
Abstract. Stationary regimes of active systemsÐ those in
which dissipation is compensated by pumpingÐare consid-
ered. Approaching the bifurcation point of such a regime leads
to an increase in susceptibility, with soft modes making the
dominant contribution. Weak noise, which is inherent to any
real system, increases. Sufficiently close to bifurcation, the
amplitude of random pulsations is comparable to the average
value of the fluctuating quantity, as in the case of developed
turbulence. The spectrum of critical pulsations is independent of
the original noise. Numerical simulation of the neighborhood of
a bifurcation point is considered unreliable because of the poor
reproducibility of results. Due to the high susceptibility, calcu-
lation roundings result in `chaotic' jumps of the solution in
response to a smooth change in the parameters. It is therefore
necessary in the simulation process to introduce a small random
function of time, white noise. The solutions of the Langevin
equations obtained in this way should be processed statisti-
cally. Their properties (except for the intensity of pulsations)
are independent of the noise induced. Examples of the statistical
description of bifurcations are given.

1. Introduction

By an active system, we mean one that, while submerged in a
heat bath, is kept far from equilibrium by a certain external
action (for example, an applied voltage produces a current in
a conductor). In the absence of an external action, the system
relaxes to equilibrium with the heat bath. The time this takes

is called the relaxation time, and, importantly, the final state
is independent of what the initial state was. Switching on an
interaction results in the dependence on the initial conditions
and on the time scale of relaxation disappearing, leading to a
steady-state regime that is the same for the entire set of initial
conditions. This set forms a basin of attraction in the space of
states, containing an attractor to which all the trajectories of
the basin converge.

For a time-independent interaction, steady states can
occur among the regimes that set in. Equilibrium can be
considered a limit case of a steady-state regime in which the
intensity of the external influence tends to zero. One of the
characteristics of equilibrium is susceptibility, which can be
defined as follows [1]. Let a system be subject to a small
sinusoidal perturbation. The state of the system then changes
at the same frequency, and the susceptibility is the ratio of the
amplitude of this change to that of the perturbation. A similar
definition applies to a steady-state far-from-equilibrium
regime, in which case a small sinusoidal addition to a
constant perturbation should be considered.

As system and/or perturbation parameters change, the
steady-state regime can lose its stability and transform into a
different regime. For point-like systems, the space of states is
finite dimensional, and the point corresponding to a steady
state in this space is a limit one. The proximity of bifurcation
often suggests a contraction, at least in one direction, of the
distance of this point from the boundary of its attraction
basin. If the state is somewhat away from the limit point in
this direction, the `force' that returns the system to its original
regime is small. For equilibrium systems, there is a visual way
to explainwhy this is the case. Corresponding to a stable point
is a minimum of a (thermodynamic) potential, and to an
unstable point, a maximum (in the given direction). Bringing
the two points together decreases the potential gradient (i.e.,
force), and thus creates a situation close to indifferent
equilibrium (for both point-like and distributed systems).
Even a small change in the perturbation causes a significant
deviation from the steady-state regime under critical condi-
tions (when the system parameters are close to the bifurcation
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point), and the deviation relaxation time increases; in other
words, the susceptibility increases (primarily in its low-
frequency part, because at low frequencies the system has
enough time to deviate considerably before the external
influence changes its direction).

Critical phenomena are due to high susceptibility and, as
far as equilibrium is concerned, were first studied in
connection with the liquid±vapor transition. The important
results obtained thenwere the increase in susceptibility (in this
case, compressibility) and (primarily soft-mode) density
fluctuations [2] (specifically, thermal fluctuations, whose
variance can be found by thermodynamic calculations). Far
from the equilibrium, thermal noise often occurs (random
input voltage oscillations being an example). Weak noise has
no noticeable effect on the behavior of the system as long as
the system parameters are far from the bifurcation point, but
approaching this point causes the noise to increase due to
the high susceptibility. Indeed, sufficiently deep in the critical
region, the random amplitude of pulsations is comparable
to the average value of the fluctuating quantity, similarly
to the developed turbulence case. The steady-state regime
turns out to be chaotic. The pulsation spectrum is indepen-
dent of the `core' noise and is dominated by low frequencies.
The closer to the bifurcation point, the higher and sharper the
low-frequency peak is. Unlike flicker noise [3], this peak
disappears as the parameter values move farther and farther
from their critical values.

