
Abstract. Different ways to calculate the spectral properties of
fluctuating electromagnetic fields produced by solids are re-
viewed, all of which essentially reduce to solving the Maxwell
equations for a specified geometry and boundary conditions and
then using the fluctuation±dissipation theorem. It is shown that
in the practical case of plane-layered solids, all correlation
characteristics of thermal fields can be expressed in terms of
the Fresnel coefficients. The experimental results on thermally
stimulated electromagnetic fields from solids are in qualitative
and quantitative agreement with model calculations and theore-
tical expectations. The dispersion interaction between solid
bodies in different thermodynamic states, the fluctuating fields
as a means of body-to-body energy transfer, and the shift,
broadening, and deexcitation of energy levels in a particle near
a solid surface are discussed using the theory of thermally
stimulated electromagnetic fields.

1. Introduction

Electromagnetic fluctuations are part of one of the most
fundamental phenomena in nature, Brownian motion. In the
theoretical works of Einstein, Smoluchowski, and Langevin
[1±3], the fluctuational nature of this motion has been
revealed and its basic statistical features have been investi-
gated.

The history of studies of electromagnetic fluctuations, or
electrical noise, is well known [4±7]. In the early 20th century,
the relevant regularities were reliably established in two cases;
in the case where the characteristic wavelength of the problem
is much longer than its characteristic size, and in the opposite
case of geometric optics, where the wavelength is much less
than the characteristic scale of the problem. In the first case,
which corresponds to the quasistationary region of the
spectrum, the Nyquist formula was obtained, which
describes the spectral intensity of noise in an arbitrary
passive one-port with a given impedance; in the second case,
Planck's and Kirchhoff's formulas were obtained, which
describe the energy spectral density and the equilibrium
radiation intensity. One of Kirchhoff's laws in fact allows
determining the spectral intensity of radiation of a body into a
less heated space, i.e., is associated with a thermodynamically
nonequilibrium situation. This is the classical Kirchhoff law,
according to which the intensity of emission of a flat element
of a body surface in a certain direction at a fixed frequency is
given by

I�o; y� � I0�o�
�
1ÿ R�o; y�� ; �1�

where y is the angle between the normal to the surface and the
direction to the radiation detector, R�o; y� is the reflection
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coefficient, and I0�o� is the equilibrium intensity of emission,
which is independent of the incidence angle and of the
material of the blackbody cavity.

Relation (1) allows finding the power transferred through
a unit area into a fixed solid angle, for example, determined by
the specific geometric features of the radiation detector in the
experiment,

P�o;DO� �
� f2

f1

� y2

y1
dy df I0�o�

�
1ÿ R�o; y�� cos y sin y ; �2�

where R�o; y� is the reflection coefficient of the body at a
given frequency of the field in the direction specified by the
angle y. The solid angle cut out by the radiation detector,
whose axis makes an angle ywith the normal to the surface, is
written as

DO �
� f2

f1

� y2

y1
dy df sin y ; �3�

and the intensity of the blackbody radiation in the vacuum, as

I0�o� � c

4p
U0�o� � �ho3

4p3c 2

�
1

2
� 1

exp ��ho=kBT � ÿ 1

�
; �4�

where U0�o� is the spectral density of the blackbody
radiation, c is the speed of light in the vacuum, kB is the
Boltzmann constant, and T is the temperature of the
equilibrium system.

The relative power of emission at a given frequency into a
given solid angle is given by

P�o;DO�
P0�o;DO� �

� f2

f1

� y2

y1
dy df

�
1ÿ R�o; y�� cos y sin y� f2

f1

� y2

y1
dy df cos y sin y

; �5�

where P0�o;DO� is the spectral power of blackbody emission
at the frequency o into the solid angle DO.

We note that for the spectral composition of emission into
a given solid angle, the modern phenomenological theories of
thermal radiation give the same result as the classical Kirch-
hoff model of thermal radiation. In this sense, these theories
contain the Kirchhoff law, which describes the properties of
the field of propagating, or traveling, waves as the limit case,
supplementing the general theory of a fluctuating electro-
magnetic field by the description of the properties of its
quasistationary part. Moreover, theoretical methods have
been developed for calculating the space±time correlation
characteristics of thermal fields at any distances from bodies
with arbitrary geometric shapes.

The study of electrodynamic fluctuations is an important
part of modern fundamental and applied science, because it
is precisely the fluctuations of dynamic variables of the
system that determine a large class of the most important
physical phenomena. In particular, fluctuations ensure the
van der Waals interaction of bodies; the Casimir force,
which can be considered a special case of the van der Waals
interaction; the heat transfer between the bodies separated
by a vacuum gap; the capture of atoms, molecules, and
coherent material states by electromagnetic traps; and a
number of major physicochemical phenomena near the
surface of condensed media, such as the adsorption and
desorption of atoms and molecules. Electromagnetic fluctua-

tions lead to a change in the conditions and characteristics of
the spontaneous emission of atoms and molecules near the
surface, the shift of their levels, and the complete or partial
removal of degeneracy, which can substantially change the
dynamics of the phenomena. We emphasize that a study of
resonance states in the spectra of thermostimulated fields
allows finding the eigenmodes of the system, i.e., its volume
and surface polaritons, whose properties are determined by
the totality of the electrodynamic and geometric character-
istics of the system.

2. Statistical description
of the thermal electromagnetic field generated
by macroscopic bodies. Specific features
of the statistical model
of random electromagnetic fields

To date, the theory that has been developed in sufficient detail
is the correlation theory of the properties of thermal
electromagnetic fields induced by neutral macroscopic
bodies. The electroneutrality of a body implies that the
mean fluctuating local charge density vanishes,

r fluct�r; t�� � 0, and, as a consequence of charge conserva-
tion, the mean fluctuating current density vanishes as well,

j fluct�r; t�� � 0; here, r is the coordinate of a point inside the
body. The retarding vector and scalar potentials at a certain
point R of space outside the body are also equal to zero on
average:



Afluct�R; t�� � 0,



f fluct�R; t�� � 0. In turn, the

vanishing of the mean retarded potentials indicates the
vanishing of the mean value of the electromagnetic field. We
note that other averaged characteristics, for example, those
that are quadratic in the field, can differ from zero. The
physical interpretation here is that the known square-law
characteristics of the thermal electromagnetic field determine
its energy, which has a nonzero finite value if the source of the
fieldÐ the macroscopic bodyÐ is heated to a certain
temperature and is a reservoir of energy that exists in
different forms, for example, in the form of the thermal
kinetic energy of the atomic nuclei in the body lattice and of
corresponding electrons, or in the form of the electromagnetic
energy of fields inside and outside the body, which are
generated by charges and currents and have a random,
fluctuation nature.

In experiments, averaged characteristics of fields are
typically recorded in the vacuum at a certain distance from a
heated body. In the theoretical model, it is assumed that the
source of a thermostimulated fluctuation electromagnetic
field is a set of independent emitters, which emit waves of
random amplitude, phase, and polarization, and that each
elementary radiating volume emits nonmonochromatic
waves. The resulting field changes in space and time in a
complex, random way.

The statistical model of fluctuating electromagnetic fields
is based on the fundamental theorem in probability theory,
the central limit theorem (see, e.g., Ref. [5]). This name unites
several theorems with different degrees of generality and
applicability, which allow solving the problem of the
distribution of the sum of independent random quantities.
In the most general form, this problem was analyzed by
A M Lyapunov, who proved that under some conditions
and an unlimited increase in the number of terms of a
normalized sum of unequally distributed independent ran-
dom quantities, the distribution of such a sum approaches the
normal distribution.
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Thus, it is reasonable to assume that the source of a
thermal fieldÐa macroscopic bodyÐcan be conditionally
divided into independently radiating volume elements and
that all conditions of the central limit theorem are satisfied in
this case. Then the random electromagnetic fields belong to
the class of normal objects, for which all n-dimensional
probability distributions are Gaussian; for their comprehen-
sive statistical description, it suffices to know only the two-
dimensional density of the probability distribution. There-
fore, a special role in the description of statistical character-
istics of thermal fields is played by the correlation theory of
random stationary processes, which deals with only one-
dimensional and two-dimensional distributions.

The stationarity of a process implies that the mean value
of the random field is constant and, according to the above-
described physical model, must be assumed to be zero. The
correlation function of the components of the random
stationary field depends only on the difference in the time
moments and uniquely determines the spectral composition
of the field according to theWiener±Khinchin theorem [5]. In
the literature, there exist different definitions of averaged
products of fields taken at different space±time points. In
particular, the concept of an analytic signal is frequently used,
and normal and antinormal correlation functions are intro-
duced, for example, in quantum statistical optics [8, 9]. A
Fourier decomposition is frequently used, assuming an
auxiliary nature of this way of writing and considering that
all integrals and derivatives of the fields are understood in the
sense of convergence with respect to probability or as root-
mean square values:

A�t� �
�1
ÿ1

do
2p

A�o� exp �ÿiot� ; A � E;H;D;B ; �6�

where E and H are the electric and magnetic field strengths
and B and D are the magnetic and electric inductions.

The correlation functions can be conveniently written in a
symmetrized form; for example, for the electric field compo-
nents, as

gi j�r; r 0; tÿ t 0� � 1

2



Ei�r; t�Ej�r 0; t 0� � Ej�r 0; t 0�Ei�r; t�

�
; �7�

where the angular brackets denote ensemble averaging.
The Fourier transform of the correlation function,

according to the Wiener±Khinchin theorem, represents the
spectral density of fluctuations

gi j�r; r 0;o� �
� �1
ÿ1

gi j�r; r 0; t� exp �iot� dt : �8�

The main task of the correlation theory of fluctuating
electromagnetic fields is the development of methods of
calculating correlation functions of fields or their spectral
characteristics for a given geometry of bodies with realistic
electrodynamic properties.

It is obvious that the dynamics of any electromagnetic
process, including one having a fluctuation nature, must be
described by the set of Maxwell equations. Therefore, as the
starting equations here, we take equations for themicroscopic
fluctuating field strengths EM andHM in the vacuum:

rotEM�r; t� � ÿ 1

c

qHM�r; t�
qt

; divHM�r; t� � 0 ;
�9�

rotHM�r; t� � 1

c

qEM�r; t�
qt

; divEM�r; t� � 0 :

The ensemble averaging of microscopic fields in fact implies
averaging over fluctuations, which results in zeromean values
of the fields: hEMi � hHMi � 0. Nevertheless, the statistical
information about the thermal field is not lost, because it can
be extracted from an analysis of the dynamics of correlation
functions. As was shown in [10, 11], the correlation functions
satisfy the usual wave equation in the vacuum, and their
Fourier transforms satisfy the Helmholtz equation. Using
Green's theorems, it can easily be shown (see, e.g., Ref. [8])
that the spectral density then satisfies the integral equation

g�r; r 0;o� �
��

S

ds ds 0
qG
qn
�r; s� qG

�

qn 0
�r 0; s 0� g�s; s 0;o� ; �10�

where G is the Green's function of a certain boundary
problem (in this case, it is chosen such that it vanishes on
the body surface S), s is the coordinate of a point on the
body surface, and n is the normal to the surface of the body.
Relation (10) shows that the spectral density of the field
outside the body can be found if its value on the surface of a
heated body is known. As frequently happens in physics, this
relation can also be read from the right to left. Namely, given
the spectral density of radiation in the space outside the
body, we can, in principle, find the correlation properties of
the thermal field on the body surface by solving integral
equation (10).

In the bulk of the body, i.e., in amedium, the equations for
microscopic fields are more complex than in the vacuum,
because it is necessary to consider themotion of charges of the
medium:

rotEM�r; t� � ÿ 1

c

qHM�r; t�
qt

; divHM�r; t� � 0 ;
�11�

rotHM�r; t� � 1

c

qEM�r; t�
qt

� 4p
c

jM�r; t� ;

divEM�r; t� � 4prM�r; t� :

The microscopic charge density and the current density,
under the assumption that the charges are pointlike, can be
written as

rM�r; t� �
X
i

ei d
ÿ
rÿ ri�t�

�
;

�12�
jM�r; t� �

X
i

eivi d
ÿ
rÿ ri�t�

�
;

where ei, vi, and ri are the charge, velocity, and coordinate of
the ith charge.

Ensemble averaging also leads to zero mean currents
�hjMi � 0�, zero charges �hrMi � 0�, and zero fields
�hEMi � hHMi � 0�. In practice, however, in fluctuation
electrodynamics, as in many other branches of the physics of
Brownian motion, it is frequently expedient to deal with
equations for dynamic variables in order to obtain the
correlation characteristics of the fields via standard methods
of solving electrodynamic problems. For this, Eqn (11) can be
averaged over elementary volumes, allowing the fields to
change in time as rapidly as possible:

E�r; t� � 1

DV

�
DV

d3rEM�r� q ; t� ; �13�

(here, q is the position vector of a certain point in the chosen
elementary volume DV, whose center is determined by the
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coordinate r). It is seen from Eqn (13) that averaging over
elementary volumes in fact implies a spatial smoothing of the
fields with the preservation of their coordinate dependence
[12, 13].

The averaged Maxwell equations in a medium with given
statistics of external or total currents along with the boundary
conditions on the body surface and linear matter equations
allow determining all statistical characteristics of thermo-
stimulated random fields.

We note that the macroscopic Maxwell equations in a
medium can be written in various forms. This is caused, first
and foremost, by the method of defining induced currents.
For example [13, 14], if we introduce the total induction
D�r; t� � E�r; t� � 4pP�r; t�, which takes all effects of motion
of charges and themagnetization currents into account, and if
we assume that the polarization

P�r; t� �
� t

ÿ1
j�r; t 0� dt 0

includes the entire induced current without its division into
separate contributions, then the set ofMaxwell equations in a
medium is written as

rotE�r; t� � ÿ 1

c

qB�r; t�
qt

; divB�r; t� � 0 ;
�14�

rotB�r; t� � 1

c

qD�r; t�
qt

� 4p
c

jext�r; t� ;

divD�r; t� � 4prext�r; t� :

In this case, the set of equations involves the external currents
jext and charges rext related by the continuity equation. These
can be random external currents or auxiliary fictitious
currents, i.e., those currents that induce the fluctuation
currents j in the system. The total current, equal to the sum
of currents, is the source of the fluctuating field. Frequently,
the external (fixed) random currents are called Langevin
currents, by analogy with the description of mechanical
Brownian motion. Naturally, the mean value of external
currents vanishes, hjexti � 0. The tensor of the spectral
density of external currents is determined by the fluctua-
tion±dissipation theorem.

If for some reasons it is expedient to divide the induced
currents into the current of free charge carriers, the current of
the polarization of bound charges, and the eddy current of
magnetizing, then different electric induction vectorD�r; t� �
E�r; t� � 4pP�r; t� and magnetic field strength vector
H�r; t� � B�r; t� ÿ 4pM�r; t� are introduced. The polariza-
tion of the medium P may involve the contribution of the
currents of free and bound carriers, or only the contribution
of the current of bound carriers, with the current of free
charge carriers isolated as a special contribution. Then the
vector of magnetization of the medium M determines eddy
currents. In this case, the set of Maxwell equations in the
medium is written as

rotE�r; t� � ÿ 1

c

qB�r; t�
qt

; divB�r; t� � 0 ;

�15�
rotH�r; t� � 1

c

qD�r; t�
qt

� 4p
c

jext�r; t� ;

divD�r; t� � 4prext�r; t� :

The set of equations (15) also contains the external currents
jext. The name `external' currents means that the dynamics of
processes in the problem in question does not affect any
characteristics of these currents, which can be caused by
nonelectromagnetic phenomena; in the general case, the
induced currents and charges are functionals of the field
strengths, which are in turn determined by the sum of the
induced and external currents and charges. The external and
induced currents and charges separately and also their sum
are related by the appropriate continuity equations.

In a realistic problem concerning the thermostimulated
emission of heated bodies, several spatial regions with
different electrodynamic properties are considered. There-
fore, it is necessary to solve the set of equations (14) or (15)
with suitable boundary conditions and linear matter equa-
tions. The boundary conditions and the matter equations
must be formulated in accordance with the specific features of
the problem and with the model of the medium (see, e.g.,
Refs [13, 15]).

To find correlation functions of the components of fields,
the correlation functions of currents in the system or Green's
functions, specified by the fluctuation±dissipation theorem
(FDT), must be known. As is known [14, 16, 17], the FDT
relates spontaneous fluctuations of the parameters of a
system to its dissipative properties. In particular, the FDT
relates the spectral density of fluctuations of external currents
to the anti-Hermitian part of the dielectric constant tensor of
matter: ei j�r; r 0;o� � e 0i j�r; r 0;o� � ie 00i j�r; r 0;o�. The spectral
density of fluctuations of external currents is defined as the
Fourier transform of the correlation function of the external
currents:

F ext
i j �r; r 0;o� �

� �1
ÿ1

dtF ext
i j �r; r 0; t� exp �iot� ; �16�

and the correlation function can be written in the symme-
trized form

F ext
i j �r; r 0; tÿ t 0�

� 1

2
Sp
n
r0
�
j exti �r; t� j extj �r 0; t 0� � j extj �r 0; t 0� j exti �r; t�

�o
;

�17�
where r0 � exp

��FÿH0�=kBT
�
is the equilibrium density

matrix, F is the free energy, and H0 is the unperturbed
Hamiltonian of the system. The calculations lead to the
well-known formula

F ext
i j �r; r 0;o� � ÿ

ioY�o;T �
4p

ÿ
ei j�r; r 0;o� ÿ e �ji �r; r 0;o�

�
; �18�

whereY�o;T � � ��ho=2� coth ��ho=2kBT � is the mean energy
of an oscillator at a temperature T. In the literature, this
quantity is frequently written in the form that explicitly
separates the mean occupation number per mode, or the
degeneracy factor d � hn�o�i � �exp ��ho=kBT � ÿ 1�ÿ1; in
this case,Y�o;T � � �ho�1=2� hn�o�i�.

We note that the FDT can be expressed in terms of the
susceptibility of the system, which is unambiguously related
to the dielectric constant: wi j�o� � �ei j�o� ÿ di j�=�4p�. In this
case, a dual treatment of the polarization of a spatially
bounded system in a field is possible, namely, Pi�o� �
wi j�o�Ej�o� � w �e�i j �o�E �e�j �o�; that is, the polarization can
be defined as a response to the external field E �e� in which the
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body is placed, or as a response to the true field E in the
medium. In the general case, the connection between the
tensors w and w �e� is determined by an integral equation. One
classical case, however, is well known, which is connected
with the polarization of a uniform and isotropic body of an
ellipsoidal form in a quasistatic uniform field [12]. In this
simplest case, w �e� � 4pw=�1� 4pwn �a��, where n �a� is the so-
called depolarizing factor �a � x; y; z�.

Because the susceptibility of a system can be introduced in
two ways, the FDT can also be written in two forms. It turns
out that apart from formula (18), which, together with the
relation ei j � di j � 4pwi j, relates the true susceptibility of the
system w to the spectral density of fluctuations of external
currents, it is possible to find a similar relation of the
susceptibility w �e� to the spectral density of fluctuations
Fi j�r; r 0;o� of the true current in the system, which is the
sum j � jext � jind of the external and induced currents [14].
These relations are identical in form, but differ essentially in
meaning. It is obvious that the true susceptibility w char-
acterizes the properties of the medium itself, while w �e� also
takes the geometrical features of the sample into account.
Therefore, as was noted in Ref. [14], a more `fundamental'
approach consists in the use of correlation functions of
external currents in the sample.

3. Theoretical methods for calculating
the properties of thermally stimulated
electrodynamic fields

3.1 Langevin approach. Rytov theory
As is known [1±3], there exist alternative approaches to the
description of Brownianmotion. Langevin [3] proposed using
mechanical equations of motion for a Brownian particle in a
liquid. For this, an extra force is introduced into the equations
of motion, given by a random function of time f ext�t�, which
reflects the molecular structure of the liquid:

m
du�t�
dt
� ÿmgu�t� � f ext�t� ; �19�

wherem is the mass of the particle, g is the friction coefficient,
and u�t� is the instantaneous velocity of the particle.

