try to look into
it''.

This was the beginning ofmy acquaintance and collabora-
tion with Yakov Borisovich Zeldovich and Arkady Bene-
diktovich Migdal (YaB and AB, as their disciples and
colleagues usually called them among themselves). Looking
back, I see that those were the most splendid events in my
scientific biography.

Although our close collaboration did not take so much
time and encompassed the years of 1970±1977, it was of
invaluable benefit for me. I learnt much from these remark-
able physicists, including striving for a visual qualitative
explanation (in lay terms) of physical effects and the results
of cumbersome calculations. Work on the quantum electro-
dynamics of superstrong Coulomb fields, the critical charge
of a nucleus, the properties of the electron shell in a
supercritical atom, spontaneous positron production from a
vacuum for Z > Zcr or R < Rcr in collisions of heavy nuclei,6

the theory of anomalous and supercharged nuclei was
discussed in detail with YaB and (or) AB, which was of
great importance for us. Essentially, all my work in the range
of Z > 137 began upon studying papers [5±7], which
proposed the statement of the problem. It should be noted

3 That is, for the electromagnetic (Coulomb) electron±nucleus interaction.
4 The solution decreasing at infinity. The details of calculations can be

found in Refs [8] (numerical calculations) and [9±11] (analytical solution)

(see also papers [4, 14±17]). Note that expression (6) refers to the upper

component of the Dirac bispinor; the lower component has a somewhat

different form, but asymptotics (3) remains unchanged for it, too.

5 The authors of paper [5] evidently meant precisely this case.
6 For a supercritical resultant nuclear charge Z1 � Z2 > Zcr � 170 [8±11],

which actually occurs upon the collision of two uranium nucleiÐYaB's

and Gershtein's remark [5] which gave start to the numerous studies (of

both our group [9±13] and Greiner and colleagues [14±16]) on the

calculation of the critical distance Rcr�Z1;Z2� in the two-nucleus system,

the cross sections of spontaneous and stimulated generation of positrons

for R < Rcr, their momentum spectrum, etc. For bare (fully stripped)

uranium nuclei, the critical distance is Rcr � 0:1 lC � 35 fm. The depen-

dences ofZcr andRcr on the degree of filling of outer atomic electron shells

was discussed in detail in Refs [12±20].
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that the problem of vacuum polarization and superbound
electrons in the lower continuum forZ > Zcr and e < ÿmwas
first formulated clearly and consistently in papers [4, 14±16,
23].

I would also like to dwell on the discussion of the problem
of positron levels which, in the opinion of AB, could appear
from the lower continuum with increasing nuclear charge
Z > 137. On YaB's advice, I investigated this issue on the
basis of the relativistic Dirac equation (describing both
electrons and positrons) and found no such levels.7 This was
the subject of the discussion that took place in the early 1970;
participants in the discussion were YaB, AB, and the present
author. At that time, AB was absolutely positive about the
existence of such states, while YaB and I objected. Obviously,
AB gradually got more and more irritated by our objections;
the discussion became hot and let itself go, throwing aside all
restraint. Finally, YaB said: ``Kadya! You have forgotten
about the Pauli principle!'' and AB's boisterous reaction
immediately followed, after which YaB cut short the discus-
sion, saying, ``Let it be all for today, but don't you think,
Kadya, that I cannot have answered you adequately and in
the same style. The point is that I am a bit hindered by the
presence of Vladimir Stepanovich.'' I hastened to retire from
YaB's place where this discussion had taken place. Although
more than 40 years have passed since then, I perfectly well
remember the scene and guarantee the exact, if not literal,
meaning of what I have narrated.

