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Abstract. Gravitational radiation (GR) from compact relativis-
tic systems with a known energy—momentum tensor (EMT) and
GR from two masses elliptically orbiting their common center
of inertia are considered. In the ultrarelativistic limit, the GR
spectrum of a charge rotating in a uniform magnetic field, a
Coulomb field, a magnetic moment field, and a combination of
the last two fields differs by a factor of 4nGm>I'? /e? (I being
of the order of the charge Lorentz factor) from its electromag-
netic radiation (EMR) spectrum. This factor is independent of
the radiation frequency but does depend on the wave vector
direction and the way the field behaves outside of the orbit.
For a plane wave external field, the proportionality between
the gravitational and electromagnetic radiation spectra is ex-
act, whatever the velocity of the charge. Qualitative estimates
of I' are given for a charge moving ultrarelativistically in an
arbitrary field, showing that it is of the order of the ratio of the
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nonlocal and local source contributions to the GR. The localiza-
tion of external forces near the orbit violates the proportionality
of the spectra and reduces GR by about the Lorentz factor
squared. The GR spectrum of a rotating relativistic string with
masses at the ends is given, and it is shown that the contributions
by the masses and string are of the same order of magnitude. In
the nonrelativistic limit, the harmonics of GR spectra behave
universally for all the rotating systems considered. A trajectory
method is developed for calculating the GR spectrum. In this
method, the spatial (and hence polarization) components of the
conserved EMT are calculated in the long wavelength approx-
imation from the time component of the EMTs of the constitu-
ent masses of the system. Using this method, the GR spectrum
of two masses moving in elliptic orbits about their common
center of inertia is calculated, as are the relativistic corrections
to it.

1. Introduction

The source of gravitational radiation (GR) in the general
theory of relativity is the conserved total energy—momentum
tensor (EMT) of the system. At the same time, the EMT of
the gravitational field is not an unambiguously defined
quantity [1, 2], which is one of the reasons why the problem
of radiation by gravitational waves is in general so
complicated and far from a definitive solution despite the
considerable efforts of researchers [1].
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For this reason, a detailed study of GR (in the general
case, of gravitational fields) from a simple electrodynamic
system, such as a charged particle moving in an electro-
magnetic field, is of great interest. First, such GR shares
several common features with the GR of a body moving in a
gravitational field. Second, the enormous energy of particles
in accelerators being designed opens up the possibility for
the experimental verification of the ultrarelativistic effects of
the general theory of relativity [3-5]. Equally interesting is
to elucidate what information about the dynamic properties
of a given system is transmitted by its GR, in particular, to
what extent it supersedes the information conveyed by the
electromagnetic radiation (EMR) of the system and under
which conditions GR acquires the known characteristics of
EMR.

As is known from electrodynamics [6, 7], the spectrum of
classical EMR of a charge is totally determined by the Fourier
components of the conserved current density j,(g):

3
2 d 1 jot(Q) = eJ

o0

d&q = |ja(q) dt %, (7) exp [—igx(7)]

16n3 "’ oo

(1.1)
i.e., by its trajectory x,(t), and is unrelated to the nature of
forces driving the charge along this trajectory.

On the other hand, the spectrum of the classical GR of a
body with mass m moving along a trajectory x,(t) is
determined by Fourier components of the conserved EMT
T.p(q) of the entire system [7, 8]:

o] &

af L q
dgq =316 Tl T(0) - 3 T2 | f

(12)

Because T,43(q) is the sum of the EMT of the body in question,
tole) =m | (1.3)

and the EMT of the force field responsible for moving the
body along the given trajectory, the GR spectrum depends
essentially on the nature of this field. An exception is the case
of a nonrelativistically moving body (or bodies) forming a
closed system together with the force field. Then GR
becomes quadrupole-like, whatever the nature of the forces
acting on the body, and is described by the well-known
formulas [6]
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containing the quadrupole moment D;; of the moving mass
distribution; here,n = q/¢°. On the other hand, in the general
relativistic case, the GR spectrum gives an idea of the
dynamic properties of its source, and this fact is of consider-
able interest.

In Section 2, we consider the GR of a body with mass m
and charge e driven by electromagnetic forces in a uniform
magnetic field, in the Coulomb field of a heavy center, and in
a plane-wave field with circular or linear polarizations [9].
Although the GR spectrum in each of these cases has specific
features, it coincides with the spectrum | j,(¢) > of EMR in the
relativistic limit up to the replacement of the squared charge

e? by the quantity 4tGm2I'%, where I’ is proportional to the
effective Lorentz factor of the moving body and essentially
depends on the character of the external field. In this limit, the
radiation wave vector q is pinned to the plane of the body
motion, forming a small angle « < y~' < 1 with it, and the
radiation frequency is y3 times higher than the fundamental
frequency w, ¢° = |q| ~ 73w. Hence, at y > 1, in the effective
range of frequencies and angles of radiation, we have the
relation

810G | T, (q) T (q) —% |T, ,j‘(q)}2

4nGm2T?
22

|ju(q)’2'
(1.5)

Because any external electromagnetic field looks like a
plane wave in the rest frame of a relativistically moving body,
relation (1.5) can be expected to be exact rather than
approximate for the GR spectrum of a body with mass m
and charge e moving in a plane electromagnetic wave field.
Indeed (as is shown in Section 2.3 below), the following strict
relation holds for the GR spectrum in the case of such motion:

1 2omr?
Tw(@)T"" (@) =5 | T @) =5 (@]
(1.6)
F:M:y*cot—,
mq_ 2

where m, is the effective mass of the charge equal to its mean
kinetic energy in the system of coordinates where it is at rest
on average, g3 and q, are parallel and perpendicular
components of the radiation wave vector q with respect to
the momentum of the wave k, g¢_ = ¢° — ¢3, and 0 is the angle
between q and k. The effective Lorentz factor y, and the
velocity v, are defined by the relation m, =my, =
m(1 —v2)" 2

The value of I' in the case of ultrarelativistic motion in a
circularly polarized wave for the aforementioned high GR
frequencies tends to the Lorentz factor y because, with the
plane of the motion orthogonal to the vector k, the angle 0
differs from ©/2 by no more than y ~! and the effective mass
coincides with the body constant kinetic energy in the system
under consideration.

For ultrarelativistic motion in a linearly polarized wave,
the quantity I' is given by formula (1.6) as before; the
ultrarelativism only bounds the range of effective angles 6
from below: 2arccotv2 < @ < n. I' remains 6-dependent
because, as the charge moves along the figure-eight trajec-
tory lying in the plane containing the vector k, the angle
between its velocity v and the vector k takes all values between
0p = arctan (2v/2/v,) and = four times (see [6]). In the
ultrarelativistic limit, this range of angles widens
(A — 2arccotv/2 at v, — 1) and restricts the effective
radiation angle 6 because radiation becomes pinned to the
direction of velocity.

We emphasize that the value of I'(6) does not coincide
with the Lorentz factor of the body at a point where its
velocity v makes the angle 6 with the vector k for the following
reason. Although GR is emitted by an ultrarelativistically
moving charged body along its velocity vector, it is formed in
the region of the order of the trajectory mean curvature
radius, whereas EMR is emitted in the ultrarelativistic limit
along the velocity vector of the charge and is formed at the
segment of the trajectory y times smaller than the local
curvature radius.
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The extended region where GR forms is preserved even in
the case of ultrarelativistic motion of the body because
emission of GR by a local source (the EMT of the body ¢,,)
is accompanied by the emission of GR from an extended
source (the EMT 0,, of the external and proper electromag-
netic fields). The latter mechanism consists of emission of a
virtual photon by a local source (the current j,), giving rise to
a real graviton due to gravitational interaction with a
quantum of the external electromagnetic field. In the
ultrarelativistic limit, the frequency of the virtual photon is
y3 times the fundamental frequency « (defined by the
curvature radius r of the trajectory, @ ~ ¢/r) and its ‘mass’
is of the order of 732w, i.e., is small compared with the
frequency. For this reason, such a photon is emitted almost as
areal one, in the direction of the charge velocity vector, and is
formed at a small segment (~ ¢/yw) of the charge trajectory,
but its gravitational interaction with a quantum of the
external field occurs along a length of the order of that
quantum wavelength (~ ¢/w). Evidently, the graviton
energy and momentum actually coincide with those of the
virtual photon, but the probability of the appearance of the
graviton depends on the state of the external field over the
graviton formation length. The extension of the range of GR
formation from ~ ¢/wy to ~ ¢/w results in I’ differing from
the Lorentz factor y at the moment of photon emission and in
its dependence on the external field structure. Also important
is the fact that the two above mechanisms of GR are coherent.
As the charge moves in a plane-wave field, their interference
leads to the suppression of GR at the angle § = &, although
EMR is not forbidden at this angle.

On the other hand, I'(0) diverges as 0~ ' at 6 — 0 and
leads to the logarithmic singuliarity d0/0 in the GR
spectrum due to a finite and nonzero current density at the
point 8 = 0. The appearance of this singularity is related to
the fact that as 6 — 0, the leading role in the emission of
gravitons is played by the second, nonlocal mechanism. Its
amplitude is the sum of two amplitudes proportional to the
propagators (g + k)_z of the virtual photons present in the
source of gravitons, i.e., the EMT of the field of these
photons and the plane electromagnetic wave. As 8 — 0, the
photon propagators become infinite because (¢ + k)f2 =
T(2wq®) (1 —cos0) ' ~ F1/wqg"0?%, while the remaining
factor of the transverse EMT components tends to zero as 0
(the electromagnetic field of the photons and the field of the
plane electromagnetic wave propagating in the same direction
again constitute a plane electromagnetic wave, which, as is
well known, cannot be a source of gravitons because its EMT
has no transverse components [6]). As a result, the amplitude
and therefore I' diverge like 6 ' as 6 — 0.

Because the current density at 8 = 0 differs from zero only
for the fundamental frequency ¢° = w, the singularity of the
GR spectrum at this point may be due to the subnormal mass
(~ w0) of virtual photons and therefore the very large region
(~ 1/w0) of formation of GR emitted at such small angles.

Such enhancement of the nonlocal mechanism also occurs
in the GR process of a charge moving in a constant uniform
magnetic field (Section 3) if the field remains uniform over a
length / much greater than the radiation wavelength 4, i.e., at
!> A. In this case, the external field is characterized by the
wave vector k, such that |k| ~ /=" and k° = 0, and hence the
virtual photons emitted by the current j, have a very small
mass | (g + k)*| ~ ¢~ 1f I = oo, T, () hasa poleat g% = 0.
Then the GR spectrum can be represented as an expansion in
powers of ¢2/w? (w is the angular frequency in a circular

orbit):
vk 1 u 2
Tu()T""(q) = 5 | T (q)|
o\ ? w?
=|—) a2+t~ a1t+a+...,
q q

where the leading term is proportional to the EMR spectrum,

@) (1.8)

The proportionality coefficient actually coincides with the
corresponding coefficient in (1.6) for the circularly polarized
wave. Indeed, the coefficient in (1.6) follows from (1.7) and
(1.8) by the replacement ¢ — ¢ + k, where k, is the wave
vector with the components k3 = K'=ow, ki =k, =0:

(1.7)

2,22
_ 2m7y°qi
a-2="—"73"3
elw

2,292 ,2

2my o qi 29242

m=y qy
2e2¢2

1.9
= (19

For finite / > A, formula (1.7) acquires dependence on the
falloff of the magnetic field at distances ~ /. For example, for
a Gaussian falloff of the field in the motion plane
H(x) = Hoexp (—x?/1?), ¢~* in the first term in (1.7) should
be replaced by n/2/16¢? because the field is characterized in
this case by the wave vector ky 5 ~ [ 7!, k3 = k® = 0. Then the
second term vanishes.

Formulas (1.6), (1.7), and (1.8) clearly demonstrate the
differences between the GR spectra for different electromag-
netic force fields driving a massive charge in the same orbit.
Thus, the formation of the GR of a massive charge moving in
the external electromagnetic field is greatly promoted by the
nonlocal mechanism with the participation of virtual
photons. In certain cases (movement in a plane-wave or
constant uniform field, ultrarelativistic motion), this mechan-
ism leads to proportionality between the GR and EMR
spectra, with the proportionality coefficient carrying infor-
mation about the nonlocal mechanism and the form of the
external field.

Such a relation between the GR and EMR spectra
disappears if the external electromagnetic field is replaced by
alocal force field. We show this with the example of the GR of
a body elastically colliding with very massive but small balls
arrayed circumferentially at regular intervals such that the
resulting motion of the body in the limit of a large number of
balls is a uniform circular motion (or motion along a ring-like
trough).

In electrodynamics, the current density conservation
ensures that its invariant square determining the EMR
spectrum can be expressed through transverse current
components in the system of coordinates with the 3-axis
along the wave vector q, ¢° = |q|:

lin@)” = i @[ + i3 ah (1.10)
Similarly, the EMT conservation allows expressing invariant
(1.2) determining the GR spectrum in terms of the EMT
transverse components in the system of coordinates with the
3-axis along q:

Ta(@) T (4) ~ 5 |T)

1
=T (@) = Thg)| +2|Th(e"))

5 (1.11)
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The use of transverse (polarization) EMT components
substantially facilitates the description of a GR system and,
specifically, the estimation of contributions by the field and
matter components of the EMT. For example, it follows from
expression (3.5) for the EMT of the field and formula (3.4)
(Section 3.1) that by the order of magnitude, the space
components of the field EMT are

Ou(q) ~ Flj,

where j = j(q — ker), and Fis the external field strength in the
formation region of the radiated photon. The length / is
determined by the photon propagator:

-1 1 /
R
[ e Tl ™ T
i.e., it is the photon path length in the field before the photon—
graviton conversion. For y > 1, relation (1.5) is due to the
contribution from the field EMT, and the estimated relative
amplitude of the conversion (as we refer to I' hereafter) is

(1.12)

(1.13)

(1.14)

We first consider trajectories with a turning angle of the
order of 1 or greater (including finite trajectories), for which
the curvature radius determined by the motion law
eF ~ mv?y/r does not exceed the field size. If the field varies
appreciably at distances much greater than r, then / > r and
I’ ~ yl/r > y. Such a situation occurs for the GR of a charge
moving in a uniform magnetic field extending far beyond the
orbit (see Section 2.2). For a field changing considerably at
distances of the order of the orbit radius (circular motion in a
Coulomb field, see Section 2.4, a magnetic moment field, or a
combination of these two fields; see Sections 3.1 and 3.2),
I' ~ y > 1. Finally, for a field extending along the trajectory
as far as /| 2 r but having the small transverse size /| < (as
in modern cyclic accelerators), I ~yl/r <y, where
I~ (lLr)l/2 < r[see a remark to this effect in Section 3.2 and
formula (3.31)]. With this in mind, we cannot agree with the
authors of [4] that the GR intensity in existing and projected
accelerators can be estimated from the formula for the EMR
intensity with the squared charge e?/4n substituted by
Gm?*y?; the small factor /| /r must be taken into account.

We next consider trajectories with a small rotation angle
Ap < 1, i.e., infinite trajectories in a field of small extension
compared with the curvature radius. Using the motion law
eF ~mvyAp/At and [~ vAt, we obtain I' ~yAp <y in
accordance with (1.14). This estimate is valid at
771 <Ap <1 If Ap <y~!, the following consideration
should be borne in mind. Formula (1.5) relates GR to the
EMR produced by the current components transverse to q at
g* = 0. But a contribution to (1.12) also comes from off-shell
current components unrelated to particle acceleration. They
are a factor of 1/A¢ larger than the acceleration-related
components and have components orthogonal to q that are
~ 1/yA¢ times the transverse components responsible for
EMR. Consequently, an additional factor 1/yA¢ appears in
the above estimate at Ap < y~! < 1. Thus, at Ap < 1,

1
FNyA(/)(1+7> =1+7yAep.

1.15
yA@ (115)

In Section 3, we consider the GR spectrum of a charge
rotating in the equatorial plane of a magnetic moment field and
show that in the relativistic limit, it coincides with the GR
spectrum of a charge rotating in a Coulomb field if the

parameter ¢9Mi/r of the chargefield interaction is replaced
with —ee’. Moreover, the GR spectrum of a charge rotating
ultrarelativistically in the combined Coulomb and magnetic
moment field is described by the same formula with the quantity
in the left-hand side of inequality (3.29) as the interaction
parameter. In other words, the GR spectrum is in all cases
characterized by the conversion amplitude I = y [11].

To elucidate the dependence of GR on the field EMT
spatial distribution, we considered the GR spectrum of a
relativistic string with point masses at the ends and showed
that in the relativistic limit, the contributions from the string
and the masses are of the same order of magnitude even
though the string energy is by the order of magnitude y times
higher than the mass energy.

It has been shown that the GR spectrum of a closed
system consisting of a point mass rotating in a central field, in
the nonrelativistic approximation when the GR wavelength is
much greater than the system size, has a universal character:
the leading term of each GR harmonic is independent of the
nature of the central field and for all harmonics with n > 2,
the contribution of the field EMT is n — 1 times smaller than
that of the mass EMT [11].

