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Axial anomaly in quantum
electro- and chromodynamics
and the structure of the vacuum
in quantum chromodynamics

B L Ioffe

1. Introduction

In this report, I discuss the current state of the problem of the
axial anomaly in quantum electrodynamics (QED) and
quantum chromodynamics (QCD) and the relation of the
axial anomaly to the structure of the vacuum in QCD. In
QCD, the vacuum average of the axial anomaly is propor-
tional to a new quantum number 7z, the winding number.
There are an infinite number of vacuum states |n). The
transition amplitudes between these states are amplitudes of
tunnel transitions along certain paths in the space of gauge
fields. I show that the axial anomaly condition implies that
there are zero modes of the Dirac equation for a massless
quark and that spontaneous chiral symmetry breaking occurs
in QCD, which leads to the formation of a quark condensate.
The axial anomaly can be represented in the form of a sum
rule for the structure function in the dispersion representation
of the axial — vector — vector (AVV) vertex. On the basis of this
sum rule, we calculate the width of the 1% — 2y decay with an
accuracy of 1.5%.

2. The definition of an anomaly

We suppose that the classical field-theory Lagrangian has a
certain symmetry, i.e., is invariant under transformations of
the fields corresponding to this symmetry. According to the
Noether theorem, the symmetry corresponds to a conserva-
tion law. An anomaly is a phenomenon in which the given
symmetry and the conservation law are violated as we pass
to quantum theory. The reason for this violation lies in the
singularity of quantum field operators at small distances,
such that finding the physical quantities requires fixing not
only the Lagrangian but also the renormalization proce-
dure. (See reviews dealing with various anomalies in
Refs [1-4].)

There are two types of anomalies, internal and external.
In the first case, the gauge invariance of the classical

Lagrangian is broken at the quantum level, the theory
becomes unrenormalizable, and is not self-consistent. This
problem can be resolved by a special choice of fields in the
Lagrangian, for which all the internal anomalies cancel.
(Such an approach is used in the standard model of
electroweak interaction and is known as the Glashow—
Illiopoulos—Maiani mechanism.) External anomalies
emerge as a result of the interaction between the fields in
the Lagrangian and external sources. It is these anomalies
that appear in quantum electrodynamics and quantum
chromodynamics; they are discussed in what follows. We
show that anomalies play an important role in QED and
especially in QCD. Hence, the term ‘anomaly’ should not
mislead us — it is a normal and important ingredient of
most quantum field theories.

3. Axial anomaly in QED

The Dirac equation for the electron in an external electro-
magnetic field 4,(x) is

b, ) g (2) — e, A3 W) (1)

The axial current is defined as
Jus(x) = (x) 7,59 (x) . (2)

Its divergence calculated in classical theory, i.e., with the use
of Eqn (1), is

Oufus (x) = 2imip (x) sy (x) (3)

and tends to zero as m — 0. In quantum theory, the axial
current must be redefined because j,s(x) is the product of two
local fermionic fields, with the result that it is singular when
both fields act at the same point. (Naturally, a similar
statement is true for a vector current.) To achieve a mean-
ingful approach, we split the points where the two fermionic
fields act by a distance &, such that

. - 3
Jus(x,8) = !P(x + 5) Vu¥s

X exp [ie Jmﬂ dyan(y)] v (x - %) , )

x—g/2

and take ¢ — 0in the final result. The exponential factor in (4)
is introduced to ensure the local gauge invariance of j,s(x, €).
The divergence of axial current (4) has the following form (we
use Eqn (1) and keep only the terms that are linear in ¢):

OuJus(x,€) = 2imy (x + %) “/51//<X _ %)

— ieg, <x+§> Pads¥ (x—%) Fuu s (5)

where F,, is the electromagnetic field strength. For simplicity,
we assume that F,, = const and use the fixed-point gauge (the
Fock—Schwinger gauge) x,4,(x)=0. Then A,(x)=
(1/2) x,F,,. We calculate the vacuum average of (5). To
calculate the right-hand side of (5), we use the expression for
the electron propagator in an external electromagnetic field
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— t1

1
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Vacuum averaging involves first-order corrections in e?.

