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Abstract. The nonlinear effect of parametric oscillatory in-
stability in the gravitational wave laser detector (antenna) is
considered as a factor that considerably reduces the sensitivity
of the device. It is shown that in an antenna with a circulating
power above a certain threshold value, excitation of Stokes
optical modes occurs in Fabry—Perot resonators and of test
mass elastic modes. Parametric oscillatory instability in grav-
itational wave interferometers of the second (LIGO, Virgo,
LCGT, GEO-600) and third (ET — Einstein Telescope) gen-
eration with different types of pumps is examined. The effect
discussed has been observed not only in gravitational wave laser
interferometers, but also many times in other opto-mechanical
systems. All current methods for suppressing parametric oscil-
latory instability in gravitational wave interferometers are also
discussed, both passive and active.

1. Introduction

The advent of lasers in the 1960s led to the discovery of new
phenomena involving molecular light scattering from micro-
scopic inhomogeneities— the spontaneously emerging and
vanishing fluctuations of thermodynamic parameters of a
medium [1-4]. The parametric oscillatory instability phenom-
enon under consideration is, by its physical nature, close to
the stimulated Mandelstam—Brillouin scattering [5-7] and the
stimulated Raman scattering [8] of light.

Stimulated light scattering in a medium is due to nonlinear
properties of the medium and is brought about by the incident
light wave. In particular, Mandelstam—Brillouin scattering is
caused by the interaction of light and elastic (sonic or
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hypersonic) waves. This effect is easy to interpret in quantum
terms: a photon of the incident light (of the laser pump) with
frequency wy decays into a photon with a lower frequency
w1 < wg (the so-called Stokes wave) and a phonon of the
elastic wave with frequency wy,. As this takes place, the energy
conservation law is always satisfied: iwg = hw| + fioy,.

When the incident light intensity is low, the energy
reradiated to the Stokes and elastic waves is small. However,
wave interaction at the combination frequencies becomes
progressively stronger with increasing intensity of the
incident light. In particular, the ponderomotive force at the
difference frequency wy — ®1 ~ w, becomes stronger, which
acts on the elastic medium and intensifies the generation of
elastic waves at the frequency wy,. On the other hand, the
nonlinear interaction of elastic waves with the pump wave
enhances the generation of light waves at the Stokes
frequency w; ~ wy — wn. When the pump power reaches
some threshold value, these processes become dominant,
which results in a sharp increase in intensity of the scattered
radiation, namely in the emergence of stimulated Mandel-
stam—Brillouin scattering [5-7].

A lucid illustration of the parametric light scattering
described above is provided by the model of a two-circuit
parametric amplifier (Fig. 1) which consists of two parallel
oscillatory circuits connected with a variable coupling
capacitance Cy(f) = Cyp + dCcoswot [9]. It is commonly
known that the operation of the parametric amplifier
becomes unstable under sufficiently strong pumping (i.e.,
for a sufficiently large modulation part 6C of the coupling
capacitance). For a perfect matching (i.e., when wy =
w, + wy), the instability condition is written in the following
form:

8C? _ ad Ri Ry )
Cacb Wy WY ’ B o = 2Lb ’
where R, and Ry are the resistances, C,, C, are the
capacitances, and L,, Ly, are the inductances of the circuits,
respectively (see the notation in Fig. 1).

It is also well known that parametric pumping introduces
negative damping (antidamping), and that condition (1) in
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Figure 1. Two-circuit parametric amplifier model. The circuit partial

frequencies w,, w, and the modulation frequency wg of the coupling

capacitance Cy (1) = Cy + dC cos wyt obey the relationship wy ~ w, + wy.
~ W

foSEA

Figure 2. (a) Schematic of a Fabry—Perot cavity in which one of its mirrors
is movable and constitutes a mechanical oscillator with frequency wp,.
(b) Mode diagram. The arrows indicate energy fluxes in accordance with
Manley—Rowe relations.
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fact describes a situation wherein the insertion loss becomes
stronger than the intrinsic one [10].

The instability condition for the parametric amplifier is
quite similar to the condition for the emergence of stimulated
Mandelstam—Brillouin scattering, with the Stokes wave
associated with the partial mode of frequency w,, and the
elastic wave associated with the mode of frequency wy,.

