
Abstract. A review of various systems for automated calcula-
tion of tree-level and loop Feynman diagrams, Monte Carlo
integration over multidimensional phase space, and event gen-
eration for modern and future colliders (LHC and ILC) is
presented. The CompHEP system possibilities are considered
in greater detail.

1. Introduction

Particle interactions are currently well described by the
Standard Model (SM), which embraces all the known
leptons and quarks and describes their interactions in terms
of a localization of the SU�3�c � SU�2�L �U�1� symmetry
group. But the SM is at the same time regarded more as an
effective theory at the energy scale of the order of the top-
quark massmt � 172 GeV rather than a closed gauge theory.
The known difficulties in explaining the origin of the
generations of fundamental fermions and their mixing, a
large number of free parameters, a strong (quadratic)
sensitivity to the mass scale of a possible new physics in loop
corrections to theHiggs bosonmass, complications occurring
in controlling quantum corrections at scales close to the
Grand Unification scale, and open problems related to
recent astrophysical data (notably, regarding the nature of
dark matter in the Universe) require extending both the
fundamental particle content of the SM and the gauge
symmetry group. For the same reasons, the physics pro-

grams of the new-generation colliders, the Large Hadron
Collider (LHC) [1, 2] and the International Linear Collider
(ILC) [3], are aimed at studying the effects at the energy scale
of the order of one or several TeV. Numerous hypotheses as
to which particular version of the new physics could be
observed at the TeV scale assume the existence of either new
fundamental fermions (for example, right massive neutrinos)
and new forces (for example, in models with Z 0 and W 0 ) or,
alternatively, extra space±time dimensions and new symme-
tries of nature. The minimal supersymmetric standard model
(MSSM), which is a representative of the extended set of
models, permits solving the interaction unification and gauge
hierarchy problems, but leads to essential complications in
calculations of particle interaction and decay processes.

The vast amount of experimental data obtained over the
last two decades at the LEP1 and LEP2 e�eÿ colliders
(CERN) and at the Tevatron p�p collider (Fermilab) has
allowed high-precision measurements of particle masses and
coupling constants. For example, the Z-boson mass was
measured in e�eÿ collisions at LEP1 with a precision
comparable to that in measuring the Fermi constant GF in
particle decays. To reasonably compare experimental data
with the predictions of theoretical models, exact calculations
of quantum corrections in the framework of various gauge
theories are needed. Predictions of this sort were very
important in discovering the top-quark at the Tevatron
collider, with the top-quark mass having been predicted
fairly precisely from comparison of LEP (Large Electron±
Positron Collider) and SLC (Stanford Linear Collider)
precision data with the results of theoretical calculations
involving quantum corrections due to the top quark. A
similar situation is currently occurring with the Higgs boson
mass estimates (although additional complications result here
from a weaker (logarithmic) dependence of quantum correc-
tions on mH).

Experiments in present-day and future colliders would be
impossible without detailed simulation of the physical
processes that are expected to occur in collider detectors.
Modeling a physical experiment is a complicated, multistage
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process that starts with formulating a gauge model (i.e.,
specifying the interaction Lagrangian) and proceeds by
providing a description of the signal and background
processes, calculating the signal and the background and,
whenever necessary, the interference between them at an
appropriate level of precision, and performing the signal and
background event generationwith the effects of the initial and
final states taken into account. The last part involves the
initial and final-state radiation of photons and gluons and
requires taking convolutions with the hadron PDFs (parton
distribution functions) in the initial state and with the
fragmentation functions for the transition of partons to the
final state. The simulation must thoroughly account for the
geometric characteristics and physical properties of the
subsystems of a given detector, as well as for the effects due
to multiparticle states in colliding beams and multiparton
states of colliding hadrons.

Precision calculations in quantum field theory are known
to be almost exclusively reliant on the perturbation theory,
where quantum effects are encoded in sets of Feynman
diagrams. These, together with Feynman rules that establish
the correspondence between visualization of graphs and
mathematical expressions for the observables, uniquely
correspond to the perturbation theory order. In the perturba-
tion theory framework, any model can be specified by fixing
Feynman rules for the propagators and interaction vertices of
the particles. Physical processes of scattering and decay are
calculated by linking the vertices and propagators in all
possible ways to obtain the desired initial and final state,
and by constructing the corresponding mathematical expres-
sions. The perturbation theory order is determined by the
number of vertices in the above links. For a fixed initial state
(e.g., e�eÿ), increasing the number of vertices leads either to a
progressively increasing number of final-state particles
(multiparticle exclusive processes) or to increasingly many
closed loops (multiloop corrections to scattering or decay). In
the first case, complicated multidimensional phase-space
integrals are necessary for calculating the interaction cross
section. In the second case, complicated integrals over the
momenta running in closed loops are necessary for calculat-
ing multiloop corrections. Calculation of diagrams with
many external lines (complete sets of tree-level diagrams)
and calculation of diagrams with many loops (multiloop
radiation corrections) are the two avenues in the develop-
ment of automated calculations. In this paper, we mainly
focus on the calculation of diagrams with many legs (which
describe multiparticle exclusive processes), although we also
briefly mention the systems for multiloop calculations.

The idea of an analytic calculation with a computer seems
to have been first realized in the SCHOONSCHIP program
[4]. Among more advanced general-purpose programs of the
subsequent period (for example, MACSYMA [5] and
REDUCE [6]), we note MATHEMATICA [7]. But the
legacy of SCHOONSCHIP was implemented in the FORM
package [8, 9], adapted to the particular requirements of
calculations in high-energy physics. In what follows, we
discuss not so much these programs as their applications to
automatic calculation of Feynman diagrams.

2. Complete sets of tree-level diagrams

As noted above, the perturbation theory method and the
diagram representation of amplitudes are well known and
rigorously justified in gauge theory. On the other hand, as was

already shown by the practical description of the production
processes of the W� and Z gauge bosons (e�eÿ,��
s
p

max � 209 GeV, 1995 ± 2002) [10±12], whose investigation
was the central issue on the physical program of the LEP2
collider, the use of perturbativemethods for the calculation of
collider processes in the SM and its extensions faces major
technical complications.

It is known that the SM gauge bosons W� and Z, and the
t-quark are short-lived particles with themain decaymodes to
either two leptons/quarks (for W� and Z) or three fermions
(Wb! 2 leptons/quarks �b for the t decay); hence, even the
simplest processes, such as pair production of theW�Wÿ and
ZZ gauge bosons or the t�t quarks, lead to four- or six-fermion
final states. The Higgs boson production processes also lead
to four-fermion states. On the other hand, it is obvious that
the same four- or six-fermion states can result from the
amplitudes (Feynman diagrams) without pair production of
gauge bosons or pair production of t�t quarks, and without a
Higgs boson as well. Already at the tree level, the total
number of Feynman diagrams then ranges from several
dozen to several hundred. A number of examples of four-
fermion states with a minimal and maximal number of
Feynman diagrams for the production of W� and Z gauge
bosons is given in Table 1. For definiteness in what follows,
we address the W�Wÿ pair production problem; in the
general case of an exclusive reaction with production of Z, t,
H, and so on, the problem setup is similar. In Fig. 1, we show
the complete set of 20 tree-level diagrams for the four-
fermion state e�eÿ ! eÿ�neu�d. Among them, three diagrams
(1 through 3) that contain twoWbosons in the s-channel each
correspond to the W�Wÿ pair production. In what follows,
we therefore call these diagrams the W�Wÿ signal diagrams,
and refer to the others as irreducible (interfering) background
diagrams (other examples of signal and background can be
found in the last two columns of the table). Thirteen
diagrams (4 through 16) each contain one W boson in the
s-channel, and hence correspond to a single W production:
e�eÿ ! eÿ�neW� ! eÿ�neu�d or e�eÿ ! u�dWÿ ! eÿ�neu�d.
Four ladder (multiperipheral) diagrams (17 through 20) do
not contain s-channel resonances and do not correspond to
pair or single production, although they constitute an
inherent part of the full set, which would not be gauge
invariant without them. Hence, the possibility of an experi-
mental detection of the W�Wÿ pair production can only be
discussed when the contributions of the single W production
diagrams, ladder diagrams, and their interference terms with
the W�Wÿ pair production diagrams are controlled and can
be separated. The relative contributions of the above diagram
types change as the energy increases (the pair production
contribution decreases and the single production contribu-
tion increases, with the latter exceeding the former at energies��
s
p � 300 GeV, which are typical for linear colliders), and
their separation requires an exact control over the calculation
of the sum squared of all the 20 diagrams.