Substituting Eqn (6) in Eqn (5) and ignoring the electron
mass, we obtain

2
. e €y
(01 0ujisl0) = 3 FuFiotpuio =27 - (8)

Because there can be no preferred direction in space —time,
the limit ¢ — 0 can be achieved in a symmetric manner, and
we have

2

. e ~
a;t]yS = 87'C_2 FaﬂFflﬁ 5 (9)

where

1
Fp = 3 8upioFio (10)

is the dual electromagnetic field tensor. In Eqn (9), the
symbol of vacuum averaging is dropped because in the
e2-order, this equation can be considered an operator
equation. Equation (9) is known as the Adler — Bell —Jackiw
anomaly [5—8].

To better understand the origin of an anomaly, we
consider the same problem in the momentum space. In
QED, the matrix element of the transition of an axial current
with a momentum ¢ into two real or virtual photons with
momenta p and p’ is described by the diagrams in Fig. 1. The
matrix element is

Tuup(p, P') = Luop(p, p') + Tyupa(p', 1), (11)
4
Tup(p, p') = —€* J% Tr[y,ys(k+ #—m)™!
<, (K= m) yp(k= p —m)7'] (12)

Integral (12) linearly diverges. In a linearly divergent
integral, the important terms are the surface terms, which
emerge as a result of integrating over an infinitely remote

surface in the momentum space. (This becomes especially
clear when the vectors ¢, p, and p’ are space-like and the
integration contour over k( can be rotated to the imaginary
axis, ko — iky4, such that integration over k is carried out in
Euclidean space.) The result of calculations depends on the
way k is chosen: we can displace k by an arbitrary constant
vector a;, i.e., k; — k; + a;. Amplitude (11) must satisfy the
conditions needed for the vector-current conservation:
PaTyp(p, p') = 0and pyTup(p, p') = 0.

We try to choose the vector a; such that the conditions for
both axial- and vector-current conservation are satisfied. We
parameterize a; as a; = (a+b)p, +bp,. The result of
calculations shows that both conditions cannot be satisfied
simultaneously: the vector-current conservation can be
achieved at a = —2, while the axial-current conservation
requires that a = 0 [8, 9]. The vector-current conservation is
a necessary condition for the existence of QED. Hence, we

select ¢ = —2. The divergence of the axial current is
2
e
4T (P ') = \2mG(p, p') = 55 leapioPiPg - (13)

Here, we restore the term proportional to the electron mass
and define G(p, p’) as

(Prews s e [UysW10) = G(p, p') eapio Dy s (14)
with ¢, and ¢}, being the polarizations of the two photons. The
fact that the axial current is not conserved, stated in Eqn (13),
is equivalent to Eqn (9). Our discussion of the axial anomaly
in QED was limited to terms of the order e?. Adler and
Bardeen have proved (see Refs [5, 6, 10]) that the radiative
corrections caused by the photon lines connecting different
points inside the triangle diagrams in Fig. 1 do not alter the
anomaly equation. However, the diagram in Fig. 2 yields a
nonvanishing, albeit small, correction of the order ¢ to this
condition [11].

4. The axial anomaly and its relation
to the structure of the vacuum
in quantum chromodynamics

In QCD with massless quarks, the axial anomaly is described
by a formula similar to (9):

. e =
Ouliis =53 e Ne Fyy Fy . (15)

Figure 1. Feynman diagrams describing the transition of an axial current
with a momentum ¢ into two real or virtual photons with momenta p and
p',q = p+p’: (a) the direct diagram, and (b) the crossing diagram.

s

Figure 2. The ¢%-order correction to the Adler— Bell - Jackiw anomaly in
QED.
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Here, N. =3 is the number of colors and eq is the quark
charge. (We wrote Eqn (15) for one massless quark.) There is
also another anomaly in QCD, where the external fields are
not electromagnetic but gluonic:

. asNe ., ~
aﬂjll5 = % G,ulvG:v ) (16)
where G is the gluonic field strength and G” is its dual.

