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1. Introduction

The physics of ultracold quantum gases has recently Ð and
deservedly Ð received a great deal of attention from both
theorists and experimentalists, working at the intersection of
condensed matter and atomic physics [1].

Indeed, ultracold Fermi ±Bose gases and Fermi ±Bose
mixtures in magnetic and dipole traps provide an excellent
testing ground for the theory of strongly correlated electron
systems in its various forms now in existence. Furthermore,
the experimental possibility of varying in a controlled way the

density and interaction parameters of ultracold gases Ð and
hence the possibility of proceeding from the weak-coupling
regime to the more realistic strong-coupling regime Ðmakes
magnetic traps and optical lattices ideal tools for checking the
currently most popular scenarios of high-temperature super-
conductivity (HTSC). The recent flurry of experimental and
theoretical work on ultracold Fermi ±Bose gases was largely
stimulated by the experimental realization of the Feshbach
effect in this class of systems [2]. With the help of this effect it
is possible, by applying an external magnetic field, to change
abruptly the sign and magnitude of the scattering amplitude
in the quasiresonant case (if there is a real or virtual shallow
level in the interaction potential of two particles). As the
magnetic field passes through the resonant value B0, the
interaction in the system abruptly reverses sign, so that for
B > B0 we proceed from the positive scattering length a > 0
(corresponding to the formation of real molecules) to a
negative one, a < 0 (corresponding to the absence of a real
bound state). Moreover, as B! B0 the effective scattering
length can reach an absolute value of 2000 to 3000 A

�
, whereas

the bare quasiresonant scattering length is typically around
15 ± 20 A

�
in the absence of a magnetic field. Figure 1 presents

a schematic illustration of the Feshbach resonance. The
magnetic field dependence of the scattering length can be
expressed analytically by the well-known formula [2]

a � abg

�
1� D

Bÿ B0

�
; �1�

where abg is the bare scattering length, and D is the Feshbach
resonance width measured in gausses. As B! B0, the
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Figure 1. Schematic illustration of the Feshbach effect. Applying a

magnetic field causes two energy terms to cross in the open and closed

channels, changing the system from one with a bound state for a > 0 to

one with a virtual state for a < 0. DB � Bÿ B0 is the deviation of the

magnetic field B from the Feshbach resonance field B0, and m is the

magnetic moment of the atom.



scattering length a!1, taking the system to the so-called
unitary limit for quantum gases. Notice that for an ultracold
Fermi gas the case a > 0 corresponds to the formation of a
molecule (a composite boson) consisting of two elementary
fermions f"f#. The energy of this bound state is given by

Eb � ÿ 1

ma 2
: �2�

As applied to a Fermi ± Bose mixture with a fermion
resonantly interacting with a boson, the case a > 0 for the
fermion ± boson scattering amplitude corresponds to the
formation of a molecule (a composite fermion) consisting of
an elementary boson b and an elementary fermion f [3]. If the
fermion and the boson are of equal mass,mB � mF, then their
binding energy is again given byEb � ÿ1=�ma 2�. Finally, in a
Bose gas with two sorts of bosons, the case a > 0 for the
scattering amplitude of a boson of one sort from a boson of
another sort corresponds to a composite boson (b1b2
molecule) being formed [4]. It should be noted that both
composite bosons f"f# (6Li2, 40K2) and composite fermions fb
(40K� 87Rb) have recently been observed in optical dipole
traps in Feshbach resonance experiments by the groups of Jin
[5], Ketterle [6], Grimm [7], and Salomon [8].

In this article we consider composite fb fermions and
composite f"f#, b1b2 bosons in Fermi ±Bose gases and
Fermi ±Bose mixtures with a resonantly large scattering
amplitude (a4 r0, where r0 is the range of the potential). We
will determine exactly the scattering amplitude of an
elementary fermion (boson) from a molecule (a composite
boson or fermion) and the scattering amplitude of a molecule
from a molecule in resonant 3D and 2D Fermi ±Bose gases,
and we will investigate the role of these amplitudes in
constructing phase diagrams for this class of systems. We
will also determine exactly all the bound state energies of
three- and four-member complexes of resonantly interacting
particles in the 2D case where we will show that the number of
bound states is finite. We will conclude by briefly discussing
the probability that five or more resonantly interacting
particles can form a complex in a 2D Fermi ± Bose gas and a
Fermi ±Bose mixture. Finally, we will touch briefly on a
possible HTSC scenario in which two composite holes (two
spin polarons or two strings) form a local pair in the d-wave
channel.What wemean by a composite hole is in fact a bound
state between a spinon fis and a holon bi in a confining string
potential that arises as a hole moves in an antiferromagnetic
(AFM) background in the 2D and 3D cases [9, 10].

2. Scattering of a molecule by an atom

Constructing phase diagrams for resonant gases requires the
knowledge of the scattering amplitudes for three or four
particles, namely, a2ÿ1, the scattering amplitude of a
molecule from an atom, and a2ÿ2, the scattering amplitude
of a molecule from a molecule.

If there is a strong attraction between the particles, then
the binding energies for trios, E3, for quartets, E4, and for
large droplets containing N > 4 particles also need to be
calculated. Notice that in the bare (Born) approximation for
three resonantly interacting f"f# and f"; # fermions, the sign of
the scattering amplitude a2ÿ1 corresponds to attraction.
Similarly, the fermion f"; # repels itself from the molecule fb
composed of a fermion and a boson [3]. On the other hand,
the Born approximation predicts the boson b to be attracted
to the molecule bb. Similarly, the boson b is attracted to the

molecule bf [3]. The only factor causing the bare interaction to
differ in sign is the Pauli principle (i.e., the statistics of the
interacting particles).

3. Skorniakov ±Ter-Martirosian equations

With the signs of the bare interaction now known, we are in a
position to exactly determine the scattering amplitudes a2ÿ1
for three-particle complexes. This is done by exactly solving
the so-called Skorniakov ±Ter-Martirosian integral equa-
tions [11], whose graphic representation is given in Fig. 2. In
the case of three resonantly interacting particles, Skornia-
kov ±Ter-Martirosian equations can be written analytically
as [11, 12]

T3� p1; p2;P� � �G�Pÿ p1 ÿ p2�

� i

�
d4q

�2p�4 G�Pÿ p1 ÿ q�G�q�T2�Pÿ q�T3�q; p2;P� ; �3�

where, for three fermions, p1, p2 are the initial and final four-
momentum vectors of an elementary fermion; Pÿ p1 and
Pÿ p2 are the initial and final four-momenta for the molecule
f"f#; P is the total four-momentum; q is the intermediate four-
momentum of an elementary fermion; d4q � d3q dOq is the
measure of integration over an intermediate four-momentum
vector, the `ÿ' sign stands for the bare repulsion of the
fermion f"; # by the molecules f"f# and fb, and the `+' sign
for the bare attraction of a boson by the molecules bb and bf.
To evaluate the scattering amplitudes a2ÿ1 of a fermion from
the molecule f"f# we can, without loss of generality, assume
that P � fE;Pg � fÿjEbj; 0g and p2 � 0 in Eqn (3).

It should be noted that in Eqn (3) G is the single-particle
Green's function [in a vacuum G � 1=�oÿ p 2=�2m� � i0��],
the free term corresponds to the Born approximation, T2 is
the two-particle T matrix, and T3 is the three-particle
T matrix.

In the 3D case, the required T-matrix for two particles of
equal mass takes the form [12]

T2�o; p� � g
4p
m 3=2

��������jEbj
p � ���������������������������

p 2=�4m� ÿ o
p

oÿ p 2=�4m� � jEbj ; �4�

where jEbj � 1=�ma 2� is the absolute value of the two-particle
binding energy: g � 2 for indistinguishable particles, and
g � 1 for two different particles (e.g., a fermion and a boson,
or two bosons of different sorts).

Similarly, in the 2D case one finds

T2�o; p� � g
4p
m

1

ln
p 2=�4m� ÿ o
jEbj

; �5�

where, as in the case of three dimensions, g � f1; 2g.
The three-particle T-matrix T3 is related to a2ÿ1�k�, the

scattering amplitude of an elementary particle from a

= +T3 TT33

p1 p2 p2 p2p1 p1 q

Pÿ p1 Pÿ p1 Pÿ p1 Pÿ qPÿ p2 Pÿ p2 Pÿ p2

Figure 2. Skorniakov ±Ter-Martirosian equation for three-particle scat-

tering represented graphically. T3 is the exact three-particle T matrix,

while the double line denotes the exact two-particle T-matrix T2.
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molecule, by the relationship

8p
m 2a

T3

��
k 2

2m
; k

�
; 0; ÿjEbj

�
� 3p

m
a2ÿ1�k� : �6�

Substituting a2ÿ1�k� and T2�o; p� into Eqn (3) and
integrating over frequencies one arrives at the relationship
for three fermions in the 3D case:

�3=4�a2ÿ1�k�������������
mjEbj

p � ������������������������������
3k 2=4�mjEbj

p � 1

k 2 �mjEbj

ÿ 4p
�

a2ÿ1�q�
q 2
ÿ
k 2 � q 2 � kq�mjEbj

� d3q

�2p�3 : �7�

Solving this equation we find that the s-wave scattering
length of a fermion by a molecule equals

a2ÿ1�0� � 1:18a ; �8�
consistent with the classical Skorniakov ±Ter-Martirosian
result.

Note that in the case of bare attraction between an
elementary particle and a molecule, the only thing which is
needed in fact to determine the binding energy of a three-
particle complex reduces to solving the homogeneous
Skorniakov ±Ter-Martirosian equation and to determining
the pole of the three-particle vertex of T3 from it. There is,
however, an important point to make here. A kernel analysis
of Eqn (3) for three bosons bbb or two bosons and a fermion,
fbb, shows that in the 3D case the homogeneous Skornia-
kov ±Ter-Martirosian equation has a solution independent of
how large the absolute values of the negative energy are
chosen to be [13]. In reality, however, jE3j < 1=�mr 20 �, where
r0 5 a is the range of potential, and there exist
N � �1=p� ln �a=r0� three-particle levels [14] on the energy
interval 1=�ma 2� < jE3j < 1=�mr 20 �. This phenomenon Ð
known as the Efimov effect [15] Ð is related to the presence
of the attractive potentialVeff � ÿa=R 2 < 0 (see Fig. 3) in the
three-particle SchroÈ dinger equation for three bosons in the
3D case.

So what we come up with in a three-particle system is the
phenomenon of falling to the center and the possibility of
appearing the arbitrarily strongly bound states in the 3D case.
Analysis shows that the Efimov effect occurs in space
dimensions 2:3 < D < 3:8 [16]. In the 2D case, the Efimov
effect is absent [16]. The three-particle SchroÈ dinger equation
now contains a repulsive term Veff � b=R 2 > 0, making
negative-energy three-particle levels jE3j finite in number in
the 2D case.

