
four transitions turn out to be optically active, whereas in
(001) quantum dots the parameter gh2 is zero, implying that
C2 � 0 and that only two recombination processes are
allowed. It should be emphasized that the mixing effect of
�3=2 states in a longitudinal magnetic field can show its
worth in trigonal systems with arbitrary dimensionality
d � 0ÿ3, including an exciton in Ge crystals formed by an
L-valley electron and a G�8 hole and bound on a neutral
donor [38].

A nonzero value gh2 of the g factor can be obtained by
noting that in bulk zinc blende lattice semiconductors the
Zeeman interaction of G8 holes with a magnetic field is
described by the Hamiltonian

H�G8�
B � ÿ2mB

h
kJB� q�J 3

x Bx � J 3
y By � J 3

z Bz�
i
; �13�

which contains two dimensionless coefficients, k and q. Here,
x; y and z are the crystallographic axes [100], [010] and [001],
and Jx, Jy, and Jz are the angle momentummatrices in the G8

basis. Let us go over in Hamiltonian (13) to the coordinates
x 0 k �11�2�, y 0 k ��110�, z 0 k �111� and introduce the basis functions
j3=2i0, j ÿ 3=2i0, which transform according to the reducible
representation D � G5 � G6 of the C3v group. Then, the
Zeeman splitting in the field Bk�111� will be described by a
2� 2 matrix with gh1 � ÿ6k, and gh2 � 2

���
2
p

q.
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Spin transport in heterostructures

L E Golub

1. Introduction. Spin splittings

In the absence of an external magnetic field, electronic states
can be spin-split if the system has no space inversion center.
The reason for these spin splittings is the spin±orbit interac-
tion. The simplest example of a noncentrosymmetric medium
is a surface. TheHamiltonian of the spin-orbit interaction in a
half-infinite medium assumes the following (Rashba [1, 2])
form:

Hso � a�r � k� n : �1�

Here, the vector r is composed of Pauli matrices, k is the
electron wave vector, a is a certain number, and n is a unit
normal vector to the surface. This form of such spin±orbit
interaction occurs in various noncentrosymmetric semicon-
ductors, metals, and superconductors.
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In addition to expression (1), an interaction of a different
formÐDresselhausÐoccurs in heterostructures grown
from noncentrosymmetric semiconductors (for example,
GaAs). The Hamiltonian of any type of such interaction has
the form Hso / si kj, si kj kl km and can be conveniently
written down in the Zeeman form

Hso � �h

2
r X�k� : �2�

Here, the effective Larmor frequency X�k� is a pseudovector
odd in k. The spin splitting energy is Dso�k� � �hjX�k�j. The
directions of X�k� in k space for the Rashba interaction are
shown by arrows in Fig. 1a. In real heterostructures, both
types of splitting exist. Their interference results in suppres-
sing electron spin relaxation for one of the spin orientations in
the plane of a structure grown along the [001] direction if the
Rashba and Dresselhaus fields are equal in magnitude [3±5].
Based on these ideas, a model of a spin transistor capable of
realizing diffusive spin transport was proposed [6].

2. Weak localization of electrons
and exciton polaritons

A transport phenomenon which clearly displays spin split-
tings is weak localizationÐan effect consisting in enhanced
backward scattering due to the interference of the incident
and scattered waves. There are a variety of pathways for a
wave propagating through a system of scatterers, some of
them forming a special class of self-intersecting or loop-
containing trajectories. Trajectories with loops following
clockwise and counterclockwise are accounted for indepen-
dently, and the phase incursions of the wave passing along
these trajectories are equal. As a result, the waves reflected
after passing along two such trajectories interfere, and the
passage through a system of scatterers becomes less probable
than in a classical calculation. Such a reduction in passage is a
localization in character, even though it occurs for freely
propagating particles, which is the reason why this phenom-
enonÐenhanced backward scatteringÐcame to be known
as the weak localization effect.

Because of their wave properties, electrons also exhibit
this effect, if to a small degree. In electronic systems, weak
localization shows its worth as a decrease in conductivity, as
opposed to the classical Drude value scl. The correction to the
conductivity due to the weak localization is equal to
DsWL � �l=l � scl, where l is the de Broglie wavelength, and
l is the electron mean free path. As a result, we have
DsWL � e 2=�h [7].