Ly N w .
Equation (16) can be considered an operator equation, and

the fields G, and Gl’}v can be considered the fields of virtual
gluons. In the same way as in QED, perturbative corrections
to (16) begin at o and are described by a diagram similar to
the one shown in Fig. 2. In QCD, however, the coupling
constant is large, with the result that the contribution
provided by this diagram is not small; the contribution of
diagrams obtained from the one in Fig. 2 by attaching
additional quark and gluon loops are not small either.
Obviously, in QCD, the octet axial current

y g ,
Jis =Y Vqnas 3 b, i=1,.08 (17)
q

is conserved in the absence of an electromagnetic field. (Here,
the A’ are the Gell-Mann matrices, and summation is over the
flavors of the light quarks, q =u,d,s.) The singlet axial
current

(0 -
]/ES) = Z lpq?;tVqu (18)
q
contains the anomaly
+(0) o5 Ne n n
Oudys =3 an GG - (19)

In view of the spontaneous breaking of chiral symmetry, the
pseudoscalar mesons belonging to the octet (w,K,n) are
massless (in the my — 0 approximation), while the SU(3)
singlet 1’ is massive. In this way, the presence of an anomaly
solves what is known as the U(1) problem [12].

I now discuss the important assertion that exists in QCD
and relates the structure of the anomaly to the structure of
the vacuum in this theory. Because we deal with the
existence of degenerate vacua and tunnel (underbarrier)
transitions between them, it is convenient (just as in
quantum mechanics) to introduce imaginary time by
setting ¢ = xp = —ixy; we thus operate in the Euclidean
space, where x*=x}+x7+x7+x7. In the Euclidean
space, the action integral

[ R

S= 7 J d*xG (20)

n

is positive. (We temporarily ignore the quark contribution.)
The transition amplitudes are determined by the matrix
elements of exp (—S). A theorem first proved by Belavin,
Polyakov, Schwartz, and Tyupkin [13] states that

s

J d4xG,’ij~” =n,

v

o (21)

where 7 is an integer known as the winding number. Here, we
do not prove this theorem in detail; instead, we mention its
main points. The integrand in (21) can be written as the total

derivative
GnG = 0,K,, (22)
1
Ky = o (A""G;% - gf”’””AfA}’,”Ag’) . (23)

When x? is large, G, (x) decreases faster than 1/x2 (i.e., there
is no physical field), and 4] is a pure-gauge field. Then, we
can drop the first term in the right-hand side of (23) and keep
only the second term in the general expression for the gauge

transformation for A;Z,

A, =U"4,U+iU"0,U (24)

(here, U is a unitary, unimodular matrix, Ut = U, |U|=1).
We suppose that the field 4/ (n = 1,2, 3) belongs to the SU(2)
subgroup of the color group SU(3). This subgroup plays a
special role in the SU(3) group because it is isomorphic to the
spatial rotation group O(3). At this point, it is convenient to
introduce matrix notation for the fields 4,:

1

A,-:ngkA,’f, k=1,2,3; i=1,2,3. (25)

Then, according to Eqns (22) and (23), we have

~ 4 1
Jd4xG,w(x) Gu(x) = —i 3 g—z Jst,«k; Tr(A;ArA;) . (26)

Substituting the second term in the right-hand side of
Eqn (24) in (26), we see that the integrand in (26) is a total
derivative with respect to the spatial coordinates, and there-
fore reduces to an integral over an infinitely remote surface.
Because | U|= 1 on this surface, the matrix U has the form