The friction forceÿmgu�t� in Eqn (19) corresponds to the
continuum approximation, and the random force f ext�t� is
responsible for the fluctuational nature of the motion of a
particle. Because the mass of the particle is much greater than
the mass of a molecule in the liquid, it is reasonable to assume
that the particle motion is the result of an enormous number
of impacts by the molecules; therefore, the conditions of the
central limit theorem are satisfied. In addition, it is assumed
that there are no preferred directions of the random force in
the medium; therefore, its mean value is equal to zero and its
components do not correlate between themselves. Hence, the
process described by the f ext�t� function can be considered to
be Gaussian, with zero mean:


f exti �t�
� � 0 ;



f exti �t� f extk �t 0�

� � 2Ddikd�tÿ t 0� ; �20�

where the random force strength D � gmkBT is found from
the condition of the statistical equilibrium between the
Brownian particles and the surrounding medium [18]. The
delta-correlated singularity in (20) in fact implies a zero
approximation in the small parameter tcor=trel, where tcor is

the correlation time of molecular impacts and trel � gÿ1 is the
relaxation time, or the characteristic time scale of Brownian
motion. The Einstein formula D � gmkBT, which relates the
intensity of the Langevin source to the dissipative character-
istic of the medium g and the temperatureT, is the first known
fluctuation±dissipation relation. We note that the mathema-
tical features of the Langevin description of Brownianmotion
and its connection with alternative approaches have been
investigated, e.g., in Refs [5, 19, 20].

By analogy with the Langevin approach to the description
of a mechanical problem, Rytov has developed a theory of
equilibrium electromagnetic fluctuations [4±7] based on the
set of macroscopic Maxwell equations (15). For the spectral
amplitudes, the dynamic part of the set of equations (15) takes
the form

rotH�r;o� � ÿik0D�r;o� � 4p
c

j eext�r;o� ; �21�
rotE�r;o� � ik0B�r;o� ÿ 4p

c
jmext�r;o� ;

where external magnetic currents are introduced for conve-
nience and symmetry in writing; the Fourier transforms of the
inductions and field strengths are connected by the linear
matter relations D�r;o� � e�r;o�E�r;o� and B�r;o� �
m�r;o�H�r;o�; the electric permittivity and magnetic perme-
ability for isotropic and homogeneous media are e � e 0 � ie 00

and m � m 0 � im 00; and k0 � o=c is the wave number in the
vacuum. Just as in the case of mechanical problem (20), the
fluctuational nature of the electromagnetic field is taken into
account by introducing external sources of fields j eext�r;o� and
jmext�r;o� with assigned statistics into the right-hand sides of
Eqns (21). Just as in the mechanical problem, the expression
for the strength of sources of the fluctuating field follows from
the condition of the thermodynamic equilibrium of the system
and is determined by the fluctuation±dissipation theorem.

With chosen boundary conditions, matter equations, and
random sources, the set of equations (21) uniquely determines
spectral amplitudes of the field strengths and inductions. It is
obvious that the second moments of the fluctuating electro-
magnetic field are also determined by the second moments of
the external currents. Rytov [21] obtained the general form of
the FDT for continuous systems whose state is described by
random fields. He also showed that the correlation matrices
of the spectral amplitudes of fields and external currents are
uniquely determined by the linearized macroscopic Maxwell
equations.

Subsequently, the theory of thermal electromagnetic
fluctuations developed by Rytov and Levin [7] acquired a
completed elegant form. The authors obtained the funda-
mental generalized Kirchhoff law without any restrictions on
the relation between the wavelength of the fluctuating field
and the characteristic spatial scale of the problem, fromwhich
the classical variant of the Kirchhoff law follows directly.
Based on the reciprocity theorem applied to the field of a
point dipole and the fluctuation field in question, it was
shown that the spatial correlation functions of the compo-
nents of fluctuation fields are expressed through the mixed
losses of fields from two point dipoles. For example, for the
components of the fluctuating electric field in spatial
directions specified by unit vectors l1 and l2, we obtain


El1�r1�E �l2�r2�
� � 2Y�o;T �

p
Qee�r1; l1; r2; l2� ; �22�

May 2009 Thermally stimulated electromagnetic éelds of solids 429



whereQee�r1; l1; r2; l2� are the mixed losses of the fields of two
electric dipoles, one of which �d1 � ÿl1=io� is located at the
point r1 and is oriented along l1 and the other �d2 � ÿl2=io� is
located at the point r2 and oriented along l2. Such dipoles
correspond to the unit electric point current j e0 �
ld�rÿ r 0� � ÿiodd�rÿ r 0� at r � r 0. These losses are written
as

Qee�r1; l1; r2; l2�

� ÿ io
16p

�
V

d3r
�
E e1
i E e2

j

��ei j ÿ e �ji � � H e1
i H e2

j

��mi j ÿ m �ji �
�
;

�23�

where E ek
i � E ek

i �r; rk; lk� and H ek
i � H ek

i �r; rk; lk� are the
fields of the kth �k � 1; 2� point electric dipole and the
integration is performed over the volume of the body that
generates the thermal field. The formulas for the components
of the fluctuating magnetic field hHl1�r1�H �l2�r2�i and for the
mixed product hEl1�r1�H �l2�r2�i are written similarly, but the
losses must then be calculated using the fields
Em1; 2
i � Em1; 2

i �r; r1; 2; l1; 2� and Hm1; 2
i � Hm1; 2

i �r; r1; 2; l1; 2� of
the magnetic point dipoles m1 � ÿl1=io and m2 � ÿl2=io
corresponding to the unit magnetic current jm0 �
ld�rÿ r 0� � ÿiomd�rÿ r 0�.

We note that the generalized Kirchhoff law expressed, in
particular, by formula (22) allows calculating the spectral
characteristics of the fluctuating field radiated by a heated
body of an arbitrary shape into cold space; i.e., it describes
a nonequilibrium situation, just as the classical Kirchhoff
law (1). An essential difference between them is that the
theory considered here allowed finding spectral character-
istics of thermal fields in the near zone, i.e., in the zone of
quasistationary random fields, which could not be done
using the classical law in principle, because it was obtained
in the approximation of geometrical optics.

In the case of the complete thermodynamic equilibrium,
when the temperatures of all the bodies are equal, the authors
of the theory showed, using the complex Lorentz lemma, that
the losses are determined simply by the fields of point sources,
or by the Green's functions of the problem,

Qee�r1; l1; r2; l2� � ÿ 1

2
Re
ÿ
l1E

e2�r1�
� � ÿ 1

2
Re
ÿ
l2E

e1�r2�
�
;

�24�

and generalized Kirchhoff law (22) acquires the simple form

El1�r1�E �l2�r2�

� � ÿY�o;T �
p

Re
ÿ
l1E

e2�r1�
�

� ÿY�o;T �
p

Re
ÿ
l2E

e1�r2�
�
: �25�

Analogous formulas are obtained for correlation functions of
themagnetic strength components of the thermal field and for
mixed correlation functions.

We note that formula (24) can easily be obtained from
Poynting's theorem, which implies that the dissipated power
in the entire space, created by the field of the regular current
j0 � ld�rÿ r 0�, is written as

Q�r; l� � ÿ
�
d3r 0



j0�r; r 0�E�r 0�

� � ÿ 1

2
Re
ÿ
lE�r�� : �26�

Hence, both when the system is in complete thermodynamic
equilibrium with the surrounding space and when the system
is in incomplete equilibrium, when only the body under
consideration is heated, spectral characteristics of the
thermal fluctuation field are determined by the Green's
functions of the corresponding regular problem. The theory
under consideration allows calculating correlation functions
of the thermostimulated field at any distance from the surface
of the thermal source and obtaining comprehensive informa-
tion about the spectral characteristics of both the traveling
and quasistationary waves of this fluctuating field.

3.2 The Green's function method
In modern physics, a very important and fruitful approach is
based on the concept of Green's functions [22±24]. In solid-
state theory, a Green's function defined in terms of averaged
differently ordered field operators has been introduced. It
turned out that the Fourier transform of the Green's function
determines the spectrum of quasiparticle excitations in a solid
body. It is natural that for describing electromagnetic
excitations in the framework of the already developed
general procedure, it made sense to develop an appropriate
theory by analogy. The role of field operators in the theory of
electromagnetic fluctuations [24] is played by the operators of
electromagnetic field potentials j and A. The key concept of
the theory is the retarded Green's function

iGR
ik �r1; r2; t1; t2�

�


Âi�r1; t1�Âk�r2; t2� ÿ Âk�r2; t2�Âi�r1; t1�

�
; t1 > t2 ;

0 ; t1 < t2 :

�
�27�

In the case where the Green's function depends only on
the difference t � t1 ÿ t2, its Fourier transform is written as

GR
ik �r1; r2;o� �

�1
0

dt exp �iot�GR
ik �r1; r2; t� : �28�

This theory is based on the general theory of the response of a
macroscopic system to external action and on the Kubo
theorem [18]. The general expression for the interaction
Hamiltonian of the electromagnetic field and the medium
has the form

V̂ � ÿ 1

c

�
d3r ĵ�r; t� Â�r; t� �

�
d3r r̂�r; t� ĵ�r; t� ; �29�

where ĵ and r̂ are operators of the current density and of the
charge density of the medium, and the integration is taken
over the entire volume. For convenience, the gauge j � 0 is
used in this theory, which does not affect the observed
values, i.e., the field strengths. In this gauge, it is possible
to write interaction operator (29) with the classical external
current as

V̂ � ÿ 1

c

�
d3r j0�r; t� Â�r; t� : �30�

It is known that for discrete dynamic variables xi that
characterize a change in some property of a system under the
effect of external actions fi, the operator of the interaction
energy has the form V̂ � ÿPi fix̂i. The average values of
dynamic quantities hxi�t�i are linear functionals of external
forces fa�t� and their Fourier components are connected by a
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simple linear relation hxi�o�i �
P

j wi j�o� fj�o�, where wi j�o�
are the generalized susceptibilities. In the case of spatially
distributed quantities xi and fi, the operator of interaction is
written as

V̂ � ÿ
X
i

�
d3r fi�r; t�x̂i�r; t� : �31�

Comparing (30) and (31) and assuming that the external
forces fa are components of the external current j0, we see that
components of the vector potentialA=c are to be chosen as the
dynamic quantities xa.

In the framework of the theory of linear response, we can
write


xi�r; t�
� � � d3r 0 � dt 0 wi j�r; r 0; tÿ t 0� fj�r 0; t 0� ; �32�

whence the mean response for the Fourier components, as in
the discrete case, is expressed through the susceptibility of the
system:


xi�r;o�
� �X

i

�
d3r 0 wi j�r; r 0;o� fj�r 0;o� : �33�

In turn, the susceptibility, according to Kubo, is expressed
through the mean values of the commutator of the operators
x̂a�r; t� in the Heisenberg representation:

wi j�r; r 0;o�

� i

�h

�1
0

dt exp �iot� 
x̂i�r; t� x̂j�r 0; 0� ÿ x̂j�r 0; 0� x̂i�r; t�
�
:

�34�
Comparing formula (34) with the definition of the retarded
Green's function (27)±(28), we obtain

GR
ik �r; r 0;o�

� ÿi
�1
0

dt exp �iot�
Âi�r; t�Âk�r 0; 0� ÿ Âk�r 0; 0�Âi�r; t�
�
;

�35�

which shows that the components of the tensor
ÿGR

ik �r; r 0;o�=�hc 2 should be regarded as generalized suscept-
ibilities. Therefore, taking (32) into account, we can write the
mean value of a component of the vector potential of the
fluctuating field as


Ai�r;o�
� � ÿ 1

�hc

�
d3r 0 GR

ik �r; r 0;o� jk�r 0;o� : �36�

But themean field determined by the vector potential satisfies
the set of equations (14) or (15). Writing the mean vector
potential without angular brackets in what follows, taking
into account that B�o� � rotA�o� and E�o� � i�o=c�A�o�
in the chosen gauge, and using the relations
Bi�o� � mik�o�Hk�o� and Di�o� � eik�o�Ek�o�, we can
obtain the equation for the retarded Green's function. In the
notation in [24], this equation takes the form�

rotim�mÿ1mn rotnl� ÿ
o2

c 2
eil

�
GR

lk �r; r 0;o� � ÿ4p�hdikd�rÿ r 0� ;
�37�

where rotil � eikl q=qxk, �rotA�i � rotil Al, and, as usual,
summation over repeated indices is understood. Just as in
Rytov's theory, finding the Green's function from a concrete
boundary value problem and using the FDT for the general-
ized susceptibilities ÿGR

ik �r; r 0;o�=�hc 2, it is possible to find
the spectral density of correlations, for example, of the
symmetrized correlation function of components of the
vector potential

�A�1�i A
�2�
k �o �

iY�o;T �
�ho

�
GR

ik �r1; r2;o� ÿ GR
ki

��r2; r1;o�
�
: �38�

Recalling the definition of the fields in terms of the vector

potential, we can immediately write the spectral densities of

the correlations of the field components �E �1�i E
�2�
k �o �

�o2=c 2��A�1�i A
�2�
k �o and �B �1�i B

�2�
k �o� rot

�1�
il rot

�2�
km �A�1�l A

�2�
m �o.

If the medium is magnetically inactive, then GR
ik �r1; r2;o� �

GR
ki �r2; r1;o�, and Eqn (38) acquires the simpler form

�A�1�i A
�2�
k �o � ÿ

2Y�o;T �
�ho

ImGR
ik �r1; r2;o� ; �39�

i.e., it is expressed through the imaginary part of the
Green's function. The apparent difference from the results
of Rytov's theory [see (25)] is related to the different
definition of the Green's functions and Fourier transforms
in [7, 24]. In particular, the Helmholtz equation for the
vector potential or for the Hertz vector that follows from
the set of equations (21) contains the dipole d � il=o (or
m � il=o) in the right-hand side, which corresponds to the
unit current in Rytov's theory.

3.3 Agarwal theory
In the 1970s, Agarwal [25] proposed a theoretical method of
calculating properties of thermostimulated fields of solids.
Thismethod, just as that considered in Section 3.2, is based on
the theory of linear response, the Kubo theorems, and,
naturally, the Maxwell equations. Agarwal used another
form of the interaction Hamiltonian:

V � ÿ
�
d3r
ÿ
P0�r; t�E�r; t� �M0�r; t�H�r; t�

�
; �40�

where P0�r; t� and M0�r; t� are the external polarization and
magnetization, respectively, related to the external current in
(29) and (30) as

j0�r; t� �
qP0�r; t�

qt
� c rotM0 : �41�

Hamiltonian (40) follows from (29) if we take into account
that r0�r; t� � ÿdivP0�r; t� and use the formulas of the vector
analysis div �jP0� � j divP0 � P0 gradj and div �M0� A� �
A rotM0 �M0 rotA.

It directly follows from (33) that the susceptibility is
determined by the first functional derivative

d


xi�r;o�

�
d fj�r 0;o� � wi j�r; r 0;o� : �42�

With Hamiltonian (40) written as in (31) and the fields
therefore expressed through the field susceptibilities via
formulas like (33), it is possible to define four types of

May 2009 Thermally stimulated electromagnetic éelds of solids 431



response functions:

wEE
i j �r; r 0;o� �

dEi�r;o�
dP0 j�r 0;o� ;

wEH
i j �r; r 0;o� �

dEi�r;o�
dM0 j�r 0;o� ; �43�

wHE
i j �r; r 0;o� �

dHi�r;o�
dP0 j�r 0;o� ;

wHH
i j �r; r 0;o� �

dHi�r;o�
dM0 j�r 0;o� ;

which, according to Kubo theorem (35), are related to the
appropriate symmetrized correlation functions like (7) and
their Fourier transforms (8). Using these Fourier transforms
and the definitions
�

A�0�;B�t��� � i

�h



B�t�A�0� ÿ A�0�B�t�� ; �44�


�
A�0�;B�t�	� � 1

2



B�t�A�0� � A�0�B�t�� ; �45�

as well as the relation [18]� �1
ÿ1

dt exp �iot� 
�A�0�;B�t���
� o

iY�o;T �
� �1
ÿ1

dt exp �iot� 
�A�0�;B�t�	� ; �46�

we obtain the connection between the spectral density of the
symmetrized correlation function and the generalized sus-
ceptibility wAB

ab �o� � w 0ABab �o� � iw 00ABab �o�.
For the spectral densities of the components of the fields

of their symmetrized correlation functions (45), we have

gEEi j �r; r 0;o� �
2iY�o;T �

o
Re wEE

i j �r; r 0;o� ; �47�
gHH
i j �r; r 0;o� �

2iY�o;T �
o

Re wHH
i j �r; r 0;o� ;

and for the mixed spectral densities, we obtain

gEHi j �r; r 0;o� � ÿ
2Y�o;T �

o
Im wEH

i j �r; r 0;o� ; �48�
gHE
i j �r; r 0;o� � ÿ

2Y�o;T �
o

Im wHE
i j �r; r 0;o� :

To find susceptibilities (43), it is necessary to solve the
appropriate electrodynamic problems by expressing the
fields through the external polarization and magnetization.

The boundary value problem is to be solved for system
(15) with the external polarization and magnetization:

rotE � ÿ 1

c

q
qt
�B� 4pM0� ; div �B� 4pM0� � 0 ;

�49�
rotH � 1

c

q
qt
�D� 4pP0� ; div �D� 4pP0� � 0 :

Writing the solution of the set of equations (49) in form (32),
for example, in terms of the Green's function of a concrete
problem, and using definitions (43) and formulas (47) and
(48), we can find the spectral characteristics of fluctuating

electromagnetic fields in the problem under consideration, all
of whose properties are determined by its geometry and
electrodynamic characteristics.

To conclude this section, we note that the above-described
theoretical methods of finding spectral characteristics of the
thermal electromagnetic field are in fact identical, because
they are based on the solution of the set of macroscopic
Maxwell equations with given boundary and linear matter
conditions. In each approach, a long-wavelength part of the
emission is considered, with the wave vectors of the fields
satisfying the condition ka5 1, where a is the interatomic
spacing in the medium. In this frequency range, all spectral
characteristics of fluctuating electromagnetic fields are
expressed in terms of phenomenological concepts, the
dielectric permittivity and magnetic susceptibility of the
medium e�o� and m�o�. Therefore, the use of one theory or
another in practice is in many respects a matter of taste.

We note, however, that the theoretical approaches
described in Sections 3.2 and 3.3 allow finding character-
istics of random fields only under the conditions of complete
thermodynamic equilibrium in the system. To consider fields
under the conditions of partial equilibrium, when one part of
the system is heated and radiates into colder surroundings,
the contribution that corresponds to the blackbody radiation
scattered by this heated part of the system must be
subtracted from the obtained equilibrium solution (see,
e.g., [24, Section 77, Problem 3]). In fact, it is precisely in
this way that the classical Kirchhoff law (1) was obtained,
where the fraction of the intensity of blackbody radiation
reflected by the body was subtracted from the intensity of the
equilibrium radiation. Rytov's theory gives a prescription for
finding the characteristics of a fluctuating electromagnetic
field already in the case where the heated body radiates into
the cold space. The characteristics of the equilibrium field are
found from the generalized Kirchhoff law as a particular,
simpler case. The solutions obtained in the framework of
different theoretical approaches are, of course, identical.

4. Spectral characteristics
of thermally stimulated fluctuating
electromagnetic fields of plane-layered bodies

4.1 Spectral characteristics of the fluctuating
electromagnetic field of a half-space
We first recall the problem, which is well known from any
classical course of mechanics, about the motion of an
oscillator under the action of an external force. It follows
from its solution that the displacement of the oscillator
experiences a sharp increase (resonance) at the eigenfre-
quency of the system. The amplitude and width of the
resonance are determined by dissipative processes in the
system.