Numerical simulation of the bifurcation region is con-
sidered unreliable due to poorly reproducible results. The
number of digits is always constant, and unavoidable round-
ings result in smooth variations of the parameters, leading to
jumps in solutions at high susceptibility. The way out, as we
see it, is to bring the situation closer to experiment by adding a
small random function of time (white noise) to the constant
source. The solutions of the Langevin equation [4] obtained in
this way are also random functions and should be processed
statistically. For given values of the parameters, it is possible
to find the variance of the pulsations, their frequency spectra,
critical exponents, n-point correlators, etc., thus obtaining a
reliable description of critical phenomena. The bifurcation
theory must have a bearing on statistics.

In a real system, noise is not white in general, and its
statistics are typically unknown. As the bifurcation point
is approached, however, the pulsation correlation time
increases and definitely exceeds the noise correlation time,
with the result that any noise looks like a d-correlated (white)
one. For a complex system, especially for a distributed one,
the susceptibility can be difficult to calculate; sufficiently deep
in the critical region, nonlinear susceptibility is important. On
the other hand, these quantities should not necessarily be
used. As noted above, solutions of the Langevin equations are
chaotic time series similar to what is obtained in real life
experiments. If the series are sufficiently long (which means a
long computation time), high accuracy can be achieved in
determining bifurcation statistics.

Systems with a relatively small (n5 3 [5]) number of
dependent variables allow chaotic solutions without noise
addition (dynamical chaos). But the phase trajectories
corresponding to such solutions are locally smooth and
should be monitored for a long time (for example, by
constructing a PoincareÂ map [6]) in order to detect chaos.
The trajectories of the Langevin equations are Brownian. In
typical cases, extending the spectral density of critical
pulsations to all frequencies (up to the inverse atomic

collision time) would give a temperature � 105 K. In fact,
the spectrum falls off sharply with increasing the frequency,
only soft modes are excited, and the substance remains cold.
On a scale that is larger than atomic (but, normally, smaller
than the system size), intense mixing occurs.

In bifurcation theory (see, e.g., Refs [7, 8]), following the
spirit of the geometry of smooth maps [9], much attention is
given to state space singularities, in which context exotic
objects such as the `saddle±node', `saddle±focus', and, in the
case of many dimensions, even more complex objects are
introduced, which, elegant as they are, are still not observable
in real life.We see below that (1) in the region of criticality, the
neighborhood of a limit point becomes a chaotic attractor
consisting of Brownian trajectories and (2) singularities are
smeared out.

There is a large amount of literature on dynamic chaos
with locally smooth trajectories (see, e.g., Ref. [10] for a
review). Because noise cannot be fully eliminated in reality,
the question arises: are such attractors of interest for physics?
Far from bifurcation, where the susceptibility is not high, the
Brownian nature of trajectories is not apparent. Our objective
is to draw attention to an unusual type of critical attractor
that becomes relevant if the parameters involved are close to
the bifurcation point of a steady-state regime. A critical
attractor consists of Brownian trajectories. A similar remark
should be made concerning Hamiltonian systems with a
saddle point in the phase space. The appearance of a
`stochastic layer' next to the separatrix [11], in fact, implies
that noise cannot be neglected in this situation.

The above suggests that it is in principle possible to create
devices that, given a complex natural or artificial system, can
warn of the nearing bifurcation of its stationary regime (i.e., a
catastrophe) based on the enhancement of soft modes in the
system noise spectrum. Of course, the soft mode range is
specific for each system. For example, for a continuously
stirred tank reactor (CSTR), frequencies smaller than the
inverse mixture residence time should be considered. In
designing such a device, at least a basic understanding is
needed of the processes in the system the device is intended
for. Macrokinetic equations, including those for mass,
momentum, and energy balance, are indispensable for this
purpose.

2. Critical susceptibility

We first consider the case of a point-like system, i.e.,

dXi

dt
� fi�X1;X2; . . .� � yi�t� ; i � 1; 2; . . . ; n : �1�

Here, Xi are coordinates (dependent variables), t is time, the
vector field fi depends on the coordinates and the constant
force applied to the system, and yi are small time-dependent
force additions. If these additions are neglected, system (1)
can have constant solutions X s

i satisfying the equations

fi�X s
1 ;X

s
2 ; . . .� � 0 : �2�

Such solutions correspond to steady-state regimes of an active
system specified by the field fi. If deviations from the steady
state, xi � Xi ÿ X s

i , are assumed to be small, we can write the
linear equations

dxi
dt
� ÿlikxk � yi ; �3�
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where repeated indices imply summation andÿlik � qfi=qXk