The exact solution of the Skorniakov ±Ter-Martirosian
equation in the 2D case shows that for three resonantly
interacting bosons there are only two levels with binding
energies [17]

E
�1�
3 � 16:4Eb ; E

�2�
3 � 1:3Eb : �9�

Similarly, for a boson b scattered by a composite fermion
fb or for a boson of one kind b1 scattered by a molecule b1b2
(composed of two unlike bosons) there is only one bound
level [12]

E3 � 2:4Eb ; �10�

for the fermion mass equal to that of the boson, mB � mF. It
should be emphasized that the binding energies of the three-
particle complexes (9) and (10) are functions of the two-
particle binding energy jEbj alone in the 2D case.

4. Scattering of a molecule by a molecule

We next consider four resonantly interacting particles in 3D
and 2D cases and calculate the scattering amplitude a2ÿ2 of
a molecule from a molecule and the bound state energies E4.
In the bare (Born) approximation, it can be shown Ð again
based on the Pauli principle (i.e., the particle statistics)
alone Ð that the two molecules f"f# and f"f# repel each
other. At the same time, the two other molecules (for
example, bb and bb) attract each other.

We have been able to derive exact integral equations for
the quartets [12] Ð the analogue of the Skorniakov ±Ter-
Martirosian equation for the trios. A graphical representa-
tion of these equations is given in Fig. 4.

When represented algebraically, these equations take the
following form [12]:

F�q1; q2; p2;P� � ÿG�Pÿ q1 � p2�G�Pÿ q2 ÿ p2�

ÿ i

�
d4k

�2p�4 G�k�G�2Pÿ q1 ÿ q2 ÿ k�

� T2�2Pÿ q1 ÿ k�F�q1; k; p2;P�

� 1

2

��
d4Q

�2p�4
d4k

�2p�4 G�Qÿ q1�G�2PÿQÿ q2�T2�2PÿQ�

� T2�Q�G�k�G�Qÿ k�F�k;Qÿ k; p2;P� � �q1$ q2�; �11�

T4� p1; p2;P� � i

2

X
ab

�
d4k

�2p�4 w�a; b�G�P� p1 ÿ k�G�k�

� w�b; a�F�P� p1 ÿ k; k; p2;P� ; �12�

1

3

2

Rr

Figure 3. The coordinate R is the distance from the elementary boson 3 to

the center of gravity of the molecule composed of two bosons 1 and 2.
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Figure 4.Exact integral equations for four resonantly interacting particles.

The double line represents the exact two-particle T-matrix T2.
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where Eqn (12) relates the canonical four-particle T-matrix
T4 and the auxiliary vertex F which we introduced into
Eqn (11). Importantly, the skew-symmetric vertex F is the
end point for two lines representing elementary particles with
four-momenta q1 and q2, and for one double line representing
a molecule. At the same time, F is the starting point for two
molecular lines. Also note two molecular double lines
entering and leaving the canonical T-matrix T4. In Eqn (12),
w�a; b� is the spin factor, and P is the total four-momentum.
The minus sign in front of the free term in Eqn (11)
corresponds to the Born repulsion between the two f"f#
molecules. To find the s-wave scattering amplitude a2ÿ2 of a
molecule from the molecule, we can assume without loss of
generality that p2 � 0, P � f0;ÿjEbjg and use the following
relationship between a2ÿ2 and T4:�

8p
m 2a

�2

T4

ÿ
0; 0;ÿ2jEbj; 0

� � 2p�2a2ÿ2�
m

: �13�

As already noted, the first term on the right-hand side of
equation (11) for F corresponds to ÿGG, i.e., to the Born
approximation [18]. Substituting the Born-approximated F
into Eqn (12) we arrive at T4 proportional to the integral of
four Green's functions G 4 and, furthermore, a2ÿ2 � 2a, in
accordance with the Pauli principle Ð as previously shown in
the well-known work by Hausmann [18]. The third term on
the right-hand side of equation (11) for F corresponds to the
ladder approximation. It was studied by Pieri and Strinati [19]
and is responsible for an infinite number of rescatterings of
one molecule by another molecule, occurring without either
of them losing their identity. When the first and third right-
hand terms of expression (11) for F are substituted into
equation (12) for T4, one obtains a2ÿ2 � 0:75a [19]. Finally,
the second term on the right-hand side of the expression forF
accounts for the molecule ±molecule scattering dynamics,
describing both the virtual decay of a single molecule into
virtual trios and units, and Ð provided the crossing effect is
taken into consideration Ð the virtual decays of both
molecules with elementary particle exchange between them.
Such processes of molecule ±molecule scattering were pre-
viously analyzed by Petrov, Salomon, and Shlyapnikov [20]
using a properly chosen ansatz for the solution of the four-
particle SchroÈ dinger equation. Substituting all three terms of
the expression for F into Eqn (12) for T4 yields
a2ÿ2 � 0:6a > 0, consistent with the results of Ref. [20].
Similarly, one finds in the 2D case that [21]

f2ÿ2�e� � 1

ln
ÿ
1:6 jEbj=e�

> 0 : �14�

Finally, let us consider again the bound state of four
particles attracting each other resonantly. In the 3D case, we
again arrive at the analogue of the Efimov effect, and in the
event of two interacting molecules (bb and bb, f"b and f#b, fb
and bb) the homogeneous equations corresponding to
integral equations (11) and (12) have a solution at arbitrarily
large absolute values of the binding energy jE4j. For a real
situation, again, one has 1=�ma 2� < jE4j < 1=�mr 20 �.

In the 2D case, there is again no analogue to the four-
particle Efimov effect and the number of bound states is finite
as before. For four interacting bbbb bosons there exist two
bound states with the energies

E
�1�
4 � 194Eb ; E

�2�
4 � 24Eb : �15�

The energies of these levels were first determined by Bruch
and Tjon [22]. For the two-boson two-fermion complex
f"bf#b or for the complex b1b2b1b2 involving different types
of bosons there are again two bound states with the energies
[12]

E
�1�
4 � 10:7Eb ; E

�2�
4 � 2:9Eb : �16�

Finally, for the complex fbbb with the fermion and boson
masses equal, mB � mF, only one energy level

E4 � 4:1Eb �17�

exists [12]. In the last case it should be noted that the second
(`ladder') term in the expression for F is absent altogether
[12].

5. Phase diagram of a resonant Fermi gas

The results of Sections 3 and 4 for the scattering amplitudes
a2ÿ1 and, especially, for a2ÿ2, as well as for E3 and E4, are of
key importance in constructing phase diagrams for 3D and
2D Fermi ±Bose gases, individual or mixed.

The phase diagram of a resonant Fermi gas in the 3D case
is shown qualitatively in Fig. 5 taken fromRef. [23], where the
plot of the dimensionless temperature T=eF versus the inverse
gas parameter 1=apF portrays the superfluid BCS region
which corresponds to the formation and simultaneous Bose
condensation of extended Cooper pairs, and also shows a
BEC region where local pairs (molecules) form and then also
undergo Bose condensation. The BCS region corresponds to
a negative two-particle scattering length a < 0, and a positive
chemical potential m > 0. In the weak-coupling region
1=�apF� ! ÿ1, Cooper pairing in a Fermi gas occurs near
the Fermi surface, so that at 1=�apF� ! ÿ1 one finds m � eF.

The critical temperature in the BCS region is determined
from the well-known formula by Gor'kov and Melik-
Barkhudarov [24]:

Tc � 0:28eF exp
�
ÿ p
2pFjaj

�
: �18�

As the point 1=�apF� ! ÿ0 is approached, we pass to
the so-called unitary limit. In this limit there is no small
parameter of the theory and all the quantities involved,
including the total energy of the system, its chemical
potential m, and Tc, are expressed in terms of the Fermi
energy alone [25]. From the Monte Carlo calculations by
Pieri, Pisani, and Strinati [26] (2005) and by Astrakharchik

0 0.4

0.3

T=eF

1ÿ1

m � 0

1=pFa � ÿ1 1=pFa � �1

BCS region BEC region

m > 0

a < 0

m5 0

a4 0

Figure 5. Phase diagram of a resonant Fermi gas in the 3D case. Regions

labelled BCS and BEC correspond to Copper pairing and to Bose

condensation of local pairs, respectively.
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et al. [27] (2004), it follows that m � 0:44eF > 0, i.e., the sign
of the chemical potential corresponds to the BCS region. On
the other hand, a Monte Carlo calculation of Tc by
Burovski et al. [28] (2006) yields Tc=eF � 0:15. The
chemical potential goes to zero at the point Tc only at
apF � 2:5 [23], i.e., in the range of positive a values. Notice
that for 19 apF 9 3 we have na 3 � p 3

Fa
3=3p2 9 1, so that

local pairs still do not strongly overlap but only touch one
another slightly.

In Fig. 5, the boundary between the BCS andBEC regions
is shown by the dashed line. Along this line m�T � � 0. For
apF < 2:5

ÿ
or 1=�apF� > 0:4

�
, we go over into the BEC region

where in the limit of weak coupling
ÿ
1=�apF�4 1

�
the critical

temperature is given by [29]

Tc � 0:2eF�1� 1:3 a2ÿ2 n 1=3� : �19�
Corrections to the Einstein formula in Eqn (19), which are

linear in the scattering length a2ÿ2 of a molecule from a
molecule, were determined by Kashurnikov, Prokof'ev, and
Svistunov [29] using theMonte Carlomethod. A point to note
is the existence in the BEC region of yet another characteristic
temperature which is given by the Saha formula [29]

T� � jEbj
�3=2� ln ÿjEbj=eF

� 4Tc : �20�

This temperature governs a smooth crossover and is found
from the condition of thermodynamic equilibrium between
the unpaired fermions and molecules:

nF�T�� � 2nM�T�� � n

2
; �21�

where n is the total density. For Tc 5T5T�, we find
ourselves in the region of a normal Bose gas of molecules
with the mass 2m and density n=2 [30].

Note also that the scattering length a2ÿ2 of a molecule
from a molecule determines the speed of sound in the
superfluid state of a resonant Fermi gas in the BEC region
for T5Tc [31, 32]:

c 2 � nM
mM

dmM
dnM

; �22�

where

mM �
4pa2ÿ2
2m

n

2
> 0 �23�

is the chemical potential of a weakly nonideal Bose gas of
molecules with the mass mM � 2m and density nM � n=2.

Analogously, given the knowledge of the scattering
amplitude f2ÿ2 in a 2D Fermi gas and the three- and four-
particle binding energies in a 2D Fermi ± Bose mixture with
resonant boson ± fermion attraction, it is possible to deter-
mine the characteristic Saha temperatures and the superfluid
transition temperature for these systems, thus completing
construction of phase diagrams for them.