What is remarkable about the correction DsWL is its
sensitivity to a classically weak magnetic field which does
not produce a considerable Lorentz force. The field depen-
dence is due to the fact that electron waves that have passed a

self-intersecting trajectory in two opposite directions differ in
phase by an amount equal to the magnetic field flux through
the loop. As a result, the field destroys the wave interference,
and the conductivity returns to its classical value, i.e.
increases. There are a variety of semiconductors, metals, and
heterostructures that exhibit positive magnetoconductivity or
negative magnetoresistance. This magnetoresistance is
referred to as anomalous due to its strong dependence on the
magnetic field and temperature.

The presence of spin splittings we touched upon in the
Introduction changes the weak localization picture markedly.
From Fig. 1a it is seen that, if the spin follows the change in
the effective field X, a clockwise or counterclockwise path
tracing imparts to the electron a (Berry) phase equal to �p.
Considering the existence of an electron spin, this difference
in sign is significant, because the wave function of a backward
scattered electron differs by a factor � i from the incident
wave function. As a result, the constructive interference
becomes destructive, the backward scattering is suppressed
rather than enhanced, the correction to the conductivity is
positive, and the magnetic field destroying this correction
leads to positive magnetoresistance. Because all this is
opposite to the spinless case, this mode of electron behavior
is called weak antilocalization. In the case of moderately
strong spin±orbit interaction, when Dso is much less than the
Fermi energy, the time between collisions is too short for an
electron to fully align along the field X, so that magnetore-
sistance is sign-variable and is represented by a curve with a
maximum.

The mid-1990s theory [8] of weak localization for
heterostructures with Rashba and Dresselhaus (see Eqn (2))
spin splittings was successful in describing magnetoresistance
in low-mobility heterostructures available at the time [9].
Anomalous magnetoresistance was typically observed in
much weaker magnetic fields than the `transport' field in
which the magnetic length becomes equal to the electron
mean free path, Btr � �h=�2el 2�.

However, starting from the 2000s, experimental studies
began to appear that demonstrated anomalous magnetore-
sistance in fields B9Btr. The application of the theory
developed in Ref. [8] sometimes led to meaningless fitting
parameters. Especially challenging for theorists was the
finding [10] that the formulas of Ref. [8] produce different
fitting parameters for the decreasing and increasing portions
of the magetoconductivity curve. It became clear that high-
mobility heterostructures require for their description a new
expression for anomalous magnetoresistance, which is suita-
ble for both the diffusion and ballistic modes of weak
antilocalization.

It was Ref. [11] which came up with the new theory. In the
presence of the spin±orbit interaction (2), an electron which
resided in one of the spin states jai before tracing the loop is,
generally, in a different state, jbi, after tracing it due to the
spin having rotated in the effective fieldX. In accordance with
the electron spin having two possible projections onto the
growth axis before and after the loop tracing (a; b � �1=2),
there are four interferential contributions to the conductivity.
It is convenient to introduce two variables, the total electron
moment S before and after tracing the loops, and its
projection m onto the heterostructure growth axis. It turns
out that the interference is constructive or destructive if,
respectively, the electron spin states form a singlet (S � 0,
m � 0) or a triplet (S � 1, m � 0, �1) before and after the
loop tracing. The correction to the conductivity is calculated

kx

ky
a b

kx

ky

Figure 1. Effective magnetic fieldX�k� for electrons (a) and polaritons (b).
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by the Green function method. In a magnetic field, the
probability of backward scattering is calculated as a function
of Landau level indices N. Whereas in the singlet channel all
Landau levels contribute independently, in the triplet channel
contributions from different levels are engaged. For example,
independent contributions in the case of the Rashba interac-
tion come from the states �N;m� with equal N�m: �N; 1�,
�N� 1; 0�, and �N� 2;ÿ1�, whereas in the case of the
Dresselhaus interaction they come from those with equal
Nÿm. In either case, the triplet contribution to the con-
ductivity is described by the trace of a third-rank matrix [11].
According to the new theory, the magnetoconductivity may
have its minimum equally well in fields larger and smaller
than Btr. For B4Btr, the magnetoconductivity comes to the
asymptotic value

DsWL � ÿ0:25
������
Btr

B

r
e 2

�h
;

whatever the magnitude of the spin±orbit interaction.
The theory proved successful in describing experimental

data on anomalous magnetoresistance in various hetero-
structures [12, 13]. Experimental results described by the
theory for various temperatures and various concentrations
of two-dimensional electrons are reviewed in Ref. [14].