To qualitatively analyze the phenomenon of parametric
oscillatory instability (POI), we consider the model of a
Fabry—Perot (FP) cavity (Fig. 2) excited by resonant pump-
ing at a frequency wy. One of the cavity mirrors is movable
and constitutes a mechanical oscillator at the frequency wy,.
Let there be a Stokes optical cavity mode with an eigenfre-
quency @y, so that the following condition is fulfilled:

Wy ~ W] + O . (2)

Parametric interaction between these modes is possible in this
case, which may give rise to parametric instability [11-15]. In
the presence of small oscillations in the Stokes optical mode, a
ponderomotive force emerges at the difference frequency
Wy — W] ~ Wy, which acts on a movable mirror and reso-
nantly excites mechanical oscillations. On the other hand, the
small mechanical oscillations of the mirror give rise owing to
the Doppler effect to mirror-reflected waves at the combina-
tion frequencies @y + wy,. One of these waves resonantly
excites (at the frequency wg — oy ~ ;) oscillations in the

V&
Parametric instability
| NG
g 1 |
|
|
|
|
|
|
|
v
|
Em [
|
|
|
|
|
|
I
| N

Figure 3. Respective energies &, £, and &, in the fundamental, Stokes,
and mechanical modes as functions of the pump power W, below and
above the parametric instability threshold.

Stokes optical mode. With increasing pump power at the
frequency wy, the stated mechanisms will evidently result in
progressively greater energy transfer between different waves.
In accordance with Manley—Rowe relations, the energy of the
pump wave will be transferred to the Stokes optical and
mechanical modes. This effect may be treated as the
introduction of antidamping, and therefore parametric
instability will emerge when the pump power reaches some
threshold value.

In reality, the role of mechanical oscillator is played by
elastic oscillation modes in the mirrors, which have different
spatial distributions of the components of the elastic displace-
ment vector [16-18]. These modes may be related to the
Stokes optical modes with appropriate field distributions on
the mirror surfaces (for details, see Section 2).

Parametric oscillatory instability can become an
unwanted parasitic effect in laser gravitational wave anten-
nas in which it is planned to employ a high circulating light
power W [about 830 kW in the Advanced LIGO (Laser
Interferometer Gravitational-wave Observatory) interferom-
eter]. Not a few appropriate Stokes and elastic mode pairs
may exist for so high a light power value, which will give rise
to POI [19-22].

When the condition of POI emergence is fulfilled, a
further increase in laser pump power has the effect that the
energy & in the fundamental mode at the frequency w, ceases
to increase, but the energies in the Stokes and mechanical
modes begin to increase [23], as illustrated in Fig. 3. This
increase may give the result that the Stokes mode will begin to
play the role of a pump for the excitation of the next
appropriate Stokes and mechanical mode pair. Therefore, a
cascade POI development becomes possible [24, 25].
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The POI phenomenon was observed in optical microcav-
ities [26-29] for a modest optical pump power of about
10~* W; this was attributable to the high Q factors (on the
order of 10%) of optical modes and the small mass of
mechanical oscillations (about 107! kg). That is why the
cascade POl is relatively easy to obtain in such microcavities.
This makes possible the generation of optical combs [30-33].

It should be emphasized that an appropriate optical anti-
Stokes mode with a frequency w, >~ o+ oy, may also exist in
the cavity. In this case, in accordance with the Manley—Rowe
relations, the pump will introduce positive damping into the
mechanical mode, which may be stronger than the negative
damping introduced by the Stokes mode, so that parametric
instability will be impossible. In this case, a pump wave
photon is scattered by an elastic photon to produce an anti-
Stokes wave photon, and a part of the energy is taken from
the elastic wave. That is why, on the one hand, the presence of
the Stokes optical mode introduces anti-damping into the
mechanical mode (and hence to the parametric instability
effect) and, on the other hand, the presence of the anti-Stokes
mode results in the damping of the mechanical mode [34, 35].
However, the probability that the anti-Stokes modes will
completely suppress the parametric instability is quite low
[12, 36].

The layout of the paper is as follows. We consider the
possibility of POI emergence in a Fabry—Perot (FP) cavity in
Section 2, and in second-generation gravitational wave
interferometers [LIGO, Virgo, LCGT (Large-scale Cryo-
genic Gravitational-wave Telescope), GEO-600] and in the
third-generation interferometer (Einstein Telescope, ET) in
Section 3. Section 4 concerns the influence of different shapes
of the laser pump beam on the likelihood of POI. No less
important are the problems of suppression of the parametric
instability and its experimental verification, which are the
concern of Sections 5 and 6. Also considered in Section 6 are
other optomechanical systems in which the parametric
instability can manifest itself.

