
Abstract. All material bodies are surrounded by a fluctuating
electromagnetic field because of thermal and quantum fluctua-
tions of the current density inside them. A general formalism for
the calculation of the spectrum of fluctuations of this electro-
magnetic field is presented and applied to the radiative heat
transfer and van der Waals friction. The radiative heat transfer
and the van der Waals friction are greatly enhanced at short
separations (d5 kT � c�h=kBT ) between the bodies due to eva-
nescent electromagnetic waves. Particularly strong enhance-
ment occurs if the surfaces of the bodies can support localized
surface modes such as surface plasmons, surface polaritons, or

adsorbate vibrational modes. Electrostatic and phononmechan-
isms of noncontact friction are also discussed. The theory is
compared with the experimental results.

1. Introduction

Studies of thermal radiation from materials have played an
important role in the history of physics. It is enough to
mention that quantum mechanics, which recently noted its
100-anniversary, originated from attempts to explain para-
doxical experimental results related to blackbody radiation
within the framework of classical mechanics. In the past, the
nonradiative near-field part of electromagnetic radiation was
usually ignored because it plays no role in the far-field
properties of emission from planar sources. But recent
studies in microscale and nanoscale radiative heat transfer
[1 ± 6], initiated by the development of local-probe thermal
microscopy [7,8], have raised new challenges. These topics,
along with recent progress in detecting the noncontact
friction force at a subattonewton level [9 ± 13] and the
observation of coherent thermal emission from doped silicon
and silicon carbide (SiC) gratings [14], have the common
feature that the nonradiative (evanescent) thermal field plays
a major role in these phenomena.
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1.1 Radiative heat transfer
It is well known that the radiative heat flux per unit area
between two blackbodies separated by d4 lT � c�h=kBT is
given by the Stefan ±Boltzmann law

S � p2k 4
B

60�h3c 2
�T 4

1 ÿ T 4
2 � ; �1�

where T1 and T2 are the temperatures of solids 1 and 2 and
c is the speed of light. In this limit case, the heat transfer
between two bodies is determined by the propagating
electromagnetic waves radiated by the bodies, and is
independent of the separation d (see Fig. 1). These
propagating waves always exist outside any body due to
the thermal and quantum fluctuations of the current density
inside the body. The electromagnetic field created by this
fluctuating current density exists not only in the form of
propagating waves but also in the form of evanescent waves,
which are damped exponentially with distance away from
the surface of the body. For an isolated body, the

evanescent waves do not make any contribution to energy
radiation, which is determined by the Stefan ±Boltzmann
law. But for two solids separated by d < lT, the heat
transfer may increase by many orders of magnitude due to
the evanescent electromagnetic waves; this is often referred
to as photon tunneling. The concept of photon tunneling
can be neatly illustrated by considering a transparent
insulator such as glass (see Fig. 2). Within the insulator,
blackbody radiation has a higher density than in the
vacuum, as can be seen from Eqn (1); if the speed of light
is reduced, the radiation density increases. The extra
radiation is contained in waves that have large wave
vectors q parallel to the surface. The normal component of
the wave vector, which in the vacuum region is given by
g � ��o=c�2 ÿ q 2�1=2, is purely imaginary for q > o=c, where
o is the electromagnetic wave frequency. This implies that
photons with q > o=c cannot escape from the body and are
totally reflected from the surface. This phenomenon is
known as total internal reflection. Thus, the surface reflects
just the right amount of radiation to ensure that the
intensity of the blackbody radiation entering the vacuum
does not exceed that allowed by Eqn (1).

It is well known that if a second insulator is placed
sufficiently close to the first one, it modifies the internal
reflection condition such that some of the evanescent photons
tunnel across into the second medium.

We consider an electromagnetic field at a distance d from
a surface. The region in the q-space occupied by the
propagating waves is q < kBT=��hc�. The phase-space region
occupied by the evanescent waves is q < dÿ1. Thus, as
illustrated in Fig. 3, at short distances d5 lT, the number of
photon states available to conduct heat may be very much
larger for the evanescent waves than for propagating waves.
At low temperatures (a few K), the photon tunneling to

T1

d

T2T1

d

T2

a b

Figure 1. There are two modes for the exchange of heat between two

surfaces separated by the vacuum: (a) conventional radiative heat transfer

via propagating electromagnetic waves, (b) photon tunneling via evanes-

cent waves.
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Figure 2. Evanescent waves play no role in thermal radiation from a hot insulating surface to the vacuum (a), but evanescent waves can carry heat from a

hot to a cold insulating surface (b).
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dominate the heat transfer even at a spacing of a few mm (see
Table 1).

The constantly increasing number of studies of the
radiative heat transfer due to evanescent waves is presently
connected with scanning tunneling microscopy and scanning
thermal microscopy (STM) under ultrahigh vacuum condi-
tions [1 ± 8]. It is now possible to measure extremely small
amounts of heat transfer into small volumes [8, 15]. STM can
be used for local heating of the surface, resulting in local
desorption or decomposition of molecular species; this offers
further possibilities for the control of the local chemistry of
surfaces by STM.

The problem of the radiative heat transfer between two
planar surfaces was considered many years ago by Polder and
Van Hove [16] and Levin and Rytov [17], and more recently
by Loomis and Maris [18], Pendry [2], and Volokitin and
Persson [3 ± 5]. Polder and Van Hove were the first to obtain
the correct formula for the heat transfer between two planar
surfaces. In their investigation, they usedRytov's theory [19 ±
21] of the fluctuating electromagnetic field. Later, this
formula was rederived in [16]. But the result in [16] was
obtained within the local optical approximation, where the
spatial dispersion of the dielectric function is neglected. In the
subsequent treatment, numerical calculations were made not
of the heat flux itself but of its derivative with respect to
temperature, and hence the numerical result is only valid for
small temperature differences. Levin and Rytov [17] used the
generalized version of Kirchhoff's law [20] to obtain an

expression for the radiative heat transfer between two good
conductor surfaces, and studied the case of good conductors
in detail, in both the normal and the anomalous skin effect
region. Pendry [2] gave a more compact derivation of the
formula for the heat flux between two semiinfinite bodies due
to evanescent waves and calculated the heat transfer between
a point dipole and a surface. In Ref. [3], we considered the
problem of heat transfer between two planar surfaces as a
particular application of the general theory for heat transfer
between bodies with arbitrary shapes.We also calculated heat
transfer between two particles with the separation between
them considerably larger than their sizes, and numerically
investigated the dependence of the heat flux on the dielectric
properties of the bodies. We compared the results obtained in
the local optical approximation with the results of the
approach where the nonlocality of the dielectric function
was taken into account [3].

The pioneering measurements of the radiative heat
transfer between planar chromium bodies were restricted to
gap widths above 1 mm [22]. Later studies employing an
indium needle in close proximity to a planar thermocouple
remained inconclusive [22]. An unambiguous demonstration
of near-field radiative heat transfer due to photon tunneling
was given only recently in Refs [8, 24].

It was shown inRefs [2 ± 4] that the heat flux can be greatly
enhanced for low-conductivity materials. At room tempera-
ture, the heat flow is maximal at conductivities corresponding
to semimetals. In fact, only a thin film �� 10 A

� � of a high-
resistivity material is needed to maximize the heat flux.
Another mechanism of enhancement for radiative heat
transfer can be related to the resonant photon tunneling
between states localized on different surfaces. Recently, it
was discovered that resonant photon tunneling between
surface plasmon modes gives rise to an extraordinary
enhancement of the optical transmission through subwave-
length hole arrays [25]. The same mechanism of resonant
photon tunneling enhances the radiative heat transfer (and
the van der Waals friction [26, 27]) if the frequency of these
modes is sufficiently low to be excited by thermal radiation.
At room temperature, only modes with frequencies below
� 1014 cÿ1 can be excited. For normal metals, surface
plasmons have much too high frequencies: at thermal
frequencies, the dielectric function of normal metals becomes
almost purely imaginary, which excludes surface plasmon
enhancement of the heat transfer for good conductors.
However, surface plasmons for semiconductors are charac-
terized by much smaller frequencies and damping constants,
and can contribute significantly to the heat transfer.

Enhancement of the heat transfer due to resonant photon
tunneling between surface plasmon modes localized on the
surfaces of semiconductors was predicted in [4 ± 6]. In this
case, multiple scattering of electromagnetic waves by the
surfaces of the bodies becomes important. In particular, at a
sufficiently small separation d, the photons are reflected
several times from the opposite surfaces, thus increasing the
amplitude of the transmitted wave due to constructive
interference, much as would occur in resonant electron
tunneling. In this case, the surface plasmons on the isolated
surfaces combine to form a `surface plasmon molecule,' in
much the same way as electron states of isolated atoms
combine to form molecular levels. For large d, sequential
tunneling is more likely, where a surface plasmon mode
decays by emitting a photon that tunnels to the other
surface, where it excites a plasmon and then couples to other

qy

qx

1=d kBT=�hc

Figure 3. At short distances between surfaces, evanescent states dominate

in phase space: the propagating photonmodes carry heat flux by means of

the states within the inner circle, evanescent modes do so by means of the

states within the outer circle.

Table 1. Critical distance lT as a function of temperature.

T, K lT, mm

1

4.2

100

273

1000

2298.8

545.2

22.9

8.4

2.3
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excitations in themedia and decays. Other surface modes that
can be excited by thermal radiation are adsorbate vibrational
modes. Especially for parallel vibrations, these modes may
have very low frequencies. Adsorbate vibrational mode
enhancement of the radiative heat transfer was recently
predicted in [4, 5].

1.2 Noncontact friction
The problem of radiative heat transfer is closely related to
noncontact friction between nanostructures, including the
frictional drag force between electrons in two-dimensional
quantum wells [28 ± 30] and the friction force between an
atomic forcemicroscope tip and a substrate [9 ± 13], if they are
separated by a sufficiently large distance. Much attention has
been devoted to the problem of noncontact friction because of
its importance for ultrasensitive force detection experiments.
This is because the ability to detect small forces is inextricably
linked to friction via the fluctuation ± dissipation theorem.
According to this theorem, the random force that makes a
small particle jitter also causes friction if the particle is
dragged through the medium. For example, the detection of
single spins by magnetic resonance force microscopy [31],
which has been proposed for the imaging of biological
subjects with an atomic resolution [32] and for quantum
computers [33], requires the force fluctuations (and conse-
quently the friction) to be reduced to unprecedented levels. In
addition, the search for quantum gravity effects at a short-
length scale [34] and future measurements of the Casimir and
van der Waals forces [35] may eventually be limited by
noncontact friction effects.

In noncontact friction, the bodies are separated by a
potential barrier thick enough to prevent electrons or other
particles with a finite rest mass from tunneling across it, but
allowing interaction via the long-range electromagnetic field,
which is always present in the gap between the bodies and can
be of different nature. The presence of an inhomogeneous tip-
sample electric field is difficult to avoid, even under the best
experimental conditions [11]. For example, even if both the
tip and the sample were metallic single crystals, the tip would
still have corners, and more than one crystallographic plane
would be exposed. The presence of atomic steps, adsorbates,
and other defects also contribute to the spatial variation of the
surface potential in what is frequently referred to as the `patch
effect.' The surface potential can also be easily changed by
applying a voltage between the tip and the sample. An
inhomogeneous electric field can also be created by charged
defects embedded in an insulating sample. The relative
motion of the charged bodies produces friction that is called
the electrostatic friction.

Furthermore, outside any body, there is always a
fluctuating electromagnetic field. This fluctuating electro-
magnetic field gives rise to the well-known long-range
attractive van der Waals interaction between two bodies [36]
and is responsible for radiative heat transfer (see Section 1.1).
If the bodies are in relative motion, the same fluctuating
electromagnetic field leads to a friction that is called the van
der Waals friction.

The origin of the van der Waals friction is closely related
to the van der Waals interaction, which arises when an atom
or a molecule spontaneously develops an electric dipole
moment due to quantum fluctuations. The short-lived
atomic polarity can induce a dipole moment in a neighboring
atom or molecule some distance away. The same is true for
extended media, where thermal and quantum fluctuations of

the current density in one body induce a current density in the
other body; the interaction between these current densities is
the origin of the van der Waals interaction. When two bodies
are in relativemotion, the induced current lags slightly behind
the fluctuating current inducing it; this is the origin of the van
der Waals friction. The van der Waals interaction is mostly
determined by an exchange of virtual photons between the
bodies (related to quantum fluctuations), and does not vanish
even at zero temperature. On the other hand, the van der
Waals friction, at least in the lowest order of the perturbation
theory and in the linear order in the sliding velocity, is
determined by the exchange of real photons and vanishes at
zero temperature.

To clarify the origin of the van der Waals friction, we
consider two planar parallel surfaces separated by a suffi-
ciently wide vacuum gap. If the surfaces are in relative
motion, a frictional stress acts between them. This frictional
stress is related to the asymmetry of the reflection amplitude
along the direction of motion (see Fig. 4). If one body emits
radiation, then these waves are Doppler-shifted in the rest
frame of the second body, resulting in different reflection
amplitudes. The same is true for radiation emitted by the
second body. The exchange of `Doppler-shifted photons' is
the origin of the van der Waals friction.

From the standpoint of quantum mechanics, the van der
Waals friction originates from processes of two types:
(a) photons are created in each body with opposite momenta
and the frequencies related by vq � o1 � o2, where q is the
momentum transfer and v is the relative velocity; (b) a photon
is annihilated in one body and created in another. Process (a)
is possible even at zero temperature and gives rise to a friction
force that depends cubically on the sliding velocity [37, 38].
Process (b) is possible only at finite temperatures, and gives
rise to a friction that depends linearly on the sliding velocity.
Thus, process (b) makes the main contribution to the friction
at sufficiently high temperatures and at not too large
velocities.

In contrast to the van derWaals interaction, for which the
theory is well established, the subject of van derWaals friction
is still controversial. As an example, the van der Waals
friction between two planar surfaces in parallel relative
motion has been studied by many authors using different

o� qxv oÿ qxv

v

Figure 4.Electromagnetic waves emitted in the opposite direction from the

body at the bottom experience an opposite Doppler shift in the rest frame

of the body at the top. Due to the frequency dispersion of the reflection

amplitude, these electromagnetic waves reflect differently from the surface

of the body at the top, which leads to momentum transfer between the

bodies. This momentum transfer is the origin of the van derWaals friction.
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methods, with the results sharply contradicting each other.
The first calculation of van der Waals friction was done by
Teodorovich [39]. Teodorovich approached the nonequili-
brium problem of calculating the frictional force between two
semiinfinite bodies as the equilibrium problem of calculating
the van der Waals interaction. This approach is totally
unjustified and gives an absurd result: the frictional force is
present even for transparent insulators, although the friction
cannot appear in the absence of energy dissipation. Later, the
same approach was used by Mahanty [40] to calculate the
friction between molecules. Both theories predict a wrong
nonzero friction at absolute zero in the linear order in the
sliding velocity. The same nonzero linear friction at zero
temperature was predicted in Refs [41, 42], where the
frictional force between a small particle and a semiinfinite
body was calculated by means of equalizing the energy
dissipation due to the friction with the work of the electric
field inside a volume of the moving particle. This work is
equal to the dissipation of the electric field energy inside the
volume of a semiinfinite body, taken with the opposite sign.
But this does not take the dissipation of the electric field
energy inside the volume of a particle into account. The
correct expression for the energy dissipations during friction
can be obtained as the difference of the work of the electric
field in the volume of a particle in the rest frame and in the
laboratory frame [43]. It was shown in Ref. [43] that the basic
equation in [41, 42] is incorrect, and the correct treatment
gives the vanishing linear friction at T � 0.

The theory developed in [44] is based on theKubo formula
for the frictional coefficient. This theory predicts zero linear
friction at T � 0. But the authors of [44] made a series of
unphysical approximations in their calculations, and conse-
quently did not succeed in obtaining the correct formula that
establishes the connection of the friction coefficient with the
reflection amplitude.