Reference [15] considers anisotropic spin splitting for the
case with both the Rashba and Dresselhaus contributions
present. In this case, the contributions toDsWL from different
Landau levels do not break up in groups, and the triplet
contribution is described by an infinite-rank matrix. In the
case of a spin splitting cubic in the wave vector, which occurs
for a high electron concentration, the triplet contribution is
made by trios of states with equal values of N� 3m [15]. The
expressions obtained are also valid for hole type quantum
wells, for which spin splitting is also cubic in the wave vector.
The anomalous magnetoresistance in hole heterostructures
has recently become a subject of study for several experi-
mental groups simultaneously.

Weak localization comprises a wave interference phenom-
enon and, as such, also occurs for light. A suitable hetero-
structure system to study light interference is the microcavity.
Experiments on the Rayleigh scattering of exciton polaritons
demonstrate the enhancement of backward scattering [16]. In
polarization-resolved measurements, light of different polar-
izations excites different polariton states. These are conveni-
ently described by introducing the pseudospin vector S
composed of the polarization Stokes parameters. The long-
itudinal±transverse splitting of polaritons is described by the
same Hamiltonian (2) as the electron spin splitting, with the
important difference that the effective Larmor frequency of
polaritons is quadratic in their momenta in the microcavity
plane, k. Its directions in k space are shown in Fig. 1b. Due to
the evenness ofX�k�, the Berry phaseÐa phase incursion of
a polariton as it traces a loopÐequals 2p (if the spin follows
the direction of X) rather than p, as for electrons. Therefore,
polariton interference is constructive, backward scattering is
enhanced, and localization takes place. As a result, backward
scattering increases in intensity compared to scattering
through other angles [17].

In polarization-resolved experiments, the scattering of
polaritons with a fixed pseudospin projection can be studied
separately. This makes a polariton system advantageously
different from its electronic counterpart, in that in the latter
the only quantity which is measured is the conductivity equal

to a sum of the singlet and all the triplet interferential
contributions. It turns out that for a pseudospin oriented in
the microcavity plane (light is polarized linearly), the back-
ward scattering intensity enhances, whereas for the pseudos-
pin directed along the growth axis (circular polarization of
light) it shows a dip [18]. If the cavity is nonsymmetric, the
longitudinal±transverse splitting becomes anisotropic with
respect to various directions of k in the plane of the
structure, resulting in the difference in backscattering for
two linear polarizations. Further still, interferential effects act
to convert linear polarization to circular [18].

The presence of a longitudinal±transverse splitting also
affects the classical dynamics of polarization in microcavities
in which the multiple elastic light scattering mode is realized
[19]. This requires that the polariton elastic scattering time t1
be much shorter than the lifetime t0. The kinetics of a
polariton pseudospin is described by the equation [17]

Sk

t0
� Sk �X�k� � Sk ÿ hSki

t1
� gk : �3�

Here, Sk is the pseudospin of a polariton with a wave vector k,
the angular brackets stand for averaging over the directions
of k, and gk is the generation rate to the k state. Pseudospin
rotations in the field X�k� lead to the emission of circularly
polarized light when the exciting polarization is linear.
Instead of the labor-consuming computer calculations that
were done in Ref. [19], the kinetic theory of Ref. [18] can be
used to describe the experimental results.

3. Spin orientation by electric current

The conversion of linearly polarized radiation to circularly
polarized one is a special case of themore general transforma-
tion of translational motion to rotational. In electronic
systems, an example of such a phenomenon is the electric
current-assisted orientation of spin.

The appearance of spin s due to the flow of electric current
with density j is described phenomenologically by the equality

si � Qim jm ; �4�

where Q̂ is a second-rank pseudotensor. This relation applies
only to gyrotropic media. Although bulk GaAs type semi-
conductors are not gyrotropic, the fact is that, virtually
regardless of the material used to grow a heterostructure, its
Q̂ has nonzero components. Symmetry analysis shows that if
gyrotropy is due to the structural asymmetry of the system
(similar to the Rashba splitting), the spin aligns along the
plane of the structure perpendicular to the current (Fig. 2a).
The absence of a spatial inversion center in a bulk material
(for example, in GaAs) leads, in addition to Dresselhaus

a b c

jx

jy

Figure 2. Spin orientation by current in (z-axis grown) heterostructures

with strong structural asymmetry (a), and in A3B5 quantum dots with

zk�001� (b) and zk�110� (c).