We note in this connection that the known approximation
of an infinitely small width of a vector boson (the ``zero width
approximation''), based on representing its propagator by a
delta function,

gmn

�p 2
W ÿm 2

W�2 �m 2
WG 2

W

�) gmn
p

mWGW
d� p 2

W ÿm 2
W� ; �1�

yields no more than useful estimates for the various parts of
the cross section. For example, the W�Wÿ pair production
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cross section has the form

s�e�eÿ ! eÿ�neu�d� � s�e�eÿ !W�Wÿ�
� Br�Wÿ ! eÿ�ne� � Br�W� ! u�d� ;

where Br�W� ! f�f ��Gf�f=Gtot is the f�f channel decay branch-
ing. In this case, the single W production is not taken into
account. In general, it is impossible to obtain the distributions
for final fermions, needed for the description of experimental
data. For example, the distribution with respect to the
invariant mass Mu�d is a delta function in the above
approximation. If we restrict ourselves to only the three
W�Wÿ pair production diagrams (1 through 3 in Fig. 1)
with vector bosons off the mass shell, p 2

W 6� m 2
W, then the

corresponding amplitude is not gauge invariant, which is a
major deficiency of this approximation.

The above complications occur in any package involving
the zero width approximation. The list of initial states is by no
means exhausted by e�eÿ, pp, and p�p. For example, possible
collider experiments in nonstandard modes are being dis-
cussed within the ILC project. The plan is to use the facility
and detectors not only in the e�eÿ mode but also in geÿ, gg,
and eÿeÿ modes if a high degree of beam polarization is
possible. Photon beams are generated by the backward

Compton scattering of a laser beam [13, 14], which already
opens up new research prospects at moderate energies [15]. At
the ILC energies, the use of polarization of e�, eÿ, and g
beams [16] results in nontrivial changes in the production
cross section of the corresponding multifermion states for
complete sets of diagrams, which allows selecting the
optimum combination of the beams and their polarizations
for identifying the signals. Also discussed is the possibility of
experiments with colliding beams of muons [17], where
bremsstrahlung energy losses are minimal in circular config-
urations. Given all the variety of colliding beams, the
approximations of zero width, of equivalent photons, of
vector bosons, and so on may work poorly or even become
entirely inapplicable.

It is therefore obvious that software for automatic
calculations must contain the following algorithms:

1) diagram generation;
2) construction of a symbolic expression for each diagram

based on a given set of Feynman rules;
3) calculation of the symbolic expression (involving

algebraic operations with indices and the calculation of
traces) for the amplitude (or the squared amplitude) of the
process, to be used in subsequent integration over the phase
space;

4) calculation of the cross section (or the decay width) by
integration over the multidimensional phase space;

5) ``unweighted'' event generation for subsequent simula-
tion in a detector. 1

The variety of packages currently available for simulation
of particle interaction processes can be divided into twomajor
groups: a) computation systems in which the algorithms listed
in 1±5 above are realized (fully or partly) stage by stage;
b) programs for calculations based on databases (libraries) of
``precompiled'' squared amplitudes. The programs for calcu-
lation of particle interaction processes based on libraries of all
possible matrix elements are not considered in what follows.
In such programs, the calculation starts with step 5 of the
above scheme, with the squared amplitudes of processes
(typically, of the 1! 2 decay and 2! 2 scattering type) are
already stored in the library in symbolic form, and an
``upgrade'' to the desired multiparticle state is performed in
the zero width approximation [see Eqn (1)]. The irreducible
background diagrams are then not taken into account. If the
background processes are considered separately from the
signal, then the signal±background interference for identical
final states is not taken into account either.

The broadly known members of the family of library-
based programs are PYTHIA [18], HERWIG [19], and

Table 1. The number of different two- and four-fermion states and the number of signal and irreducible background diagrams for single and pair
production of gauge bosons (without the QCD diagrams with gluon exchanges and Higgs-boson diagrams).

State Number of énal states Number of diagrams*

Leptonic Semileptonic Hadronic Signal Background

Z
W�Wÿ

ZZ

6
9
21

0
12
30

5
4
15

1
3

2 or 4

0
6 for (a), 53 for (b)
4 for (c), 140 for (d)

* The number of diagrams is given for the channels: a) e�eÿ ! m�nmntt�, b) e�eÿ ! ne�nee�eÿ, c) e�eÿ ! nm�nmnt�nt, and d) e�eÿ ! e�eÿe�eÿ. For
process (c) , the number of irreducible background diagrams is the smallest among all the four-fermion channels (and is equal to 4), and for process (d) it
is the largest (140).
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Figure 1. The complete set of tree diagrams for the e�eÿ ! eÿ�neu�d
process. Diagrams 1 through 10 (with s-channel gauge bosons and a

photon) and 11 through 20 (t-channel ones) constitute two gauge-

invariant subsets in the complete set of 20 diagrams.

1 We note that most (although not all) packages conform to this scheme.

ALPHA and O'Mega packages (see Section 3) use different algorithms

and another program architecture.
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ISAJET [20]. They have a number of nice features, among
which, first and foremost, are the simplicity of use and the
high speed of cross-section calculations. And yet these
programs are insufficiently universal because any process
not pre-included in the library is inaccessible for calculation.
Built-in libraries of ALPGEN [21], TopRex [22], MC@NLO
[23], and MCFM [24] packages include more complicated
processes, quite interesting from the physical standpoint,
which do not use (1). But the number of such processes is
rather limited. We have already noted that quite a few cases
require an accurate assessment of the precision of calculations
relying on the zero width approximation for intermediate
particles.

3. Programs for calculation
of multiparticle states

The first programs for the calculation of complete sets of
diagrams, whose development began in 1989±1990, were
CompHEP [25±27], GRACE [28], and HELAS [29]. The
HELAS development was subsequently transferred to
another team, and starting from the late 1990s, the program
was being developed as MadGraph [30].

3.1 CompHEP
3.1.1 General features. The features distinguishing the
CompHEP package [25±27] from other systems for calcula-
tion of complete sets of diagrams are as follows.

1) A graphic user interface (GUI). The main operations
are accessed from a screen menu.

2) A unified, visually transparent form of writing Feyn-
man rules, the parameters, and the constraints between them
for arbitrary gauge models of field theory. The use of the
LanHEP program [31±35] for automatic generation of
models in a unified form is based on Lagrangians written in
coordinate space.