InRefs [45 ± 47], different approaches to the calculation of
the frictional force were used, but without giving details, and
different results were obtained. The friction obtained in [46]
was calculated from the energy dissipation associated with
friction. However, as was noted above, such an approach
requires careful consideration. Papers [45 ± 47] have in
common that they give zero friction in the nonretarded
limit, which can be formally obtained in the limit of infinite
light speed c!1. However, at least for short distances, the
retardation effects can be neglected in calculating the van der
Waals friction and the van derWaals interaction. Apparently,
the reason for the error lies in the fact that the authors of these
works took relativistic effects into consideration but over-
looked nonrelativistic effects. Pendry [37] obtained the
formula for friction at zero temperature and neglected
retardation effects, in which case the friction depends
cubically on the velocity. Persson and Zhang [48] obtained
the formula for friction in the limit of small velocities and
finite temperature, again neglecting retardation effects.

In Ref. [38], we developed a theory of the van der Waals
friction based on the dynamic modification of the well-
known Lifshitz theory [49] of the van der Waals interac-
tion. In the nonretarded limit and for zero temperature, this
theory agrees with Pendry's results [37]. Similarly, in the
nonretarded limit and for small sliding velocity, this theory
agrees with [48]. In Refs [26, 27], the theory was extended to
two planar surfaces in normal relative motion. In the case of
resonant photon tunneling between surface-localized states,
the normal-motion friction can be many orders of magni-

tudes larger than the friction in the case of parallel relative
motion. It was shown that the friction can increase by many
orders of magnitude when the surfaces are covered by
adsorbates or can support low-frequency surface polari-
tons. When one of the bodies is sufficiently rarefied, this
theory gives the friction between a planar surface and a small
particle, which in the nonretarded limit agrees with the
results in [50]. A theory of the van der Waals friction
between a small particle and a planar surface, which takes
screening, nonlocal optic effects, and retardation effects into
account, was developed in [43]. A quantum field theory of
the van der Waals friction between two semiinfinite solids,
and between a small neutral particle and a semiinfinite solid
was developed in Ref. [51]. The calculated friction agrees
with that obtained using the dynamic modification of the
Lifshitz theory [27, 38, 43].

Measurements of a long-range noncontact friction
between an aluminum tip and a gold (111) surface were
recently reported in [10]. The friction force acting on the tip
was found to be proportional to the velocity v, F � Gv. For
motion of the tip normal to the surface, the friction
coefficient is G�d � � bdÿ3, where d is the tip ± sample
spacing and b � �8:0�5:5ÿ4:5� � 10ÿ35 N s m2 [10]. Later,
noncontact friction between a gold surface and a gold-
coated cantilever was studied in [11] as a function of the
tip ± sample spacing d, the temperature T, and the bias
voltage V. For vibration of the tip parallel to the surface, it
was found in [11] that G�d � � a�T ��V 2 � V 2

0 �=dn, where
n � 1:3� 0:2 and V0 � 0:2 V. At T � 295 K for the spacing
d � 100 A

�
, G � 1:5� 10ÿ13 kg sÿ1, which is � 500 times

smaller than the value reported in Ref. [10] at the same
distance, but for vibrations of the tip normal to the surface.
An applied voltage of 1 V resulted in the friction
G � 3� 10ÿ12 kg sÿ1 at T � 300 K and d � 20 nm. Using
the fluctuation ± dissipation theorem, the force fluctuations
were interpreted in terms of near-surface fluctuating electric
fields interacting with the static surface charge.

In Ref. [11], the noncontact friction was alsomeasured for
fused silica samples. Near the silica surface, the friction was
found to be an order of magnitude larger than for the gold
sample. The silica sample had been irradiated with g rays,
which produce E 0 centers (Si dangling bonds) with the density
7� 1017 cmÿ3. Although the sample is overall electrically
neutral, the E 0 centers are known to be positively charged,
creating enhanced field inhomogeneities and causing the
noncontact friction to increase by another order of magni-
tude.

It was stated in [9] that the noncontact friction observed in
[9, 10] is due to Ohmic losses mediated by the fluctuating
electromagnetic field. This statement is controversial, how-
ever, because the van der Waals friction for good conductors
like copper has been shown [3, 38, 43, 52] to bemany orders of
magnitude smaller than the friction observed in [9]. It was
proposed in Ref. [53] that the friction observed in [11] is
related to the van der Waals friction between the high-
resistivity mica substrate and the silica tip. But the mica
substrate and silica tip were coated with gold films thick
enough to completely screen the electrodynamic interaction
between the underlying insulators.

At a small separation d � 1 nm, the resonant photon
tunneling between adsorbate vibrational modes on the tip and
the sample can increase the van der Waals friction by seven
orders of magnitude in comparison with that for good
conductors with clean surfaces [26, 27]. However, the
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distance dependence �� 1=d 6� is stronger than observed
experimentally [11].

Recently, a theory of noncontact friction was suggested
where the friction arises from Ohmic losses associated with
the electromagnetic field created by moving charges induced
by the bias voltage [54]. For a spherical tip, this theory
predicts the same weak distance dependence of the friction
as observed in the experiment, but the magnitude of the
friction is many orders of magnitude smaller than that
found experimentally. Recently, we have shown that the
electrostatic friction can be greatly enhanced if there is an
incommensurate adsorbate layer that can exhibit acoustic
vibrations [55 ± 57]. This theory gives a tentative explanation
for the experimental noncontact friction data in [11].

As is shown in Section 6, the electrostatic friction, as well
as the van der Waals friction, can be greatly enhanced for
2D structures, e.g., a 2D electron structure or an incommen-
surate layer of adsorbed ions exhibiting acoustic vibrations.
The origin of this enhancement is that the screening in
2D structures is much less effective than in a 3D system. An
atomic-force microscope tip charged by the bias voltage or by
the spatial variation of the surface potential andmoving close
to the metal surface induces charges in a 2D structure.
Because of a finite response time, the distribution of these
so-called `image charges' lags behind the tip; this effect results
in a force acting on the tip, referred to as the `electrostatic
friction.' However, a weaker screening effect in a 2D system
results in a much weaker restoring force, which occurs when
the image charge is displaced from the equilibrium position,
leading to a larger lag of the image charge in 2D structures in
comparison with 3D structures.

This review is organized as follows. In Section 2, we
present a short overview of the basic idea of Rytov's theory
of the fluctuating electromagnetic field [19] and methods for
calculating the correlation function for this field. This
theory was originally developed for calculating the thermal
electromagnetic field but is now the basis for theoretical
studies of the van der Waals interaction [49], the radiative
heat transfer [3, 16, 18], and the van der Waals friction [27,
38]. In this review, the theory is applied to the problems of
coherent thermal emission from planar sources (Section 3),
the radiative heat transfer (Section 4), and the van der
Waals friction (Section 5). Special attention is paid to the
possible mechanism of enhancement of the radiative heat
transfer and the van der Waals friction. In Section 6, we
consider electrostatic friction and discuss noncontact fric-
tion experiments. In Section 7, we consider friction resulting
from phonon emission and from internal friction. Section 8
presents the conclusions and an outlook. Some topics of this
review were considered recently elsewhere [1]. In compar-
ison with [1], we present a more general theory of radiative
heat transfer, which can be used to study nonlocal optic
effects. This review covers more material than [1]. In
particular, a detailed description of the theory of the van
der Waals friction and the electrostatic friction is given for
the first time.

2. Theory of the fluctuating
electromagnetic field

There are two approaches to studying a fluctuating electro-
magnetic field. The first, proposed by Rytov [19], assumes
that the fluctuating electromagnetic field is created by
thermal and quantum fluctuations of the current density j f

inside the medium. The average value vanishes, h j f i � 0, but
correlation function h j fj f i 6� 0 is expressed through the
dielectric properties of the medium based on the fluctua-
tion ± dissipation theorem. The electromagnetic field can be
calculated using the Maxwell equations with the fluctuating
current density as a source. Knowing the fluctuating electro-
magnetic field allows calculating the Poynting vector, the
stress tensor, etc., and obtaining the heat transfer between
bodies [2, 3, 16, 17], the van derWaals interaction [36, 49], and
the van der Waals friction [27, 38]. Of these problems,
calculation of the van der Waals friction is the most complex
because it requires solving a complex electrodynamic problem
with moving boundaries [27, 38].

In the second approach, the electromagnetic field is
described by the Green's functions [36], which can be
calculated using quantum electrodynamics [38]. For equili-
brium problems like the van der Waals interaction, the two
approaches give the same results [36], although the Green's
function method is more general. For nonequilibrium
problems, Rytov's approach is simpler, and therefore the
correct results for the radiative heat flux [16] and the van der
Waals friction between two semiinfinite solids with parallel
surfaces [27] were first obtained using this approach.

Rytov's theory is based on the introduction of a `random'
current in the Maxwell equations (similar, e.g., to the
`random' force introduced in the theory of Brownian
motion). For a monochromatic field [time factor exp �ÿiot�]
in an insulating nonmagnetic medium, these equations are

HH� E � i
o
c
B ; �2�

HH�H � ÿi o
c
D� 4p

c
j f ; �3�

where E, D, H, and B are the electric field, the electric
displacement field, the magnetic field, and the magnetic
induction field. For a nonmagnetic medium, B � H (the
Gauss system of units is used) and

D�r� �
�
d3r 0 e�r; r 0;o�E�r 0� ; �4�

where e�r; r 0;o� is the dielectric dyadic of the surrounding
medium. According to the fluctuation ± dissipation theorem
[59], the average value of the symmetrized correlation
functions of the components of j f is given by

j fi �r;o� j f�k �r 0;o 0�

� � 
 j fi �r� j f�k �r 0��o d�oÿ o 0� ; �5�


j fi �r� j f �k �r 0�

�
o �

�h

�2p�2
�
1

2
� n�o�

�
o2 Im ei k�r; r 0;o� ; �6�

n�o� � 1

exp ��ho=kBT � ÿ 1
: �7�

It follows from theMaxwell equations that the components of
the electric field produced by the random current density j f

are given by

Ei�r� � i

o

�
d3r 0Dik�r; r 0;o� j fk�r 0� ; �8�

where summation over repeated indices is understood. The
Green's functions of the electromagnetic field Di j�r; r 0;o�
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satisfy the equations

�HiHk ÿ di kH2�Dk j�r; r 0;o�

ÿ
�
o
c

�2 �
d3x 00 ei k�r; r 00;o�Dkj�r 00; r 0;o�

� 4po2

c 2
di j d�rÿ r 0� ; �9�

�H 0jH 0k ÿ dj kH 0 2�Dik�r; r 0;o�

ÿ
�
o
c

�2 �
d3x 00 ek j�r 00; r 0;o�Dik�r; r 00;o�

� 4po2

c 2
di j d�rÿ r 0� : �10�

Using Eqns (6) ± (10), we obtain the spectral correlation
function of the electric field created outside the body at a
temperatureT by fluctuations of the current density inside the
body [3]:


Ei�r�E �j �r 0�
�
o �

�h

8p2
coth

�
�ho

2kBT

�
�
�
dr 00

�
dr 000 Im ek l�r 00; r 000�Dik�r; r 00�D �j l�r 0; r 000�

� �hc 2

16p2io2
coth

�
�ho
2kBT

��
dS 00l

ÿ
Dik�r; r 00�H 00l D �j k�r 0; r 00�

ÿD �j k�r 0; r 00�H 00l Di k�r; r 00�
�
; �11�

where the points r and r 0 are outside the body. Here, we have
transformed the integral over the volume of the body into a
surface integral. For evanescent waves, the integration sur-
face can be moved to infinity. Thus, using Eqns (9) and (10),
and taking into account that the surface integral vanishes in
this case, we obtain


Ei�r�E �j �r 0�
�evan
o � �h

2p
coth

�
�ho

2kBT

�
ImDi j�r; r 0� : �12�

3. Coherent thermal emission
from planar sources

A particularly important limit case is radiation from a planar
surface, where the spectral correlation function of the electric
field can be written as [27]



E�r�E ��r 0��o � coth

�
�ho
2kBT

��
d2q

�2p�2 �n̂wssn̂� KwppK
��

� exp
�
iq�xÿ x 0�� exp �i�gzÿ g �z 0�� ; �13�

where

wss � �ho2

4c 2jgj2
��g� g ��ÿ1ÿ jRsj2

�� �gÿ g ���R �s ÿ Rs�
�
; �14�

wpp � �h

4jgj2
��g� g ��ÿ1ÿ jRpj2

�� �gÿ g ���R �p ÿ Rp�
�
; �15�

r � �x; z�, g � ��o=c�2 ÿ q 2
�1=2

, q̂ � q=q, ẑ � z=z, n̂ � ẑ� q̂,
K � qẑÿ gq̂, and Rs and Rp are the reflection amplitudes
for s- and p-polarized electromagnetic waves.

Equation (13) describes the temporal and spatial coher-
ence of the thermal radiation of the near field emitted into free
space by a planar surface. Thermal radiation is often presented
as a typical example of an incoherent light source, in marked
contrast to a laser.Whereas a laser is a highly monochromatic
and a very directional light source, a thermal source has a
broad spectrum and is usually quasi-isotropic. However, as is
often the case, different behavior can be expected on a
microscopic scale. It has been shown [14, 60, 61] that the field
emitted by a thermal source made of a polar material is
enhanced by more than four orders of magnitude and is
partially coherent at distances of the order of 10 ± 100 nm.
This phenomenon is due to surface electromagnetic waves and
can be observed only in materials supporting them. Surface
electromagnetic waves are modes that propagate along an
interface and decrease exponentially in the perpendicular
direction (evanescent waves). The propagation length of
these surface waves is typically hundreds of wavelengths,
resulting in a long-range spatial correlation of the electro-
magnetic field along the interface [14, 60, 61]. The near-field
properties of the thermal electromagnetic field in the presence
of surface electromagnetic waves were recently reviewed in [1].

There are different types of optically active surface waves.
Surface polaritons are observed for polar materials such as
silicon carbide (SiC), glass, and II ± IV and III ±V semicon-
ductors. Polaritons are mechanical vibrations (phonons)
propagating in a partially ionic material where each unit cell
becomes an oscillating electric dipole. Surface plasmons are
longitudinal electron oscillations that can be observed for
metals and doped semiconductors; they generate electromag-
netic fields with longitudinal polarization. Surface waves can
also be related to excitons and vibrations of ions in adsorbed
layers of alkali-metal atoms.

Recent studies have shown that surface polaritons can
couple to a propagating wave through a grating [14]. As a
result of this coupling, the near-field coherence modifies the
far-field emission. The spatial coherence leads to a high
directionality of the thermal source: the radiation is emitted
into angular lobes as from an antenna. The same effects
can be produced with surface plasmons excited on doped
silicon [62]. Thermal emission mediated by surface plasmons
has been demonstrated for gold [64]. In Ref. [63], a thermally
stimulated mid-infrared source was developed that emits
radiation within a narrow range of wavelengths
�dl=l4 0:2�. In this experiment, the silicon wafer was
covered with a metal film. A lattice of holes in the metal
mediated the coupling of surface plasmon states to the
emitted light. This technology allows making tunable infra-
red emitters with high power in a narrow spectral band, which
are critical for sensing, spectroscopy, and thermophotovol-
taic applications.

The existence of evanescent waves leads to a remarkable
difference in the spectrum of electromagnetic emission in the
near- and far-field zones. In the far-field zone, the Planck
energy spectral density uBB�o� of such radiation is given by
the thermal energy of a quantum oscillator

P�T;o� � �ho
exp ��ho=kBT � ÿ 1

times the density of oscillations (modes per unit volume)
N�o� � o2 do=�p2c 3�:

uBB � P�T;o�N�o� � �h

p2c 3
o3

exp ��ho=kBT � ÿ 1
: �16�
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The energy density u�r;o� of the emitted electric field in the
near zone is given by

u�r;o� �


Ei�r�Ei�r�

�
o

8p
� P�T;o�

8p2
ImDi i�r; r;o� : �17�

In the local optical case, the reflection amplitudes are
determined from well-known Fresnel formulas. Using the
Fresnel reflection amplitude for s-polarized electromagnetic
waves in Eqns (13) and (17), we obtain the distance-
independent contribution to the energy density in the near
zone �d < c=o

�����jejp � as

us�r;o� � 1

6
���
2
p uBB

�����������������
jej � je 0j

p
: �18�

Similarly, the p-polarized electromagnetic wave contribution
is

up�r;o� � 1

8
uBB

�
c

od

�3 e 00

je� 1j2 ; �19�

where e 0 and e 00 are the real and imaginary parts of the
dielectric function e � e 0 � ie 00.

