
Abstract. We analyze the effect of parametric coupling of
different frequency components at the stimulated Raman scat-
tering threshold depending on the four-wave mixing phase mis-
match and material dispersion. A fundamental difference is
observed in the way parametric processes affect the generation
of Stokes and anti-Stokes waves. We show that as a result of
parametric coupling of Stokes components, their generation
thresholds strongly decrease and come closer to each other
because they originate from an intense parametric rather than
a spontaneous seed radiation. The theoretical analysis refines
and extends the commonly accepted concept of stimulated Ra-
man scattering in nonlinear crystals and demonstrates good
agreement with new experimental data.

1. Introduction

Nonlinear-optical conversion of solid-state laser radiation is
a widely accepted method of shifting laser radiation frequen-
cies to the spectral domains where direct lasing is hindered.
Stimulated Raman scattering (SRS) in crystals and optical
fibers enables making compact solid-state SRS lasers (see
review Refs [1 ± 6]) with radiation wavelengths shifted to the
infrared radiation domain (which is not harmful to the eye),
to the atmospheric and optical fiber `transparency windows,'
up to the transparency edge of the SRS-active material [7].

SRS conversion in solids, which has been much studied in
the visible range, proceeds in a cascade-like manner, or step-
by-step, in the absence of other nonlinear effects [8, 9]. But the
realization of infrared cascade-like generation of higher
Stokes SRS radiation components is strongly hindered by a
considerable decrease in the SRS gain coefficient with
increasing the wavelength [10] and is limited in intensity by
the radiation damage threshold of the SRS medium. At the
same time, it must be taken into account that the dispersion of
the refractive index in the majority of solids becomes
substantially weaker with further advancement to the infra-
red region. This increases the nonlinear wave interaction
length and enhances the accompanying nonlinear effects,
which require the phase matching condition to be satisfied.
Among the attendant nonlinear effects, we note four-wave
mixing (FWM), which is responsible for the parametric
coupling of SRS components. Both Stokes and anti-Stokes
radiation components can be generated under this Raman-
parametric conversion in solids (see review Refs [8, 9]).

The parametric coupling of SRS components, which was
first observed by Terhune [11] in 1963, at the dawn of
nonlinear optics, led to the conical emission of anti-Stokes
waves in materials with a strong dispersion. At that time,
Terhune [12] and several other authors [13 ± 16] interpreted
these results based on the notion of a partly degenerate FWM
among the laser (wave vector klaser), the first Stokes (wave
vector kS), and the first anti-Stokes (wave vector kaS) waves
obeying the vector phase matching condition 2klaser �
kS � kaS. The mechanism of simultaneous conical emission
of higher anti-Stokes and Stokes SRS components obeying
the exact FWM phase matching conditions was also qualita-
tively discussed in those papers. The rigorous theory of FWM
in SRS was constructed only for the conical emission of anti-
Stokes waves [17], and now this effect is widely used inRaman
spectroscopy, as the method of coherent anti-Stokes Raman
scattering (CARS) (see review Ref. [18]).

In later experimental studies, the axial emission of anti-
Stokes waves in SRS was also observed, and was interpreted
in the framework of a model involving the spatially bounded
capture of the phases of parametrically coupled waves [19].
The anti-Stokes lasing of solid-state SRS lasers [20, 21],
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realized with an efficiency < 1%, may also be attributed to
the spatially bounded phase capture.

In Ref. [7], a single-pass mid-infrared SRS conversion of
1.56 and 1.91 mm laser radiation was investigated experimen-
tally in a cubically nonlinear BaWO4 crystal, which is
optically transparent to wavelengths up to 3.7 mm. For the
first time, the authors of Ref. [7] were able to obtain a record-
long wavelength of SRS in the mid-infrared range 3.69 mm
(the fourth Stokes component). They also noted that one of
the reasons for low-threshold lasing may be the occurrence of
four-wave parametric processes due to the weak dispersion of
the refractive index of the BaWO4 SRS crystal in the mid-
infrared range.

It was determined in Refs [22, 23] that the use of a
Ba(NO3)2 SRS crystal, which exhibits a strong dispersion of
the refractive index [24], and 1.064 mm radiation pumping has
the effect that the lasing thresholds of the Stokes components
differ greatly. This is an indication that the SRS is cascade-
like in character. When a BaWO4 SRS crystal is used, which
exhibits a weaker dispersion in the infrared region [25], the
lasing thresholds of SRS components are quite close to each
other, which may be attributed to their parametric coupling.