3) Autogeneration of symbolic expressions for the
squared amplitude of a process in different formats. Com-
pHEP does not use the method of helicity amplitudes (see
Section 3.2.1), instead summing over spin states using the
known representation for the direct product of bispinors:X

s�1;2
u�p; s� �u�p; s� � p̂�m

2p0
; �2�

with the subsequent analytic calculation of traces of g-matrix
products. For gauge fields, the summation over spin states is
performed with automatic subtraction of the contributions of
Faddeev±Popov ghosts and nonphysical Goldstone bosons in
calculations in 't Hooft±Feynman-type covariant gauges.

4) The possibility of defining a parameterization of the
multidimensional phase space in accordance with the set of
singularities of the chosen process, plus a regularization of
these singularities. Combined with adaptive (importance
sampling) algorithms of the Monte Carlo integrator
VEGAS [36], this allows dramatically increasing the effi-
ciency of MC integration and of ``unweighted'' event
generation.

An example of the format for writing the SM correspon-
dence rules in the 't Hooft±Feynman gauge is given in Fig. 2a,
where the indices c and f indicate the respective ghost and
Goldstone fields. In the upper part, the figure shows a
window for editing the correspondence rules, where the
familiar expression for the space±time structure of the WWZ

vertex can be recognized. In the notation of CompHEP,
m3:p2 � p2m3, m1:m2 � gm1m2, and so on.

CompHEP version 4 allows writing symbolic expressions
for the squared amplitude in the formats of REDUCE [6],
MATHEMATICA [7], and FORM [8] (more details about
these systems are given at the end of Section 1). These
possibilities (Fig. 2b) are currently considered complemen-
tary to the main MC structure of CompHEP, with numerical
integration and event generation performed after writing the
code in the ANSI C format.

A convenient graphic interface allows using the Com-
pHEP package for educational and training purposes. In this
regard, we note book [37], practicum [38], and lecture
notes [39].

A parallel development known as CalcHEP stemmed
from CompHEP version 4.0 [40, 41]. It underlies the
MicroMEGAs code for calculating the relic density of dark
matter in the MSSM and a number of other extensions of the
SM.

3.1.2 Analytic results for cross sections. In the case of
calculations of complicated processes with a large number of
external lines, the symbolic result is typically extremely
cumbersome and is of little interest in and of itself. But
symbolic expressions are very useful in deriving formulas for
cross sections and distributions of simple processes involving
new particles and interactions. Often, formulas allow a deeper
insight into the principal dependences on new parameters.

We briefly illustrate this with the example of an s-channel
resonance production of a new W 0-boson with decay into
t- and b-quarks [42]. The Lagrangian of the W 0 coupling to

a

b

Figure 2. (a) The CompHEP format for writing the correspondence rules

for the SM in the 't Hooft±Feynman gauge. The editor window shows the

WWZ interaction vertex of three gauge bosons. The W.c and Z.c vertices

correspond to ghost fields, and W.f and Z.f denote the Goldstone bosons

that become the longitudinal degrees of freedom of theW and Z bosons in

the unitary gauge. (b) CompHEP output formats for the squared

amplitude.
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SM quarks has the model-independent form

L � Vqi qj

2
���
2
p qigm

�
aR
qi qj
�1� g 5� � aL

qi qj
�1ÿ g 5�

�
W 0qj � h:c: ;

�3�

where aR
qi qj

and aL
qi qj

are left and right coupling constants,
gW � e=sW is the SMelectroweak coupling constant, andVqi qj

is an element of the Cabibbo±Kobayashi±Maskawa mixing
matrix in the SM. The new W 0 boson and its interaction
Lagrangian are introduced into the CompHEP framework
smoothly. For this, it is easiest to start with theCompHEPSM
Lagrangian in the unitary gauge and, maintaining strict
correspondence with the SM W boson, add a new vector
particle, with the particle name and the notation for its mass
and width replaced appropriately, and, instead of the vertex
G�m3� � �1ÿG5�, introduce the structure

al �G�m3� � �1ÿG5� � ar �G�m3� � �1�G5�

into the model Lagrangian (file lgrngN.mdl, where N is the
model number). Storing the symbolic calculation result, e.g.,
in the REDUCE format, it is easy to obtain the squared
matrix element of the main process u�d! t�b in the form

jMj 2 � V 2
tbV

2
ud�gW�4

� �pupb��pdpt�
�ŝÿm 2

W�2 � g 2Wm 2
W

� 2aL
uda

L
tb� pupb�� pdpt�

� �ŝÿm 2
W��ŝÿM 2

W 0 � � g 2WG 2
W 0

��ŝÿm 2
W�2 � g 2Wm 2

W���ŝÿM 2
W 0 �2 � G 2

W 0M 2
W 0 �

� �a
L
ud

2
aL
tb

2 � aR
ud

2
aR
tb

2��pupb��pdpt�
�ŝÿM 2

W 0 �2 � G 2
W 0M 2

W 0

� �a
L
ud

2
aR
tb

2�aR
ud

2
aL
tb

2�� pupt�� pdpb�
�ŝÿM 2

W 0 �2 � G 2
W 0M 2

W 0

�
; �4�

where aL
ud and aR

ud are left and right coupling constants of W 0

to u and d quarks, and aL
tb and aR

tb are the left and right
coupling constants ofW 0 to t and b quarks. The case of the so-
called SM-like W 0 corresponds to the same W 0 coupling
constants as for the standard W boson: aL

ud � aL
tb � 1 and

aR
ud � aR

tb � 0. Using a simple REDUCE program, we can
integrate the squaredmatrix element over the phase space and
obtain a compact formula for this subprocess cross section:

ŝ�ŝ� � pa 2
W

12
V 2

tbV
2
ud

�ŝÿM 2
t �2�2ŝ�M 2

t �
ŝ 2

�
�

1

�ŝÿm 2
W�2 � g 2Wm 2

W

� 2aL
uda

L
tb

� �ŝÿm 2
W��ŝÿM 2

W 0 � � g 2WG 2
W 0

��ŝÿm 2
W�2 � g 2Wm 2

W���ŝÿM 2
W 0 �2 � G 2

W 0M 2
W 0 �

� �a
L
ud

2
aL
tb

2 � aR
ud

2
aR
tb

2 � aL
ud

2
aR
tb

2 � aR
ud

2
aL
tb

2�
�ŝÿM 2

W 0 �2 � G 2
W 0M 2

W 0

�
; �5�

where aW � g 2
W=�4p�. The above expressions show, in

particular, that the interference [the middle term in (4) and
(5)] between the new W 0 boson and the standard W boson is
proportional to the product of only left coupling constants.

This is why the negative interference results in the experi-
mental bounds on the W 0-boson mass being weaker for the
left version of the interaction [43].

3.1.3 Parameterization of the N-particle phase space and
regularization of the squared amplitude. Efficient MC integra-
tion of the amplitude for a complete set of tree-level diagrams
is quite nontrivial, not only because of the very large size of
symbolic expressions but also due to the presence of multiple
``peaks'' associated with narrow resonances from scalar and
vector bosons in the s-channel and due to the radiation of
photons and gluons leading to the well-known infrared and
collinear poles. Singularities also occur in the amplitudes
whenever initial- and final-state photons or gluons split into
light fermion±antifermion pairs, or in the case where a gluon
splits into a pair of massless gluons. For example, in the MC
integration of the Higgs boson production amplitudes with
the subsequent decay H! b�b, whose width is of the order of
a few MeV, the sampled points may entirely miss a
``resonance'' contained in a physical domain of the order of
1 TeV in size (which is characteristic of the LHC and ILC),
which would then lead to an erroneous result for the cross
section. Efficient work of an MC integrator requires specify-
ing the positions of the peaks.