For p-polarized electromagnetic waves and e 005 1, the
near-field emission spectrum has a strong peak near the
frequency op defined by the condition e 0�op� � ÿ1. This
effect results from the existence of a large number of surface
modes with different wave numbers but with frequencies
o � op that are very close to each other. Therefore, if e 00 is
not very large at o � op, the density of surface modes
necessarily displays a strong peak at o � op. The presence
of surface waves is the reason for the origin of the peak in the
near-field spectrum of SiC at o � 1:78� 1014 sÿ1. But
because the surface waves decay exponentially away from
the surface, this peak vanishes in the far zone. The presence of
a resonance in the density of modes N�z;o� is, however, not
required for observing spectral changes caused by the loss of
evanescent modes. Indeed, in the short-distance regime, the
spectrum is given by Eqns (18) and (19), whereas in the far-
field regime, the spectrum is given by Eqn (16) with the right-
hand side multiplied by the absorption coefficient. Therefore,
even in the absence of resonant surface waves, the near-field
spectrum is different from the far-field spectrum, but the
changes are less dramatic.

Equations (13) ± (15) also suggest a new application for
near-field spectroscopy. The near-field spectrum at a given
distance from the interface gives access to ImRp�s�, and we
can hope to gain information on the reflection amplitude for
large wave vectors, similarly to the method typically used to
obtain Rp�s� for propagating electromagnetic waves from
reflectivity measurements. With the rapid development of
near-field optical microscopy, such near-field spectra can be
measured. This could open the way for a new technique of
local solid-state spectroscopy.

4. Radiative heat transfer

4.1 General theory
The theory of electromagnetic fluctuations presented in
Section 2 can be used in the nonequilibrium problem of
calculating the heat transfer between any two macroscopic
bodies with different temperatures T1 and T2, whose surfaces

are separated by a distance much larger than the lattice
constant of the solids. In this case, the problem can be treated
macroscopically, because for the system of the bodies that are
not in direct contact, the time of the establishment of
thermodynamic equilibrium for each of them is considerably
shorter than the time of the establishment of the complete
thermodynamic equilibrium between them. Under such
conditions, the application of Eqns (5) and (6) for each of
the bodies, which are in quasi-equilibrium states with
temperatures that are constant for each body but different
for different bodies, is justified. In this case, the bodies are in a
quasi-equilibrium state with their radiation.

To calculate the radiative energy transfer between the
bodies, we need the ensemble average of the Poynting vector:


S�r��o � c

8p



E�r� � B��r��o � c:c:

� ic 2

8po

�
HH 0


E�r�E ��r 0� ÿ ÿE�r�HH 0�E��r 0��ÿ c:c:

	
r� r 0 :

�20�

The Poynting vector can be expressed in terms of the average
of the product of the electric field components. According to
the theory of the fluctuating electromagnetic field, the cross-
spectral density of the electric field in the vacuum gap between
bodies 1 and 2 is given by Eqns (11) and (12) [3]:



Ei�r�E �j �r 0�

�
o �

�
P1�o� ÿP2�o�

�
c 2

8p2io3

�
�
dS 001

�
Dik�r; r 00�HH 00D �k j�r 00; r 0�

ÿD �k j�r 00; r 0�HH 00Dik�r; r 00�
	�P2�o�

po
ImDi j�r; r 0� ; �21�

where the integration is over the surface of body 1. The Planck
function of solid 1 is

P1�o� � �ho
�
exp

�ho
kBT1

ÿ 1

�ÿ1
; �22�

and is similar for P2. The Green's functions Dik�r; r 0� in the
space between the bodies can be found by solving Eqns (9)
and (10) with the appropriate boundary conditions [27].

The important case of heat transfer between two semi-
infinite bodies with plane parallel surfaces separated by a
distance d has been studied by many authors [2, 3, 16, 18].
Polder and Van Hove [16] were the first to obtain the correct
solution of this problem in the local optical approximation,
where the spatial dispersion of the dielectric function is
neglected. Materials for which nonlocal optical properties
(such as the anomalous skin effect) are important were
therefore excluded from their treatment. In general, nonlocal
optical effects become important for small separations
between the bodies, when

d <
vF�h

kBT
; l ;

where vF is the Fermi velocity and l is the electron mean free
path [96]. In typical cases, nonlocal optic effects become
important for d < 1000 A

�
[3].

The nonretarded case was considered in [2]. In Ref. [3],
we used the general theory described above to develop a
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theory that includes nonlocal optic effects. For the planar
geometry, the solution of Eqns (9) and (10) is conveniently
obtained by representing the Green's function as Fourier
integrals with respect to the transverse coordinates x and y
(the z axis being normal to the surfaces); this gives a system
of linear inhomogeneous ordinary differential equations
from which the Green's functions can be obtained as
functions of z [3, 58]. The solution of these equations and
the calculation of the Poynting vector from the Green's
function are described in detail in [3]. The final result for the
heat flux between two semiinfinite bodies separated by a
vacuum gap (width d ) [3] is

Sz �
�1
0

do
�
P1�o� ÿP2�o�

�
�
��

q<o=c

d2q

�2p�2
ÿ
1ÿ ��R1p�q;o�

��2�ÿ1ÿ ��R2p�q;o�
��2���1ÿ exp �2igd �R1p�q;o�R2p�qo�
��2

� 4

�
q>o=c

d2q

�2p�2 exp
ÿÿ2jgjd �

� ImR1p�q;o� ImR2p�q;o���1ÿ exp
ÿÿ2jgjd �R1p�q;o�R2p�q;o�

��2 � �p! s�
�
;

�23�
where the symbol �p! s� stands for terms that are obtained
from the first two terms by replacing the reflection amplitude
Rp for the p-polarized electromagnetic waves with the
reflection amplitude Rs for the s-polarized electromagnetic
waves, and where g � ÿ�o=c�2 ÿ q 2

�1=2
. Contributions to the

heat transfer from the propagating �q < o=c� and evanescent
�q > o=c� electromagnetic waves are respectively determined
by the first and second terms in (23). Because of the presence
of an exponential factor in the integrals in (23), the
q-integration is effectively limited by q < lÿ1T for propagating
waves and by q < dÿ1 for evanescent waves. It therefore
follows from phase-space arguments that the number of
available channels for heat transfer for evanescent waves is
larger by a factor of �lT=d �2 than the number of available
channels for propagating waves. For d � 1 nm and
T � 300 K, this ratio is of the order 108.

In the local optical approximation and in the nonretarded
limit, Eqn (23) reduces to the results that were respectively
first obtained in [16] and [2].

4.2 General formulas and limit cases
We first consider some general consequences of Eqn (23). In
the case of heat transfer via propagating photons �q4o=c�,
the heat transfer is maximal for black bodies with zero
reflection amplitude, R � Rr � iRi � 0. For q > o=c, there
are no constraints on the reflection amplitude R�q;o� other
than that ImR�q;o� is positive, and Rr and Ri are connected
by the Kramers ±Kronig relation. Therefore, assuming
identical surfaces, we are free to maximize the transmission
coefficient D corresponding to the photon tunneling with
respect to Ri (or Rr):

D � R 2
i exp �ÿ2kd ���1ÿ exp �ÿ2kd �R 2

��2 : �24�

This function is maximal when [2]

R 2
r � R 2

i � exp �2kd � ; �25�

and hence jT j2 � 1=4. Substituting this result in (23) gives the
maximal contribution from evanescent waves:

�Sz�evanmax �
k 2
BT

2q 2
c

24�h
; �26�

where qc is a cutoff in q determined by the properties of the
material. It is clear that the largest possible qc � 1=b, where b
is the interatomic distance. From Eqns (1) and (26), we thus
obtain the ratio of the maximal heat flux connected with
evanescent waves to the heat flux due to blackbody radiation
as �Sz�max=SBB� 0:25�lT=b�2, where lT � c�h=kBT. At room
temperature, the contribution to the heat flux from evanes-
cent waves is roughly eight orders of magnitude larger than
the contribution from blackbody radiation, and the upper
bound for the radiative heat transfer at room temperature is
�Sz�max � 1011 W mÿ2.

We apply the general theory to specific materials. In the
local optical case, the reflection amplitudes are determined by
the Fresnel formulas. For metals, the dielectric function can
be written as

e � 1� 4pis
o

; �27�

where s is the conductivity, which can be considered constant
in the mid- and far-infrared regions. For good conductors,
with kBT=�4p�hs�5 1 and lTje�oT�jÿ3=2 < d < lTje�oT�j1=2,
where oT � c=lT � kBT=�h, the contribution to the heat
transfer from p-polarized waves is given by

Sp � 0:2
�kBT �2
�hlTd

�
kBT

4p�hs

�1=2

; �28�

while the s-wave contribution for d < lTje�oT�jÿ1=2 is
independent of the distance:

Ss � 0:02
4pskBT

l2T
: �29�

For good conductors, the heat flux associated with p-
polarized electromagnetic waves decreases with the separa-
tion as � dÿ1 and increases with decreasing the conductivity
as sÿ1=2. When kBT=�4p�hs�5 1, the heat flux decreases with
increasing the separation as dÿ2. Figure 5a shows the heat
transfer between two semiinfinite silver bodies separated by a
distance d at the temperatures T1 � 273 K and T2 � 0. The
s- and p-wave contributions are shown separately, and the
p-wave contribution is calculated using nonlocal optics, i.e.,
spatial dispersion of the dielectric function was taken into
account (the dashed line shows the result using local optics). It
is remarkable how important the s-contribution is even for
short distances. The nonlocal optical contribution to �Sz�p,
which is important only for d < l (where l is the electron mean
free path in the bulk), is easy to calculate formetals of the free-
electron type. In this case, the nonlocal surface contribution
to ImRp is given by [48]

�ImRp�surf � 2x
o
op

q

kF
; �30�

where x�q� depends on the electron density parameter rs, but
typically x�0� � 1. Substituting (30) in (23) gives the surface
contribution

Ssurf � x 2k 4
B

o2k 2
Fd

4�h 3
�T 4

1 ÿ T 4
2 � : �31�
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We see from Fig. 5a that the local optical contribution to
�Sz�p depends almost linearly on 1=d in the distance interval
studied and that this contribution is much smaller than the
s-wave contribution. Both these observations are in agree-
ment with the analytic formulas presented above. For very
high-resistivity materials, however, the p-wave contribution
becomes more important, and a crossover to a 1=d 2-
dependence of �Sz�p is observed at very short separations d.
This is illustrated in Fig. 5b and 5c, which were calculated
with the same parameters as in Fig. 5a, except that the
electron mean free path was reduced from l � 560 A

�
(the

electron mean free path for silver at room temperature) to
20 A

�
(roughly the electron mean free path in lead at room

temperature) (Fig. 5b) and 3:3 A
�
(of the order of the lattice

constant, representing the minimal possible mean free path)

(Fig. 5c). We note that as l decreases, the p-wave contribution
to the heat transfer increases and the s-wave contribution
decreases. Because the mean free path cannot be much
smaller than the lattice constant, the result in Fig. 5c
represents the largest possible p-wave contribution for
normal metals. But the p-wave contribution may be even
larger for other materials, e.g., semimetals, with the carrier
concentration lower than in normal metals. For high-
resistivity materials, with kBT=�4p�hs� > 1, the heat flux is
proportional to the conductivity:

Sp � 0:2
kBTs
d 2

: �32�

By tuning the resistivity of the material, we can optimize the
photon transmission coefficient across the vacuum gap and
hence the potential for heat transport by tunneling. The
transmission coefficient D�o; q� is proportional to the energy
density of the electromagnetic field associated with evanes-
cent waves:

D�o; q� � ImRp�o; q� exp �ÿqd � : �33�

For q4 je�o�j1=2o=c,

ImRp�o; q� � Im
eÿ 1

e� 1
� 8ps=o

4� �4ps=o�2 : �34�

Under the assumption that the conductivity s is independent
of o and q, the energy density is maximal when

smax � o
2p
� kBT

2p�h
� 2:3T �O m�ÿ1 ; �35�

where we replaced �howith the typical thermal energy kBT. At
room temperature, the electric conductivity corresponding to
the heat flow maximum is equal to 690 (Om)ÿ1.

To illustrate this case, Fig. 6 shows the thermal flux as a
function of the conductivity of the solids. Again, we assume
that one body is at zero temperature and the other at
T � 273 K. The solid surfaces are separated by d � 10 A

�
.

The heat flux for other separations can be obtained using a
scaling� 1=d 2, which holds for high-resistivitymaterials. The
heat flux is maximal when s � 920 (Om)ÿ1.
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Finally, we note that a thin high-resistivity coating can
drastically increase the heat transfer between two solids.
Figure 7 shows the heat flux when thin films (� 10 A

�
) of a

high-resistivity material with r � 0:14 O cm are deposited
on silver surfaces. One body is at zero temperature and the
other at T � 273 K. Figures 7a, b show the p- and
s-contributions. Also shown are the heat fluxes in the case
where the two bodies are made from silver and from a high-
resistivity material. It is interesting to note that while the
p-wave contribution to the heat flux for the coated surfaces is
strongly influenced by the coating, the s-contribution is
nearly unaffected.

4.3 Resonant photon tunneling enhancement
of radiative heat transfer
Another case where the transmission coefficient can be close
to unity is related to the resonant photon tunneling between
surface states localized on different surfaces. The resonant
condition corresponds to the case where the denominators
in (23) are small. For two identical surfaces and
Ri 5 14Rr, where Ri and Rr are the imaginary and real
parts of the reflection amplitude, this corresponds to the
resonance condition R 2

r exp �ÿ2qd � � 1. The resonance
condition can even be satisfied when exp �ÿ2qd �5 1,
because there is no restriction on the magnitude of the real
part or the modulus of R for evanescent electromagnetic
waves. This opens up the possibility of resonant denomi-
nators for R 2

r 4 1. Close to the resonance, we can use the
approximation

R � oa

oÿ o0 ÿ iZ
; �36�

where oa is a constant. From the resonance condition
�Rr � � exp �qd ��, we then obtain the resonance positions

o� � o0 � oa exp �ÿqd � : �37�

For the resonance condition to hold, the separation
Do � jo� ÿ oÿj between two resonances in the transmission
coefficient must be greater than the resonance width Z. This
condition is valid only for q4 qc � ln �2oa=Z�=d.

For o0 > oa and qcd > 1, we obtain

Sp� � Zq 2
c

8p

�
P1�o0� ÿP2�o0�

�
: �38�

We note that the explicit d dependence has dropped out of
Eqn (38). However,Smay still be d-dependent, through the d-
dependence of qc. For small distances, we can expect that qc is
determined by the dielectric properties of the material and is
therefore independent of d. In this case, the heat transfer is
also independent of the distance.

Resonant photon tunneling enhancement of heat trans-
fer is possible for two semiconductor surfaces that can
support low-frequency surface plasmon modes in the mid-
infrared frequency region. The reflection amplitude Rp for a
clean semiconductor surface at d < lT e�oT�j jÿ1=2 is given by
Fresnel's formula (34). As an example, we consider two
clean surfaces of silicon carbide (SiC). The optical proper-
ties of this material can be described using the oscillator
model [65]

e�o� � e1

�
1� o2

l ÿ o2
t

o2
t ÿ o2 ÿ iGo

�
; �39�

with e1 � 6:7, ol � 1:8� 1014 sÿ1, ot � 1:49� 1014 sÿ1, and
G � 8:9� 1011 sÿ1. The frequency of surface plasmons is
determined by the condition er�op� � ÿ1, and it follows
from (39) that op � 1:78� 1014 sÿ1. The resonance para-
meters are

oa � o2
l ÿ o2

t

e1ol
� 8:2� 1012 sÿ1;

Z � G
2
; qc � 3:6

d
; o0 � op :

Using these parameters in Eqn (38) and assuming that one
surface is at the temperature T � 300 K and the other at
T � 0, we obtain the heat flux S�d � between two clean
surfaces of silicon carbide as

S � 8:4� 109

d 2
�W mÿ2� ; �40�

where the distance d is in angstroms. We note that this heat
flux is several orders of magnitude larger than between two
good clean conductor surfaces (see Fig. 5).