Therefore, despite the availability of rather voluminous
literature on the theory and experimental realization of SRS
in solids with material dispersion, the problem of the effect of
four-wave nonlinear interactions on SRS remains to be fully
explored. Although all equations describing these processes
are known, their analysis, especially in the mid-infrared range
with its weak material dispersion, is insufficient and the
implications are obscure.

In this methodological paper, we therefore theoretically
analyze the parametric four-wave coupling of the frequency
radiation components in the SRS in solids in relation to the
wave mismatch of parametric four-wave mixing, which is
determined by the dispersion of the refractive index and the
SRSmedium length. Proceeding from our theoretical analysis
and a comparison of its results with experimental data, we
make suggestions concerning the optimal choice of nonlinear
media and pump frequencies for the realization of low-
threshold SRS in the mid-infrared range.

2. Theoretical description of the parametric
coupling of SRS components

As shown in Refs [8, 14, 17], the contribution of parametric
coupling to SRS depends on the fulfillment of the wave
matching condition of partly degenerate FWM,

2kj � kjÿ1 � kj�1 ; �1�
where j is the number of an SRS component, which is an
FWM pump wave ( j < 0 is an anti-Stokes wave, j > 0 is a
Stokes wave, and j � 0 is the SRS pump wave), kj is the wave
vector of the FWMpump, and kjÿ1 and kj�1 are the vectors of
the neighboring SRS components, which are the signal and
idle waves of FWM. We emphasize that the SRS pump
( j � 0) and the FWM pump waves do not coincide in
general. The existence of a wave mismatch,

Dkj � kjÿ1 � kj�1 ÿ 2kj ; �2�

where kj, kjÿ1, and kj�1 are the moduli of the corresponding
wave vectors, results in a violation of condition (1) in the case
of axial (collinear) generation of SRS components, which
weakens their parametric coupling.

The main cause of wave mismatch (2) is the dispersion
of the refractive index of the medium. The wave mismatch
is defined as �we assume that kj � 2pnjl

ÿ1
j and lj �

�lÿ10 ÿ jnR�ÿ1�
Dkj � �njÿ1 � nj�1 ÿ 2nj� 2plÿ1j � �njÿ1 ÿ nj�1� 2pnR ; �3�

where lj is the FWM pump wavelength, nR is the Raman
frequency shift, and nj, njÿ1, and nj�1 are the respective
refractive indices of the FWM pump, signal, and idle waves.

Apart from the partly degenerate FWM, a nondegenerate
FWM also occurs in SRS, such that the wave matching
kj � kj�1 � kjÿ1 � kj�2 is satisfied [8, 14, 17], with the
mismatch

DKj � Dkj � �nj � nj�2 ÿ 2nj�1� 2plÿ1j

� �nj�1 ÿ nj�2� 4pnR � Dkj � Dkj�1

significantly (approximately two times) greater than Dkj, and
we therefore neglect the nondegenerate FWM in our treat-
ment. However, we note that the inclusion of all kinds of
FWM in SRS in solids is required in the case where the SRS
pump wavelength is close to the zero dispersion wavelength,
which corresponds to the inflection point of the spectral
dependence of the refractive index of a solid (the Sellmeier
formula [26]), because all wave mismatches are then close to
zero.

Another cause of the weakening of the parametric
coupling of SRS components is the nonlinear self-action of
weak signal and idle waves in the field of a strongFWMpump
wave. In this case, the phases of the weak waves vary linearly
as functions of the longitudinal coordinate z. This is
equivalent to a constant addition to the magnitude of the
wave vector of the weak wave, which violates the collinear
wave matching condition of FWM [27].