Beyond the automatic computation regime of CompHEP,
the only essential procedures that must be done by the user
and which dramatically (by a factor of several dozen) reduce
the computation time and increase the quality of the result are
the procedures of specifying a kinematic scheme (i.e., a
parameterization of the multiparticle phase volume) and
changing the corresponding integration variables. Because
this ``fine tuning of the numerical interface'' causes most of
the questions, we consider it in detail in the example of the
already mentioned four-fermion production channel
eÿe� ! �neeÿu�d at LEP2 energies.

The CompHEP kinematic schemes are based on a
recursive two-particle parameterization of the cross section
[44, 45], which is defined for a 2! N process as

s � N

4

����������������������������������
� p1p2�2 ÿm 2

1m
2
2

q �2p�4
�
d 4

�
p1 � p2 ÿ

XN�2
3

pi

�

� dp3

�2p�3 2E3

. . .
dpN�2

�2p�3 2EN�2
jMj2 :

The representation in the form of a convolution of two-
particle phase volumes for the chains pi j ! pi; pj
� pi j � pi � pj � �Ei j; pi j�� uses the relation

d 4� pi j ÿ pi ÿ pj� d4pi j dpi

�2p�3 2Ei

dpj

�2p�3 2Ej

� dpi j

�2p�3 2Ei j

jpij
�2p�3 4Ei j

dp 2
i j dOi ;

where dOi is the angular part of dpi. In the pi j � �Ei j; 0; 0; 0�
rest frame, we define the two-particle phase volume element

dG2�i; j� � jpij
�2p�3 4 �����

si j
p dsi j dOi ;

where si j � p 2
i j, after which the recursive procedure, which

selects two ``free'' four-vectors at each step, leads to the cross
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section

s � pN
2jpij

��
s
p
�
jMj2 dG2�I1; J1�

YNÿ1
i�2

dG2�Ii; Ji� :

The normalization is N � 0:39� 109 pb GeVÿ2. The choice
of a specific chain of consecutive decompositions pi j ! pi; pj
from several possible chains must agree with the singularities
of the squared amplitude, which we represent as

F�x� � f �x�
XN
i�1

gi�x� :

Here, the functions gi�x� have singularities corresponding to
the s- and t-channel propagators. After the change of
variables (regularization),

dx � d�yPN
i�1 gi�x��y��

; �y�x� �
XN
i�1

Gi�x� ;

where Gi�x� �
�
gi�x� dx, and normalization on the interval

[0, 1], d�y � �G�b� ÿ G�a�� dy, we obtain� b

a

F�x� dx �
�1
0

F
ÿ
Gÿ1�y�� Jx

g �y� dy ;

with the Jacobian

Jx
g �y� �

G�b� ÿ G�a�PN
i�1 gi�x�y��

:

The efficiency of the regularizations thus introduced depends
on the form of the gi�x� functions. For an s-channel
resonance,

gi�sk� � 1

�sk ÿ s0�2 � g 2
; Gi�sk� � 1

g
arctg

sk ÿ s0
g

: �6�

For a first-order collinear divergence in the t-channel,

gi�cos y� � 1

cos yÿ c0
; Gi�cos y� � ln j cos yÿ c0j : �7�

For a second-order divergence,

gi�cos y� � 1

�cos yÿ c0�2
; Gi�cos y� � 1

cos yÿ c0
; �8�

and so on.
We return to the eÿe� ! �neeÿu�d process, whose complete

set of twenty tree-level diagrams is shown in Fig. 1. Figure 3b
shows the set of regularizations for the kinematic scheme in
Fig. 3a, suitable for the singularities of the eÿe� ! �neeÿu�d
process amplitude. The kinematic scheme for the
eÿe� ! �neeÿu�d process (Fig. 3a) is constructed as follows:
we first choose a division into two groups: the electron eÿ

(particle 4 in the list of particles of the relevant 2! 4 process)
and the �neu�d cluster (particles 3, 5, and 6 in the list). This is
reflected in the first line of the kinematic scheme. Next, we
split the �neu�d cluster into the neutrino �ne (particle 3) and a pair
of u�d quarks (particles 5 and 6) (see the second line in the
definition of the kinematic scheme in Fig. 3a). Finally, the u�d
cluster is split into a pair of quarks. The choice of the phase
space parameterization for this scheme corresponds to the

singularities of the process amplitude, the most essential of
which are the first-order t-channel pole 1=t for the forward
scattering of the electron (diagrams 4, 8, 17, and 18 in Fig. 1)
and the second-order s-channel poles corresponding to the
W-boson decays into �neeÿ or u�d pairs (diagrams 1±16). In
accordance with this structure of poles of the squared
amplitude, convergence of the adaptive MC VEGAS integra-
tion at the LEP2 energy

��
s
p � 210 GeV is improved by using

a collection of five phase-space regularizations (i.e., five
changes of integration variables, as in (6) ± (8)) shown in
Fig. 3b. The first regularization, labeled ``14'' in the left
column, smoothes out the 1=t pole for the transferred
momentum t�� p1ÿp4�2, and the last two regularizations,
``34'' and ``56,'' smooth out the W-boson poles. The list also
contains the regularizations labeled ``145'' and ``146,'' which
are necessary for second-order t-channel poles of the u- and d-
quarks, � p1 ÿ p4 ÿ p5�2 and � p1 ÿ p4 ÿ p6�2, which feature in
ladder diagrams 17±20 in Fig. 1. The other singularities of the
amplitude (for example, the s-channel Z-peak ``12'') are
outside the kinematic domain at the chosen energy.

We note that the pole in the t � � p1 ÿ p4�2 variable is of
the first order, which is reflected in the last column (``Power'')
in Fig. 3b. Although the t � � p1 ÿ p4�2 process amplitude
involves a 1=t propagator (and hence the factor 1=t 2 appears
in the squared amplitude), the second power of t in the
denominator is canceled in summing over the twenty dia-
grams. 2 The double pole cancellation occurs as a result of the
U�1�em gauge invariance of the amplitude, and is knownas the
``gauge cancellation.'' Because the kinematic restriction for
the minimal (in absolute value) transferred momentum is

a

b

Figure 3. CompHEP formats for (a) a parameterization of the four-

particle phase space for the e�eÿ ! �neeÿu�d process, and (b) the necessary

collection of regularizations of the squared amplitude of the

e�eÿ ! �neeÿu�d process. The complete set of diagrams is shown in Fig. 1.

2 More precisely, the double pole cancellation occurs in the gauge-

invariant subset of 10 t-channel diagrams (diagrams 11±20 in Fig. 1).
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tmin � ÿm 2
e �M 2=s�2, where M 2�� p3 � p5 � p6�2, and the

electron mass is me�0:511 MeV, the existence of a second-
order pole 1=t 2 would obviously lead to a nonunitary
behavior of the total cross section s � � dt=t 2 � s 2; on the
other hand, the first-order pole ensures that the cross section
correctlyÐ logarithmicallyÐ increases as the energy
increases. An essential point is that the gauge cancellation
can be violated in the case where Breit±Wigner propagators
[with a finite width; see (1)] are substituted in the amplitude
instead of the chronological-product propagators. This can
lead to an erroneous numerical result for the total cross
section, which may obviously differ from the correct one by
several orders of magnitude. To ensure gauge cancelations,
the CompHEP system has the option ``Width scheme:
Overall.'' It must be activated in the case of the
e�eÿ ! �neeÿu�d process under consideration. Further details
regarding gauge cancelations in the amplitude and exact
propagators can be found in [46].