4.4 Adsorbate vibrational mode enhancement
of radiative heat transfer
Another mechanism for resonant photon tunneling enhance-
ment of heat transfer is possible between adsorbate vibra-
tional modes localized on different surfaces. We consider two
particles with dipole polarizabilities a1�o� and a2�o� andwith
the fluctuating dipole moments p f

1 and p f
2 normal to the

surfaces. According to the fluctuation ± dissipation theorem
[59], the power spectral density for the fluctuating dipole
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Figure 7. The heat flux S between silver bodies with temperatures

T1 � 273 K and T2 � 0, coated by a film with thickness 10 A
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from a

high-resistivity material. Also shown is the heat flux between two silver

bodies without coverage and two high-resistivity bodies: (a) and (b) show

the p- and s-wave contributions, respectively.
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moment is

h p f
i p

f
j io �

�h

p

�
1

2
� ni�o�

�
Im ai�o�di j : �41�

We assume that the particles are situated opposite each other
on two different surfaces, at the respective temperatures T1

and T2, and are separated by the distance d. The fluctuating
electric field of particle 1 does work on particle 2. The rate of
work is

P12 � 2

�1
0

doo Im a2�o�hE12E12io ; �42�

where E12 is the electric field created by particle 1 at the
position of particle 2:

E12 � 8p f
1=d

3

1ÿ a1a2�8=d 3�2 : �43�

Equations (41) ±(43) allow obtaining P12, and the rate of
cooling of particle 2 can be obtained by reciprocity using the
same formula. Thus, the total heat power exchange between
the particles is given by

P � P12 ÿ P21

� 2�h

p

�1
0

doo
Im a1 Im a2�8=d 3�2��1ÿ �8=d 3�2a1a2

��2 ÿn1�o� ÿ n2�o�
�
: �44�

We first consider some general consequences of Eqn (44).
There are no constraints on the particle polarizability
a�o� � a 0 � ia 00 other than that a 00 is positive and a 0 and a 00

are connected by the Kramers ±Kronig relation. Therefore,
assuming identical surfaces, we are free to maximize the
photon-tunneling transmission coefficient D with respect to
a 00 (or a 0) [cf. Eqn (24)]:

D � �8a 00=d 3�2��1ÿ �8a=d 3�2��2 : �45�

This function has the maximum at a 0 2 � a 00 2 � �d 3=8�2 and
henceD � 1=4. Substituting this result in (44) gives the upper
bound for the heat transfer between two particles:

Pmax � pk 2
B

3�h
�T 2

1 ÿ T 2
2 � : �46�

For adsorbed molecules at the concentration na � 1019 mÿ2,
when one surface is at zero temperature and the other is at
room temperature, the maximal heat flux due to the
adsorbates is Smax � naPmax � 1012 W mÿ2, which is nearly
ten orders of magnitude larger than the heat flux due to
blackbody radiation, JBB � sBT 4 � 4� 102 W mÿ2, where
sB is the Stefan ±Boltzmann constant.

The conditions for resonant photon tunneling are given
by

a 0�o�� � � d 3

8
: �47�

Close to the resonance, we use the approximation

a � C

oÿ o0 ÿ iZ
; �48�

where C � e � 2=�2Mo0�, and e � and M are the dynamic
charge and mass of the adsorbate.

For Z5 8C=d 3, it follows from Eqn (44) that

P � �hZ
2

n
o�
�
n1�o�� ÿ n2�o��

�� �� ! ÿ�o ; �49�

whereo� � o0 � 8C=d 3. Using Eqn (49), we can estimate the
heat flux between identical surfaces covered by adsorbates
with a concentration na: J � naP. For 8C=d 3 < Z, we can
neglect multiple scattering of the photon between the
particles, and hence the denominator in the integrand in (44)
is equal to unity. For d4 b, where b is the interparticle
spacing, the heat flux between two surfaces covered by
adsorbates with concentrations na1 and na2 can be obtained
by integrating the heat flux between two separated particles.
We have

S � 24na1na2
d 4

�1
0

do Im a1 Im a2
�
P1�o� ÿP2�o�

�
: �50�

With a approximated by Eqn (48), Eqn (50) gives the heat flux
between two identical surfaces for o0 4 Z:

S � 12po2
an

2
a

d 4Z

�
P1�o0� ÿP2�o0�

�
: �51�

We note that Eqn (51) can be obtained directly from the heat
flux between two semiinfinite solids [determined by Eqn (23)],
because in the limit d > b, we can use a macroscopic
approach, where all information about optical properties of
the surface is included in the reflection amplitude.

The reflection amplitude for p-polarized electromagnetic
waves, which takes the contribution from an adsorbate layer
into account, can be obtained using the approach proposed in
[66]. Using this approach, we obtain [55, 56]

Rp �
1ÿ s=�qe� � 4pna�sak=e� qa?� ÿ qa�1ÿ 4pnaqak�
1� s=�qe� � 4pna�sak=eÿ qa?� � qa�1� 4pnaqak� ;

�52�

where s � �q 2 ÿ �o=c�2e�1=2. The polarizability for ion
vibrations (with the dynamic charge e �) that are normal and
parallel to the surface is given by

a?�k� � e � 2

M�o2
?�k� ÿ o2 ÿ ioZ?�k��

; �53�

where o?�k� is the frequency of the normal (parallel)
adsorbate vibration, Z?�k� is the corresponding damping
constant, and M is the adsorbate mass. In comparison with
the expression obtained in [66], Eqn (52) takes into account
that the centers of the adsorbates are located at a distance a
from the image plane of the metal. Although this gives
corrections to the reflection amplitude of the order of
qa5 1, this correction becomes important for parallel
adsorbate vibrations on a good conductor �jej4 1� (see
Section 5.4.2). As an illustration, in Fig. 8 we compare the
heat flux between two Cu(100) surfaces covered by a low
concentration of potassium atoms (na � 1018 mÿ2), with the
heat flux between two clean Cu(100) surfaces. At the
separation d � 1 nm, the heat flux between the adsorbate-
covered surfaces is enhanced by five orders of magnitude, in
comparison with the heat flux between clean surfaces, and by
seven orders of magnitude in comparison with the blackbody
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radiation. But this enhancement of the heat flux disappears if
only one of the surfaces is covered by adsorbates. For d4 b,
the numerical data can be approximated by

S � 5:6� 10ÿ24
n 2
a

d 4
�W mÿ2� ; �54�

where d is in angstroms.
For d < b, the macroscopic approach is not valid and we

must sum the heat flux between each pair of atoms. For
Z � 1012 sÿ1 and d < 10 A

�
, when one surface has the

temperature T � 300 K and the other T � 0, Eqn (49)
implies the distance-independent value P � 10ÿ9 W. In this
case, for na � 1018 mÿ2, the heat flux isS � Pna � 109 Wmÿ2.
Under the same conditions, the s-wave contribution to the
heat flux between two clean surfaces is smaller,
Ssclean � 106 W mÿ2. Thus, the photon tunneling between
the adsorbate vibrational states can strongly enhance the
radiative heat transfer between the surfaces.

It is interesting to note that in the strong-coupling case
�8C=d 3 4 Z�, the heat flux between two molecules is indepen-
dent of the dynamic dipole moments of the molecules [see
Eqn (49)]. In the opposite case of weak coupling �8C=d 3 5 Z�,
the heat flux is proportional to the product of the squares of
the dynamic dipole moments [see Eqn (50)].

4.5 Radiative heat transfer between a small particle
and a planar surface
The problem of radiative heat transfer between a small
particle Ð regarded as a point-like dipole Ð and a planar
surface has been considered by several authors [2, 6, 43]. The
particle could be a single molecule or a dust particle, and it is
modeled by a sphere with a radius R5 d, where d is the
separation between the particle and the planar surface. The
heat flux between the particle and the substrate can be
calculated from the rate of work of the fluctuating electro-
magnetic field on the electrons of the particle:

P � ÿ dW

dt
� ÿ

�
d3r h j Ei : �55�

In the case where R5 d, we can regard the sphere as a point-
like dipole located at r � r0 and [43]

P � 2

p

�1
0

do
�
P1�o� ÿP2�o�

� X
l� x; y; z

Im a�o� ImDll�r0; r0���1ÿ a�o�Dll�r0; r0�
��2 ;
�56�

where T1 and T2 are the respective temperatures of the
particle and the substrate, Dll�r; r 0� is the Green's function
of the electromagnetic field of the substrate, and the
polarizability of the sphere is given by

a � ep ÿ 1

ep � 2
R 3 : �57�

In the nonresonant case, the denominator in (56) is close
to unity, and for distances R5 d5 lT we obtain [43]

P � 2
�h

p

�1
0

doo
ÿ
n�o;T1� ÿ n�o;T2�

�
�
�1
0

dq q 2 exp �ÿ2qd �

�
�
2 ImRp�o� Im a�o� �

�
o
cq

�2

ImRs�o� Im a�o�
�
: �58�

The s-wave contribution exceeds the p-wave contribution for
d > lTje�oT�jÿ1=2; for metals at room temperature this
typically gives d > 30 nm.

As pointed out in [2], large heat transfer is expected for
high-resistivity materials. In this case, the heat flux between a
sphere and a planar surface is given by [2, 43]

Pp � 2p2

5

�
R

d

�3
k 4
B

16p2�h 3s1s2
�T 4

1 ÿ T 4
2 � ; �59�

where s1�2� is the conductivity of the substrate (sphere). The
heat flux in (59) is maximized when kBT=4p�hs � 1. In this
case, for a particle at room temperature at the distance
d � 2R � 10 nm above a cold sample (T � 0 K), we obtain
Pp=d

2 � 107 W mÿ2. This is to be compared with the heating
from blackbody radiation [4, 16, 17]:

SBB � 1

8p3

�1
0

do
�
P1�o� ÿP2�o�

�
�
�
q<o=c

d2q
ÿ
1ÿ ��Rp�o�

��2�� �p! s�

� 0:4
k 4
BT

4
1

�h 3c 2

�
kBT1

4p�hs

�1=2

ÿ �T1 ! T2� ; �60�

where �p! s� and �T1 ! T2� denote the terms obtained from
the preceding terms by respectively replacing Rp ! Rs and
T1 ! T2. For the surfaces one of which is at room
temperature (T2 � 300 K) and the other at zero tempera-
ture, and for kBT=�h � 4ps, Eqn (60) gives SBB � 100Wmÿ2.
Thus, a particle may give rise to a large local enhancement of
the heating of the surface, compared to the uniform black-
body radiation.

When the substrate and the particle are made from the
same material that can support surface plasmons with
respective frequencies oss and osp, the rate of heat transfer
between them in the two-pole approximation is

P � 6G
�
R

d

�3n�
P1�osp� ÿP2�osp�

�� �osp ! oss�
o
: �61�
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Figure 8. The heat flux S between two surfaces covered by adsorbates and

between two clean surfaces, as a function of the separation d. One body is

at zero temperature and the other at T � 273 K. For parameters

corresponding to K=Cu�001� and Cu�001� [72] (o? � 1:9� 1013 sÿ1,
ok � 4:5� 1012 sÿ1, Zk � 2:8� 1010 sÿ1, Z? � 1:6� 1012 sÿ1, e � � 0:88e).
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For SiCwithoss � 1:79� 1014 sÿ1 andosp � 1:76� 1014 sÿ1,
d � 10 nm,R � 5 nm,T1 � 300K, andT2 � 0, Eqn (61) gives
P � 1:6� 10ÿ10 W. We note that a much larger effect for the
heat transfer can be achieved if the surfaces are covered with
adsorbates with matched frequencies [4, 5] (see Section 4.4).

4.6 Local heating of the surface
by an atomic-force microscope tip
An atomic-force microscope tip at a distance d above a planar
sample surface with the curvature radius R4 d can be
approximated by a sphere with the radius R. In this case, the
heat transfer power between the tip and the surface can be
estimated using the approximate formula [68, 69]

P � 2p
�1
0

drrS
ÿ
z�r�� ; �62�

where it is assumed that the tip has cylindrical symmetry
relative to the z axis. Here, z�r� denotes the tip ± surface
distance as a function of the distance r from the tip symmetry
axis, and the heat flux per unit area S

ÿ
z�r�� is determined for

planar surfaces. This scheme was proposed in [68] for
calculating the conservative van der Waals interaction; in
this case, the error is not larger than 5 ± 10% in an atomic-
force application, and 25% in the worst-case situation [69].
We assume that the same scheme is also valid for the
calculation of the heat transfer. We assume that the tip has a
paraboloid shape given by z � d� r 2=2R [in cylindrical
coordinates �z; r�], where d is the distance between the tip
and the flat surface. If

S � C

�d� r 2=2R�n ; �63�

we obtain

P � 2pR
nÿ 1

C

dnÿ1 �
2pRd
nÿ 1

S�d � � AeffS�d � ; �64�

where C is a constant independent of d, n is the exponent that
determines the law of variation of S with the distance d, and
Aeff is the effective surface area. In a more general case,
numerical integration must be used to obtain the heat
transfer.

As an illustration, we consider the heat flux between an
SiC tip and a planar SiC surface. From Eqns (64) and (40), we
obtain the heat transfer power between the SiC tip at
Tt � 300 K and a cold SiC surface (Ts � 0) at R4 d:
P�d � � 5:2� 10ÿ10�R=d � [W].

4.7 Nanoscale `heat stamp'
It was proposed in [70] that near-field optics could be
exploited to record extremely fine details for integrated
circuits. The basic idea of this proposal is that the compo-
nents of the electromagnetic field having a short wavelength
(and therefore the potential for high resolution) are naturally
evanescent and do not contribute to the far field. Hence, fine
details in any patterned mask rapidly disappear with the
distance from the mask. However, if it is possible to position
the wafer close to the mask, then fine details can be resolved.
Roughly speaking, the separation between the mask and the
wafer must be of the same order as the lateral details to be
resolved.

An extension of this idea was suggested [2] in the form of a
`heat stamp.' It is possible to imagine a mask consisting of a
surface patterned alternately in highly reflecting (and there-
fore poorly emitting) material, and a second material chosen
to maximize emission of heat into the evanescent modes. For
adsorbate covered structures, it is possible to have a heat
stamp with atomic resolution.

5. Van der Waals friction

5.1 General formalism
There are two approaches to the theories of the van derWaals
interaction and van der Waals friction. In the first approach,
the fluctuating electromagnetic field is considered a classical
field that can be determined from theMaxwell equations with
the fluctuating current density as the source of the field and
with appropriate boundary conditions. This approach was
used by Lifshitz in the theory of the van derWaals interaction
and by us for the van der Waals friction [27, 38]. Calculating
the van der Waals friction is more complicated than the van
der Waals force because it requires finding the electromag-
netic field between moving boundaries. The solution can be
found by writing the boundary conditions on the surface of
each body in the rest frame of this body. The relation between
electromagnetic fields in different reference frames is given by
Lorenz transformations. The advantage of this approach is
that it can in principle be used for calculating friction at
arbitrary relative velocities. But the calculations become
complicated for bodies with complex geometry. At present,
solutions are known for the van der Waals friction between
two parallel planar surfaces [27, 38] and between a small
particle and a planar surface [43].

In the second approach, the electromagnetic field is
treated in the framework of quantum field theory. This
approach was used in Ref. [36] to obtain the van der Waals
interaction for an arbitrary inhomogeneous medium all of
whose parts are at rest.