The trajectory method for calculating nonrelativistic
corrections to GR from a weakly relativistic system is
described in Section 4. The method is based on a differential
equation relating the spatial components of a conserved EMT
to its temporal component. For such systems, the spatial
EMT components are small compared with the temporal one.
Due to this, the differential equation allows finding them
from the temporal component of the matter EMT for a given
trajectory, with subsequent adjustment by including the
relativistic corrections and taking account of the temporal
component of the field EMT. This method was used to find
relativistic corrections for all GR harmonics of two masses
elliptically orbiting their common center of inertia.

Finally, Section 5 focuses on the GR spectra of an
ultrarelativistic charge passing in the equatorial plane of a
Coulomb field or a magnetic moment field, with the
deflection angle assumed small, y < y~' < 1. It was shown
that the spectra coincide in the effective wave vector region
despite somewhat different trajectories and are characterized
by a conversion amplitude dependent on the wave vector
direction and the deflection angle.

The requirement of ultrarelativism may be relaxed to
relativism to obtain a more general expression for the
electromagnetic current squared; it is not segregated from
the GR spectrum, however, but may serve to evaluate it to the
order of magnitude.

Notation. Greek letters o, f5, u, v, ... take values 1, 2, 3, 0
and Latin letters i, j, k, /, ... take values 1, 2, 3. We use the
metric g, = diag (1,1, 1, —1), Heaviside units for the charge
and electromagnetic field and the speed of light ¢ = 1, except
when relativism has to be emphasized and in Section 4.

2. Gravitational radiation
from simple electromagnetic systems

2.1 Energy—momentum tensor conservation

and the gravitational radiation spectrum

of a body moving in a ring-like trough

We consider the trough as a system of very massive small balls
with a mass M much bigger than the mass m of the elastic
body colliding with them and EMTs in the form (1.3) with m
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replaced with M. It is easy to see that the spatial components
of these tensors are smaller by a factor of the order of M /my
than the corresponding EMT components of the moving
body. Therefore, they can be neglected in the limit
(M/my) — oo and the spatial components of tensor (1.3)
can be used as the EMT spatial components of the whole
system, i.e., Ti;(q) = t;;(¢). The remaining four components
of the tensor 7, can be found from the four conservation
laws:

q"Tw(q) =0, v=1,2,3,0. (2.1)
Then
q' q'q’
Toj(q) = 0 tii(q),  Tolq) = i tij(q) - (2.2)

For uniform motion with the speed v = wr on a circle of
radius rin the 1, 2 plane, the following spatial components are
nonzero:

mv?y

3 Z 213(q° — nw)

ti,n(q) =

1 . 1 . .
x {Jn £2 Joexp (<i20) £ 5 Sy 2exp (i20) | exp (<ing),
mo2y (2.3)
t2(q) = TZ 216(q" — nw)
n
x [Ju—2exp (12¢) — Jus2 exp (—i2¢)] exp (—ing)

where J, = J,(z) is the Bessel function, z = ¢, r = |n|vsin 0,
0, ¢ are polar and azimuthal angles of the vector ¢, and the
sum is taken over integer n 2 0. Hence and from formula
(2.2), the expression for the GR spectrum is

T(@) T (g) 3 | TH(a)

miuty? [

| 2

2 2
Jn+2 + Jn—2

= tZZTté(qO —nw)
n
— sin2 0(],12+2 + an_z + Jr1]n+2 + Jan—Z)

(2.4)

1.y, 1 1 2
+§ sin” 0 Jn+§Jn+2+§Jn_2 .

It is essentially different from the EMR spectrum of a charge
moving circumferentially:
‘ju(q)|2 = tZZné(qO —nw) e*[cot? 04,7 +v>J2] . (2.5)
n
The difference persists in the ultrarelativistic limit y > 1,

where z~n~y3 and a = (0 — 1/2) ~ 7! are effective and
the square brackets in Eqns (2.4) and (2.5) become

1 2
[ Jor = 8Ka2 +ﬁ) J? +oc2Jn’2} :

[ Jemr @)+ )7

n

and instead of J, and J;, their asymptotic representations in
terms of the Airy function @(y) should be used:

w0=2 () 0w, so=-L2) vw,
(2.6)

=) (%)

S

It is easy to see that relation (1.5) is not satisfied; in viewing it
as an order-of-magnitude relation, we should take I’ ~ 1 and
not I' ~ y, as it would be for a system with a nonlocal EMT.

In the nonrelativistic limit, the sum in (2.4) contains only
the quadrupole terms n = £2. According to (1.2), the n =2
term gives rise to the GR intensity

d G 2,42 8
de = deﬂ(l + 6¢0s 0 + cos* 0) = - Gm*v*w?,
dr 8n 5

(2.7)

accounting for 1/4 the GR intensity of the same body orbiting
in a force field with the extended EMT (see [6], par. 110).

This means that for a nonrelativistic system with the force
field having an extended EMT, the contributions of local and
nonlocal channels to the GR amplitude coincide and hence
the total amplitude is twice that of the local channel and the
corresponding intensities differ by a factor of 4. We demon-
strate this in Section 2.4 by direct calculation using the
example of the GR of a charge held on a circular orbit by
the Coulomb center.

Unlike (1.6), the differential distribution in (2.4) and (2.7)
does not vanish at 0 = n.

It is appropriate to use formulas (2.2) and write the
conserved EMT T* in the coordinate representation as the
sum 7% (x) = 1*#(x) + t*(x) of the point-mass EMT

1" (x) :de‘w'c“‘(‘z:))'cﬁ(‘c)5(x—x(r))7 (2.8)

and the tensor t*#(x) that has zero spatial and nonzero mixed
and temporal components:
‘Cij(x):O7 i7j:1a2737

1% (x) = —% der %P () sgn (x° — x°(1)) 8(x — x(1))

1
+50ﬁ Emjdr

x0 - xo(r)| (1) 0 (x —x(1)), (2.9)
p=1,2,3,0.

We note that the tensor 7*#(x), unlike (2.8), contains only the
spatial d-function in the integrand and lacks the temporal
one.

The tensor 7% (x) differs from zero only at points x = x(t)
of the mass trajectory where the mass undergoes acceleration
%(t) # 0. In this sense, the tensor t# is local, but its values at
these points depend on the time x°. However, the divergence
of this tensor

0

o (2.10)

P (x) = —m Jd‘c i (x) o(x — x(1))
is entirely local. It has the same value (but the opposite sign)
as density of the force accelerating the mass, i.c.,

0

Ox*

%P (x) :m‘[d‘w’é/}(r)é(x—x(t)). (2.11)

These two divergences compensate each other, demonstrating
the conservation of 7% (x) in the coordinate representation.
It would be possible to give the tensor t* a physical
interpretation and to call it the trough EMT if force (2.11)
acting on the mass m from the trough could be related, e.g., to
the trough elastic properties and the change in its energy in a
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certain effective volume near the contact with the mass. The
variation of the energy in a volume moving along the trough
together the with the mass would be an additional extended
source of GR.

In the present review, much attention is given to the force
field holding the mass on the orbit and to the corresponding
EMT.

2.2 Gravitational radiation by a charge moving

on a circle in a constant uniform magnetic field

The source of the GR of a charge moving in an electro-
magnetic field is the conserved tensor T, = . + 0, consist-
ing of the EMT ¢, of point-like charge (1.3) and the EMT 0,,
of the external (¢,;) and proper (f;s) electromagnetic fields
[6, 8:

) 1
Q,uv = _FM.F/VV - g;wFotﬁFaﬂ )
4 (2.12)

Fop = @up +fop -

The terms of the tensor f,s, quadratic in 0,,, can be omitted
because we disregard the action of the proper field of the
charge on itself. At the quantum level, this corresponds to
neglecting radiative corrections. In this approximation, the
tensor T, is strictly conserved and the expression for the
Lorentz force contains only the external (with respect to the
charge) field ¢, rather than @,z + fo5.

For the external fields considered below, the terms of 0,,,
quadratic in ¢,; are not a source of GR and can be omitted.
We therefore use the following equation for the Fourier
transform 0,,(¢):

emm=—[&k

Qm4hwwM%@—m+me\mq—m

5 B0 - )| @.13)

where the proper field can be expressed, in accordance with
the Maxwell equation, in terms of the current density:

i

@) = 3 4:Jp(q) — a5 j(9)] - (2.14)

For a constant uniform magnetic field H directed along
the 3-axis, only the following components are nonzero:

@12(k) = —@y, (k) = H2m)*5(k) . (2.15)

For a charge moving along a circular trajectory in such a field,

xi(t) =rsinQt, xy(1) =rcosQt,

(2.16)
x3=0, x(z) =1,

with the eigenfrequency Q = wy fixed by the field
(2 =eH/m) and the spatial components of 7,, given in
(2.3). The nonzero spatial components of the tensor 0, are
defined by the formulas

mwzwwz—%@:gwm@—wmm,

H (2.17)

iH )
0h3(q) = e @ j2(q),  Oxn(g) = 7 g3 j1(q),

in terms of the spatial current density components
Jilg) £ij2(g)=ev) 2m6(q° = nw) Jz1(2) exp [i(n F )] .
n
(2.18)

The remaining mixed and temporal components of ¢, and 0,
can be found from the same formulas (1.3) and (2.13)—(2.15);
on the other hand, the corresponding components of the
conserved tensor T, can be reconstructed from its spatial
components by formulas (2.2). Both ways lead to the same
result (1.7) for the GR spectrum.

Conversion of the photon propagator to infinity implies
a cascade process: first, the current emits a real photon,
which then turns into a graviton as it moves in a constant
field [12-14]. Interestingly, the constant field transfers the
zero 4-momentum to the graviton.

Because a real magnetic field sooner or later loses
uniformity, it may be assumed that its sources do not
contribute to the Fourier components of the EMT being
considered. If such a field decreases at distances ~ /> A =
2nw~!, eg, like H(x)=Hexp(—x2/I*) or H(x)=
Hexp (—|x3|/), then the factor 1/¢? in formulas (2.17) for
Oy is replaced by iv/ml/4q, or il/2|q;|, which leads to the
corresponding substitution in expression (1.7) for the spectrum.

2.3 Gravitational radiation by a charge moving
in the field of a plane electromagnetic wave
The GR of a charge in an external plane-wave field originates
from the same sources #,, and 0,,,, with the contribution of the
latter mediated through a virtual photon of the proper field of
the charge in order that the graviton be real.

We first consider the GR of a charge in the field of a
circularly polarized wave

@up(x) = — g5 sin (kx) + g5 cos (kx)

o, o

(2.19)
(pi'ﬁ) = kaa/’; — kﬁa;, a;a-’“ = azé,-j, kya*=k>=0.

We choose a system of coordinates where the charge is on the
average at rest and the wave propagates along the 3-axis with
the wave vector k; =k, =0, k3 = k® = w and with the
potential amplitudes a! = ad!. Then the trajectory of the
charge is a circle in the plane x3 = const, along which it
moves with the speed v = &, & = ea/m,, m, = (m* + ¢2a?)"/?,
and a phase as in (2.16) if x3 = n/w is chosen instead of
x3 = 0. Therefore, the components of #,, are the same as in
(2.3) but with the phase factor p = exp (—igsn/w). To these,
we add the mixed and temporal components

) +itd = muvy Z 21n3(q° — nw) Juzr exp [—i(n F 1)o]

(2.20)
too = my Z 218(q° — nw) J, exp (—ing) ,

n

which must be accompanied by the same factor p.
Because the Fourier components of the field reduce to two
J-functions,

41 .
Pup(q) = (2m)" 5 [@op 0(q — k) — @5 0(q + k)] ,
! 2 / (2.21)
Doy = 0y —igly)
the tensor 0,,(¢) can easily be found in terms of the current
components j, (¢ F k), which differ from the components of
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the current for the motion in (2.16) by the factor described by equations
exp [—i(¢3 F w)n/w] = —p. The omission of the phase factor
p common for tensors #,, and 0, results in x1(1) = _é sinQ,7,  xy(1) =0,
. @ (2.25)
011 :—922271)22“5(610—”00) &2 0 &2
b x3(t) ==—sin2Q,t, x°(7) = y,7+— sin2Q,7,
8w 8w
q.1 .
X {(E n—1 — Jn72) eXp [71(}/1 - 2)(/)} where
m, ed
. Q* = Wy, x =—3
+ (UqTL il — Jn+2) exp [—i(n+ 2)@0}} , wy Y - ¢ py

01, =

mv2y 0

T; 216(q"” — nw)

% {( qL
vg—

- (UqTL JrH—l - Jn+2> €Xp [—i(ﬂ + 2)@}} )

n—1 — Jn72) eXp I:*i(n - 2)(0}

(2.22)

mu )
03 = 010 =3 /ZZTEb(({O —nw)

x{{2 q3—
vg_

+{2m

Jn-1 _Z_i(JIHZ J, ):| eXp [ (n - 1) }

Jn+1

mv?y 0
TZ; 216(q" — nw)x

x{{Zq‘}U—an_l—Z—L(Jn_z J)]exp[ i(n—1)¢)]

L (012 - m} exp [—i(n + ”“"]} ’

02 =05 =

_ [2qz+w

Jr1+l

O J,,)] exp [—i(n+ 1)q>]} ,

2
0 _ muvo-y 0
033 = 03 = 900 —T En 21‘[5((] 71160)
L1 a =g

Juexp (—ing) .
- (~inp)

Here, g_ = ¢° — ¢3; the Bessel functions depend on z = ¢, r.
Calculation of the GR spectrum from formulas (2.3),
(2.19), and (2.22) gives

V¥ 1 2
T, 1" —3 |1}

= t22n5 q° — nw)

A comparison with the EMR spectrum (2.5) of a charge
moving in a circular orbit shows that the GR and EMR
spectra are related by simple equation (1.6) with the
proportionality coefficient independent of the radiation
frequency ¢° or the harmonic number (see also [10]).

We now turn to the GR of a charge in the field of a linearly
polarized wave:

m2v2g2

m=y=qy | 43 24 4202
. (22
2q2 Lh CRaRd } 223)

(pxﬁ(x) = _@aﬁ sin (kx) )

kKX=ak=0.

@“/; = kda/; — k/;aa s

(2.24)

In a coordinate system where the charge is on the average at
rest and the wave vector is directed along the 3-axis,
ki =k, =0, ks =k® = 0, the charge has a figure-eight
trajectory lying in the plane of the wave vector k and the
amplitude of the electric field E = wa. The trajectory is

m, = (m?+ (1/2)e2a®)"/? is the effective mass of the charge
equal to its mean kinetic energy in the system of interest.

Then the nonzero components of the EMT of the charge
are

11(q) = m,&? Z2n5(q0 — sw)Aa(saf),

n3(g) = — )(245 — A1),

.
t33(q) = 1§ )(444 — 445 + Ao),

(2.26)
1) (q) = —m*ézs:hcé(qo — s0) [(1 —%2>A1 +%2 A;} ’

2
lg) =253 2 (" — sw)

r 2
X £2A4+(2752)A27 (1 *%)A()] s

Here,

1 (" . .
Ay (saf) = ﬂj de cos” g exp [i(asing — Bsin2¢ — s¢)]
—n

(2.27)
are the functions introduced in [15],

o= —¢q/wand p = Eq_/8w.
With the Fourier components of the field now equal to

with arguments

0up@) = Q) S 0ylolg—k) = 3lg+ 0], (228)
formulas (2.13) and (2.14) give the field EMT
Ong) = ~0(a) = |1 1 = (- +7) |
012(q) = —%( — i),
013(g) = 07(q) = 4 [(q° —k°) j3 — (g3 — k3) j°
+ (¢ + k%) s — (g3 +k3) ], (2.29)

023(q) = 03(q) = 74qi_<jl +i1),

033(q) = 05 (q) = 000 (q) = — [m(/ +j3+7°+j3)

49

—(q° =k "+ g5 —k3) 1 — (¢° + k° + g3 + hk3) ] -
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Here, j, are the Fourier components of the current density;
the first of the two identical symbols in the brackets depends
on ¢ — k and the second on ¢ + k. The expressions for these
components differ from those for j,(g) by the replacement of
the functions 4,,(s) with 4, (s F 1):

fefZZTE(S q° —sw) A1 (sF 1,0f),

Z2n5 q° — s)
X 24x(s F 1,ap) —

(g F k) =e> 2m5(q° — sw)

JilgT k)=

j3(q T k)=

Ao(sF 1,0B)], (2.30)

¢ ¢
X {(1 _Z)AO(S:F l,ocﬁ)—l—TAz(s:F l,aﬁ)} .

Forming the conserved EMT T,,(g), we obtain an expression
for the GR spectrum in the form

1 2
Tu() T (q) = 5 | T (q)]

_122115 q°— sw) qqi [~ A2+ x2(A42— Ag4s)], (2.31)

where x = ea/m and A4, = A,(saf}). The following relations
for the functions A4, were used in this derivation:

(s —2B) Ao — oAy + 444, =0, (2.32)
A”(S - 1) - An(s + 1)
I’lj— 1 [4ﬁAn+3( ) An+2(S) + (S — 2B)An+1(s)} s (233)

An(s = 1)+ Au(s +1) = 24,1 (s) . (2.34)

Spectrum (2.31) is related to the EMR spectrum of a charge in
a linearly polarized wave

‘jﬂ ‘ —IZZTcéq —sm)

2[ AJ + X2 (A} — Ag4d)]

(2.35)

by expression (1.6).