We note the high quality, hardly achievable with some
other systems, of the reconstructed distributions in calcula-
tions without kinematic cut-offs (the phase volume boundary
is controlled by tmin), the quality at about the limit of the
possibilities offered by double precision (REAL � 16). The
forward angular distribution for the electron is shown in
Fig. 4. To obtain a high precision, the amplitude must be
evaluated at finite masses of the fermions (even if some of the
masses are negligibly small). In particular, the me � 0
approximation, which is common in the formalism of
massless helicity amplitudes, leads to a divergent total cross
section in all of the kinematic domain.

The program user guide and documentation are accessible
via the ``Help'' menu item, available for each possible
operation that can occur in working with CompHEP. We
make a special note of the CompHEP possibilities of efficient
computations involving summation of the light constituent
quark contributions (simplifying the combinatorics of the
quark types, which is necessary for efficient calculation of
processes with initial-state hadrons) [47], the existence of
batch modes for calculations in both symbolic and numerical
modules of the program, and the computational modes for
parallel processing server farms. This permits the amplitude
calculations and event generations for processes with more
than six final-state particles to be completed in reasonable
time.

The CompHEP source code is distributed freely (regis-
tration is required) at the site http://comphep.sinp.msu.ru.

3.2 GRACE
3.2.1General features.TheGRACE system [28], implemented
in FORTRAN, has no interactive GUI, and the user there-
fore has to set up the computation plan using special
commands in a configuration file. The overall architecture
of GRACE resembles that of CompHEP, but there are
essential differences in diagram generation modules and in
the amplitude calculation module (which has been individu-
ally named CHANEL; see [48]). For any given process,
complete sets of both tree-level and one-loop diagrams are
generated. The method of helicity amplitudes is used for the
calculation of the complete sets of tree diagrams in the
automatic mode. Because this formalism is rather widely
spread, we discuss some details in Section 3.2.2. No auto-
matic generation of phase-space variables is implemented,
and the user must perform these operations manually.
Numerical MC integration is done using the adaptive
integrator BASES [49, 50], whose main algorithms are
analogous to those of the VEGAS integrator [36]. The
unweighted event generation module is called SPRING.

3.2.2 Numerical calculations in the method of helicity ampli-
tudes. Summing over polarizations in (2) requires taking
traces of a large number of g-matrices, an analytic calculation
that requires essential computational resources and yields
bulky expressions. Alternative methods based on numerical
calculation of the amplitude (not of the squared amplitude)
explicitly represented in some basis are known as the methods
of helicity amplitudes [51±56]. They use two-component
Weyl±van der Waerden spinors and the chiral representation
for g-matrices g m � ��0; sm

��, where sm
� � �1;� r�, and the

vector r components are the Paulimatrices s1, s2, and s3. The
spinor representation of an arbitrary four-vector
p � � p 0; p 1; p 2; p 3� is given by a Hermitian 2� 2 matrix of
the form p msm��� p 0�p 3; p 1�ip 2�, � p 1ÿip 2; p 0ÿp 3��. Its
eigenvectors are the helicity states

rp

jpj wl� p� � lwl� p�; l � � ; �9�

which can be conveniently represented as

w�� p� �
sin

y
2

ÿ cos
y
2
exp �ij�

0B@
1CA;

wÿ� p� �
cos

y
2
exp �ÿij�

sin
y
2

0B@
1CA ; �10�

where we use the polar and azimuthal angles of a unit vector
e � p=jpj � �cosj sin y; sinj sin y; cos y�. The four-compo-
nent spinors u� p; l� and v� p; l� decompose into two-
component helicity states wl� p�

u� p; l�� � o� l� p� wl� p� ; �11�
v� p; l�� � �lo� l� p� wÿl� p� ;

where o�� p� �
������������
E� p
p

. Orthonormalized polarization vec-
tors Em�q� for spin-1 particles are also explicitly given in the

Figure 4. Angular distribution of the scattered eÿ for the e�eÿ ! �neeÿu�d
process (the complete set of diagrams is shown in Fig. 1). The CompHEP

integrator used two sequences of ten MC iterations with 50,000 points

each; after the first run, the statistics was discarded, and only an adaptive

``grid'' was preserved. In the first bin, the cross section is 102 pb per

degree, with a total of 100 bins from 0 to 5 degrees.
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helicity basis by

E� � 1���
2
p f0;ÿ cos y cosj� i sinj;

ÿ cos y sinjÿ i sinj; sin yg ; �12�
Eÿ � 1���

2
p f0; cos y cosj� i sinj;

cos y sinjÿ i cosj;ÿ sin yg ;

E0 � EW

mW

� jpWj
EW

; sin y cosj; sin y sinj; cos y
�
;

after which a symbolic expression for the amplitude is
generated. Other explicit representations are also possible.
In phase-space simulation, angles and phases are sampled as
well. Algorithmization of the method of helicity amplitudes
involves a representation for interaction vertices of different
types, which are consecutively invoked by CALL SUBROU-
TINE commands. For example, the fermion±fermion±vector
boson interaction vertex FFV in theGRACE package has the
form

�wr 0 �l 0; p 0� Ê�q�Gwr�l; p� � dr 0l 0; rlArl�B1 ÿ irhB2� ;

where G � A�o� � Aÿoÿ (withA� being coupling constants
for the left- and right-helicity vertices), and

B1 � �k0p
0��Ep� ÿ �k0E�� pp 0� � �k0p�� p 0E�������������������������k0p 0��k0p�

p ;

B2 � Emnrsk
m
0 E

np 0rp s������������������������k0p 0��k0p�
p :

For practical calculations, it is convenient to choose the four-
vector k0, for example, as (1, 1, 0, 0); the expressions for B1

andB2 are then simplified. Similar representations can also be
written for massive fermions [48]; using them allows writing
any amplitude in terms of the blocks FFV, FFS, VVV, and so
on, and finding the amplitude numerically at a given phase-
space point and squaring it in order to calculate a cross
section or a decay width. The method of helicity amplitudes
lacks symbolic expressions for matrix elements squared. On
the other hand, obviously, the typical size of symbolic
expressions for the amplitude is much smaller than in the
case where the amplitude is squared and the traces are
subsequently calculated.

The GRACE source code is not available for distribution.
TheGRACEproject atKEK is at http://minami-home.kek.jp/.

3.3 MadGraph/MadEvent
Underlying the MadGraph system [30] are the FORTRAN-
implemented computational HELAS procedures [29] for
helicity amplitudes in the SM, whereby helicity amplitudes
for an arbitrary tree diagram can be computed via a sequence
of CALL SUBROUTINE statements. The HELAS library,
which originally had no module for generating and drawing
diagrams, was later essentially upgraded and extended
appropriately [58]. Currently, the system permits calculating
complete sets of tree diagrams not only in the SM but also in
the MSSM [57], with the subsequent generation of
unweighted events [58]. The current status of the system is
described in [59]. Major recent development objectives
include the following: 1) algorithms for the generation of a
parton shower initiated by a final-state quark or gluon of a

hard process (the so-called jet matching within the scheme
based on the MLM (M L Mangano) procedure [60]).
Evolution of a parton shower in the leading logarithmic
approximation of quantum chromodynamics (QCD) is
governed by the PYTHIA package algorithms; 2) an exten-
sion of parton shower generation algorithms to the next-to-
leading-order (NLO) corrections in QCD; 3) extension of
multiparticle decay chains, which is relevant for the produc-
tion of superpartners; 4) the possibility of parallel processing.
As a counterpart of the CompHEP/LanHEP pair, a Feyn-
Rules package is being developed for automatic generation of
Feynman rules for Lagrangians of nonstandard models, in
the format required for being read by the MadGraph system.