For two bodies in slow uniform relative motion (with a

velocity v), the force acting on either body can be written as

F � F0 ÿ G
$
v, where the adiabatic force F0 is independent of v

and the friction tensor G
$
is defined by

G
$ � �kBT �ÿ1 Re

�1
0

dt


F̂�t� F̂�0�� : �65�

Here, h. . .i represents the thermal average of the force ± force
correlation function in equilibrium at a fixed separation
between bodies and F̂�t� is the force operator in the
Heisenberg representation.

In fact, Eqn (65) is a consequence of the fluctuation ±
dissipation theorem [59]. For the interaction between a
localized and an extended system, Eqn (65) has been derived
by several authors [71 ± 73] and is also valid for two extended
systems. In the context of the van derWaals friction, Eqn (65)
was used in [44], but the treatment in that paper is incomplete.

In the case of extended systems, the fluctuating force
operator can be expressed in terms of the operator of the
stress tensor ŝi k as

F̂i �
�
dSk ŝi k ; �66�
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where the integration is over the surface of one of the bodies,

ŝi k � 1

4p

�
EiEk � BiBk ÿ 1

2
di k�E 2 � B 2�

�
; �67�

where Ei and Bi are the electric and magnetic induction field
operators. The force ± force correlation function can be
calculated using quantum field theory [58, 74]. Such calcula-
tions are described in Ref. [51]. The advantage of this
approach is that it involves only finding the Green's
functions of the electromagnetic field for an equilibrium
system with fixed boundaries. This approach can therefore
be easily extended to bodies with complex geometry. How-
ever, it is restricted to small relative velocities.

5.2 The van der Waals friction between two planar surfaces
in parallel relative motion at arbitrary sliding velocities
The van derWaals frictional stress sk acting on the surfaces of
two bodies in parallel relativemotionwith an arbitrary sliding
velocity is given by [38]

sk � �h

8p3

�1
0

do
�
q<o=c

d2q qx

�ÿ
1ÿ jR1pj2

�ÿ
1ÿ jRÿ2pj2

���1ÿ exp �2igd �R1pR
ÿ
2p

��2
� ÿn�oÿ qxv� ÿ n�o��� �Rp ! Rs�

�

� �h

2p3

�1
0

do
�
q>o=c

d2q qx exp
ÿÿ2jgjd �

�
�

ImR1p ImRÿ2p��1ÿ exp
ÿÿ2jgjd �R1pR

ÿ
2p

��2 ÿn�oÿ qxv� ÿ n�o��
� �Rp ! Rs�

�
; �68�

where n�o� � �exp ��ho=kBT � ÿ 1
�ÿ1

and �Rp ! Rs� denotes
the term that is obtained from the preceding one by
replacing the reflection amplitude Rp�o� for p-polarized
electromagnetic waves with the reflection amplitude Rs�o�
for s-polarized electromagnetic waves, and with R�p�s� �
Rp�s��o� qxv�. Equation (68) was obtained by us [38] using
the dynamic modification of the Lifshitz theory [49] for the
van der Waals interaction. The first term in Eqn (68)
represents the contribution to friction from propagating
waves �q < o=c� and the second term from evanescent
waves �q > o=c�. It can be shown that Eqn (68) is valid even
when the spatial dispersion of the dielectric function is taken
into account [27]. In the nonretarded case �c!1� and for
small velocity v, Eqn (68) reduces to the formula obtained in
[48]; in the nonretarded case and at zero temperature, it
reduces to the formula obtained in [37].

From the comparison of Eqn (68) with Eqn (23) for the
radiative heat transfer, we can see that there is an
important difference in the type of elementary excitations
that play a substantial role in these phenomena. For
radiative heat transfer, all kinds of elementary excitations
with frequencies that can be thermally excited are equally
important. For the van der Waals friction, large-momen-
tum low-frequency excitations are particularly important.
Such low-energy excitations can be associated with vibra-
tions of massive particles. In particular, many adsorbate
vibrations parallel to a metal surface are characterized by
very low frequencies.

5.2.1 Discussion of the general formula and limit cases. For
d5 lT, we can neglect the first term in Eqn (68) and write the
second term as

sk � �h

2p3

�1
ÿ1

dqy

�1
0

dqx qx exp �ÿ2qd �

�
(�1

0

do
�
n�o� ÿ n�o� qxv�

�
�
�

ImR�1p ImR2p��1ÿ exp �ÿ2qd �R�1pR2p

��2 � �1$ 2�
�

ÿ
� qxv

0

do
�
n�o� � 1

2

�

�
�

ImRÿ1p ImR2p��1ÿ exp �ÿ2qd �Rÿ1pR2p

��2 � �1$ 2�
�
� �p! s�

)
:

�69�
At zero temperature for o > 0, n�o� � 0 and the friction

is given by [37]

sk � ÿ �h

4p3

�1
ÿ1

dqy

�1
0

dqx qx exp �ÿ2qd �

�
(� qxv

0

do
�

ImRÿ1p ImR2p��1ÿ exp �ÿ2qd �Rÿ1pR2p

��2 � �1$ 2�
�

� �p! s�
)
: �70�

In the local optical approximation for d < lTje�oT�jÿ1=2, the
reflection amplitude for p-polarized electromagnetic waves is
determined by Eqn (34). Substituting (34) in (70) and using
formula (27) for the dielectric function, in the limit cases of
small and high velocities, we obtain

sk � 15

27p2
�hv

d 4

�
v

4psd

�2

for v5 4psd ; �71�

sk � �h�4ps�2
2p2d 2v

ln

�
v

4psd

�
for v4 4psd : �72�

For example, for good conductors with the conductivity
s � 1017 sÿ1, for d � 1 nm and v � 1 m sÿ1, the friction is
extremely small: sk � 10ÿ18 N mÿ2 (in comparison, the
friction observed in [11] corresponds to sk � 1 N mÿ2). The
friction increases as the conductivity decreases, but there is a
limit for the increase. Formulas (71) and (72) were derived in
the local optical approximation. This approximation breaks
down when the length scale of variation of the electric field
becomes comparable to the average separation between
electrons (in the quantum case, to the electron Fermi
wavelength). Because conductivity is proportional to the
electron concentration, this then leads to the minimum
conductivity for which the theory is still valid, and, accord-
ingly, to the maximum value of the friction force. Thus,
according to the Drude model, the conductivity is given by

s � ne 2t
m

; �73�

where the relaxation time t cannot be shorter than � 10ÿ16 s.
The lowest value of the electron concentration is restricted by
the applicability of the macroscopic theory, which requires
that the average separation between electrons be much
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smaller than the length scale of variation of the electric field,
which is determined by the separation d. For d � 1 nm, the
conductivity cannot be smaller than smin � 1012 sÿ1 and,
consequently, at v � 1 m sÿ1 and zero temperature for
metals, the friction cannot be larger than 10ÿ13 N mÿ2.

5.3 The van der Waals friction between planar surfaces
at finite temperatures and low velocities
For v < dkBT=�h (at d � 1 nm and T � 300 K for
v < 103 m sÿ1), the leading contribution to the friction
depends linearly on the sliding velocity v and hence the
frictional stress s that acts on the surfaces of two bodies in
parallel or normal relative motion can be written as s � gv.
The friction coefficient gk for relative motion parallel to the
surface can be represented as gk � g radk � g evank . For such
motion, the contribution to friction from propagating
electromagnetic waves is

g radk � �h

8p2

�1
0

do
�
ÿ qn
qo

�� o=c

0

dq q 3

�
ÿ
1ÿ jR1pj2

�ÿ
1ÿ jR2pj2

���1ÿ exp �2igd �R1pR2p

��2 � �p! s� ; �74�

and the contribution from evanescent electromagnetic waves
is

g evank � �h

2p2

�1
0

do
�
ÿ qn
qo

��1
o=c

dq q 3 exp
ÿÿ2jgjd �

� ImR1p ImR2p
1��1ÿ exp

ÿÿ2jgjd �R1pR2p

��2 � �p! s� :

�75�

For normal relative motion, the contribution to the friction
coefficient from propagating electromagnetic waves is given
by

g rad? � �h

4p2

�1
0

do
�
ÿ qn
qo

�� o=c

0

dq qg 2

�
hÿ
1ÿ jR1pR2pj2

�2 � ��ÿ1ÿ jR1pj2
�
R2p exp �igd �

� ÿ1ÿ jR2pj2
�
R �1p exp �ÿigd �

��2i
� 1��1ÿ exp �2igd �R1pR2p

��4 � �p! s� ; �76�

and the contribution from evanescent waves electromagnetic
waves by

g evan? � �h

p2

�1
0

do
�
ÿ qn
qo

��1
o=c

dq qjgj2 exp ÿÿ2jgjd �
�
hÿ
ImR1p � exp

ÿÿ2jgjd �jR1pj2 ImR2p

�
� ÿImR2p � exp

ÿÿ2jgjd �jR2pj2 ImR1p

�
� exp

ÿÿ2jgjd �ÿIm �R1pR2p

��2i
� 1��1ÿ exp

ÿÿ2jgjd �R1pR2p

��4 � �p! s� : �77�

Equations (74) ± (77) were first derived in [27, 38] using the
semiclassical theory of the fluctuating electromagnetic field.
In Ref. [51], an alternative derivation was given using
quantum field theory.

There is a principal difference between the friction
coefficients for normal and parallel relative motion, related
to the denominators in the formulas for the friction coeffi-
cient. The resonance condition corresponds to the case where
the denominator of the integrand in Eqns (75) ± (77), which is
due to multiple scattering of electromagnetic waves from the
opposite surfaces, is small. At resonance, the integrand in
Eqn (77) has a large factor� 1=R 2

i , where Ri is the imaginary
part of the reflection amplitude, in sharp contrast to the case
of parallel relative motion, where there is no such enhance-
ment factor.

For good metals �kBT=�4p�hs�5 1�, using (77) for
lT�kBT=�4p�hs��3=2 < d < lT�4p�hs=�kBT ��1=2 gives

g evan?p � 0:13
�h

d 3lT

�
kBT

4p�hs

�1=2

: �78�

For d < lT�kBT=�4p�hs��3=2, we have

g evan?p �
�h

d 4

�
kBT

4p�hs

�2�
1� ln

�hs
2kBT

�
: �79�

The last contribution dominates for metals whose conductiv-
ity is not very high �kBT=�4p�hs� � 1�.

For comparison, the p-wave contribution for parallel
relative motion at d < lc � lTje�o � kBT=�h�jÿ1=2 is given by
[3, 38]

g evankp � 0:3
�h

d 4

�
kBT

4p�hs

�2

: �80�

It is interesting to note that for normal relative motion, in
contrast to parallel relative motion, for good conductors, the
leading contribution to the friction comes from retardation
effects for almost all d > 0. This follows because Eqn (78), in
contrast to Eqn (80), contains the speed of light.

From Eqn (77), we obtain the s-wave contribution to the
friction for d < lc:

g evan?s � 10ÿ2
�h

l4c

�
3ÿ 5 ln

2d

lc

�
: �81�

For parallel relative motion, g evanks � 0:5 g evan?s .
Figure 9 shows the contribution to the friction coefficient

gk from evanescent electromagnetic waves for two semiinfi-
nite solids in parallel relative motion, with the parameters
chosen to correspond to copper (tÿ1 � 2:5� 1013 sÿ1,
op � 1:6� 1016 sÿ1) at T � 273 K. The same result for
normal relative motion is shown in Fig. 10. In both cases, we
show the s- and p-wave contributions separately. The dashed
lines show the result in the case where the local (long-
wavelength) dielectric function e�o� is used, and the solid
lines show the result obtained using the nonlocal optical
dielectric formalism, which was proposed some years ago
for studying the anomalous skin effect [75]. This formalism
takes the spatial dispersion of the dielectric function into
account. Figure 9 shows that for sufficiently small separations
�d < 1000 A

� �, for parallel relative motion, the nonlocal
optical effects become important for the p-wave contribu-
tion. However, for the s-wave contribution, for both parallel

894 A I Volokitin, B N J Persson Physics ±Uspekhi 50 (9)



and normal relative motion, the nonlocal optical effects are
negligibly small for practically all separations. For the p-wave
contribution, the nonlocal optical effects for normal relative
motion are less important than for the parallel relative
motion. The presented calculations take the nonlocal effects
in the bulk of the solids into account.

For high-resistivity metals [kBT=�4p�hs� > 1, for d < lc]
we obtain

g? � 0:48
�h

d 4

kBT

4p�hs
�82�

and gk � 0:1g?. Thus, in contrast to the heat flux, the van der
Waals friction diverges in the limit as s! 0. Of course, in
reality, the friction must vanish in this limit because the
conductivity is proportional to the concentration n of free
electrons, and the friction must vanish when n vanishes. The
origin of the discrepancy lies in the breakdown of the
macroscopic theory, which is not valid at very low electron
concentrations (see Section 5.2.1). The minimal conductivity
can be estimated as (see Section 5.2.1)

smin � e 2t
md 3

;

and the friction maximum can be estimated as

gmax �
�h

d 4

kBT

4p�hsmin
� mkBT

4pe 2td
:

To estimate the friction coefficient G for an atomic-force
microscope tip with a curvature radius R4 d, we can use the
`proximity approximation' given by Eqn (62), with the heat
flux per unit area replaced by the friction coefficient per unit
area. Using this approximation, we obtain the maximal
friction coefficient for a spherical tip:

G s
max � gmaxdR �

mkBTR

4pe 2t
: �83�

For t � 10ÿ16 s, R � 1 mm, and T � 300 K, we have
G s
max � 10ÿ14 kg sÿ1. This friction is only one order of

magnitude smaller than the friction observed in a recent
experiment at d � 10 nm [11]. Similarly, in the case of a
cylindrical tip, we have

G c
max � gmax

������
dR
p

w � mkBTR
1=2w

4pe 2td 1=2
; �84�

where w is the width of the tip. For w � 7 mm, d � 10 nm, and
with the other parameters as above, we obtain a friction one
order of magnitude larger than was observed in experiment.
Thus, the van der Waals friction between high-resistivity
materials can be measured with the present state-of-the-art
equipment.

5.4 Resonant photon tunneling enhancement
of the van der Waals friction
5.4.1 Surface phonon ± polariton enhancement of the van der
Waals friction. As in the case of radiative heat transfer, the
van der Waals friction can be greatly enhanced by resonant
photon tunneling between localized surface states, e.g.,
surface plasmon polaritons and adsorbate vibration modes.
Using the same approximation that was used in deriving
Eqn (38), we obtain [27]

g? �
3

128

�h 2o2
a

d 4kBTZ
1

sinh2 ��ho0=2kBT �
; �85�

gk �
�h 2Zq 4

c

128pkBT
1

sinh2 ��ho0=2kBT �
: �86�

Resonant photon tunneling enhancement of the van der
Waals friction is possible for two semiconductor surfaces
that can support low-frequency surface plasmon or surface
polariton modes. As an example, we consider two clean
surfaces of silicon carbide (SiC). Using the parameters
describing the optical properties of this material (see
Section 4.3) we obtain g? � 4:2� 103=d 4 [kg sÿ1 mÿ2] and
gk � 2:2� 102=d 4 [kg sÿ1 mÿ2], where the distance d is in
angstroms. We note that the friction between two semicon-
ductor surfaces is four orders of magnitude larger than
between two good clean conductor surfaces (see Figs 9
and 10).