2. Parametric instability in a Fabry—Perot cavity

The POI phenomenon and its emergence condition in a single
FP cavity were first considered in detail in Ref. [11] on the
basis of the simple model depicted in Fig. 2. This model
proposes the interaction of only two modes—a Stokes
optical mode with frequency w;, and one of the elastic
modes of the mirror (probe mass) with frequency wy,. In this
case, one of the cavity mirrors (the right one in Fig. 2a) may be
treated as a mechanical oscillator. These modes interact due
to the high power in the fundamental mode with frequency
g, which is assumed to be given (a given pump approxima-
tion). It is also assumed that the frequencies wg, @, and wpy,
approximately satisfy condition (2). Then, the POI condition
for the FP cavity may be expressed as [11]

le /11

R = >1, 3
cLmom )17, 1+ (41 /p,)* o
B V| [ AgAlu. dr, |
g VAL . (4)
[ Ao dr [ A dry [ |u(r)[* dr
A = wyg — W] — Oy (5)

where W is the light power circulating in the fundamental
mode of the FP cavity, y,, 7., are the damping coefficients for

the Stokes optical and elastic modes, L is the separation
between the FP cavity mirrors, ¢ is the speed of light, m1 is the
mirror mass, 4; is the frequency mismatch, A, is the overlap
ratio for the distributions of fundamental, Stokes optical, and
elastic modes, Ay, As are the light field distribution functions
over the beam cross section for the fundamental and Stokes
modes, u. is the component of the displacement vector u for
the elastic mode perpendicular to the base surface of the
cylindrical mirror, integration with respect to dr; corre-
sponds to integration over the mirror surface, and integra-
tion with respect to dr corresponds to integration over the
mirror volume V.

At a given pump frequency wy, it is necessary to analyze
all appropriate combinations of Stokes and elastic modes that
satisfy condition (2) and to check whether condition (3) is
fulfilled for them. Evidently, the number of such pairs can be
relatively large. While the eigenfrequencies and optical mode
distributions in an FP cavity with spherical mirrors can be
written in an analytical form, the mirror elastic modes have to
be calculated numerically. Fortunately, for a cavity with
mirrors of finite size, the diffraction losses for the optical
modes increase with mode order (this signifies an increase in
optical damping 7y,), and so the number of the optical modes
being calculated is limited. We note that the frequencies wp, of
the elastic modes of FP cavity mirrors are comparable to an
order of magnitude with the main intermode spacing Awg, =
nc/L ~ 2 x 10° s~! in the cavity (see Table 1), which favors
the fulfillment of condition (2).

Generally, the possible effect of the anti-Stokes optical
mode in the FP cavity should also be taken into account. In
view of this requirement, the POI emergence condition takes
on the form

le Al
R = 2
cLmwm Y1 ym 1+ (41/7,)
W, W1aYy Al

— > 1’ 6
cLmom 117, 01710 1+ (A1a/71,)* )

V| [ Ap Al dr |
[ Aol dry [[Au)*dry [|u(r)[*dr’

Ala (7)

Alg = 01a — Wg — O, (8)

where 7, is the damping coefficient of the anti-Stokes optical
mode, and A, is the light field distribution function over the
beam cross section of the anti-Stokes mode.

The second term in the right-hand side of formula (6)
takes into account the possible influence of the anti-Stokes
mode. It is evident that a combination of parameters is
possible, such that the second term will compensate for the

Table 1. Parameters of the Fabry—Perot cavity for the Advanced LIGO
interferometer.

Power W 0.83 x 10° W
Length L 4000 m
Mirror mass m 40 kg

Mirror radius R 0.17m
Mirror thickness H 0.2m
Material Fused quartz
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Figure 4. Structure of the optical FP cavity modes. The principal sequence
modes (PSMs) correspond to high peaks. The Stokes optical mode has a
frequency w;, and the possible anti-Stokes mode is labelled by a question
mark.

first term (the positive damping which the anti-Stokes mode
introduces into the elastic mode exceeds the negative damping
caused by the Stokes mode), and then the POI effect will be
suppressed [34, 35]. For instance, let us assume that the
fundamental, Stokes, and anti-Stokes modes are equidi-
stant: w; = (K —1)¢/L, w9 = nKe/L, w1, =n(K+1)c/L
(K is some integer), and have a Gaussian field distribution
over the beam cross section. In this case, 4] = 414, A1 = Aja,
and POI is impossible. However, this kind of mode arrange-
ment is highly unlikely and is of minor significance in finding
unstable mode combinations, as illustrated in Fig. 4.

It should be noted that predicting unstable mode
combinations requires complete information both about
elastic modes and about Stokes optical modes. The frequen-
cies and optical field distributions over the mirror surfaces are
readily calculated by analytical techniques for the Gaussian
modes of a Fabry—Perot resonator [37], while the frequencies
and displacement vector distributions for elastic modes can be
found only by numerical simulations. The most popular
technique of finding the frequencies and the mode distribu-
tions is the finite-difference method (the system of finite-
difference elasticity equations is solved for a cylinder).

Also worthy of mention is the superposition method as
applied to the axisymmetric elastic modes of a cylindrical
mirror [18], which permits obtaining accurately the eigenfre-
quencies and displacement vector distributions for these
modes. Analytical expressions for displacement vector
components are constructed using the superposition of the
particular solutions of the equation of elastic medium motion
subject to zero boundary conditions for the stress on the
mirror surfaces [38-43]. This method necessitates moderate
computational capacities but, unfortunately, so far it is
applicable only to axisymmetric modes.