The system of wave equations describing the parametri-
cally coupled collinear SRS can be written as [28]

dEÿ1
dz
� i

2po 2
ÿ1

c 2kÿ1

�
w �ÿ1jE0j2Eÿ1 � waSÿSE

2
0E
�
1 exp �iDk0z�

�
;

dE0

dz
� i

2po 2
0

c 2k0

ÿ
w �0 jE1j2E0 � wÿ1jEÿ1j2E0

�
; �4�

dE1

dz
� i

2po 2
1

c 2k1

�
w0jE0j2E1 � wSÿaSE

2
0E
�
ÿ1 exp �iDk0z�

�
;

where c is the speed of light, Ej are the slowly varying
complex amplitudes of the SRS pump wave ( j � 0), anti-
Stokes ( j � ÿ1), and Stokes ( j � 1) waves, oj are their
frequencies, wÿ1 and w0 are the Raman susceptibilities for
the corresponding waves, and waSÿS and wSÿaS are the
susceptibilities for the Raman-parametric coupling between
the anti-Stokes and Stokes waves. The terms proportional to
the Raman susceptibilities wÿ1 and w0 describe the SRS
amplification of the corresponding SRS components. The
terms proportional to the complex conjugate Raman
susceptibilities w �ÿ1 and w �0 describe the depletion of the
current SRS component in the SRS conversion to the next
SRS component. The terms proportional to waSÿS and wSÿaS
describe the FWM in the SRS, while the exponential factors
determine the FWM wave mismatch due to dispersion of the
refractive index.
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In what follows, we temporarily neglect the dispersion of
Raman susceptibilities, i.e., we assume that wÿ1 � w0; then
waSÿS � w �ÿ1 and wSÿaS � w0. We introduce the SRS gain
coefficient for the Stokes wave [28] as

g � ÿ 4po1

c 2k1
Imw0 : �5�

Because only the imaginary parts of the susceptibilities
participate in the transformation of amplitudes, the system
of equations can be written in a formmore convenient for our
analysis:

dEÿ1
dz
� ÿ g

2

l0
lÿ1

E0

�
E �0Eÿ1 � E �1E0 exp �iDk0z�

�
;

dE0

dz
� ÿ g

2

l1
l0

E1E
�
1E0 � g

2
Eÿ1E �ÿ1E0 ; �6�

dE1

dz
� g

2
E0

�
E �0E1 � E �ÿ1E0 exp �iDk0z�

�
:

The initial conditions for system of equations (6) are given by

Eÿ1�0� � 0 ; E0�0� �
����
I0

p
exp �ij0� ;

E1�0� �
���
S
p

exp �ij1� ; �7�

where I0 is the input SRSpump radiation intensity andS is the
spontaneous Raman scattering intensity (S5 I0).

The analytic solution of system of equations (6) for an
undepleted pump radiation E0�z� � E0�0� is well known [16],
and in the case of the FWM wave matching (Dk0 � 0), this
solution can be written in the form

Eÿ1�z� �
���
S
p

lÿ1=l0 ÿ 1
exp

�
ÿ g

2
I0z

�
l0
lÿ1
ÿ 1

��
� exp

�
i�2j0 ÿ j1 � p�� ;

E1�z� �
���
S
p

lÿ1=l0 ÿ 1

�
�
lÿ1
l0

exp

�
ÿ g

2
I0z

�
l0
lÿ1
ÿ 1

��
ÿ 1

�
exp �ij1� ; �8�

where the phase of the Eÿ1 wave is jÿ1�2j0 ÿ j1�p. In
this case, the generalized phase of FWM [8, 19] is defined
as C0 � 2j0 ÿ jÿ1 ÿ j1 � �p. A shift of the generalized
phase by p is responsible for the coherent subtraction of
the parametrically converted waves and the absence of SRS
generation of Stokes and anti-Stokes waves for Dk0 � 0,
which is well known in the theory of Stokes and anti-
Stokes wave coupling in SRS [9]. Solutions (8) demonstrate
an exponential attenuation of these waves (exponentials of
a negative argument proportional to z).

The phase conditions of the parametric coupling of
other SRS components not involving anti-Stokes waves
have not been investigated until recently. The Raman-
parametric coupling of any other three SRS components
can be described by a system of equations similar to (6). To
describe the coupling of the SRS pump E0 and the first (E1)
and second (E2) Stokes waves, we should increase all the
numerical subscripts in (6) by unity; then the new system of

equations is written as

dE0

dz
� ÿ g

2

l1
l0

E1

�
E �1E0 � E �2E1 exp �iDk1z�

�
;

dE1

dz
� ÿ g

2

l2
l1

E2E
�
2E1 � g

2
E0E

�
0E1 ; �9�

dE2

dz
� g

2
E1

�
E �1E2 � E �0E1 exp �iDk1z�

�
:

For an undepleted pump, the first equation in (9) can be
replaced by the equationE0�z� �

����
I0
p

exp �ij0�. In the second
equation, the first term in the right-hand side, which describes
the depletion of E1 in the conversion to E2, can be neglected;
then this equation has a solution satisfying the last of the
initial conditions in (7):

E1�z� �
���
S
p

exp

�
g

2
I0z

�
exp �ij1� : �10�

With the above E0 and E1, the last equation in (9) with
Dk1 � 0 can be represented in the form

dE2

dz
� g

2
S exp �gI0z�

n
E2�

����
I0

p
exp

�
i�2j1 ÿ j0�

�o
; �11�

and has the solution

E2�z� �
n
E2�0� �

����
I0

p
exp

�
i�2j1 ÿ j0�

�o
� exp

�
S

2I0
exp �gI0z�

�
ÿ

����
I0

p
exp

�
i�2j1 ÿ j0�

�
�

����
I0

p �
exp

�
S

2I0
exp �gI0z�

�
ÿ1
�
exp

�
i�2j1 ÿ j0�

�
: �12�

The first term in the right-hand side of (12) describes the
exponential increase in E2�z� with the coordinate z, but the
term added to the initial value E2�0� to describe the
parametric seed radiation (equal to the pump wave ampli-
tude in modulus) is much greater than the seed Raman
radiation with the amplitude E2�0�. The phase of the wave
E2 is then given byj2 � 2j1 ÿ j0; then the generalized FWM
phase becomes C1�2j1 ÿ j0 ÿ j2�0, which makes this
Stokes FWM process radically different from the previous
anti-Stokes one. This leads to a high-efficiency parametric
energy transfer from the SRSpumpwave to the second Stokes
component, i.e., its parametric generation leads the Raman
process and accompanies it. This may account for the
decrease and convergence of the lasing thresholds of Stokes
SRS components in the case of their parametric coupling.

In the general case of multiline SRS, the combination of
coupled parametric processes is observed, in which each SRS
component is simultaneously the signal wave of one FWM,
the FWM pump wave of another FWM, and the idle wave of
a third FWM. In this case, the full system of equations for the
stationary multiline SRS with parametric coupling has the
form

dEj

dz
� ÿ gj

2

lj�1
lj

Ej�1
�
E �j�1�Ej � eEjÿ1�

� Ej�1E �j�2 exp �iDkj�1z�
�� gjÿ1

2
Ejÿ1

� �E �jÿ1�Ej � eEjÿ1� � Ejÿ1E �jÿ2 exp �iDkjÿ1z�
�
; �13�

where gj is the SRS gain coefficient under the jth component
pumping; in other words, the dispersion of the SRS gain
coefficient is now taken into account. Spontaneous Raman
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scattering is more correctly taken into account not in the
initial conditions, which now become zero for the Stokes and
anti-Stokes waves, but by additional terms proportional to
eEjÿ1 (with the seed coefficient e5 1).

Representing the complex wave amplitudes as
Ej � Aj exp �ijj�, where Aj are the real wave amplitudes
and jj are their phases, we obtain the rate equation for the
generalized phases of coupled FWM processes (with
Cj � 2jj ÿ jjÿ1 ÿ jj�1 � Dkjz):

dCj

dz
� A 2

j

�
gjÿ1
2

lj
ljÿ1

Aj�1
Ajÿ1

ÿ gj
2

Ajÿ1
Aj�1

�
sinCj � Dkj

� gjÿ1A 2
jÿ1

Ajÿ2
Aj

sinCjÿ1 ÿ gj
lj�1
lj

A 2
j�1

Aj�2
Aj

sinCj�1 :

�14�
Expression (14) is written for the generalized phase of the jth
FWM process. The last two terms in the right-hand side of
(14) describe the influence exerted on the jth process by the
neighboring, ( j�1)th and ( jÿ1)th, processes (we neglect the
relatively weak effect of the ( j� 2)th processes), and the
remaining terms account for the description of the jth process
itself. Therefore, every FWM process in SRS is influenced by
the two neighboring FWM processes, and five adjacent SRS
components participate in it.