It should be noted that in a 2D Bose gas or Fermi ±Bose
mixture with bosons outnumbering fermions �nB > nF�,
large complexes (droplets) involving N > 4 particles can, in
principle, form. The binding energy of such a droplet again
will be limited only by the presence of the attractive core:
jENj < 1=�mr 20 �. For multiparticle complexes, the closed
system of Skorniakov ±Ter-Martirosian type integral equa-
tions is extremely difficult to construct and solve. A more

promising approach here is the variational method, pro-
posed by Hammer and Son [34], among others. In this
method, the energy of a droplet in a 2D Bose gas grows
exponentially with N (the number of particles in the droplet),
so that jENj � jEbj exp �2N�, provided that N < Nmax �
0:9 ln �a=r0�. Such large droplets may have been observed in
experiments conducted by Roati et al. [35] and Modugno et
al. [36] on the collapse of a Bose gas in Fermi ±Bose mixtures
for nB > nF.

6. A spinon ± holon mixture
in high-temperature superconductors

Finally, a few words on the mixture of spinons and holons in
weakly dopedHTSC systems are in order. For HTSC systems
we suggest, starting from the Hamiltonian for a strongly
interacting Fermi ±Bose mixture of spinons fis and holons bi,
to derive the effective one-band Hamiltonian for weakly
interacting composite holes or spin polarons:

his � fis bi : �24�
Lying behind this idea is the well-known string solution for a
composite hole, which was obtained by Bulaevskii, Nagaev,
and Khomskii [9] and also by Brinkman and Rice [10], and
which predicts for 3D and 2D cases that a hole produces a
linear track (or string) of frustrated spins in its wake as it
moves in an AFM background. As this takes place, the
spinon ± holon binding energy in a confining string potential
is given by

Eb � �zJS 2�2=3t 1=3 ; �25�

where mb � 1=t is the holon mass, mf � 1=J is the spinon
mass, t is the hopping integral, J is the exchange integral, and
J5 t for real HTSC systems. Allowing for quantum fluctua-
tions [the term J�S�i Sÿj � Sÿi S

�
j � in the tÿJ-model], the

composite hole acquires a large but finite mass M � 1=J,
leading to the expression

Eh � Eb � J�cos kx � cos ky�2 �26�

for the composite hole spectrum on a 2D square lattice [39].
To achieve superconductivity in the system, we need to

create a pair of composite holes hish jÿs, which is in fact a
quartet fisbi f jÿs bj containing two spinons and two holons
located at the i and j sites of the square lattice.

Whether or not a bound state of two composite holes
forms depends on the nature of the residual interaction
between them. The residual interaction of two holes at low
�x5 1� concentrations is of a dipole ± dipole nature, as
revealed by Shraiman and Siggia [40] in 1990, and has the
form V�r� � l=r 2 in the 2D case.

As shown by Belinicher and co-workers [41, 42] (1997,
1995), for holes interacting in this way on a lattice, a shallow
bound state of two composite holes can form in the dx 2ÿy 2 -
wave channel in the limit of small hole concentrations.

We note that this result was obtained by applying the
spin-polaron approximation to the tÿJ-model with only the
nearest neighbor hopping terms t and the next nearest
hopping terms t 0 and t 00 being neglected. In the opposite
limit of high hole concentrations, the d-wave pairing (of
Cooper type this time) was obtained in the framework of the
tÿJ-model by Kagan and Rice [43]. Finally, a recent result
by Plakida and co-workers [44] Ð an exact expression for Tc
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in the d-wave channel for the tÿJ-model taking into account
the preexponential factor Ð opens up an interesting possibi-
lity for studying the Tc-vs-x curve for HTSC systems as a
BCS ±BEC crossover for the pairing of two composite holes
in the d-wave channel.

7. Conclusion

Concluding we briefly outline the main results presented in
this report. Based on the resonance �a4 r0� approximation,
we derived and exactly solved integral equations for trios and
quartets in the 3D and 2D cases. We calculated the scattering
amplitude of a molecule from a molecule in a 3D and 2D
resonant Fermi gas, and we determined bound state energies
for all the possible three- or four-particle complexes in the 2D
case. As a result, we were able to construct the phase diagrams
for a resonant Fermi gas and a resonant Fermi ± Bose
mixture. We also proposed a new superconductivity scenario
for HTSC systems, in which two composite holes, each
containing a spinon and a holon, form a superconducting
pair in the d-wave channel.
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Lasers and high energy density physics
at the All-Russian Research Institute
of Technical Physics (VNIITF)

A V Andriyash, P A Loboda, V A Lykov,
V Yu Politov, M N Chizhkov

1. Introduction

The build-up of high energy density physics (HEDP) as an
independent area of research was caused by the development
of nuclear weaponry. By the end of the 1980s and the
beginning of the 1990s, the activity of research in this area
sharply increased. The reason was the growth in importance,
in the atmosphere of the nuclear test ban, of laboratory
studies aimed at confirming the reliability and security of
nuclear stockpiles. To this end, the high-power laser facility
projects of National Ignition Facility (NIF) and Megajoule
laser facility (LMJÐLaserMeÂ gajoule) with a total energy of
laser radiation approaching 1.8 MJ are being pursued by
Lawrence Livermore National Laboratory (LLNL, USA)
and Commissariat a l'Energie Atomique (CEA, France),
respectively [1, 2]. In addition to research concerned with
nuclear stockpile stewardship, there are plans to utilize these
facilities to demonstrate the possibility of employing fusion
ignition to solve energy problems: the goal is to implement
fusion ignition of microtargets with an energy yield higher
than 20 MJ and more than 1019 14-MeV neutrons per flash.
At the Russian Federal Nuclear Center (RFNC) `All-Russian
Research Institute of Experimental Physics' (VNIIEF in
Russ. abbr.), it is planed to build a solid-state-laser
ISKRA-6 facility with an energy of up to 300 kJ in a
nanosecond pulse [3]. Another factor determining the
increase in the pace of research in HEDP is the astonishing
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progress in building compact lasers for generating high-
power ultrashort pulses. In a number of countries (France,
Germany, Great Britain, Japan, Russia, and the United
States), lasers with a peak power of 10 ± 100 TW in a 0.1 ±
1-ps pulse have been developed. At the end of the 1990s, a
petawatt laser (500-J energy with a pulse length of 0.5 ps) was
built at LLNL [4]. Recently, petawatt lasers have also been
launched in Great Britain (Vulcan) [5] and Japan [6]. These
facilities are employed in studies on the ultrahigh-intensity
(1018ÿ1020 W cmÿ2) laser ± matter interaction and the
production of relativistic electrons, gamma-ray photons,
and high-energy ions (with energies up to several dozen
megaelectron-volts per nucleon). The employment of high-
power lasers with ultrashort pulse lengths also opens new
possibilities for HEDP (the study of properties of matter at
ultrahigh pressures and temperatures) and for research in
inertial fusion (the concept of `fast ignition' of thermonuclear
targets).

This report provides a brief review of the work in HEDP
done at the RFNC `E I Zababakhin All-Russia Research
Institute of Technical Physics' (VNIITF in Russ. abbr.) and
related to experiments involving high-power laser facilities.
Such work consists of, first, theoretical and computational
approaches to computer simulation of certain laser assem-
blies for laser fusion (LF) experiments. An analysis of the
results of such studies shows that such assemblies serve as an
extremely sensitive tools for calibrating theoretical models
and verifying the various HEDP computer codes (the
interaction of laser radiation with matter, the development
of hydrodynamic instabilities, modeling high-intensity hydro-
dynamic flows, etc.). In view of the important role that
radiation transfer plays in HEDP, both in describing the
relevant processes and in diagnosing high-temperature dense
plasmas, we will cover some results of research in modeling
the spectral characteristics of multiply charged ions and the
opacity of high-temperature dense plasma. We will also
present the results of experimental studies and theoretical
and computational modeling of a wide circle of physical
phenomena that take place during the interaction of high-
power picosecond laser light with matter.

2. Laser fusion as an area of research in HEDP

Theoretical, computational, and experimental research in the
field of fusion target ignition by laser radiation at VNIITF
began in the 1970s on the initiative of L P Feoktistov, who
worked in close collaboration with the P N Lebedev Physics
Institute of the USSR Academy of Sciences (FIAN).

Over the years, interest in this work has not waned at
VNIITF. What makes this research so interesting is the
multitude of physical processes and states realized in the
systems considered and their certain similarity to the
phenomena usually associated with thermonuclear weapon.
Experimental research in laser fusion produces unique
information for HEDP, which is used to verify models and
computer codes. For example, let us consider the laser
assembly utilized in indirect-driven target compression, i.e.,
with conversion of laser radiation into X-rays. Complete
calculation of such an assembly is extremely difficult.
Generally, one needs to solve three-dimensional gasdynamic
equations with spectral transfer of radiation in conditions of
nonequilibrium laser plasma and with proper allowance for
instability development and turbulent mixing in plasma.
Figure 1 shows the typical geometry of the system at the

instant of time corresponding to the peak X-ray radiation
temperature at the fusion target surface in a two-dimensional
calculation done by the SINARA computer program [7]. The
complex nature of gasdynamic flows is clearly visible in this
computer simulation. At the same time, experimental data on
the dynamics of motion in such a system make it possible to
calibrate the computer codes intended for modeling the
gasdynamic flows with substantial strains and the propaga-
tion of X-ray radiation in systems with a complex geometry.
Another area of recent research in the field of theoretical and
computational modeling at VNIITF is the study of the
attainability of fusion ignition in systems with indirect-
driven target irradiation with laser energies comparable to
those of the ISKRA-6 facility [8]. The possibility of fusion
ignition of a cryogenic target with a beryllium ablator (similar
to the target used for NIF [9]) was examined. Computational
optimization done by the Era computer program [10] led to
the following consistent values of the target parameters and
the shape of the optimal time dependence of the blackbody
radiation temperature needed for fusion: the outer target
diameter, 1.115 mm; the thickness of the Be0.98Cu0.02 shell,
82.5 mm, and the thickness of the layer of deuterium ± tritium
(DT) ice on the inner surface, 40 mm (see Fig. 2a). For the
found optimal time dependence of the radiation temperature
with amaximum value of 360 eV, the calculated fusion energy
yield from the target amounted to about 1.7 MJ, with the
blackbody radiation energy absorbed by the target being
about 30 kJ. The density of the targets under compression
was as high as 300 ± 600 g cmÿ3, while the ion temperature of
the fuel during fusion combustion exceeded 30 keV. The
X-ray yield of photons with energies exceeding 10 keV

0 20

20

40 x

y

Au

HeHDT CH+O+Br

Figure 1.The geometry of the laser assembly and the spatial coordinates at

the instant of time when the temperature of the radiation at the target

surface reaches its maximum.
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Figure 2. Targets for the ISKRA-6 facility: (a) the single-shell cryogenic

target [8], and (b) the double-shell noncryogenic target [12].
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amounted to about 150 kJ in the one-dimensional calculation,
while the neutron yield was 6� 1017.