,L.Cl
U =exp <21U’lfa Z) ,

where nin an integer and 7, is a unit radius vector, 7, = r,/|r|.
The invariance of U under spatial rotations stems from the
fact that each such rotation is accompanied by a gauge
transformation, a rotation in the SU(2) group. When the
right-hand side of Eqn (24) is substituted in (26), we see that
Eqn (21) follows from (27). Theorem (21) also follows from
general mathematical considerations, because the SU(2)
group is mapped onto O(3); such a map is multivalued and
is determined by the number of times the O(3) group is
covered. We note that the fields corresponding to different n
cannot be transformed into each other by a continuous
transformation. In the perturbation theory, we always deal
with fields corresponding to n = 0. The action integral in (2)
can be written as

(27)

1 1 __— :
S = ZJcl‘*xG" Gh=73 Jd4x {G”,G;;V +5(Gh - Gh)

>y L 2
(28)
Because the last term in (28) is positive, the minimum of the

action is achieved with fields satisfying the self-duality
condition

G,’fv = G,'fw (29)
| R 2n
Som =5 | 456,65, =T 10 = Il (30)



June 2008

Conferences and symposia 619

(Negative n correspond to anti-self-dual fields G}, = _Gﬁ\“)
The solutions of the self-duality equation (for n = 1), which
became known as instantons, were found in [13]. It follows
from Eqn (30) that in QCD in the Euclidean space, there exists
an infinite number of action minima. In Minkowski space,
instantons are paths of tunnel transitions (in the field space)
between vacua characterized by different winding numbers
but having the same energies [14—16]. By examining n(r),
which transforms into the winding number as t — +oo, it can
be shown that the instanton solutions correspond to
n(t - —oc0) =0 and n(t — oo0) = 1 and that the transition
amplitude between vacuum states is [17]

5. Structure of the vacuum
in quantum chromodynamics

(31)

Above, we showed that in QCD, there is an infinite number of
vacua with the same energies, vacua that are characterized by
the values of the winding number n. We let Q(n) denote the
wave function of such a vacuum and suppose that the wave
functions are normalized, Q*(n)Q(n) =1, and form a
complete system. The ambiguity in the wave function resides
in the phase factor, Q(n) = exp (i0,) Q'(n). We separate the
Euclidean space into two big parts and assume that the field
strength in the space between these parts is zero and the
potentials are pure gauge. Then, obviously,

exp (10n, +n,) Q(n1+ n2) = exp (16,,) Q(m)) exp (10,,) Q(n2) .

(32)
[Here, we drop the prime on Q'(n).] Because
Q(ny +np) = Q(my) Q(nma) , (33)
we have the equation
Ony+n, = Ony, + Ony (34)
which is solved by
0, = no. (35)

Thus, the vacuum wave function in QCD is a linear
combination of wave functions with different winding
numbers:

Q(0) = _exp (ind) Q(n). (36)

n

The state Q(6) is known as the 6-vacuum. The vacuum state
Q(0) is similar to the Bloch state of an electron in a crystal,
with 0 acting as momentum. But in contrast to a Bloch state,
all transitions between states with different 0 are forbidden
for the 0-vacuum. The vacuum state Q(0) can be reproduced if
the term

_ g0 .

is added to the QCD Lagrangian (in Minkowski space). The
presence of this term in the Lagrangian demonstrates that 0 is
an observable. Term (37) violates the P- and CP-invariance.

However, so far all attempts to discover the violation of CP-
invariance in strong interactions have failed. The strongest

Ly (37)

bound on the value of 0 has been found in searches of the
neutron dipole moment, § < 107° [18].

