Physics— Uspekhi 53 (3) 317-318 (2010)

©?2010 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

LETTERS TO THE EDITORS

PACS numbers: 03.30. + p, 03.50.De

On the relativistic invariance of the Minkowski
and Abraham energy-momentum tensors

V G Veselago, V V Shchavlev

DOI: 10.3367/UFNe.0180.201003k.0331

In a paper [1] by one of us (VGV) it was pointed out that the
Abraham energy—-momentum tensor is not relativistically
invariant (as opposed to the Minkowski tensor), and it was
argued on this basis that it cannot be conceptually considered
a tensor. On this last point, though, no supporting mathe-
matics was provided.

It is perhaps for this reason that the above assertions were
challenged by the authors of Ref. [2], and accordingly the
purpose of this letter is to present calculations which show
that the Minkowski tensor in any inertial frame of reference
depends in like manner on field components in the same
frame, whereas the Abraham tensor does not.

Let us consider two frames, K and K’, where K’ moves at
the velocity v with respect to K along the Ox-axis. Then, for
the transition from K to K’, the Lorentz transformations of
second-rank tensor components can be written out as ([3],
p- 357)

i, = 7> (Tu +1B(Ta + Tar) — B> Tua) ,
Ty, = (T +ipTu),

Ty = (T3 +ipTus)

Tl =73 (Tia —ipTi + B> Tar +ifTus),
Ty = (Ta1 +ifTa),

Ty =Txn,

Ty, =T,

T3y = 9(Tu —iBTa1),

T3 =y(T31 +ipT3),

Ty, =T,

Ty =Ts,

T3y = (T —iBT31),

Ty =9 (T —ipTh + BT +ifTus),
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Ty = 9(Tar —ifT12),
Ty = 9(Ta3 —ipT13),
T‘/M:yz(T447iﬁ(T14+T41)7[32T11). (1)

Here, we have introduced the notation

-, = % . 2)
1-p

The Lorentz transformations for the fields are as follows
([3], p. 375):

E, = EQ ,

E, = }’(E}', + ﬁB_:) s

E. =y(E. - BB)),

D, = D; ,

D, = y(D}/, + ﬁH;) )

D. =y(D. - pH)),

B, =By, (3)

B, =y(B; — BE),

The energy—momentum tensor can be written down in the
form

Tocﬂ _icg
Tyu=| i s w (4)
c

Here, T, are the spatial components of the tensor, so that ,

p = x,y, z, gis the field momentum density, S is the Poynting

vector (energy flux density), and W is the field energy density.

The components of the Minkowski energy—-momentum
tensor are given by ([3], p. 377)

1 1
Ty =— (E,D H,Bg) — — ED + HB
B 4n( +Dp + H,Bp) o d,5(ED + HB), (5)
c 1 1

and those of its Abraham counterpart are defined as ([3],
p. 357)

1
Txﬁ = g (ExD/; + EﬁDz + HOCB/; + HﬁBa)

1
- — ED + HB
St 5&/3( + ) ) (7)
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Let us demonstrate that the Minkowski energy—momen-
tum tensor retains its form at transition from one frame of
reference to another. As an example, we shall consider the
component Ty, which, according to Eqn (5), takes the form

1 1
Txx = (ExDx + H‘CBX) T oo

g o 5 (ED + HB) . 9)

From Eqn (4) and the first formula of set (1) one finds

T.‘i‘x:y2<T.\‘x+iﬂ<_£Sx_ngx> _ﬁZW)' (]0)

Substituting the expressions for Ty, Sy, g, and W from
Eqns (6) and (9) into Eqn (10) yields

o) ] p
Txx = /2{ E (E\’D\ + H\B\) + E ([EH]x + [DB]x)

1
_§(1+ﬁ2)(ED+HB)}. (11)
Now, writing the scalar and vector products as
ED + HB = E.D, + E,D, + E.D. + H.B,
+H,B,+ H.B., (12)
[EH], + [DB], = E,H. — E.H, + D,B. — D.B,,  (13)

and substituting the Lorentz-transformed fields from Eqn (3)
in Eqns (12), (13), we obtain

ED +HB = E.D| + H.B, +y*(1 + p*)

x (E!D! + E/D! + H!B, + H'B!)

+29?B([E'H'], + [D'B],), (14)
[EH], + [DBJ, = 7*{(1+ #*)([E'H'], + [D'B’],)
+2B(E,D| + E!D.+ H,B| + HB!)} . (15)

Substituting the expressions for E,, Dy, Hy, and B, from
Eqn (3) and also expressions from Eqns (14) and (15) into
formula (11), and collecting similar terms, Eqn (11) becomes

1
1t =*{ g (- PUED, + HIB))

1 2
i (L= B)(ELD) + ELD. + HB] + H_:B_:)}, (16)

or equivalently

1 1
T, = in (E\D, + H.By,) — 3

O (E'D' +H'B’). (17)
The implication of this transformation is that the form of the
tensor component at hand remains unchanged at the
transition to K.

We now repeat the above for the component T, in the
Abraham form of the energy-momentum tensor. From

Eqn (7) it follows that

1 1
T\‘\' = ExDx HYBX o 1
- 4TE( ’ + ) 8m (18)

From the first formula of set (1) and using Eqn (4), one finds

5.«(ED + HB) .

Ti(\:y2<’rxx+1ﬁ(7és‘c7ug\) 7ﬁ2W) . (19)

Substituting the expressions for Ty, Sy, gy, and W from
Eqns (8) and (18) in formula (19) gives
B

1
T(\ = Vz{ ﬁ (ExDx + HxBx) =+ & (2[EHL¢>

&n (20)

1
—— (1+p*)(ED +HB)} .
With ED + HB already calculated above, we only need
obtaining expressions for [EH] :

[EH]Y = E"HZ - EzH}‘ = v2{[E,H,]x

+ B(E;D; + ELD! + H|B) + H!B!) + p*[D'B]. } . (21)

Here, we have again taken advantage of the Lorentz field
transformation (3).

Substituting the expressions for E\, D, H,, and B, from
Eqn (3) and also expressions from Eqns (12) and (21) into
formula (20), and collecting similar terms, we reduce Eqn (20)
to the form

1
Tt =*{ g (- PUED, + HIB)
1

2
— o (1= ) (E[D, + EID!+ H}B] + H!B)
ﬁ A ! ﬂ ! !
We obtain finally
1 1
T.=—(E'D'+HB)-—5.(ED +H'B’
XX 47.E ( X X Jr X X) 81_E (va ( J’» )
L (IE'H'], - [D'B'],) . (23)
47 * x

Thus, we see that upon transformation the components of
the Abraham energy—momentum tensor acquire an addi-
tional term which depends on the velocity of motion of the
reference system K’ relative to K. It is precisely this fact that
underlies the assertion in Ref. [1] that the Abraham tensor is
not relativistically invariant.
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