5.4.2 Adsorbate vibrational mode enhancement of the van der
Waals friction. Another enhancement mechanism of the van
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Figure 9.The friction coefficient for two planar surfaces in parallel relative

motion as a function of the separation d at T � 273 K with parameters

chosen to correspond to copper (t � 2:5� 1013 sÿ1, op � 1:6� 1016 sÿ1).
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September, 2007 Radiative heat transfer and noncontact friction between nanostructures 895



der Waals friction is connected with resonant photon
tunneling between adsorbate vibrational modes localized
on different surfaces. In Refs [26, 27], we have shown that
the resonant photon tunneling between two surfaces sepa-
rated by d � 1 nm and covered by a low concentration of
potassium atoms results in a friction six orders of magnitude
larger than for clean surfaces. The adsorbate-induced
enhancement of the van der Waals friction is even larger
for Cs adsorption on Cu(100). In this case, even at coverage
�y5 0:1�, the adsorbed layer exhibits an acoustic branch for
vibrations parallel to the surface [67]. For these vibrations,
ok � 0 and, according to Eqn (52), at small frequencies the
reflection amplitude is given by

Rp � 1ÿ 2qao 2
q

o2 ÿ o2
q � ioZ

; �87�

where o2
q � 4pnae � 2aq 2=M, e � is the ion charge, and a is the

separation between the ion and the image plane. Substituting
Eqn (87) in Eqn (75) for

a

Zd

��������������������
4pnae � 2a
Md 2

r
5 1

gives

gk � 0:62
kBTa

2

Zd 6
: �88�

We note that gk in Eqn (88) is independent of na, e �, orM. But
Eqn (87) is only valid when there are acoustic vibrations in the
adsorbed layer. For Cs adsorbed on the Cu(100) surface, the
acoustic vibrations exist only for coverage y5 0:1 [67]. The
friction acting on an atomic-force microscope tip can be
estimated using a similar approximation as in Eqn (62).
Using this approximation and Eqn (88) for a cylindrical tip,
we obtain

G c
k � 0:68

kBTa
2R 0:5w

Zd 5:5
; �89�

where R is the curvature radius of the tip and w its
width. For Cs adsorption on Cu(100), the damping
parameter Z was estimated in [55] as Z � 3� 109 sÿ1.
Using this value of Z in Eqn (89) for a � 2:94 A

�
[67],

R � 1 mm, w � 7 mm, T � 293 K, and d � 10 nm, we obtain
Gk � 0:5� 10ÿ13 kg sÿ1, which is only three times smaller
than the friction observed in [11] at the same distance.
However, the van der Waals friction is characterized by a
much stronger distance dependence �� 1=d 5:5� than the one
observed in the experiment (� 1=dn, where n � 1:3� 0:2). At
small distances, the van der Waals friction is therefore much
larger than the friction observed in [11], and can thus be
measured experimentally. Figure 11 shows how the friction
coefficient depends on the distance d between the copper tip
and the copper substrate, when the surfaces of the tip and the
substrate are covered by a low concentration of Cs atoms and
for clean surfaces. In comparison, the friction between two
clean surfaces at the separation d � 1 nm is eleven orders of
magnitude smaller. But the friction between clean surfaces
shown in Fig. 11 was calculated in the local optical
approximation. For parallel relative motion, nonlocal opti-
cal effects are very important (see Fig. 9), and taking them
into account gives the friction at d � 1 nmbetween adsorbate-
covered surfaces seven orders of magnitude larger than the
friction between clean surfaces.

5.5 The van der Waals friction between a small particle
and a planar surface
The friction force acting on a small particle during its motion
parallel to a planar surface can be obtained from the friction
between two semiinfinite bodies in the limit where one of the
bodies is sufficiently rarefied. This means that the dielectric
function of this body (e.g, body 2) is close to unity,
e2 ÿ 1! 4pna2 5 1, where n is the concentration of particles
in body 2 and a2 is their polarizability. In the linear order in
the concentration n, the reflection amplitudes are

R2p � 2pn Im a2 ; R2s � pn Im a2

�
o
cq

�2

: �90�

The friction force acting on a particle moving parallel to a
planar surface can be obtained as the ratio between the
change in the frictional sliding stress after a displacement of
body 2 by a small distance dz and the number of particles in a
slab with thickness dz:

Ffric � 1

n

dsk�z�
dz

����
z� d

� �h

p2

�1
ÿ1

dqy

�1
0

dqx qx q exp �ÿ2qd �

�
(�1

0

do
�
n�o� ÿ n�o� qxv�

�
�
�
2
ÿ
ImR1p�o� qxv� Im a2�o� � �o� qxv$ o��

�
�
1

cq

�2ÿ
o2 ImR1s�o� qxv� Im a2�o�

� �o� qxv$ o���ÿ � qxv

0

do
�
n�o� � 1

2

�
�
�
2
ÿ
ImR1p�oÿ qxv� Im a2�o� � �oÿ qxv$ o��

�
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1

cq

�2ÿ
o2 ImR1s�oÿ qxv� Im a2�o�� �oÿ qxv$ o���);
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function of the separation d. The cylindrical tip is characterized by the
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where �o� qxv$ o� denotes the terms obtained from the
preceding ones by interchanging o� qxv and o.

In the linear order in the sliding velocity v, it follows from
(91) that Ffric � ÿGkv, where

Gk � �h

p

�1
0

do
�
ÿ qn�o�

qo

��1
0

dq q 4 exp �ÿ2qd �

�
�
2 ImRp�q;o� �

�
o
cq

�2

ImRs�q;o�
�
Im a�o� : �92�

In the nonretarded limit, this equation reduces to the formula
obtained in [50].

However, Eqn (92) does not account for the screening
effects, which become important at a small separation
between the particle and the surface. General formulas for
the friction coefficient that take screening effects into account
were obtained in [43] using the semiclassical theory of the
fluctuating electromagnetic field. In Ref. [51], the same
equations were derived using quantum field theory.

For a spherical particle, the polarizability is given by
Eqn (57), and we can neglect screening effects for d4R in the
nonresonance case. It then follows from (92) (with G? � 2Gk)
in the limit d < je�o � kBT=�h�jÿ1=2lT that the p- and s-wave
contributions to the friction coefficient become [43]

Gpk � 3
�h

d 5

�
kBT

4p�h

�2

sÿ11 sÿ12 R 3 ; �93�

Gsk � p3

10

�h

dl4T
R 3 s1

s2
; �94�

where s1 and s2 are the respective conductivities of the sample
and the particle. For d � 2R � 10 nm and s1 � s2 �
4� 1017 sÿ1 (corresponding to gold), we obtain a very small
friction: G � 10ÿ29 kg sÿ1.

But the friction can be greatly enhanced for high-
resistivity materials. Using Eqn (92) in the nonretarded limit
[which can be formally obtained as the limit c!1] for a
high-resistivity material �4ps5 kBT=�h� and assuming that
the particle and the substrate have the same dielectric
function e � 1� 4pis=o, we obtain

Gpk � 0:9
kBT

4ps
R 3

d 5
: �95�

As discussed in Section 5.2.1, the macroscopic theory used in
obtaining Eqn (92) is only valid when s4 smin � e 2t=md 3.
For s � smin, d � 2R � 10 nm, and t � 10ÿ15 s, Eqn (95)
gives Gpkmax � 10ÿ18 kg sÿ1.

If the particle and the substrate are made from the same
material that can support surface polaritons, the friction is

Gk � 9kBTZR 3

d 5

�
1

o2
1

� 1

o2
2

�
; �96�

where o1 and o2 are the frequencies of the respective surface
polaritons for the substrate and the particle. If the substrate
and the particle aremade from SiC, theno1 � 1:79� 1014 sÿ1

and o2 � 1:76� 1014 sÿ1. For d � 2R � 10 nm, Z �
8:9� 1011 sÿ1, and T � 300 K, we then have G �
10ÿ21 kg sÿ1. This friction coefficient is eight orders of
magnitude larger than for good conductors.

5.6 The van der Waals friction mediated
by blackbody radiation
The van der Waals friction also occurs when a particle moves
relative to blackbody radiation, e.g., relative to the walls of an
oven or in the cosmic microwave background. This kind of
friction has no position dependence, i.e., it is spatially
homogeneous. Therefore, there is a universal dissipative
drag acting on all matter in relative motion with respect to a
thermalized photon gas. To calculate this universal drag, we
can use the same approach as in Section 5.5. Assuming that
the size of the particle is smaller than lT, we obtain the friction
coefficient for a particle moving relative to blackbody
radiation [80] as

GBB � b�h 2

3pc 5

�1
0

do
o5 Im a�o�

sinh2 �b�ho=2� ; �97�

where bÿ1 � kBT.
Tungsten ovens can operate at temperatures as high as

3000K. If a beam of atoms, ions, or molecules passes through
such an oven, it is subject to drag due to the van der Waals
friction mediated by thermal radiation. For an atom or a
molecule, the polarizability a can be characterized by a single
absorption line at o � o0. In this case, Im a�o� �
a0d�o=o0 ÿ 1�, where a0 is the static polarizability at o � 0.

Setting m=t � GBB, where m is the mass of the molecule
and t is the relaxation time, we have

t � 3pmc 5�h 4

26a0�kBT �5
sinh2 �x�

x 6
; �98�

where x � b�ho0=2. The relaxation time has a minimum at the
temperature-dependent frequency that coincides with the
minimum of the function f �x� � sinh2 �x�=x 6, at xm � 2:98,
with f �xm� � 0:137. For example, Ba� has a resonance at the
radiated photon wavelength 500 nm, which corresponds to
the photon energy 2 eV. For this resonance at the oven
temperature 3000 K, the relaxation time is near the mini-
mum; for the ion polarizability a0 � 1:0� 10ÿ30 m3, we
obtain the relaxation time � 105 s, i.e., 1 day. This relaxation
time can be measured using ion traps.

For the cosmos, it is believed that hydrogen atoms
condensed from protons and electrons when the radiation
cooled to about 3000 K and that the coupling of the cosmic
radiation to matter due to Compton scattering becomes
ineffective below this condensation temperature [81]. How-
ever, atoms, ions, and molecules with absorption in the
appropriate frequency range should remain coupled to the
cosmic radiation as its temperature decreased from 3000 K to
perhaps 300 K. This coupling could influence the structure
and anisotropies observed in recent cosmic microwave back-
ground experiments [82]. It could also influence the behavior
of molecules formed from the remnants of novas and
supernovas, and then be subject to drag from a still hot
cosmic microwave (i.e., electromagnetic) background. At
much lower temperatures, macroscopic bodies can coalesce,
in which case geometrically determined resonances may
become relevant.

5.7 The van der Waals friction
between two-dimension structures
The van der Waals friction can be tested not only by
measuring the friction force during relative motion of two
bodies; an alternative method consists of driving an electric
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current through one metallic layer and registering the effect
of the frictional drag of electrons in a second (parallel)
metallic layer (Fig. 12). Such experiments were proposed in
[83, 84] and were performed for two-dimensional quantum
wells [28 ± 30]. In these experiments, two quantum wells are
separated by an insulating layer thick enough to prevent
electrons from tunneling across it but allowing the interlayer
interaction between them. A current of the density J2 � n2ev
is driven through layer 2, where n2 is the carrier concentra-
tion per unit area in the second layer (see Fig. 12). Because
of the proximity of the layers, the interlayer interactions
induce a current in layer 1 due to the friction stress s � gv
acting on the electrons in layer 1 from layer 2. If layer 1 is
an open circuit, an electric field E1 develops in the layer,
such that its effect cancels the frictional stress s between the
layers. Therefore, the frictional stress s � gv must equal the
induced stress n1eE1, and hence

g � n1eE1

v
� n1n2e

2E1

J2
� n1n2e

2r12 ; �99�

where the transresistivity r12 � E1=J2 is defined as the ratio of
the induced electric field in the first layer to the driving current
density in the second layer. The transresistivity is often
interpreted in terms of the drag rate defined by
tÿ1D � r12n2e

2=m � � g=n1m � in analogy with the Drude
model. The most widely used approach to study the drag
effect is based on the Boltzmann equation [30, 85 ± 87] and
the Kubo formula [88, 89]. In Ref. [90], a theory of the drag
effect was developed based on the semiclassical theory of
the fluctuating electromagnetic field. In this theory, for the
separation between quantum wells d5 lT, the friction
coefficient g is given by Eqn (75), where Ri�o� is the
reflection amplitude for layer i. In comparison with other
approaches, this approach allows automatically including
the retardation effects.

For d < vF�h=kBT, the reflection amplitude for p-polarized
electromagnetic waves is given by [48, 90]

Rp � 1� i�heo
2kFe 2

; �100�

where e is the dielectric constant of the surrounding insulator,
kF �

���������
2pns
p

is the Fermi wave vector for a 2D electron gas,
and ns is the electron concentration of the 2D electron layer.
Using Eqn (100) in Eqn (75), we obtain the contribution to the

frictional drag rate from p-polarized waves:

tÿ1Dp �
gp
nm �

� 0:2360
�kBT �2

�heF�qTFd �2�kFd �2
; �101�

where qTF � 2aÿ10 =e is the single-layer Thomas ± Fermi
screening wave vector, a0 � �h2=m �e 2, and eF is the Fermi
energy. Equation (101) is a factor of 2 larger than the result
obtained in [29] using an approach based on the Boltzmann
equation, and approximately a factor of 2 smaller that the
result obtained in [48] using the theory of the van der Waals
friction.

Figure 13 shows the friction coefficient g as a function of
the distance d between two quantum wells at T � 3 K, with
ns � 1:5� 1015 mÿ2, m � � 0:067me, vF � 1:6� 107 cm sÿ1,
and the electron mean free path l � vFt � 1:21� 105 A

�
. We

also set e � 10, which corresponds to the condition of the
experiment in [28, 29]. In this case, the s-wave contribution
is negligibly small in comparison with the p-wave contribu-
tion. For d � 175 A

�
, we find g � 3:3� 10ÿ9 kg sÿ1 mÿ2,

which corresponds to the drag rate tÿ1D � 3:3� 107 sÿ1,
which is close to the experimental value �tÿ1D �exp �
1:5� 107 sÿ1 [28, 29].

Figure 14 shows the friction coefficient for 2D quantum
wells with the high electron density ns � 1019 mÿ2,T � 273K,
t � 4� 10ÿ14 s, and e � 1, where the result for other e can be
obtained by using the scaling tDp � e 2 and tDs is independent
of e. In Figs 13 and 14, the p- and s-wave contributions are
shown separately. Calculations show that p-waves make a
larger contribution to friction for both low-density and high-
density 2Dquantumwells. Figure 15 shows the dependence of
the friction coefficient on the electron density for the same
parameters as in Fig. 13. In this case, the boundary between
degenerate and nondegenerate electron densities is deter-
mined by the Fermi density nF � 3kBTm

�=2p�h 2 �
1:09� 1014 mÿ2. From calculations, we find the maximum
of the frictional drag force for the electron density
nmax � 1� 1015 mÿ2; this means that the experiment in [28,
29] was performed near optimum conditions.

The frictional drag between quantumwells allows directly
probing the interparticle interaction. Interparticle interac-
tions form the cornerstone of many-body physics. Many-
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Figure 12. (a) A metallic block sliding relative to a metallic substrate with

the velocity v. An electronic frictional stress acts on the block (and on the

substrate). (b) The sliding stress s can bemeasured if, instead of sliding the

upper block, a voltageU2 is applied to the block, resulting in a drift motion

of the conduction electrons with velocity v. The resulting frictional stress s
on the substrate electrons generates a voltage difference U1 that can be

measured.
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Figure 13.The frictional drag coefficient for two quantumwells atT � 3K

as a function of the separation d. The s- and p-wave contributions are

shown separately. The calculations were performed with the surface

electron density ns � 1:5� 1015 mÿ2, the damping constant Z �
2:5� 1013 sÿ1, the effective electron mass m � � me, and the dielectric

constant e � 10.
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body effects are particularly important in low-dimensional
systems. This leads to many intriguing phenomena, such as
the Luttinger liquid behavior in quantumwires, the fractional
quantum Hall effect, and Wigner crystallization in two-
dimensional electron gases in a magnetic field. As technology
improves and semiconductor devices shrink further in size,
interaction effects become even more pronounced, and it may
become possible to probe these effects in the future experi-
ments.

6. Electrostatic friction

6.1 Effect of a bias voltage
and spatial variation of the surface potential
The electrostatic potential at the surface of a metal relative to
its interior depends on the surface dipole moment per unit
area, which, in turn, depends on the separation of the lattice
planes that are parallel to the surface [91]. Variations of the

crystallographic directions at the surface of a clean poly-
crystalline metal result in a variation of the surface potential.
This is referred to as the `patch effect.' Patch potentials are
also generated and influenced by surface contamination and,
in the case of alloys, by variation in the chemical composition.
The surface potential can be easily changed by applying a
voltage between an atomic-force microscope tip and the
sample. The electrostatic forces between conducting surfaces
due to spatial variation of the surface potential were studied
in [92].