6. Zero eigenvalues of the Dirac equation

for massless quarks as a consequence

of the anomaly. Spontaneous breaking of chiral
symmetry in quantum chromodynamics

We consider the Dirac equation for massless quarks in QCD
in Euclidean space:

2

From anomaly condition (16) with n = 1, we have

=1y, Vb = Aihy, V=0, +1g A: . (38)

Jd4x Tr <O | a,uj;tS (Y) | 0>

2
£ Jd4x<0|G‘f G4.0) = 2N (39)

167> il

The left-hand side of Eqn (39) can be written as an operator as
follows:

Jd4x Tr (0|0, /us(x)[0)
= — d4xaHTr<0|iy_l(x7x) yuv5‘0>

.\
= — |d*xV, Tr [; Vel) Vi () (x)}fk () Vﬂs}

= |d*Tr [Z Vi) ¥ () 2,1,{«/5} . (40)

: T

States with nonzero A, contribute nothing to (40) because
each such state y, (x) corresponds to the state ysyr, (x) with
the eigenvalue — A, and the two states are orthogonal. Thus,
only the zero modes contribute, and hence we have

2 Jd“x Tr 7590 (x) Yo (x)] = —2Ne . (41)

This implies that in the case where n = 1, i.e., in the instanton
field, the zero mode is right-handed: the quark spin is directed
along the quark momentum, s}y, = —,. (Actually, for a
quark in the instanton field, only one right-handed zero mode
exists, because spin is correlated with color and the factor N,
in the right-hand side of Eqn (41) disappears.) At n = —1, the
resulting equation differs from (41) only in sign, i.e., a left-
handed zero mode exists in an anti-instanton field. In the
general case, we have the Atiyah—Singer theorem [19],
according to which

n=ny —ng, (42)
where np and ng are the respective numbers of left- and right-
hand zero modes. It follows from (41) that in an instanton
field, the zero mode violates the chiral symmetry of the
Lagrangian, i.e., the invariance under the transformations
Y — ys¥. (We note that in passing from the Euclidean metric
to Minkowski space, the function ™ is replaced by v.) Thus,
the presence of instantons is an indication that a quark
condensate exists in the QCD vacuum:

(01910 #0, (43)
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which breaks the chiral symmetry of the Lagrangian.
(Unfortunately, it is impossible to calculate the quark
condensate on the basis of the instanton approach because
this approach is meaningful only when the distances are
small, while the condensate forms over large distances.)

The winding number n corresponds to the topological
current operator

Q5(X) —Q Gn ( )G;t‘(x) .

STr (44)

It was found in [20] that the vacuum correlator of topological

currents
0)}1)

vanishes at g2 = 0 if the theory contains at least one massless
quark. Later, it was proved in [21] that in the limit as N, — oo,
the relation

ta?) =1 [t exp igx) (0] T{0s(x) (45)

Ny

() = <oqq|0>(2mii)l

i

(46)

holds. In the cases of two and three massless quarks, the
validity of Eqn (46) was proved in Ref. [22], where the limit
N. — oo was not used. The concept of topological current
turned out to be highly effective in QCD: it has been used to
establish the spin composition of the proton [23], to establish
a relation between the spin structure functions for large and
small Q2 [24, 25], and to determine the axial coupling
constants for the nucleon [26].

7. The sum rule for the axial anomaly
in quantum chromodynamics

We consider the general representation of the transition
amplitude of the axial current into two photons with
momenta p and p’ in terms of the structure functions (form
factors) without kinematic singularities, T,,5(p, p’) [27]. We
limit ourselves to the case where p2 = p’2. Then [28, 29]

1
T,uz[f(p> pl) = Fl ((]27 pZ) q,ugm/fprrppp(; - i Fz(¢127 pZ)
P Pp
X |:8,u1ﬁ0(p - p/)o' - }T; Syﬁpappp(/; +]T§ S,uazpoppp(/;] . (47)
The anomaly condition in QCD reduces to
F(q* p*) +q4°Fi(q*, p?)
_2qu (¢%, p?) ~ 2z:ezN (48)

Because T,p(p, p') is nonsingular at p?> =0, we have
F>(¢%,0) = 0. The functions Fi(¢q2, p?), F»(q?, p?), and
G(q?, p?) can be described by dispersion relations in g2 with
no subtractions. Using these relations, we can prove the sum
rule

4m?