Therefore, the GR and EMR spectra of a charge in a
plane-wave field differ only in the radiation frequency-
independent coefficient

471:Gm

72 cot? (2.36)

2

[here, the factor 8nG omitted in (2.23) and (2.31) is taken into
account; see (1.2)]. Even though relation (1.6) was already
discussed in the Introduction, it should be remembered that it
arises from the joint action of the local and nonlocal GR
mechanisms. As a result, the final answer depends on j,(q),
whereas 0,,(q) depended on j,(q % k). In the ultrarelativistic
limit, the nonlocal mechanism becomes dominant. This can
be illustrated by the example of formula (2.31). If only the
field source 0, is taken instead of T, in the left-hand side,

then (0" = O)
0w (9)0" (q) = lZZTcé q° — sw)

— Aods)|, (2.37)

i.e., expressions (2.31 and (2.37) differ essentially in the first
terms. But in the ultrarelativistic case, when x > 1, the main
contribution to the integral for 4, in (2.27) comes from the
saddle point ¢ =, where

q1

V2¢q-

cos \'>1% —

(see [15]). With the azimuthal angle pinned to 0 or m, it follows
that ¢ ~ £q, . Therefore, 4y~ cos®> YAy ~ (q3 /2q*) Ao, and
Eqn (2.37) becomes (2.31), where the relevant asymptotic
expressions should naturally be used for the functions A3 and
A3 — AgA> (see [15, 16]).

We note that formulas (2.23) and (2.31) allow passing to
the limit of an infinitely heavy charge mass; in this case, they
describe the angular distribution of GR produced when a
plane electromagnetic wave is incident on a fixed Coulomb
center:

| [,
T *§|T,ﬂ

o T

m—oo

e2a? 0 (1+cos?f
=t 216(¢° — nw cot? = { ’
n;l < ) 8 2 | 1—sin®fcos? g,

(2.38)

where the top and bottom lines respectively refer to circular
and linear polarizations. This result is consistent with [17].

2.4 Gravitational radiation by a charge rotating

in the field of a Coulomb center

We consider the motion of a charge e on a circle (2.16) in the
Coulomb gravitational field of a fixed charge ¢’. This field,
unlike the magnetic and plane-wave fields, has the continuous
wave vector spectrum

!
(ks

. e
Puplle) = =i 15 — kpd2)2m3(k°). (2.39)

Using the causal proper time representations for the propa-
gators k2 and (¢ — k)f2 in integral (2.13), it is possible to
perform the Gaussian integration over k and over one of the
proper times. The tensor 0, is then represented as an integral
over the dimensionless variable u (the ratio of one of the
proper times to their sum):

0,,(q) = ieie du ” dr exp (if)a ,
' 8n|q|[ J & ' (2.40)
f==qx"(z) + u(qx(z) + lq|r) .

The following expressions can be obtained for the compo-
nents a,,:

aij = [(1 — u)(q°5i; — 24iq;)

+ (1= 2u) |(,l—,| (0ijqx — qix; — q;x;)

2
+u(r1—2(2x,-xj—5,, )—l—lﬂ x,x,]x

lq|

+q° [6]:‘59‘ g% — Oijq% + = (i + x,-xi)} , (241)
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al = {(1 —2u) (q2 +@ qx) |q|}x,

Iq\

+u—= qxx; — (1 — u)qxq;, (2.42)

ag = [(1 —2u) (q2 1l ) +a ‘qq - dax. (2.43)

We note that a; = agy by virtue of the tracelessness of the
EMT of the electromagnetic field. The circular motion is
described by coordinates (2.16).

It follows that a,, are polynomials of degree no higher
than second in the coordinates x; »(t) with coefficients that
are quadratic in the components ¢, and depend linearly on u
and the velocities X7 2(t), x°(t), where 7 is the proper time of
the charge e. The dependence on the velocities x; 5, X arises
from the use of formula (2.14) for the proper field and
expression (1.1) for the current. The integral over 7 in (2.40)
can be represented as a series over Bessel functions with the
argument z; = (1 — u)z, z = g, r. The product of charges is
eliminated by using the equation of motion mvyw =
—ee' /4nr?.

Besides the EMT 0,,(¢) of the external and proper fields,
the conserved EMT of the entire system contains the EMT
t,v(g) of the charge e [see (2.3), (2.20)] and the EMT 7,,(g) of
the Coulomb center with vanishing spatial and nonvanishing
mixed and temporal components of the n = 1 harmonics:

t(q) £ i3 (g) = —mvy(1 —v” —iv) exp (iv) 2n8(¢° F ) ,

— (2.44)

2w
x [exp (—ip) 2n5(¢° — w) — exp (i) 2n5(¢° + )] .

(1 —v? — i) exp (i)

t00(q) = —

The divergence of this tensor ig,t*(¢) coincides with the
force density exerted on the fixed charge ¢’ by the charge e
rotating around it. Its nontrivial components are

fe) £if*(g) =
fg)=0.

2 —iv)exp (iv) 2m(¢° F ),

(2.45)

timvyo(l —v

At the same time, the divergence ig*t/(g) of the EMT #,4(q)
of the charge e moving in a circle coincides with the density of
the force g#(g) acting on this charge. Its nontrivial compo-
nents are

Fimvyow Z 218(q° — nw)

n

x Juz1(z) exp [<i(n F 1)o] ,

2%(q)=0.

g'(q) £ig’(q) =

(2.46)

We recall that z = ¢, r = |n|vsin 0, and 0 and ¢ are the polar
and azimuthal angles of the vector q.

We postpone the discussion of the relation between the
forces f*(q), g”(¢) and the divergence iq“@f(q) of the EMT
of the Coulomb and proper fields until the next section.

In this section, unlike in the previous ones where the GR
spectrum was calculated from the invariant product of EMT
components [see (1.2)], we find the spectrum as the sum of
squares of two independent polarization amplitudes denoted
as T (gq) and T (g). Indeed, writing the invariant expression

for the spectrum in a reference frame where the wave vector q
is directed along the 3-axis, labeling the tensor components in
this system with a prime, and using the conservation law

4" Top(q) = q'"T,5(¢") = 0 and the equality ¢> = ¢'*> = 0, we
obtain
o ff 1 o 2
1 1 N SNE
_§|T11(4)_T22(‘1)’ +2|T1(q")|" (2.47)
The expressions
Ti(q) =T1(¢") = Tilg"),  Tulg)=T(q'), (2.48)

where the three spatial EMT components in the right-hand
sides can again be expressed in terms of Tj;(g), are the two
transverse components describing the GR of a system with
independent polarizations.

Almost all systems considered in this review have an axial
symmetry, meaning that the angular GR distribution in a
spherical system with the polar axis coincident with the
symmetry axis must be independent of the azimuthal angle
¢ of the vector q. By choosing the vector q in the 1, 3 plane and
denoting its polar angle by 6, we have the following relations
in such systems:

Tl,l — TZ/Z = T11 COS2 0— 2T13 sin 0 cos 0 + T33 sin2 0— T22 N
(2.49)

T|, = Tiacos0 — Tspsin 0. (2.50)

Transverse components of the total EMT are represented
by the sums 7y =04+ t4, A = +, X, of transverse compo-
nents of the field and material body EMTs. The EMT of the
Coulomb center makes no contribution to the transverse
components of the total EMT because it lacks space
components.

Using formula (2.40) for the transverse components 6;;(q)
of the field EMT and formulas (2.49) and (2.50) relating the
transverse components of the tensor to its spatial compo-
nents, we obtain the following expressions for the two
transverse components 04(g), 4 = +, x (see also [18]):

(q) =Y 218(q" - nw)

1
o’ | duexp 1) a.ady 1)+ B 2]

(2.51)
S n
oy = (l—l—cos 0) — (1Cu—1)[ (1 + cos? ) — cos* 0
= zf
(2.52)
B :Zi(l + cos? 0) (itu — 1), (2.53)
1
oy =in —% v + (C +1 —1Cu)] cosf, (2.54)
in
ﬁx*z (iu—1—v>)cosh. (2.55)
1
Here, z; = (1l —u)z, z=|nlvsinf, and {=|q|r= |nlv.

Peters’s remark cited under (5.25) in Section 5.1 can be useful
in verifying expressions (2.52)—(2.55).
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The transverse components of the EMT of mass m are

=" 218(q° — nw)ymyv {{21+200s 0} n(2)

n

—%(1 + cos” 0) Jn'(z)} , (2.56)
(q) = ZZné(qO — nw) myv* % {é Ju(z) — Jn/(z)} cosf.
" (2.57)

It follows from the above expressions for 04 and 7,4 that the
GR spectrum determined by the invariant 1/2 |7 |* + 2| T |
T4= 0,4+ ty is very complicated. Therefore, we consider it
here only in the nonrelativistic and ultrarelativistic limits.

We define the amplitude T4,(¢) of the nth harmonic by
the relation

- Zzné(qo —nw)Tan(q)

d (2.58)
TAn(q) = GAn(q) + tAn(Q) .

It is then possible to show that in the nonrelativistic
approximation, when z < 1,

16(1—3cos0) n=1,
~ myn2
9+I1(q) ~ myv Z}172(1 + COSZ 0) (259)
— o =22,
27(n —1)!
1—26 cos @, n=1,
0,n(q) = myv? , (2.60)
iz" 2 cos 0
R h N
2m(n—1)!
For the analogous amplitudes of a material body,
—%(3—00320), n=1,
~ 2
t+n(q) ~ myv Zn72(1 + COSZ 9) (261)
. Ay I = 2a
21(n —2)!
%Z cos @, n=1,
tun(q) = myv? N (2.62)
iz" " cos0
= 7 pz2.
21(n —2)!
The coefficient myv?, which is here equal to mwv?, is kept in the

relativistic form only for the convenience of comparing the
approximate formulas and relativistic ones, (2.51), (2.56), and
(2.57). Evidently, for the quadrupole and higher harmonics,
the contribution of the field EMT is n — 1 times smaller than
that of the mass EMT. We emphasize that for the quadrupole
harmonic, which is the leading one in the nonrelativistic
approximation, the field and matter contributions are
identical.

We give the differential and total GR intensities for the
first and second harmonics in the nonrelativistic limit:

vk 1 2
(73 1127)
n=1, v—0

~ 1210(q° — ) 2 m?v® sin’ 0(

2 1
a — Zsin? 0 + — sin* 0)

3 72
(2.63)

d& iszzo

de 2.64
de n=1, v—0 28 ( )
(7w - 1)
2 g l’l:2, v—0
1

~ 1218(q° — 2w)m2v4<1 —sin® 0 +3 sin* 9) . (2.65)
d 32
de ~ = Gm*o*v*t. (2.66)
dtf, 5,0 5

As expected, the last two formulas for quadrupole radiation
define the leading contribution and coincide with the known
results given by the Einstein formula (see [6], par. 110). They
are 4 times larger than the differential and total GR intensities
of a body with the localized EMT [see (2.7)].

In the ultrarelativistic limit, the leading contribution
comes from the pure field source 0,,, and hence

1 2 2 1 2 2
SIT P+ 2T ~510- +200.P|

2 /9 2/3
~122n5 ;”2<)

2 222/3 2 2
><—<P—|—yﬁ (yos+o')|.

Here, we used asymptotic expressions (2.6) for the Bessel
functions with z; &~ n ~ y3 > 1 and the effective values of the
integration variable u ~ n~! ~ 773, We note that the con-
tribution by the local tensor #,, and the interference contribu-
tion are 2 and 7y times smaller than the field contribution
(2.67). Because the expression for | jy(q)|2 in the same limit
differs from (2.67) by the replacement m? — 2e2/y2, the
relation between the GR and EMR spectra is defined by
formula (1.5) with I = y. This result is consistent with the one
in [18].

(2.67)

2.5 On the conservation of the EMT
The well-known EMT of mass m in formula (1.3) has
components (2.3) and (2.20) in the case of uniform circular
motion. Less known is the EMT of a Coulomb center at rest,
whose components enter (2.44). Therefore, we here propose
its derivation, which is conveniently performed by finding a
force that acts on the charge e’ in the center from a circularly
moving charge e.

Evidently, the Fourier transform of this force density can
be represented by the integral

f(g) = Jd4x exp (—igx)e E(x)3(x), (2.68)
where e’ is the charge of a heavy Coulomb center located at
x =0, and E(x) is the electric field strength created by the
moving charge e at the point x* = (x, 7). Representing the
field E(x) by the Fourier integral with components

frolk) = = [kijo(k) — koji(k)]

= i=1,2,

(2.69)

[cf. (2.14)], we express the nonzero components of the vector

f(q) as
3 e .
f](q) — ielJ d k kl.]() CIO]z

@en) K-qi '

i=1,2, (2.70)
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where after the integration over the x-space, the zeroth
component of the 4-vector k, becomes equal to ¢o. Using
representation (1.1) for the current j, (k) and the proper time
representation for the propagator (k> — qé)f1 allows inte-
grating over both k and the proper time of the virtual photon.
As a result, f(g) turns out to be an integral over only the
proper time of the charge e:

f(q)—IZiJ dr exp (ig"yt +ilqls )[ - +/(|:1|+r3)X}-
(2.71)

The use of motion law (2.16) leads to representation (2.45)
for f.

Because f(¢) must be the divergence of the corresponding
EMT 7,4(q), it follows that

HOE (2.72)

iq°t) (q).
For f = 1,2, the right-hand side of (2.72) reduces to a single
term iqoroﬁ (¢), which allows finding the mixed components
toﬂ(q) = —r/?(q) [see (2.44)]. For f = 0, the left-hand side of
(2.72) is zero, while the right-hand side contains three terms,
two of which are already known. Hence, there is a possibility
of finding the third term ig%c)(¢), i.e., the time component
75 (9) = —t00(q) [see (2.44)].

By calculating the divergence of the field tensor 0, in
(2.40)—(2.43), it can be shown that

iq*0/(q) = —1"(q) — ¢"(q) . (2.73)
This means that the EMT T,g = 0,5 + 1,8 + t,p of the whole
system is conserved.

3. Gravitational radiation from systems
with a more complicated force field

3.1 Gravitational radiation

by a charge rotating in a magnetic moment field

We consider the circular motion of a charge in the equatorial
plane of the field

3r(Mir) — Vi

H =
4mr3

— V(IRV) —

4mr

(3.1)

produced by a magnetic moment 9. According to the
equation of motion

: (3.2)

the projection M., of the magnetic moment on the direction of
the charge angular velocity vector must have the same sign as
the charge: e, = |eM| > 0.
Using the Fourier components
k .
exp0k 213 (k°)

04lk) =~ (33)

of field (3.1) and the Fourier components of the charge proper
field

i

fup(q) = p [92J8(q) — ap)x(q)] , (3.4)

it is easy to construct the components of the field EMT

4
0un(g) = — j% {%(k)f"v(q B+ ) (g~ k)
5 8000~ )] 6:3)

by omitting quadratic combinations ¢¢ and ff on the
grounds outlined in Section 2. It is convenient to perform
the integration over wave vectors k of the external field using
causal proper time representations for the propagators k —2

and (¢ — k)~* and the representation
n(q) = eJ dr (1) exp (*i([)C(‘L’)) (3.6)
for the current density j,(¢ — k). Then 6,,(q) is given by
M, (! o
00(q) = —= [ duJ dtexp (if)au , 3.7
l() 87‘E|q|0 o ( )! ( )
where f= —gq,x%(t) + ulqx(t) + |q|r], u = t(s + 1), with s

and ¢ being the proper times of the quanta of the external and
proper fields, and a,, are second or lower-order polynomials
in coordinates x; »(t) or velocities X; »(7).

Using formulas (2.49), (2.50), and (3.7), we obtain the two
transverse components of the field EMT as

= Z 218(q° — new)myv?

n

1
« JO du exp (i) [eadu(z) + BaTl0] . (39)

Here, the subscript 4 is either + or x, and the coefficients o4
and f 4 are

o :E(l — iu) sin® 0 — (,1_2__) [2(2 (1 —u)cos? 0
T2 212 2
+ (ilu — 1)(1 + cos? 0)] , (3.9)
Bi= ZL [20%u(1 — u) cos® 0 + (ilu — 1)(1 + cos® 0)]
1
+isin0[il(1 — u) — Cu(i + (u) cos® 0], (3.10)

oty = ZL(_gzuz +i¢ — 2iu) sin O cos 0
zZ

;n{ CPu (1—u)(1+cosz())+iéu—l} cosO, (3.11)

1

ﬁX:iZ—nB Czu(l—u)(l—&-coszﬁ)—&-iéu—l} cosO, (3.12)
1

n=(1-uz, z=|njvsing, (=|qr=]np. (3.13)

To obtain the transverse components 7, and 7T of the
total EMT, it is necessary to add the transverse components
of the material body EMT to (3.8):

2 2

0 2 n n
1 2 /
——(l+cos0)J,(z) ¢,
z

cos’ 6} Ju(2)
(3.14)

ZZR(S q° — now)myv? 2 1n E Ju(2) fJn’(z)} cos 0.
(3.15)
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These expressions follow from the formulas (2.3) and (2.48)—
(2.50) in Section 2.

