
Abstract. The Schr�odinger wave equation and the equations of
motion are written as an invariant Laplace equation and the
equation for a geodesic in five-dimensional space, respectively.
The superfluous fifth coordinate is closely related to the linear
differential form of the electromagnetic potential.

H Mandel in his yet unpublished work2 uses the notion of
five-dimensional space in order to consider gravity and the
electromagnetic field from a unified standpoint. It seems to us
that the introduction of a fifth coordinate facilitates repre-
sentation of the SchroÈ dinger wave equation and the equation
of motion in an invariant form.

1. Special relativity

The Lagrange function corresponding to the motion of a
charged point mass can be written, using the readily under-
standable notation, as
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��������������
1ÿ v

2

c 2

r
� e

c
Avÿ ej ; �1�

and the respective Hamilton±Jacobi equation can be written
as
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In analogy with the ansatz used in our earlier work, 3 we
assume here that

gradW � gradc
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;
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where p denotes some new parameter with the dimension of
the quantum of action. Having multiplied by �qc=qp�2, we
obtain the quadratic form
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We note that the coefficients at the zeroth, first, and second
powers of qc=qp are four-dimensional invariants. Besides, the
form Q remains invariant under the transformation

A � A1 � grad f ;
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1

c

qf
qt
; �5�
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c
f ;

where f is an arbitrary function of coordinates and time. The
last transformation also leaves the linear differential form

d 0O� e

mc 2
�Ax dx�Ay dy�Az dz�ÿ e

mc
j dt� 1

mc
dp �6�

invariant. 4

We now express the formQ as a squared gradient ofc in a
five-dimensional space �R5� and find the respective interval. It
readily follows that

ds 2 � dx 2 � dy 2 � dz 2 ÿ c 2 dt 2 � �d 0O�2 : �7�
Laplace's equation in R5 is written as
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A note in proofreading. When this note was already in press, an elegant

work by Oskar Klein (Z. Phys. 37 895 (1926)) [2] reached Leningrad. Its

author had obtained results that are in principle identical to those of the

current work. However, owing to the importance of the results, their

derivation, carried out in a different way (the generalization of the

substitution used in one of my previous studies), can also be of interest.

2 The author has kindly provided me with the opportunity of reading the

manuscript of his work.

3 V Fock ``Zur SchroÈ dingerschenWellenmechanik''Z. Phys. 37 242 (1926)
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4 The notation d 0 serves to emphasize that d 0O is not a full differential.



Similarly to Eqns (7) and (4), it remains invariant under
Lorentz transformations and the transformation given by
Eqns (5).

Because the coefficients in Eqn (8) are independent of the
parameter p, we can choose the dependence of c on p in an
exponential form and write

c � c0 exp

�
2pi

p

h

�
�9�

for consistency with observations. 5 The equation for c0 is
invariant under Lorentz transformations, but not transfor-
mation (5). The role of the additional fifth coordinate
parameter p is precisely to ensure the invariance of the
equations under the addition of an arbitrary gradient to the
four-potential.

It is worth noting here that the coefficients of the equation
for c0 are complex-valued in the general case.

If we further assume that these coefficients are indepen-
dent of t and use the representation

c0 � exp

�
ÿ 2pi

h
�E�mc 2�t

�
c1 ; �10�

then c1 obeys an equation that does not contain time and
is identical to the generalized SchroÈ dinger equation
proposed in our earlier work. Those values of E for which
there exists a function c1 satisfying certain conditions of
boundedness and continuity are the Bohr energy levels. It
follows from the foregoing that adding a gradient to the
four-potential cannot influence the energy levels. The
functions c1 and �c1 found for the four-potentials A and
�A � Aÿ grad f differ only by the factor exp �2pief=�ch�� with
the absolute value 1, and consequently (under very general
requirements on the function f ) have the same continuity
properties.

2. General relativity

A. Wave equation. For the squared interval in a five-
dimensional space, we write
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Here, the quantities gik are the components of the Einstein
fundamental tensor, the quantities q1 �i � 1; 2; 3; 4� are the
components of the four-potential divided by c 2, i.e.,

X4
i� 1

qi dxi � 1

c 2
�Ax dx�Ay dy�Az dzÿ jc dt� ; �12�

q5 is a constant, and x5 is the superfluous coordinate
parameter. All coefficients are real-valued and independent
of x5.