As discussed above, the finite-difference method is the
main technique of obtaining the complete frequency spectrum
and the displacement vector distributions for elastic modes
necessary in calculating parametric instabilities. However,
making exact predictions of these instabilities requires
obtaining the numerical solutions with a high accuracy. One
can see from condition (3) that the elastic mode eigenfre-
quencies must be calculated with an error lower than the
damping coefficient of the Stokes optical mode. For typical
mechanical frequency values ranging from 10 to 100 kHz and
an optical relaxation time corresponding to an interval of 10—
100 Hz, this signifies that the relative accuracy of the
numerical calculation of elastic mode frequencies must be
not worse than 10~4. This requirement is not always met in the

calculation of elastic modes using, for instance, the COMSOL
or ANSYS numerical packages. For example, when use was
made of ANSYS, the accuracy of elastic mode calculation
was about 0.5% [13-15, 21], and this accuracy is not always
sufficient.

Among other physical factors that limit the predicted
accuracy of elastic mode frequencies are inhomogeneities in
the distributions of the density and Young modulus of the
mirror material, which may be responsible for relative shifts
of elastic mode frequencies at a level of 1073 [12].

We note that LIGO interferometer mirrors depart slightly
from a cylindrical shape due to the plane cuts on the side
mirror surface made for the mirror mounts and due to the
mounts themselves. These departures will result in altering the
frequencies of elastic modes, remove their frequency degen-
eracy, and split the spectrum of nonaxisymmetric elastic
modes into doublets [16, 17]. This is attributable to the fact
that modes with the sin (m¢@) and cos (m¢) dependences
(where m, ¢ are the azimuthal number and the angle,
respectively) must have different frequencies due to different
values of the elastic energy of these modes in the domains
close to the plane cuts. By contrast, axisymmetric modes do
not split, but their eigenfrequencies change. The splitting of
the elastic modes will, in turn, raise the POI probability.

An additional azimuthal condition should also be fulfilled
for POI prediction. Assume, for instance, that the funda-
mental pump mode has a Gaussian shape (TEMy), while the
elastic and Stokes optical modes have respective azimuthal
dependences exp (im¢@) and exp (in¢@). Then, the mode over-
lap ratio will be nonzero only when m=n [see formula (4)].
However, this is true only when the center of the cylindrical
mirror coincides with the center of the laser beam. In general,
there is always a separation Z of the mirror center from the
optical mode distribution center. This is due to the fact that
the FP cavity mirrors of gravitational detectors may be
slightly displaced in space relative to the average position.
Consequently, in this case the overlap ratio will depend on the
separation Z. For instance, the overlap ratio A, may become
nonzero for Z # 0, although it is equal to zero at Z = 0. This
may result in an increase in the number of parametric
instabilities developed in the system.

The data of numerical simulations suggest that a mirror
displacement Z = 1 cm for the Advanced LIGO configura-
tion increases the number of parametric instabilities by
approximately 15% [44]. For displacements Z =1 mm
expected in Advanced LIGO, the mirror displacement effect
does not lead to an increase in parametric instabilities, and the
system remains stable.

3. Parametric instability in gravitational wave
interferometers

To date, several laboratories in the world have demonstrated
the operation of first-generation gravitational wave laser
detectors (LIGO [45, 46], Virgo [47, 48], GEO-600 [49, 50],
and TAMA [50, 51] projects), and work is already underway
to develop second-generation detectors (Advanced LIGO,
Advanced Virgo, GEO-HF, etc.) which will make it possible
to detect gravitational waves in the near future. In second-
generation detectors, it is planned to substantially increase
the light power circulating in interferometer arms (up to
800 kW in Advanced LIGO) [45, 46, 53]. The likelihood of
POI in the second-generation gravitational laser detectors
will therefore be rather high.
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Figure 5. Schematic of the Advanced LIGO interferometer with Fabry—
Perot cavities in its arms and with power and signal recycling mirrors
(PRM and SRM, respectively).

A simplified layout of the Advanced LIGO interferometer
is depicted in Fig. 5. Two cylindrically shaped mirrors
suspended at a long distance from each other make up cavity 1
in one Fabry—Perot interferometer arm, while two other
similar mirrors make up the second arm with Fabry—Perot
cavity 2, which is perpendicular to the first one. The pump
laser beam passes through a beamsplitter located at the point
of intersection of the arm’s lines. It is implied that the light
experiences multiple reflections from the mirrors inside each
arm before it returns to the beamsplitter. The interferometer
arms are aligned in such a way that the entire reflected light is
directed back to the laser (the so-called bright port) and light
does not arrive at the detector port (the so-called dark port).
Under the action of a gravitational wave, some difference
appears between the lengths of the two arm, and a portion of
the light propagates to the dark port and is recorded by a
photodetector.