In the nonrelativistic limit, when |nv < 1, the arguments
of the Bessel functions and the parameter { are small: z; ~ z ~
{ < 1. Physically, this condition implies the smallness of orbit
dimensions compared with the radiation wavelength. Expan-
sion of the Bessel functions allows expressing the integrals
defining the field EMT as

1
J du exp (ilu) (et dy + BLJ)
0

z

2
_ =1
16(1 3cos°0), n )
Y RL ) 3.16
PRl 10
27(n —1)!
1
J du eXp(igU)(fxxJn +ﬁx‘]n,)
0
iz
- ECOSG’ n=1,
~ iz"2cos0 (3.17)
—_— n=2.
2100 1)1

For analogous quantities (3.14) and (3.15) in the EMT of the
material body, we have

n? n? 1
(2—2— I+ cos’ H)J,, —;(1 + cos? 0)J!

—%(3—00520), n=1,
~ 2"72(1+COS29) (3.18)
T A AN n > 27
2"(n —2)!
in 1 %cos@, n=1,
; cos 0 (E Jﬂ — J”/) ~ iZn72 cos 0 5 (319)
2n(p=2)1" T

We note that for harmonics with n > 2, the contribution from
the field EMT isn — 1 times smaller than from the body EMT.

Finally, for the GR spectrum in the nonrelativistic
approximation, we have

1 2 2
ST+ 2T ‘
2‘ +| + ‘ X| n=1,v<1

9 . 2 . .
= 210(¢° — w) = m>v°sin’ 9<1 —Zsin? 0 + — sin* 0) ,

64 3 72
(3.20)
L 2
—|T 2|T
2‘ +| . ‘ X| n=2nm<kl
nzn72 2
_ 0 2,4
1
X (1 —sin® 0 +§ sin* 9) . (3.21)

As expected, the largest contribution comes from the second
harmonic; it coincides with the value given by the Einstein
formula.

In the ultrarelativistic limit, when 7 > 1, the most
important harmonics and angles in the GR spectrum are
those for whichn~ z; x z~{ ~y>, a=0—-n/2 ~y~' and
the effective values u ~ y~3. Then integrals (3.16) and (3.17)

become
I
J du exp (ilu)(asdy + B J,) = —1J,(z), (3.22)
0
1
J du exp (ilu) (axJy + By J,)) = —% Ju(z)cos6, (3.23)
0

where the asymptotic representations in terms of the Airy
function should be used for J,,(z) and J,)(z):

o)=L (g)m@(y), Je) -t (%)2/3%),

m\n (3.24)

9] t3 n 2/3 ZZ
cb(y)_JO dz cos (yt—i-?), y—<§) <1_ﬁ)'

Expressions (3.18) and (3.19) for the EMT of a material body
in the limit under consideration are

2 2 1
g +n— cos® 0 )J, — = (1 +cos® 0)J/
z?2 z2 z

1
%2<C0520+ﬁ>.]n(2), (325)
in 1 , . p
—cos0(-J,—J, | = —icos0J,(z). (3.26)
z z

Evidently, the transverse components of the body EMT are a
factor of y smaller than those of the field EMT and can be
neglected. The GR spectrum in the ultrarelatvistic limit is
then given by

1 2 2
—|T. " +2|T ‘
FITP+2ATP|

1
~ 1y 2m8(q° — now) 3 m*p? (220 +J,%)
n
_m%?

2
=z (@)

|ju(@) (3.27)

Therefore, the GR and EMR spectra for the system of interest
are related in the ultrarelativistic limit by Eqn (1.5) with
I'=y.

3.2 Gravitational radiation by a charge rotating

in the field of a charged center with a magnetic moment
The equation of motion for a charge e in a circle orbit of
radius r, speed v, and angular frequency w in the equatorial
plane of the center carrying a charge ¢’ and a magnetic
moment 9 has the form

1 eMyw
2 ! 0]
=— |- —. 3.28
myv* = — < ee’ +— ) (3.28)
For such an orbit to exist, it is necessary that
M,
—ee' + 5702 5 0. (3.29)

The conserved EMT of the whole system consists of the
EMT ¢, of the material body, the field EMT ();\g propor-
tional to the magnetic moment, and the field EMT Hacﬁ
proportional to the Coulomb field. The transverse compo-
nents of the first two tensors are given by formulas (3.14),
(3.15), and (3.8). The transverse components of EMT 95 o

were presented in Section 2 for the purely Coulomb problem.
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In the present problem with the two external fields acting
simultaneously, the coefficients myv? in components (3.8)
and (2.51) must be respectively replaced with the coefficients

eM,w
0 =M 2 —— = kSmyv?;
e myv?, p myv?;

the field EMT is given by the sum kM0 + £ €0§.
It can be shown that in the nonrelativistic limit, the
integrals

1
|| duenp Gt [rass + ,]
0
for any n coincide with (3.16) and (3.17); in other words, they
are given by the right-hand sides of these formulas. For the
effective values of n and 0 in the ultrarelativistic limit, they
coincide with (3.22) and (3.23).

Hence, the components 8 (¢) and 0§ (¢) are identical in
both nonrelativistic and ultrarelativistic limits. Then

kMO () + K05 ()~ 03 (9) = 05 ()

because kM + k€= 1 by virtue of equation of motion (3.28).
This means that the GR spectrum of a charge rotating in this
composite field is given by formulas (3.20) and (3.21) in the
nonrelativistic region and by (3.27) in the ultrarelativistic
region. We note that in the intermediate domain where the
velocity of the charge is neither too low nor too close to 1, the
transverse components Hy(q) and HE(q) are quite different
and the GR spectrum is sensitive to the character of the field
in which the charge moves.

One of the main reasons for undertaking the present study
was a desire to elucidate those properties of the field that are
most important in determining the conversion amplitude I
Because it defines the proportionality factor between two
invariants [see (1.5)], I' itself must be an integral invariant of
the system. In all four electromagnetic systems considered in
Sections 2 and 3 with the same charge orbits but different
fields (circular motion in the field of a circularly polarized
wave, a magnetic moment field, a Coulomb field, and a
combination of the last two fields), the conversion amplitude
I is the same and equal to y.

It appears that for a circular trajectory, I' is given by such
a simple formula because the field has no inherent scale
length. Indeed, if we consider the GR spectrum of a charge
in a circular orbit in a screened Coulomb field with the
potential (e’/4mr)exp (—nr), then at y > 1 the leading terms
(in this limit) in the transverse components 0,4(g) of the field
EMT differ from (3.8) by the factor

nr
T 14

exp (nr) Ki(nr), (3.30)

where K (x) is the Macdonald function. Then I' = Cy. The
coefficient C(nr) decreases monotonically from 1 to 0 as nr
increases, and behaves like (71'/211:‘)1/2 at nr > 1. The deriva-
tion of formula (3.30) assumes that yr < 732, y > 1 which
means that it applies to the case yr > 1.

The square-root dependence of the conversion amplitude
on the intrinsic scale length # ~! of the field at #r > 1 is easy to
understand bearing in mind that I" is proportional to the
length / of the conversion region [see (1.14)]. In fact, aty > 1,
the region in which photons are converted into gravitons
extends along a line tangent to the charge orbit between the
point of tangency to the circle of radius r and the point at
which that tangent intersects another circle of the radius

r+n~' (where both the field and the conversion are
considerably weaker); i.e., the conversion region length is

o\ 12
~r|{— .
> (m’)

We note that the finite relativistic motion of a charge in a
Coulomb field can be treated classically if the classical radius
of the orbit

I~ [(r 42 =12 (3.31)

!

ee !

ee

~

~ 4mme?y

dmmu?y | o
is larger than 7i/p, that is, if the Coulomb center charge
exceeds 137. On the other hand, if |e’/e| > 170, then the
Coulomb field produces pairs and screens itself [19].

We also note that for y > 1, the charge orbits at a speed
close to the speed of light, and hence the conversion region
formed by its field outside the orbit moves with a super-
luminal speed.

As shown in Section 2 of [9], the contribution of the
transverse components of the EMT of a material body to GR
aty > 1is of the same order as the contribution of the current
to EMR if Gm? is replaced with e?/4n. Then, to the order of
magnitude, I determines the ratio of the transverse compo-
nents 04 and 0, of 0,4 to the transverse components 7, and 7,
of the tensor #,4. It is interesting to elucidate how this ratio (or
I') depends on the spatial distribution of the tensor 6,5(x).
For this, we consider GR from a nonelectromagnetic system
in which the tensor 0,s(x) is confined to a line joining a
material particle to the center of rotation.

3.3 Gravitational radiation from a relativistic string
with masses at the ends
A relativistic string with masses at the ends [20] is not an
electromagnetic system. It can be viewed as a realistic model
of a system of two bodies connected by a force field confined
to the line joining them. In this case, GR is emitted not only
from local sources (the point masses) but also from an
extended source, the string. It is interesting to compare the
contributions to GR from the two kinds of sources, especially
in the ultrarelativistic limit where the string energy is
approximately y times the energy of the masses at its ends.
The system in question is described by the action

2} a3(t)
S= ‘“J dtJ do [(ix")? — #2x"2] '
a1 (1)

S L

T

i=1 T

where p is a constant characterizing the string tension, m1;
and m, are the masses at the string ends, and x*(z,0) is the
4-vector that parameterizes the world surface of the string.
The dot and the prime respectively denote partial derivatives
with respect to 7 and a.

We choose an evolution parameter 7 coincident with time
t = x%(7,0). In this case, action (3.32) takes the form

tr 02 2
S = d d »Csr_ i 1_.1‘2>7
J’] t([ oL ;m,/ %

(]

(3.33)
Lae= —i/x2(1= %2+ (), x =x(1,0), x; = x(1,07).
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The Euler equation describing the string motion is obtained
by varying the action S:

g 6£m +£ aEslr _0
or\ ox oo\ ox’ )

The equations of motion for the masses at the string ends
coincide with the boundary conditions

(3.34)

m d Xl a£str . .
1= = - ) =01,

Y T (3.35)
m i 5(2 o aACslr — g

Pde [ Y 2
These equations have a particular solution
x!(r,6) = asinwt, x*(r,0) =ocoswr,

(3.36)

x*(1,6) =0, x(t,0)=t=1

that describes the motion of the string as a straight segment
rotating with the angular velocity w. In (3.36), the parameter t
is chosen to be the coordinate time, while ¢ is the distance
between the point of interest on the string and the center of
rotation (with an appropriate sign). Because

m d X _ i’ o, (sin wt, cos wt, 0)
i a — <2 - = — 2 5 ) ) )
\/1 X; \/1 O] (3.37)
oL .
St =du+/1 —¢?0? (sinwt,cos wt, 0)
ox' |, 0
it follows from the boundary conditions that
2
m;m n;w
aiw::izzl'u:!: 1—|—<2IH> s0. (3.38)

Here and hereinafter, the top and bottom signs correspond to
i=1andi=2. Because

Vi = F0o;0, = 1,2 (339)
is the velocity of the mass m;, the string tension u can be
expressed via the mass and velocity of any of the masses:

u 2 2\—1/2
o= mivi, 7= (1= 2.

(3.40)
The system EMT is made up of the EMT ¢,,, of the masses
at the ends of the string and the EMT of the string itself [21]:

O (x) = ujdr do [(xx')* - )'czx/z]fl/zé(x — x(t,0))

x {x"2%,%, + X7

) — (%) () + %0x) b (3.41)
This expression can be simplified by imposing the gauge
condition x,x* = 0. Then

x/Z

O(x) = ,qur do <_ 7) s x(e0))

. x? ’ot
X xﬂx‘,—i—wxﬂxv . (3.42)

Using (3.36) and (3.38), we obtain the energy density and
the energy of the string:

7 do
o) =4, o

ESU‘:J\CPXHO()(X) :ﬁJ ) dx

)y (1=x2)12

d(x —x(1,0)), (3.43)

2
u . . .

= — (arcsin v, + arcsinv;) = E m; v; yiz arcsinv; . (3.44)
w

i=1

In the last expression, Eqn (3.40) relating the tension and the
velocity v; at the end of the string loaded with m; is used.
Interestingly, in the ultrarelativistic motion of at least one of
the ends, the string energy E®' is my/2 times the energy
E™ = myy, + myy, of the masses at its ends.

We now pass from (3.41) to the Fourier components and
use them and formulas (2.48)-(2.50) to construct the
transverse components 0 4(g) describing GR from the string:

0.(q) =) 2m5(¢° — nw)

X g 4[:1 (l—dﬁ { K:—j —%)(1 + cos® 0)
_ <x2 - %) sin? 9] () = (1 + cos> 0) iJn'(z)} . (3.45)
0.(q) = 2m5(¢° — now)
><ﬁicos(9r2 dx n[l
w

—u (1 _xz)l/2 z

- Ju(z) — Jn’(z)] . (3.46)
Here, z = |n|xsin 6, x = wo is the velocity at the point of the
string with the coordinate 4.

We note that the string EMT can be represented by the
sum of two terms corresponding to the two halves of the
string, i.e., to intervals g; < ¢ < 0 and 0 < ¢ < g;. Specifi-
cally,

04(q) = 04(q, —v1) + 0.4(q,v2),
04 ((1, ¥U1«,2) = ZZTC(S(([O - nw) QAH(% :FU1,2) .

n

(3.47)

Here, the first and the second terms are the contributions to
the integral over x from the segments —v; < x <0 and
0<x<w,.

When the masses are equal, m; = m,, their velocities are
also equal: v; = v,. In this case, the relation

eAn(qa U) = (_])n 0/“”(% _U)

leads to the interference between GR from the opposite halves
of the string; as a result, the amplitudes 0,4,(¢) of odd
harmonics vanish, while even harmonics have twice the
amplitude emitted by each half. Similar interference occurs
in GR of the system of two masses at the ends of the string.
The transverse components of the EMT in this system consist
of the sum of components

ta(q) = talg, —v) + t4(q,v)

defined by formulas (3.14) and (3.15) with the opposite signs
of v.

We also note that the sum ¢4(g,v) + 604(gq,v) is the GR
amplitude with polarization 4 of an independent object, a

(3.48)

(3.49)
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string of length r with one end fixed (¢ = 0) and the other
loaded with a mass m (¢ = r) and rotating about the fixed one
at the angular velocity .

Such an object arises naturally in considering a string with
masses m; and my, one of which is much heavier than the
other. For example, if the mass m; tends to infinity, its
distance r; = —o from the fixed point ¢ = 0 and velocity
v] = —oo tend to zero:

(3.50)

We show in what follows [see (3.51) and (3.52) with mwv?
replaced with mjv? = u?/myw* — 0] that the heavier mass
does not emit GR, and it is possible to consider a string with
one end fixed at the point ¢ = 0. For such a string, the sum
ta(q,v2) + 04(q,v2) stands for the GR amplitude with
polarization A.

We now analyze the behavior of 0,4(¢,v) in the nonrela-
tivistic and ultrarelativistic limits. For nv < 1, the expansion
of the Bessel functions in (3.45) and (3.46) leads to

I’}’l’l}3

Y(1—300820)sin0, n=1,
0+n(%v) ~ mvn(nsin())nfz s (351)
W(1+COS 6), }’l>2,
mv’
i1—6sinecos(97 n=1, (3.52)
Onlgv) ~ _mu"(nsin 0)" 2
— T_l)!COSO7 nx=?2.

These expressions are identical to the nonrelativistic harmo-
nics of the transverse components of the field EMT in the
systems considered in Sections 2 and 3.

The coincidence is not accidental. It can be shown that the
conserved tensor T,;(g) satisfies the equation

0? )
14) == Tij(q) + 241 =— Ti
q q./ aqk aql /(q) + q aql lt(q)

+2qi = Tu(q) +2Tu(q)

o
Oqk
= —¢"? Jd3x exp (—iqx) xex, T%(x, ¢°) . (3.53)

For a closed nonrelativistic system, we can approximately
set TY(x,q% ~ t%(x,¢°%) in the right-hand side of this
equation. Assuming that the system consists of a single
point mass moving in a force field, we seek a solution of the
resulting equation in the form

Tij(q) = t;(q) + del exp (ig°1) f(qx) (%ix; + %) + ...,
(3.54)

where the dots denote terms of type (5.26) (see below) that we
do not need. For the function f(z), we then have the equation
and the solution

_ 1 —exp(—iz)

/() iz (3.55)

21(2) 1) =5 exp (i),

Expanding f'(z) into a power series in z and assuming the
motion to be circular, we arrive at a nonrelativistic expression
for all harmonics Tj;(g). Their transverse components are
presented in Section 2 [see also (3.51) and (3.52)].

For y > 1, the most essential values of the variables in
formulas (3.45) and (3.46) are n =~ z ~ y3, v — |x| ~ y 2, and
«=mn/2 — 0 ~y~!. Carrying out the relevant expansions and
using (2.6), we obtain

U 2my (*dE
9+n(61,v)~ﬁjl W‘P F (3.56)
23 oo
oy (2 d¢
e 252 (3) |00, .
3.57

n\" 2.2
yZ(ﬁ) (E+7y7a”).