The sensitivity of the fusion energy yield to various factors
is a special topic of research in computer simulations. To
establish the criteria of purity of the target surface and
uniformity of the flux of blackbody radiation falling on the
target surface, two-dimensional calculations using the
TIGR±Omega-3T computer program [11] were done, as
well as one-dimensional calculations with allowance for
turbulent mixing according to the ke-model. According to
calculated results reported by Chizhkov et al. [12], to reach a
fusion energy yield from the target close to the results of one-
dimensional calculations, the roughness of the inner surface
of the beryllium shell must be no greater than 200 ± 300 A

�
,

which is three to five times smaller than in the case of the
target at Los Alamos National Laboratory (LANL), used for
ignition in the setup at NIF (the diameter of the target at NIF
is 2.21 mm). The design of the laser assembly must guarantee
the necessary symmetry of the radiation at the target surface
(the total flux perturbation amplitude must not exceed 1%)
and a time dependence of the radiation temperature of a
special form with its maximum at about 360 eV, with the
energy absorbed by the target being about 30 kJ. Thus, with a
laser whose output energy is about 300 kJ, the energy
conversion efficiency of the laser radiation (the ratio between
the blackbody radiation energy transferred to the target and
the laser energy) must be about 10%. Ensuring high energy
conversion efficiency of laser radiation and high symmetry of
the radiation at the target surface simultaneously is a difficult
task. Calculations were also done for a noncryogenic target
with two shells for the ISKRA-6 facility, a target similar to
that used at NIF [13]. The target (see Fig. 2b) consists of an
outer shell 140-mm thick made of pure beryllium with a
diameter of 1.76 mm, and an inner 25-mm thick gold shell
with a diameter of 0.37 mm. The shells are separated by a
layer of low-density foam. The cavity at the target's center is
filled with high-density deuterium ± tritium gas at room
temperature. The calculated fusion energy yield from the
double-shell target amounted to 240 ± 280 kJ, with the energy
absorbed by the target being 60 ± 70 kJ [12]. About 20%of the
300 kJ of the laser energy from the ISKRA-6 facility must be
transferred to the target, which can be achieved by using the
converter whose walls are made of a mixture of high-Z
elements (what is known as cocktails). The radiation
temperature required for the double-shell target considered
amounts to 200 eV, which is much lower than the peak
temperature (360 eV) for the cryogenic single-shell target.
Two-dimensional calculations with the TIGR±Omega-3T
program have demonstrated that the fusion energy yield
from the noncryogenic target with two shells is close to that
produced by one-dimensional calculations, with the ampli-
tude of the perturbation in the form of the 12th harmonic on
the outer surface of the gold and beryllium shells being up to
500 A

�
. The asymmetry of the blackbody radiation flux at the

target surface must be smaller than 4% for a perturbation in
the form of the fourth harmonic. The displacement of the
shell centers must not exceed 1 ± 2 mm. Calculations done at
VNIITF point to the possibility of approaching very closely
the ignition threshold of fusion targets with indirect-driven
irradiation using facilities on the scale of ISKRA-6, which
makes it possible to apply such a facility in studies of various
HEDP processes (the development of instabilities, turbulent
mixing, spectral radiation transfer, nonequilibrium processes,
and so forth).

3. Modeling the spectral characteristics
of multiply charged ions and the opacities
of high-temperature dense plasmas

The development of theoretical and computational models of
the interaction of X-ray radiation withmatter received proper
attention in the USSR at the atomic-weaponry centers in
1957, when in one of the first tests of a thermonuclear system
built according to a new design a two-fold reduction in the
time of operation of the thermonuclear device compared to
the calculated time was recorded. This had uniquely indicated
that the free path lengths of radiation in the structural
materials of the charge were much smaller than those used
in calculations. At the time, only Compton scattering,
bremsstrahlung and photoionization absorption were taken
into account in estimates of the radiation free path lengths.
Ya B Zel'dovich noticed that bound ± bound transitions
might play a great role in the reduction of the lengths.
A F Nikiforov and V B Uvarov, research workers at the
Institute of Applied Mathematics (IAM) of the USSR
Academy of Sciences, took an active part in improving the
methods used in calculating the radiation free path lengths.

In their model [14], the contribution of bound electrons
was evaluated from the solution of the SchroÈ dinger equation
with the Thomas ±Fermi potential. Later on, new, more
accurate, methods based on the modified Hartree ±Fock ±
Slater model for the averaged ion were developed at IAM
with the active participation of V G Novikov (see Ref. [11]; a
list of references related to this problem can also be found in
the monograph [15]).

For many years, the values of the free path lengths
obtained on the basis of the Nikiforov's and Uvarov's
model [14] were used in describing radiative transfer pro-
cesses in HEDP problems.

In the early 1980s, the staff of VNIITF began developing
their own physical models applied in calculating processes of
the interaction between radiation and matter. At the time,
such research stemmed from the pressing need to calculate the
spectral absorption coefficients for various materials, includ-
ing multicomponent mixtures, as applied to devices of
unusual design being developed at the Institute.

At the first stage, when describing the state of matter the
researchers used the semiclassical model of an averaged ion
with an analytical intraatomic potential and adjustable
parameters. This made it possible to obtain an explicit
representation for the discrete electron energy levels [16].
Comparative calculations showed that the values of the total
energies of isolated atoms, obtained in such a model, are in
good agreement with data obtained by the Hartree ±Fock ±
Slater method. Allowing for the diversity of the physical
processes determining the position and shape of spectral lines,
the researchers were guided by a simplified method for
calculating the spectral absorption coefficients. When calcu-
lating discrete absorption in plasma with allowance made for
the splitting and broadening of the spectral lines, they took
into account only the statistical splitting related to fluctua-
tions of the occupation numbers in the averaged ion model.
Here, it was assumed that, within the spectral distributions
obtained, the lines completely overlap due to the interaction
with surrounding plasma [17]. Such a situation, as is known, is
characteristic of high-density plasma, in which the confluence
of the spectral lines corresponding to a specific one-electron
transition i! f is examined in experiments, i.e., relatively
broad envelopes of arrays of lines instead of separate peaks
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are observed. The simplicity of the model and the low
computation time made it possible to easily generalize the
model to the calculation of thermodynamic functions (and,
correspondingly, of spectral lengths) of multicomponent
systems consisting of a mixture of atoms of different
chemical elements. A comparison of the results of the
calculations (see Table 1) of the opacity of the astrophysical
mix [16] with more accurate data [14, 18, 19] may serve as an
illustration of the accuracy of the model.

In view of the efficiency of the simplified method and the
rather good agreement with the results of more consistent and
rigorous models, the given approach has been applied over
the years to obtain estimates of the radiation free path lengths
in various research.

In the mid-1990s, new studies in the field of the plasma
spectroscopy of multiply charged ions (MCIs) began at the
Institute. The goal was to develop X-ray diagnostics of
laboratory plasma, to perform theoretical and numerical
analysis of the characteristics of resonantly amplifying
media, and to obtain more precise data on spectral opacities
inmatter. Today, the main areas of research in this field are as
follows:

(1) Calculations of the spectral characteristics of multi-
electron ions with a high degree of ionization and the
compiling of atomic databases.

(2) Development of physical andmathematical models for
calculating the spectral characteristics of radiative transitions
in MCIs, namely, the spectral line profiles for spontaneous
emission, and the gain (absorption) coefficients, with allow-
ance for the main mechanisms of line broadening in plasma
and the effect of external fields on the kinetic processes of
populations of ionic states.

(3) Development of physical and numerical models to
calculate the spectral opacities of equilibrium multielectron
MCI plasmas accounting for detailed and statistical descrip-
tion of the bound ± bound and bound ± free absorption
spectra.

Concerning the first area of research, a large volume of
computations of the spectroscopic characteristics of atoms
and ions for various problems related to plasma diagnostics
and the study of the schemes of X-ray lasers and for compiling
atomic databases has been done at VNIITF. Calculations of
the spectroscopic MCI characteristics are done by employing
adapted and modernized versions of the best computer
programs of the GRASP (General-purpose Relativistic
Atomic-Stricture Program) family Ð that is, software aimed
at calculating atomic structures by the multiconfiguration
Dirac ± Fock method [20, 21]. Extensive calculations of the
spectroscopic characteristics have also been carried out to
verify and extend the information accumulated in the online
Spectr-W3 database on spectral properties of atoms and ions,
developed in 2001 ± 2003 [22].

The web site of the Spectr-W3 information reference
system, operating on the Web freely accessible round-the-
clock since May 2002, was integrated into the family of

specialized databases for atomic and plasma physics on the
Internet [23]. The information accumulated in the Spectr-W3

database contains about 450,000 records and includes the
experimental and theoretical data on ionization potentials,
energy levels, wavelengths, radiation transition probabilities,
and oscillator strengths, and, to a lesser extent, the para-
meters of analytical approximations of electron-collisional
cross sections and rates for atoms and ions. To date, the
Spectr-W3 ADB is still the largest factual database in the
world, containing the information on spectral properties of
multiply charged ions.

In the second area of research, considerable progress has
been achieved with the LineDMmodel [24] of calculating the
profiles of spectral lines of arbitrary MCIs as applied to
computations of local MCI emission and absorption spectra
in high-temperature plasmas. This model, based on the
atomic density matrix technique, takes into account the
electron-impact, the ionic-quasistatic, the Doppler, and the
radiative broadening of spectral lines in plasma, in addition to
providing a detailed description of atomic structure. The
initial data needed for calculating the population of Stark
states are determined from computations taking advantage of
the common radiation-collisional models.

In recent years, this model has found application in the
solution of methodical and practical problems of laser-
plasma diagnostics and in the development of high-
luminosity sources of quasimonochromatic X-ray radia-
tion. One example is the modeling of profiles of resonance
lines of the �He�-like ArXVII ion emitted from the Rydberg
levels 1snl �n � 5; . . . ; 10�, the modeling done with the aim
of interpreting the results of laboratory experiments on
irradiating gaseous argon cluster targets with subpicose-
cond laser pulses of durations ranging from 1.1 ps to 4.5 fs
[25]. For instance, the experimental spectra recorded with a
high resolution, l=Dl � 3000ÿ5000, within the spectral
range of n 1P1ÿ11S0 �n5 5� radiative transitions in the
ArXVII ion demonstrated that as pulses became shorter
the confluence of the close spectral lines for n � 9! 1 and
n � 10! 1 (Do10pÿ9p � 9:2 eV) transitions becomes stron-
ger. Thus, the main contribution to the time-integrated
intensity of the line spectrum of the radiation emitted by
plasma was provided by regions of ever increasing density
with Ne 5 �N IT

e �9; 10 (densities according to the Inglis ± Teller
criterion for n � 9; 10). In Fig. 3 we compare the results of
calculations of the profiles of spectral lines for n � 9! 1 and
n � 10! 1 transitions in the ArXVII ions, carried out for
separate and combined allowance for the set of states with
n � 9 and 10 for an equilibrium population distribution at
Ne � 2�N IT

e �9; 10. Clearly, the profile of the spectral line for
n � �9� 10� ! 1 transition differs substantially from the
sum of the profiles for n � 9! 1 and n � 10! 1. Overall,
the profiles obtained are in qualitative agreement with the
experimental spectra within the range of n 1P1ÿ11S0 �n5 5�
transitions in the ArXVII ion and, therefore, were utilized for
further quantitative analysis [25].