The gik and qi are dependent only on fields but not on the
characteristics of the point mass; the latter are represented
through the factor e 2=m 2. For brevity, however, we introduce
the quantities dependent on e=m,

e

m
qi � ai �i � 1; 2; 3; 4; 5� ; �13�

and use the convention that the summation sign is written
when summing from 1 to 5 and omitted when summing
from 1 to 4.

In this notation, we find

gik � gik � aiak ; gi5 � 0

g � kgikk � a 2
5 g

)
�i; k � 1; 2; 3; 4; 5� ;

�14�
�15�

g lk � g lk

g5k � ÿ 1

a5
g ikai � ÿ a i

a5

g 55 � 1

a 2
5

�1� aia
i�

9>>>>>=>>>>>;
�i; k; l � 1; 2; 3; 4� : �16�

The wave equation corresponding to Eqn (8) takes the
form
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or, in more detail,
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Finally, by introducing the function c0 and potentials qi, this
equation can be rewritten as

1�������ÿgp q
qxi

� �������ÿgp
g ik qc0

qxk

�
ÿ 4p

h

�������
ÿ1
p

ceq i qc0

qxi

ÿ 4p2c 2

h 2
�m 2 � e 2qiq

i�c0 � 0 : �19�

B. Equations of motion. Our intention here is to represent the
equations of motion of a charged point mass as equations for
a geodesic line in R5.

For this, we first compute the Christoffel symbols. We let
the five-dimensional symbols be denoted as

k l
r

� �
5

;

and the four-dimensional ones as

k l
r

� �
4

:

We also introduce the covariant derivatives of the four-
potential,
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qxk
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5 The appearance of the parameter p related to the linear form in the

exponent is possibly linked to certain relations mentioned by E SchroÈ din-

ger (Z. Phys. 12 13 (1923)) [5].
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and decompose the tensor 2Aik into its symmetric and
antisymmetric parts:

Blk � Alk � Akl ; �21�
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Accordingly, the equations for a geodesic line in R5 take the
form
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Here, as previously, d 0O denotes the linear form

d 0O � ai dxi � a5 dx5 : �25�
Multiplying four equations in (23) by ar and the fifth equation
(24) by a5, and summing the results, we obtain an equation
that can be written as

d
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�
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Hence, it follows that

d 0O
ds
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If we multiply Eqn (23) by gra dxa=ds and sum over r and a,
then because of the antisymmetry of Mik we obtain the
equation

d

ds

�
gra

dxr
ds

dxa
ds

�
� 0 �28�

or, by introducing the proper time t through the formula

gik dxi dxk � ÿc 2 dt 2 ; �29�
the equation

d

ds
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We note that because of the relation

ds 2 � ÿc 2 dt 2 � �d 0O�2 ; �31�
Eqns (28) and (30) follow from Eqn (26).

It follows from the discussion above that Eqn (24) is a
consequence of Eqn (23) and can be discarded. If the proper
time is introduced in Eqn (23) as an independent variable, the
fifth parameters disappears completely; we also drop the
index 4 of the Christoffel symbols:
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The last term in the left-hand side represents the Lorentz
force. In the special relativity theory, the first of these
equations can be written as
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In order to reach agreement with observations, the factor
before the square bracket should be equal to 1. Hence,

d 0O
dt
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and

ds 2 � 0 : �35�

The trajectories of a point mass are geodesic null lines in the
five-dimensional space.

To obtain the Hamilton±Jacobi equation, we equate the
squared five-dimensional gradient of c to zero,

g ik qc
qxi

qc
qxk
ÿ 2

a5

qc
qx5

a i qc
qxi
� �1� aia

i�
�
1

a5

qc
qx5

�2

� 0 : �36�

If we set

mca5
qc=qxi
qc=qx5

� qW
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and introduce potentials qi instead of ai, then we obtain the
equation

g ik qW
qxi

qW
qxk
ÿ 2ecq i qW

qxi
� c 2�m 2 � e 2qiq

i� � 0 ; �38�

which can be considered a generalization of our Eqn (2),
which served as a departing point.

Leningrad, Physics Department of the University,
24 July 1926
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