In our case, the dynamics of the system are determined by
the set of Maxwell equations in the vacuum and in a medium
like (14) or (15) with external random currents specified by the
fluctuation±dissipation theorem (the so-called Langevin
approach). We note that in this case, solutions must obey
some given boundary conditions. It follows from these
equations that the possible class of fields is excited by the
sum of the chosen external currents and induced currents
specific for this system. Instead of considering induced
currents, we can speak about an induced polarization, since
they are unambiguously connected with one another.

432 E A Vinogradov, I A Dorofeyev Physics ±Uspekhi 52 (5)



In the simplest model of a medium represented as a set of
oscillators, the polarization is proportional to the displace-
ments of the oscillators from equilibrium positions. The
displacements of oscillators under the action of an external
driving force can be assumed, by analogy with classical
mechanics, to be resonantly excited at the eigenmodes of the
medium. The eigenmodes of the medium are bulk and surface
polaritons, because the medium is always bounded in a real
experiment.

Thus, based on this simplified picture, it can be assumed
that the fields or, more precisely, their energy characteris-
ticsÐ the mean squares of the fieldsÐmust be excited
predominantly at frequencies close to eigenfrequencies of a
specific problem. This is completely confirmed by the exact
solutions of the various problems of fluctuation electrody-
namics.

4.1.1 Nonequilibrium problem. For an experimental study of
thermostimulated radiation, of great importance is the
problem of determining the statistical properties of the
thermal field generated by a heated sample whose tempera-
ture is considerably higher that of the surrounding objects. A
comparatively simple model of an optically thick sample here
can be a half-space. This problem has been examined in detail
by Levin and Rytov in [7]. Using the generalized Kirchhoff
law, they determined all the possible statistical characteristics
of the thermostimulated electromagnetic field generated by a
half-space whose optical properties are characterized by an
arbitrary complex dielectric function e�o� and a magnetic
permeability m�o�.

We write the solutions obtained in [7] directly in terms of
the Fresnel coefficients of p and s polarized waves that fall in a
medium i at a certain angle y to the normal to the planar
boundary that separates the medium i from a medium j:

r pi j �
wiej ÿ wjei
wiej � wjei

; r si j �
wi mj ÿ wj mi
wi mj � wj mi

; �50�

where wi � �k 2
0 ei mi ÿ p 2�1=2, p � k0ni sin y is the tangential

component of the wave vector of the incident wave, k0 � o=c
is the wave number in the vacuum, and ni � ��������

ei mi
p

.
We assume that the interface is formed between a

nonmagnetic half-space characterized by a dielectric con-
stant e1 and the vacuum. The optical properties of this system
are completely determined by the Fresnel coefficients rp and
r s. In the notation used in [7], q1 � iw1 � � p 2 ÿ e1k 2

0 �1=2 and
q � � p 2 ÿ k 2

0 �1=2. It can be easily shown using (50) that

1ÿ jr pj2 � 2q
q �1 =e

�
1 � �q �=q��q1=e1�
jq1=e1 � qj2 : �51�

For traveling waves, we have q � ÿq �, because p < k0.
Setting x � p=k0 � sin y, we relate the function

Se � k0�q �1 =e �1 ÿ q1=e1�
jq� q1=e1j2

introduced in [7] to the Fresnel coefficient r p:

Se � ÿ
i
ÿ
1ÿ jr pj2�
2 cos y

: �52�

In the case of quasi-stationary waves, we have q � q � as a
result of the condition p > k0. Setting y � q=k0, we write the

Fresnel coefficient in the form

r p � Re r p � i Im r p � jq1=e1j
2 � jqj2

jq1=e1 � qj2 ÿ ySe : �53�

Taking into account that the Se function is purely imaginary,
we find its connection with the Fresnel coefficient for quasi-
stationary waves:

Se � ÿ i Im r p

y
: �54�

Quite similarly, we obtain a relation between the Sm function
in [7] and the Fresnel coefficient r s.

Substituting the above relations in the corresponding
formulas in [7] for the spectral densities, we obtain expres-
sions for spectral characteristics of the fluctuating field in
terms of the Fresnel coefficients.

For traveling waves, restricting the domain of the
integration over p to p < k0, we find
jExj2

�Pr � 
jEyj2
�Pr

� pu0o
2

� p=2

0

dy sin y
�
cos2 y

1ÿ jr pj2
2

� 1ÿ jr sj2
2

�
; �55�


jEzj2
�Pr � pu0o

� p=2

0

dy sin y
�
sin2 y

1ÿ jr pj2
2

�
; �56�


jHzj2
�Pr � pu0o

� p=2

0

dy sin y
�
sin2 y

1ÿ jr sj2
2

�
; �57�


jHxj2
�Pr � 
jHyj2

�Pr
� pu0o

2

� p=2

0

dy sin y
�
cos2 y

1ÿ jr sj2
2

� 1ÿ jr pj2
2

�
; �58�

hExH
�
y iPr � ÿhEyH

�
x iPr

� pu0o
2

� p=2

0

dy sin y cos y
�
1ÿ jr pj2

2
� 1ÿ jr sj2

2

�
; �59�

where u0o � Yk 2
0 =p

2c is the spectral density of the equili-
brium radiation energy.

For the spectral densities of the electric and magnetic
energies and for their sum, it follows from (55)±(58) that

uPr
eo �

1

4p

X
i�x; y; z


jEij2
�

� u0o
4

� p=2

0

dy sin y
�
1ÿ jr pj2

2
� 1ÿ jr sj2

2

�
; �60�

uPr
mo �

1

4p

X
i� x; y; z


jHij2
�

� u0o
4

� p=2

0

dy sin y
�
1ÿ jr sj2

2
� 1ÿ jr pj2

2

�
; �61�

uPr
o � uPr

eo � uPr
mo

� u0o
2

� p=2

0

dy sin y
�
1ÿ jr pj2

2
� 1ÿ jr sj2

2

�
: �62�

With the relation between the intensity Io and the energy
density uo in the vacuum,

uo � cÿ1
� 2p

0

dj
� p=2

0

dy sin y Io ; �63�
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and with the relation between the equilibrium radiation
intensity I0o and its energy density u0o in the vacuum
�I0o � cu0o=4p�, we immediately obtain from (62) that

Io � I0o

�ÿ
1ÿ jr pj2�� ÿ1ÿ jr sj2�

2

�
: �64�

Taking the equality of both polarizations into account and
introducing the energy absorption coefficients R p � jr pj2,
R s � jr sj2, and R � �R p � R s�=2, the authors of [7] obtained
the classical Kirchhoff law

Io � I0o�1ÿ R� �65�

from (63). For the Poynting vector, it follows from (59) that

Pon �
� 2p

0

dj
� p=2

0

dy I0o�1ÿ R� cos y sin y : �66�

The integration domain k0 < p <1 corresponds to quasi-
stationary waves; using (54), we therefore have
jExj2

�Ev � 
jEyj2
�Ev

� pu0o
2

�1
0

dy exp �ÿ2k0hy��y 2 Im r p � Im r s� ; �67�


jEzj2
�Ev � pu0o

�1
0

dy exp �ÿ2k0hy��y 2 � 1� Im r p ; �68�


jHzj2
�Ev � pu0o

�1
0

dy exp �ÿ2k0hy��y 2 � 1� Im r s ; �69�


jHxj2
�Ev � 
jHyj2

�Ev
� pu0o

2

�1
0

dy exp �ÿ2k0hy� �y 2 Im r s � Im r p� : �70�

The cross spectral densities are purely imaginary quantities:

hExH
�
y iEv � ÿhEyH

�
x iEv

� i
u0o
2p

�1
0

dy y exp �ÿ2k0hy� �Im r s ÿ Im r p� ; �71�

therefore, the Poynting vector corresponding to quasista-
tionary waves is equal to zero,

PEv
on �

c

4p

ÿhExH
�
y iEv ÿ hEyH

�
x iEv � c:c:

� � 0 : �72�

For the spectral densities of the electric andmagnetic energies
and their sum, it follows from (67)±(70) that

uEv
eo �

u0o
4

�1
0

dy exp �ÿ2k0hy�
��2y 2 � 1� Im r p � Im r s

�
;

�73�
uEv
mo �

u0o
4

�1
0

dy exp �ÿ2k0hy�
�
Im r p � �2y 2 � 1� Im r s

�
;

�74�
uEv
o � uEv

eo � uEv
mo

� u0o
2

�1
0

dy exp �ÿ2k0hy� �y 2 � 1��Im r p � Im r s� : �75�

Hence, the total spectral energy density is

uo� oPr
o � uEv

o �
u0o
2

�� p=2

0

dy sin y

ÿ
1ÿ jr pj2�� ÿ1ÿ jr sj2�

2

�
�1
0

dy exp �ÿ2k0hy� �y 2 � 1��Im r p � Im r s�
�
: �76�

4.1.2 Equilibrium problem. In the case of complete thermo-
dynamic equilibrium, when the temperatures of the sample
and its surroundings are equal, finding the spectral densities
of thermostimulated fields requires solving the problem of the
field of a unit point source in a given geometry or, in other
words, finding the Green's function of the corresponding
problem. This problem has been considered by many authors
and the solution is well known (see, e.g., Refs [7, 26±30]).

According to Rytov's theory, to find the spectral density
of a component of the fluctuation field at a given point of
space, a unit point source is to be placed at that point and its
field at the same point is then to be found.We use a solution in
the form presented in [27,28], but change some notation for
convenience. The field of a unit point source located at a
distance h from the half-space is expressed at the source-point
as

E � 2

3
ik 3

0 l �
ik 2

0

2p

�
dpwÿ10 �̂s ŝ r s � p̂0�p̂0ÿr

p� l exp �2iw0h� ;
�77�

H � 2

3
ik 3

0m�
ik 2

0

2p

�
dpwÿ10 �ŝ ŝ r p � p̂0�p̂0ÿr

s�m exp �2iw0h� ;
�78�

where dp � p dp dj, w0 � �k 2
0 ÿ p 2�1=2, l andm are the point

electric and magnetic dipoles, r s and r p are the Fresnel
reflection coefficients, k0 � o=c is the wave number in the
vacuum, ŝ � p̂� ẑ, p̂ � p=jpj, p̂0�� kÿ10 � pẑ� w0p̂�, and ẑ
and p̂ are the unit vectors respectively directed along the
normal to the interface and along the interface; here, the well-
known rule for dyadic products must be used, for example,
ŝ ŝ l � ŝ�̂s l�.

Substituting the real parts of (77) and (78) in Eqn (25), we
obtain expressions for the spectral density and for any
component of the fluctuating field.

We first consider the limit cases. The simplest case
r s � r p � 0 corresponds to a black body. By orienting the
point dipole along a selected axis, for example, along the
x axis, and assuming it to be equal to mx � i=o, which
corresponds to a unit point source, we use (25) and (77) to
obtain the spectral density of the Ex component of the
fluctuating electromagnetic field at the point located at any
distance from the half-space with the optical characteristics of
the black body,
jExj2

� � 2p
3

u0o ; �79�

and analogous expressions for other components. This
implies an expression for the spectral density of the energy
of the thermostimulated electromagnetic field for complete
thermodynamic equilibrium in the closed cavity formed by
the half-space in question and the bodies with arbitrary
optical characteristics located at infinity,

uo � 1

4p

X
i� x; y; z


jEij2
�� 1

4p

X
i� x; y; z


jHij2
� � u0o : �80�
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As can be expected, we obtained the Planck formula for the
energy spectral density of equilibrium radiation u0o �
Yk 2

0 =p
2c. It is interesting to compare Eqn (80) with the

expression for the energy spectral density in a nonequili-
brium case (76) when the bodies located at infinity have a zero
temperature. Substituting r s � r p � 0 in (76), we obtain
uo � u0o=2, as it must be in the case of the unidirectional
radiation flux from a half-space with the optical character-
istics of a black body.

Another limit case is a half-space with ideal properties,
jej ! 1, where e is the dielectric constant of the material of
the half-space. As can be seen from the general expressions for
Fresnel coefficients (50), the equalities r s � ÿ1 and r p � 1
correspond to this case. Expressions (77) and (78) take the
form

E � 2

3
ik 3

0 l

� ik 2
0

2p

�1
0

� 2p

0

dp dj pwÿ10

�ÿŝ�̂s l� � p̂0��p̂0ÿ l�
�
exp �2iw0h� ;

�81�
H � 2

3
ik 3

0m

� ik 2
0

2p

�1
0

� 2p

0

dp dj pwÿ10

�
ŝ�̂sm� ÿ p̂0��p̂0ÿm�

�
exp �2iw0h� ;

�82�
i.e., they are distinguished only by the sign of the integrand;
therefore, all calculations can be conducted, for example, for
the electric field and then, introducing obvious changes in the
results of these calculations, expressions for the components
of the magnetic field can be obtained.

We note that the above-introduced unit vectors ŝ and p̂ are
connected with the unit vectors of the Cartesian coordinate
system as ŝ � êy cosjÿ êx sinj, p̂ � êx cosj� êy sinj. Sub-
stituting the last expressions in (81) and (82) and integrating
over the polar angle, we find the Cartesian components of the
electric field as

Ex � 2

3
ik 3

0 mx ÿ
ik 2

0

2
mx

�1
0

dp pwÿ10

�
1� w 2

0

k 2
0

�
exp �2iw0h� ;

�83�
Ey � 2

3
ik 3

0 my ÿ
ik 2

0

2
my

�1
0

dp pwÿ10

�
1� w 2

0

k 2
0

�
exp �2iw0h� ;

�84�
Ez � 2

3
ik 3

0 mz � imz

�1
0

dp p 3wÿ10 exp �2iw0h� : �85�

We take into account at this stage that to obtain the spectral
density of the field components, it is necessary to take the real
part of the expressions obtained. The quasistationary part
� p > k0� immediately drops out from consideration because
the second terms in all expressions (83)±(85) are purely
imaginary in this case. Physically, this means that an ideal
body without absorption cannot be a source of thermostimu-
lated emission. The integration from zero to k0, which can
easily be performed, yields the following expressions for the
spectral densities:
jExj2

� � 
jEyj2
�

� 2p
3

u0o

�
1� 3

2

�
sin �2k0h�
�2k0h�3

ÿ cos �2k0h�
�2k0h�2

ÿ sin �2k0h�
2k0h

��
;

�86�


jEzj2
� � 2p

3
u0o

�
1� 3

�
sin �2k0h�
�2k0h�3

ÿ cos �2k0h�
�2k0h�2

��
; �87�


jHzj2
� � 2p

3
u0o

�
1ÿ 3

�
sin �2k0h�
�2k0h�3

ÿ cos �2k0h�
�2k0h�2

��
; �88�
jHxj2

� � 
jHyj2
�

� 2p
3

u0o

�
1ÿ 3

2

�
sin �2k0h�
�2k0h�3

ÿ cos �2k0h�
�2k0h�2

ÿ sin �2k0h�
2k0h

��
:

�89�

We can introduce spherical Bessel functions jn�x� ������������
p=2x

p
Jn�1=2�x� and rewrite Eqns (86)±(89), as was done in

[7], where the same result was obtained in another way. It
follows that the sum of all field components yields the energy
spectral density of the equilibrium field uo � u0o. We note the
analogy between Eqns (86)±(89) and expressions for Friedel's
oscillations of electron waves in a solid body near an interface
[31, 32]. However, in our case, the oscillating part is connected
with the interference of incident waves whose source is
located at infinity and waves that are reflected from the ideal
surface. We also note that when considering the equilibrium
problem with an ideal body from the standpoint of optical
properties, it is necessary to assume the existence of infinitely
remote bodies whose material has at least infinitely weak
absorption so as to allow equilibrium to be established in the
system.

Finally, we consider the general case of an equilibrium
problem with arbitrary Fresnel coefficients. Passing in (77)
and (78) to unit Cartesian vectors and using the method
suggested in [7], we obtain
jEx; yj2

� � 2p
3

u0o

�Yk0
pc

Re

�1
0

dp p�2w0�ÿ1
�
r s ÿ w 2

0

k 2
0

r p
�
exp �2iw0h� ; �90�


jEzj2
� � 2p

3
u0o �Yk0

pc
Re

�1
0

dp p

�
p 2

k 2
0

r p
�
exp �2iw0h� ;

�91�
jHzj2
� � 2p

3
u0o �Yk0

pc
Re

�1
0

dp p

�
p 2

k 2
0

r s
�
exp �2iw0h� ;

�92�
jHx; yj2
� � 2p

3
u0o

�Yk0
pc

Re

�1
0

dp p�2w0�ÿ1
�
r p ÿ w 2

0

k 2
0

r s
�
exp �2iw0h� : �93�

Summing (90)±(93), we find the energy spectral density at any
distance from the surface of a half-space with arbitrary
optical properties:

uo � u0o � Yk0
2p2c

Re

�1
0

dp pwÿ10

p 2

k 2
0

�r s � r p� exp �2iw0h� :
�94�

As in the nonequilibrium case, we isolate the parts that
correspond to traveling and quasistationary waves. Using
the same substitutions p=k0 � sin y for traveling waves
�p < k0� and w0=k0 � iy for quasistationary waves �p < k0�,
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we obtain

uo � u0o � u0o
2

Re

� p=2

0

dy sin y sin2 y �r s � r p�

� exp �2ik0h cos y�

� u0o
2

�1
0

dy exp �ÿ2k0hy� �y 2 � 1��Im r p � Im r s� : �95�

We note that the second term in the right-hand side of
Eqn (95), which, as in the case of an ideal half-space,
characterizes the interference of incident and reflected
radiation, tends to zero at large distances because of the
presence of a strongly oscillating factor in the integrand. The
interference term in the spectral density of field (76) of the
nonequilibrium problem is absent because there are no waves
that fall onto the surface of the half-space. The third term
describes the spectrum of the quasistationary field and also
tends to zero because of the presence of an exponential factor.
Comparing (76) and (95), we see that the spectra of quasi-
stationary waves in the equilibrium and nonequilibrium
problems are identical if, naturally, the temperatures of the
half-spaces in the equilibrium and nonequilibrium cases are
identical.

Formula (95) contains the basic result of Planck's theory
of heat radiation, created at the beginning of the 20th century:
in the approximation of geometric optics, where the wave-
lengths of thermal radiation are much shorter than the
characteristic length of the problem �k0h4 1�, the spectral
density of the equilibrium radiation energy is described by the
Planck formula uo � u0o � Yk 2

0 =�p2c�, irrespective of the
optical properties of the material of the bodies that form a
closed cavity.

4.1.3 Analytic approximations. In solving applied problems, it
is frequently convenient to use approximate expressions for
the spectral densities of the various components of the
thermostimulated field. This section is devoted to finding
various approximations for the quasistationary part of the
field.

We first note that the leading contribution to expressions
(67)±(70), (73)±(76), and (95) is determined by the exponential
factors in their integrands. Therefore, the range of the
integration variable y, which gives the leading contribution
to the integrals, is determined by the relation k0hy � 1,
whence k0h � yÿ1. Thus, we can consider two limit cases:
y!1 �y4 1� and y! 0 �y5 1�. For this, it is necessary to
find the limit expressions for the Fresnel coefficients.