In the third area of research, a new numerical model
Spectr, has been developed at VNIITF [26]. It is an
implementation of a simplified variant of the Super Transi-
tion Array (STA) model [27, 28]. The STA model, based on
what is known as the superconfiguration (SC) approach,
makes it possible to describe the sum spectra of `relativistic'
one-electron transitions (with allowance for the total angular
momentum j ), formed by arrays of overlapping (unresolved)
lines and photoionization continua, with a small number of

Table 1. Absorption coefficient of the astrophysical mix [cm2 gÿ1].

T, keV r, g cmÿ3 Model [16] Data [14] Data [18] Data [19]

0.1
0.3162
0.3162
0.3162
1.0

0.2017
0.0626
0.06288
6.31
1.977

162
3.63
11.7
25.4
0.585

79.86
1.779
8.378
21.25
0.533

225.7
5.18
1.86
18.56
0.6461

86.34
2.126
8.463
20.15
0.59
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STAs that combine all possible spectra of such transitions
from groups of energy-adjacent configurations, or super-
configurations.

The simplified variant of the STA model implemented in
the Spectr model represents a direct generalization of a more
detailed description of the spectra of interconfiguration
transitions in ions with allowance for the interaction between
configurations. The characteristics of superconfigurations
and arrays of spectral lines representing the one-electron
transitions between them are built directly from the config-
uration characteristics on an optimal temperature grid. Here,
the supershells comprising the superconfigurations of the ions
combine all nl-shells with the same value of n, i.e., coincide
with the atomic shells.

At present, all the configuration characteristics are
calculated beforehand with the employment of single-
particle and pair values for the one-electron states (orbi-
tals), obtained by the Hartree ± Fock method with allowance
made for relativistic corrections (the HFR method) [29]. In
the absorption spectrum of plasma, the STAs are repre-
sented by the Voigt profiles. The Gaussian component is
responsible for statistical broadening Ð the widths and
average-energy variances of configuration ± configuration
transition arrays and Doppler broadening. The homoge-
neous component takes into account the radiative and
collisional broadening. The ionization balance is calculated
by the Saha ±Boltzmann equations with allowance for
electron degeneracy and plasma nonideality effects which
are described in the ion-sphere approximation in terms of the
corrections to the ionization potentials and by truncating the
partition functions.

The total spectral opacity K�e� is determined by the sum of
absorption coefficients in the lines of STA transitions, of
absorption coefficients in the photoionization and brems-
strahlung continua, and by Compton scattering.

As an example, we present in Fig. 4 the experimental data
of Springer et al. [30] and the results of calculations of the
spectral transmittance T�e� � exp

�ÿK�e�rL� of the iron
component of an Fe:NaF plasma layer 300-mm thick with
the density r � 0:0113 g cmÿ3 and an 80.2% iron weight

content at the temperature T � 59 eV in a photon energy
range e � 100ÿ300 eV. Under these conditions, the opacity
of iron plasma is determined by the discrete and photo-
ionization absorption of ions with unfilled L and M shells.
Clearly, the results obtained by the Spectr program are in
very good agreement with the experimental data of Springer
et al. [30] and the results of calculations done with the
original STA model [27] and the more detailed model of
interconfiguration transitions MCUTA (the model of
unresolved transition arrays) with the configurations chosen
by the Monte Carlo method [30] both in the spectrum T�e�
and in the values of the group (on the interval
e � 100ÿ300 eV) Rosseland opacities KR.

4. Interaction of picosecond laser pulses
and matter

In 2000, research involving the picosecond laser facility
Sokol-P began at VNIITF [31]. The facility was built
according to the standard scheme of amplification by chirp-
modulated pulses. The rated power of the facility was 5 ±
10 TW, with the energy of the laser radiation on the target
being 5 ± 8 J and the laser pulse duration amounting to 0.8 ±
3 ps. The contrast of the main laser pulse with respect to the
prepulse exceeded 109.

As is known, the plasma produced in the interaction of
ultrashort strong laser pulses with matter is a source of fast
electrons and ions, as well as X-ray radiation of high
luminance. In this case, a significant part of the laser pulse
energy (up to roughly 30%) may be transformed in the
surface layers of the target into the energy of fast electrons,
a fact corroborated by measurements of the absolute yield
of hard X-ray radiation [32]. High-energy electrons
(Ee 5 30 keV), which possess high penetration power, may
lead to a fast, nearly isochoric, heating of target layers of
considerable thickness (about several micrometers or even
more). This fact was used in a series of experiments in which
the emission spectra of high-temperature dense plasmas of
solid targets, irradiated with picosecond laser pulses gener-
ated by the Sokol-P facility, were studied.
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4.1 X-ray radiation from laser targets
At the first stage of studies on the spectra of X-ray radiation
from laser targets [33], the attention of the researchers was
mainly focused on developing methods of measuring the
spectral composition of the X-ray radiation and on determin-
ing the characteristic temperatures of the picosecond laser
plasma and the depth to which the heat wave penetrates the
target. Two types of targets were irradiated by laser light:
massive homogeneous plates, and thin multilayer targets with
a `buried' radiation-emitting layer (the multilayer construc-
tion was chosen with the aim of suppressing the expansion of
the plasma generating the X-ray radiation by the substance of
the outer plates). Aluminium was used as the diagnosable
material of the massive plate and the `buried' layer in view of
its relatively simple and well-studied atomic structure.

Two different spectrometers were utilized to record the
X-ray spectra. First, the broadband spectrum of the con-
tinuum radiation emitted by the laser plasma over the range
from 1 to � 17 keV was measured. This involved the
employment of a seven-channel semiconductor spectrometer
that implemented the technique of `neutral' filters. Each
detector of the spectrometer was covered with beryllium or
aluminium foil of varying thickness, which ensured the
selection of individual spectral intervals. The thicknesses of
the first four filters of the spectrometer, which were optimized
to the range of soft photon energies below 10 keV, amounted
to 2 ± 35mg cmÿ2. The filters used in the harder spectral range
were 100 to roughly 700-mg cmÿ2 thick.

In addition, a focusing von Hamos spectrograph with a
crystalline dispersive element positioned at an observation
angle of approximately 25� to the target plane was applied to
measure the line spectra of hydrogenlike and heliumlike
aluminium ions over the photon energy �e� range from 1.4 to
2.5 keV.

To interpret the measured X-ray spectra under conditions
where amassive target andmicrodots are to be irradiatedwith
a picosecond pulse of the first harmonic of an Nd-laser, a
series of theoretical and computational modelings was
performed. The simulation proceeded from successive calcu-
lations of the radiation gas dynamics, level-by-level ion
kinetics, and radiative transfer [34, 35]. The initial data for
the computations were the geometrical parameters of the

targets and the parameters of the irradiation pulse with a
diameter of the focal spot D0 � 30ÿ40 mm, which corre-
sponds to a peak flux density q0 � �5ÿ8� � 1017 W cmÿ2.
For a microdot, the thickness of the polyethylene plates was
about 2.2 mm, and the thickness of the aluminium layer
amounted to 4 mm.

Examples of the modelled X-ray spectra as compared to
the experimental spectra for a massive target and a microdot
with photon energies ranging from 0 to 8 keV are depicted in
Fig. 5 [33]. These patterns show that in the case of a massive
target the main contribution to the radiation intensity is
provided by photorecombination on the Al�13 and Al�12

ions, while for a microdot the radiation yield is determined
mainly by the hydrogenlike carbon ions; as a result, the
intensity of the X-ray radiation from a microdot proves to
be lower by an order of magnitude. The effective temperature
of the X-ray spectrum in both cases is approximately the same
and is estimated to be roughly 0.8 keV, which is in reasonable
agreement with the measurement results.

The line spectra of the X-ray radiation emitted by
hydrogenlike and heliumlike aluminium ions were also
calculated within the framework of the modeling method
briefly discussed above. For a massive target, these spectra
are demonstrated, together with the experimental spectra for
the sake of comparison, in Fig. 6. Qualitatively and, to a
certain extent, quantitatively, the calculated absolute and
relative intensities of the strongest resonance lines Lya, Lyb,
Hea, and Heb proved to be close to the measured magnitudes
(differing by less than a factor of two).

4.2 Production of fast ions
The concept of fast ignition in thermonuclear microtargets is
based on the employment of high-energy electrons generated
in the interaction of short intense laser pulses with plasma.
According to this approach, the heating of precompressed
fuel to temperatures needed for initiating fusion ignition is
presumed to be done with the energy released by fast electrons
produced by an ultrashort laser pulse. However, experiments
have shown that the interaction of such laser pulses with
plasma is accompanied by ion acceleration. When the
electron production efficiency is high, the fast ions may
additionally heat the thermonuclear fuel. Hence, the study
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of the mechanisms by which laser energy is transferred to
target ions constitutes one of the areas of research in fast
ignition.

To implement the various suggestions on the use of ions
accelerated by a laser light in practical terms, we must study
more thoroughly the mechanisms by which such ions are
produced and specify the optimal conditions of target
irradiation for an effective transfer of laser energy to ions.
This has been the goal of a series of experimental studies
involving the picosecond laser facility Sokol-P at VNIITF.

The irradiated targets were solid deuterated polyethylene
�CD2�n targets 5 ± 300-mm thick and those of titanium
deuteride ± tritide TiD0:5T0:5 5-mm thick on a copper sub-
strate. The laser energy at the target surface amounted to 5 ±
8 J, and the pulse duration was 0.8 ± 2 ps. The peak intensity
of radiation at the target ranged �0:5ÿ2� � 1018 W cmÿ2.
Finally, the contrast of the picosecond prepulse in a time
12 ns before the arrival of the main pulse varied from 5� 105

to 109.
The characteristics of the ions emerging from a target were

measured by time-of-flight technique using semiconductor
detectors [36], while the characteristics of the ions accelerated
deep into the target were reconstructed from the results of
neutron measurements [37]. The neutrons were produced in
D�d; n�3He reactions (DD-neutrons) and T�d; n�4He reac-
tions (DT-neutrons) when a beam of fast deuterons interacted
with the deuterium and tritium nuclei of the target. The
neutron yield was measured with scintillation detectors by
the drawn-out recording technique, and neutron energies
were determined by a time-of-flight detector.

The maximum energy of the deuterons accelerated at the
irradiated surface away from the target amounted to about
3 MeV, while the average temperature of the fast deuterons
was about 400 keV. The total energy of the accelerated
deuterons varied from 10 to 100 mJ (through an angle of
2p). The efficiency of laser energy transfer to fast ions ranged
0.2 ± 1.4%. A typical energy spectrum of deuterons used in
such experiments is illustrated in Fig. 7.

The maximum yield of DD-neutrons during irradiation
of single �CD2�n targets was about 8� 105, with the
average value being 3� 105. DT-neutrons were produced
for the first time during irradiation of targets containing
deuterium and tritium by ultrashort intense laser pulses.
The maximum neutron yield from TiD0:5T0:5 targets
amounted to about 2� 106. The time-of-flight technique

made it possible to identify neutrons from D�d; n�3He and
T�d; n�4He reactions.