is the Jacobi matrix calculated at the limit point Xi � X s
i of

the state space.
Close to bifurcation, the limit point is approached by the

boundary of its attraction basis along at least one direction.
We let X denote the coordinate corresponding to this
direction; the relaxation time for deviations x � Xÿ X s is
large compared to that for the other degrees of freedom, due
to the small `restoring' force for this coordinate (bifurcation
variable). Deviations for the other, fast-relaxing, coordinates
are averaged, and hence, relative to x, they can be considered
to be equal to the steady-state values xi � 0. This leaves us
with only one of Eqns (3),

dx

dt
� ÿlx� y : �4�

Here, the coefficient l plays the role of a bifurcation
parameter, its value at the bifuraction point being l � 0.
The susceptibility s�o� at a frequency o is defined as the
Fourier component ratio xo=yo. According to Eqn (4),

Re s � l

l2 � o2
; Im s � o

l2 � o2
: �5�

As l! 0, both the real and imaginary parts of the suscept-
ibility increase primarily at low frequencies,o < l. The closer
to the bifurcation point, the higher and sharper the low-
frequency peak is.

Weak noise, an inherent feature of any real influence (as
exemplified by random oscillations in an input voltage),
becomes higher as the susceptibility increases. For suffi-
ciently small l, the amplitude of random pulsations is
comparable to the average value of the fluctuating quantity
(i.e., X s), as in the case of developed turbulence. To put it
another way, approaching bifurcation causes the regime to
change from steady state to chaotic. As is clear from the
above, for an arbitrary initiating noise, the pulsations must
have a low-frequency peak in their spectrum. But in contrast
to the flicker noise [3], this peak disappears as the parameters
are moved away from the bifurcation point.

In the mathematical theory of bifurcations (see, e.g.,
Refs [7, 8]), much attention is focused on rearrangements in
the state space, which are treated using the geometry of
smooth maps [9]. We suppose, for example, that there are
two singular points, a node and a saddle, which approach
one another as the parameters are varied. According to
Refs [7, 8], a saddle±node pair forms at the critical values of
the parameters, after which the singularity disappears. As
we have seen, including noise makes saddle±node and
saddle±focus pairs (and, in higher dimensions, more com-
plex objects) unobservable. The trajectories randomly
intersect one another and, because of the increased noise,
cannot even approximately be considered autonomous. A
further point to emphasize is that critical chaos differs from
the chaotic solutions that autonomous systems with a
relatively small number of equations provide in a certain
parameter range [5]. In this last case, the trajectories are
locally smooth, and to see the presence of chaos, it is
necessary to monitor them for some finite period of time
(for example, by constructing the PoincareÂ map [6]). The
critical trajectory turns out to be Brownian and densely
covers the neighborhood of the limit point. As already
noted above, however, here, in contrast to the standard

Brownian motion (thermal fluctuations), only soft modes
are excited. The chemically interesting fact of an increased
mixing intensity (critical diffusion) should also be noted
[13].

If the bifurcation is such that n variables relax anom-
alously slowly, we can introduce a susceptibilitymatrix sik�o�
as the resolvent of the Jacobi matrix in Eqn (3),

sik�o� � �lik ÿ iodik�ÿ1 : �6�

Here, the exponentÿ1 denotes the inverse matrix. In the case
of equilibrium, the variance of thermal fluctuations can be
calculated by thermodynamic formulas. The coefficients lik
are expressed in terms of the derivatives of the entropy S,

lik � ÿ 1

2

q2S
qxi qxk

; �7�

taken at the limit point, where the entropy has a maximum.
The most detailed studies have been performed on equili-
brium bifurcations corresponding to continuous phase
transitions. In this case, the bifurcation variable is referred
to as an order parameter. Near the critical liquid±vapor
transition point in the pressure±temperature plane, the
bifurcation curves of a spinodal decomposition converge to
the phase equilibrium line (boiling curve), forming a cusp, the
end of the bistable (overheating and overcooling) region. In
the neighborhood of this point, the compressibility (the
susceptibility with respect to the transition order parameter,
the density) is large. The theory of continuous transitions and
critical phenomena under equilibrium conditions has been
worked out in detail (see, e.g., Ref. [12]). We do not discuss
these questions here.