The action of a gravitational wave is extremely weak: the
Advanced LIGO interferometer is assumed to record a
differential displacement on the order of 10~'7—107'¢ c¢m in
a time of ~ 1072 s for an arm length of 4 km. Detection of so
small a displacement implies that the mirror displacements
caused by other reasons— thermal, seismic, and technical
noise [54-62]—are extremely small. Even an insignificant
displacement of the mirrors has the effect that the beams
arrive at the beamsplitter with altered phases and thereby
simulate the detection of a gravitational wave.

In the improved Advanced LIGO interferometer, two
additional mirrors—a power recycling mirror (PRM), and
a signal recycling mirror (SRM)—are introduced into the
standard Michelson scheme with FP cavities in its arms (see
Fig. 5). The former mirror is employed only for increasing the
circulating power: with the same pump laser, the light energy
inside an interferometer arm will be ~ T2 times higher in the
scheme with a PRM, where T is the amplitude PRM
transmission coefficient, other parameters of the system
being the same.

As shown in Ref. [12], the presence of a PRM increases the
probability of a POI emergence in comparison with that in the
case of a single FP cavity. This is attributable to the fact that

the Stokes mode emitted from the FP cavity 1 through its
input mirror is not irrevocably lost but returns to the cavity
owing to the presence of PRM, and its interaction with elastic
modes will therefore continue. For instance, the presence of
the cavity with the PRM significantly increases the value of R
for a zero mismatch 4, (resonance), and lowers R by about a
factor of two away from the resonance in comparison with the
case without the PRM [21].

A series of papers [19, 20, 63] were concerned with the
analysis of POI in the Advanced LIGO interferometer in the
presence of an SRM. When considering parametric instabil-
ity, it was convenient to introduce the so-called sum and
difference optical modes, which are the sum and difference of
the light fields in the interferometer arms. The sum optical
mode will interact with the sum elastic mode, z, = (x; —y; )+
(x2—2), and the difference optical mode will interact with the
difference elastic mode, z_ = (x; — y;) — (x2 — »2), where x;,
y; (i=1,2) are the mirror coordinates in the interferometer
arms (see Fig. 5). We emphasize that this assumption is likely
when all four mirrors of the FP cavities are identical.

It was shown that the POI in the Advanced LIGO
interferometer with an additional SRM may, on the one
hand, emerge at relatively low values of the pump power
circulating in the interferometer arms (on the order of several
watts) but, on the other hand, the probability that the POI
condition is fulfilled is extremely low because of the small
value of the optical mode damping coefficient, y; ~ 2 s~! [see
formula (3)]. A comprehensive analysis of POl in the presence
of both an SRM and a PRM is given in Refs [22, 64].

The problem of emerging parametric instability in the
second-generation European antenna, termed Advanced
Virgo, is about the same as in Advanced LIGO because so
far they have had close parameters [48].

The Japan LCGT antenna now under construction, which
has approximately the same dimensions (an arm length of
3 km) as Advanced LIGO and Advanced Virgo, has two
essential distinctions from them: it should operate at cryo-
genic temperature (20 K), and its mirrors are planned to be
made of sapphire (sapphire at low temperatures provides
substantially lower losses than fused quartz). From the POI
standpoint, the LCGT antenna offers several advantages: a
more sparse spectrum of elastic modes (the sound velocity in
sapphireis nearly two times higher than in fused quartz), and a
more sparse spectrum of optical modes [owing to the employ-
ment of mirrors with a longer radius of curvature (over 7 km)].
Estimates show [65] that the number of mode combinations
harmful from the POI standpoint is approximately ten times
smaller in LCGT (2—4) than in Advanced LIGO (20-60) [14].
This provides a way of suppressing the POI by introducing
additional damping via the feedback loop.

Apart from the ‘large’ antennas mentioned above, two
somewhat smaller antennas are being operated today: the
German—British GEO-600 [49] (with an arm of 600 m), and
the Japanese TAMA-300 [51] (with a 300-m arm). Owing to
the lower light power circulating inside these antennas, the
probability of a POI emergence is low; however, they may be
employed for the observation of POI and its precursors in
order to develop technologies for POI suppression [66].

At present, the European Gravitational Observatory is
developing the project of a third-generation gravitational
wave interferometer named the Einstein Telescope (ET). It is
expected that the ET will outperform second-generation
gravitational wave detectors by several orders of magnitude
in sensitivity [67, 68]. The details of this project are at the



1120

S P Vyatchanin, S E Strigin

Physics— Uspekhi 55 (11)

development stage, but the first data about the parameters of
the FP cavities that make up the ET arms have been indicated
in Ref. [68].