816 Conferences and symposia Physics ±Uspekhi 55 (8)



splitting, to the possibility of a spin being oriented by an
electric current. In this case, the effect is crystallographically
sensitive. In A3B5 heterostructures grown along the cubic
[001]-axis, the current orients the spin to lie in the plane, as
shown in Fig. 2b: parallel or perpendicular to the current
depending, respectively, on whether the current flows along
the axes [100], [010] or along [110], [1�10]. In [110]-grown
heterostructures, a current flowing along the [1�10]-axis causes
the spin to align along the growth axis (Fig. 2c).

Experimental studies of current-assisted spin orientation
were carried out on heterostructures grown fromGaAs, InAs,
ZnSe, and GaN in different crystallographic directions [20±
22].

The microscopic mechanism of spin orientation by
current is related to the spin±orbit splitting (2). In an external
electric field E, the electronic system acquires a drift
quasimomentum kdr � eEttr=�h, where ttr is the mobility-
controlling transport relaxation time. The presence of a
finite quasimomentum formally implies a nonzero spin
splitting D so�kdr� � �hX�kdr� due to the effective magnetic
field. As a result, spin polarization emerges, which, by
analogy with the Zeeman effect, can be represented in the
form

s � ÿc D so�kdr�
�E

; �5�

where �E is the average electron energy equal to the Fermi
energy or the temperature in the degenerate and Boltzmann
cases, respectively.

For a system in a real magnetic field, the constant cwould
be 1/4. For spin orientation by an electric field, this coefficient
is also on the order of unity. However, a difference shows up
in this case between the thermodynamic effect of spin
orientation by a magnetic field and the kinetic effect of
electric current-assisted spin orientation. In the presence of
an electric field, the electron distribution in k space undergoes
a shift in any of the spin branches and, taking into account the
spin±orbit splittings of the energy spectrum, has the form
shown in Fig. 3a. However, until there is no coupling between
the spin subsystems, the spin up and spin down electrons are
equal in number, thus preventing the appearance of an
average spin. It is spin relaxation which allows the spin
subbands to `communicate'. The arrows in Fig. 3a indicate
spin flip processes. It is seen that, if the probability of a spin
flip scattering event depends on the momentum transfer, spin
generation will occur: transitions from the spin-up subband
to the spin-down subband and those in the opposite direction
will occur at different rates. However, because spin relaxation
is controlled by the same processes, the spin flip probability
does not affect the stationary value of spin. This leaves us with
formula (5) as the correct oneÐwith the caveat, however,
that theoretical studies (of which there are many) yield
different values for c (for a review, see Ref. [23] and
references cited therein). The spread is due to the fact that
the degree of spin orientation depends on the ratio of the spin
to energy relaxation rates. If energy relaxation processes are
faster than those of spin relaxation, they rapidly mix spin
between electrons of different energies. In this case, the spin
distribution over energy is equilibrium, albeit c � 1=2, i.e.
twice the value in a real magnetic field. In the opposite limit of
slow energy relaxation, spin establishes itself for each energy
independently. Although this results in c � 1=4, the distribu-
tion of spins over the energy is nonequilibrium [23]. Experi-
mentally, energy relaxation processes are slow at tempera-

tures from 4±10 K, but at higher temperatures energy
relaxation becomes faster than the spin relaxation. For
comparable values of energy and spin relaxation times, the
coefficient c ranges between 1/4 and 1/2.

Of interest is the case of symmetrically doped (110)
quantum wells. In such systems, symmetry allows the normal
spin component to be oriented by a current flowing along the
�1�10�-axis, but the Rashba spin splitting is zero, and the
Dyakonov±Perel spin relaxation is absent. Allowing fluctua-
tions in the position of a doping impurity makes a quantum
well locally nonsymmetric, resulting in the fluctuation of the
spin±orbit interaction and giving rise to spin relaxation [24].
This also enables current-assisted spin orientation but,
remarkably, the coefficient c in formula (5) becomes a
function of the correlation length of the spin±orbit field
fluctuations [23]. Also of interest are the kinetics of current-
assisted spin orientation in such a system, in particular, the
fact of their becoming nonmonoexponential for slow energy
relaxation [23].