3. Numerical simulation of SRS
with the parametric coupling of radiation
components in the example of a BaWO4 crystal

We solve system (13) numerically for different values of the
wave mismatch DkjL and the SRS gain increment g0I0L,
where L is the length of the SRS medium. For the SRS
medium, we take a BaWO4 crystal [1] pumped by Nd:YAG
laser radiation with the wavelength l0 � 1:064 mm: the
Raman frequency is nR � 926 cmÿ1, and the SRS gain
coefficient for each SRS component [10] is

gj �
11:5� 105�lÿ1j � nR�
�1:267� 109 ÿ lÿ2j �2

; �15�

where the wavelength lj � �lÿ10 ÿ jnR�ÿ1 is measured in [cm]
and gj in [cm Wÿ1]. To ensure the attainment of the highest
level of SRS lasing in the Stokes wave for g0I0L � 30 [1] in the
absence of parametric coupling with the anti-Stokes wave
(Dk0L!1), the seed coefficient in Eqns (13) was taken to be
equal to e � 3� 10ÿ6. A threefold increase or decrease in e
resulted in the same output parameters of calculations when
the increment g0I0L was changed by no more than 10%.

Figures 1 and 2 show the calculated lasing threshold
increments for different Stokes components depending on
the wave mismatch parameters. The threshold increments
�g0I0L�th correspond to a two-percent (intensity) efficiency of
lasing of a given SRS component. Figure 1 shows the
threshold increment for the first Stokes wave as a function
of the wave mismatch parameter Dk0L. Figure 2 shows the
threshold increments �g0I0L�th2; 3; 4 for the second, third, and
fourth Stokes components (with respect to �g0I0L�th1) versus
the wave mismatch parameter Dk1L�Dk2L�Dk3L for the
Stokes waves. As suggested by the calculations, the depen-
dence depicted in Fig. 1 holds for any values of the wave
mismatch parameters Dk1L, Dk2L, and Dk3L, and the
dependences in Fig. 2, in turn, are valid for any value of the
wave mismatch Dk0L.

It can be seen from Fig. 1 that as the parametric coupling
wave mismatch Dk0L between the Stokes and anti-Stokes
waves decreases, the Stokes wave lasing threshold tends to
infinity for a zero argument, but the effect of this parametric
coupling on the SRS conversion threshold already vanishes
for Dk0L > 50, which gives the lowest value of the threshold
increment, �g0I0L�th1 � 22, in the absence of parametric
coupling with the anti-Stokes wave. It follows from the
dependence in Fig. 1 that ensuring low-threshold lasing by
the first Stokes SRS component requires increasing
Dk0L > 50 by choosing an SRS medium with a strong
dispersion of the refractive index or with a long length L.

It can be seen from Fig. 2 that the parametric coupling
between the Stokes components exerts an effect on the SRS
conversion thresholds in a broader (by an order of magni-
tude) range of the wave mismatch Dk1; 2; 3L than in the case of
anti-Stokes components, from zero to 200 ± 500. However,

100

�g
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I 0
L
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1

80

60

40

20
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Figure 1. The calculated lasing threshold increment �g0I0L�th1 for the first
Stokes component versus the parameterDk0L of the wavemismatch of the

anti-Stokes wave for arbitrary mismatches Dk1; 2; 3L between the Stokes

waves.

7
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Figure 2. The calculated relative lasing threshold increments for the
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Dk1L � Dk2L � Dk3L of the wave mismatch among the Stokes waves

for an arbitrary mismatch Dk0L of the anti-Stokes wave.
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the parametric coupling then decreases the SRS conversion
thresholds, while the SRS conversion thresholds in the case of
parametric coupling with the anti-Stokes wave, by contrast,
are higher. The bold lines in Fig. 2 show the parts of the curves
for which the calculations for a zero seed coefficient (e � 0)
yield coincident results for higher Stokes components of an
order j > 1. In this case (for Dk1L < 300, Dk2L < 350, and
Dk3L < 400), the initial generation of the higher Stokes waves
is therefore purely parametric. The data shown in Fig. 2 allow
concluding that the decrease in the lasing threshold for the
higher Stokes wave of an order N requires imposing an
additional constraint on decreasing DkjL < 200, where
j � 1, 2, . . ., Nÿ 1. This may be realized in practice owing to
the effect of normal dispersion of the refractive index
(n0 > n1 > n2 > . . .) in solid SRS media in the visible and
near-infrared ranges.

Figure 3 shows the solution results in the case of the
highest lasing intensity efficiency of the third Stokes SRS
component at the wavelength l3 � 1:5 mm for a completely
weakened parametric coupling with the Stokes wave
(Dk0L � 500) and four values of the wave mismatch between
the Stokes waves: Dk1L � Dk2L � Dk3L � 200 (Fig. 3a), 50
(Fig. 3b), 25 (Fig. 3c), and 10 (Fig. 3d).