3. Langevin equations

Numerical simulation cannot be considered a reliable way of
studying the neighborhood of bifurcations because (1) the
computed results show a lack of reasonable reproducibility;
and (2) a smooth change in parameter values leads not to
smooth changes but to random jumps in the solution. The
reason for this is obvious: as a result of high susceptibility,
roundings involved in the numerical integration of finite-
difference equations cause significant changes in these
solutions. The way out is to bring the problem formulation
closer to the experimental situation. Random pulsations in
the critical region not only are observed in numerical
simulations but also are seen in experiment. Along with
thermal fluctuations, nonthermal noise can be a source of
such pulsations, which, in equilibrium, are due to inhomo-
geneities, impurities, and other factors that act to `smear out'
a continuous phase transition. In active systems, an influence
is inevitably accompanied by weak noise at least, necessitat-
ing that the governing equations be augmented by a
controlled noise term that makes solutions more chaotic
compared to what the roundings produce in an uncontrol-
lable way. The resulting solutionsÐwhich are random
functions of timeÐshould then be subjected to statistical
processing.

Equations containing a weak random source are referred
to as Langevin equations [4]. In the case of Eqn (4) alone, we
take the function y�t� to be white noise:


y�t� y�t 0�� � const d�tÿ t 0� : �8�
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Random pumping gives rise to random motion near the limit
point. According to Eqn (4), the correlator is


x�t1� x�t2�
� � exp

�ÿl�t1 � t2�
�

�
� t1

ÿ1
dt

� t2

ÿ1
dt 0


y�t� y�t 0�� exp �l�t� t 0�� �9�

or 

x�t1� x�t2�

� � const

2l
exp

ÿÿljt1 ÿ t2j
�
: �10�

The constant in Eqns (8) and (10) is � y 2�o, where the white
noise Fourier component is independent of frequency. For
the Fourier components of the correlator,

�x 2�o �
�1
ÿ1



x�t� x�tÿ t 0�� exp �iot 0� dt 0 ; �11�

we have

�x 2�o �
2l

l2 � o2
hx 2i � � y

2�o
l2 � o2

: �12�

Formulas (9)±(12) are identical to similar expressions for
equilibrium [1]. In Ref. [1], however, the variance hx 2i is a
known quantity calculated from thermodynamic formulas.
For example, for the temperature, hDT 2i � kBT

2=cV, where
kB is the Boltzmann constant and cV is the specific heat at
constant volume. Therefore, the constant in Eqn (8) is not
arbitrary and should be chosen such that equalities (10) and
(12) hold at a given variance hx 2i. In the case of an active
system far from equilibrium, the intensity of a random source
y�t� should be regarded as a specified noise component of the
influence. Pulsations due to this noise are usually stronger
than thermal fluctuations.

Using the Langevin equations, high-susceptibility systems
can be numerically simulated in a way closely corresponding
to the experimental situation. The order of actions is as
follows. One or more of the equations is augmented by a
weak white noise term and the resulting system is then
integrated numerically over a chosen time interval, which
should be large compared to the time scales of the original
problem (relaxation time, etc.). This procedure is repeated for
different values of the bifurcation parameter in the critical
region and for a number of values of the noise intensity
(spectral density). The data array (or rather a set of time
series) so obtained is processed statistically. In Section 4, we
consider a simple example of the numerical simulation of
critical phenomena.

4. Critical attractor

Viewed from the perspective of nonlinear physics, exother-
mic reactions are interesting because of the feedback
between temperature and the reaction rate in the sense that
a reaction causes heating, which in turn accelerates the
reaction. A mathematical model for processes involving
such reactions should include equations with exponential
sources (the reaction rate is usually activation-temperature
dependent). Strong nonlinearity makes the physical picture
more contrasting and new effects easier to discover. An
exothermal transformation in a CSTR is described by the

equations [14, 15]

dZ
dt
� F�Z;T � ÿ Ztÿ1 ; �13�

dT

dt
� Q

c
Fÿ a�Tÿ Ta� �14�

for the reaction product concentration (transformation
depth) Z and temperature T. The reaction rate in the simplest
case is given by

F � �1ÿ Z�k exp
�
ÿE

T

�
; �15�

where k is a constant of dimension frequency and E the
activation energy expressed in the same units as temperature.
Usually, E4T. Other notations are: t is the reactor residence
time of the mixture, Q is the reaction heat, c is the specific
heat, a � tÿ1 � tÿ1f , tf is the reactor cooling time under no-
flow conditions, i.e., for t!1, and Ta is the temperature of
the heat bath and the supplied mixture.