Although the source codes of the MadGraph system can
be obtained when needed, users are advised to run their tasks
on remote computers, using the specification of the process of
interest at one of the MadGraph sites. Further details can be
found at the web page http://madgraph.hep.uiuc.edu/.

3.4 Other programs
The packages that were developed for calculating complete
gauge-invariant sets of tree-level diagrams in the subsequent
period, from the late 1990s to the early 2000s, include
O'Mega/WHIZARD [61, 62] and SHERPA [63].

The O'Mega/WHIZARD system [61, 62] essentially
optimizes the summation of a large number of Feynman
diagrams from a complete set, which leads to an increased
computation speed and good convergence of MC iterations.
The optimization is based on the algorithms of selecting
gauge-invariant subsets of diagrams from the complete set
[64]. Calculations of cross sections in both the SM and the
MSSM are possible. It is relatively easy to include vertices
corresponding to effective Lagrangian terms of dimension
four or more (anomalous interaction vertices of three and
four gauge bosons are included in the distributed version as
an example). Unweighted events are generated using the
integrated package WHIZARD. The source code of
O'Mega/WHIZARD is distributed freely. A detailed descrip-
tion can be found at http://theorie.physik.uni-wuerzburg.de/
�ohl/omega/.

The SHERPA system [63] is based on the AMEGIC��
library of helicity amplitudes [65]. In addition to the
possibilities of SM and MSSM calculations, it offers ``built
in'' possibilities of calculations in models with extra dimen-
sions. The algorithms for the generation of a parton shower
induced by a final-state quark or gluon in a hard collision
process (jet matching) are based on the CKKW (Catani±
Krauss±Kuhn±Webber) scheme [66]. For more details, we
refer the reader to the site http://www.sherpa-mc.de.

3.5 Program applications for the calculation
of multiparticle states
Since the mid-1990s, the number of studies devoted to
calculations of complete sets of tree diagrams in the SM and
beyond has reached several thousand. Because it is unrealistic
to systematically describe themwithin the scope of this paper,
we only mention the most essential stages of the CompHEP
system applications, which went on along with many other
integrators and event generators for colliders. We note that
the general timeline for the CompHEP project development
was proposed in 1989, in [67]. The original versions of
CompHEP were implemented in the Pascal language for
PCs. Based on a table of correspondence rules for SM
vertices (in the unitary gauge), they autogenerated a code
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[68] for the exact squared amplitude corresponding to a
gauge-invariant set of diagrams; the code was suitable for
the REDUCE [6], FORM [8], and MATHEMATICA [7]
symbolic calculation systems, which were then to be used to
produce analytic results for the differential and total cross
sections. The SM in the 't Hooft±Feynman gauge was recast
into a collections of algorithms in 1993. No simplifying
assumptions (such as the zero width, equivalent photon, or
massless fermion approximations) were involved in the first
CompHEP versions; none appeared in the subsequent
versions. The method of helicity amplitudes was not used. It
soon became clear that this development strategy did not
allow reducing bulky symbolic expressions for complete sets
to a simpler form; this motivated the development of
FORTRAN code autogeneration modules amenable to the
subsequentMC integration via the BASES integrator [49, 50],
which was offered by the GRACE development team (KEK,
Tsukuba) [28]. Jointly, although via different methods, MC
calculations of cross sections were performed for a large set of
processes [69], which has allowed reliably testing all the
needed algorithms. The original phenomenological applica-
tions [70] were related to ge and gg modes of the JLC (Japan
Linear Collider) and TESLA (Tera-electronvolt Energy
Superconducting Linear Accelerator), where the photon
beam generation had to be realized via Compton back-
scattering. The important question of the compatibility of
gauge cancelations and the introduction of Breit±Wigner
propagators into the amplitude were analyzed in [46, 71].
Unweighted event generation, necessary for simulation for
real detectors, was implemented in CompHEP version 4 in
2000.

In 1995, the energy of the LEP2 e�eÿ collider at CERN
exceeded the W�Wÿ and Z0Z0 pair production threshold,
with the result that various four-fermion states (both purely
leptonic and those including hadron jets) started to form. The
pressing problemwas to exactly calculate LEP2 cross sections
and distributions of a new type, different from those of LEP1
(where

��
s
p � mZ � 91 GeV, and interest was focused on

radiation corrections at the resonance; see, e.g., [72] for the
ZFITTER package). For example, the precision of
PYTHIA's description of distributions for e�eÿ ! 4 jets
was not clear. Cross sections of various four-fermion state
production processes (about 100 channels) and the analysis of
theoretical uncertainties, together with the comparison of the
results of different systems and event generators, are given in
[10, 11]. In comparing the results, stringent requirements were
imposed on the coincidence of the results for both the total
cross sections (with the discrepancy not exceeding several
tenths of a percent) and the distributions with respect to
kinematic variables. In particular, the degree of precision of
the PYTHIA package approximation was established. It
turned out to be quite essential to account for the finite
fermion masses, radiation corrections to the initial state, and
radiation of large-pT photons from the initial and final states.
The last issue was later given additional attention in [12].
Used among the automatic calculation systems were Com-
pHEP, GRACE, and other packages based on libraries of
helicity amplitudes: EXCALIBUR [73], WPHACT [74],
WTO [75], HIGGSPV [76], and ALPHA [77]. As a result, it
was concluded that generators not using complete sets of
diagrams had to be updated because they did not provide the
desired precision.

Simultaneously, at the Tevatron p�p collider, CompHEP
results were being compared [78] with those of the VECBOS

generator [79] of massless helicity amplitudes for gauge boson
production processes with hadron jets, which was important
for taking PDFs into account and correctly determining the
factorization scales that play an important role in calculations
of processes involving hadrons.

Therefore, the CompHEP models and the main algo-
rithms have passed a variety of checks for a large number of
leptonic as well as hadronic channels by numerous compar-
isons with a large number of results derived using other
generators, based on totally different calculation methods.
This ensures the reliability and high efficiency of the package
(under conditions of its skilled use; see the example above).

Much attention has been attracted to the possibility of
observing the Higgs boson signal at LEP2 (in particular, in
the light of the known MSSM bound mH < mZ in the case
where radiation corrections are small). Here, it is vitally
important to make calculations with complete sets of
diagrams, because the e�eÿ ! HZ signal has to be separated
from the background e�eÿ ! ZZ process withmH � mZ and
from QCD backgrounds. Calculation of the complete set of
e�eÿ ! Zb�b diagrams [80] of the 2! 3 process has shown
that the irreducible background is not small, but the signal±
background interference is not particularly essential. 3 Inter-
estingly, in a subsequent calculation of complete sets of 2! 4
diagrams for the e�eÿ ! ne�neb�b process, it turned out [82]
that the previous modeling did not include an electroweak
``ladder'' Higgs boson production diagram with radiation of
W bosons from the initial e� and eÿ lines and with the
W�Wÿ ! H fusion, because the corresponding amplitude
was absent in the generator libraries. The diagram with
W�Wÿ ! H makes a new (and essential) contribution to
the ``underthreshold'' H production, mH <

��
s
p ÿmZ, where

the e�eÿ ! HZ cross section is negligibly small for the above
process of the H radiation from a Z line (``Higgshtrahlung'').