First, we consider the case where y!1 �y4 1�,
assuming that p 2 4 k 2

0 and p 2 4 je�o�jk 2
0 for any value of

e�o�. This is a quasistatic case, in which we can neglect the
delay effects as c!1. Because y!1, we have k0h5 1.We
consider the case where k0h5 j

���������
e�o�p jÿ1. Thus, we find

expressions for the spectral densities of the field components
at those distances from the body surface for which
h5 �k0j

���������
e�o�p j�ÿ1 5 kÿ10 . The Fresnel coefficients as func-

tions of the variable y � ��p=k0�2 ÿ 1�1=2 are written as

r s � iyÿ ����������������������������
e�o� ÿ y 2 ÿ 1

p
iy� ����������������������������

e�o� ÿ y 2 ÿ 1
p ;

�96�

r p � iye�o� ÿ ����������������������������
e�o� ÿ y 2 ÿ 1

p
iye�o� � ����������������������������

e�o� ÿ y 2 ÿ 1
p :

Expanding expressions (96) into power series in the small
parameter yÿ1, we obtain

r s � e�o� ÿ 1

4
yÿ2 �O�yÿ4� ;

�97�
r p � e�o� ÿ 1

e�o� � 1
� e�o� e�o� ÿ 1ÿ

e�o� � 1
�2 yÿ2 �O�yÿ4� :

Because we are considering the case y4 1, we can keep only
the leading contribution in the integration variable y in
Eqns (67)±(70). Substituting (97) in these expressions, we
obtain the sought estimates of the spectral densities of all field
components:
jExj2

� � 
jEyj2
� � pu0o

4�k0h�3
e 00�o���e�o� � 1

��2 ; �98�
jEzj2
� � pu0o

2�k0h�3
e 00�o���e�o� � 1

��2 ;

jHxj2

� � 
jHyj2
� � pu0o

2k0h

�
e 00�o�
8
� e 00�o���e�o� � 1

��2
�
;
�99�
jHzj2

� � pu0o
8k0h

e 00�o� :

The spectral density of field energy (75) in this approximation
is written as

uo � u0o
2

�
e 00�o�

2�k0h�3
��e�o� � 1

��2 � e 00�o�
k0h
��e�o� � 1

��2 � e 00�o�
8k0h

�
:

�100�
Here, we used the integral�1

0

dy yn exp �ÿay� � G�1� n�
2 n�1 an�1 ; �101�

where n is a natural number and G�1� n� � n! is the gamma
function.

It follows from Eqns (98)±(99) that the ratio of the electric
part of energy uE

o to the magnetic part uH
o is

uE
o

uH
o
� 4

�k0h�2
��e�o� � 1

��2 ; �102�

in particular, this ratio is much greater than unity at the
frequency of the surface Coulomb polariton that satisfies the
dispersion equation Re e�o� � ÿ1.

The next approximation refers to the case y4 1,
y5 j ���������

e�o�p j, which is realized under the condition
je�o�j4 1 for distances that satisfy the inequality
�k0j

���������
e�o�p j�ÿ1 5 h5 kÿ10 . Expanding Fresnel coefficients

(96) into power series first in the small parameter jejÿ1 and
then in the small parameter yÿ1, we obtain

r s � ÿ1� 2iy
���������������
eÿ1�o�

q
; r p � 1� 2iyÿ1

���������������
eÿ1�o�

q
; �103�

whence

Im r s � 2yRe
���������������
eÿ1�o�

q
; Im r p � 2yÿ1 Re

���������������
eÿ1�o�

q
:

�104�
If we introduce the depth of the field penetration into the
material as

d �
�
k0 Im

���������
e�o�

p �ÿ1
; �105�
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then for `good' metals in the approximation of the normal
skin effect, where e�o� � i4ps=o, the depth of the skin layer is
d � c��2pso�ÿ1�1=2 and

Im r s � yk0d ; Im r p � yÿ1k0d : �106�

Substituting (104) in (67)±(70), we obtain the following
expressions for the spectral densities of the components of
the thermal field in the approximation in question:
jExj2

� � 
jEyj2
� � pu0o

2�k0h�2
Re

���������������
eÿ1�o�

q
; �107�


jEzj2
� � pu0o

2�k0h�2
Re

���������������
eÿ1�o�

q
; �108�


jHzj2
� � � 3pu0o

4�k0h�4
� pu0o
2�k0h�2

�
Re

���������������
eÿ1�o�

q
; �109�


jHxj2
� � 
jHyj2

� � 3pu0o
8�k0h�4

Re
���������������
eÿ1�o�

q
; �110�

and the total spectral density of energy (75) in this approx-
imation is written as

uo � u0o

�
3

8�k0h�4
� 1

2�k0h�2
�
Re

���������������
eÿ1�o�

q
: �111�

In this approximation, the ratio of the electric part of energy
uE
o to the magnetic part uH

o is

uE
o

uH
o
� �k0h�2 ; �112�

which clearly indicates that in the range of distances from the
surface we consider here, the energy of the thermostimulated
field is accumulated in its magnetic part.

We finally obtain asymptotic formulas under the condi-
tion that y! 0 �y5 1�, which corresponds to distances
h4 kÿ10 from the surface. Expanding Fresnel coefficients
(96) into power series in the small parameter y at an arbitrary
value of e�o�, we find

r s � ÿ1� 2iy

���������������������������ÿ
e�o� ÿ 1

�ÿ1q
; �113�

r p � ÿ1� 2iye�o�
���������������������������ÿ
e�o� ÿ 1

�ÿ1q
;

whence

Im r s � 2yRe

���������������������������ÿ
e�o� ÿ 1

�ÿ1q
; �114�

Im r p � 2yRe
h
e�o�

���������������������������ÿ
e�o� ÿ 1

�ÿ1q i
:

In Eqns (67)±(70), we neglect terms involving y 2, which are
small in comparison with terms of the order of unity, and
substitute (114) in these formulas, which gives the following
expressions for the spectral densities of the thermal field
components at large distances �h4 kÿ10 � from the surface:
jExj2

� � 
jEyj2
� � pu0o

4�k0h�2
Re

���������������������������ÿ
e�o� ÿ 1

�ÿ1q
; �115�


jEzj2
� � pu0o

2�k0h�2
Re
h
e�o�

���������������������������ÿ
e�o� ÿ 1

�ÿ1q i
; �116�


jHzj2
� � pu0o

2�k0h�2
Re

���������������������������ÿ
e�o� ÿ 1

�ÿ1q
;

�117�
jHxj2
� � 
jHyj2

� � pu0o
4�k0h�2

Re
h
e�o�

���������������������������ÿ
e�o� ÿ 1

�ÿ1q i
:

�118�

It follows from Eqns (115)±(118) that the total spectral
density of the thermal field energy is

uo � u0o

2�k0h�2
�
Re

���������������������������ÿ
e�o� ÿ 1

�ÿ1q
�Re

h
e�o�

���������������������������ÿ
e�o� ÿ 1

�ÿ1q i�
: �119�

In this approximation, the ratio of the electric part of energy
uE
o to the magnetic part uH

o is equal to unity, as it must be at
large distances from the surface.

4.1.4 Spectral density of states. As is known [33], the number
of proper field oscillations with wave numbers in an interval
Dk0 per unit element of a sufficiently large �k0h4 1� volume
V � h 3 can be represented as

Dr � r 0
kDk0 �

k 2
0Dk0
p2

� r 0
oDo �

o2Do
p2c 3

; �120�

where r 0
o � o2=�p2c 3� � k 2

0 =�p2c� is the spectral density of
oscillators of a free field in the vacuum or the spectral density
of states of a free field (with two independent polarization
states).

The Planck law for the spectral density of the equilibrium
radiation energy in the vacuum can then be represented as the
mean energy of an oscillator Y�o;T � at a temperature T
times the spectral density of states r 0

o:

u0o � Yr 0
o �

Yk 2
0

p2c
: �121�

There are various ways [34±37] to introduce the local density
of states to take the effect of interfaces between themedia into
account in concrete problems.

Using (120) and (121), by analogy with the case of a free
field, we introduce a local density of the thermostimulated
electromagnetic field generated by a half-space, which in the
general case depends on spatial coordinates. For a non-
equilibrium field, it follows from Eqn (76) that

ro � r 0
o

�
1

4

� p=2

0

dy sin y
�ÿ
1ÿ jr pj2�� ÿ1ÿ jr sj2��

� 1

2

�1
0

dy exp �ÿ2k0hy� �y 2 � 1��Im r p � Im r s�
�
: �122�

The spectral density of states of an equilibrium field follows
from a comparison of (95) with (121):

ro � r 0
o

�
1� 1

2
Re

� p=2

0

dy sin y sin2 y �r s � r p�

� exp �2ik0h cos y�

� 1

2

�1
0

dy exp �ÿ2k0hy� �y 2� 1��Im r p � Im r s�
�
: �123�

May 2009 Thermally stimulated electromagnetic éelds of solids 437



The formulas for the corresponding spectral densities of
states also directly follow from the formulas for the
components of the fluctuating field obtained above.

First, we consider the local density of states of the quasi-
stationary part of the thermal field in (122) and (123), because
they are identical in the equilibrium and nonequilibrium
problems. As can be seen from these formulas, the local
density of states of a quasistationary field can be represented
as the sum rp

o � r s
o of states of p- and s-polarized waves,

where

r p�s�
o � r 0

o

2

�1
0

dy exp �ÿ2k0hy� �y 2 � 1� Im r p�s� : �124�

To illustrate the characteristic features of the density of
states of the thermostimulated field generated by a half-
space, we use two substantially different models of the
dielectric constant for the description of the optical proper-
ties of the material, namely, the Drude model and the
oscillatory model:

e�o� � 1ÿ o2
p

o�o� in� ; e�o� � e1 � �e0 ÿ e1�o2
TO

o2
TO ÿ o2 ÿ igo

;

�125�
where op is the plasma frequency, n is the electron relaxation
frequency, e0 and e1 are the respective dielectric constants at
low and high frequencies, oTO is the frequency of the
transverse optical phonon, and g is the anharmonic decay
constant. For calculations, we take the value of parameters
corresponding to aluminum, which is a typical good metal
(op � 1:2� 105 cmÿ1, n � 103 cmÿ1), and to zinc selenide
ZnSe (oTO � 200 cmÿ1, g � 0:02oTO, e0 � 9:06, and
e1 � 5:8).

Figure 1 displays the variations of the density of states of
p- and s-polarized waves of the thermostimulated field as
functions of the frequency at various distances h (indicated in
the figure caption) from the surface of the aluminum half-
space, which were calculated using Eqn (124). A characteristic
feature is the existence of a strong resonance in the density of
p states (Fig. 1a) of the thermal field at small distances from
the surface. This resonance corresponds to a nonradiative
Coulomb plasmon, as can be seen from Eqn (97). From the
corresponding dispersion equation, it follows that the
frequency of this plasmon is oQP � op=

���
2
p

.
Of great interest is the dynamics of the spectrum

transformation with increasing distance. As follows from
Eqn (124), the largest contribution comes from two factors,
exponential and resonant, in the integrand for the Fresnel
coefficient. Because the most substantial contribution comes
from the parameters related by the condition 2k0hy � 1, an
increase in h leads to a decrease in the range of wave numbers
that give the main contribution to the integral, which, in turn,
leads to a smoothening of the resonance at the frequency of
the Coulomb plasmon and to a shift of the maximum in the
density of states toward lower frequencies. As follows from
Eqn (97), there are no such resonances in the s states (see
Fig. 1b). In principle, in the s state, there can exist a resonance
related to the maximum in the imaginary part of the dielectric
constant; but in the Drude model, this maximum is related to
the pole at the zero frequency and does not manifest itself in
the frequency range shown in the figure. It is seen fromFig. 1a,
which displays the total density of states of the thermostimu-
lated field in the near-field zone, that the main contribution to

the density of states of the quasistationary part of the field
generated by a good conductor comes from the p-polarization
states of the field.

A substantially different spectrum of the thermal field is
characteristic of the zinc selenide ZnSe, as is seen from Fig. 2.
Just as in the case of aluminum, the density of states is
substantially modified as the distance h from the surface
increases. At small distances, the peak corresponding to a
Coulomb phonon±polariton is clearly pronounced. Unlike
Al, in the case of ZnSe in the s-polarization state, a peak
corresponding to the maximum of the imaginary part of the
dielectric constant is observed at the frequency of the
transverse phonon±polariton, but the height of this peak is
many orders of magnitude less than the density of p states. An
essential feature is also the formation of a dip in the density of
states at frequencies corresponding to the negative dielectric
constant.
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We now consider the spectral density of states for
traveling waves of the thermostimulated field. As follows
from Eqns (122) and (123), for the p-polarized and s-
polarized states, we have

rp; s
o � r 0

o

2

� p=2

0

dy sin y
1ÿ jr p; sj2

2
�126�

for the nonequilibrium problem and

r p; s
o �

r 0
o

2

�
1�Re

� p=2

0

dy sin y sin2 y�r p; s� exp �2ik0h cos y�
�

�127�

for the equilibrium problem. Figure 3 displays the normalized
density of states of p- and s-polarized traveling waves of
thermal fields produced by heated half-spaces of Al and ZnSe
corresponding to the equilibrium and nonequilibrium pro-
blems in accordance with Eqns (126) and (127). The straight
lines in all the graphs represent the density of states of
p-polarized (1) and s-polarized (2) traveling waves of thermal
fields produced by the heated half-spaces of Al and ZnSe in

cold surroundings. In this case, a permanent spatially uni-
form flow of waves is generated.

Quite a different picture is observed in the case of the
equilibrium problem if an opposite flow of waves exists and,
as a result, a characteristic picture arises (see Fig. 3) of the
density of p-polarized states (solid curve) and s-polarized
states (thin curve) near the surface. In the equilibrium case,
the total density of states is modified at large distances into
the equilibrium one. Figures 3a and 3b show the densities of
states of traveling waves of thermal fields as functions of the
distance h from the surface at the respective frequencies 5300
and 530 cmÿ1 for the Al and ZnSe half-spaces. Figure 3c
displays a similar dependence for ZnSe at the frequency
212 cmÿ1, which falls into the range of negative values of the
dielectric constant.

It is clearly seen that in this case, as in the case of Al, the
level of the flux of nonequilibrium radiation is very low,
because the ZnSe crystal reflects in this spectral range quite
well.
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Thus, using the general theory of equilibrium thermal
fields, we verified that at large distances from the surface in a
closed volume formed by a material with any properties, an
equilibrium density of states exists. This result was already
obtained from simple thermodynamic considerations at the
beginning of the 20th century in the course of the develop-
ment of quantum theory.

Figures 4 and 5 display the transformation of the
spectrum of traveling waves in a given spectral range
depending on the distance h from the surface of Al and ZnSe
half-spaces. The normalized spectral densities of p-polarized
and s-polarized states are calculated via Eqn (127) for various

values of the distance h to the surface, which are indicated in
the figure captions.

It follows from Figs 4 and 5 that in the case of a
thermodynamic equilibrium at large distances from the
surface in a closed volume, a radiation spectrum that exactly
corresponds to the Planck law is formed, as it should be in
accordance with Eqn (127).

To conclude this section, we make one very important
remark.

As is known [44], the pole of the Fresnel coefficient rp

determines the dispersion equation for surface eigenmodes of
a boundary value problem. On the other hand, the same
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coefficient is involved as a factor in the integrand for the
spectral density and density of local states of the thermal field.
In the equilibrium case, they are determined by the Fourier
transform of the Green's function of the corresponding
regular boundary value problem. Hence, the poles of the
Green's function determine the spectrum of eigenstates of the
thermostimulated field, and we note the complete analogy
with the results of themodern theory of condensedmedia [24],
according to which the poles of the Fourier transform of the
Green's function of a solid body determine the spectrum of
quasiparticle excitations. This indicates once again the
fruitfulness of the formalism of Green's functions in modern
physics.

4.1.5 Spatial correlation of thermal fields. In some problems, it
is necessary to know not only the spectral characteristics of a
random field at a chosen point of space but also the spatial
correlation functions that characterize statistical relations
between fields at different points of space. We give some of
these explicitly expressed in terms of the Fresnel coefficients.
The corresponding problem for dipoles located at points
r1 � �0; 0; h� and r2 � �L; 0; h�H� has been solved in [7].
Using transformations (52) and (54), we obtain, for example,
from [7, Eqn (8.5)],


Ex�r1�E �x �r2�
� � pu0o

2

� p=2

0

dy sin y exp �ik0H cos y�

�
��

cos2 y
1ÿ jr pj2

2
� 1ÿ jr sj2

2

�
J0�k0L sin y�

ÿ
�
cos2 y

1ÿ jr pj2
2

ÿ 1ÿ jr sj2
2

�
J2�k0L sin y�

�
� pu0o

2

�1
0

dy exp
�ÿk0 y�2h�H��

�
h
�y 2 Im r p � Im r s� J0

ÿ
k0L

��������������
1� y 2

p �
ÿ �y 2 Im r p ÿ Im r s� J2

ÿ
k0L

��������������
1� y 2

p �i
; �128�
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2

� p=2

0

dy sin y exp �ik0H cos y�

�
��

cos2 y
1ÿ jr pj2

2
� 1ÿ jr sj2

2

�
J0�k0L sin y�

�
�
cos2 y

1ÿ jr pj2
2

ÿ 1ÿ jr sj2
2

�
J2�k0L sin y�

�
� pu0o

2

�1
0

dy exp
�ÿk0 y�2h�H��

�
h
�y 2 Im r p � Im r s� J0

ÿ
k0L

��������������
1� y 2

p �
� �y 2 Im r p ÿ Im r s� J2

ÿ
k0L

��������������
1� y 2

p �i
; �129�



Ez�r1�E �z �r2�

� � pu0o

� p=2

0

dy sin y exp �ik0H cos y�

� sin2 y
1ÿ jr pj2

2
J0�k0L sin y�

� pu0o

�1
0

dy exp
�ÿk0 y�2h�H��

� �y 2 � 1� Im r p J0
ÿ
k0L

��������������
1� y 2

p �
: �130�

In a similar way, we obtain spatial correlation functions for
the components of a magnetic field and the cross functions of
spatial correlation.

Just as in Section 4.1.3, we can find analytic
expressions for the spatial correlation functions. Restrict-
ing ourselves to only very small distances from the
surface, 2h�H5 �k0j

���������
e�o�p j�ÿ1 5 kÿ10 , we consider the

quasistatic approximation c!1, neglecting the contribu-
tion from traveling waves. Because of the condition y4 1, we
keep only the top powers of y in Eqns (128)±(130). From
Eqn (128) for comparatively small lateral distances k0L �
k0�2h�H�5 1 between the chosen points, corresponding to
the quasistatic approximation, we obtain

Ex�r1�E �x �r2�

� � pu0oe 00�o���e�o� � 1
��2
�1
0

dy exp
�ÿk0y�2h�H��

� y 2
�
J0�k0Ly� ÿ J2�k0Ly�

�
� pu0oe 00�o���e�o� � 1

��2 2
�
1ÿ 2L2=�2h�H�2��

k0�2h�H��3�1� L2=�2h�H�2�5=2 : �131�
Expression (131) transforms, of course, into the correspond-
ing expression in (98) if L � H � 0. Normalizing (131) to the
corresponding expression in (98), for the vertical

CSx?�H� �


Ex

ÿ
r1 � f0; 0; hg

�
E �x
ÿ
r2 � f0; 0; h�Hg��

and lateral

CSxk�L� �


Ex

ÿ
r1 � f0; 0; hg

�
E �x
ÿ
r2 � fL; 0; hg

��
correlations separately, we obtain

CSx?�H� � 1

�1�H=2h�3 ; CSxk�L� � 1ÿ L2=2h 2

�1� L2=4h 2�5=2
:

�132�
From relation (130) in the same approximation, we have

Ez�r1�E �z �r2�

�
� pu0oe 00�o���e�o� � 1

��2 2
�
1ÿ L2=2�2h�H�2��

k0�2h�H��3�1� L2=�2h�H�2�5=2 : �133�
Correspondingly,

CSz?�H� � 1

�1�H=2h�3 ; CSzk�L� � 1ÿ L2=8h 2

�1� L2=4h 2�5=2
:

�134�
It follows from (132) and (134) that in the quasistatic
approximation, the spatial correlation length of the thermal
field is of the order of the distance from the surface.