These ultrarelstivistic transverse components of the string
EMT turn out to be of the same order of magnitude as the
transverse components of the EMT of the material body at
the string end [cf. (3.14), (3.15) and (3.24), (3.26) with (3.56)
and (3.57)].

The reason why the GR from a string at y > 1 is of the
same order as the GR of the mass at its end is as follows. The
condition v — |x| ~ y 2 implies that radiation is emitted from
small segments near the string ends moving at velocities x
such that the corresponding Lorentz factor y(x)=
(1- xz)*l/2 is of the order of y. Although the energy of the
string is more than y times that of the mass, it is distributed
over the string such that the energy propagating through the
space with a Lorentz factor of the order of y constitutes only a
fraction y ~! of the total energy of the string:

u . .
= (arcsinv — arcsinv’)
w P~y > 1

N,“<1 1) B
N5~y
w\y' v )

i.e., it is precisely of the same order of magnitude as the energy
of the mass at the end of the string [see (3.44)].

(3.58)

3.4 Gravitational radiation from a string

with unloaded ends

Before proceeding to the limit m; > =0 (or v; 2 =1), we
rewrite Eqns (3.45) and (3.46) with m; = my = m in the form

_ N T
0. =Y amily” ~ o) L T

x {% (1 + cos? 0) [Jus2(2) + Ju—2(2)]

~sin®0 <x2 B %) Jn(Z)} 7 (3.59)
ui
0x = ;2“5((10 — nw) o cosf
Y dx
% J_ (1—x2)” [Jns2(2) = Jua(2)] - (3.60)

Now, we can pass to the limit v = 1 and integrate the Bessel
functions with the aid of formula 7.7.2 (11) from Ref. [22]. We
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thus obtain

T
0. = 2md(q" — 2ke) ﬁ {J;H (x) +J2 (%)
k
1.
-5 sin® 0 [Jier1(x) + Ji—t (x)]z}

=" 215(q° - 2ke) ZE {cot? 072 (x) + J;Z(x)} . (3.61)
k @

imucos 6

0 = 2md(q" — 2ko) === [, (x) = 2, (¥)]
k

= Z2n5(q0 — 2kw) <— %) cot 0 Ji(x) J/(x), (3.62)
3
x=ksin0.

The GR spectrum is given by the combination
! 10,17+ 200 = 1) 2md(q" — 2kov) )
2 T w

X {% [cot? 0J2(x) + J{2(x)]” + 2cot? 072 (x) Jk’2(x)} .
(3.63)

The energy emitted for time t > o ' is

£ t4nGuzzk2JdQ{...}, (3.64)
k=1

where {...} is the expression in braces in (3.63).

We consider the behavior of the terms in this series at
k > 1. In this case, the Airy functions may be used instead of
the Bessel functions [see (3.24)]. Bearing in mind that the
leading contribution comes from cos 0 ~ (2/k) 13 we have

k2 J‘dQ{. )

~ %J“ LA [y2<1>4(y) + 0" (y) + 6y<1>2(y)<1>’2(y)] .

o y2
(3.65)

Series (3.64) hence diverges logarithmically. This divergence
is likely to disappear when quantum effects essential for the
emission of higher-order harmonics are taken into considera-
tion.

3.5 Polarization amplitudes in the §2-approximation

The relativistic transverse amplitudes 7'y (¢) and T (g) of the
GR found in the previous sections in three cases—a string
with the loaded ends, a charge in a magnetic moment field,
and a charge in a Coulomb field — are considerably different.
But the leading terms of their harmonics in all three cases
coincide in the nonrelativistic approximation at f = v/c¢ < 1
(see the discussion in Sections 2.4, 3.1, and 3.3). These
relativistic amplitudes allow just as well finding the next
terms of expansion in powers of the small parameter f§ for
all harmonics.

In all three cases, we consider the expansion in f§ of the
main, second harmonic that makes the largest contribution to
the amplitudes T, and T at f§ < 1, keeping the terms up to
the second order of smallness. We define the amplitude

T 4,(g) of the nth harmonic by the relation

T4(q) = Z 2n5(q0 —nw) Tan(q),

n

(3.66)

Tun(q) = tan(q) + 04n(q), A =+,x,

and present the expressions for the material 4, and field 0 4,
constituents of the second harmonic. Naturally, 74(g) are
identical on all three cases:

1 1
112(q) :qu;zy{l —Esinzﬁ—ﬁzsinze}, .67,

1 .
txa(q) = —i 2 mv?y cos(){l —p? smzo} ,

Conversely, the field constituents 045(¢) are different, but
only in the terms of the order of 2.
For a string with a mass,

‘ 1 2 1.
055 (q) = 3 mo%y {(1 +3 ﬁ2> (1 -3 sin’ 9)

1 B2 sin” 0 cos’ 9} ,
3 (3.68)

. 1 2 1
035() = i gomreos0 {143 2 = psin’o}.

For a charge in a magnetic moment field,

1 1 1
M —— 2, L2 Lo 2 2
9+2(q)72mv /{1 5 sin 0 3ﬁ sin” 6 cos 9}7
M .1 2 1 2 .9 (369)
sz(([):flzmv ycos 0 lfgﬁ sin“ 0 .
For a charge in a Coulomb field,

| 4 1
C _ 2 2, T2 L2
0:5(q) =5 mv /{(1 3 B >(1 5 sin 9)

1 oo 2

_§ﬁ sin“fcos” 0 »,
(3.70)

05, (q) = —i i mv?y cos {1 -3 p? -3 B? sin’ 0} )
For the sum T45(q), we then have

Torlg) =5 oy {(1 T 582)(1 + cos?0)

— ﬁzsin20<l +% cos’ ()>} ,

! 2
Tia(q) = —i zmvzycosa{l +8p? —gﬁzsinz(i},

(3.71)

with the parameter 6 = 1/3, 0, —2/3 for the three cases.

The above expressions exhibit the following important
properties:

(1) The relativistic correction being excluded, i.e., f = 0,
the field components coincide with the material ones:

eAz(q) = lAz(q) s A= +, X. (372)

(2) The expressions do not contain terms linear in f3; they
are expansions in 3% if we also recall thaty = 1 4 (1/2)f? too.
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(3) The correction 942, different in all three cases, can be
taken out of the braces in Eqn (3.71) and made an additional
component of the Lorentz factor y such that 74(g) assumes
the form
mv*(y + 3p°)

1
Ta(q) = 3

X {1 +cos20—ﬁzsin20(l —&—%00529)}7
(3.73)

1 2
Toalg) =iy mv*(y + 0p%) cos O {1 -3 B2 sin’ 0} :

Hence, for the three cases considered, the transverse compo-
nents 7 4>(g) of the EMT have identical angular dependences
but different amplitudes. The difference is due to the terms
5B of the same order as the nonrelativistic kinetic energy
(1/2)p? of the mass in units of mc2. Therefore, it is related to
the nonlocal properties of the force field holding the mass on
the orbit and may be of interest from the experimental
standpoint. Also of interest in this context is the GR of
masses orbiting their common center. Such a motion can be
experienced by clots of dark matter, and their GR might be an
important source of information about these objects.

4. Gravitational radiation
from masses moving in elliptical orbits

4.1 Movement in the Kepler orbits
We consider the GR of two point masses 72; and m; moving in
Kepler orbits around their common center of attraction
located in the common focus of each ellipse. By choosing the
Cartesian coordinate system with axes 1, 2 in the plane of
motion and the origin at the common focus, we can describe
the motion of the mass m; by the coordinates

ny

X|=————rcosy, Xp=—"—rsiny, 4.1

o——— ) ——— W (4.1)
and the motion of the mass m, by the coordinates
m mg .

=—————rcosy, =————rsiny. (4.2

& pr——— v & —— Y. (42)

Here,  is the angle between the direction to the mass m; and
the axis 1 directed from the focus to m1; as it comes closest to
my; r is the distance between the masses dependent on the
angle y,

p

- r 43
g 1+ecosy’ (43)

p=a(l —e?).
The orbits are fully determined by the parameter p, the
eccentricity e, and the mass ratio mj/m,. Therefore, if
my > my, the heavy m; and light m, respectively move along
the small and large ellipses, while the point with the
coordinates

rp=rcosy, rp=rsiny, (4.4)
moves along an even larger ellipse (see Fig. 1 for m; = 2m,
and e = 1/2). All three ellipses have the same eccentricity e

and their large semiaxes are equal to
my mj
a
my + nmy

a. 4.5
my + np (45)

The angular velocity of the orbiting masses is described by the
equation

V= A(l +ecosyh)*, A= W, (4.6)
having the solution
At = m arctan ( 1 ;Z tan %)
B esiny @.7)

(I —e?)(1+ecosyy)

In specific cases e = 0 (circle) and e = 1 (parabola, p is finite
and equal to 2ry;,), we have
v 1 sy

2At = tan — + = tan” — .

A=y, R

(4.8)
For elliptical orbits, the period 7 and the fundamental
frequency w are given by the equation

2n asl

T="_op )
w T G(my +my)’

(4.9)
which corresponds to Kepler’s third law stating that the ratio
of the squares of the orbital periods of any two planets around
the Sun is proportional to the cubes of their major semiaxes.
As follows from (4.7), the relation between time ¢ and the
angle v is rather complicated if e # 0. Instead of Y, Lagrange
introduced a variable u related to y by the expressions

cosu —e V1—e?sinu
_ il i B —— 4.10
cosy 1 —ecosu’ siny 1 —ecosu (4.10)

The inverse relation between u and  is described by the
same equations with the substitutions u < , e <> —e. Then
the time 7 is related to the distance r and the variable u by the
formulas

ot=u—esinu, r=a(l—ecosu). (4.11)
Hence,
ri=alcosu—e), rn=avl—e?sinu. (4.12)

The dimensionless variables © = wt, Y, and u were formerly
referred to as main, true, and eccentric anomalies. The time ¢
and the angle y increase monotonically as u increases; all
anomalies coincide at points divisible by n: T =y = u = k.

my

m ny my

Figure 1. Elliptical motion trajectories of heavy m; and light m, masses
around a common attracting center. Positions of the masses in periastron,
apastron, and for the angle  lying between 0 and 7/2.
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The introduction of the variable u into the description of
planetary motion resulted in the appearance of Bessel
functions.

The functions r; and r, describing the elliptical motion,
harmonic in u# but not in ¢, are represented by the Fourier
series in harmonic functions of time:

o0

. 2 .
sinu = E — Ju(ne)sinnt,
ne

n=1
00

It is assumed in these formulas that the masses n; and
orbit counterclockwise. To consider clockwise motion, we
must change the sign of time 7 in Eqns (4.6)—(4.8), which is
equivalent to changing the sign of « in Eqns (4.10)—(4.12).

CosSuU = —

:\ro

COSHT

NH'~

4.2 The trajectory method
for calculating gravitational radiation amplitudes
It is known that gravitational radiation is produced by the
transverse components of the EMT of the masses m; and m»
and the force field that hold them on the orbits. The conserved
EMT satisfies the equation
02
44 Tij(q) = —

Too(q) ; (4.13)

in which ¢ = (q,¢°) is the wave vector and the frequency,
temporarily considered independent, and all the components
of Tyg(q) have the dimensions erg s. However, we proceed
from the equation derived by differentiating both sides of
(4.13) with respect to the components g and ¢; of the wave
vector:

2 02 62

q
qiq; Tij(q) = 5

— T . 4.14
T 300 00(¢) (4.14)

gy 0q

Our main approximation consists in replacing the compo-
nent Ty(g) of the total EMT in the right-hand side of
(4.14) by the component foy(g) of the EMT of the masses
my and my in the nonrelativistic approximation. We first
take 700(¢) in the lowest-order approximation and then
make it more exact by introducing the first relativistic
correction into ty. Finally, we try to add the component
Ooo(q) of the force field EMT to fgp(g), also in the
nonrelativistic limit. The contributions of individual
masses to fgy being additive, we keep only one of them for
simplicity. Replacing Too(g) with

2 sz exp [ig"t — igqx(1)] (4.15)

t00(q) = mc

we obtain
qO 2 62

"2 3g: 00, too(q) = _QOZ’WJdl exp [iqol - iqx(t)]xk(l)xl(t)

(4.16)

in the right-hand side. We now seck the solution Tj;(g) of
Eqn (4.14) with the approximate right-hand side (4.16) by the
substitution

Tilq) = ti(q) +m j'dz exp (ig”0) £(qx) (G + xi%), (4.17)

where

ti(q) =m J dr exp [ig°t — iqx(1)] X;(1)x;(1) (4.18)

are the transverse components of the EMT of the mass m in
the nonrelativistic approximation and f(z) is the sought
function. The second term in Eqn (4.17) can be called the
spatial part 0;;(¢) of the force field EMT accelerating the mass
m. It is easy to show that the contributions #;;(¢) and 0;;(¢)
coincide in the nonrelativistic approximation.

With the above expressions, the left-hand side of
Eqn (4.14) can be represented as

det exp (iq t {exp —igx [2xkx; 2i(qx) (%gxs + Xk X)

— xex(q%)’] + 2xx:(a%) [(qx) £ (gx) + 2/ (qx)]

+2( + i) [(ax)./(ax) +f<qx>]} : (4.19)
We now require the function f(z) to satisfy
21(2) + () = 5 exp (i) (4.20)
In this case,
zf"(z)+2f'(z) = —% exp (—iz) . (4.21)
Then the left-hand side of (4.14) becomes
m sz exp (ig"t — iqx) [235, — 2i(Xex; + xp%/) gk
— xkx;(qi()z — ixpx qX + Xpxg + xkjé/}
Rp
=m sz exp (ig°t) — i (xkx7exp (—igx)) - (4.22)

Hence, if the test function f(z) satisfies (4.20), Eqn (4.14) with
the approximate right-hand side (4.16) reduces to the relation
between the Fourier transform of the function
gri(t,q) = xi()x;(¢) exp [—igx(¢)] and the Fourier transform
of its second derivative with respect to z:
d2
Jdt exp (ig°t) — T 5 (oxkxs exp (—igqx))

= —qozmjdt exp (ig°1)x;x, exp (—iqx) . (4.23)
Relation (4.23) between the Fourier transform of the function
g(?) and its second derivative g”(¢) requires that the
conditions stipulated by Fikhtengol’ts (see [23], Vol. 3,
Pt. 717) be satisfied. In our case, they are satisfied if the
function g(¢) exp (—&t?) with an infinitesimal parameter ¢ is
considered instead of the periodic function g(z). Then this
function remains periodic and simultaneously satisfies
Eqn (4.23) over a time interval much longer than the period
of g(¢) but shorter than 1/+/e.
If the function

1(2) = 1- e);)z(fiz)

is used as the solution of Eqn (4.20), then the tensor T;;(g)
defined by formula (4.17) is an exact solution of Eqn (4.14)
with the approximate right-hand side (4.16).

(4.24)
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For the two masses m; and mi,, this tensor becomes

7o) = [ exp (ig") {m [exp (~ian)i

+/(qx) (i) + xi%)]
+ mafexp (-ia€) &, + 1 (@B) (Ei6 + EE)]| - (4.29)

Assuming the size of a radiation source to be small compared
with the wavelength, we expand exp (—igx) and exp (—iq&) in
a Taylor series and use the relation of the coordinates x;, &; to
the coordinates r; [see (4.1), (4.2), and (4.4)]. Then

T;; (q)_,qutexp ig°r) ZE

. (Fian)”
(n+1)!

(n+1) rlrj+rlrj+r,rj]

Cy, (4.26)

where u = mymy(m; + mz)f1 is the reduced mass and

C, = <7mz )M + (—1)”(—’”1 >n+1 . (427)
my + my my + ny
and hence
Co=1, ¢ ="M cFM. (4.28)
my + my (my + my)

Hereafter, we restrict ourselves to the first three terms of the
series in (4.26).

We introduce the dimensionless tensors Q 4(t,¢), 4 = ij,
ijk,ijkl, ..., periodically dependent on the dimensionless
time T = w? and symmetric in the first two indices i as well as
in the remaining two or more indices:

20 F - Firj+riF = szij(r, e),
(47 F; + Fry + 1i )k = av? Qpi(t,e) (4.29)

(67 Fj + Firj + riFy)re v = azsz,-v,-kl(r, €),....

Here, v = aw is the characteristic velocity on the elliptical
orbit. Then

1 . 1
Tij(q)= 3 ,uvzjdt exp (lflof){Qij(Tve)* i3 CiaqrQijk(t,e)

1
~5 Cra*qrqiQijni(z,e) + .. } ) (4.30)

Expanding Q,(t,e) as a Fourier series in cosnt or sinnrt
depending on the even or odd number of twos in 4 and
denoting the Fourier coefficients by F4(n, e),

cosnt
= ZFA(”7E){ sin nt }7

n=0 (4.31)
1" cos nt
Fime) =1 | aroima{ ol
we obtain
%,u 2 Z 19(¢° — nw)
n=0
1 .1 1
X {Fl‘j(i> —1§C| aquijk(i)
1 1
6 C2a (]klIIFz]k[ + ... (4.32)

after integration over ¢. Here,

FA(nve)(})

means that F4(n, ¢) with an even and odd number of twos in A
is respectively multiplied by 1 and i. It is assumed in formula
(4.32) that ¢° > 0 and that the masses orbit counterclockwise.
To consider clockwise motion, it is necessary to change the
sign of 7 in the functions Q4(t,e). In accordance with
expansion (4.31), this results in a change of sign in front of
the Fourier coefficients F4(n, ¢) with an odd number of twos
in A.