6.1.1 Observed variation in the surface potential. The patch
potential variation is specific to the particular sample and
depends on environmental factors. Spatial variation of the
surface potential is expected to be related to the physical size
of the surface crystallites, which is typically of the order of
2 mm for metals. Thin films deposited on substrates at
temperatures much less than the melting point of the film
are often amorphous, with the nonuniform thickness and
crystallite size of the same order as the film thickness [93].
Annealing the film can produce grain structures that are
substantially larger than the film thickness. Patch potential
variations have been measured under various conditions
using vibrating or rotating plate electrometers [94].

6.1.2 General theory. We begin by considering a model in
which the tip of a metallic cantilever of length L is a section of
a cylindrical surface with a curvature radius R (Fig. 16). The
cantilever is perpendicular to a planar sample surface that
occupies the xy plane, with the z axis pointing away from the
sample. The tip displacement u�t� � x̂u0 exp �ÿiot� is
assumed to be parallel to the surface (along the x axis),
which is a good approximation when the oscillation ampli-
tude u0 is sufficiently small. The cantilever width w, i.e., the
size in the direction perpendicular to the xz plane, is taken to
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Figure 15.The frictional drag coefficient for two quantumwells atT � 3K

as a function of the electron concentration ns. The solid curve was

obtained by interpolation between the curves (dashed lines) obtained

within the nonlocal optical dielectric approach, with the dielectric

functions corresponding to the degenerate electron gas (ns > nF �
1014 mÿ2) and to a nondegenerate electron gas �ns < nF�. The electron
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Figure 16. Scheme of the tip ± sample system: L is the cantilever length and
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be much larger than its thickness h �w4 h�, and d is the
separation between the tip and the sample surface. It is
straightforward to obtain the static electric field distribution
when the distance d is small. The electrostatic field of the
entire cylinder is then effectively the same as that due to its
bottom part (this corresponds to fulfillment of the require-
ment

���������
d=R

p
5 1). The problem is then reduced to solving

the two-dimensional Laplace equation with the boundary
conditions that the potential has the constant values V and
0 at the metallic surfaces of the tip and the sample. In this
case, the electric field distribution outside the conductors is
equal to the field due to two charged wires passing through
points at z � �d1 � ���d� R�2 ÿ R 2�1=2 [96]. The wires
have charges �Q per unit length, Q � CV, where Cÿ1 �
2 ln

��d� R� d1�=R
�
. The electric potential at a point r

exterior to the tip and the sample is given by

j0�r� � ÿ2Q
�
ln jrÿ r�j ÿ ln jrÿ rÿj

�
� Q

�1
ÿ1

dq

jqj exp �iqx�
h
exp

ÿÿjqjjzÿ z�j
�

ÿ exp
ÿÿjqjjzÿ zÿj

�i
; �102�

where r� � �ẑd1. The attractive cantilever ± surface force can
be calculated straightforwardly using (102) [54].

A somewhat different picture applies in the case of an
oscillating charged tip. The cantilever charge does not change
when its tip moves parallel to the surface, while the sample
charge varies in time at any fixed point. Therefore, the electric
field from the oscillating tip is the same as the field from an
oscillating wire located at z � d1. This electric field induces a
field outside the sample. At a point r exterior to the tip and the
sample, the oscillating electric potential due to the tip
oscillations is

j1�r; t� � j1�r� exp �ÿiot� � c:c:; �103�

where

j1�r� � iQu0

�1
ÿ1

dq q

jqj exp �iqx�
h
exp

ÿÿjqjjzÿ z�j
�

ÿ exp
ÿÿjqjjzÿ zÿj

�
Rp�q;o�

i
; �104�

and Rp�q;o� is the reflection amplitude for the p-polarized
electromagnetic waves. The electric field is given by
E�r� � ÿHHj�r�. The energy dissipation per unit time induced
by the electromagnetic field inside the metallic substrate is
determined by integrating the Poynting vector over the
surface of the metal:

P � c

4p

�
dS ẑ

�
E�r� � B��r��

z��0 � c:c:

� ÿ io
4p

�
dS

�
j1�r�

d

dz
j �1 �r�

�
z��0

� c:c:

� 4oQ 2ju0j2w
�1
0

dq q exp �ÿ2qd1� ImRp�o; q� : �105�

Taking into account that the energy dissipation per unit time
must be equal to 2o2Gju0j2, Eqn (105) yields the friction
coefficient

G � lim
o! 0

2C 2V 2w

�1
0

dq q exp �ÿ2qd1� ImRp�o; q�
o

: �106�

We now assume that the electric potential at the surface of
the tip is inhomogeneous and consists of domains or
`patches.' Thus, a cylinder with linear size w is divided into
cylinder segments with the linear sizes wi: w �P

i wi 4wi 4
������
dR
p

, and with the surface potential Vis �
V� Vi, where V is the bias voltage and Vi is the randomly
fluctuating surface potential for the domain i. In the case of a
cylindrical tip geometry, all domains make independent
contributions to the friction, which can be obtained from
(106) after the replacements V! V� Vi and w! wi. The
contribution to the friction from all domains is

G �
X
i

Gi �
X
i

lim
o! 0

2C 2�V� Vi�2wi

�
�1
0

dq q exp �ÿ2qd1� ImRp�o; q�
o

� lim
o! 0

2C 2�V 2 � V 2
0 �w

�1
0

dq q exp �ÿ2qd1� ImRp�o; q�
o

;

�107�

where we use that the average value of the fluctuating surface
potential hVii �

P
i wiVi � 0 and V 2

0 �
P

i wiV
2
i =w, and

hence V0 is the root-mean-square variation of the surface
potential. According to Eqn (107), the bias voltage and patch
contributions to the friction have the same dependence on d.

Many experiments use thermally evaporated thin films of
gold [11]. The work function of gold is 5.47, 5.37, and 5.31 eV
for the �100�, �110�, and �111� directions, respectively [95]. If
the surfaces are clean and amorphous, we can assume that
they consist of equal areas of these three crystallographic
planes, and the root-mean-square hs 2

v i1=2 of the potential
distribution becomes

hs 2
v i1=2 �

��������������������������
�Vi ÿ Vj�2
�q
�

���������������������������������
2
ÿhV 2

i i ÿ hVii2
�q
� 90 mV :

�108�
The root-mean-square variation of the surface potential due
to thermally evaporated gold was measured in [97] using the
Stark effect in sodium atoms. The magnitude of the fluctuat-
ing surface potential is V0 � 150 mV and the scale of the
lateral variation of the surface potential is to be of the order of
the film thickness. The measurement of the noncontact
friction between a gold tip and a gold sample gave
V0 � 200 mV [11], thus confirming the prediction of the
theory that this parameter is determined by the root-mean-
square variation of the surface potential.

We now consider a spherical tip with a radius R and with
(constant voltage) surface domains with linear sizes Ri. If
R4Ri 4

������
dR
p

, the domain on the apex of the tip makes the
main contribution to the friction. In this case, we can neglect
the spatial variation of the surface potential and assume that
the electric field induced by the bias voltage is approximately
the same as would be produced in the vacuum region between
two point charges �Qi � �C�V� Vi�, where

C � d 2
1 ÿ d 2

2d
; �109�

located at the points with the coordinates [55, 56]

z� � �d1 � �
 
3Rd

2
�

��������������������������������������������
3Rd

2

�2

� Rd 3 � d 4

s !1=2

: �110�
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It can be shown that the electrostatic force between the tip and
the metal surface within this approximation agrees well with
the exact expression for a sphere above a metal surface [98].
Vibrations of the tip produce an oscillating electromagnetic
field, which in the vacuum region coincides with the
electromagnetic field of an oscillating point charge. The
friction coefficient for a point charge moving parallel to the
surface due to Ohmic losses of the electromagnetic energy
inside the sample is determined by [76]

Gk � lim
o! 0

Q 2
i

2

�1
0

dq q 2 exp �ÿ2qd1� ImRp�o; q�
o

: �111�

For motion normal to the surface, G? � 2Gk. Hence, just as
for the cylindrical tip geometry, the friction depends quad-
ratically on the bias voltage for a spherical tip. However, for a
spherical tip, the parabola begins from zero, in contrast to the
cylindrical tip, where the parabola begins from a finite
positive value.

6.1.3 Clean surface. For clean planar surfaces, the reflection
amplitude is determined by Fresnel formula (34). In this case,
for a cylindrical tip with radius R4 d and a metal substrate,
Eqn (107) gives

G c
cl �

w�V 2 � V 2
0 �

26psd 2
: �112�

This formula, with the contribution from the spatial variation
of the surface potential neglected, was first derived in [54]
using a different approach. At w � 7� 10ÿ6 m and
s � 4� 1017 sÿ1 (which corresponds to gold at T � 300 K),
d � 20 nm, and V � 1 V, Eqn (112) gives G �
2:4� 10ÿ20 kg sÿ1, which is eight orders of magnitude
smaller than the experimental value 3� 10ÿ12 kg sÿ1 [11].

If R4 d, Eqns (34) and (111) give the friction between a
spherical tip and a clean sample surface as

G s
cl �

31=2R 1=2V 2

27d 3=2ps
: �113�

This expression is only a factor of 1.6 smaller than the result
obtained independently in [54]. For the same parameters as
above and at d � 20 nm and R � 1 mm, the friction for a
spherical tip is two orders of magnitude smaller than that for
the cylindrical tip. The friction determined by Eqn (113) has
the same distance dependence as in the experiment in [11]. But
the magnitude of the friction is too small to explain the
experimental data.

To gain insight into the possible mechanisms of
enhancement of noncontact friction, it is instructive to
note that Eqn (112) can be qualitatively obtained from the
following simple geometrical arguments [99]. A vibrating tip
induces a current inside the sample, in a volume with spatial
dimensions Lx, Ly, and Lz. The instantaneous dissipated
power in the sample is P � I 2r, where I is the current and r
is the effective resistance. The current I is proportional to
the tip velocity vx, and can be written as I � vxQt=Lx, where
Qt is the charge of the tip. The effective resistance can be
approximated by the macroscopic relation r � rLx=LyLz,
where r is the resistivity. Using these simple expressions for
the current I and the resistance and using the relation
Qt � CtVs (where Ct is the tip ± sample capacitance) for
the induced charge, we find the instantaneous power

dissipation P � I 2r as

P � r
v 2xC

2
t V

2
s

LxLyLz
: �114�

Comparing this expression with P � Gv 2x , we obtain

G � r
C 2

t V
2
s

LxLyLz
: �115�

For a cylindrical tip vibrating above a clean surface, Ly � w
and Lx � Lz � d1. For d5R, the tip ± sample capacitance
Ct � w

�����������
R=8d

p
and d1 �

���������
2dR
p

. Substituting these expres-
sions in Eqn (115) gives Eqn (112) up to a numerical factor
of the order of unity. It follows from Eqn (115) that the
friction increases when the thickness Lz of the `dissipation
volume' decreases. This is the reason why 2D systems may
exhibit higher friction than 3D systems.

6.1.4 Film on top of a higher-resistivity substrate. From the
qualitative arguments given above, it follows that for a thin
metal film on top of a higher-resistivity substrate, e.g., an
insulator or a high resistivity metal, the friction is larger than
for a semiinfinite sample with the same bulk resistivity as for
the film. The thickness of the volume Lz in which the energy
dissipation occurs is determined by the thickness of the film;
in accordance with Eqn (115), this leads to a strong
enhancement of the friction.

For a planar film with a thickness df and a dielectric
constant e on top of a substrate with a dielectric constant e3,
the reflection amplitude is given by

Rp � Rp21 ÿ Rp23 exp �ÿ2qdf�
1ÿ Rp21Rp23 exp �ÿ2qdf� ; �116�

where

Rpi j � ei ÿ ej
ei � ej

; �117�

and the index 1 corresponds to the vacuum. For a metallic
film on an insulating substrate, or ametallic film on ametallic
substrate with s2 4 s3, for d1 4 df and R4 d, it follows from
Eqns (27), (107), and (116) that

G c
f �

w�V 2 � V 2
0 �R 1=2

2 9=2ps2dfd 3=2
: �118�

This is greater by a factor of 2d1=df than the corresponding
friction for a semiinfinite sample with the same bulk
conductivity as for the film. For a thin film, the effective
resistivity of the substrate is increased, leading to additional
Ohmic dissipation. In Ref. [54], Eqn (18) was obtained using a
different approach and with the spatial variation of the
surface potential neglected. But the conditions necessary for
the validity of this formula cannot be obtained within the
framework of this simplified approach.

6.1.5 Two-dimensional system on top of an insulating or metal
substrate. We now consider a 2D system, e.g., electronic
surface states or a quantum well, or an incommensurate
layer of ions adsorbed on a metal surface. For example, for
the Cs=Cu�100� system, experiment suggests the existence of
an acoustic film mode even for the dilute phase (coverage
y � 0:1). This implies that the Cs=Cu�100� adsorbate layer
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feels a negligible surface pinning potential. The reflection
amplitude for a 2D system is given by Eqn (52) and

ImRp �
2oZkqao 2

q

�o2 ÿ o2
q�2 � o2Z 2

k
; �119�

where o2
q � 4pnae � 2aq 2=M. For a 2D structure on top of an

insulator, the factor qa in Eqn (119) and in the expression for
o 2

q must be replaced with 1=e, where e is the dielectric function
of the substrate. Using (119) in (107) for R4 d, we obtain

G c
ad �

wZMR 1=2�V 2 � V 2
0 �

29=2d 3=2pnae � 2
: �120�

This friction exhibits the same distance dependence as
observed experimentally [11]. The same expression for the
friction is valid for a 2D structure on top of an insulator.
Comparing Eqns (112) and (120), we find that a 2D structure
on top of a substrate gives the same magnitude of the friction
as for a semiinfinite solid (with a clean surface) with the
effective conductivity seff � nae

� 2=MZ2d1. Agreement with
experiment is obtained if seff � 4� 109 sÿ1. For a 2D electron
system, for R � 1 mm, such an effective conductivity is
obtained if Zk � 1014 sÿ1 and na � 1015 mÿ2. For
Cs=Cu�100�, at na � 1018 mÿ2 �y � 0:1�, the electric charge
of the Cs ions is e � � 0:28 e [67]. Due to the similarities of Cu
andAu surfaces, a similar effective charge can be expected for
the Cs=Au surface. For such a 2D system, agreement with
experiment is obtained for na � 1018 mÿ2 and Zk � 1011 sÿ1.
In Ref. [55], we estimated the damping parameter associated
with the covalent bond for a Cs atom on Cu(100):
Zkcov � 3� 109 sÿ1. However, the collisions between ions,
and between ions and other surface defects, also contribute to
Z. In this case, Zcol � vT=l, where vT �

����������������
kBT=M

p
and l is the

ion mean free path. For T � 293 K and l � 1 nm, we then
have Zcol � 1011 sÿ1.

For a spherical tip and a 2D system on top of the
substrate, it follows from Eqns (111) and (119) with R4 d
that the contribution to the friction from the 2D system is
given by

G s
ad �

3RMZV 2

26dpnae � 2
: �121�

At d � 20 nm and R � 1 mm, this friction is two orders of
magnitude smaller than for the cylindrical tip.