This episode found certain reflection in the paper
``Electronic structure of superheavy atoms'' [4] in which
YaB inserted `the distich of Velimir Khlebnikov':8

``The host of heaven is far, powerful, and mighty,
but if you crave for understanding, know the atom-

house.'' �

This is precisely what was written in the manuscript and
even in the proof to the paper, but at the last moment YaB
replaced `crave for' by a more neutral `you seek', and this last
version appeared in the journal. I was bewildered by the verse
and tried to convince YaB to remove it, but to try to dissuade
him was useless (an analogous episode was also described in
L B Okun's reminiscences [24]). I should confess that I
grasped the undertone only later.9 This was how YaB replied
to the rudeness permitted by Migdal in the course of the
above-described discussion. It should be emphasized that this
episode was not representative of the warm, friendly relations
between these two outstanding physicists.

Further on, YaB showed immutable interest in M SMar-
inov's andmy calculations of the critical internuclear distance

Rcr [19, 20] and spontaneous positron production in slow
(adiabatic) collisions of two heavy nuclei and in the problem
of e�eÿ-pair production from a vacuum by applying an
alternating electric field or tapping intense laser radiation
[25±27] (the so-called Schwinger effect).

Gradually, the main theoretical problems concerning
superstrong Coulomb fields were solved, and my contacts
with YaB weakened. In 1975±1976, Dima Voskresenskii (at
that time AB's postgraduate student) and I developed, under
the guidance of AB, the theory of supercharged nuclei (for
which Ze 3 � Z=160001), whose electrodynamics would
possess peculiar features [28±30]. For instance, the electric
charge of such a supernucleus is concentrated near its
surface,10 and the electroneutral plasma of p, e, and n

7 The characteristic property of the Dirac equation is the fact [4, 14±16]

that any level of the discrete spectrum, e0�Z�, descendsmonotonously with

increasing nuclear charge Z until it reaches the boundary of lower

continuum at Z � Zcr. For other relativistic wave equations, the situation

is already not so simple (in this connection, see, e.g., review [4, Section 5]).
8 ``The poetÐword-creator refers to the microworld theory as the atom's

constitution'' [4].
9 I was, however, surprised that no reference to V Khlebnikov, including

the exact title, publishing house, and year (which in those times was

obviously a necessary condition for publication in Soviet journals) was

demanded by the editors of UFN, who accepted the reference to

``Ya B Zeldovich's searches.'' On other occasions, this requirement was

strictly met (see, for instance, Refs [37], [54], and [57] in paper [4]

concerning Valery Bryusov's verses, the expression `in the Pickwick

sense', and the opinion, imputed to Bohr, of what is a `real specialist in a

given area' (needless to say that all these `lyrical digressions' were included

in the paper by Yakov Borisovich).
� Editor's note: This is a poetic joke wherein the first letters of Russian

words are summed to compose Zeldovich adequate answer to Migdal.

The above-described hot discussion took place in Zeldovich's flat in this

house, in which not only Zeldovich, but also other prominent scientists,

notably N N Semenov, the Nobel Prize Winner in Chemistry 1956, and

N M Emanuel, lived for many years. It is now seen to be in a sad state

(although it was planned to make a museum in this house: perhaps these

plans will someday be realized).

10 According to papers [28±30], a noncompensated electric charge is

located near the supernucleus surface in a narrow (compared to the

radius of this nucleus) layer � 12ÿ15 fm thick, and a huge electric field

is induced exceeding the critical, or the Schwinger, field Ecr � m 2
e c

3=e�h in
quantum electrodynamics. An additional attractive internucleon interac-

tion is needed for securing the stability of supercharged nuclei, which,

according to Migdal, can emerge upon compaction of nuclear matter and

the formation of pion condensate. The idea of p-condensation suggested

byMigdal was then developed by many authors. Now it is conventionally

considered (the remark byDNVoskresenskii) that p-condensate can exist

in dense cores of neutron stars. The possibility of p-condensation in quark

matter is being discussed in the literature as well.
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particles is formed in the interior of the nucleus, which lowers
substantially the Coulomb energy of the nucleus obstructing
its stability. YaB was skeptical in respect of this activity, and
as time showed, he was right, for such nuclei are unstable. In
those years, I often used to meet AB and could see the
difference between his and YaB's style of work, but this is
yet another story [31]....