Since 1997, in the framework of the CMS collaboration
(CERN), applications of CompHEP have been considered
for the detection of a Higgs boson signal at the LHC. The
analysis of the Higgs boson signal at the LHC, as was shown
in subsequent work, can be sensibly performed only for
complete sets of diagrams, when the huge backgrounds,
typical for pp-colliders, can be put under control. In this
regard, we note the possibility proposed in [83, 84] to seek the
signal of a light (with the mass 115±150 GeV) Higgs boson in
gg� jet channels, where a better signal-to-background ratio
can be ensured than in the case of the totally inclusive
pp! ggX modes. Recently, a comprehensive modeling for
the CMS collaboration was also performed for the gg� 2 jets
channel [85, 86]. The full-fledged generation of a few million
unweighted events that was performed for that channel used
the CompHEP option of computation on multiprocessor
clusters, which had previously been implemented for simulat-
ing a single t-quark production. We note that in addition to
the irreducible background diagrams, very large contribu-
tions were made by the complete sets of diagrams for jets
misidentified as photons (the so-called fake backgrounds
from the decays of fast p0 inside jets, for example, in the
g� 3 jets channel in the case where one of the three jets is
experimentally indistinguishable from a photon), which also
must be simulated exactly.

3 We note that this was the first calculation of a complete set of tree-level

diagrams that simultaneously included contributions of both the produc-

tion of resonances that subsequently decay and the diagrams of the

irreducible (interfering) background (see [81] for further details).
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A principally new development is provided by the
LanHEP package mentioned in Section 3.1.1 (its version 1
[31±35] was launched in 1996), using which the Feynman
rules, particle tables, and physical parameters and constraints
are automatically generated in the CompHEP format. The
original Lagrangian terms of LanHEP are explicitly written in
the configuration space. The mixings of states in the mass
basis are specified relatively easily, to be subsequently
processed by a system for deriving correspondence rules,
simultaneously with the necessary checks (of the Hermiti-
city, correctness of the diagonalization, and so on). This has
allowed extending the system to the MSSM and its para-
metrically bounded versions: mSUGRA (minimal super-
gravity breaking) [87, 88] and GMSB (gauge-mediated super-
symmetry breaking) [89]. Subsequently, LanHEP was also
used to study various effective operators with a dimension
greater than four and nonsupersymmetric extensions of the
SM. The number of studies on nonstandard models in the
CompHEP format, published by users of the system, is quite
large. But we also note that beyond the ``proliferation'' of
chiral SU(2) multiplets of various particles and their mixings,
CompHEP version 4 offers rather scarce possibilities for
using models with multiplets of particles with a dimension
greater than two and of higher-rank symmetry groups. Much
more abundant possibilities will be implemented in version 5
of the CompHEP system, which uses the analytic calculation
kernel FORM.

Recently, a single t-quark production at the Tevatron p�p
collider was simulated in detail. The 2008 experimental
detection of a single t-quark production is the main result of
the Tevatron run II physical program (experiments in a high-
luminosity regime). To correctly model the t-channel produc-
tion of a single SM t-quark, which dominates at both
Tevatron and LHC energies, the SingleTop generator [90]
was specially designed based on CompHEP. CompHEP-
based calculations of complete sets of diagrams have yielded
event generation at the NLO level and have permitted
correctly reproducing all the spin correlations. The Comp-
HEP-based SingleTop generator was used in the first direct
observation of a single top-quark signal at the Tevatron in the
D0 experiment [91]. Numerous results for complete sets of
t-quark production diagrams in different collision types both
within the SM and beyond it are given in [92±94]. The
obtained bounds on the coupling constants involved in
effective dimension-6 operators permit predicting the LHC
and ILC parameter domains where signatures of the new
physics can possibly be detected.

4. Programs for calculation of loop corrections

Loop corrections are mainly calculated in the perturbative
QCD. Although the running QCD coupling constant is much
larger than the QED fine structure constant, it is still
sufficiently small to permit using the perturbation theory.
Because of a large number of possible intermediate particles
and their mass scales, computing electroweak corrections
beyond two loops is quite difficult even in the SM. In QCD,
gauge bosons are massless, and the masses of light u, d, c, and
s quarks can often be neglected to simplify the calculations.

The calculation methods are based on dimensional
regularization and the minimal subtraction scheme, on
integration of D-dimensional integrals by parts, on tensor
reduction, and on various schemes of dealing with soft and
collinear singularities. Numerous results have been obtained

for asymptotic expansions of loop integrals. We emphasize
that fully automated software packages for calculations with
the NLO-level precision are currently nonexistent, although
intense work is being done to create them.

4.1 FeynArts, FeynCalc, FormCalc, TwoCalc,
and LoopTools
The FeynArts program [95±97] for the generation of loop
diagrams, written in the MATHEMATICA interpreter
language, is used in the interactive mode. After the external
particles and the number of loops are specified, the program
generates all possible loop diagrams; for each of these, it then
constructs the transition amplitude, which can be computed
using the FeynCalc, FormCalc [98±100], or TwoCalc [101]
program. Because FeynArts runs inside the MATHEMA-
TICA environment, various manipulations with the program
output are possible. FeynCalc is aimed at calculating one-
loop diagrams in the SM. After algebraic transformations
with g-matrices and tensor reduction, the output is expressed
through scalar integrals, which are then evaluated by
MATHEMATICA. For this reason, the speed of FeynCalc
calculations with bulky intermediate expressions is not high.
The computation speed is essentially increased in the
FormCalc modification, running inside the FORM environ-
ment. The FormCalc possibilities are restricted to one-loop
diagrams. The TwoCalc package [101] (implemented in
MATHEMATICA) is an extension of FeynCalc for calculat-
ing two-point two-loop diagrams. A certain restriction on the
type of diagrams occurs because the tensor reduction
algorithm can be generalized to only two-point amplitudes.

Numerical calculation of scalar one-loop integrals is
possible at the next stage. This is the purpose of the Loop-
Tools package [99, 100], based on an earlier programFF [102]
written in FORTRAN. Designed for the MATHEMATICA
environment, LoopTools numerically computes the analytic
results obtained with FeynCalc or FormCalc.

4.2 MINCER and MATAD
The MINCER package [103], designed for the FORM
environment (although its original version [104] used
SCHOOSHIP), can compute one-, two-, and three-loop
integrals for massless particles in the case where only one of
the external legs carries a nonvanishing momentum. The final
result is represented as an E-expansion (for three-loop
diagrams, only the finite part is provided). The package is
based on the algorithm of integrating by parts and is highly
efficient. The MATAD package [105], also working in the
FORM environment, is designed for calculations of vacuum±
vacuum transitions, up to the three-loop level (with all the
external momenta vanishing) for intermediate particles that
are assumed either to be massless or to have identical masses.
The output can be represented as a series in small masses and
momenta. The applicability range of both packages is quite
restricted.

4.3 Other programs
Among the programs for the automated generation of
Feynman diagrams, we note the FORTRAN-implemented
package QGRAF [106], which demonstrates high computa-
tion speed. Generating 10,000 diagrams takes several sec-
onds. But no graphical visualization of the output is available,
although several different formats for the results of automatic
generation are possible, which the user can combine with the
desired Feynman rules manually.
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XLOOPS [107] is a useful program for the calculation of
one- and two-loop diagrams. For a diagram chosen by the
user, the package performs a g-matrix calculation and reduces
the result to scalar one- and two-loop integrals, which are
then evaluated either analytically using MAPLE [108] (for
one-loop integrals) or numerically with the VEGAS integra-
tor (for two-loop integrals).