6.2 Friction due to spatial fluctuations
of a static charge in the bulk of a sample
In this section, we consider an insulating substrate with a
stationary, inhomogeneous distribution of charged defects.
Such a situation was investigated experimentally [11] by
employing a fused silica sample irradiated with g rays. In the
course of irradiation, positively charged centers (Si dangling
bonds) are generated. Randomly distributed positive charges
are compensated by randomly distributed negative charges,
and therefore the sample is electrically neutral on average.We
model the sample as consisting of microscopically small
volume elements DVi. Each volume element is chosen
sufficiently small such that no more than one charge center
is present in it. Thus, the electric charge qi of each element is
equal to �e or 0, such that the average hqii � 0. We consider
fluctuations of charges in different volume elements i; j to be
statistically independent, hqiqji � 0 for i 6� j. The mean

square of charge fluctuations within a given element is given
by hqiqii � 2ne 2, where n is the average number of positive
charges in one volume element. In the absence of cross terms,
the average tip ± sample friction coefficient is determined
by adding the friction coefficient contributions from all
charges qi. According to Eqn (111), the contribution to the
friction coefficient from the charge qi in the element DVi is

DGi k � lim
o! 0

ne 2
�1
0

dq q 2 exp �ÿ2qdi� ImRp�o; q�
o

; �122�

where di � D�xi; yi� ÿ zi. Here, the coordinates xi; yi; zi give
the position of the i th volume element in the substrate and
D�xi; yi� is the distance between the sample and the points
xi; yi on the surface of the tip. The total friction coefficient is
obtained by summing over all the volume elements. Replacing
the sum by an integral (n

P! c
�
d3r, where c is the number

of positive charge centers per unit volume) and integrating
over z gives

Gk � lim
o! 0

ce 2

2

�1
0

dq q

�
dx

�
dy exp

ÿÿ2qD�x; y��
� ImRp�o; q�

o
: �123�

For a cylindrical tip, D�x; y� � d� x 2=2R and we have

G c
k � lim

o! 0

�������
pR
p

ce 2w

2

�1
0

dq q 1=2 exp �ÿ2qd � ImRp�o; q�
o

:

�124�

With the same parameters as in Section 6.1, for a
cylindrical gold tip separated by d � 10 nm from a dielectric
sample with R � 1 mm, we obtain Gk � 4:4� 10ÿ20 kg sÿ1.

For a tip surface with a 2D structure on it, using Eqn (119)
gives

G c
2Dk �

1

25=2

�
e

e �

�2
�����
R

d

r
cw

na
MZ � e 2cw

16seffd
: �125�

With seff � nae
� 2=2MZd1 � 4� 109 s, c � 7� 1017 cmÿ3,

and with the other parameters the same as before and
d � 10 nm, we obtain G c

2Dk � 3:5� 10ÿ12 kg sÿ1, which is
nearly the same as was observed experimentally [11]. Thus,
the result of the theory of noncontact friction described in this
section, in the case of friction between a gold tip and a quartz
sample with a nonuniform distribution of charged defects,
agrees with the result of the theory of friction in the case of a
gold tip and a gold sample. In both theories, we have assumed
that the surfaces are covered by a 2D structure.

The analysis above has ignored the screening of the
electric field in the insulating substrate. This can be justified
in the case of small tip ± sample separations (substantially
smaller than the screening length), because only defects in a
surface layer of thickness d contribute to the integral in
Eqn (123). When the screening becomes important, the
effective electric field outside the sample is reduced by the
factor �e� 1�=2 [96] and the friction coefficient is reduced by
the factor ��e� 1�=2�2, which is equal to 6.25 in the case of
silica. But the inhomogeneity of the surface of the tip can be
larger than the inhomogeneity of the surface of the sample,
and therefore the damping parameter Z can be larger for the
2D structure on the surface of the tip. Thus, an increase in the
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damping parameter and screening effect compensate each
other.

7. Phononic and internal noncontact friction

7.1 Noncontact friction due to the excitation
of substrate phonons
We consider a tip that performs harmonic oscillations u �
u0 exp �ÿiot� � c:c: above an elastic body with a flat surface.
This results in an oscillating stress acting on the surface of the
solid, which then excites acoustic waves with the parallel wave
number q < o=cs, where cs is the speed of sound. The stress
siz acting on the surface of the elastic solid can be represented
in terms of the Fourier integral

siz�x; t� �
�

d2q

�2p�2 si�q�u0 exp �iqxÿ iot� � c:c: �126�

Using the elasticity theory, we can calculate the displacement
field ui at the surface z � 0 in response to the surface stress
distribution siz:

ui�x; t� �
�

d2q

�2p�2 Mi j�q;o� sj�q�u0 exp �iqxÿ iot� � c:c:

�127�

The tensor Mij was calculated in [100] in the model of an
isotropic elastic continuum. The energy dissipation per unit
time is given by

P �
�
d2x



_ui�x; t� siz�x; t�

�
� 2o

�
d2q

�2p�2 ImMi j�q;o�si�q�s �j �q�ju0j2 ; �128�

where h. . .i denotes time averaging. The energy dissipation
per unit time must be equal to G



_u 2�t�� � G2o2ju0j2.

Comparing this expression with (128) gives

G �
�

d2q

�2p�2
ImMij�q;o�

o
si�q�s �j �q� : �129�

At typical experimental conditions, we haveo � 103ÿ106 sÿ1
and qr � < or �=cs < 10ÿ3 5 1, where r � � ������

dR
p

is the effec-
tive radius of the interaction, d is the separation between the
tip and the sample, and R is the radius of curvature of the tip.
In this case, the contribution to the friction from the
excitation of acoustic waves can be determined by calculat-
ing the energy dissipation due to an oscillating point force
applied to the surface of the semiinfinite elastic continuum.
These calculations were done in connection with the vibra-
tional energy relaxation of adsorbates [101]. According to this
theory, the friction coefficient for vibration of the tip normal
to the surface is

G? � x?
4p

K 2

rc 3t
; �130�

where x? � 1:65, ct is the transverse speed of sound of the
solid, r is the mass density of the sample, and K � qF=qd,
where F�d � is the static force acting on the tip due to the
interaction with the surface.

For vibration of the tip parallel to the sample surface, the
friction coefficient due to the excitation of acoustic waves is
given by

Gk �
xk
4p

o2

rc 5t
F 2
z �d � ; �131�

where xk � 1:50. Comparing Eqns (130) and (31) gives
Gk=G? � �od=ct�2 5 1. We now consider two different
contributions to the tip ± sample interaction.

7.1.1 The van der Waals interaction.According to the Lifshitz
theory [36, 49], the stress szz�d � acting on the surfaces of two
identical semiinfinite bodies due to the van der Waals
interaction at small separation d5 c=op (where op is the
plasma frequency) is

szz�d � � �h

8p2d 3

�1
0

dx

�
e�ix� ÿ 1

�2�
e�ix� � 1

�2 : �132�

In the Drude model, e is given by

e�ix� � 1� o2
p

x�x� Z� : �133�

For a typical metal, the damping constant Z5op can be
disregarded in integrating (132). It then follows from
Eqns (132) and (133) that

szz � �hop

32
���
2
p

pd 3
: �134�

For a spherical tip of radiusR, using the same approximation
as in Eqn (62), we obtain

F s
z �d � �

R�hop

32
���
2
p

d 2
; �135�

K s � R�hop

16
���
2
p

d 3
: �136�

Similarly, for a cylindrical tip, we have

F c
z �d � �

3wR 1=2�hop

28d 5=2
; �137�

K c � 15wR 1=2�hop

29d 7=2
: �138�

For a copper tip separated from a copper substrate by
d � 10 nm, and with R � 1 mm and w � 7 mm, we have
G s
? � 6:3� 10ÿ18 kg sÿ1 for a spherical tip and G c

? �
1:3� 10ÿ14 kg sÿ1 for a cylindrical tip. The phononic friction
respectively decreases as dÿ6 and dÿ7 for spherical and
cylindrical tips.

7.1.2 Electrostatic interaction due to a bias voltage. In the
presence of a bias voltage V, the attractive force between the
tip and the sample at d5R is

F c�d � � wV 2R 1=2

27=2d 3=2
�139�

for a cylindrical tip and

F s�d � � RV 2

4d
�140�
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for a spherical tip. For the bias voltage V � 1 V, with the
other parameters the same as above, we obtain
G s
? � 8:8� 10ÿ17 kg sÿ1 and G c

? � 1:2� 10ÿ13 kg sÿ1 for the
spherical and cylindrical tips, respectively. We note that in
this case, the friction depends on the bias voltage as V 4.

For vibrations of the tip parallel to the surface of the
sample, the expression for the friction coefficient contains the
small factor �od=cs�25 1. Therefore, the phononic friction
coefficient for parallel vibrations of the tip is smaller by many
orders of magnitude than for normal vibrations.

7.2 Noncontact friction due to the internal friction
of the substrate
In studying the phononic friction in Section 7.1, we assumed
that the deformations of the solids are purely elastic. But the
deformation is purely elastic (or adiabatic) only for an
infinitely small velocity, such that the system stays in
equilibrium at each instant, whereas real motion always
occurs with finite velocity, and the body does not stay in
equilibrium. Thus, nonadiabatic `flow processes' occur,
resulting in dissipation of the mechanical energy.

Two kinds of processes result in energy dissipation. First,
there is the heat flow resulting from a temperature gradient.
Second, if a certain type of internalmotion occurs in the body,
then nonadiabatic processes related to the final speed of this
motion appear. These energy dissipation processes of the
second type are called (as in a liquid) internal friction or
viscosity.

The friction coefficient due to internal friction is also
determined by Eqn (129). But in contrast to the phononic
friction, the integration in (129) in the case of internal friction
is not restricted to low values of the wave vector, and large
values of q4o=ct play the most important role. For
q4o=cs, the tensor componentMzz is given by [100]

Mzz � 2�1ÿ n 2�
Eq

; �141�

where E�o� is the complex elastic modulus and n is the
Poisson ratio.

7.2.1 The van der Waals interaction. For R4 d, only the szz
component of the stress tensor due to the van der Waals
interaction is important. In this case, for vibrations of the
cylindrical tip parallel to the sample surface, we have

sz�q� �
�
d2x exp �iqx� q

qx
szz�x�

� ÿ iqxR
1=2

27d 5=2

sin �qyw=2�
qy

�3� x 2 � 3x� exp �ÿx� ; �142�

where x � ���������
2dR
p

qx. Using (141) and (142) in (129), we obtain

G c
k �

75p
216

w�h 2o2
p

d 6

Im
ÿ
E=�1ÿ n 2��

o
��E=�1ÿ n 2���2 �143�

for a cylindrical tip. For a spherical tip, similar calculations
give

G s
k �

0:25

29
���
2
p

p

R 1=2�h 2o2
p

d 11=2

Im
ÿ
E=�1ÿ n 2��

o
��E=�1ÿ n 2���2 : �144�

In general, Im
�
E�o�=�1ÿ n 2�� has many resonance

peaks, corresponding to different thermally activated relaxa-

tion processes. One important source of internal friction at
high frequencies is related to thermal currents: elastic
compression of a material is commonly associated with
heating effects. If the compression occurs sufficiently
rapidly, there is no opportunity for heat to be conducted
away; for very slow compression, temperature gradients are
eliminated by thermal conduction. In both these cases, the
compression process is reversible. It is adiabatic in the former
case and isothermal in the latter case. In both these limit cases,
the contribution of the thermal current to internal friction is
negligible. But in the intermediate frequency regime, we
expect dissipation of mechanical energy into heat. The
characteristic frequency for the maximum dissipation is of
the order of ot � 1=t, where, from dimensional arguments,
we expect the relaxation time t � l 2=D, where l is the linear
size of the compression region and D � k=rCp is the thermal
diffusibility (where Cp is the specific heat and k is the heat
conductivity). For l � 103 A

�
, this givesot � 1011 sÿ1 for gold,

which is much higher than the resonance frequency of the
cantilever of the atomic-force microscope. Another very
important contribution to the internal friction is related to
thermally activated transitions of point defects. A special case
is the vibrational motion of adsorbates at the surface of the
substrate and/or on the tip, as was treated separately in
Section 6. Another contribution to the internal friction
comes from the grain-boundary slip [102]. For a copper
cylindrical tip and a copper substrate, with d � 10 nm,
w � 7 mm, R � 1 mm, o � 104 sÿ1, and, as is typical for
metals [103], ImE�o�=��E�o��� � 10ÿ5 and E � 1011 N mÿ2,
we obtainG c

k � 10ÿ16. At this separation, the internal friction
therefore makes a much smaller contribution to the friction
coefficient than the electrostatic friction due to the bias
voltage or a spatial variation of the surface potential.
However, internal friction can make the dominant contribu-
tion for small separations d4 1 nm.

8. Conclusion

All material bodies are surrounded by a fluctuating electro-
magnetic field due to thermal and quantum fluctuation of the
current density inside them. This fluctuating electromagnetic
field can be described by the semiclassical Rytov theory or by
quantum field theory. In the near-field zone of any body, this
electromagnetic field is greatly enhanced in comparison with
the far-field region due to the existence of evanescent waves.
This enhancement is especially large if the surface of the body
can support surface modes, e.g., surface plasmons, surface
polaritons, or adsorbate vibrational modes of adsorbed ions.
The thermal radiation emitted by surface modes is spatially
and temporally coherent, which can be used for developing
tunable high-power infrared emitters in a narrow spectral
band, which may be used for sensing, spectroscopy, and
thermophotovoltaic applications.

The fluctuating electromagnetic field is responsible for
many important phenomena, e.g., the radiative heat transfer
between bodies, the van der Waals interaction, and the van
der Waals friction. The heat transfer between two bodies in
the vacuum is strongly modified when the surfaces come
closer than the characteristic wavelength of the thermal
radiation, lT � c�h=kBT. For separations d < lT, the heat
transfer is greatly enhanced in comparison with blackbody
radiation, due to the contribution from evanescent waves.
This contribution is particularly large for materials whose
conductivity ensures the maximum of the heat flux. At room
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temperature, this implies conductivities typical for semi-
metals, such as carbon, or for metal ± insulator composites.
The radiative heat transfer can also be greatly enhanced when
resonant photon tunneling between surface modes, like
surface plasmon polaritons or surface phonon polaritons,
can occur. In the case of resonant photon tunneling, the heat
flux occurs within a very narrow frequency band, which can
find application in energy conversion technologies. Adsor-
bates can generate evanescent waves localized in a very small
spatial region and in a very narrow frequency band. These
phenomena can be used in scanning probe microscopy for
local heating and modification of surfaces.

Similarly to the radiative heat transfer, the van der Waals
friction can also be enhanced in the case of resonant photon
tunneling between surface modes. This enhancement is
especially large for surfaces that can exhibit a 2D-acoustic
branch in the spectrum of elementary excitations, e.g.,
2D electron systems on insulating surfaces, or adsorbed
layers of ions with acoustic vibrations parallel to the surface.
For such systems, the electrostatic friction can also be
important. In particular, the friction observed in [11] can be
explained by electrostatic friction, when the electromagnetic
field created by the moving tip of an atomic-force microscope
is caused by the voltage between the tip and the sample, the
spatial variation of the surface potential, or spatial fluctua-
tions of charge in the bulk of the sample.

The van derWaals friction is responsible for the frictional
drag between quantumwells and can bemeasured using state-
of-the-art equipment. Noncontact friction can be technologi-
cally important for ultrasensitive force registration, and is
also of great basic scientific interest.

The van derWaals friction is even more important for 1D
structures like carbon nanotubes. The 1D nature of carbon
nanotubes may have profound consequences for basic
physical phenomenology of their description: single-wall
carbon nanotubes have been predicted to be Luttinger
liquids [104, 105], as is supported by some experimental
evidence [106, 107], although other interpretations have
been suggested [108]. Whether multi-wall carbon nanotubes
are Fermi or Luttinger liquids has been investigated experi-
mentally [109 ± 111] and theoretically [112] and seems to
depend on the situation. One can hope to obtain additional
information about strongly correlated low-dimensional
systems from the study of noncontact friction between them.

In a recent remarkable experiment [113, 114], it was
observed that the flow of an ion-rich liquid (such as water)
through assemblies of single-wall carbon nanotubes induces a
voltage in the nanotubes along the direction of the flow.
Strikingly, the voltage increases logarithmically over nearly
six decades. Several mechanisms have been proposed to
explain the friction-induced voltage in carbon nanotubes
[113 ± 115]. In one proposed mechanism [114], the induced
voltage is related to the fluctuating Coulomb field created by
charge density fluctuations in the moving liquid. Thus, the
problem of flow-induced voltagemay be related to the van der
Waals friction.

A.I.V. acknowledges financial support from the Russian
Foundation for Basic Research (grant no. 06-02-16979) and
the European Union Nanotribology project.
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