A simple model describing the interaction of a beam of
fast ions with a target was utilized to study the ions
accelerated deep into the target [37, 38]. The neutron yield
was calculated by the formula

Nn � nd

�1
0

dE 0
d

dNd

dEd
�E 0

d �
� E 0

d

0

dE
s�E�
jdE=dxj ;

where nd is the number of nuclei per unit target volume,
dNd=dEd is the energy distribution of fast deuterons, s is the
reaction cross section, and dE=dx is the ion energy loss in the
target. The energy spectrum of deuterons was assumed
exponential with the temperature Td:

dNd

dEd
� Nd

Td
exp

�
ÿEd

Td

�
:

The efficiency of conversion of laser energy into the energy of
fast ions was evaluated in the context of this model. At a
deuteron temperature in the 100 ± 500-keV range, 0.1 ± 0.8%
of the laser energy is transferred to the ions accelerated deep
into the target from deuterated polyethylene, while 0.1 ± 0.2%
of the laser energy is transferred to the ions accelerated deep
into the target from titanium deuteride ± tritide.
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Anumber of experiments were carried out with additional
targets. In experiments with a TiD0:5T0:5 target located at the
rear of the irradiated �CD2�n target, the neutron yield was
found to be approximately an order of magnitude greater
than in experiments with single �CD2�n targets. An additional
TiD0:5T0:5 target positioned in front of the irradiated �CD2�n
target yielded a 50-fold increase in the number of neutrons. A
�CD2�n target placed in front of another �CD2�n target
increased the neutron yield by a factor of three to five. The
maximum recorded yield of DT-neutrons amounted to more
than 107. Neutron measurements in experiments with addi-
tional targets made it possible to conduct an experimental
estimation of the efficiency of laser energy transfer to the ions
emerging from the target front side that agrees fairly well with
the results of ion diagnostics.

The efficiency of conversion of laser energy into the
energy of fast ions that was measured in experiments is not
high enough for implementing the different suggestions
concerning the use of the technique of laser acceleration of
ions (fast ignition of thermonuclear targets, isotope recovery,
and so forth). For such applications, the intensity of
ultrashort laser pulses must exceed 1019 W cmÿ2.

4.3 Lasing in the X-ray range
The Sokol-P laser facility has been used to study the laser
X-ray effect involving 3pÿ3s transitions in Ne-like titanium
ions [39]. Laser radiation with a wavelength of 1.054 mm was
focused into a line 2 to 8-mm long and roughly 30-mm wide.
Flat polished titaniumplates were successively irradiatedwith
two laser pulses: a prepulse 400-ps long, and a main pump
pulse 4-ps long delayed (with respect to the first pulse) by
1.5 ns. The total laser energy was 8 ± 10 J. The energy ratio in
the nanosecond and picosecond laser pulses remained
constant and equal to 1:3. When the target was short (from
2 to 4 mm), the experiments revealed an exponential build-up
of the intensity of the line with the wavelength l � 326 A

�
.

Figure 8 portrays the spectrogram recorded in an experiment
with a target 6-mm long. The small-signal gain of the laser
X-ray radiation is estimated at about 30 cmÿ1. Finally, the
divergence of the laser X-ray beam was about 9 mrad.

5. Conclusions

In this report we have presented a short review of the
experimental, theoretical, and computational studies done at
VNIITF in the field of high energy density physics. Progress
in this area of research can be attributed primarily to
construction of the high-power picosecond laser facility
Sokol-P and the development of complex physical and
mathematical models, as well as computer programs making
it possible to simulate the radiation gas dynamics of laser
plasma.

One- and two-dimensional numerical calculations made it
possible to analyze the conditions needed for the ignition of
LF targets of various designs under conditions of indirect
irradiation, including the parameters of the powerful
ISKRA-6 facility under construction. The effect of rough-
ness of the shell layers of targets and the inhomogeneity of
blackbody radiation on their outer surface on the fusion
energy yield has been studied. The rigid requirements to
target quality, corresponding to the restrictions that the size
of the roughness amplitudes must be no larger than 200 ±
300 A

�
and the displacement of the shell center must be no

more than 1 ± 2 mm, have been substantiated.
As a result of a complex of investigations into the

spectroscopy of MCI plasma conducted at VNIITF,
original methods of calculating the spectroscopic character-
istics of multielectron ions with the necessary accuracy have
been developed, the freely accessible information-reference
system based on the factual atomic database Spectr-W3 was
developed and is currently supported, and several physical
and mathematical models that describe the spectral char-
acteristics of radiative transitions and spectral opacities in
equilibrium MCI plasmas have been implemented. These
methods and models are being used at solving various
applied problems of HEDP, while the Spectr-W3 atomic
database is being widely employed by specialists of scientific
bodies from various countries.

The Sokol-P laser facility is used extensively for experi-
mental research in converting the energy of optical photons
into broadband, resonance, and laser X-ray radiation and
into fluxes of fast neutrons. The possibility of producing
multiply charged plasma with a density close to that of a solid
has been explored in experiments with massive and multi-
layered aluminium targets and point focusing of a laser pulse
whose intensity was in the 1017ÿ1018-W cmÿ2 range. The
diagnostics of the parameters of such plasma was done on the
basis of a theoretical and computational analysis of the time-
integrated measurements of X-ray radiation spectra. By
varying the fraction of the absorbed laser energy within
reasonable limits, it was possible to match the calculated
and experimental values of the spectra in the range of soft
photon energies. Qualitative agreement in the spectral
distributions of the intensity in the resonance lines of
hydrogenlike and heliumlike aluminium ions has also been
achieved. The characteristic temperature of picosecond laser
plasma was estimated to be about 0.8 keV. The systematic
discrepancy between the results of computations and mea-
surements for the hard spectral range with photon energies of
about 20 keV is an indication that bremsstrahlung of fast
electrons dominates within this range but was not taken into
account by the model.

New research in diagnosing the fluxes of fast particles in
conditions of high-power picosecond irradiation of targets of
deuterated polyethylene and titanium has begun. Technolo-
gies used in fabricating the targets and the methods applied to
record thermonuclear neutrons have been perfected. Neutron
yields of up to 106ÿ107 per pulse of target irradiation have
been registered, and this does not contradict the results of
modeling this phenomenon in the conditions of the experi-
ments conducted at the Sokol-P facility.

A series of experiments on generating laser X-ray
radiation with a wavelength of 326 A

�
in plasma of Ne-like

titanium ions has been conducted. The technology of focusing
into a line the pulses used to irradiate a flat target has been
implemented. The length of the line is up to 1 cm, and its
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�
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3
m
m

Figure 8. The spectrogram taken in the experiment with a 6-mm long

target.
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width is 30 ± 50 mm. A dependence of the intensity of
generation on the target length has been examined experi-
mentally. Saturation of lasing has been achieved, and a
reliable estimate of the small-signal effective gain
(� 30 cmÿ1) has been obtained; the maximum energy of
laser X-ray radiation does not exceed approximately 1 mJ.
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Monte Carlo studies of critical phenomena
in spin lattice systems

A K Murtazaev

1. Introduction

The basic ideas of modern phase transition and critical
phenomena theories are those associated with and involved
in the scaling and universality hypotheses and renormaliza-
tion group theory [1, 2].

Although it was believed until very recently that static
phase transitions and critical phenomena have been fully
explored and do not really need anything more in terms of
theory, now the study of frustrated systems, magnetic super-
lattices, and spin systems with quenched nonmagnetic
disorder shows that this is by far not the case [2 ± 4].

Applied to such systems, traditional theoretical and
experimental methods run into serious difficulties in an
attempt to calculate critical parameters and to uncover the
nature and peculiarities of critical behavior (including the
mechanisms behind them), which led to the intense use of
Monte Carlo (MC) methods in studies of phase transitions
and critical phenomena in these systems [3 ± 5].

The subject matter of this report is the critical behavior of
the 3D Ising model with quenched nonmagnetic order for the
example of cubic lattice and that of a model that was
suggested to describe a real iron ± vanadium superlattice
�Fe2=V13�L.

There are quite a number of reasons for interest in the
critical behavior of such systems and their models. An
actively discussed topic in the field has been that of how
quenched nonmagnetic disorder affects the critical properties
of spin lattice systems [2 ± 4, 6 ± 8]. In an important step, the
so-called Harris criterion was developed within the frame-
work of renormalized perturbation theory, which predicts, on
a qualitative level, when and whether a particular impurity is
of great concern in determining critical behavior [9]. Accord-
ing to this criterion, nonmagnetic disorder does play a role
only in the situation when the specific heat critical exponent is
positive, a > 0: a condition which is satisfied only if the

1092 Conferences and symposia Physics ±Uspekhi 49 (10)



effective Hamiltonian of the system is isomorphic to the Ising
model near the critical point.

While it is a well-established fact, theoretically, numeri-
cally, and experimentally, that nonmagnetic impurities
change the critical exponents of the Ising model [2 ± 4, 7], the
question remains if the new critical exponents of a given
model are universal Ð that is, independent of the impurity
concentration up to the percolation thresholdÐ or whether a
certain line of fixed points exists which determines the
continuous variation of these critical exponents with the
concentration. In addition, there is every reason to believe
that critical parameters depend on exactly how disorder was
introduced into the model at hand [6].

Given, further, the inconsistent nature of the available
experimental data [10, 11], a no less interesting and hardly less
confusing situation exists with regard to the critical properties
of magnetic sublattices. While the values of some critical
exponents correspond to 2D systems, those of others are
characteristic of 3D systems. The fact that Fe=V superlattices
display the critical exponents expected for 3D systems points
to the importance of interlayer interaction for describing
critical behavior. Exposing a superlattice to a hydrogen
atmosphere causes hydrogen to penetrate into the vanadium
sublattice and so to change the thickness of the vanadium
intervening layer, thus allowing one to continuously change
the nature of this interaction from antiferromagnetic to
ferromagnetic. Because the amount of absorbed hydrogen
depends on pressure, it follows that at a certain external
pressure the interlayer interaction can be reduced to zero Ð
with the result that transitions from 3D magnetism to 2D
magnetism and back again can be observed. Because critical
exponents are highly sensitive parameters, their calculation
will make it possible to sufficiently accurately determine the
universality classes of the critical behavior of such systems, as
well as the peculiarities and conditions of the transition
(crossover) from 3D to 2D magnetism.

2. Ising model with quenched disorder,
and the investigation technique

2.1 Ising model with quenched disorder
The Ising model with quenched disorder is outlined in Fig. 1.
If the impurity distribution in our model is assumed to be
canonical, then:

(1) the sites of the cubic lattice carry spins Si that take the
following values Si � �1 and contain nonmagnetic impu-
rities (vacancies) that are distributed randomly and fixed;

(2) the binding energy between two sites is zero if at least
one site is occupied by a nonmagnetic atom, and equals jJj if
both are occupied by magnetic atoms.