In Fig. 3a, which corresponds to the high value
Dk1; 2; 3L � 200 of the wave mismatch parameter (a strong
dispersion and/or a long interaction length), the highest
efficiency of the third Stokes component generation,
Z3 � A 2

3 =I0 � 0:704, is observed for the high SRS gain
increment g0I0L � 82, which calls for either a high pump
power density or a long SRS medium±pump interaction
length. This case is ordinarily realized in long glass±optical
fiber SRS lasers or under intracavity pumping of SRS
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crystals. In this case, the thresholds for the first and second
Stokes components differ by a factor of 1.8 and those for the
first and third Stokes components by a factor of 3 (see the
arrows on the horizontal axis).

For the small wave mismatch Dk1; 2; 3L � 10 (Fig. 3d),
which is realized closer to the domain of zero medium
dispersion (for instance, l � 1:3 mm for quartz fibers and
l � 2:3 mm for PbMoO4 and PbWO4 SRS crystals) or for a
short interaction length L, the lasing thresholds for the first,
second, and third Stokes components are found to be close to
one another, and the requisite increment decreases to
g0I0L � 34:5 (by a factor of 2.4). This favors the third
component generation and obviates the necessity of resort-
ing to high pump power densities close to the optical
breakdown threshold of the SRS medium. But this is
achieved at the cost of decreasing the SRS conversion
efficiency from the quantum limit (l0=l3)100%=70%
(Fig. 3a) to 37% (Fig. 3d), which can be generalized to the
SRS generation of any higher Stokes components: the
maximum generation efficiency decreases from l0=lj to 1=j
as the parametric coupling becomes stronger. The reason for
this lasing efficiency limitation lies with the early parametric
generation of the next SRS component. The solution of the
problem of lasing efficiency limitation may involve the
introduction of selective losses into the SRS medium at the
wavelength of the next Stokes component after the sought
one, as was realized in Ref. [7], to obtain radiation with a
record-long wavelength, l4 � 3:69 mm in a BaWO4 crystal,
where the next Stokes component fell into the range of strong
absorption by the SRS crystal matrix.

We analyze the Raman-parametric conversion depicted in
Fig. 3 in greater detail. Prior to depletion of the SRS pump
(A0), the generalized phases Cj rapidly approach a constant
level close to zero, because the increase in the ratio
A 2

j Ajÿ1=Aj�1 [see the first term in (14)] compensates the
phase increase due to the wave mismatch Dkj, but the greater
Dkj is, the greater the difference of a given phase level from the
zero one and the lower the rate of initial parametric increase
in Aj. Next, a rapid depletion of the SRS pumpA0 occurs due
to the Raman (A0 ! A1) and parametric (A0 ! A2) transfer.

In Fig. 3a, parametric processes do not manifest them-
selves in the conversion of amplitudes because of a very large
wave mismatch; but the domains of wave self-action and an
increase in the phases C1; 2; 3 when A1; 2; 3 peak, as well as an
increase in C1 � Dk1z upon the total depletion of the SRS
pump can be observed in the phase curves. The Stokes SRS
components sequentially peak in intensity (the well-known
cascade-like character of SRS [17]); their peaks are plateau-
like in shape, their relative (with respect to the input pump
intensity) heights are l0=lj ( j is the component order), and
their widths increase with j due to a decrease in the SRS gain
coefficient with increasing the wavelength [see formula (15)].

In Fig. 3b, the increase in C1 due to the self-action of A0

and A2 in the field of a strong wave A1 proceeds more slowly,
such that the initial parametric increase in A2 is observed, but
it rapidly becomes saturated to attain the initial `parametric'
maximum. The depletion of A0 moderates, but the Raman
transfer A0 ! A1 persists with the increase in A1 up to its
peak. This fosters the next Raman process A1 ! A2 with an
increase in A2 up to its main `Raman' peak, whereby the self-
action of A0 and A2 becomes weaker as C1 reaches a
minimum of about p, resulting in a weak backward transfer
A2 ! A0 with a low A0 peak. Subsequently, the phase
increases, C1 � Dk1z, because A0 remains small, and the

second term (C1) prevails in phase equation (14) for Dk1.
Next, the second parametric process A1 ! A3 sets in, which
affects the first parametric process via the last term in phase
equation (14) forC1. The increase inA3 saturates the increase
in the phaseC1, which, on passing through a maximum, goes
through aminimum and then, upon the complete depletion of
A0 and A1, begins to increase proportionally to Dk1z again.
The self-action of A1 and A3 with an increase in C2 also
rapidly terminates the parametric generation ofA3 (the initial
`parametric' peak of A3) and its rapid increase occurs later
(upon the attainment of the peak of A2) as a result of the
Raman transfer A2 ! A3 with the depletion of A2.