Because |q| = ¢°/c for gravitons, agqy = nfe;, where
f = v/c and ¢ are the components of the unit vector e along
the graviton wave vector q:

ep =sinfcos¢p, e =sinfsing, e3=cosl. (4.33)
We recall that Eqn (4.32) contains only the first two
components of this vector.

Hence, Eqn (4.32) is the expansion of T;;(g) in powers of
the nonrelativistic effective velocity § = v/c¢ < 1 originating
from the expansion in the wave vector.

Because the EMT is real in the x-space, its Fourier
transform must satisfy the condition

Tij(q) = T;}(—4q) - (4.34)
Expression (4.32) obtained for ¢° > 0 automatically satisfies
this condition if the expression for the time integral

Jdl exp (iqot){ (s:?ertT } = 19(¢° — nw) ( } )

+Tf5(q°+nw)(_li>, n=0, (4.35)
contains not only the first term but also the second one, valid
at ¢° < 0. Keeping both terms is equivalent to replacing the
sum over positive n > 01in (4.32) with the sum over all integers

20. Such equivalence ensues from the even (odd) depen-
dence on 7 of the functions P4(n) with an even (odd) number
of twos in A4.

Therefore, denoting the expression in braces in (4.32) by
Gij(n,aq), it is possible to represent T;;(g) in two different
forms:

1
Ty(g) =5 Aw2zn5 q" — nw)Gyj(n, aq)
20

2’“’2Z

n=0

q — nw)Gj(n, aq)

(4.36)

+0(q" + nw)Gi(n, ~aq)] ,

suitable for any sign of ¢° and satisfying (4.34). However,

only the physically interesting case of ¢° > 0 is considered in
what follows.

4.3 Radiation spectrum and angular distribution
The radiation spectrum and angular distribution are defined
by the formula

8nG (1 d’
g =3 (31T + 20T ) ok

(4.37)
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where the components 7, and Ty are related to the
components T, Ty, and T}, as

T, = (sin® ¢ — cos® O cos® @) T},
—2sin @ cos @(14 cos? 0) T1o+ (cos® p— cos” Osin® ¢) Ty ,

T« =cosOsin@cos o(Ty;— Tr) — cos 0(0032 o— sin® 0)T, .
(4.38)

We represent these components in a form analogous to (4.36):

1

_ 2 0 B

T4(q) = S ;ﬁ(q —nw)Gy(n,aq), A=-+,x.
Then

_, Gw?)?
&g =1 16mc?

1 P 5
x Y 8(q" — no) (5 |Gy (n)|” +2[G(n)] ) d’q. (439)
n>0

Here, ¢ is the radiation time that must be much greater than
the period T'= 2n/w. In this case, d€y/ are the spectral and
angular distribution of the mean radiation power.
Simple but cumbersome calculations give the following
result for the angular distribution of the nth harmonic:
LG +20G. () = [Gu (1 - e}’

1

+§|Gzz|2(1 —e3) +2|Gul (1 —ef)(1—¢3)

+ Re G11Gj(efe} — ei) —2Re G11Gherea(1 — e?)

—2Re G22G1*2€1€2(1 — (’22) . (4.40)
We recall that the tensor G is defined by the expression in the
braces in (4.32), which depends on six independent dimen-
sionless quantities: the harmonic number 7, the eccentricity e,
the mass ratio m, /my, the velocity f = v/c, and the angles 0
and ¢. In angular distribution (4.40), the six bilinear

combinations formed from three complex components of
Gjjare, forij=11,22,and 12,

2
|Gij(n, B)|” = Fj; + C1B,e2FijFyja
| 1
+ 3 OB (el F 4 e Fijy) =3 CoB (el Fipn + 3 Fija)
(4.41)

Here and hereinafter, 8, = nf, the plus sign in front of the
second term corresponds to the indices ij = 11 or 22, and the
minus sign corresponds to ij = 12.

Re Gi1(n, B) Gy, (n, B)

1
=Fufy "’5 Cipuea(FiiaFxn + Fi1Fa)
1
+Z CIZIBnZ(elelllFZZI + 322F112F222)

1
~5 Czlgn2 [812(F1111F22 + FiiFnin)

+e3 (FunkFn + FuFon)] - (4.42)

Forii =11 or 22,

1
Re Gii(nv ﬁ) GTZ(nvﬂ) = E Clﬁ”el (FiiFIZI - EilFIZ)
1
+3 CiBrerex(Fin Fiaa + FinFiar)

1
—3 Copreier(FiFian + FinnFia) . (4.43)

If Fp, Fo, and Fyy in the expression for Re GG, are
substituted by Fiy, Fiix, and Fijg, the expression turns into
|G11|2 as expected. A similar substitution of Fyy, Fiix, and
Fllklzby F, Fyi, and Fhyy converts this expression into
|G22| .

4.4 Angular distribution asymmetry

in the case my £ my, e # 0

In the case where m; > m; and e # 0, the 1-axis extends from
the common focus toward the large ellipse along which the
smaller mass m, moves. In this case, the angular distribution
of radiation is asymmetric with respect to both the 2-axis
direction and the opposite direction. For the azimuthal angles
@ = +n/2, with ¢ =0 and e, = £sin0, it follows from
(4.40)—(4.43) that

1 2 2 1 2 1 2 4
= 2 = _ _
2\G+| +2|G«| 5 |G +3 |G|~ cos* 0

+2|G12*cos® 0 — 2 Re G11G3,5cos? 0. (4.44)
In the bilinear combinations of the tensor G;;, the terms linear
in C,f have different signs for the angles ¢ = +r/2 whereas
the other terms remain unaltered. Therefore, the difference
between the angular distributions for the angles ¢ = +n/2 is

nonzero:
1 2 2 1 2 2
SIG P +26.F) = (516:P+2(6.

o=n/2 o=—1/2
= Clﬁn SiHO[FHF]lz + FnFr COS4 0
— 2(F11F222 + FpFin + 2F12F122) cos? 0} . (445)

This remarkable relativistic effect (the parameter
B, = np = nv/c contains the speed of light) occurs because
atm; > mp and e # 0, the masses have the highest velocities in
the region where they come closest to each other (i.e., near the
periastron), such that GR actually forms in this region. At the
chosen counterclockwise direction of the mass motion, the
velocity of the heavier mass m in periastron is directed along
the 2-axis, and the velocity of the light one m,, opposite to it.
Because the velocity and kinetic energy of the light mass are
my /m; times those of the heavy one, the total GR from the
two-mass system is largely due to the lighter mass; it is formed
in the region where the two masses come closest to each other,
and the overall intensity is higher in the direction of the light
mass velocity.

It follows from the discussion below formula (4.32) that
the Fourier coefficients F4(n, ¢) with an odd number of twos
in 4 change sign if the masses moving counterclockwise turn
in the opposite direction. In this case, the difference between
the angular distributions for the angles ¢ = +1/2 [see (4.45)]
also changes sign because the velocity of the lighter mass in
the region where it comes closest to its heavy counterpart is
directed along the 2-axis, and not opposite to it.
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We note that the asymmetry disappears in the case of two
equal masses because C; = 0, and also in the case of zero
eccentricity e = 0. In the latter case, the coefficients F;; differ
from zero only for the quadrupole harmonic n =2, and
coefficients £, only for the n = 1 and n = 3 harmonics.

4.5 The spectrum as a polar angle function.

Integral spectrum

Integration of the angular distribution of the nth harmonic
(4.40) over ¢ gives the distribution of its radiation intensity
with respect to the angle 0:

|” a0 (31600 +26.0F)

1
=51 (F}, + F3) + 2LFR + L) Fx

1 1 1
+Z CiB; {5 L(F} + Fy) +§ Is(Fi, + F3y)

+ 2I6(Fpy + Fiy) + L(FinFaor + FiinFan)

—2L(FinFi + FioFio + Fao Fio +F222F121)}
1L
—3 Cof, 3 L(FiiFin + FoFop)

1
+§ Is(FiiFiio + FoFon) + 2Is(FiaFion + FioFioxn)

1
+§ I;(FiiniFa + FiiFon + FuinFa + FiiFao)

= 2I(FiiFioia + FunFi + FoFuon + FoiFo)| - (4.46)
While the Fourier coefficients F,y(n,e¢) depend on the
harmonic number n and the eccentricity e, their 0-depen-
dence is contained in the even-degree polynomials 7.(s) in
s =sin0:

L(s) = 21'5(1 — s 4 s4) )
L
Ig(s):27t<—l+s +§S>’
1 3 5
14(s):21t<7sz—7s4+—s"),
2. 4 16 (4.47)
_ Lo Ty 1
15(s)—2n(§s —7 +Es ,
_ Lo 1y 6
16(S)—2TC<§S 58 +Es ,
_ Lo Ly 1
]7(s)—2‘n:( 53 +2s +16s ,

We note that the angular distribution of the relativistic
correction is determined by five 6th-order polynomials in s
vanishing at # = 0 and =, whereas the angular distribution of
the leading, nonrelativistic terms depends on three 4th-order

polynomials differing from zero at these points. In other
words, the relativistic correction does not affect radiation
intensity at § =0 and w. Also worthy of note is the
interesting symmetry of the expressions in the two square
brackets of the relativistic correction. The function in the
second square brackets composed of type-FjiFx terms
turns into the function in the first brackets if the last index
of the four-index coefficient in each of its terms is removed
and made the third index of the two-index coefficient, i.e., if
FijF i 1s replaced with FjjiFk. Clearly, the inversion
Fij1Fymk — FijFmniq changes the function in the first square
brackets to the function in the second.
The remaining integration over the angle 6 yields

JdQ G |G () + 2\Gx<n>}2>

161
= F{Fﬁl + F} +3F2 — Fi1 Fxy
1
*ﬁ ct nz[Flzll + Fi +3(Fiy + Fiy)

+ 5(Fpy + Fyy) — FiitFaor — FiinFon

= 2(FiioFua1 + Fint Fios + FooFiop + Faoi Fi)|

1
21

+ 3(FiiFun + FoFaon) + SFi2(Fian + Fion)

GBI [FuFin + FoFa

1
- §(F1111F22 + Fi1Foon + FiinnFa + FiiFaox)

= 2(FiiFiai2 + FiiiaFio + FoFion + F2212F12)}} . (4.48)

Certainly, this spectrum preserves the aforementioned per-
mutation symmetry of expressions in the two square brackets
of the relativistic correction.

Using this expression in formula (4.39) and carrying out
the remaining integration over ¢> dg gives the total energy £
emitted during time ¢,

Gl o? &
F 5 > g

n>0

£= (4.49)

and the radiation power P = £/t. Here, the curly brackets
contain the same expression as is enclosed in the braces in
Eqn (4.48).

If only the first four terms are kept in the braces, the
equation for the nth harmonic power

G(uv?)*w?

Pin) = =53

n?(Fi + F55 +3F% — FiiFn) (4.50)

exactly coincides with P(n) obtained in [24] [formulas (19) and
(20)]. In comparing, it must be kept in mind that
4J,(ne) = Fi1 + Fp, n#0. The Fourier coefficients
Fy(nye), A=1ij, ijk, ijkl, and their main properties are
presented in the Appendix.

Peters and Mathews [24] draw attention to the fact that
the mean radiation power P(n) summed over all harmonics is
a steeply growing function of e as e — 1 (see formula (16) in
[24]). As a matter of fact, the limit ¢ — 1 at a constant « is
nonphysical. In this case, the maximum and minimum speeds
of each mass on elliptical orbits respectively tend to oo and 0.



1114

A I Nikishov, V I Ritus

Physics— Uspekhi 53 (11)

For the mass m,, for example,

my \/G(m1 +my)(1+e)

Umax =

ZECA B U
B mp G(m1 Jrf}’Zz)(l —8)
Umin = 0.
m; + my a(l +e) o

To avoid conflict with the theory of relativity, the transition
to the limit e — 1 must be performed at a constant
p = a(l — e?). In this case, the ellipse turns into a parabola,
the mean power (P) tends to zero (because 7' — o0), and the
total radiation energy for time 7'is finite, being actually equal

to
64n (Gu?\ (v’ LT3 437
=22 (2R (2 (142 gt 4.52
£ 5<p>(c) et ) 432
and tending to the finite energy
1 VAR
s 70m (GL> (v_) = G(m +my) (4.53)
3\ p /\c P

emitted from both parabolic orbits of the masses n1; and ;.
Here, v, is the effective orbital velocity, and the maximum
velocity does not exceed 2v,. Evidently, the nonrelativistic
consideration is valid for v, < ¢. At v, = ¢, the parameter
p = G(my +my)/c?> becomes twice the gravitational
(Schwarzschild) radius of the two-mass system, and the
emitted energy £ is two orders of magnitude higher than the
interaction energy of the two masses. We note that at e — 1
and finite p, the fundamental frequency w tends to zero,
whereas the maximum angular frequency y/n,x remains finite,
and their ratio

l[/max _ 1 +e

® (1-e)

determines a maximum in the harmonic distribution over .

4.6 The improved trajectory method

As mentioned in Section 4.2, Eqn (4.32) is the expansion of
T;;(q) in powers of the nonrelativistic velocity f =v/c < 1
and, at the same time, in powers of the wave vector q. But
keeping terms of the order of 2 in the braces of (4.32), we
should refine the approximate expression (4.16) used on the
right-hand side of Eqn (4.14). We replace #p0(¢) by its exact
expression

too(q) = mc? sz exp [iqot —iqx(0)] y(1), (4.54)

in which, however, we keep only the lower-order term in the
expansion of the Lorentz factor y(¢):

y(1) ~ 1 +% B(2). (4.55)

This operation modifies the right-hand side of (4.14), which
takes form (4.16) with the y-factor in the integrand,
(102 62
-
¢* Oqx 0q, w(@)

- —qoszdt exp [igf — iqx(0)]p()xe(Dxi(1),  (4.56)

and the solution of (4.14) for T;;(¢) becomes

Tij(q) =m Jdl exp (ig°1) {yxi)'cj exp (—igx)

1. . . .. ] exp (—igx) — 1
+ [5 P + xi%;) 4 9 (%ix; + Xix/)} T i)
. exp (—igx) — 1 +igx
+ yXix; p{-iq ) 2 1 } (4.57)
(—igx)

[cf. (4.17) and (4.18)]. Indeed, Eqn (4.14) for such a
tensor with the modified right-hand side (4.56) reduces to
the relation between the Fourier transform of the
function y(#)xx(¢)x;(7) exp [—igx(z)] and the Fourier trans-
form of its second derivative with respect to ¢ regardless of
whether the approximate (4.55) or exact [cf. (4.23)] value of
the y-factor is used.

Again using the smallness of the ratio of the radiative
system dimensions to the wavelength, i.e., the smallness of gx,
we can represent the expression in the curly brackets with up
to the terms of the order of v2f>. Then

1
Tija) =3 MJdt exp (ig"1)

d? Lo N
X { a2 (yxix;) — Equ(4x,~xj + Xix; + x;%)

(qx)2(6>'€i>'fj + Xix; + x,-jéj)} . (4.58)

N —

As expected, the y-factor occurs only in the part independent
of the wave vector q since the q-dependent terms are of the
orders v2f and v2f%. As a result, the tensor T};(¢) for a two-
mass system is represented in form (4.32) with F;; replaced by
Fij,

Fij(n, e) = Fij(n,e) +% C2B’fij(ne), (4.59)

where § = v/c = aw/c < 1 and the Fourier coefficient is

' n* (" riri(F3 +73) [ cosnt
fij(n,e) = *?Lﬁ de 2202 { sin nt } : (4.60)

The explicit expressions for all the Fourier coefficients and
their properties are presented in the Appendix. Using them,
we can write the explicit expressions for polarization
amplitudes

1
TAn(q) :Z:uszA(”7q)7 A =+, %,

of the nth harmonic obtained by the trajectory method in the
p?* approximation without considering the 6y component of
the force field EMT. In the particular case where ¢ = 0 and
my < my, with C, =1, we have the second harmonic
amplitudes

T5(9)
1 1
=3 ,uvzy{l + cos® 0 — p? sin’ 9(1 + 3 cos? 9)} exp (2ig),
(4.61)

T5(q) = —i B o’y cos 9{1 3 p*sin’ (9} exp (2ig)
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[cf. (3.73), where ¢ = 0]. These amplitudes coincide with the
GR amplitudes of a charge in a magnetic moment field. Tt
appears that the nonlocal properties of this field manifest
themselves, by virtue of its strong falloff, in the GR
amplitudes in the terms of a higher order than f8°.