It was noted as early as Ref. [14] that system (13), (14)
exhibits bistability in the sense that depending on the initial
conditions, either a cold �Ta� steady-state regime or a hot
�Tÿ Ta � Q=cat� regime is established. It is assumed that the
mixing time is small compared to t. Instead of Eqns (13) and
(14), a single second-order equation can be considered. For
example, expressing Z in terms ofT and dT=dt using Eqn (14),
we obtain [16]

�T � ÿ dV

dT
ÿ g�T; _T � _T �16�

(with the dot denoting time differentiation),

ÿ dV

dT
� ÿQ

ct
k exp

�
ÿE

T

�
�
�
k exp

�
ÿE

T

�
� 1

t

�
a�Tÿ Ta� ;

�17�
g � a� 1

t
� k exp

�
ÿE

T

�
ÿ E

T 2

�
a�Tÿ Ta� � _T

�
: �18�

Mathematically, Eqn (16) is equivalent to the equation of
motion in one dimension T for a particle of unit mass subject
to potential force (17) and the friction force ÿg _T. If Z and T
are specified at the initial instant, the initial `velocity' _T is
determined by Eqn (14). The `friction coefficient' in Eqn (18),
depending on the parameters, can change sign and become
negativeÐa feature that makes Eqn (16) similar to the Van
der Pol equation [17]. Whether the inequality g < 0 holds
depends on the pumping, i.e., the material flow through the
reactor.

The potential V�T � has one minimum outside and three
extrema (two minima and one maximum in between) inside
the bistability region. The extrema Td < Tm < Tu clearly
have positions coincident with the temperatures of steady-
state solutions of system (13), (14). A closer look at V�T �
allows us to see which of the two stable states corresponds to a
deeper minimum. Let the problem parameters be taken as the
DamkoÈ hler and Semenov numbers,

D � tk exp
�
ÿ E

Tc

�
; S � D�at�ÿ1 ; �19�

and the scale temperature Tc be the temperature at the cusp
where the bistable region in the �D;S � plane terminates (and
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where all three extrema merge). It is readily seen [18] that the
cusp is similar to a critical point in the pressure±temperature
plane for the liquid±vapor system. The curve Vd � Vu is
similar to the boiling curve (phase equilibrium), and the
boundaries of the bistable region are similar to spinodals.
For the purposes of numerical simulation, it is useful to
introduce the dimensionless temperature

# � E

T 2
c

�Tÿ Tc� ; exp

�
ÿE

T

�
� exp

�
ÿ E

Tc

�
exp# : �20�

At the cusp, D � 1 and S � 4=Z, where Z � EQ=�cT 2
c � is the

Zeldovich number, # � 0, and the heat bath temperature is
#a � ÿ2. The convenient parameters to use in the neighbor-
hood of this point are d and s such that D � 1� d and
S � �4=Z��1� s�, in terms of which the boundary of the
bistability region takes the form

s � d

2
� 2

���
2
p

3
�ÿd �3=2 : �21�

The straight line s � d=2 corresponds to phase equilibrium
for d < 0 and is similar to a critical isochore for d > 0. On this
line, as before, # � 0, and in the bistability region,
# � � ���������ÿ6dp

. On the spinodals, # � � ���������ÿ2dp
.

As trajectories approach the limit point in the state space,
they start oscillating in a random manner, covering quite a
large region, a critical attractor. We examine the properties of
such an attractor with the example of the system

_Z � �1ÿ Z� exp#ÿ ZDÿ1 ; �22�

_# � Z�1ÿ Z� exp#ÿ 2� #
S
ÿ 2

S
y�t� ; �23�

obtained from Eqns (13) and (14) using the transformations
discussed above. The source of weak noise in Eqn (23) is
turbulence in the reactor cooling system. Figure 1 shows a
trajectory [19] in the �Z; #� plane for Dc ÿ 1 � 3� 10ÿ4 and
Sc ÿ 1 � 1:5� 10ÿ4, demonstrating the shape and size of the
critical attractor. In Fig. 2, a small portion of this plot is
shown on an enlarged scale, demonstrating the Brownian
nature of this trajectory.