YaB's influence also substantially manifested itself in
other work by our group having nothing in common with
the `Z > 137 problem'. For example, in the paper ``The
energy levels in a distorted Coulomb field'' [32] (see also
book [2, p. 83]), he pointed out a beautiful physical effect of
atomic spectrum restructuring by a close `quasinuclear' level
(with an example of the electron levels in an impurity
semiconductor). This effect was further rediscovered in the
relativistic Coulomb problem with Z > 137 [33] and in the
theory of very light hadron atoms [34, 35], was studied in
detail [36±38], and was called the `Zeldovich effect' [36, 38].
This effect can show up in the spectra of quantum systems for
which the interaction potential consists of two parts with
strongly incommensurate radii, for example, the short-range
(`strong') potential Vs with radius r0 and the long-range
Coulomb potential U � ÿZe 2=r, with r0 5 aB � �h 2=Zme 2.
Under this condition, one can obtain a model-free equation
[35] defining the s-level energies in an atomic spectrum in
terms of the s-scattering length as on the strong potential. This
allows the whole spectrum of atomic states with l � 0 to be
reconstructed from the energy of one of the levels (taken from
either experiment or numerical calculations) without solving
the Schr�odinger equation. The specific features of the
Zeldovich effect for states with angular momentum l 6� 0
were considered in papers [37, 38]. It has recently been noted
[39, 40] that, in the spectrum of the hydrogen atom placed in a
superstrong magnetic field B � 1012ÿ1015 Gs [such fields
exist on pulsar (neutron star) surfaces and in so-called
magnetars], the Zeldovich effect manifests itself for even
(under the reflection z! ÿz along the magnetic field) levels.

YaB was interested in the theory of unstable (quasi-
stationary) states and proposed a way of Gamow's wave
function normalization 11 for them and an original form of
the perturbation theory (PT) [41, 42]. This approach
(Zeldovich's regularization method) was applied in problems
of quantummechanics and atomic physics, including calcula-
tions of negative-ion (Hÿ;Naÿ, etc.) photoionization prob-
ability in a laser field with circular polarization [43, 44]. In the
simplest (discrete) version, the Zeldovich method consists in
the fact that the generalized sum S is assigned to the divergent
series:

S �
X1
n

an � lim
X1
n

an exp �ÿan 2� ; a! �0 ; �8�

and the same procedure is applied to integrals. This method is
more powerful than the Cesare, Abel, and Borel methods of
divergent series summation, known from mathematics. It is,
as a rule, sufficient for attaching physical meaning to
divergences appearing in the theory of quasistationary states
[42±45].

YaB obtained [46] a peculiar second-order PT formula
which, as distinct from the standard formula, does not need

knowledge of the entire energy spectrum of the system. The
technique 12 proposed in Refs [46±49] turned out to be
convenient and was applied to calculations of PT higher-
order terms for anharmonic oscillators, the funnel potential,
and the Stark effect in a hydrogen atom [47±49]. The
corresponding PT series diverge factorially and can be used
directly in the domain of weak fields only. Applying divergent
series summation techniques, the Zeldovich method among
them, the authors of Refs [47±49] managed to calculate the
Stark shifts and the widths of hydrogen atomic levels in a
strong electric field far beyond the applicability limits of a
conventional PT.

YaB [50, 51] introduced the notion (simultaneously with
V I Ritus [52]) of quasienergy Ea for an atom residing in the
light-wave field:

ca�r; t� T � � exp

�
ÿiEaT

�h

�
ca�r; t� ; ÿ1 < t <1 �9�

(T � 2p=o is the wave period, and ca is the periodic time
function) and considered the problem of stimulated photon
emission from the quasienergy state.13 Quasienergy is similar
to quasimomentum of an electron in a periodic potential of a
crystal lattice (the Bloch wave). At the present time, the
approach using quasienergies is a standard in atomic and
laser physics. To determine the quasienergy spectrum for a
particular atomic system is a fairly complicated problem. The
quasienergy spectrum for the model problem of a nonsta-
tionary harmonic oscillator permitting an exact solution was
found in Ref. [54] (see also book [42, p. 268]). This example
demonstrates that even in the case of the `cut-off' oscillator
potential V�x� � �1=2�o 2�t� x 2, the quasienergy spectrum
can be both discrete and continuous, depending on the
particular form of the frequency o�t�.