To investigate the spatial correlation of the field compo-
nents at large lateral distances �k0L5 1�, we should use
expressions for Bessel functions at large values of the
argument, k0Ly4 1. The corresponding expressions for
spatial correlation functions can be obtained quite easily.
We also note that using the approximations of the Bessel
coefficients in (104) or (106), the characteristic scales of
spatial correlation of fields can be estimated in other cases
based on simpler analytic expressions.

In recent years, special attention has been given to the
investigations of spatial correlations of thermal fields at the
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frequencies of surface phonon±polaritons and plasmon±
polaritons. Here, we mention only Refs [7, 38±40]. We note
that the spatial correlation length at surface eigenfrequencies
can reach several tens of wavelengths, substantially exceeding
the correlation length of blackbody radiation, which is of the
order of the Wien wavelength in free space. The physical
reason for this is that the source of fields at the frequencies of
surface excitations is a collective coherent excitation of a
surface charge (induced polarization) or surface lattice
vibrations at the interface between the media. Such a
spatially correlated excitation on the surface occurs in spite
of the spatial delta-correlated coupling of Langevin current
sources in the bulk of thematerial, which are fictitious sources
according to the fluctuation±dissipation theorem. The spatial
coherence of the induced surface current is transferred to the
induced random thermostimulated field at the eigenfrequen-
cies of the problem.

We also mention the investigation of the degree of
polarization of the near field of thermal sources in Ref. [41].

4.2 Spectral characteristics
of the fluctuating electromagnetic field
of a half-space covered
with a plane-parallel layered structure
The next important problem directly connected with experi-
mental investigations and practical applications is that of
finding spectral characteristics of the thermostimulated field
produced by a half-space covered with a film of a finite
thickness. The nonequilibrium problem, in which the heated
body radiates into cold surroundings, has been solved in [42]
using the generalized Kirchhoff law; the film was assumed to
have an arbitrary thickness hf and its material and the
material of the substrate were characterized by arbitrary
complex dielectric constants and magnetic permeabilities. In
addition, the authors of Ref. [42] determined the spectral
properties of spatial derivatives of fields of all orders. The
solution obtained in the case where the sample is in contact
with the vacuum �e � m � 1� is written, using the notation
similar to that adopted in [7], as


jEzj2
� � iY

pc

�1
0

dp p exp
�ÿ�q� q ��h� p 2

k 2
0

SfeI
�
fe ; �135�


jExj2
� � 
jEyj2

� � iY
2pc

�1
0

dp p exp
�ÿ�q� q ��h�

�
�jqj 2
k 2
0

SfeI
�
fe � SfmI

�
fm

�
; �136�

where

Sfe � k0

�
q �f
e �f

1ÿ r pf1
�
exp �ÿ2q �f hf�

1� r pf1
�
exp �ÿ2q �f hf�

ÿ

ÿ qf
ef

1ÿ r pf1 exp �ÿ2qfhf�
1� r pf1 exp �ÿ2qfhf�

�����q� qf
ef

����ÿ2 ; �137�

I�fe �
���� 1� r pf1 exp �ÿ2qfhf�
1ÿ r pf1r

p
f0 exp �ÿ2qfhf�

����2 ; �138�

r pf1 and r pf0 are the respective Fresnel coefficients of the film±
substrate and film±vacuum interfaces, ef and e1 are the
respective dielectric constants of the film and substrate, and
qf � � p 2 ÿ efk 2

0 �1=2. The functions Sfm and I�fm are obtained
from Eqns (137) and (138) using the replacement r p ! r s.

Using permutations Sfe _ Sfm and I�fe _ I�fm in Eqns (135) and
(136), we obtain formulas for spectral densities of the
magnetic field strength components (hjHzj2i and hjHx; yj2i).

For the spectral density of the thermal field energy
generated by the structure under consideration, we have

uo � iY
4p2c

�1
0

dp p exp
�ÿ�q� q ��h�

�
�jqj2 � p 2

k 2
0

� 1

�
�SfeI

�
fe � SfmI

�
fm� : �139�

Here, as earlier, we consider nonmagnetic materials
�mf � m1 � 1�.

We write the solutions obtained in terms of only the
Fresnel coefficients. For traveling waves �q � ÿq ��, introdu-
cing the notation p=k0 � sin y, we immediately obtain

k0qf=ef
jq� qf=efj2

� rf0 ÿ r �f0 ÿ
ÿ
1ÿ jrf0j2

�
4i cos y

: �140�

Substituting Eqn (140) and the complex conjugated equation
in (137) and taking into account that rf0 � ÿr0f, we obtain

SfeI
�
fe � ÿ

i
ÿ
1ÿ jr p0f1j2

�
2 cos y

; �141�

where r p0f1 is the Fresnel coefficient of the vacuum±film±
substrate three-layer structure:

r p0f1 �
r p0f � r pf1 exp �ÿ2qfhf�
1� r p0fr

p
f1 exp �ÿ2qfhf�

: �142�

For a quasistationary field �q � q ��, using the notation
y � q=k0, we obtain

k0qf=ef
jq� qf=efj2

�
ÿ
1ÿ jr0fj2

�ÿ �r0f ÿ r �0f�
4y

: �143�

Substituting (143) in (137), we find

SfeI
�
fe � ÿ

i Im r p0f1
y

: �144�

Quite similarly, we can obtain relations for the s waves using
the replacements Sfe ! Sfm, I�fe ! I�fm , and r p0f1 ! r s0f1 in
Eqns (141) and (144).

For the subsequent consideration, it is useful to change
notation, in particular, to use r p123 instead of r p0f1 for the three-
layer structure under consideration. Correspondingly, in the
problem of a four-layer structure, we have coefficients r p1234,
etc.

Substitution of Eqns (141) and (144) in formulas for the
spectral components (135) and (136) allows writing these in
the form that is nominally identical to Eqns (55), (56), (67),
and (68):
jExj2

�Pr � 
jEyj2
�Pr

� pu0o
2

� p=2

0

dy sin y
�
cos2 y

1ÿ jr p123j2
2

� 1ÿ jr s123j2
2

�
;

�145�
jEzj2
�Pr � pu0o

� p=2

0

dy sin y sin2 y
1ÿ jr p123j2

2
; �146�
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jExj2
�Ev � 
jEyj2

�Ev
� pu0o

2

�1
0

dy exp �ÿ2k0hy� �y 2 Im r p123 � Im r s123� ; �147�


jEzj2
�Ev � pu0o

�1
0

dy exp �ÿ2k0hy��y 2 � 1� Im r p123 : �148�

For the spectral densities of the magnetic field components,
expressions that are quite similar to (57), (58), (69), and (70)
are obtained, but with the Fresnel coefficients r p123 and r s123
corresponding to a three-layer structure. A similar replace-
ment should be made in the formulas for other spectral
characteristics. For example, the formula for the spectral
energy density of the thermal field generated by a coated half-
space is written as

uo � uPr
o � uEv

o

� u0o
2

�� p=2

0

dy sin y

ÿ
1ÿ jr p123j2

�� ÿ1ÿ jr s123j2�
2

�
�1
0

dy exp �ÿ2k0hy� �y 2 � 1��Im r p123� Im r s123�
�
; �149�

where

r p; s123 �
r p; s12 � r p; s23 exp �ÿ2q2h2�
1� r p; s12 r p; s23 exp �ÿ2q2h2� ; �150�

here, in the new notation, h2 is the thickness of the film,
q2 � � p 2 ÿ e2k 2

0 �1=2, e2 is the dielectric constant of the film
material, e3 is the dielectric constant of the half-space
material, and e1 � 1 is the dielectric constant of the
vacuum. A similar procedure of replacing the Fresnel
coefficients of a two-layer film by the coefficients of a
three-layer one was used in [32] for solving a somewhat
different problem. However, we emphasize that we obtain an
exact result in our problem.

Analogous formulas can be derived based on the results in
Ref. [43] for spectral densities of the thermostimulated field
components and for the spectral energy density in the case of a
four-layer structure consisting of two films with different, in
the general case, thicknesses h2 and h3, whose material is
characterized by different dielectric constants e2 and e3,
applied onto a half-space with a dielectric constant e4. In
this case, all properties are described by Fresnel coefficients
rp; s1234 of the vacuum (1)±film (2)±film (3)±substrate (4) struc-
ture as follows:

r p; s1234 �
r p; s12 � r p; s234 exp �ÿ2q2h2�
1� r p; s12 r p; s234 exp �ÿ2q2h2�

; �151�

where

r p; s234 �
r p; s23 � r p; s34 exp �ÿ2q3h3�
1� r p; s23 r p; s34 exp �ÿ2q3h3� : �152�

For a five-layer structure, the Fresnel coefficients r p; s12345 of the
vacuum (1)±film (2)±film (3)±film (4)±substrate (5) struc-
ture are written as

r p; s12345 �
r p; s12 � r p; s2345 exp �ÿ2q2h2�
1� r p; s12 r p; s2345 exp �ÿ2q2h2�

; �153�

where

r p; s2345 �
r p; s23 � r p; s345 exp �ÿ2q3h3�
1� r p; s23 r p; s345 exp �ÿ2q3h3�

; �154�

r p; s345 �
r p; s34 � r p; s45 exp �ÿ2q4h4�
1� r p; s34 r p; s45 exp �ÿ2q4h4� : �155�

Thus, the main structural element in the formula for the
Fresnel coefficient of a multilayer system is the Fresnel
coefficient of a three-layer structure of form (150). Indeed,
any multilayer structure is one of the vacuum (1)±film (2)±
complex half-space (3) type, where the complex half-space is
the usual uniform half-space coated with a multilayer
structure that is in turn a kind of three-layer structure, etc.

It seems quite obvious that an n-layer structure with an
arbitrary number of layers is a new half-space whose optical
properties are characterized by a composite Fresnel coeffi-
cient of the general form

r p; s123... n �
r p; s12 � r p; s234... n exp �ÿ2q2h2�
1� r p; s12 r p; s234... n exp �ÿ2q2h2�

; �156�

where

r p; s234... n �
r p; s23 � r p; s34... n exp �ÿ2q3h3�
1� r p; s23 r p; s34... n exp �ÿ2q3h3�

; �157�

r p; s345... n �
r p; s34 � r p; s45... n exp �ÿ2q4h4�
1� r p; s34 r p; s45... n exp �ÿ2q4h4�

; �158�

. . .

r p; s�nÿ3��nÿ2��nÿ1�n �
r p; s�nÿ3��nÿ2� � r p; s�nÿ2��nÿ1�n exp �ÿ2qnÿ2hnÿ2�
1� r p; s�nÿ3��nÿ2�r

p; s
�nÿ2��nÿ1�n exp �ÿ2qnÿ2hnÿ2�

;

�159�

r p; s�nÿ2��nÿ1�n �
r p; s�nÿ2��nÿ1� � r p; s�nÿ1�n exp �ÿ2qnÿ1hnÿ1�
1� r p; s�nÿ2��nÿ1�r

p; s
�nÿ1�n exp �ÿ2qnÿ1hnÿ1�

; �160�

qj � � p 2 ÿ ejk 2
0 �1=2, ej is the dielectric constant of the jth

layer, and hj is its thickness. Therefore, all formulas for the
spectral densities of the thermal field generated by a plane-
parallel layered medium look quite similar, with the only
difference that they contain different composite Fresnel
coefficients r p; s123... n, for example,
jExj2

�Pr � 
jEyj2
�Pr

� pu0o
2

� p=2

0

dy sin y
�
cos2 y

1ÿ jr p123... nj2
2

� 1ÿ jr s123... nj2
2

�
;

�161�
jEzj2
�Pr � pu0o

� p=2

0

dy sin y sin2 y
1ÿ jr p123... nj2

2
; �162�
jExj2

�Ev � 
jEyj2
�Ev

� pu0o
2

�1
0

dy exp �ÿ2k0hy� �y 2 Im r p123... n � Im r s123... n� ;
�163�
jEzj2

�Ev � pu0o

�1
0

dy exp �ÿ2k0hy��y 2 � 1� Im r p123... n ;

�164�
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and similarly for the spectral densities of the magnetic field
components.

The spectral density of the thermal field energy in the
general case is written as

uo � uPr
o � uEv

o

� u0o
2

�� p=2

0

dy sin y

ÿ
1ÿ jr p123... nj2

�� ÿ1ÿ jr s123... nj2
�

2

�
�1
0

dy exp �ÿ2k0hy� �y 2 � 1��Im r p123... n� Im r s123... n�
�
:

�165�

We recall that the denominators of Fresnel coefficients (150),
(151), (153), and (156) determine the dispersion relations for
the eigenmodes of the relevant structures. For example, from
the condition of the vanishing [44] of the denominator of the
simple three-layer structure in Eqn (150), the following well-
known dispersion relation [45] is obtained:

r p; s12 r p; s23 exp �ÿ2q2h2� � ÿ1 : �166�

As is known [46, 47], in the case of p waves, Eqn (166)
describes both surface and waveguide excitations in a three-
layer structure. For example, in the frequency range where
q2 � ix, neglecting dissipation, we can write the respective
dispersion relations for the p-polarized and s-polarized
waveguide modes:

xh2 � arctan
e2q3
e3x
� arctan

e2q1
x
� lp ; l � 0; 1; 2 . . . �167�

xh2 � arctan
q3
x
� arctan

q1
x
� lp ; l � 0; 1; 2 . . . : �168�

It follows from Eqns (167) and (168) that there exists some
film thickness h2min that is critical for the excitation of these
modes. Indeed, assuming, for example, that l � 0 in (167) and
that h2min is reached at xmax � �e2k 2

0 ÿ p 2
min�1=2, where

pmin � k0, we find

h2min� c

o
�
e2�o� ÿ 1

�1=2 arctan

 
e2�o�
e3�o�

��������������������
1ÿ e3�o�
e2�o� ÿ 1

s !
:

�169�

For a four-layer structure, the dispersion equation follows
from Eqns (151) and (152):

r p; s12

r p; s23 � r p;s34 exp �ÿ2q3h3�
1� r p; s23 r p;s34 exp �ÿ2q3h3� exp �ÿ2q2h2� � ÿ1 : �170�

The spectral density of states of the thermal electromag-
netic field is introduced just as in Section 4.1.4. For example,
for a three-layer structure, the density of the p and s states of
the quasistationary part of the spectrum is determined by
formulas (124), in which the appropriate Fresnel coefficient
(150) must be used:

r p; s
o � r 0

o

2

�1
0

dy exp �ÿ2k0hy� �y 2 � 1� Im r p; s123 : �171�

To graphically illustrate the results obtained, we
numerically calculated the density of states for the vacuum
(1)±ZnSe film (2)±Al half-space (3) structure using Eqns (150)

and (171). Figure 6 displays the spectral density of p states
depending on the frequency of the thermostimulated field
generated by such a structure, at different distances h from the
surface at various thicknesses of the film, namely, at h2 �
1� 10ÿ6 cm, h2 � 3� 10ÿ4 cm, and h2 � 1� 10ÿ3 cm
(Figs 6a, 6b, and 6c, respectively). The curves corresponding
to the smallest distance from the surface (h � 1� 10ÿ6 cm)
are uppermost in the graphs; the curves corresponding to
the largest distance from the surface are lowermost;
between these, curves corresponding to h � 1� 10ÿ5 cm,
1� 10ÿ4 cm, 1� 10ÿ3 cm, and 1� 10ÿ2 cm are located from
top down in the order of increasing distance. Compared to the
spectrum of states for the half-space, the spectrum is much
more complex. Along with a strong resonance at small
distances, corresponding to the Coulomb polariton
(243 cmÿ1), resonances related to waveguide modes are
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Figure 6. Spectral density of p states of the thermostimulated field of a

vacuum±ZnSe-film±Al-half-space structure as a function of frequency at

various distances h from the surface of the structure depending on the film

thicknesses h2: 1� 10ÿ6 cm (a), 3� 10ÿ4 cm (b), and 1� 10ÿ3 cm (c). The

curves corresponding to the smallest distance from the surface

(h � 1� 10ÿ6 cm) are uppermost in the graphs; the curves corresponding

to the largest distance from the surface h � 1� 10ÿ1 cm are lowermost;

between these, curves corresponding to h � 1� 10ÿ5 cm, 1� 10ÿ4 cm,

1� 10ÿ3 cm, and 1� 10ÿ2 cm are located from top down in the order of

increasing distance.
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observed. These resonances appear when the film thickness
exceeds some minimum thickness at a fixed frequency. As the
film thickness increases, the waveguide states fill the entire
spectral range; they are located both above the longitudinal
phonon±polariton frequency and below the transverse
phonon±polariton frequency, which determine the region of
negative values of the dielectric constant (200±250 cmÿ1).
This convincingly follows from Fig. 6. We note that at some
distances from the surface, the waveguide resonances become
equal to surface resonances in magnitude.

For convenience, we obtain approximate expressions for
the spectral density of the field or for the spectral density of
states. Here, we consider only the quasistatic approximation
at y4 j �������e2; 3

p j4 1, which corresponds, as we saw, to small
distances from the surface, k0h5 j �������e2; 3

p jÿ1 5 1. In this case,
restricting ourselves to only the top powers of y in (171), we
obtain

r p
o �

r 0
o

2

�1
0

dy exp �ÿ2k0hy� y 2 Im r p123 ; �172�

where the Fresnel coefficient in the approximation in question
has the form

r p123 �
�
e2 ÿ 1

e2 � 1
� e3 ÿ e2
e3 � e2

exp �ÿ2k0h2y�
�

�
�
1� e2 ÿ 1

e2 � 1

e3 ÿ e2
e3 � e2

exp �ÿ2k0h2y�
�ÿ1

: �173�

Hence, assuming that k0h2y4 1, we have

r p123 �
e2 ÿ 1

e2 � 1
� e3 ÿ e2
e3 � e2

4e2
�e2 � 1�2 exp �ÿ2k0h2y� : �174�

Substituting (174) in (172), we integrate to obtain

r p
o �

r 0
o

2

�
1

4
Im

e2 ÿ 1

e2 � 1
�k0h�ÿ3

� Im

�
e3 ÿ e2
e3 � e2

e2
�e2 � 1�2

��
k0�h� h2�

�ÿ3�
: �175�

It can be seen from Eqn (175), that along with a low-
frequency Coulomb resonance (� 243 cmÿ1), whose fre-
quency is a root of the equation e2�o� � ÿ1, the density of
states involves a well-pronounced high-frequency Coulomb
resonance related to the film (2)±substrate (3) interface (at
� 46;000 cmÿ1), which is determined by the equation
e3�o� � ÿe2�o�. The frequency of this resonance is lower
than that of the Coulomb resonance of the vacuum (1)±
substrate (3) interface (� 84;700 cmÿ1), which is a root of
the equation e3�o� � ÿ1. In Fig. 6, the high-frequency region
is not shown. It follows from Eqn (175) that in the absence of
a foreign film, i.e., at e2 � e3, the second term in the right-
hand side of Eqn (175) vanishes.

We note that the approximate expressions for the Fresnel
coefficient r p; s123 of a three-layer structure can be obtained in
various approximations by expanding it into a power series in
y; this allows finding analytic expressions for the spectral
density or for the density of states of a quasistationary
thermal field for a wide range of distances to the surface,
film thicknesses, and electromagnetic properties of the
materials.

Figure 7 demonstrates the density of electromagnetic s
states of a thermostimulated field generated by an Al half-
space coated with a ZnSe film as a function of the frequency.
The calculations were performed for the same set of distances
from the surface and the same thicknesses of the ZnSe film as
in Fig. 6. The results of numerical calculations show how the
spectrum is transformed with increasing the film thickness.
For thicknesses much greater than the wavelength of the
range under investigation, the spectrum of the structure
transforms into the spectrum of the thermal field of the
ZnSe half-space.