5. Van der Waals and fluctuation regions

We linearize Eqn (16) in the vicinity of the minimum #0 to
obtain

�#1 � g0 _#1 � o2
0#1 � 0 ; �24�

where the time scale is �1=k� exp �E=Tc�, #1 � #�t� ÿ #0,
g0 � g�# � #0; _# � 0�, and

o0 �
�
exp#0

�
Z

D
ÿ 3� #0

S

�
ÿ 1

DS

�1=2
: �25�

The frequency o0 vanishes at the cusp and is small near it
(which implies a small value of the restoring force that occurs
when the reactor deviates from the steady-state operation). A
small excitation e exp �ÿiot� in the right-hand side of Eqn (24)
produces a response A exp �ÿiot�. Defining the susceptibility
s�o� as the ratio A=e, we obtain

Re s � o2
0 ÿ o2

R
; Im s � g0o

R
; R � �o2

0 ÿ o2� � g 20o
2 :

�26�

With the right-hand side of Eqn (24) taken to be weak white
noise, the Fourier components of the correlation function
h#1�t�#1�t 0�i are found as

�# 2�o � rgÿ10

Im s
o

; �27�

where r is the frequency-independent spectral noise density
(an analog of the fluctuation±dissipation theorem, with r=2g0
playing the role of temperature). The integral over spectrum
(27) is the variance, and hence in the limit #0 ! 0, all modes
increase, but the soft one especially so. The closer the critical
point is, the higher and sharper the low-frequency peak.

Equations (24)±(27) hold for what can be called the van
der Waals region. In a sufficiently small neighborhood of
the cusp, the nonlinearity is important. By analogy with
Ginzburg's criterion [20], we can compare the variance of
critical fluctuations h# 2

1 i and the characteristic value
# 2
0 � jd j to determine the boundaries of this neighbor-

hood. Nonlinear effects have been investigated in [21] by
integrating system (22), (23) numerically. The weak noise in
Eqn (23) may be due to turbulence in the reactor cooling
system.

Figure 3 shows the variation of the variance h# 2
1 i with jd j

on a log±log scale. For d > 0, i.e., outside the bistability
region, we see that the initial power-law increase is followed
by saturation. The critical exponent is, according to Eqn (27),
ÿ1, to be compared with the least-square value ÿ0:99.

0.44 0.46 0.48 0.50 0.52 0.54 0.56 0.58 0.60
ÿ0.3
ÿ0.2
ÿ0.1

0

0.4
#

Z

0.3

0.2

0.1

Z � 7; d � ÿ0:0003

Figure 1. Overall view of the critical attractor.

ÿ0.002ÿ0.004 0 0.002
0.498

0.500

0.502

0.004

#

Z

Figure 2. A magnified view (100�� of a small portion of the attractor

shown in Fig. 1. The Brownian nature of the trajectory can be seen.
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6. Kramers transitions

For d < 0, there is a variance peak between the van derWaals
and fluctuation regions in the plot in Fig. 3. In the bistable
region, the potential has two minima, with the barrier
between them lowering with decreasing jd j. This allows
spontaneous transitions between the minima [22] due to the
noise-induced diffusion in the field dV=d#. The transition
probability W obeys the Arrhenius law, which, in this
particular case, has the form

W / exp

�
ÿ 2g0

r
�Vm ÿ Vd;u�

�
: �28�

Figure 4 shows a plot of #�t� for two values of d of the same
magnitude but opposite sign. For d < 0, along with critical

pulsations, large temperature jumps are observed: instead of
oscillations about one of the limit points in the �Z; #� plane,
oscillations about another limit point in the same plane occur.
A kind of intermittency is observed in the plot. Transitions
between hot and cold states lead to a significant increase in the
variance h�#ÿ #0�2i. As jd j ! 0, the difference Vm ÿ Vd;u

decreases and the contribution from the jumps vanishes. As
jd j increases, probability (28) falls off exponentially, and no
jumps occur during the computation run. Nonlinear effects in
the bistability region are more pronounced due to the
quadratic terms in the expansion of dV=d# in powers of #
around the potential minimum (for d > 0, no such term is
present). As can be seen from Fig. 3, this region also contains
the interval of a power-law behavior h# 2

1 i / jd jÿn, but with an
exponent noticeably larger than unity �n � 1:2�.

Similar jumps in a bistable system are described in
Ref. [23], which is concerned with stimulated oscillations of
a micromechanical vibrator, with bistability due to an S-like
nonlinear resonance curve. We also note the numerical
simulation of fluctuations at the transition from one
potential well to two [24] (where only oneÐsingle-mini-
mumÐphase was studied).