The microscopic Hamiltonian of such a system can be
written down as

H � ÿ J

2

X
i; j

riSi rjSj ; �1�

where

ri � 1 ; if the site carries a spin ;
0 ; if the site is occupied by a nonmagnetic impurity:

�

The concentration p of magnetic spins is determined by
summing the absolute value of the spin over all lattice sites,

namely

p � 1

L 3

XL 3

i� 1

rijSij : �2�

The values p � 1 and p � 0 correspond to the pure Ising
model and an empty impurity-only lattice, respectively.

2.2 Investigation technique
Cluster MC algorithms have proven to be a powerful,
reliable, and highly efficient tool for studying critical
phenomena in various systems and models [12] (see also
references cited in the papers [4, 5, 8]). Our choice among
these was the Wolff algorithm, currently viewed to be the
most efficient. Its specific realization in our study is as
follows.

(1) A lattice site is selected randomly. If the site is found to
harbor a nonmagnetic impurity, another lattice site is selected
randomly, and so on until a site with a magnetic spin Si has
been encountered.

(2) All the nearest neighbors Sj of a given spin Si are
examined. If a neighboring site is occupied by a magnetic
spin, then, with the probability p � 1ÿ exp �ÿ2K� (where
K � J=kBT, kB is the Boltzmann constant, and T is the
temperature), a link is established between Sj and Si,
provided Sj and Si have equal values for J > 0. This is
followed by scanning the nearest neighbors of the last spin
with which a link was established. This process continues
until the boundaries of the system are reached.

(3) All those spins having links established between
themselves form a `cluster'.

(4) The cluster so obtained flips with the probability unity.
Calculations were performed for systems with periodic

boundary conditions and linear dimensions L� L� L � N,
L � 20ÿ60, at spin concentrations p � 1:0, 0.95, 0.9, 0.8, 0.7,
0.65, and 0.60. Initial configurations were specified in such a
way that all the spins were aligned along the z-axis. To bring a
system into the thermodynamically equilibrium state, none-
quilibrium regions of length up to 6� 106 MC steps per spin
were cut off (here, one MC step per spin corresponds to one

Figure 1. A weakly diluted Ising model with quenched nonmagnetic

impurities.
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flip of a cluster), and an averaging over 50 to 80 various initial
configurations was carried out.

It should be remembered that simultaneously with
decreasing magnetic site concentration, the impurity distribu-
tion over the lattice fluctuates stronger, requiring that more
impurity configurations with various disorder realizations be
used for averaging various thermodynamic parameters.
Notice that modeling large-sized lattices takes much more
computational effort for each impurity configuration.

2.3 Results
To see how specific heat and susceptibility of the system
progressed with temperature we resorted to the fluctuation
relations (see references cited in the papers [4, 5])

C � �NK 2�ÿhU 2i ÿ hUi2� ; �3�
w � �NK�ÿhm 2i ÿ hmi2� ; �4�

where K � J=kBT, N � pL 3 is the number of magnetic sites,
U is the internal energy, m is the system's magnetization, and
angle brackets denote ensemble averaging. The critical
temperature was determined using the fourth-order Binder
cumulant UL [4 ± 7]:

UL�T;P� � 1ÿ


m 4�T; p;L��

3


m 2�T; p;L��2 ; �5�

wherem is the magnetization of a system possessing the linear
dimension L. In this method, the critical temperature Tc is
determined as the point where the temperature dependences
of the cumulantsUL constructed for systems of various linear
dimensions L intersect.

Figure 2 depicts the characteristic temperature depen-
dences of specific heat C for systems with different spin
concentrations. It should be noted that as the concentration
of nonmagnetic impurities c � 1ÿ p increases, the specific
heat and susceptibility peaks (in analogous dependences) shift
toward lower temperatures and get lower and higher,
respectively. Figure 3 shows the characteristic temperature
dependence of averaged Binder cumulants UL�T; p� for
systems with different linear dimensions at the spin concen-

tration p � 0:65. The point of intersection of these curves
corresponds to the critical temperature.

The specific heat, susceptibility, magnetization, and
correlation radius critical exponents (denoted by a, g, b, and
n, respectively) were determined by employing finite-size
scaling theory in which, for sufficiently large systems with
periodic boundary conditions, the near-Tc behavior of the
basic thermodynamic functions Ð the free energy F, specific
heat C, susceptibility w, and magnetization m Ð scales in the
following way [13]:

F�T;L� � LÿdF0�tL 1=n� ; �6�
C�T;L� � La=nC0�tL 1=n� ; �7�
w�T;L� � L g=nw0�tL 1=n� ; �8�
m�T;L� � Lÿb=nm0�tL 1=n� ; �9�

where t � jTÿ Tcj=Tc, with Tc � Tc �L � 1�, and a, b, g, n
are the statistical critical exponents for which the hyperscal-
ing relationship 2ÿ a � dn � 2b� g holds true [1].

Furthermore, finite-size scaling theory can be used to
determine n, the critical exponent of the correlation radius.
This is done by noting that

Vn � L 1=ngVn
; �10�

where gVn
is a certain constant, and the role of Vn can be

played by

Vn � hm
nUi
hmni ÿ hUi ; n � 1; 2; 3; 4 : �11�

From relationships (8), (9) it follows that at T � Tc, the
susceptibility andmagnetization obey the following relations:

w � L g=n ; �12�
m � Lÿb=n : �13�
It is these relations which we used in evaluating g and b.

To approximate the temperature dependence of specific heat
on L, in practice other expressions are normally applied, for
example, the following ones [4, 5]:

Cmax�L� � Cmax�L � 1� ÿ ALa=n ; �14�

where A is a certain factor.

2.0

p � 1.0

p � 0.95

p � 0.9

p � 0.8

p � 0.6

L � 60

1.5

1.0

0.5

0
1 2 3 4 5

kBT=jJj

C=kB

Figure 2. Specific heat versus temperature for a 3D Ising model with

nonmagnetic impurities �L � 60�.
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0.2

0

UL
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L � 36

L � 44
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Figure 3. Binder cumulants UL averaged over impurity configurations, as

functions of temperature for a system with p � 0:65.
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The critical exponents a, b, g, and n were calculated by
constructing the L-dependences of C, m, w, and Vn. The
nonlinear least square analysis of the data yielded the values
of a=n, b=n, g=n, 1=n, and then the values of n obtained in the
framework of this study were utilized for determining the
critical exponents a, b, g.

Figure 4 falls back on a log-log scale to represent the
characteristic dependence of the susceptibility on the linear
lattice dimension L for the spin concentration p � 0:8. It
should be emphasized that the susceptibility data obtained in
this study do not deviate from a straight line even at small
values of L. Clearly, the number of impurity configurations
we used for averaging and the dimensions L5 20 of the
systems studied did enable the asymptotic critical regime to be
reached. These conditions were secured for all the other
systems studied as well. Importantly, we calculated the
exponent n directly from numerical simulation results
obtained in the framework of the study, whereas many others
leant upon various types of scaling relations for the purpose.

In Table 1 are shown the values of critical exponents for
different values of p, as calculated for a corresponding n�p�. It
can be seen that the critical exponents in the covered range of
concentrations p differ from the corresponding values for a
pure system. As regards the slight concentration dependence
displayed by the critical exponents of a weakly diluted system
�p5 0:8�, the crossover from the pure system to a diluted one
could be the explanation.

At strong dilutions �p < 0:7�, the corresponding expo-
nents are seen to increase markedly in absolute values Ð
possibly due to the presence of another random fixed point
which, if it exists, is necessarily characterized by a new set of
critical exponents. This scenario of a critical behavior seems
indeed to be the case according to the experimental work

reported in Ref. [14], where the critical exponents for diluted
FepZn1ÿpF2 magnetics with p � 0:6 and p � 0:5 are found to
be practically identical to what we obtained for p � 0:6.

The type of critical behavior we saw occur at strong
dilution �p < 0:7� is consistent with the assumed influence
of another Ð `percolation' Ð fixed point [15, 16]. Also note,
finally, that for p � 1:0 our values of critical exponents are
in excellent agreement with those currently considered
standard [3 ± 5].

3. �Fe2=V13�L superlattice model and the
investigation technique

3.1 �Fe2=V13�L superlattice model
�Fe2=V13�L superlattices are themost interesting ones in which
to study critical properties and, possibly, the crossover from
3D to 2D magnetism. It should be noted that, with the iron
layer only two monolayers thick, every iron atom in these
superlattices possesses four nearest neighbors in the adjacent
iron layer. The iron layers are shifted with respect to each
other by a half lattice constant along the x- and y-axes. The
interaction between the nearest neighbors is ferromagnetic in
nature and determined by the intralayer exchange parameter
Jk. In addition to that, the atoms of iron layers interact with
each other through the vanadium layers (interlayer interac-
tion), the coupling parameter J? depending both for its
magnitude and sign on the iron layer separation, i.e., on the
hydrogen atmosphere pressure [10, 11]. The magnetic
moments of the iron atoms are aligned in the xy-plane. A
schematic of a vanadium± iron superlattice is given in Fig. 5.
The Hamiltonian of such a system can be represented in the
form of a modified three-dimensional xy-model, namely

H � ÿ 1

2

X
i; j

Jk�Sx
i S

x
j � S

y
i S

y
j � ÿ

1

2

X
i; k

J?�Sx
i S

x
k � S

y
i S

y
k � ;

�15�
where the first (second) sum accounts for the exchange
interaction between a magnetic atom and the nearest
neighbors within the layer (between a magnetic atom and
one atom in the neighboring layer, through the vanadium
intervening layer), while Sx

i andS
y
i are the spin projections on

the x- and y-axes. The interlayer-to-intralayer exchange ratio
J?=Jk depends on the iron layer separation which in turn
depends on how much hydrogen the vanadium layers have
adsorbed. In our model r � J?=Jk is a specified parameter
and can be varied from r � ÿ1:0 to r � 1:0.

3.2 Investigation technique
The calculations were performed on model systems with
periodic boundary conditions and linear dimensions

Table 1. Finite-size scaling results for the critical exponents of a 3D Ising
model with quenched nonmagnetic impurities.

p kBTc=jJj n a g b

1.0

0.95

0.9

0.8

0.7

0.65

0.6

4.5106(6)

4.2591(4)

4.0079(8)

3.4956(6)

2.9682(8)

2.7028(9)

2.4173(9)

0.624(2)

0.646(2)

0.664(3)

0.683(4)

0.716(6)

0.708(8)

0.725(9)

0.108(2)

ÿ0.010(2)
ÿ0.014(3)
ÿ0.016(3)
ÿ0.087(6)
ÿ0.091(8)
ÿ0.093(9)

1.236(2)

1.262(2)

1.285(3)

1.299(3)

1.431(6)

1.426(8)

1.446(9)

0.322(2)

0.306(3)

0.308(3)

0.310(3)

0.341(6)

0.343(8)

0.349(9)

Fe (2 monolayers)

Fe (2 monolayers)
Jk

J? V (13 monolayers)

Figure 5. Schematic of a vanadium± iron superlattice �Fe2=V13�L.
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Figure 4. Log-log plot of susceptibility w versus linear dimension L for a

system with p � 0:8.
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L� L� L � N (L � 8ÿ40 is the number of magnetic Fe
layers) using the same Wolff single-cluster algorithm (a
version of the MC method) described in Section 2.2. To
bring a system into the thermodynamically equilibrium
state, a nonequilibrium region of the Markov chain with
length up to 3� 104 MC steps per spin was cut off.
Thermodynamic variables were averaged along a Markov
chain of length up to 1:2� 106 Monte Carlo steps per spin.
Initial configurations were specified in such a way that all the
spins were aligned along the x-axis.