2 5 Zech,

where m? is the smallest of quark masses. The sum rule in (49)
was proved in [30] for p? < 0, m = 0, in [28] for p> = p'?, and

in [31] in the general cases where p2 # p’2. We note that (49)
also holds for massive quarks. We consider the most
interesting case where the axial current is the third compo-
nent of the isovector current:

.(3 _ 3
38 = wyysu—dyysd.

(50)
We ignore the masses of the u- and d-quarks and assume that
p? = p'? = 0. Combining (47) and (48), we obtain

200 ¢
—Ne q—Z (e — e3) eaproliDy -

Tluﬂ(pvpl) = (51)

It follows from (51) that the transition of the isovector axial
current into two photons occurs through an intermediate
massless state. Such a state (in the limit m,, mg — 0) is the
n’-meson (Fig. 3). Combining the fact that <0\]55 |n®) =
V2i i fzq, and the anomaly condition, we can find the matrix
element of the n° — 2y decay,

M(n® — 2y) =

AtypiseraeappiDe (52)

find the constant 4, and calculate the width of n° — 2y as

o2

32n3

N
aw

(= 21) =355

(53)

D

This result was first obtained in [32]. Under the assumption
that fr, = frr = 130.7 MeV, we obtain I'(n’ — 2Y) ey =
7.73 eV from (53). It is difficult to estimate the accuracy of
the prediction, but apparently it varies between 5 and 10%.
The experimental value of this quantity averaged over all
existing measurements (data for the year 2006)
I'(n® — 2y) = 7.8 £ 0.6 eV [33]. To achieve better accuracy
for the theoretical prediction, we must (a) insert f;o instead of
Jfr+ 10 (53), and (b) allow the contribution of excited states (in
addition to 1) to the sum rule (49) for the isovector current at

2 = 0. This program was implemented in Ref. [34], where it
was shown that the difference Af; = fo — fr+ 1s small:
Afi/fi = —1.0 x 1073. Among the excited states, only the
n-meson contributes significantly. Its contribution is deter-
mined by the value of the n° — 1 mixing angle [35, 36] and the
width I'(n — 2y) = 510 eV [33]. It was found in Ref. [34] that
(1% = 29) heory = 7:93 £ 1.5%. The most recent measure-
ments in [37] yield I'(n® — 2y) =7.934+2%, £2.1%, i.e.,
the experimental data are in extremely good agreement with
the theoretical predictions.

—— - ===

/

P P

Figure 3. The diagram describing the transition of the isovector axial
current (denoted by X) into two photons).
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It would seem that Eqn (51) suggests that the existence of a
massless (in the limit of massless u- and d-quarks) Goldstone
n'-meson is a consequence of the axial anomaly described by
the triangle diagrams in Fig. 1. This is not the case, however.
A direct calculation of Im Fy (g2, p?) (itis to this function that
the intermediate n°-meson contributes) for p> # 0 shows [9,
28] that in this case, Im F;(¢2, p?) is a regular function of ¢
that tends to a constant as ¢ — 0 and has no singularities of
the 5(¢?) type, in contrast to the case p? = 0 described above.
Thus, the amplitude 7,,p3( p, p’) corresponding to the transi-
tion of the axial current to two virtual photons and calculated
according to the diagrams in Fig. 1 has no pole in ¢ at
g% = 0. On the other hand, based on a chiral effective theory
(e.g., see Ref. [38]), we can state that the transition amplitude
of the axial current to two virtual photons must contain the
contribution provided by the intermediate massless n°-meson
(see Fig. 3). As shown in [6], the introduction of gluon lines
into the diagrams in Fig. 1 does not change the expression for
the anomaly. (Actually, this was shown in [6] to be true for
QED, but there is no difference between QCD and QED in
this aspect.) Thus, from examining the case where p? # 0, we
conclude that the appearance of a massless n’-meson in the
dispersion representation of the AVV form factor is not
caused by an anomaly. The presence of massless Goldstone
mesons (7, K, n) stems from the spontaneous breaking of
chiral symmetry in the QCD vacuum. That there is a
singularity at ¢2> =0 in the amplitude T,,4(p, p') when
p? =0 is sometimes interpreted as the double nature of the
anomaly, the ultraviolet and the infrared (e.g., see Ref. [3]). I
believe that in view of the absence of such a singularity when
p? # 0, this interpretation is faulty: the nature of an anomaly
in QED and QCD stems from ultraviolet divergences, the
singularity in the amplitudes at small distances. (In this
respect, QED and QCD differ dramatically from the two-
dimensional Schwinger model, in which the origin of an
anomaly is truly double (see Ref.[3]).)