7. Limit cycle developing out of critical chaos

Unlike the critical point for transitions between phases of
the same symmetry, system (22), (23) can have periodic
solutions [25±27]. According to Eqn (16), the oscillatory
instability boundary is determined by the conditions
g�T � T0; _T � 0� � 0, where T0 is the temperature of the
steady-state regime under consideration. If the parameters
vary along the straight line s � d=2 �d > 0�, g vanishes at
Z � Zv � 8� 2d 2. Close to this threshold, for Z � 8, the
pulse spectrum does not look qualitatively different from that

10ÿ7

10ÿ3

h#21i

10ÿ5

10ÿ6

10ÿ4

10ÿ8 10ÿ6 10ÿ4 jd j10ÿ2 100

Figure 3. Temperature fluctuation variance as a function of the distance to

the cusp: (*) d > 0, (*) d < 0. Straight lines are obtained by the least-

square processing of the corresponding portion of the plot.
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for Z � 7. Further evolution of the spectrum is illustrated in
Fig. 5, which shows that the spectrum broadens at Z � 8, a
small `friction' causes the excitation of a large number of
modes, but the spectrum remains continuous. The expansion
continues at Z � 8:1, i.e, where the regime of regular
oscillations would set in in the absence of noise. It is only at
large values of Z, deep in the instability region, that peaks at
the fundamental frequency and higher harmonics appear.
The fact that the power of the continuous spectrum condenses
into lines can be interpreted as a synchronization effect [28] or
a classical analog of Bose±Einstein condensation. To see that
this is indeed the case, we note that a state of a time-periodic
system is characterized by a phase. Upon condensation, the
number of particles (or quanta) in a given state is large, and
the uncertainty relation for the number of particles and the
phase imposes no significant restriction on how accurately the
phase can be determined. A similar discussion on the
macroscopic filling of long-wavelength modes at the expense
of short-wavelength ones can be found in Ref. [29].

8. Traveling fronts and pulses
near the propagation threshold

As an example of a distributed-parameter system, we consider
a set of small CSTR systems interacting via diffusion and heat
conduction. Instead of Eqns (22), (23), we now write

_Z � LDZ� �1ÿ Z� exp#ÿ ZDÿ1 ; �29�

_# � D#� Z�1ÿ Z� exp#ÿ 2� #
S
ÿ 2

S
y�t� ; �30�

where
������������������������������������w=k� exp �E=T��

p
is the length scale, w is the heat

diffusivity, L is the Lewis number (the ratio of diffusivity to
heat diffusivity), and the scale temperature is chosen to be
T� � Ta �Q=c. The reactors can be arranged in the form of
a chain or a membrane, and D is the one- or two-
dimensional Laplace operator. For solitary waves along

the chain, the boundary conditions for Eqns (29) and (30)
can be written as

x � �1 ;
qZ
qx
� q#

qx
� 0 : �31�

We use a no-flow, t!1 scenario to study a traveling
front. With the noise y�t� turned off in Eqn (30), such a front
consists of three zones: heating, reaction, and cooling [30].
The reaction zone concentrates near the temperature max-
imumand is narrow compared to the other two. In the heating
zone, the reaction can be neglected due to the insufficiently
high temperature, and in the cooling zone, the original
material is already used up. In the wave-comoving frame of
reference, Eqns (29) and (30) are steady state, with
q=qt! u q=qx, where u is the wave velocity. We approximate
the chemical source in Eqn (30) with the function d�x�, where
x is the reaction zone coordinate, and replace Eqn (29) with
the condition

u � u0 exp#m ; �32�

where u0 is the front velocity under no-loss conditions for
S!1 and #m is the maximum temperature. It is easily seen
that problem (29)±(32) has two solutions: two branches of
u�S �, the upper increasing and the lower decreasing with
increasing S. This situation is clearly unstable. The threshold
is located where the branches merge.

For the problem with a d source, it is easy to write the
nonsteady-state wave solution:

1

2
������
pL
p

� t

0

j�t 0������������
tÿ t 0
p exp

�
ÿ l 2�t 0; t�
4L�tÿ t 0�

�
dt 0 � 1 ; �33�

1

2
���
p
p
� t

0

j�t 0������������
tÿ t 0
p exp

�
ÿ l 2�t 0; t�
4�tÿ t 0� ÿ

tÿ t 0

S

�
dt 0 � 1� Z#m ;

�34�
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where j 2 � u 2
0 exp#m and l�t 0; t� � � tt 0 u�t 00� dt 00. In general,

however, Eqns (33) and (34) are nonlinear integro-differential
equations for u and #m, by no means easier to solve than the
original problem. Near the threshold, the velocity varies
slowly, allowing an expansion in the small parameter, which
leads to the quasi-steady-state equation [31]

dv

dt
� sÿ 2v 2

t�
; t� � Z

���
e
p
u 2
0

�
Lÿ 1� 2

Z
�L� 2�

�
; �35�

where v � u=uth ÿ 1 and s � S=Sth ÿ 1, with the index th
denoting threshold values. Above the threshold, there are two
steady-state points, the smaller of which is unstable; for s < 0,
the velocity decreases and the wave decays. Because a realistic
medium always contains at least small-size inhomogeneities
and because the near-threshold susceptibility is high, thewave
motion becomes chaotic. A point to note is the dominance of
soft modes. The velocity fluctuation spectrum behaves as
shown in Fig. 6.