We next discuss the replacement of Fj; with F;; in the terms
bilinear in Fj;, such as those in Eqns (4.41), (4.42), (4.46),
(4.48) and (4.49). This substitution means that

Fjj — Fj+ GB*Fyfij,

(4.62)
1
Fi iy — FiiFy +§ Cof*(Fiifoo + Faa fin) -

The above expressions contain additional terms of the order
of [32 linear in f;;(n,e). The replacement of (4.59) is not
needed in the terms linear in F;; but bilinear in the Fourier
coefficients (such as F;;F4, A = mnk,mnkl) contained in
expressions (4.41)—(4.43), (4.45), (4.46), (4.48), and (4.49)
because it would lead to excess accuracy, i.e., the appearance
of order-$° and f* terms.

To summarize, the trajectory method permits finding the
transverse GR amplitudes with terms ~ 2 using only the
too(q) component of the mass EMT. It is known, however,
from three examples of the mass motion along the same
circumference but under the action of different force fields
that these fields are responsible for different order-f>
additions to the Lorentz factor determining the amplitudes
of the transverse components 7', and T [see (3.73)]. Because
y is the kinetic energy of the mass in units of mc?, an addition
of the same order as the nonrelativistic kinetic energy (1/2)f>
may be regarded as the effective energy of a force field
contributing to GR. An example of taking this energy into
account by the trajectory method for a massive string is given
below using both the component #yy(¢) and the component
Ooo(q) of the force field EMT in the right-hand side of
Eqn (4.14)

4.7 An example of taking the force field energy

into account

We apply the trajectory method to the calculation of GR by a
string of length r with one end fixed and the other loaded with
a mass m. We then add the component 60y (g, v) of the string
EMT to the #py(¢) component of the mass EMT [using the
same notation as in (3.47)]. According to Section 3.3,

Ouo(qv) = ujdt exp (ig1)

4 do
| 99
JO 1 — (wa/c)?

2,2 arcsin f§
My Jdt exp (iqoz)J da exp {—i s
p 0 p

exp [—iqx(r7 O')}

qr<z>} |
(4.63)

The last formula is derived by passing from the variable ¢ to
the dimensionless variable o,

sin o

o=——r, 4.64)
3 (
such that the exponent in the integral over o takes the form
—igx(t,0) = —i % qr(t) (4.65)

where r; = rcoswtand r, = rsin wt are the coordinates of the
mass-loaded end of the string. We also used relation (3.40)
between the string tension and the velocity v = wr of its end,
assuming the string rotates counterclockwise.

The additional term in the right-hand side of (4.14) takes
the form
q 02 0 _ 02 2| 4r i
7@ 0o (g, v) = mpy J exp (ig 1)

arcsin f8 : 2 :
x L dot (%) exp <—i % qr) re(0) ri(t). (4.66)

Up to now, no assumptions have been made regarding the
magnitude of the velocity, i.e., the parameter § = v/c.

We use the trajectory method to calculate the radiation
amplitudes 7T, (¢) and Tx(q) in the nonrelativistic approx-
imation, taking account of order-f? relativistic corrections.
We consider Eqn (4.66) in this approximation. Because
qr ~ f3, keeping the first three terms in the expansion of the
exponential and the calculating the respective integrals over o,

arcsin sin k B k+1 5
;e (F) ~e (e ).

k=234,

leads to the following expression for additional term (4.66):

q02 62 OO(q ’U)
¢ 0qi 0g; ’
1 .
0" mp 5 di exp (") (o) )

{H—ﬁ fléqr+130( )2}. (4.67)

Its comparison with the main expression in the right-hand
side of Eqn (4.14), including the % (¢) component,

02 2
q 0 £00

2 gy dq; @)

- —qozmyjdt exp (iq°t) (1) ri(2) {1 —igr — % (qr)z] ,
(4.68)

shows that expression (4.67) is (1/3)$? times Eqn (4.68). In
other words, it is obtained with an excess accuracy, which
implies that y = 1 and all bracketed terms except 1 can be
omitted. Because the addition to amplitudes (4.61) (obtained
by the trajectory method with the use of the % (¢) component
of the matter EMT alone) is equivalent to replacing the
Lorentz factor 7 in these amplitudes with the factor
7+ (1/3)B2, we have
S L N YL 4.69

Py Bl A =14 fT (4.69)
As a result, the amplitudes exactly coincide with the string
amplitudes in (3.73), = 1/3. The addition of (1/3)8? to
y = 1+ (1/2)p2, i.e., to the kinetic energy of the mass in units
of mc?, plays the role of the effective energy of the force field
involved in GR.

The relativistic GR amplitudes considered previously for
three cases (strings, a charge in a magnetic moment field, and
a charge in a Coulomb field) in the 8 >-approximation differed
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only by the order-f* terms added to the Lorentz factor
y=1+(1/2)

Toa(g) = 3 me(y + 05%)

X {1 +00520fﬁzsin29(1 Jrl cos20)} ,
3 (4.70)

Tw2(q) = —i % mv*(y + 6ﬁ2)0059{1 —% B2 sin’ 0} ,

i.e., by the respective values of the parameter J: 1/3, 0, and
—2/3. This means that the nonlocality of different force fields
driving a point mass along the same trajectory is poorly
manifested in the amplitudes 7, and T« (only in the terms
~ f?). At the same time, they have a similar local action on
the particle, as is revealed by the trajectory method where
only the local component % (g) of the matter EMT is taken
into account and the total EMT is kept.

Thus, the trajectory method allows finding the leading
terms of the amplitudes T, (¢) and T (g) of all harmonics.
For a quadrupole-like harmonic, relativistic corrections ~ f°
reflect both local and nonlocal effects of the force field. The
former are derived exactly by the trajectory method, and the
latter require the 0% component of the force field EMT to be
used in the right-hand side of Eqn (4.14).

For a motion along elliptical trajectories, this method
allows finding the amplitudes 7', and T for all harmonics in
the f2-approximation using the 7o) component of the mass
EMT in the right-hand side of Eqn (4.14); nonlocal effects of
the force field are taken into account, as in the case of circular
orbits, in the form of order-[j2 additions to the leading
Fourier coefficients F;;(n, e), unrelated to the graviton wave
vector q.

5. Gravitational radiation
by a charge passing through a Coulomb field
and a magnetic moment field

5.1 The passage of a charge through a Coulomb field

The trajectory followed by a charge e as it passes a Coulomb
center with the charge ¢’ is a planar curve that can be
described by the parametric equations

xi(&) =r()cosp(E),  xa2(S) = r(&)sin (&),

b . %
a7 <smh§+y7 f) ;
/

(5.1)
(<) =

where r is the distance between the charge and the center, ¢ is
the angle of deflection from the symmetry axis (1-axis), and ¢
is the time:

r(&) =a+bcosh¢,
(5.2)
1 , (lf%Z)I/ZSinhé
¢(&) = 7(1 OV aresin
These formulas are derived by the method described in [6] (see
par. 39).
The charge motion is characterized by three independent
parameters: the dimensional impact parameter f3, the dimen-
sionless Lorentz factor y of the charge at infinity, and the

dimensionless ratio
o

v :E s (53)

equal to the ratio of the product of charges o = ee’/4n to the
particle angular momentum M times the speed of light; all the
remaining parameters are their functions:

v

v2 \ /2 a
We consider the case of repulsion, v > 0. The extension to the
case of attraction is rather simple. The final Eqn (5.31) holds
for either sign of v.
The scattering angle is given by

2
7 =1— [p(c0) — p(—o0)] =m— m arccos%. (5.5)

We first consider the EMR spectrum of the charge. We
characterize the direction of the wave vector q by the angle d it
makes with the (1,2) plane and the angle i between the (q, 3)
plane and the 2-axis:

q = |q|(cosdsiny, cosdcosy, sind) . (5.6)

Using the conditions ¢%j,(¢) = 0 of current conservation and
g* = 0, we then have the EMR spectrum

]ja(q)|2: (1— cos? § sin’ ) |j1\2+ (1 — cos® 5 cos® ) \j2|2

— 2cos? dsiny cosy Re i j; . (5.7)

The current density components are defined by the integrals

jilg) = eme 4 exp [-if(E)]

—00

1 — %2

s gcos(@) — (L222) sino(@], (58)
I—v

X

jrlq) = ebjm d exp [-if(&)]

—00

1— %2 1/2
X {Sinhésin o(&) + (m> cos @(é)] . (59

J(&) = qir(&) cos (&) + qar () sin (€)

—q%(1 =972 <sinh§+y12 5) . (5.10)

It what follows, we confine ourselves to the ultrarelativis-
tic case y > 1 and require that the parameter v be of the order
of y~! or smaller, i.e.,

v - <1, (5.11)

=2 | -

Then » ~ v < 1, and up to the terms of the fourth order of
smallness in the parameters that occur in condition (5.11), we
have

1—x2\"2
(1—\)2) ~1l, b=xp.
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Moreover, both the scattering angle y and the effective values
of the angles é and  are small:

1
r=2v; 3], Y] ~y <1. (5.12)

The relevant expansion in formulas (5.1) and (5.8)—(5.10)
leads to

x1(&) = [3{1 + vcosh & —% v2sinh & arcsin (tanh &) + .. } ,
(5.13)
x (&) = ﬁ{sinhf —% v2sinh & —&—% v2arcsin (tanh &) + .. } ,

jl %eﬁvsa j2 zeﬁca (514)
| ina)|* = €22 [v2IS P + (82 +y?)[C P — 2wy Re (SC)]
(5.15)
where
(S,C) = JOO dé (sinh &, cosh &) exp [—if(¢)],  (5.16)

f(&) =n — zsinh & + w cosh & + sarcsin (tanh &), (5.17)

1 1
n=pq"y, Zzzﬁq°<52+w2+v2+3) :
Y (5.18)

1 02.

w=Bq’vi, s=5Pq

We note that | j,(¢) \2 is an odd function of . This follows
from the fact that a change in the sign of ¥ and the complex
conjugation result in reversing the sign of S(i), leaving C(y))
unaltered:

SH(=y) = =SW),

which  in  turn follows from the property
f(E ) =—f(—& —y). The evenness of the square of the
current in  implies the equality of the EMR intensities
emitted along the initial and final directions.

Because the charge deflection angle y is so small that the
conditions (5.11) and (5.12) are satisfied, the Coulomb field
effectively acts on the charge only over a distance of the order
of the impact parameter f§ ~ b. Consequently, &~ 1 are
effective [see (5.1), (5.2), (5.13)]. It then follows from (5.17)
that z, w, s ~ 1 in the integrals S and C are effective and,
accordingly, ¢° ~ B 192 (cf. par. 77 in [6]).

The integrals S and C cannot be expressed through the
known special functions. However, at the deflection angle

1<y,

S~ diexp (—in)Ki(z), C~2i Y exp(—inkK (),
z

1<y t<l. (5.19)

In this case, the EMR spectrum is given by the equation

2
. 2 2,202 g2 4
Ju(q)|” =4e v B Ki(z {1 - , (5.20)
- O e ]
and the total energy emitted during the passage is
d’q 5 nede’2y?
=|—= 1, =’ 21
o = [ s Lo = g s (521)

in agreement with the equation in Problem 1 of par. 73
in [6].

We now turn to the calculation of the GR spectrum. It is
determined by two transverse components of the total EMT,
which can be very simply expressed through the EMT
components in a coordinate system K’ whose 3'-axis lies in
the same direction as q [see (2.47), (2.48)]. The transition to K’
from the coordinate system K under consideration, where the
trajectory lies in the plane (1,2) symmetrically with respect to
the 1-axis and the radiation wave vector is characterized by
the angles ¢ and y [see (5.6)], can be accomplished through
two spatial rotations. One is the rotation K — K" about the
3-axis by ¥, which puts q in the (3 = 3”,2") plane of the
intermediate coordinate system K”. The other is the rotation
K” — K’ about the 1”-axis through the angle 6 = n/2 — 9,
such that the vector q lies along the 3’-axis of the K’ system.
The expression of the EMT components Ti}(q’ ) entering
(2.47) and (2.48) in the K’ system in terms of the components
Tii(¢g) in K yields

T, (q) = (cos® — sin® dsin® ) Ty
—2siny cos (14 sin® 8) Tyr+ (sin® i — sin® d cos? y) Ty
4 2sindcos d(siny Th3 + cosyyTa3) — cos® 0Tz,  (5.22)
T« (q) = sindsinycosy (T — Tr)
+ sin éi(cos2 W — sin® W)T12 —cosd(cos Tz —sinyyTa3) .
(5.23)

Formulas (1.3), (2.13), (2.39), and (2.40) in Sections 1 and
2 are used to construct the spatial components T;; = t;; + 0;;.
Then

ti(q) :mj'm de /(1 = x') Pexp [-if(9)], (5.24)

iLj=1,2,
0(a) = —iolal | a& exp [-i/(0)

1
x J du exp [iu(gqx + |q|r)]

0

xix! + x;x! XX i

M I 1 Vi)

_ — 2

X { e +t P (u+ \Q\">} +..., (525

where the prime denotes the derivative with respect to £. The
dots in (5.25) denote the terms of the form

(qibj + qibi) A, 04B, (5.26)
where 4 and B are rotation-invariant functions that depend
on q and the vectors e; and e, characterizing the charge
trajectory as a whole, the direction of its axis of symmetry,
and the tangent to the trajectory’s apex; b is one of the vectors
q, €, €.

In the case of the K — K’ rotation, the terms in (5.26) turn
into

(g/b] +q;b))4, 6B (5.27)
and transverse EMT components (2.48) make no contribu-
tion because ¢{ = g5 = 0. Therefore, neither the terms in
(5.26) nor the components T3, T»3, T33 have to be
calculated, as was first observed in [25].

To further analyze the ultrarelativistic case [to be precise,
(5.11)], we introduce the relevant expressions for the
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components ¢;; and 0;;, i, j = 1,2:

ty ~ cva d¢ tanh &sinh Eexp [—if (¢)],
e (5.28)
o

th=aS, th~r-C,

<

h dé tanh&exp [-¢ —if(&)],

—00

911 %avJ

01 ~ % aJOO dé exp [<¢ —if(9)], (5.29)

o0

05y ~ ocj désinh éexp [—E—if(8)].

Here, f(&) is given by (5.17) and the relation nzyfiv = o is used.
It can be seen that the components 0;; are of the order of ¢;
with the exception of 65, ~ vty < t. For the components
Tij, we obtain

Th~2cC.

1
Tp x5 a(S+C), .

Ty = avs, (5.30)
Substituting these components in (5.22) and (5.23), omitting
all the terms containing T3, T»3, and 733, and taking into
account that § and yy are small angles [see (5.12)], we find the
GR spectrum

1 AnGm?>y? .
56 (5 |7 P 4 207 ) = (- 07 407l

(5.31)

Here, the \ja(q)\2 spectrum is given by formula (5.15).

Therefore, when an ultrarelativistic charge transverses a
Coulomb field and the deflection angle is y < 7~', the GR
spectrum is proportional to the EMR spectrum, while the
conversion amplitude

1/2

r=y[v—yy2+6", (532)

depends on the direction of the wave vector and the orbital

parameters.
We note that I' exhibits no symmetry as { changes
monotonically from the maximum at {y = —v to the mini-

mum at { = v, meaning that GR emitted along the initial
charge direction is more intense than that emitted along the
final direction of the charge for both attraction and repulsion
(Fig. 2). The reason may be that EMR emitted along the
initial direction is converted into gravitons over a greater
length than EMR emitted along the final direction of the
charge.

2
0 Trajectory of the attracting charge

Th—,
/

o

1

Trajectory of the repulsing charge

Figure 2. The trajectory of a charge in a Coulomb field of attraction and
repulsion with identical impact parameters illustrating formula (5.32).

’ 2

Because v and the effective values of the angles i, § are
constrained by conditions (5.11) and (5.12), it follows that
I' ~ 1, in agreement with (1.15) (see the Introduction).

While the proportionality of the GR and EMR spectra is
due to ultrarelativism, the decrease in I to I' ~ 1 can be
attributed to the reduction of the region where GR forms to
the region in which EMR is produced. As a result, both GR
sources, the local EMT t,5 of the material body and the
nonlocal EMT 0,4 of the proper and external electromagnetic
fields, make contributions of the same order of magnitude.

For v € 7! < 1, substituting expression (5.20) in (5.31)
gives the GR spectrum found in this approximation in [26]. In
formula (17.20) of Ref. [26], the direction of vector q is defined
by the angles 0 and ¢:

q = |q|(sin 6 cos ¢, cos B, sin O sin ¢) ,

rather than by y and J [see (5.6)], but the smallness of all
angles, except ¢, simplifies the relations: yy = 6cos ¢,
6 = Osin . Integration of the spectrum over the wave vector
q gives the total GR energy &¢ differing from £y, in (5.21) by
the factor 4nGm?/e? as previously noted in [27].

In the foregoing, we assumed the charge motion to be
ultrarelativistic, i.e., > 1. In a more general but still
relativistic case, when the velocity of motion is not small and
y— 1321, the factor |j,(¢)]* is not separated from the
expression for the GR spectrum [see (1.5)]. Nevertheless, in
this case too, the EMR spectrum may be of interest both in
and of itself and as a tool for the assessment of GR.