The light power circulating in the FP cavities of the
Einstein Telescope will amount to 3 MW, which will promote
a substantial improvement in detector sensitivity. However,
the probability of POI will also rise at the same time [see
formula (6)]. Also, the separation of FP cavity mirrors will be
increased to 10 km, the radius of the laser beam on the mirrors
will lengthen to 12 cm, and the previous room-temperature
detector operation mode will be replaced with operation at a
temperature of about 20 K, which will diminish the effect of
different kinds of thermal noise. It is suggested that the mirror
radius will be increased to 30 cm, which is approximately 2.5
times greater than the radius of the laser beam on the mirrors,
and therefore diffraction losses of the optical pump mode will
be extremely low (3.7 ppm). To lower the level of seismic
influence, it is planned to accommodate the ET in a
horizontal tunnel located underground at a depth of about
800 m [67, 68].

The calculation of POI for the Einstein Telescope was
made for the elastic modes of fused quartz mirrors in a
frequency range of up to 30 kHz [69]. The resultant number
of unstable modes (five modes in the specified frequency
interval) is comparable to the number of instabilities for the
Advanced LIGO interferometer. Also considered were two
possible Einstein Telescope configurations with FP cavity
mirrors made of silicon and sapphire [70]. In this case, the
number of unstable modes in the Einstein Telescope exceeds
the number of POI-unstable modes for the Advanced LIGO
interferometer (eight unstable combinations for sapphire
mirrors and twelve combinations for silicon ones were
discovered in an elastic mode frequency range of up to
40 kHz). This fact is attributable to the higher spectral density
of elastic mirror modes and optical modes.

4. Effect of different pump types
(TEMjy, LG33, and mesa modes)

The most important problem encounted in searching for
gravitational waves consists in weakening the influence of
fundamental and technical noise in gravitational wave
interferometers on the antenna sensitivity. One way to
weaken this influence is to change the shape of the laser
pump beam inside the interferometer. It is noteworthy that
different pump mode shapes have been proposed for low-
ering, for instance, thermal noise: so-called mesa beams [71—
73], conical modes [74], and high-order Laguerre—Gauss
modes [75]. At present there are several methods of generat-
ing high-order Laguerre—Gauss (LG) modes with the use of
holograms [76, 77], diffraction gratings [78], and different
mode converters with a high efficiency [78, 81]. An LGs;
optical pump mode (a possible candidate for the role of a
pump mode in gravitational wave interferometers) was
compared with a TEMyy Gaussian pump mode in Ref. [82].
It is pertinent to note that the LG33 pump mode proved to be
even better suited in terms of many characteristics (immunity
to small rotations and displacements of the mirrors, diffrac-
tion losses, etc.) than the TEM(y mode [82].

The number of unstable combinations of elastic and
Stokes modes in the cases of TEMy, and LGs; mode
pumping was calculated in Ref. [83]. In the elastic mode
frequency interval (up to 40 kHz) investigated, the probability
of the emergence of POI in the case of an LG3; type pump

Intensity, rel. units

| | ) I !
2.5 5.0 7.5 10.0 12.5 15.0
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Figure 6. Intensity distributions in a Gaussian light beam (mode) of radius
ro = 4.5 cm for cylindrical mirrors of radius R = 15.7 cm (thin curve) and
in a mesa light beam of radius 9.71 cm for similar cylindrical mirrors of
radius R = 15.7 cm (bold curve). The level of diffraction loss per reflection
from a probe mass is equal to 10 ppm [71, 72].

turned out to be somewhat higher than in the case of a TEMy
pump for the Advanced LIGO interferometer. However, the
difference in the number of unstable modes in these two cases
is not large enough to unambiguously state that the LGs;
pump is less safe than the TEMy, pump from the POI
standpoint.

Earlier, it was planned to employ light beams with a flat
top, long radius, and steep ‘edges’ instead of Gaussian beams
with a small radius and gently sloping edges [71-73]. Since the
intensity distribution in these beams resembles a mesa—a
flat tableland with steep edges, common in the southwestern
US desert—they have come to be known as mesa beams.
Figure 6 depicts the intensity distributions for the proposed
mesa beam (bold line) and the intensity distribution of the
Gaussian beam (thin line) with the similar levels of diffraction
losses.

When comparing mesa beams and a Gaussian mode as
pump waves, it was found that the mode overlap factors for
70% of elastic modes have higher values in interferometer
cavities that support mesa modes [84]. At the same time, owing
to their rapidly decreasing light field distributions, the mesa
modes have low diffraction losses in comparison with those
for Gaussian modes (lower by an order of magnitude). The
structure of optical modes in FP cavities that support mesa
mode propagation is also different from the Gaussian mode
structure, which will necessarily manifest itself in the POI
effect.