For the eighth component of the octet current, the
transition amplitude of the axial current to two real photons,
Fi(g?,0),hasapoleat ¢g? = 0if m, = mg = mgs = 0. Itis only
natural to associate this pole with the n-meson. However, a
relation for I'(n — 2y) similar to (53) differs dramatically
from the experimental result. A possible explanation of such a
discrepancy is the strong nonperturbative interaction of the
type of instantons in a pseudoscalar channel mixing n- and
n’-mesons [39]. In the case of a singlet axial current, the
amplitude j!ig) — 2y contains diagrams of the type shown in
Fig. 2 (with virtual gluons instead of photons), their exten-
sions, and nonperturbative contributions. Hence, we cannot
expect reliable predictions concerning the width of n’ — 2y
based on anomalies.

’t Hooft hypothesized [40] that the singularities of the
amplitudes calculated in QCD on the quark —gluon basis
should reproduce themselves in calculations on the hadron
basis. Obviously, this is true if both perturbative and
nonperturbative interactions are taken into account. How-
ever, as a rule, we know nothing about the nonperturbative
interactions. In the cases discussed above (except for the
decay of ¥ into two real photons), 't Hooft’s hypothesis does
not hold [9].

8. Conclusion

1. An anomaly is an important and necessary element of
quantum field theory.

2. An anomaly emerges because the amplitudes of quantum
field theory contain ultraviolet singularities, in view of
which it is necessary to augment the Lagrangian by
renormalization conditions.

3. Ananomaly in QCD is related to the appearance of a new
quantum number, the winding number.

4. The vacuum in QCD is a linear combination of an infinite
number of vacua with different winding numbers.

5. Transitions between vacua with different winding num-
bers are tunnel transitions occurring along classical paths
in the field space, self-dual solutions of QCD equations, or
instantons.

6. The axial anomaly in QCD results in the appearance of
zero modes in the Dirac equations for light quarks and
points to the existence of spontaneous breaking of chiral
symmetry in the QCD vacuum, the existence of a quark
condensate.

7. The axial anomaly predicts the width of the n° — 2y decay
with a high accuracy (~ 2%), a result corroborated by
experiments.
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The theory of relativity
and the Pythagorean theorem

L B Okun

1. Introduction

The report “Energy and mass in the works of Einstein,
Landau and Feynman” that I was preparing for the Session
of the Division of Physical Sciences of the Russian Academy
of Sciences (DPS RAS) on the occasion of the 100th
anniversary of Lev Davidovich Landau’s birth was to consist
of two parts, one on history and the other on physics. The
history part was absorbed into the article ““Einstein’s formula:
Ey = mc?. “‘Isn’t the Lord laughing?’ > that appeared in the
May issue of Uspekhi Fizicheskikh Nauk [Physics-Uspekhi]
journal [1]. The physics part is published in the present article.
It is devoted to various, so to speak, technical aspects of the
theory, such as the dimensional analysis and fundamental
constants ¢ and 7; the kinematics of a single particle in the
entire velocity range from 0 to ¢; systems of two or more free
particles; and the interactions between particles: electromag-
netic, gravitational, etc. The text uses the slides of the talk at
the session of the Section of Nuclear Physics of the DPS RAS
in November 2007 at the Institute for Theoretical and
Experimental Physics (ITEP). My goal was to present the
main formulas of the theory of relativity in the simplest
possible way, using mostly the Pythagorean theorem.