When studying a structure of an Al film on a ZnSe half-
space with the same geometric parameters, we see that in the
chosen spectral range, all resonance features in the density of
states disappear because the metal efficiently shields the
substrate.

The most important conclusion that follows from the
analysis of the spectral density of states of a thermostimulated
field is the existence of clearly pronounced characteristic
resonances whose frequencies are unambiguously related to
the eigenmodes of the system under consideration.

10010

10ÿ13

10ÿ11

10ÿ9

10ÿ7

10ÿ5

10ÿ3

1000 o, cmÿ1

cr s
o

10010

10ÿ13

10ÿ11

10ÿ9

10ÿ7

10ÿ5

10ÿ3

1000 o, cmÿ1

br s
o

10010

10ÿ13

10ÿ10

10ÿ7

10ÿ4

10ÿ1

1000 o, cmÿ1

ar s
o

Figure 7. Spectral density of s states of the thermostimulated field of a

vacuum±ZnSe-film±Al-half-space structure as a function of frequency at

various distances h from the surface of the structure depending on the film

thickness h2. The distances from the surface and the film thicknesses are

the same as in Fig. 6.
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4.3 Results of the experimental study of resonance states
of the thermally stimulated electromagnetic field
of semiconductor films on metallic substrates
Optical methods of studying solids yield rich information on
the electronic (excitonic, plasmonic) and vibrational (pho-
nonic) excitations of both the volume and surface of crystal
layers. In the last three decades, a number of new results have
appeared, which have enriched the existing concepts on the
interaction of electromagnetic radiation with condensed
media. An important role in the experimental investigations
is played by the study of spectra of the thermostimulated
radiation of solids [48±60]. In these works, the experimental
methods concerning the registration of the thermal radiation
of samples were also described.

The investigation of the optical properties of solids is
based on measurements of the spectral intensity of light
emitted from a sample. When measuring radiation spectra, a
sample is placed in a thermostat instead of a standard source
of infrared (IR) radiation such that the radiation angle can
easily be varied by rotating the thermostat without readjust-
ing the spectrometer. In this case, no rotating or moving
mirrors are necessary to measure the angular dependence of
radiation, i.e., it is much simpler to investigate polaritons by
detecting thermal radiation than by using reflection spectra.
The procedure of calibrating devices and the details of
measurements have been described in sufficient detail in
Refs [54, 55]. Figure 8 displays spectra of thermostimulated
p-polarized radiation of ZnSe films of various thicknesses on
an aluminum mirror and schematically shows the density of
single-phonon states (for optical phonons) of a ZnSe single
crystal. In addition to the experimental spectra, Fig. 8 also
depicts calculated spectra that were obtained without any
fitting parameter. The radiation spectra were calculated via
the Kirchhoff law using Fresnel coefficient (150) for a three-
layer structure and assuming that the energy reflection
coefficient is R � jrp123j2. In this case, to assign the dielectric
functions for Al and ZnSe film, the Drude formula and
oscillatory model (125) with the corresponding parameters
were used.

The experimental data shown in Fig. 8 yield several
interesting results.

First, p-polarized light radiation is observed in thin films
not only at the transverse optical phonon frequency but also
at the frequency of the longitudinal optical phonon, which is
forbidden by the selection rules for bulk crystals [50±55].
Second, in a bulk crystal, the absorption and emission of light
occur not at the frequencies of single-phonon states of the
crystal belonging to the range oTO < o < oLO but in the
range oex > o > oLO and o < oTO, where no single-phonon
states exist [54, 55]. Third, the radiation in the ranges
oex > o > oLO and o < oTO proves to be close to unity,
i.e., close to that of the ideal black body.

The investigation of nonradiative states or quasistation-
ary thermal fields that are inseparably linked with the field
source (to the right of the light line in the graph of the
frequency dependence on the wave number) has some
specific features. The useful signal is typically detected in
experiments in the far radiation range. This concerns
experiments with a prism of a frustrated total internal
reflection over the sample, with a diffraction grating on the
sample surface, with a near-field optical microscope, etc.
Therefore, the information comes from traveling waves (in
the far-field zone), which are the product of the decay of a
quasistationary state. In fact, a transformation of fields

occurs in the experiment. In this sense, the methods of optical
measurements resemble the experimental methods of atomic
physics or the physics of cosmic rays, where the information
on a particle is obtained from decay products or from the
results of the destruction of a medium produced by the
particle under study.

We emphasize that spectral investigations of thermo-
stimulated fields allow studying resonances in a system
under conditions of an indestructible experiment. The
positions of the resonances in the radiation spectrum, their
widths, and their dependence on the parameters that are
controlled during the experiment, such as the temperature,
the composition and conditions of the sample preparation,
the radiation angle detection, and the magnitude of external
fields, all this information is a basis for the explanation of
the structure of matter and the laws of interaction of fields of
various natures.

A detailed analysis of vibrational eigenmodes of thin films
on metallic substrates [50, 52±55] shows that the probabilities
of absorption of a p-polarized field with a p-polarized
vibration of the surface mode of the first �o2 � oLO� and
second �o1 � oTO� types are respectively proportional to
k0d sin

2 j and �k0d �3. A direct calculation of the thermo-
stimulated radiation intensity of a ZnSe film on Al at a given
solid angle in a fixed direction using the Kirchhoff formula
and the Fresnel coefficient for a three-layer structure gives
qualitatively the same result (see Fig. 9). We recall that for
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ZnSe, the longitudinal and transverse optical phonon
frequencies are oLO � 250 cmÿ1 and oTO � 200 cmÿ1.

Figure 10 displays the peak dependences of radiation of a
ZnSe film on Al depending on the angle between the normal
to the sample surface and the direction of observation at
various film thicknesses. Figure 10a shows the dependence for
the mode o2 � 250 cmÿ1 and Fig. 10b, for the mode
o1 � 200 cmÿ1. Figure 11 demonstrates the corresponding

dependences on the film thickness at fixed radiation angles.
Very good agreement with the calculation results is observed.

We emphasize that the absorption peak observed at a
frequency close to that of the longitudinal phonon is related
to the transverse eigenstate of a thin film. The longitudinal
optical phonons (modes), as follows from the analysis in
Refs [53±55], do not interact with the transverse electromag-
netic field at all.

It follows from the data obtained that the radiation peak
at the frequency o2 � oLO belongs to the radiative surface
polariton localized at the film±vacuum interface. However, it
is impossible to determine from this series of experiments to
which type of vibrations (a bulk phonon or the surface
phonon of a film±metal interface) the radiation peak at the
frequency o1 � oTO belongs.

As follows from theoretical calculations, the unambig-
uous assignment of the emission band at the frequency o1 to
transverse vibrational states of the film bulk or to the second
surface polariton is possible only based on their different
responses to the action of the electron subsystem of the
metallic substrate.

Figure 12 presents spectra of the thermostimulated
radiation of vacuum±ZnSe film±metal structures with thick
metallic layers (aluminum, chromium, titanium), which differ
in the magnitude of Im eM�o�. On all these metallic sub-
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strates, ZnSe films were deposited simultaneously by thermal
evaporation in the vacuum.

It follows from Fig. 12 that the low-frequency o1 band of
the p-polarized radiation is broadened with decreasing the
conductivity of the metallic substrate and is shifted into the
lower-frequency part of the spectrum. All this in totality
means that the o1 band in the p-polarized thermostimulated
radiation of vacuum±ZnSe-film±metal structures is related to
the radiative surface (interfacial) polariton of the film±metal
interface rather than to transverse vibrational states of the
film bulk [50±55]. Figure 12 also shows calculated spectra of
the radiation of these sandwiches. Because the frequencies of
plasmons and the frequencies of electron collisions in them
are not known for chromium and titanium, we used the
Hagen±Rubens relation RM�o� � 1ÿ ��������������

2o=ps
p

, where
s � s�o� is the conductivity of the substrate.

The best agreement between the experimental and
calculated spectra was reached at sAl � 8000 Oÿ1 cmÿ1

�RAl � 0:94�, sCr � 500 Oÿ1 cmÿ1 �RCr � 0:76�, and sTi �
250 Oÿ1 cmÿ1 �RTi � 0:67�. As can be seen from Fig. 12, the
experimental results agree well with the theoretical ones.
Their small (insignificant) difference in the frequency range
o > 260 cmÿ1 for ZnSe films on Cr and Ti seems to be related
to the fact that the conductivity of these substrates at high
frequencies is only poorly described by the Hagen±Rubens
equation.

Thus, the investigations performed show that light
absorption in thin films of wideband semiconductors on
metallic substrates is determined not by vibrational states of
the bulk of the film but by radiative surface states (polaritons
of the film±vacuum and film±substrate interfaces) [54, 55].
The dipole moments of transverse optical phonons seem to
undergo strong metallic quenching, because the total dipole
moment of a transverse phonon, which is parallel to the film
surface, along with its image in the metal, is close to zero in
thin films. The image forces of dipole moments in metal,
which are responsible for the transverse vibrational states in
the film bulk, can beweakened by separating the film from the
metal or, to be more exact, by creating a dielectric interlayer
between the metal and the film. For example, Fig. 13 displays

the spectra of the thermostimulated radiation of a vacuum±
ZnSe-film±Si-film±Al structure [51].

Silicon has no dipole-active states in the IR range of the
spectrum; therefore, its radiative capacity is very small and
unselective. As can be seen from Fig. 13, the spectra
calculated via the formula A � E � 1ÿ jr p1234j2 with r p1234
given by (151) (where e1 is the dielectric constant of the
vacuum, e2 is the dielectric constant of the ZnSe film of
thickness h2, e3 is the dielectric constant of the silicon film of
thickness h3, and e4 is the dielectric constant of the aluminum
substrate) agree with the experimental spectra quite well.
There is a rapid increase in the radiation intensity and in the
half-width of the low-frequency band with increasing the
interlayer thickness and a small shift of this band into the
lower-frequency range. The intensity, half-width, and fre-
quency of the maximum of the high-frequency band remain
unchanged. As follows from Fig. 13 and from a theoretical
analysis in [50±55], the metallic quenching of the absorption
ability is characteristic of only states with dipole moments
parallel to the sandwich plane, whereas states with dipole
moments perpendicular to the film plane do not interact with
the conduction electrons of the metallic substrate. At the
frequency o1 � oTO and a small thickness of the silicon
interlayer, we seem to be dealing with both an interfacial
polariton and strongly weakened transverse vibrational states
of ZnSe bulk states. These states, strictly speaking, are not
transverse optical phonons of the film bulk, as was assumed
earlier, because the half-width G of the absorption bands for
these states substantially depends on both the interlayer
thickness and on the film thickness and at a large thickness
of the interlayer, is several times greater than the half-width of
the imaginary part of the dielectric constant g of bulk ZnSe.
Such a difference is related to the radiative channel of the
decay of these states, whose probability gr in thin films is
additive with the probability of the anharmonic decay g, i.e.,
G � g� gr. Similar results were previously observed in the
investigation of the spectra of reflection±absorption (RA)
and thermal radiation of LiF films [56] andRA spectra of CdS
films [60]. In these spectra, a large increase in the intensity of
absorption bands is also observed at the o1 frequency; their
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half-width increases upon the replacement of metallic sub-
strates by insulating ones.

The investigations performed showed that in thin films of
wideband semiconductors on metallic substrates, light is
absorbed and radiated by only radiative surface polaritons
of the film±vacuum and film±substrate interfaces. Vibra-
tional states of the film bulk (longitudinal and transverse
optical phonons) do not absorb and do not radiate p-
polarized light. Transverse optical phonons of the film can
manifest themselves in the absorption and thermal radiation
spectra if the film is separated from the metallic substrate by
an insulating interlayer.

The experimental spectra of thermostimulated radiation
of surface polaritons (nonradiative quasistationary modes) of
ZnSe films on various metallic substrates have been obtained
using a silicon semicylinder mounted at a certain distance
over the sandwich investigated [48, 49, 52±55]. Figure 14
depicts the experimental and calculated spectra of the p-
polarized radiation of surface polaritons of a 1 mm ZnSe film
on an aluminum substrate at two radiation angles and various
gaps between the film and the semicylinder, which were
specified by special frames made of mylar films. The
radiation angle determines the vector of surface polaritons
qk � k0nSi sinj, where nSi is the refraction index of the prism
material and k0 is the wave vector of light in the vacuum. At
j > jc and qk > k0, we can reconstruct (by varying the
radiation angle) the dispersion law of quasistationary
(nonradiative) modes from the thermostimulated radiation
spectra in the regime of inverted frustrated total internal
reflection (FTIR).

Figure 14 shows thermostimulated radiation spectra of a
silicon-semicylinder±gap±film±substrate structure at the
radiation angle 20�, which is greater than the critical angle
jc � 17�. The magnitude of the gap, which was 12 mm, was
selected such that the disturbance of the quasistationary
surface phonon by the silicon prism was minimum and did
not lead to a shift of the emission band. The exponentially
decreasing field of the surface polariton extends into the
vacuum to a distance of the order of qÿ1k ; therefore, the
thickness of the gap should be no less than qÿ1k in order that

the disturbance not be too large. Figure 14b corresponds to
the case where the radiation is directed at the angle 30� and
the gap is about 3 mm. The thicknesses of the ZnSe and Al
films were about 1 mm; in this case, the thickness of the
aluminum mirror was much greater than the thickness of the
skin layer in the frequency range of interest. Numerical
calculation of the emissivity spectra of a structure with a
silicon prism was performed based on the Kirchhoff formula
with the use of the Fresnel coefficient r p1234 for a four-layer
structure (151). The calculated spectra of the system radiation
normalized to the radiation of the ideal blackbody model
measured under identical conditions agree with the experi-
mental data qualitatively well.

We emphasize that the high-frequency peak in the
radiation spectra (see Fig. 14) corresponds to the frequency
of a weakly disturbed quasistationary polariton at a surface
Coulomb phonon (� 243 cmÿ1), which corresponds to the
equation e2�o� � ÿ1.

Figure 15 displays dispersion relations (reconstructed
from experimental data [48, 49, 52±55]) of surface TM
(curves 1 and 3) and interfacial (2, 4, and 5) quasistationary
polaritons of a silicon-semicylinder±gap±ZnSe-film±sub-
strate structure.

To demonstrate the degree of the disturbance of the
nonradiative field of surface phonon±polaritons by the
prism, Fig. 16 shows the spectral radiative capacity of a
ZnSe film (1 mm) on an Al mirror in the regime of inverted
FTIR at various gaps between the film and the prism
(radiation angle f � 20� � 2�).

The resonances in curve 5 in Fig. 16 result from the
interaction between the first and second transverse modes of
a thin film with the field of a surface polariton of the metallic
surface. In other words, the appearance of such `radiative
tails' is related to the disturbance of the initially nonradiative
plasmon±polariton of the metal±vacuum interface by the
thin film. It is seen from Fig. 16 that the disturbance of the
nonradiative polaritons of the entire vacuum±film±metal
structure by the prism increases with decreasing the distance
between the prism and the structure. Therefore, to obtain the
dispersion curves of surface phonon±polaritons (see Fig. 15),
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the prism should be placed as far from the surface as
possible.

Thus, experimental investigations of the spectral compo-
sition of thermostimulated radiation of solids allow studying
the eigenstates of the sources of a thermal field in much
detail. In particular, in the structures of the FTIR-prism±
gap±metal and semiconductor-film±metal types, the initially
nonradiative surface plasmon of the metal transforms into a
set of radiative states whose electromagnetic field is
determined by all dipole-active excitations of each material
of the structure and, in addition, depends on the real
geometry of the experiment. The resonances observed in
the spectra are very sensitive to specific features of the
geometry and to the electrodynamic properties of the
materials involved. One of the most important conse-
quences of the experimental and theoretical investigations
of optical properties of crystals [48±60] is that in crystals of
finite dimensions, the absorption of light is a multistage
process; a photon does not generate a phonon directly (in
one step); the photon first transforms into an intermediate
state (radiative polariton), and then this polariton interacts
with the entire set of dipole-active states of the sample. As a
result of this interaction, the polariton transforms into a
phonon or into a multiphonon excitation, an exciton, a free
electron (hole), or a plasmon of the metallic substrate. The
absorption of light in this case is determined by the
probabilities of the radiative and anharmonic decay of the
polariton. The polariton of a multilayer thin-film structure is
a mixed state of various dipole-active excitations of each of
the materials of the structure.

Correspondingly, thermostimulated radiation of crystals
of finite dimensions also arises as a result of a multistage
transformation of mechanical fluctuations into dipole-active
states of the structure, which generate their own radiative
polariton states that are characterized by a finite probability
of radiative decay, which in turn generates a traveling
radiation field of the sample. It is natural that along with the
intrinsic thermal radiation of the sample, nonradiative
eigenstatesÐ thermostimulated surface polaritonsÐarise
as a result of fluctuations.

We also note that if the film has a thickness greater than
a certain threshold value, resonances appear in the spectrum
of the thermostimulated electromagnetic field, which are
related to interference modes, and in the spectra of the

radiation part of the field, and waveguide modes appear in
the spectra of the nonradiative part of the field. In
experiments, the conditions for the appearance of inter-
ference modes and possible consequences for various
physical phenomena have been investigated in much detail
[54, 55, 58]. In particular, the absorption, thermostimulated
radiation, and luminescence at the frequencies of interfer-
ence modes, a sharp increase in the light absorption at the
frequencies of local vibrations of impurities of the crystal
lattice of the film when they coincide with the frequency of
the interference mode, an increase in the intensity of the
spectra of spontaneous Raman light scattering (RLS) when
the frequency of the incident and (or) scattered light
coincides with the frequency of the interference modeÐall
these phenomena, which are clearly observed in the spectra
of films, indicate that the interference modes are real states
of the electromagnetic field in thin-film structures. The
interference modes are uniformly broadened and the half-
widths of their bands in the spectra of absorption, thermo-
stimulated radiation, and luminescence are mainly deter-
mined by their radiation lifetimes. This radiation lifetime
under certain conditions is extremely small compared to the
lifetimes of the majority of known oscillators; it can be as
small as a few tens of femtoseconds [59]. The investigation of
resonances in spectra corresponding to nonradiative wave-
guide modes has not yet been performed.

5. Some applications of the theory
of fluctuating electromagnetic fields

5.1 Dispersion interaction between bodies.
Lifshitz problem
In the mid-1950s, E M Lifshitz published a series of papers
[61±63] devoted to the theory ofmolecular forces of attraction
between condensedmedia that fill two half-spaces with plane-
parallel boundaries. In these works, he developed a theory of
dispersion interaction forces via a fluctuating electromagnetic
field between macroscopic bodies in complete thermody-
namic equilibrium. The interaction force per unit area of the
surface was calculated as the mean normal-to-the-surface
component of the Maxwell stress tensor. The solution
obtained is valid at any temperature and any complex
dielectric constant characterizing the electrodynamic proper-
ties of the interacting bodies.

Lifshitz's work led to a continuous flow of investigations
that have not stopped to date, in which the method suggested
was perfected and modernized; new alternative methods have
also been proposed, leading to the same result. A vast
literature (including numerous Russian-language works)
devoted to this problem exists. The main results concerning
the theory of van der Waals forces and the related theory of
Casimir forces [70] can be found in many reviews and
monographs, e.g., [64±69]. Here, we only consider general
relations and the simplest asymptotic regimes.