Two-dimensional topological insulators realizable, for
example, on the surface of three-dimensional Bi2Se3 com-
pounds, are yet another class of systems allowing for spin
orientation by current. The electronic spectrum of such
systems is linear in the two-dimensional wave vector and is
described by the effective Hamiltonian (1). Importantly,
because of the absence of terms quadratic in k, contribution
(1) is not a small correction in this case. Spin in topological
insulators is oriented perpendicular to the current (see
Fig. 2a), and its magnitude is s � kdr=�2kF�, with kF being
the Fermi wave vector [23]
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Kinetic and discrete turbulence
on the surface of quantum liquids

L V Abdurakhimov, M Yu Brazhnikov,
A A Levchenko, I A Remizov, S V Filatov

1. Introduction

Wave turbulence is a nonequilibrium state in a system of
interacting nonlinear waves in which the energy pumping and
dissipation ranges are well separated in the wave number
space. A turbulent state is characterized by a directed energy
fluxP in the k-space.Wave turbulence states can be realized in
many nonlinear systems, for example, in plasmas [1],
magnetic systems in solids [2], and on the surface of seas and
oceans [3]. In our experiments, we explore the turbulence in a
system of capillary waves, where surface tension plays the
main role. Waves on a water surface are conventionally
referred to as gravity waves if their wavelength exceeds
17 mm, and as capillary waves otherwise.

The frequency o of capillary waves on the surface of a
liquid is defined by the modulus of the wave vector k together
with the surface tension coefficient s and fluid density r:

o �
�
s
r

�1=2

k 3=2 : �1�

Dispersion law (1) for capillary waves is of a decaying type,
i.e., it permits the three-wave processes of wave decay into
two waves or coalescence of two waves into a single wave

while such that the energy and momentum are conserved,

o1 � o2 � o3 ; k1 � k2 � k3 : �2�

When the surface of a liquid is excited by an external force,
a turbulent state can develop in the system of capillary waves,
in which the energy flux P in the k-space is directed from the
pumping range toward large wave numbers (high frequen-
cies), forming a direct cascade. Under the assumption that
wave interactions are weak and hence the main contribution
to energy transfer comes from three-wave processes, the
theory of (weak) wave turbulence [4] predicts a power law
for the energy distribution over frequencies, E�o� � oÿ3=2.

However, exploring the energy frequency spectrum in
experiments with capillary waves is a rather difficult task.
From the standpoint of an experimentalist, it is most
convenient to explore not the energy distribution Eo but the
pair correlation function I�t� � hZ�r; t� t� Z�r; t�i for the
deviation of the surface elevation from equilibrium at a
point r, because the deviation Z�r; t� from a planar surface is
directly measurable.

The wave turbulence theory [4] for a system of capillary
waves on the surface of a liquid predicts the formation of a
turbulent cascade in the inertial range bounded by the
pumping at low frequencies and the dissipation range at
high frequencies. Within the inertial range, the pair correla-
tion function I�t� in the Fourier representation is described by
a power-law function of the frequency (turbulent cascade):

Io � oÿm ; �3�

and E�o� � o 4=3Io. The exponent m depends on the spectral
characteristics of the driving force. Under the excitation of
the surface of the liquid by a low-frequency noise in a broad
band Do (with a bandwidth exceeding the characteristic
pumping frequency op, Do5op), the turbulent cascade Io
is described by the functionoÿm with the exponentm � 17=6.
Numerical simulations [5] provide an estimate of m that is
close to the theoretical prediction. The results of numerical
modeling in Ref. [6] indicate that as the bandwidth of noise
pumping Do is reduced, a series of equidistant peaks emerges
in the turbulent cascade, with their widths behaving as a linear
function of the frequency. For a narrow-band pumping,
Do < op, the decrease in the height of these peaks as the
frequency increases is described by a power-law function of
frequency with an exponent that exceeds the value for
broadband noise pumping by one, i.e., m � 23=6.

Our experimental studies on the surface of liquid hydro-
gen have shown that the spectral characteristic of the applied
force determines the value of the power-law exponent [7].
When the surface is perturbed by a low-frequency harmonic
force, the correlation function Io exhibits a set of narrow
peaks whose frequencies are multiples of the pumping
frequency op. The peak maxima are well described by a
power law oÿm with m � 3:7� 0:3. When, in addition to
pumping at a single resonance frequency, a harmonic force at
another resonance frequency is applied, the exponent
decreases to m � 2:8� 0:2. The exponent was also close to
m � 3� 0:3 when the surface was excited by a broadband
low-frequency noise. In these experiments, we have qualita-
tively shown that in passing from the surface excitation with
broadband noise to pumping by a harmonic force at the
single-cell resonance frequency, the exponent m increases.
Detailed results characterizing the evolution of a turbulent
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