2. Relativity

The advanced standpoint. The history of the concept of mass in
physics runs to many centuries and is very interesting, but I
leave it aside here. Instead, this will be an attempt to look at
mass from an advanced standpoint. I borrowed the words
from the famous title of Felix Klein’s Elementary Mathe-
matics from an Advanced Standpoint (traditionally translated
into Russian incorrectly as Elementary Mathematics from the
Standpoint of Higher Mathematics. See V' G Boltyanskii’s
foreword to the 4th Russian edition). The advanced modern
standpoint based on principles of symmetry in general and on
the theory of relativity in particular makes it possible to avoid
inevitable terminological confusion and paradoxes.

The principle of relativity. Ever since the time of Galileo and
Newton, the concept of relativity has been connected with the
impossibility of detecting, by means of any experiments, a
translational (uniform and rectilinear) motion of closed space
(for instance, inside a ship) while remaining within this space.
At the turn of XIX and XX centuries Poincaré gave to this
idea the name ‘the principle of relativity’. ! In 1905 Einstein

! This sentence was added by the Author in the English proof.

generalized this principle to the case of the existence of the
limiting velocity of propagation of signals. (The finite velocity
of propagation of light has been discovered by Romer already
in 1676). Planck called the theory constructed in this way
‘Einstein’s theory of relativity’.

Mechanics and optics. Newton tried to construct a unified
theory uniting the theory of motion of massive objects
(mechanics) and the theory of propagation of light (optics).
In fact, it became possible to create the unified theory of
particles of massive matter and of light only in the XXth
century. It was established on the road to this vantage ground
of truth that light is also a sort of matter, just like the massive
stuff, but that its particles are massless. This interpretation of
particles of light — photons — continues to face resistance
from many students of physics, and even more from physics
teachers.

3. Dimensions

Units in which ¢ = 1. The maximum possible velocity is known
as the speed of light and is denoted by ¢. When dealing with
formulas of the theory of relativity it is convenient to use a
system of units in which ¢ is chosen as a unit of velocity. Since
¢/c =1, using this system means that we set ¢ =1 in all
formulas, thus simplifying them greatly. If time is measured
in seconds, then distance in this system of units should be
measured in light seconds: one light second equals
3 x 10'° cm.

Poincaré and c. One of the creators of the theory of relativity,
Henri Poincaré, when discussing in 1904 the fact that ¢ is
found in every equation of electrodynamics, compared the
situation with the geocentric theory of Ptolemy’s epicycles in
which every relation between motions of celestial bodies
included the terrestrial year. Poincaré expressed his hope
that the future Copernicus would rid electrodynamics of ¢
[3]. However, Einstein showed already in 1905 that ¢ was to
play the key role as the limit for the velocity of signal
propagation.

Two system of units: SI and ¢ = 1. The unit of velocity in the
International System of Units SI, I m s~!, is forced on us by
convenience arguments and by standardization of manufac-
turing and commerce but not by the laws of Nature. In
contrast to this, ¢ as a unit of velocity is imposed by nature
itself when we wish to consider fundamental processes of
Nature.

Dimensional factors. Consider some physical quantity a.
Let us denote by [a] the dimension of the quantity a. The
dimension of a definitely changes if it is multiplied by any
power of the universal constant ¢ but its physical meaning
remains unaffected. In what follows I explain why this is
SO.

Velocity, momentum, energy, mass. The dimensions of
momentum, mass, and velocity of a particle are usually
related by the formula [p] = [m][v] while the dimensions of
energy, mass, and velocity are related by the formula
[E]=[m][v?].

Let us introduce dimensionless velocity v/c and from now
on denote this ratio as v. Likewise, referring to momentum p
we actually mean the ratio p/c. When speaking of energy, we
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