5.1.1 Dispersion interaction between bodies in the complete
thermodynamic equilibrium. The spectral density of the
Maxwell stress tensor contains all the spectral densities of
the components of the thermostimulated field in a vacuum
plane-parallel layer between two half-spaces. Therefore, the
problem can be completely solved in terms of the fluctuating
electrodynamics based on the Rytov theory, as was done in
[61±63].
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Figure 16. Emissivity of a ZnSe film (1 mm) on an Al mirror in the spectral

range of p-polarized `nonradiative' surface polaritons in the regime of
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We first write, in terms of the Fresnel coefficients, the
expression in [62] for the interaction force per unit surface
that acts between two half-spaces separated by a planar
vacuum layer of thickness l:

F�l � �
�1
0

�1
0

dp doFo� p; l � ; �176�

where

Fo� p; l � � ÿY�o;T �
p2o

Im

�
pq

�
r p01r

p
02 exp �ÿ2ql �

1ÿ r p01r
p
02 exp �ÿ2ql �

� r s01r
s
02 exp �ÿ2ql �

1ÿ r s01r
s
02 exp �ÿ2ql �

��
; �177�

q � � p 2 ÿ �o=c�2�1=2 and r p; s0i are Fresnel coefficients (50) of
the interfaces between the vacuum layer and half-spaces,
i � 1; 2.

The general expression for the interaction force is
sufficiently complicated, but, under some simplifications, it
has been used to obtain the leading asymptotic terms [61±64].
For example, small distances between the bodies correspond
to the case where l5 l0 and l5 lT, where l0 is the
characteristic wavelength in the absorption spectra of the
bodies and lT � c�h=kBT � 10ÿ4 cm at room temperature. For
nonmagnetic materials, we then have

F�l � � �ho
8p2l 3

; o �
�1
0

dx

ÿ
e1�ix� ÿ 1

�ÿ
e2�ix� ÿ 1

�ÿ
e1�ix� � 1

�ÿ
e2�ix� � 1

� : �178�
The opposite relation l4 l0 corresponds to the case of large
distances. An especially simple expression for the interaction
force is obtained for ideal metals when the second condition,
l5 lT, is satisfied; in this case, we have

F�l � � p2�hc
240 l 4

: �179�

This is the Casimir force [70], which was earlier derived from
quite different considerations, namely, by summing the
eigenmodes of the field in a plane-parallel layer between
ideally reflecting walls. It is interesting to note that the
Casimir force serves here as a particular case of the
interaction force in the framework of the problem of
fluctuating electrodynamics.

A third particular case occurs when the effect of
temperature on the interaction between the bodies is taken
into account; this case corresponds to the conditions l4 l0
and l4 lT and yields

F�l� � kBT

8pl 3
�e10 ÿ 1��e20 ÿ 1�
�e10 � 1��e20 � 1� ; �180�

where e10 and e20 are the electrostatic values of the dielectric
constants. Hence, at large distances, just as at small ones, the
dependence is inversely proportional to the cube of the
distance between the bodies.

We now derive asymptotic formulas (178)±(180) from
Eqns (176) and (178). Formula (178) is a typical example of
a result obtained in the quasistatic approximation �c!1�.
Therefore, Fresnel coefficients (50) should be taken in the
form rp0i � �ei ÿ 1�=�ei � 1� and r s0i � 0, i � 1; 2. In addition,
using that �ho=kBT � 2plT=l, we write (176), in the approx-

imation where l5 lT, as

F�l � � ÿ �h

2p2

�1
0

do
X1
n� 0

Im �r p01r p02� n�1

�
�1
k0

dp p
����������������
p 2 ÿ k 2

0

q
exp

h
ÿ2

����������������
p 2 ÿ k 2

0

q
l�n� 1�

i
; �181�

where we use the formula for an infinite geometrical series�
1ÿ r p01r

p
02 exp �ÿ2ql �

�ÿ1 �X1
n� 0

�r p01r p02� n exp �ÿ2qln� : �182�

Changing the variable as y 2 � p 2=k 2
0 ÿ 1 and integrating

over y, we obtain

F�l � � ÿ �h

8p2l 3

�1
0

do
X1
n� 0

Im
�r p01r p02� n�1
�n� 1�3 ; �183�

whence, after the use of the Cauchy theorem at n � 0, we
obtain formula (178).

Classical Casimir law (179) is obtained from (176) under
the condition e1; 2 !1. In this case, under the condition
l5 lT, we have

F�l � � ÿ �h

p2

�1
0

do Re

� k0

0
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����������������
k 2
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q
�
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n� 0

exp
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����������������
k 2
0 ÿ p 2

q
l�n� 1�

i
: �184�

We note that in (176), the part of the integral over p in the
range from k0 to 1 drops out because we should take the
imaginary part of a purely real (in this approximation)
expression in (177).

Changing the variable as x 2 � 1ÿ p 2=k 2
0 , taking into

account that� 1

0

dxx 2 cos
�
2k0l�n� 1�x� � sin un

un
� 2 cos un

u 2
n

ÿ 2 sin un
u 3
n

;

�185�

where un � 2k0l�n� 1�, and changing the order of integration
and summation, we obtain from (184) that

F�l � � ÿ �hc
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X1
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dk0 k
3
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�
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� 2 cos un
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ÿ 2 sin un
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�
:

�186�
The integration in (186) can be sufficiently easily performed
using the stationary phase method [71], namely, using the
Erdelyi lemma. For example, for the first integral in (186), we
have�1

0

dk0 k
3
0

sin un
un
� 1

2l�n� 1� Im
�1
0

dk0 k
2
0 exp

�
i2k0l�n� 1��

� ÿ 1

8l 4�n� 1�4 : �187�

As a result, we obtain

F�l � � 3�hc

8p2l 4
X1
n� 0

�n� 1�ÿ4 � p2�hc
240 l 4

: �188�
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Finally, formula (180) is obtained from general expression
(176) for the force in the classical approximation.Namely, the
mean energy of a field oscillator is equal to Y�o� � kBT,
because �ho5 kBT. In other words, we consider the spectrum
region where l4 lT under the condition jqjÿ1 5 l5 l.
General expression (176) then becomes

F�l �

� ÿ kBT

p2
Im

�1
0

do
o

�1
o=c

dp pq�r p01r p02 � r s01r
s
02� exp �ÿ2ql � :

�189�
In deriving (189), we neglected the exponential terms in the
denominator of (177), which corresponds to taking only the
first term in (182) into account, because jqjl4 1. In addition,
we ignored the part of the integral over p in the interval from
zero to k0, since, in view of the same condition, the integrand
contains a strongly oscillating function.

Using the new variable y � q=k0, we see that the leading
contribution to the integral comes from the values y4 1,
because k0l5 1 and 2k0ly � 1. In this approximation, the
Fresnel coefficients, as we already established, are indepen-
dent of y: rp � �eÿ 1�=�e� 1�, r s � 0. Introducing one more
variable, z � 2k0ly, and taking the integral, we can rewrite
Eqn (189) as

F�l � � ÿ kBT

4p2l 3
Im

�1
0

do
o

r p01�o� r p02�o� : �190�

It can be clearly seen from (190) that the leading contribution
to the integral comes from the domain of low frequencies. We
now use the Cauchy theorem, according to which the integral
over a closed path of the integrand in (190) in the domain of
its analytic behavior in the right-hand quadrant of the
complex-frequency plane is zero. The first integration here is
performed along the real frequency axis; the second integra-
tion is carried out along the circle of a large radius R
counterclockwise in the angular range from 0 to p=2; the
third integration is along the imaginary axis, on which the
integrand is purely real; and the fourth integration is
performed along the circle of a small radius r around the
pointo � 0 clockwise in the angular range from p=2 to 0. As a
result, we obtain

Im

�1
0

do
o

r p01�o� r p02�o� � ÿ
p
2
r p01�0� r p02�0� : �191�

Substituting (191) in (190), we obtain (180).
We note that the representation of the interaction force

in form (176)±(177) is suitable because it allows analyzing
the spectral features of the force density. Such an analysis
was performed in Refs [72, 73], whence it follows that a
substantial contribution to the interaction comes from the
electromagnetic eigenmodes of the cavity, which is due to
the vanishing of the denominators in Eqn (177), e.g.,
1ÿ r p01r

p
02 exp �ÿ2ql � � 0.

In the case of interaction of identical materials, the
equation r p � � exp �ql � determines two modes correspond-
ing to symmetric and antisymmetric solutions of this
equation. It was shown in Ref. [74] that the appearance of
symmetric and antisymmetric modes corresponds to the
removal of degeneracy upon the hybridization of surface
states of isolated surfaces when they are located sufficiently
close to one another. Upon splitting, the antisymmetric mode

has a higher frequency than the symmetric one. In our case,
the antisymmetric mode corresponds to repulsion and the
symmetric one, to attraction, according to the results in
Ref. [73].

To conclude this section, we note that the authors of
Refs [61±64] used the general expressions for the interaction
force between two half-spaces to consider the interaction of
sufficiently rarefiedmaterials for which the dielectric constant
only weakly differs from unity and for which, thus, the
additivity principle can be used; they obtained formulas for
the dispersion interaction between a molecule (microparticle)
and a half-space, as well as between two molecules.

5.1.2 Dispersion interaction between bodies in an incomplete
thermodynamic equilibrium. The number of works that have
investigated the dispersion interaction between bodies under
conditions of incomplete thermodynamic equilibrium is
much less than the number of works where the same
processes are studied under conditions of complete thermo-
dynamic equilibrium. The dispersion interaction between
half-spaces placed in thermostats with different tempera-
tures and separated by a plane-parallel vacuum layer was
first considered in Refs [75, 76]. In these works, an
expression was obtained for the spectral density of the
force acting between two half-spaces with different tem-
peratures for any thickness of the gap and any temperature
difference. The material of the half-spaces can be character-
ized by arbitrary complex dielectric constants and magnetic
susceptibilities. Various forms of writing the spectral density
of the force have been given. For example, if bodies 1 and 2
are in thermostats with the respective temperatures T1 and
T2, the spectral density of the force acting on a unit surface
can be represented as [76, Eqn (9)]
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and b1�2� � q1�2�=q, with q1�2� � � p 2 ÿ e1�2� m1�2��o=c�2�1=2.

Following the general procedure adopted in this review,
we rewrite (192) using the Fresnel coefficients. For this, we
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directly verify that
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In addition, for the field of traveling waves � p < o=c�, we
have q=q � � ÿ1; therefore, it follows from (193) that
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and analogous expressions follow for the p waves.
For a quasistationary field � p < o=c�, we have q=q � � 1;

hence, it follows from (193) that
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and analogous expressions for the p waves.
Substituting (195) and (196) in (192) and keeping only

terms that depend on the distance between the bodies, we
rewrite the spectral density of the force that acts on the unit
area of the surface as

Fo�l;T1;T2� � Fo�l;T1�
2

� Fo�l;T2�
2

� DFo�l;T1;T2� ; �197�
where Fo�l;T1� and Fo�l;T2� are the spectral force densities
corresponding to equilibrium case (176) at the respective
temperatures T1 and T2. The third term in the right-hand
side of (197), which takes the temperature difference between
the bodies into account, can be represented in the form
DFo�l;T1;T2� � DF Pr

o �l;T1;T2� � DFEv
o �l;T1;T2�, first sug-

gested in Ref. [77], where
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We note [75, 76] that the additional terms in formulas
(192) or (198) and (199) disappear in the absence of a
temperature difference or in the case of the interaction of
bodies with identical properties. Therefore, in considering the
Casimir forces between ideal materials, taking the tempera-
ture difference into account yields nothing new. The effect of
the temperature difference is also absent if l5 lT
��ho4 kBT �. The difference in temperatures manifests itself
at large distances under the opposite condition, i.e., if l4 lT,
when Y�T1� ÿY�T2� � kBT1 ÿ kBT2. Then the leading con-
tribution to the integral comes from the region where y4 1
because of the conditions k0l5 1 and 2k0ly � 1. Using the

same change of the integration variable in (199) as wemade in
deriving Eqn (190), we find an additional term, which takes
the temperature difference into account in the expression for
spectral force density (197) and in the expression for the total
force per unit area of the surface:

DF�l;T1;T2� � ÿ kBT1 ÿ kBT2

8p2l 3
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do
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ÿ
Im r p01�o�Re r p02�o� ÿRe r p01�o� Im r p02�o�

�
:

�200�

In contrast to the equilibrium case, the integrand in (200) is
not analytic; therefore, we cannot perform integration on the
complex plane and should use numerical methods. However,
it is evident that when simple approximations for the Fresnel
coefficients are known, analytic calculations can be advanced
still farther.

We note that the authors of Refs [77±70] studied the
problem of a dispersion interaction between an atom and a
half-space placed in thermostats with different temperatures.

5.2 Energy transfer via a thermally stimulated field
between two bodies located in thermostats
at different temperatures
The key role of the quasistationary field in the heat transfer
between bodies separated by a small gap appears to have been
recognized for the first time by Rytov et al. [4±7]. They
considered the case of heat transfer through a vacuum
plane-parallel gap between an absorbing half-space and an
almost ideal mirror located in thermostats with different
temperatures. Subsequently, many authors investigated the
problem of energy exchange between two half-spaces sepa-
rated by a planar gap (see, e.g., Refs [80±84]). One of the most
essential effects that were revealed was the phenomenon of a
sharp increase in the energy transfer in the case of a small gap
d between the bodies. The gap is considered small if it is of the
order of a typical wavelength of the radiative fluctuation
spectrum of the interacting bodies, e.g., of the order of the
Wien wavelength lW. In other words, it was found that the
leading contribution to the energy transfer process comes
from the fluctuating near-field zone, similarly to how this
takes place in the theory of dispersion interactions.

In the last two decades, special probe microscopes for the
investigation of surface properties of solids have appeared in
experimental physics. Therefore, problems directly related to
the geometry of the probes have been considered [85±89]. It
has been shown that the rate of energy transfer is determined
by the temperature difference between the bodies, by the
distance between them, and by some resonance factors. For
example, in the case of a probing body of spherical shape and
a planar surface, such resonances correspond to quasistatic
FroÈ hlich and Coulomb modes.

Along with theoretical investigations of heat transfer
between various objects, some experimental studies have
been performed. In the case of a plane-parallel geometry, an
anomalous increase in the heat flux was revealed [90] at small
distances between two parallel chromium films applied onto
glass substrates. A strong enhancement of heat transfer
between the probing body and a planar sample has been
found by many authors [91±94].

In this section, following [95], we consider the process of
heat transfer between two bodies of an arbitrary shape placed
in thermostats with different temperatures. For this, we take
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the system of two bodies, P (probe) and S (sample), of an
arbitrary shape, separated by a vacuum gap of some small
width d. The bodies are characterized by complex electric and
magnetic susceptibilities (eP and mP, and eS and mS, respec-
tively). They are in thermodynamic equilibrium with their
thermostats with the respective temperatures TP and TS. In
terms of the Langevin approach [6, 7], the random stationary
currents with specified statistics, which arise in such bodies,
generate thermostimulated fluctuating electromagnetic fields
inside and outside each body. The bodies generate and absorb
these fields. The entire system is out of thermodynamic
equilibrium; therefore, there exists a certain stationary heat
release rate inside the body with the lower temperature.

We define the heat power released, e.g., in the probing
body, as the difference DWP �W� ÿWÿ, where W� is the
power absorbed by the probe and Wÿ is the loss of power
inside the sample, thereby assuming that the probe is the only
factor responsible for the losses in the sample.

To determine the heat power absorbed by the probe, we
consider the total differential of the internal or free energy [12]
of the probe in external fluctuating electromagnetic fields E0,
and H0:

dUP � TP dSP ÿ l dE0 ÿm dH0 ; �201�
dFP � ÿSP dTP ÿ l dE0 ÿm dH0 ;

where SP is the entropy of the probe and l and m are the
electric and magnetic dipoles induced in the probing body by
an external (relative to the probe) thermostimulated fluctua-
tion electromagnetic field of the sample. The use of the first or
the second formula depends on the specific features of the
experiment. The power absorbed in the probe can be found by
averaging the time derivative of the corresponding energy:

SP � const : W��
�
dUP

dt

�
� ÿ

��
l
dE0

dt

�
s

�
�
m

dH0

dt

�
s

�
;

�202�
TP � const : W��

�
dFP

dt

�
� ÿ

��
l
dE0

dt

�
s

�
�
m

dH0

dt

�
s

�
;

�203�
where the subscript `s' denotes symmetrization and the
angular brackets denote ensemble averaging.

We note that terms of the form l sp dE can be formally
added to Eqns (201), where l sp is the intrinsic fluctuation
moment andE is the fluctuating field (induced by themoment
l sp) that is reflected from the sample. However, the reflected
field E carries virtually no information about the thermo-
dynamic state of the sample, unlike its intrinsic fluctuation
field E0. Therefore, taking such terms into account in this
problem, we go beyond the precision that is used in deriving
the sought formula (based on the energy balance). Roughly
speaking, when ignoring this term, we neglect the temperature
dependence of the Fresnel coefficients.

There is no need to consider other possible combinations
of l sp dE0 and l dE because the random quantities referring
to different thermostats do not correlate and the correspond-
ing products vanish after averaging.

In this section, we use the formal definition of the Fourier
transformation of all random functions of time in the
following form:

A�t� �
�1
ÿ1

do
2p

A�o� exp �ÿiot� ; A � l ;m;E0;H0 : �204�

In what follows, in the formulas obtained, we consider only
the electric part, because the magnetic part is obtained
similarly. Representing the quantities l�t� and E0�t� in form
(204) and substituting them in (202) or (203), we obtain

W� �
�1
ÿ1

do
2p

o
X
ik

aik�o� ÿ a �ki�o�
2i



E0i�o�E0k�o�

�
; �205�

where we use an equality that is valid for stationary processes:

l�o�E0�o 0�

� � aik�o�


E0k�o�E0i�o�

�
2pd�o� o 0� ;

�206�

in which aik�o� is the polarizability tensor of the probing body
having the property aik�ÿo� � a �ik�o� for purely real frequen-
cies.

The power of losses in the sample can be found using the
Poynting theorem:

Wÿ � ÿ 1

2

��
VP

dr 0
�
jext�r 0; t�E�r; r 0; t�

� E�r; r 0; t� jext�r 0; t�
��

; �207�

where VP is the volume of the probe,
jext � �ql sp=qt� d�rÿ r 0�, l sp is the intrinsic spontaneously
fluctuating dipole moment of the probe at the point r 0, the
induced field is related to the response of the sample:
Ei�o; r; r 0� � bik�o; r; r 0� mk�o; r 0�, and bik�o; r; r 0� is the
corresponding linear response tensor.

Representing l sp�t� and E�t� in form (204) and substitut-
ing them in (207), we obtain

Wÿ �
�1
ÿ1

do
2p

o
X
ik

bik�o� ÿ b �ki�o�
2i



m sp
i �o� m sp

k �o�
�
: �208�

Substituting (205) and (208) in the expression for the power of
heat released in the probe, DWP �W� ÿWÿ, and using the
FDT, we obtain the sought formula

DWP �
�1
ÿ1

do
2p

�
YS�o;TS� ÿYP�o;TP�

�
�
X
ik

2a ah
ik �o� b ah

ik �o� ; TS > TP ; �209�

where the superscript `ah' corresponds to the anti-Hermitian
part and YS;P�o� � ��ho=2� coth

�
�ho=�2kBTS;P�

�
.