Notice that YaB called our attention to the `paradox of
the harmonic oscillator' in the quantum radiation theory. It is
a known fact that the dipole radiation probability in the
transition between two energy levels Ei and Ef has the form

wi f �
4o 3

i f

3�hc 3
��
 f j erj i ���2 ; oi f � Ei ÿ Ef

�h
: �10�

In the case of a harmonic oscillator with frequency o, all the
differences on ÿ onÿ1 � o are independent of the level
number n, and the transition matrix element is
hnjx̂j nÿ 1i / ���

n
p

. This should seem to imply that the
jni ! jnÿ 1i transition probability is proportional to n, and
the spectral line width must decrease / 1=n. Meanwhile, the
quasiclassical approximation holds true for n4 1, and,
therefore, the line width is determined by the oscillator
damping constant and does not depend on n. This (seeming)
contradiction constitutes the paradox of a harmonic oscilla-
tor, which was made clear in papers [55, 56] where quantum
kinetic equations for the density matrix were derived for

11 Gamow's wave functions increase exponentially at infinity, and,

therefore, the usual normalization condition cannot be met and the

perturbation theory formulas need modification.

12 Replacement of the Schr�odinger equation by a Riccati type nonlinear

equation for a logarithmic derivative of the wave function allows effective

calculations of PT higher-order terms in the case of simple analytic

potentials. Using this method in the problem of the Stark effect in a

hydrogen atom, 160 PT orders for the ground-state energy and 100 orders

for excited states were calculated in Refs [47±49].
13 It should be noted that in the consideration of a relativistic electron in

the field of a strong electromagnetic wave, Nikishov and Ritus [53]

introduced a four-dimensional quasimomentum whose time component

coincides with quasienergy.
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systems with an equidistant spectrum. In this special case, the
amplitudes of all transitions correspond to one and the same
energy �ho and interfere among themselves. As a result, the
same expressions (for any n) for the transition probabilities
are obtained as those in classical electrodynamics, and the
paradox of the harmonic oscillator is resolved on its own. In
this connection, YaB once told me (perhaps in jest):
``Paradoxes are the driving force of science.'' It is pertinent
to recall here the note ``How quantum mechanics helps
understand the conclusions of classical mechanics,'' pub-
lished under the name of P Paradoxov [57], but written
undoubtedly by YaB himself.

The work byYakov Borisovich described abovemakes up
a small, and not at all essential, part of his scientific heritage
[1±3]. However, it already shows how wide the range of his
scientific interests was and how significant the results he
obtained were (see, in particular, papers [58±82]). It should
be stressed that the characteristic feature of YaB, and also of
AB, was democracy: each of them was ready to discuss
scientific problems equally with a student and with an
academician, and disagreement with an opposite point of
view, which was sometimes expressed in a rather sharp form,
never extended to private relations. To discuss with them
different aspects of quantum electrodynamics of strong fields
and a wider range of physical, but not only physical, issues
was always interesting and instructive for me [31].

It is worth noting that Yakov Borisovich found time to
delve into the gist of mathematical education necessary for
future physicists and engineers [82, 83]. He believed thatmany
textbooks in higher mathematics exploited the formal axio-
matic method based on the `neat eÿd technique' [83], which
was inconvenient for applications and failed to guarantee an
activemastering of this science by students. YaB expressed his
viewpoint clearly in books [82±84] (see also [42]).

I am grateful to destiny for the opportunity to have met
and worked in those already distant 1980s with such
coryphaei of theoretical physics as Yakov Borisovich Zeldo-
vich and Arkady Benediktovich Migdal, my impressions of
the meetings with whom I have tried to expound on above.
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