These three factors—the difference in cavity optical
mode structure, low diffraction losses, and large overlap
factors—have a strong influence on POI. An analysis
suggests that the number of unstable combinations of elastic
and Stokes optical modes rises by about a factor of three when
use is made of mesa beams as pump waves in lieu of Gaussian
beams [84]. At the same time, the average value of parameter
‘R is somewhat smaller. Therefore, POI will show its worth
somewhat more strongly when advantage is taken of the mesa
beams instead of the Gaussian pump mode.

5. Methods for parametric instability
suppression

Parametric oscillatory instability in gravitational wave laser
antennas may be responsible for a considerable lowering of
their sensitivity in the detection of gravitational waves, and
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the development of efficient POI suppression methods is,
therefore, a burning problem. Today, there are three main
ways of suppressing the POI:

e changing the radius of curvature of mirrors by their
thermal heating (for instance, using an additional laser beam)
[13, 64, 85];

e lowering the Q factor of mechanical modes [21, 64, 86];

e introducing additional damping into ‘dangerous’ elastic
modes with the aid of electrostatic feedback forces [87].

The emergence probability of unstable POI modes and
their number depend heavily on the radius of curvature of
interferometer mirrors (the mismatch 4 between the modes is
determined by these radii). The radii of mirror curvature are
not fixed interferometer parameters and they can be changed,
for instance, by the thermal heating of the mirrors, i.e., due to
the thermal lensing effect [13, 64, 85]. Since the radii of mirror
curvature define the magnitudes of the mode mismatch 4 and,
hence, the R parameter values for the combinations of optical
and mechanical modes, there are optimal values of these radii
whereby the number of unstable modes decreases in compar-
ison with that in the standard interferometer configuration.

The second efficient way of suppressing POI consists in
the lowering of the Q factor of mechanical mirror modes by
depositing annular strips onto the side cylindrical surface of
the mirrors with the application of copper or gold ion
deposition technology. The mechanical properties of these
strips are hardly different from those of the material the
mirror is made of. The deposition of an annular strip (for
instance, 20 pum in thickness [21]) onto the side mirror surface
will result not only in a lowering of the Q factor of mechanical
mirror modes, but also in an increase in the noise level of
thermal origin (in accordance with the fluctuation-dissipative
theorem). Evidently, it is most logical that the strip should be
located in the region wherein the elastic energy of a unit
volume of low-frequency modes is minimum, so as to
minimize the adverse effect arising from the emergence of
additional thermal noise. It was shown in Refs[21, 64, 86] that
the minimum of elastic energy is located virtually in the
middle of the side mirror surface. Depositing the strip (loss
angle of the strip material is ¢ = 3.6 x 1073, and the strip
width is 3 cm) onto this surface area results in an increase in
the level of thermal noise in the interferometer by only 5%,
which permits the Q factor of mechanical modes to be
optimally lowered without a large increase in the contribu-
tion from thermal noise. Such an approach, in turn, also
permits lowering the R value for many combinations of
optical and mechanical modes. This all may weaken the
effect of POI to an acceptable level whereat the interferom-
eter becomes stable.

Recently, a new method was proposed for the active
suppression of instabilities, which involves application of
forces of electrostatic origin to plane surfaces of interferom-
eter mirrors [87]. In the gravitational wave detectors of
Advanced LIGO, use will be made of a system of electrodes
located symmetrically near the mirror surface in order to
electrostatically control the position of suspended interfe-
rometer mirrors. The potential difference between the
electrodes and the plane mirror surface gives rise to electro-
static forces which act on the dielectric mirrors and control
their position. This brings up the natural idea of using these
forces for introducing additional damping into the mechan-
ical degrees of freedom of mirrors and lowering their Q factor
(at the frequencies of elastic modes). At first, the authors of
Ref. [87] theoretically calculated the magnitudes of forces

required to suppress parametric instabilities in gravitational
wave antennas and experimentally confirmed the results of
their calculations. They next reached a conclusion that the use
of electrostatic forces in the system facilitates controling the
number of parametric instabilities. Similar ideas of active POI
suppression had earlier been advanced in Ref. [88].

The authors of Refs [14, 64, 85, 86] also proposed the
utilization of other materials for interferometer mirror
fabrication, as a method of lowering the emergence prob-
ability of POI. Sapphire is regarded as the most acceptable
candidate for the mirror material: owing to its mechanical
properties, sapphire has a relatively low density of elastic
mechanical modes, which can minimize the emergence
probability of parametric instability and the number of
unstable modes. However, the final decision about the use
of sapphire as the material for interferometer mirrors has not
been made, because there are several problems associated
with the employment of sapphire in interferometers, like its
anisotropic properties and some others.