The FDT here was used for symmetrized quantities of the
form

h m sp
i m sp

k i �
iY�o�
o

�
a �ki�o� ÿ aik�o�

�
; �210�



E0i�o�E0k�o�

� � iY�o�
o

�
b �ki�o� ÿ bik�o�

�
: �211�

Formula (209) determines the spectral density of the released
power

DWP�o� �
�
YS�o;TS� ÿYP�o;TP�

�X
ik

2a ah
ik �o� b ah

ik �o� :
�212�

We note that the formulas obtained are valid for interacting
objects of arbitrary shapes, whose optical properties can be
characterized by nonlocal susceptibilities.
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As an example, we consider, in terms of a local approx-
imation, the problem for an ellipsoidal probe made of an
isotropic material and placed close to a half-space. In this
case, as is known [12], the polarizability in the quasistatic case
is equal to

aik�o� � aii�o� � VP

4p
ep�o� ÿ 1

1� ÿeP�o� ÿ 1
�
ni
; i � x; y; z ;

where ni is the depolarizing factor. In the same approxima-
tion, the linear response tensor iswritten as (see, e.g., Ref. [96])

bzz�o� � 2bxx�o� � 2byy�o� �
1

4d 3

eS�o� ÿ 1

eS�o� � 1
:

In this example, the anti-Hermitian parts of the suscept-
ibilities are merely equal to their imaginary parts and in the
particular case of a sphere �ni � 1=3�, the substitution of the
local expressions in (209) yields

DWP �
�1
ÿ1

do
2p

6a 3
�
YS�o;TS� ÿYP�o;TP�

�
d 3

� e 00P �o� e 00S �o���eP�o� � 2
��2��eS�o� � 1

��2 ; �213�

where a is the radius of the sphere and d is the distance
between the center of the sphere and the planar surface. This
formula was first obtained in [87]. It can be clearly seen that
the spectral density of the power released is determined by the
temperature difference, by a given dependence on the
distance, and by the poles of the denominators, which give
resonance frequencies corresponding to FroÈ hlich modes
�eP�o� � ÿ2� and Coulomb modes �eS�o� � ÿ1�.

Along with the dipole approximation in the description of
the power of heat release, we can also use a multipole
description, based on the general expression for the interac-
tion energy

V � ÿ
�
dr PE ; �214�

where integration is performed over the volume of the probe,
P is the specific polarization of the probe material, andE is an
external field. It follows from this expression that

V � ÿmiEi ÿQi jHjEi ÿQi j kHjHkEi ÿQi j k lHjHkHlEi ÿ . . . ;

�215�

where mi is the induced dipole,Qi j is the induced quadrupole,
etc. (see, e.g., Refs [67, 97]). In Eqn (215), any multipole is
denoted by Q, but the order of the multipole is uniquely
determined by the subscripts. The induced multipoles are
expressed through an infinite set of polarizabilities as

mi�o� � a �1; 1�i j �o�Ej � a �1; 2�i j; k �o�HkEj � . . .

Qi j�o� � a �2; 1�i; jk �o�Ek � a� 2; 2�i j; kl �o�HkEl � . . . �216�
. . . ;

where the polarizability a �1; 1�i j �o� characterizes the dipole
linear response of the system to the applied field, the
polarizability a �1; 2�i j; k �o� is the dipole linear response of the
system to the first spatial derivative of the field, a �2; 1�i; j k �o� is the
quadrupole linear response of the system to the field, and so
on, for any multipole.

We emphasize that in the case of isotropic spherically
symmetrical objects in a coordinate system with the origin at
the symmetry center, only the diagonal terms a �i; i�... are
nonzero.

The total differential of the free energy can be written, by
analogy with the total differential in the dipole case (201), as

dFP � ÿSP dTP ÿ mi dEi ÿQi j dE
0
j i

ÿQi j k dE
00
j k i ÿQi j k l dE

0000
j kl i ÿ . . . ; �217�

where the prime denotes differentiation of the ith component
of the field with respect to xj, dE 0j i � d�HjEi�, dE 00j k i �
d�HjHkEi�, and summation over repeated indices is under-
stood.

We determine the heat-release power DW �l �
P �

W
�l �
� ÿW �l �

ÿ for an order-l multipole. As an example, we
consider the case for a quadrupole, l � 2. In this case, it
follows from (217) that dF

�2�
P � ÿSP dTP ÿQi j d�HjEi 0� and

the expression for the absorbed power is

W
�2�
� �

�
dF
�2�
P

dt

�
� ÿ

�
Qi j�t� d�HjEi 0�

dt

�
s

: �218�

After a Fourier transformation [Eqn (204)] of the functions
Qi j�t� and HjEi 0�t� and substitution of the induced quadru-
pole Qi j�o� � a �2; 2�i j; kl �o�HkEl 0�o� from (216) in (218), we
obtain

W
�2�
� �

�1
ÿ1

do
2p

o
X
i j k l

a �2; 2�i j; kl �o� ÿ a �2; 2��kl; i j �o�
2i

�
�
qEl 0�o�
qxk

qEi 0�o�
qxj

�
: �219�

To calculate the electromagnetic losses in the sample, we use
the same expression (207) from the Poynting theorem, with

j exti � ÿ qQ sp
i j �t�
qt

qd�rÿ r 0�
qx 0j

;

where Q sp
i j �r; t� � Q sp

i j �t� d�rÿ r 0�. Substituting the external
current in (207), we obtain losses in the quadrupole approx-
imation:

W �2�
ÿ � ÿ

�
qQ sp

i j �t�
qt

qEi�r; t�
qxj

�
s

: �220�

Just as in the dipole case, the linear response of the sample in
the quadrupole approximation is expressed by a relation
Ei � bi; klQkl, whence qEi=qxj � �qbi; kl=qxj�Qkl 2 bi j; klQkl.
Making Fourier transformation (204) for the functions
qQ sp

i j �t�=qt and qEi�r; t�=qxj and substituting the expression
for the spatial derivative of the field in (220), we obtain the
following formula for the power of electromagnetic losses in
the sample:

W �2�
ÿ �

�1
ÿ1

do
2p

o
X
i j kl

bi j; kl�o� ÿ b �kl; i j�o�
2i



Q sp

i j �o�Q sp
kl �o�

�
:

�221�

The use of the FDT [by differentiating (211)] to the spectrum
of fluctuations of spatial derivatives of the sample field in
(210) and of the quadrupole moment in (221) yields the
sought expression for the power of heat release in the probe
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in the quadrupole approximation:

DW �2�
P �

�1
ÿ1

do
2p

�
YS�o;TS� ÿYP�o;TP�

�
�
X
i j kl

2
�
a �2; 2�i j; kl �o�

�ah�bi j; kl�o��ah : �222�

It is obvious that a corresponding expression can be obtained
for any multipole interaction.

5.3 Shift and broadening of levels of a particle
in a thermally stimulated fluctuating field of a solid body.
Relaxation of the excited state
of a particle near a planar surface
If an atom or a molecule is placed in an electromagnetic field,
its level can shift by a certain magnitude; in addition, the
lifetime of excited states can change and the degeneracy can
be lifted partly or completely. When a particle is located near
the surface of a sample, its characteristics depend on the
distance between the particle and the surface and also on the
electrodynamic properties of the sample, because any body is
a source of a thermostimulated electromagnetic field. As an
example, we mention the shift dEa�r� of some level a or the
lifetime of the excited state t � gÿ1a �r�, where ga�r� �

P
i gi�r�

is the decay rate of the state a, which is the sum of decay
probabilities per unit time via various relaxation channels.

The decay rate can be found in terms of classical
electrodynamics by assuming that the particle located at a
point r0 near the sample is the source of a polarization
P�r; t� � l exp �ÿiot� d�rÿ r0�, which is associated with the
current density

j�r; t� � qP�r; t�
qt

� j�r;o� exp �ÿiot�

� ÿiold�rÿ r0� exp �ÿiot� : �223�

According to the Maxwell equations, this current generates
the field E�r; t� � E�r;o� exp �ÿiot� in the entire system
under consideration. Then, as is known [12, 32], the mean
power of losses in the particle±sample system is equal to

W � ÿ 1

2
Re

��
j��r;o�E�r;o� dr

�
� o

2
Im
ÿ
l� E�r0�

�
;

�224�

where the integration is carried out over the volume occupied
by the sources.

Given the power of losses, the decay rate is determined as
g �W=�ho. In view of (224), the power of losses is a function
of the coordinate of the source, and hence the decay rate
depends on the mutual arrangement of the particle and the
sample. According to (224), it is necessary to find the field of
the dipole E�r0;o� at the point of its location.

Substituting the value of the field at the dipole (77) in
(224), we obtain

W � ck 4
0

3
jl j2 � ck 3

0

4p
Re

�1
0

� 2p

0

dp dj p

w0

�
l��̂sŝ�l r s

� l��p̂�0 p̂ÿ0 �l r p
�
exp �2iw0h� : �225�

Taking into account that ŝ � êy cosjÿ êx sinj and
p̂ � êx cosj� êy sinj and using the rule of multiplication of
a dyad by a vector, we obtain the power of losses in the form

given in Ref. [32]:

W � ck 4
0

3
jl j2 � ck0

2
Re

�1
0

dp p

w0

�
�
jm?j2 p 2r p � jmkj

2

2
�k 2

0 r
s ÿ w 2

0 r
p�
�
exp �2iw0h� ; �226�

where m? � mz is the dipole-moment component perpendicu-
lar to the sample surface and mk is the component parallel to
the sample surface, with jmkj2 � jmxj2 � jmyj2.

The first term in Eqn (226) determines the dipole radiation
power into free space; the interpretation of the second term
depends on the model of the dielectric constant and can
determine the losses for the excitation of electron±hole pairs
in the sample, the excitation of surface plasmon-polaritons or
phonon±polaritons, the excitation of quasi-stationary non-
radiative waves, etc. All these processes, as well as the
simplified expressions for the power of losses and the decay
rate, have been described inRef. [32] in sufficient detail. From
(226), the expression for the normalized decay rate immedi-
ately follows:

g�h�
g0
� 1� 1

2�hg0
Re

�1
0

dp p

w0

�
�
jm?j2p 2r p � jmkj

2

2
�k 2

0 r
s ÿ w 2

0 r
p�
�
exp �2iw0h� ; �227�

where g0 � o3jl j2=3c 3�h is the rate of spontaneous decays in
the vacuum; we should take a doubled dipole moment in this
expression in order to obtain the correct quantummechanical
expression for the Einstein coefficient.

The rate of decay of a state into other states of a particle in
a random stationary field can be found in the linear
approximation of the perturbation theory [9]. If, as usual,
the Hamiltonian of the interaction of a particle and the field
of the sample in the dipole approximation is V�t� � ÿlE�t�,
then we can find the probability of transition per unit time or
the rate of transition from the state a into a certain set of states
n allowed by selection rules in the perturbation theory,

ga � �hÿ2
X
n

m an
a m na

b Jab�ona� ; �228�

where m na
a is the matrix element of the ath component of the

dipole moment operator with respect to the eigenfunctions of
the unperturbed Hamiltonian and Jab�o� is the spectral
density of states, which is the Fourier transform of the
correlation tensor of the stationary field hEa�t 0�Eb�t 00�i.
Hence, the rate of decay of a particle state is proportional to
the spectral density of states of the thermostimulated field of
the sample at the corresponding transition frequency.

The most consistent theory of the above processes was
developed by the authors of Refs [98, 99] on the basis of the
theory of linear response. We here give the main results
following from Ref. [99]. We consider the expression for the
level shift [99b, Eqn (2.13)]:

dEa � ÿ 1

p
P
X
n

m an
a m na

b

�
�1
ÿ1

do
ImGab�r0; r0;o��

1ÿ exp �ÿ�ho=kBT �
��o� ona�

; �229�

from which the authors of [99b] obtained the final expression
for the level shift in the low-temperature limit, i.e., at T � 0.
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We obtain an analytic expression for the shift of the
energy level at an arbitrary temperature, which is very
important for the consideration of vibrational and rotational
transitions. For this, we use the Sokhotsky identity and write
(229) in the form

dEa � ÿ 1

p

X
n

m an
a m na

b

�
�1
ÿ1

do
ImGab�r0; r0;o��

1ÿ exp �ÿ�ho=kBT �
��o� ona � iZ�

ÿ i
X
n

m an
a m na

b ImGab�r0; r0;oan�
�
1ÿ exp

�
ÿ �hoan

kBT

��
;

�230�

where it is understood that Z! 0.
In formula (230), we transform the integral as follows:�1
ÿ1

do
ImGab�r0; r0;o��

1ÿ exp �ÿ�ho=kBT �
��o� ona � iZ�

� 1

2i

�1
ÿ1

do
Gab�r0; r0;o� ÿ G �ab�r0; r0;o��

1ÿ exp �ÿ�ho=kBT �
��o� ona � iZ�

� 1

2i

��1
ÿ1

do
Gab�r0; r0;o��

1ÿ exp �ÿ�ho=kBT �
��o� ona � iZ�

ÿ
�1
ÿ1

do
Gab�r0; r0;o��

1ÿ exp ��ho=kBT �
��ona � iZÿ o�

�

� 1

2i
fJ1 ÿ J2g ; �231�

where we change the variable as o � ÿo in the second
integral and use the property of the Green's function
G �ab�ÿo� � Gab�o� on the real frequency axis, which is valid
for nonmagnetic materials.

We note that the integrands in (231) have an infinite
number of simple poles on the imaginary frequency axis at the
Matsubara frequencies xm � 2pmkBT=�h, m � 0; 1; 2; . . . ; as
well as poles at the points o � ÿona ÿ iZ and o � ona � iZ in
the complex frequency plane (Fig. 17).

To perform the integration in (231), we take into account
that the Green's function is analytic in the upper part of the
complex plane; therefore, we consider auxiliary contour
integrals. For the integral J1, the contour C1 includes the
path fromÿ1 to1, with the pointo � 0 bypassed clockwise
from above along a small semicircle; this path is closed by a
large semicircle in the upper part of the complex plane; the
point o � ÿona ÿ iZ is outside this contour. For the integral
J2, the contour C2 also includes the path from ÿ1 to1; the

point o � 0 is bypassed clockwise above along a small
semicircle; this path is also closed by a large semicircle in the
upper part of the complex plane, but the pointo � ona � iZ is
inside the contour. The integrals along such contours are
equal to the infinite sum of residues (times 2pi) at the simple
poles ixm �m � 1; 2; . . .� inside the integration contour for the
first integral; for the second integral, we should add the
residue at the point o � ona � iZ. By dividing these contour
integrals into integrals along separate paths and calculating
semiresidues taken with the opposite signs at the point o � 0
for the first and second integrals, we find the values of J1 and
J2 in (231). As a result, substituting the values of the integrals
in (230), we obtain, after the limit transition Z! 0,

dEa � ÿ 2kBT

�h

X
n

ona mana m na
b

X1
m� 0 0

Gab�r0; r0; ixm�
o2

na � x 2
m

ÿ
X
n

m an
a m na

b ReGab�r0; r0;oan�
�
1ÿ exp

�
ÿ �hoan

kBT

��ÿ1
;

�232�

where the prime at the lower limit in the second sum �m � 0�
implies that this term should be taken with half the weight.

As T! 0, the Matsubara frequencies xm � 2pkBTm=�h
become `concentrated' and the summation in (232) can be
replaced by integration in accordance with the usual rule:X

m

!
�
rx dx ;

where rx � �qx=qm�ÿ1 � �h=2pkBT; as a result, we obtain low-
temperature formula (2.22) derived in [99]:

dEa � ÿ 1

p

X
n

ona m an
a m na

b

�1
0

dx
Gab�r0; r0; ix�
o2

na � x 2

ÿ
X
n

m an
a m na

b ReGab�r0; r0;ona� y�oan� ; �233�

where y�x� is the Heaviside function.
Changing the order of summation in (232) and using the

expression for the dipole±dipole polarizability of the particle,
which is invariant under time inversion,

a a
ab�ix� �

2

�h

X
n

ona m an
a m na

b

o2
na � x 2

; �234�

we obtain the formula

dEa � ÿkBT
X
m� 0 0

Gab�r0; r0; ixm� a a
ab�ixm�

ÿ
X
n

m an
a m na

b ReGab�r0; r0;oan�
�
1ÿ exp

�
ÿ �hoan

kBT

��ÿ1
;

�235�

which is valid at any temperatures. At T � 0, Eqn (233)
becomes

dEa � ÿ �h

2p

�1
0

dxGab�r0; r0; ix� a a
ab�ix�

ÿ
X
n

m an
a m na

b ReGab�r0; r;ona� y�oan� : �236�

o

o � ÿona ÿ iZ 0

C1

ixm

o

0

C2

ixm
o � ona � iZ

Figure 17. Integration contoursC1 andC2 on the complex frequency plane

for the integrals J1 and J2 in (231). The poles at the points ixm are

conventionally shown on the imaginary axis.
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As was shown in Refs [99], the Green's function
Gab � G 0

ab � GR
ab, which enters all the formulas, is a sum of

the Green's function for free space

G 0
ab�r; r0� � F

$
0
ab�r; r0� � 4pdabd�rÿ r0�

and the Green's function

GR
ab�r; r0� � F

$
R
ab�r; r0�

that determines the effect of the sample. To take this effect
into account, we should use GR

ab�r; r0� in all the formulas
containing the Green's functions. It is obvious that having
found the level shift, we can determine the shift of the
transition frequency under the effect of the sample, e.g.,
between the states a and b, as doab � �dEa ÿ dEb�=�h.

We also give the formula obtained in [99] for the rate of
transition of a particle from a state a into a certain set of states
fng at any temperature:

ga � 2�hÿ1
X
n

m an
a m na

b ImGR
ab�r0; r0;ona�

�
�
1ÿ exp

�
ÿ �hona

kBT

��ÿ1
: �237�

It can be easily shown that (237) follows from (228) by using
the relation [99]

Jab�r; r 0;o� � 2�h

�
1ÿ exp

�
ÿ �ho
kBT

��ÿ1
ImGR

ab�r; r 0;o� :

We note that the authors of [99] used the interaction
Hamiltonian in the form V 0 � ÿlD, where D�r; t� �
E�r; t�� 4pl�t� d�rÿ r0� is the transverse displacement field;
this Hamiltonian differs from the more usual interaction
Hamiltonian V 00 � ÿlE. However, as was shown in [99±
102], the total Hamiltonians that include parts describing the
interaction are connected by a certain unitary transforma-
tion. As a consequence of this identity, the corrections
calculated in the perturbation theory are equal:
dE�V 0� � dE�V 00�.

To conclude this section, we note that the above-
considered problems can also be solved using various other
methods. We only tried to illustrate the efficiency of the
application of the theory of thermostimulated fields induced
in solids. We also note that in recent years, works have
appeared in which such problems were considered under
more complex conditions, e.g., problems of spontaneous
emission of a particle near nanoobjects (see, in particular,
Ref. [103]).

6. Conclusions

Thermostimulated electromagnetic fluctuations, just like
Brownian motion, are a natural physical phenomenon that
requires no special preparation. Its role in nature can hardly
be overestimated. The problems of fluctuation electrody-
namics are directly related to problems such as the van der
Waals interaction of bodies, heat transfer between bodies
separated by a vacuum gap, the capture of atoms, molecules,
and coherent material states by electromagnetic traps, and a
number of important physicochemical phenomena near the
surface of condensed media, such as adsorption and
desorption of atoms and molecules.

Theoretical methods for calculating the properties of
fluctuating electromagnetic fields in fact amount to solving a
mathematical physics problem based on the set of Maxwell
equations in a chosen geometry with given boundary
conditions and to the application of the fluctuation±dissipa-
tion theorem. Modern theories have allowed unambiguously
separating the thermal field of a heated body into two parts, a
propagating field, which can exist without a source that
generates it, and a near quasistationary field, which is
completely related to the heated body itself. In foreign
literature, the near quasistationary field is called the evanes-
cent field. An analysis shows that the statistical properties of
these two parts of the single thermal field differ substantially.
In particular, the characteristic length of the spatial correla-
tion of traveling waves is of the order of theWien wavelength,
whereas in the case of the near field, this scale can be of the
order of the distance to the body surface. We note that in the
important case of thermostimulated radiation of plane-
layered media, all correlation properties of fields can be
expressed through physically clear electrodynamic character-
istics, namely, through the Fresnel coefficients of the
interfaces.

The theoretical methods of solving the problem of
thermostimulated fields allow investigating both the case of
a complete thermodynamic equilibrium and the practically
very important case where the temperature of the body differs
from the temperature of the surroundings. We note that the
spectral characteristics of thermostimulated fields necessarily
contain resonance features related to the intrinsic states of the
body surface, the so-called surface polaritons. This allows
studying the electrodynamic properties of the surface and its
states.
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