We note the SHELL2 program [109] for the calculation of
one- and two-loop integrals; the program was used to
evaluate diagrams with intermediate particles on the mass
shell. A known example of this type is the calculation of the
two-loop correction to gÿ 2 for the electron.

Attempts have been made to combine the packages
mentioned in Section 5 within one common execution scope.
An example is provided by the GEFICOM shell, which puts
together the diagram generator QGRAF, the MINCER and
MATAD packages for calculating loop integrals, and
specialized EXP and LMP procedures [110, 111] for the
asymptotic expansion of amplitudes. The output is repre-
sented in the form of an asymptotic expansion in the mass
parameters, which are arranged in accordance with a certain
hierarchy of particle masses.

Special-purpose programs for the calculation of loop
corrections include packages for the calculation of masses,
constraints, and width for Higgs bosons in the two-doublet
sector of the MSSM with radiation corrections taken into
account; especially significant corrections can be produced in
the sector describing the coupling of scalar superpartners of
third-generation quarks to Higgs bosons, with the so-called F
and D soft supersymmetry breaking terms. These are the
HDECAY [112], FeynHiggs [113], and CPsuperH [114]
packages. They do not provide event generation possibili-
ties, but can nevertheless serve as precision tabulators of
symbolic expressions for the radiation corrections to masses
and widths of scalars, which are indispensable for modeling
within other systems. For example, FeynHiggs is integrated
into the CompHEPMSSMmodels. The details can be found
at the web pages people.web.psi.ch/spira/hdecay for HDE-
CAY, www.feynhiggs.de for FeynHiggs, and www.hep.man.
ac.uk/u/jslee/CPsuperH.html for CPsuperH.

There exists a group of programs for calculating radiation
corrections to the masses and couplings of MSSM particles
and their production cross sections in e�eÿ and pp interac-
tions. The group comprises the packages ILCslepton [115],
Prospino [116], SDecay [117], SoftSUSY [118], SPheno [119],
SuSpect [120], and Susygen3 [121]. Their comprehensive
descriptions and other details are given at the web sites

theory.fnal.gov/people/freitas/ for ILCslepton,
pheno.physics.wisc.edu/�plehn for Prospino,
lappweb.in2p3.fr/pg-nomin/muehlleitner/SDECAY/ for

SDecay,
allanach.home.cern.ch/allanach/softsusy.html for Soft-

SUSY,
www-theorie.physik.unizh.ch/�porod/SPheno.html for

SPheno,
www.ippp.dur.ac.uk/montecarlo/BSM/ and
www.lpta.univ- montp2.fr/users/kneur/Suspect for SuS-

pect, and
lyoinfo.in2p3.fr/susygen/susygen.html for Susygen3.
We separately note the SloopS package [122], which is

used in calculating the complete set of one-loop corrections in
the MSSM. SloopS is a hybrid of the LanHEP [31±35] and
LoopTools [99, 100] packages. The first of these generates
one-loop counterterms in automatic mode, such that their

format is suitable for subsequent calculations with FeynArts
[95±97].

We also note the SANC package [123] for calculation of
one-loop SM integrals (using the Rx gauge), which allows
obtaining analytic results for the complete set of helicity
amplitudes of a certain type of processes. The FORM and
FORTRAN languages are used. The methods are described
in detail in book [81]. The distributed system for accessing the
SANC data is implemented in Java, with the XML format
adopted for data representation (see http://sanc.jinr.ru/
sanc.project.php).

4.4 Program applications for the calculation of loop
corrections
A ``classic'' example of the calculation of third-order (a3s )
QCD corrections is given by corrections to the observable
R�s� � s�e�eÿ ! hadrons�=s�e�eÿ ! m�mÿ�. After the
order-a2s corrections had been calculated in the case of
massless quarks [124±126], it took more than ten years to
``manually'' calculate the next order [127, 128], where about a
hundred loop diagrams appear. In ``manual'' calculations, it
is quite difficult, for example, to verify that the result is
independent of the gauge parameter. Automated generation
of order-a2s loop diagrams and their automated calculation
[129] were realized even later. Calculation of order-a2s
corrections to R�s� in the case of massive quarks [130±132] is
associated with the computation of a small number (not more
than twenty) of loop diagrams, but requires processing huge
intermediate symbolic expressions, which is quite proble-
matic unless special-purpose systems are used.

Amore involved example is provided by corrections to the
Higgs boson decay into two gluons, H! gg; these correc-
tions are of utmost importance in establishing the confidence
level of the H! gg signal in the inclusive mode at the LHC.
The as-order correction to H! gg is known [133] to result in
a strong decrease (by 70%) in the partial width, which testifies
to the necessity of an exact calculation of the order-a2s three-
loop diagrams, which are about one thousand in number.
This can be done in the effective field theory framework for
mH < 2mW, when the top-quark ``decouples'' in the limit as
mt !1. The corresponding effective operators are obtained
in [134]. The calculations were performed with the GEFI-
COM shell (see Section 4.3). An even greater number of loop
diagrams occur at the four-loop QCD level, which was
considered in calculating the b-function (about 50,000
diagrams) [135] and the anomalous dimension gm (about
2000 diagrams) [136, 137]. We also mention the involved
calculations of QCD corrections toDr [138, 139] andDr [140],
and the calculations of PDF moments [141, 142]. The list of
radiation correction calculations is by no means restricted to
QCD. For instance, the anomalous magnetic moment of the
muon [143] and the anomalous dipole moment of the neutron
[144] furnish important examples of the calculation of two-
loop electroweak contributions.

5. Conclusions

Over the last two decades, the practice of performing involved
calculations in gauge models of field theory ``manually'' has
been significantly reduced. The ideology of automated
construction of amplitudes and the exact calculation of
ample collections of perturbation theory diagrams, with the
subsequent calculation of the distributions and event genera-
tion, have confidently established themselves as efficient tools
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for the direct simulation of processes in Tevatron, LHC, and
ILC detectors.

The major avenues of recent developments in the realm of
automated calculation systems have been as follows:
1) porting the computation to multiprocessor systems, for
the LHCmodeling in particular, where the number of parton
interaction processes that must be taken into account
amounts to several hundred; 2) development of unified event
file formats; 3) creation of interfaces to the programs for
modeling parton showers and hadronization, and for detector
modeling packages, CMS (Compact Muon Solenoid) and
ATLAS (A Toroidal LHC Apparatus), in particular.

In the most recent CompHEP version, 4.5 (2009) [25],
scripts are provided for performing (noninteractive) calcula-
tions on parallel processing server farms in both symbolic and
numerical modes. The first unified format, LHA (Les
Houches Accord) [145] (for transferring events from auto-
mated calculation systems to the programs for generating
parton showers and hadronization, PYTHIA and HER-
WIG), and subsequent formats LHAPDF [146] (for standar-
dizing PDFs), SUSY LHA [147] (for files containing different
supersymmetric extensions of the SM, e.g., SUGRA and
GMSB), and LHE [148] (the main format for unweighted
events) have been realized. CompHEP 4.5 supports both the
old cpyth formats and the LHE with description in the
HepML format. Support for the BSM LHA format [149] is
currently in the development stage. To efficiently construct
the distribution histograms, ROOT-format command files
have been generated. The interfaces to the PYTHIA and
HERWIG packages have been upgraded. The work on
creating analytic calculation kernels for squared amplitudes
based on the FORM system [8] is nearing completion.

We are grateful to the Russian Foundation for Basic
Research for support through the grants 08-02-91002-
CERN_a and 08-02- 92499-CNRSL_aa, 10-02-00525_a, and
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