Most calculations can be made as described before, but
the parameters » and v are significantly different even if they
remain of the same order of magnitude: »x = v/v, where
UV = vy 18 the charge velocity at infinity. The coordinates
x1,2(€), unlike (5.13), now depend on three rather than two
parameters:

x1(¢) = b[l + xcosh & —% v2sinh & arcsin (tanh &) 4 .. } ,

1 1
x(8) = b[sinhé ~3 %2 sinh & +§ v2 arcsin (tanh &) + .. } .
(5.33)

The current density squared contains two Macdonald
functions instead of one in (5.20):

-2 2
. 2 sin” 0 cos
o) =sea {1 - 2|k

p2(1 — vcosh)

+ : 2 1 ! Ki(z)
7402 [1 —wvcos0 )}2(1—00050)2 0y

(5.34)

The argument z of the Macdonald functions and the direction
n of the wave vector are given by

b 0
z:i(l —wcos0),
v
(5.35)
n:%: (sinfcos ¢ ,cos 8, sinfsin @) .
q

The EMR spectrum defined by formula (1.1) permits
integrating over the frequency ¢° = |q|. The arising angular
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distribution of EMR has the form

dEPM 022 (2)3{ 3 {1_ sin® 0 cos? ¢ }
dQ  4n-32\b) (1 —wvcosh)’ 72(1 — veos 0)?

1 2 1 1
- —~ - :
y4? {(l—vcos@)4 (l—vcos@)3 yz(l—vcose)s]}

The invariance of the square of the current density under the
reflection ¢ — m — ¢ implies the identity between the EMR
spectra emitted along the initial and final directions of the
charge motion. Integration over the angles yields the total
radiation energy

nede’2y? 1
= A2 (1 + _2> )
4(4n)’m?p v 3y

which can be found in a problem in [6, par. 73]. However,
unlike Ref. [6], we use Heaviside units in which the charge e is
related to eg in Gaussian units by the equality e = V/47 eg, let
the impact parameter be denoted by f, and assume the speed
of light ¢ = 1.

With the known square of the current density, it is possible

to estimate the GR of the charge passing the Coulomb center
by formula

EEM (5.37)

» d¥¢g
16m3

d&q = 4%|ju(q)| (5.38)

Here, A4 is the photon-to-graviton conversion amplitude over
the entire photon path. It can be found by integrating the
conversion amplitude at the dx segment of the photon path,

dA:ﬂEJ_(x)dx,

- (5.39)

where E| (x) is the field transverse to the photon wave vector
at the point with coordinate x along the photon path.

For a photon emitted at a minimal distance § from the
Coulomb field, we have

VarG e’

We express 4 in terms of the deflection angle y ~ 2x < 1
using the relations

!

e’ pev pal iyl
anf e’ FeEE K
Then

(5.41)

[4nGm? (v\?
A= 1t2m <2> V-
e c

5.2 The passage of a charge

through a magnetic moment field

We consider a charge passing through the field of a magnetic
moment in the equatorial plane. The charge motion is
characterized by the same parameters f§ and y as the motion
of a charge in a Coulomb field. The role of the dimensionless

interaction parameter v = o,/ Mc is played by the parameter

eI
= — 42
! AnMPc’ (542)

where 9t is the magnetic moment directed along axis 3.
Solutions of the equations of motion are sought by iterations
over this parameter, which is assumed to be small. In the
zeroth approximation, a particle moves parallel to the 2-axis.
Two iterations yield

x1(&) = /3{1 +vcosh & —% v?sinh & arcsin (tanh &) + ... } ,

x(8) =B {sinh 4 +% vZarcsin (tanh &) 4 .. } ,

B 1 . (5.43)
1(¢) :7(1 —”/72)1/2 (1 +§ v2> sinhé+...,

r(&) = Plcosh&+v+...).

At small v, the deflection angle is given by y =~ 2v [cf.
(5.12)]. Although solutions (5.43) of the equations of motion
differ from (5.13) and (5.1) by terms of the order of v2, the
function f(&) = ¢ux*(&) coincides with (5.17) over the
effective range of q if condition (5.11) is satisfied. In the
prefactors of the expressions for ji, j, for the electromagnetic
current and #yy, t12, ty» for the material body EMT, the
second-order terms in v, ! can be neglected. Therefore,
ljx(q)]* and t;; are the same as in (5.15) and (5.28).
Calculations show that the transverse components 0, and
0, of the field EMT coincide with those made up of
components (5.29) in the Coulomb case. In other words, the
GR spectrum of a charge passing through a magnetic moment
field is given, under the condition v < y~' < 1, by the same
formula (5.31) as the GR spectrum of a charge traversing a
Coulomb field.

In a more general case of relativistic motion of the charge,
when y — 1 2 1 and the parameter v is still small, v < 1, the
time coordinate #(¢) in (5.43) differs from #(¢) for a Coulomb
field by the absence of the term (x/y2)¢ [see (5.1)]. As a result,
the squared current density becomes

.2 2
sin“ 0 cos- ¢
P 2}K,Z(z), (5.44)

. 2 2722
» =4e b v |l - —m—
@) { y2(1 —vcos6)

where z and n are the same as in (5.35).
The integration of the EMR spectrum defined by (1.1)
over the frequency ¢° leads to the angular distribution
deg™  3etaty [ 1
dQ  32(4n)’m2b592 [ (

sin® 0 cos? ¢ }
92(1 —wcos0)’ |
(5.45)

1 — vcos0)*

Integration of this distribution over the angles gives the total
energy emitted by a charge as it passes through a magnetic
moment field,

EM w . (5.46)
4(4m)’m?b>
This expression is to be compared with energy (5.37) emitted
by a charge in a Coulomb field under the same conditions.
For y > 1, the difference from the Coulomb case dis-
appears, with (e9/b)” corresponding to (ee’)?.
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The intensity of GR by a charge passing through a
magnetic moment field is estimated as in the Coulomb case,
i.e., EMR spectrum (1.1) is multiplied by the square of the
respective photon-to-graviton conversion amplitude. This
amplitude is defined by the same formula (5.39) containing
the H, (x) component of the magnetic field instead of the
electric one. As a result,

4nGm? (v\*
A=\/—> (—) Vs
e ¢
where y is the scattering angle. This expression coincides with
(5.41) and is defined to an order of magnitude by the root
factor. Hence, the passage of a relativistic charge through the

fields being considered is not accompanied by the enhance-
ment of GR [27].

6. Discussion

In the electromagnetic systems considered in Sections 2 and 3,
the charge motion is caused by external fields with a nonlocal
EMT 0,, making substantial contributions to GR of the
system. Therefore, the classical GR of the system, unlike its
EMR, may be a source of information about its internal
structure. Moreover, for ultrarelativistic systems, the con-
tribution from a nonlocal source 0,, is greater than that from
a local one by the factor 2 and the GR spectrum at y > 1 is
proportional to the EMR spectrum. An argument in favor of
the universal character of this relation is the quasi-plane-wave
nature of the external field in the rest frame of an ultra-
relativistic charge. For a plane-wave field, relation (5.1) is
exact, irrespective of the velocity of the charge, as shown in [9]
for a linearly or circularly polarized monochromatic field; this
seems to be the case for a more general plane-wave field as
well.

The proportionality between the GR and EMR spectra
and the order of the quantity I' ~ yaty > 1 are closely related
to the fact that of the two sources of GR, the local EMT ¢,4 of
the material body and the nonlocal EMT 0,4 of the proper
and external electromagnetic fields, just the latter becomes
predominant in the ultrarelativistic limit. This means that GR
is produced as the charge emits a virtual or real photon at a
segment of the trajectory y times smaller than its curvature
radius r. This photon is then converted into a graviton as it
interacts with a quantum of the external field over the path of
the order of /, which is the extension of the external field in the
photon propagation direction.

When the field EMT dominates over the EMT of the
material body, the current j(g — k) entering (1.12) is almost
on the mass shell and the conversion amplitude I is given by
(1.14). If the EMTs of the field and the material body are of
the same order, this estimate of I’ remains true if the
components of the currents j(q — ker) and j(g) transverse
to q are comparable in magnitude. But if the transverse
components of the current j(g — kef) are much greater than
those of j(g), as is the case when the trajectory of the charge
is almost a straight line through the field (y < 7! < 1), then
I ~ 1 [see (1.15)].

The use of spatial components of the conserved current
and conserved EMT for the description of GR and EMR
spectra is convenient not only for the assessment of contribu-
tions of the field and matter EMT constituents to the GR
spectrum. The polarization amplitudes formed by the spatial
components directly determine the GR and EMR spectra and

their computation significantly facilitates evaluating these
spectra [see (1.10), (1.11)].

We emphasize that because of the nonconservation of the
tensors 7,, and 0,, taken separately, their contributions to GR
in the relativistically invariant form can hardly be considered
self-contained. For example, the quantity #,,¢*"* — (1/2)|t[f\2
is negative for the charge motion in a circular orbit [28]. But if
the mixed and temporal components of the total EMT T, are
expressed via its spatial component with the aid of the
conservation law (see formula (10.4.14) in [8]), the terms of
GR intensity quadratic in the spatial components ¢;; make a
positive contribution of the material tensor, those quadratic
in 0;; make a positive contribution of the field tensor, and the
terms bilinear in f; and 0, determine the interference
contribution.

From this standpoint, formula (2.4) defines the force field-
independent contribution of the material body tensor moving
uniformly in a circle. In the ultrarelativistic limit and the
effective region of q, this contribution, similar to EMR, forms
over a trajectory segment smaller than the local curvature
radius r; it is described for this segment by the asymptotic
equations in Section 2.1. For the contact forces considered in
Section 2.1, GR is determined by the contribution from the
matter tensor alone.

For the electromagnetic systems considered in Sections 2,
3,and 5, the contribution of the tensor 0;; to the GR spectrum
is comparable with that of 7;;; at y > 1, it is 72 times greater
than the latter and is proportional to the EMR spectrum.

The dependence of the amplitude I" on characteristics of
the force field, the wave vector direction, and the motion
parameters of a massive particle, especially its Lorentz factor,
is governed by the behavior of both the charge proper field
and the external field over a relatively large region. For y < 1,
the position of photon emission is not localized, which makes
it difficult to account quantitatively for the conversion of
photons into gravitons. However, the knowledge of the
qualitative behavior of I' is quite enough to assess the GR
spectrum because the properties of the EMR |j,(¢)|* spec-
trum are regarded as known.

For nonelectromagnetic systems, it is interesting to
qualitatively compare the transverse components 6, 6, and
t.,ty. The contributions of these components to the GR for a
rotating mass-loaded relativistic string turned out to be of the
same order, although the string energy is my/2 times the
energy of the masses at its ends.

We note that the contribution of the EMT of a material
body to GR in a circular motion is described by the exact
expression (2.4). For a body in arbitrary ultrarelativistic
motion, the contribution of its EMT to GR in the effective
region of q is estimated as

SnGG e, + 2|zx|2> ~

For a circular motion, the lower-order harmonics in this
estimate have an additional factor y2 in the right-hand side,
radiation is formed over the entire orbit, and order-of-unity
radiation angles are effective. Therefore, the transition from
the components j; and #;; to the transverse components is not
accompanied by a y- and y2-fold reduction, as is the case with
the components in the effective range of q.

The present results are equally applicable to a bunch of
charged particles whose size is small compared with the
radiation wavelength, and hence radiation at this wavelength
is coherent. Because the wavelength of the main radiation by

m2
G o) (6.1)

e?
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an individual particle is y3 times shorter than the wavelength
of the first harmonic, the bunch emits radiation coherently in
the lower-order harmonics and incoherently in the harmonics
withn ~ y3.

A system of two masses moving in elliptical orbits about
their common center of inertia may be an essential compact
object of dark matter. The GR of such a system is a valuable
source of information about its structure. The trajectory
method described in Section 4 for calculating the transverse
components of the conserved EMT of a two-mass system is
based on the approximate knowledge of its time components.
Using this generalization of the FEinstein method for the
calculation of quadrupole radiation permits determining the
polarization amplitudes of all GR harmonics in the long-
wave approximation and corrections to them due to the
relativistic motion of masses and the force field outside the
orbit.

We are delighted to have the opportunity to publish this
article in the issue dedicated to the memory of V L Ginzburg.
It may be thought that he would have found Section 4 the
most interesting. With this in mind, we preserved the explicit
notation ¢ for the speed of light, as he used to do in his papers.
Also, he might have remarked that we should introduce the
lower-order relativistic corrections into elliptical trajectories
too. We do know, Vitaly Lazarevich, where and how such
corrections may appear, but not all of them at once.

The work was supported by the RFBR grant No. 08-02-
01118.

7. Appendix.
Fourier coefficients F4(n,e) and f;(n, e)

All Fourier coefficients are expressed through the Bessel
functions J,,(ne) and their combinations

Sm«(n()) = Jn—‘\' (I’ZL)) - Jﬂ+s(ne) )
Cys(ne) = Jy_s(ne) + Jy(ne),

where n is the harmonic number and s = 1, 2, 3, 4. These
functions have the following properties:

(1) Sps(ne) =0 at n=0, s =0, Cy(ne)=0 at n=0,
s> 1, but C()()(O) =2;

(2) Cy5(ne) are even and S,;(ne) are odd functions of n;

(3) under the change of sign e, Sy,;(—ne) = (—1)"*S,s(ne)
and Cy5(—ne) = (=1)"*Cyy(ne).

Fii = —n(Sy2 — 2eSy1),
F12 =—Vl1 —ezn(Cng —2.],1),
F22 = (1 — (_’2) ﬂSnz .

. 1
Ju = _nz[(] —e?)(Cpp — eC) - n2:| )
— 1 1
./[12 =-Vi _e2n2|:<1 _E()z)SnZ _C)Snl _g C712:| s
1
f22 = (1 — ez)nz[C,,z — EC,,] _Z S,,2:| .

1 1,
Fiy = —ZH{Z Sz — eSpp + (Z+e )Sm} )

Fip=2V1 —e?(eSp+ Sn) — Foan,
Fioi =2V1—e?(eSp — Su) — Fa s
Fin =2(eCpp — Cut) — Finn,

Fyp =2[eCpa+ (1 = 2¢*)Cot] — Fin,

1
Fop = 5(1 - 62)3/2’1(C’13 - C, ) .
1 3 1
Fi = —H[Z Sha =3 eSus + <§—|— Sez)S,,z

3
— €(§+262)Snl:| )

1 3 1
Fiipp=-Vv1 —eznh Cn4_Z eCy3 o) Cn

+e(3 — 2@2)Cn1] ,

1 3
Fppp=-vI1 - 621{1 Cua o) eCpz + (1 +3e)Cp

15
- e’(Z— 62) Cnl] 7

1 3
Fiin = (1— 6’2)(4Jn -l—n[— Spa — 5

4 b SnZ + 2eSlll:|> )

1 3 5
F =(1- 2 7211 7 Ond T n " n
1212 = ( e)( J+n[4S4 4eS3+4e51D,

1 3
Faon = (1 —e?) (4-]}1 + H[Z Sha —3 eSy3

1 11
+3(§+€2>Sn27765n1]),

1 3
Fioy = (1 - 62)3/271{1 Cu—Cpn +§ Jn:| )

1 3 1
Fpp=(1- 62)3/271 {Z Cus — I eCp3 +§ an} )

1 1
Fop = _(1 - eZ)Zn(Z Sﬂ4 _E Sn ) .

Fourier coefficients F4(n, ¢) are either even or odd functions
of n,

FA(inve) = j:IrA(nae) )
depending on the even or odd number of twos in the
combined index 4. When the sign of e is changed, F4(n,e)

behave as even (odd) functions e depending on the evenness
(oddness) of the sum of n and the number of indices in 4, i.e.,

FA(”) _e) = (_l)nFA(nae) for 4= ijv l/kl’
Fa(n,—e) = (=1)""'Fy(n,e) for A=ijk.

This means that the coefficients Fj;(n,e) and Fj;(n,e) are
expanded in even powers of e,

Fy(n,e) = ap +ae? faset + ...,
if n is even, and in odd powers of e,
Fy(nye) = aje +aze’ + ...,
if nis odd. In contrast, the coefficients Fj;«(n, ) are expanded

in even powers of e if n is odd and in odd powers of e if n is
even.



1122

A I Nikishov, V I Ritus

Physics— Uspekhi 53 (11)

Fii(n) = fii(n) = =202,
Fia(n) = fia(n) = =202,

Fy(n) = fon(n) =20,

For e = 0, the following coefficients are nonzero:

Fiin(n) = =0, — 0,
Fiia(n) = 0 — 0,

Fioii(n) = =200 — 0n4,

1 3 .
Fii(n) = ~5 Onl — 3 Op3,  Frina(n) =400 — 30m + 0pa
5 3
Fiia(n) = 3 On1 — 3 On3 Fion(n) = =200 + s
3 3
Fizi(n) = —> On1 — 3 On3,  Foui(n) = 40,0 + 30 + 0pa s
3 3
Fixn(n) = o) On + 7 On3,  From(n) = =20, + 0,
5 3
Fyi(n) = 3 Ont + 3 On3 Fpp(n) = 0m + 04,
1 3
Fy(n) = ~5 Om + > On3.  From(m) =0m —0na.
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