The quasi-steady-state equation is in fact valid only for L
close to unity. For L > 1, the planar front is unstable and
becomes curved, whereas for L < 1, an oscillatory instability
develops. Near the threshold, this instability produces
random velocity pulsations in the absence of external noise
(dynamical chaos). The period doubles as the parameter
values shift to the threshold. The intervals between the
doublings decrease as a geometric progression in accordance
with Ref. [32]. The chaotic regimes are bounded by
S� � 326:611. The time dependence of the velocity shows an
intermittent behavior between S� and Sth � 326:2, as does the
evolution of the frequency spectra with increasing S. Example
spectra are shown in Fig. 7 [33].

If the flow transverse to the chain has a nonzero velocity,
the solutions can be either switching waves between the hot
and cold regions or traveling pulses. In the pulse after the
reaction zone, the initial state restores itself due to the flow.
Numerical simulations were performed for L � 1 [34]. It was
found (Fig. 8) that as the parameters approach their threshold
values, the time it takes for a pulse to attain the uniform
motion regime increases, and oscillations occur. The oscilla-
tion period is large compared to the characteristic time
�1=k� exp �E=�Ta �Qcÿ1�� and increases as S! Sth. As

before, the dominance of soft modes near the bifurcation is
seen.

9. Conclusions

The growth of soft modes near a bifurcation is a universal
phenomenon. To study it, in addition to numerical simula-
tion, real experiments were conducted [35] using an electrical
circuit with a dinistor as a working element. This device,
which exhibits an S-shaped current±voltage characteristic,
was connected in series with a constant (current-independent)
resistor R. The direct current regimes are determined by the
intersection of the I�V� characteristic and the loading straight
line I � �V0 ÿ V�=R (I is the current,V0 is the applied voltage,
and V is the voltage across the dinistor). Depending on the
values of R and V0, either one or three intersections are
possible (with the middle one unstable in the latter case). For
each R, V0 pair, the variation of the pulsations of voltage V
with time was recorded, with a recording time of 100 s. In
total, 256 experimental runs were made. Example spectra are
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shown in Fig. 9. Far from the bifurcation, usual white noise is
observed, but close to it, all the modes increase (the spectrum
is normalized to the variance), but the soft modes especially
so. At zero frequency, a maximum, or more precisely a
resonance, forms.

The approach of a complex system (artificial or natural)
to a bifurcation of its steady-state regime (i.e., to a
catastrophe) can be predicted beforehand from the enhance-
ment of soft modes in its noise spectrum, obviously motivat-
ing the development of spectrum-monitoring devices. The
report by the Federal Service for Ecological, Technological
and Atomic Surveillance (Rostechnadzor) on the Sayano-
Shushenskaya hydroelectric station accident (for the online
version, visit http://www.scientific.ru/trv/archive/act.doc)
contains only one plot of the vibration amplitude for the
turbine bearing cover. What happened in the accident was
that the cover broke off and water rushed in to flood the
station engine hall. During the observation period, the
average value of the amplitude increased threefold, and its
maximum value increased fifteenfold. As the report states, no
resonances were detected, implying that the difference
between the average and maximum values is due to the
compression of the spectrum (zero frequency resonance, as
discussed above). The term `catastrophe precursors' is used in
[36] in referring to soft modes. In an alternative `compressive
sensing' approach [37] for predicting catastrophes, unknown
equations are restored from experimental data (time series).
The right-hand side of each equation is written as an
expansion in powers of dependent variables, with the
expansion coefficients calculated by a computer program
(most of them, incidentally, turn out to be negligibly small).
But as the description in Ref. [37] implies, this procedure is
realistic only for a small number of degrees of freedom (or the
number of equations), not to mention distributed systems. By
contrast, the method we propose here is simple and has no

such restrictions, and we see it as our duty that it be made
known as widely as possible throughout the science and
technology community.
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