It is pertinent to note that none of the POI suppression
techniques described above ensures complete elimination of
POI. However, by combining the methods of instability
suppression, in all likelihood it will be possible to achieve
success with different schemes of gravitational wave inter-
ferometers.

6. Experimental verification

Theoretical predictions of the emergence of POI in gravita-
tional wave interferometers or other optomechanical systems
call for an undelayable experimental verification in order to
understand the true scale of the danger facing the developers
of new-generation interferometers. The first attempts to
experimentally reveal the three-mode interaction were under-
taken in Ref. [89], where the fundamental optical pump mode
and the anti-Stokes first-order transverse TEM(; mode of an
FP cavity interacted with a low-frequency mechanical mirror
mode. The energy of the fundamental pump mode was
reradiated to the anti-Stokes mode due to its interaction with
the mechanical mirror mode at a frequency of 158.11 kHz.
This experiment was carried out using a 77-m-long FP cavity
with sapphire mirrors, with a light power of 1 kW circulating
in the cavity. This experiment does not explicitly demonstrate
the POI effect: it merely confirms the interaction between the
fundamental optical pump mode and the anti-Stokes mode,
which results in the damping of mechanical oscillations.

It should be noted that the three-mode interaction may be
experimentally discovered by observing the amplitude of
either the mechanical mode or the anti-Stokes optical mode.
The experiment of Ref. [89] involved power measurements of
the anti-Stokes optical TEM(; mode as a function of the
frequency difference between the anti-Stokes and fundamen-
tal pump modes. It was found that the resonance interaction
between the FP cavity optical and mechanical modes appears
when the frequency separation of two optical cavity modes is
close to the frequency of a mechanical mirror mode. These
experimental results are in perfect agreement with theoretical
predictions [formula (6)], which allows the conclusion that the
POI effect may take place in future schemes of third-
generation gravitational wave antennas.

Parametric instability has also been observed on a
microscale—in the whispering gallery modes of toroidal
microcavities. A toroid of fused quartz (several micrometers
high, and 50-100 pm in diameter) constitutes an optical
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Figure 7. Toroidal microcavity (photograph borrowed from http://k-
lab.epfl.ch/).

cavity in which a light wave ‘describes circles’ inside the
toroid. The toroid is affixed to its base with a thin membrane
or straps (Fig. 7). The frequency of mechanical toroid
oscillations (bending and tension) lies in the range from 1 to
100 MHz. These oscillations change the optical path of light in
the cavity, thereby establishing optomechanical mode cou-
pling (for details see Ref. [90]). Owing to the small dimensions
of these cavities, POI is observed in them for a moderate
optical pump power, from several to several hundred micro-
watts [26, 28]. The optomechanical coupling turns out to be
rather strong: it has been possible to measure mechanical
shifts with an uncertainty of about 107 m Hz /2 [90].
Additional information can be found in a comprehensive
review [91].

It is worthy of note that there is a plethora of optomecha-
nical interaction mechanisms, apart from the mechanism
mentioned above. In particular, interesting results were
recently obtained using the interaction of light with surface
acoustic waves in whispering gallery microcavities [92-94].

7. Conclusions

Parametric oscillatory instability will play an important role
not only in presently existing second-generation gravitational
wave antennas (like LIGO and Virgo), but also in the third-
generation gravitational wave antenna scheme—the ET—
being designed. The solution to the problem of gravitational
wave detection requires an extremely high accuracy of the
measurement of probe mass shifts, and a high sensitivity of
gravitational wave detectors. POI, in turn, may be responsible
for a lowering of antenna sensitivity and may make
impossible the detection of FP cavity mirror shifts caused by
the arrival of gravitational waves. However, it is hoped that
the passive and active methods of POI suppression developed
to date will be able to neutralize its adverse effect on the
sensitivity of gravitational wave antennas.

In summary, it is worth pointing out the most radical way
of POI control — the lowering of the optical power circulat-
ing in interferometer arms. And this is possible in principle.
The point is that the second-generation gravitational wave
antennas are supposed to reach the measurement accuracy
close to the standard quantum limit [10] at frequencies of
about 100 Hz. This frequency is defined by the quality of

isolation from seismic noise. It is significant that the requisite
optical power is proportional to the third power of the
frequency. Therefore, if attempts to move from a fre-
quency of 100 Hz to a frequency of 30 Hz meet with
success, the circulating power will be significantly lower:
instead of 800-kW power, it will be sufficient to have a power
of about 20 kW (at present, this possibility is discussed
theoretically, for instance, for the ET). Furthermore, the
intensity of gravitational radiation is expected to be higher
in the lower-frequency region. At present, however, every-
thing is hampered by the quality of isolation from seismic
noise.
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