In Figs 3c and 3d, the parametric processes manifest
themselves even more strongly, such that the parametric
peaks are even stronger than the Raman ones. In this case,
the lasing thresholds of Stokes Raman components are
determined by their parametric conversion and are substan-
tially reduced (see the arrows on the horizontal axis).

For comparison, we outline several experimental results.
Figure 4 shows the experimental data borrowed from
Refs [22, 23] on the multistage generation of the first,
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Figure 4.Experimental data borrowed fromRefs [22, 23] on themultistage

SRS generation of the first, second, and third Stokes components (lines 1 ±

3, respectively) in barium nitrate (a) and barium tungstate (b) crystals: Pav

is the average output power; Wi is the output pulse energy; Pp is the

average pump power; andWp is the pump pulse energy.
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second, and third Stokes components in the most promising
SRS crystals Ba(NO3)2 and BaWO4, pumped by l0 �
1:064 mm Nd:YAG laser radiation. It can be seen from the
plots that the lasing thresholds of Stokes components in the
Ba(NO3)2 crystal, which has a strong dispersion of the
refractive index [24], are much different, which is an
indication of a cascade-like process. By contrast, in the
BaWO4 crystal, which exhibits a weaker dispersion [25], the
lasing thresholds of SRS components are quite close to each
other and are lower than in the Ba(NO3)2 crystal, which is
attributable to the strong parametric coupling of the SRS
components. In the former crystal, only the first two Stokes
components are effectively generated, and in the latter crystal,
three components are generated (with a higher power than in
the former case). The highest-order Stokes component with
the wavelength l3 � 1:5 mm corresponds to the practically
important radiation domain that is not harmful to the eye.

4. Summary

We have analyzed how the parametric processes of four-wave
coupling of the frequency components in SRS in solids with
dispersion depend on the wave mismatch of the four-wave
mixing.

We have shown that the parametric coupling of the Stokes
components affects the SRS conversion thresholds in a wider
range (by an order of magnitude) of the wave mismatch
Dk1; 2; 3L (from zero to 200 ± 500) than in the previously
studied case of parametric coupling with the anti-Stokes
wave. While the existence of parametric coupling of the anti-
Stokes SRS components leads to an increase in the SRS
threshold, the parametric coupling of the Stokes SRS
components is responsible for the lowering and convergence
of their lasing thresholds, which agrees nicely with experi-
mental data.

It has been confirmed that ensuring a low-threshold lasing
of the first Stokes component requires increasing the wave
mismatch parameter to the anti-Stokes wave Dk0L > 50 by
selecting SRSmedia with a strong dispersion (Dk0=Dl0) of the
refractive index in the pump wavelength domain or with a
long interaction lengthL (SRS in glass fiber lightguides or the
intracavity pumping of SRS crystals). Decreasing the lasing
threshold of the higher (second, third, and so on) Stokes
waves requires the fulfillment of an additional condition for a
decrease in the Stokes component wave mismatch parameters
DkjL < 200, which may be realized in practice by choosing a
nonlinear medium with a weak normal dispersion of the
refractive index in the domain of the first, second, third, and
higher-order Stokes waves, or by using a pump wavelength
close to the edge of this domain.

Based on numerical simulations, we have analyzed the
features of multiwave Raman-parametric conversion in the
case of a significant depletion of the SRS pump radiation, the
self-action of the waves, and the interplay of the neighboring
processes of parametric four-wave mixing. The enhancement
of the parametric coupling of Stokes waves has been shown to
result in a sharp (more than twofold) reduction in requisite
(threshold) SRS gain increments (and accordingly in the
required pump power density) in comparison with those in
the absence of parametric coupling. This permits realizing
simpler and more reliable schemes for the SRS conversion of
pump laser radiation for new wavelength ranges.
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