3.3 Results
Thermodynamic parameters and critical exponents were
calculated using the methodology similar to that described
in Section 2.3.

To keep watch on the peculiarities of behavior of the
specific heat and susceptibility, relationships (3) and (4) were
applied. A typical temperature dependence of the suscept-
ibility w for systems of various sizes but with the same
interlayer-to-intralayer exchange ratio r � 0:4 is displayed in
Fig. 6. We see that as the linear dimensions of the system
increase, the susceptibility peak wmax�L� rises and shifts
toward lower temperatures. The specific heat shows similar
behavior, but in this case the peaks Cmax�L� shift to higher
temperatures. The value of Tc was determined using the
method of Binder cumulants. The fourth-order Binder
cumulants UL were calculated from formula (5) and then,
similarly to Fig. 3, temperature dependences of UL were
constructed for various values of L. As follow from the
analysis of critical temperatures obtained for various values
of r, the critical temperature decreases with decreasing r,

consistent with the results of laboratory measurements [17].
Shown in Fig. 7 are typical susceptibility-vs-temperature
curves for various values of interlayer-to-intralayer exchange
ratio r. Similar dependences were also obtained for the
specific heat. As r decreases, the specific heat and suscept-
ibility peaks shift towards lower temperatures, their heights
decreasing and increasing, respectively.

The critical exponents a of the specific heat, g of the
susceptibility, and b of the magnetization and the correlation
radius were calculated using the methodology and analytical
expressions described in Section 2.3. Table 2 lists the values of
all critical parameters calculated for various values of r.
Notice that at r � 1:0, our model corresponds to the classical
xy-model. The critical exponents we determined for this case
agree to high accuracy with the best values found by other
methods for the xy-model [1, 5].

Decreasing the parameter r results in a smooth change in
the values of the critical exponents, and up to a certain
threshold the critical exponents obey the well-known scaling
relations (for example, the Rushbrook relation) [1]. How-
ever, at r � 0:01, the critical exponents undergo a significant
change in their values and at the same time the scaling
relations between them break down, all this presumably
marking the transition from 3D to 2D magnetism at the
above-indicated boundary value of r. It should be empha-
sized that the temperature dependences of some thermo-
dynamic parameters also show at r � 0:01 some character-
istic features absent at larger values of r, suggesting that
r � 0:01 can be viewed as a threshold value and that for
r < 0:01 the system can be considered quasi-two-dimen-
sional.

kBT=Jk
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0.6 0.8 1.0 1.2 1.4 1.81.6 2.0

w
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10
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4

2
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J?=Jk � 0.07

J?=Jk � 0.1

J?=Jk � 0.4

J?=Jk � 0.7

J?=Jk � 1.0

Figure 7. Susceptibility versus temperature for various values of

r � J?=Jk.

Table 2. Critical exponents for the model of magnetic superlattice Fe2=V13.

J?=Jk kBTc=Jk nav a b g a� 2b� g

1.0

0.7

0.4

0.1

0.07

0.04

0.01

1.7463(3)

1.6197

1.4616

1.2219

1.1832

1.1346

1.0559

0.6706(3)

0.6696

0.6689

0.6617

0.6618

0.6548

0.6012

ÿ0.0184(3)
ÿ0.0099
ÿ0.0068
0.0187

0.0288

0.0635

0.1621

0.3417(3)

0.3392

0.3380

0.3284

0.3267

0.3166

0.2878

1.3398(3)

1.3284

1.3289

1.3231

1.3243

1.3172

1.2298
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1.9675
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Figure 6. Temperature dependence of susceptibility for a model of a

magnetic superlattice �Fe2=V13�L at r � J?=Jk � 0:4.
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4. Conclusions

Presented in this report is a study, within a unified research
framework, of the critical properties of a 3D diluted Ising
model with canonically distributed nonmagnetic impurities
and of a modified xy-model supposed to describe the
peculiarities of iron ± vanadium superlattices �Fe=V�.

(1) Our data indicate that at low impurity concentrations
�p5 0:8�, the nonmagnetically-doped Ising model forms a
new universality class different from that of the pure Ising
model �p � 1:0�.

(2) Strongly diluted systems �p4 0:7� are characterized by
a different set of critical exponents and form a universality
class of their own.

In this case there are also two crossover regions:
(1) between a pure system �p � 1:0� and weakly diluted

�p5 0:8� systems, and
(2) between weakly diluted �p � 0:8� and strongly diluted

�p4 0:7� systems.
Possibly, it is the existence of the crossover and the large

extent of these regions which explains the inconsistent and
sometimes conflicting results the study of this model has
produced.

The results obtained with the modified xy-model provide
insight into how and when a magnetic superlattice makes a
transition from the three-dimensional behavior to the quasi-
two-dimensional. The critical exponents show dependence on
the ratio of the interlayer-to-intralayer exchange interaction.
At the same time, the values of the critical exponents obey
scaling relations for values of r up to a threshold value of
r � 0:01.
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to my work, a steady help and fruitful discussions during the
course of the work.
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Relativistic multiwave oscillators
and their possible applications

V A Cherepenin

This report is a brief review of advances in a rapidly
developing realm of science Ð relativistic high-frequency
electronics. The term relativistic high-frequency electronics
is presently used in reference to that area of vacuum
electronics which harnesses electron beams with energies of
0.2 ± 100 MeV and currents up to 104 A. The resultant
microwave oscillators (MOs) range up to 109ÿ1010 W in
power for a pulse duration of 10ÿ9ÿ10ÿ7 s. The wavelengths
utilized in this field lie in the interval from several dozen
centimeters to values belonging to the visible range, i.e., span
six orders of magnitude. Naturally, the family of the devices
employed in these ranges is highly diversified. However, it
turns out that many of them are well known in conventional
microwave electronics. In this connection, of interest is the
advancement of new ideas of vacuum electronics, aimed at
raising the generated- or amplified-signal power and at
mastering new wavelength ranges. The present report is
concerned with this aspect of relativistic high-frequency
electronics. It is pertinent to note that there are excellent
reviews dedicated to relativistic high-frequency electronics
and its application (see, for instance, Ref. [1]). Here, we
endeavor to call attention to those aspects of the develop-
ment of this area, which for several reasons have not been
adequately discussed in the foregoing and other reviews.

The first vacuum devices Ð grid electron tubes Ð date
back to the beginning of the 20th century and, having
undergone a series of modifications, are employed to the
present day. The shortest-wavelength devices can operate in
the decimetric wavelength range. The output power of these
devices can be quite high and some of their other character-
istics, for instance, radiation resistance, give promise that they
will, despite the rapid development of semiconductor devices,
also find use in the future, at least in special-purpose tasks.
The physical principles of the operation of grid electron tubes
are well known even from school textbooks and do not call for
analysis. We only mention the relatively recent ideas of
employing them to produce high-power radiation by incor-
porating a great number of these devices into a transmission
line. Broadly speaking, methods for making a high-power
device out of many lower-power devices are vigorously being
developed and sometimes come to fruition. Naturally, the last
mentioned remark pertains to devices of any kind.

The 1920s ± 1940s saw the advent of microwave devices of
a new type, in which the `intrinsic' properties of the electron
beam had profound significance: the time of electron transit
through the interaction region, electron bunching, the space
charge, etc. The electrodynamic notions of the quasistation-
ary theory, like the induced current theorem or coupled
transmission lines, were sufficient for their description and
design. It was then that the vacuum devices which still enjoy
wide use were invented and fabricated. It will suffice to
mention klystrons, traveling-wave tubes (TWTs), backward-
wave tubes (BWTs), and magnetrons.

Initially, work in the area of microwave electronics, as a
rule, was unrelated to the self-radiation of charged particles
(usually, electrons), which was viewed from the application
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standpoint and studied primarily with reference to measure-
ments of high-energy particle characteristics (Cherenkov
counters, accelerators and so forth). However, even in the
late 1940s ideas were conceived to produce short-wavelength
electromagnetic radiation with the aid of relativistic electrons
due to Doppler frequency conversion [2]. The magnitudes of
beam currents obtained at that time and, hence, the density of
the working material of the active medium were moderate,
and preliminary electron bunching was therefore proposed in
order to increase the radiation intensity. The spontaneous
radiation of electron bunches could thus become partly
coherent, provided the electron concentration were made
sufficiently high on a scale much smaller than the operating
wavelength. Unfortunately, the technical difficulties encoun-
tered in reaching this goal are enormous, even now. The
advent of masers and lasers in the 1950s, which employ
excited atoms or molecules as the working medium, hindered
to some extent the development of relativistic high-frequency
electronics because the problem of obtaining coherent short-
wavelength radiation was solved. Modern semiconductor
electronics has also successfully mastered the microwave and
even visible wavelength ranges. Electron-beam devices never-
theless remained dominant in those applications where high
output power is required.For instance, semiconductor devices
are hardly employed in radar for an output power of a single
device above 1 kW. The endeavor to increase the power of
electronic devices naturally led to the ideas of relativistic
electronics; moreover, at the new stage of its development it
was possible to produce electron beams with currents that
exceeded the beam currents employed in the 1950s by many
orders of magnitude. With the aid of high-current direct-
action electron accelerators it is nowadays possible to produce
with relative ease 0.1 ± 2-MeVelectron beamswith a current of
1 ± 30 kA suitable for generation. The voltage pulse duration
(and, hence, the beam energy) may significantly vary,
depending on the accelerator type, and range from several
hundred picoseconds to several microseconds [3, 4]. It should
be emphasized that the potential to raise the power of high-
frequency accelerators is quite high and has been realized to
only a small degree by contemporary relativistic high-
frequency electronics. In particular, the power of high-current
accelerators amounts to 1013 W, whereas the output power of
microwave oscillators does not exceed 1010 W. Therefore,
relativistic high-frequency electronics is above all the electro-
nics of high (quite frequently termed superhigh) powers.

Another feature of relativistic electronics is that the same
principles may be invoked for the generation of both
microwaves and substantially shorter-wavelength electro-
magnetic oscillations, for instance, light waves. In particu-
lar, the microwave device proposed back in the 1960s with a
curvilinear beam formed by a periodically nonuniform
magnetic field Ð a ubitron Ð by its principle of operation is
the prototype of modern free-electron lasers (FELs).

The necessity of generating higher-power short-wave-
length electromagnetic radiation fosters research into relati-
vistic devices with spatially developed electrodynamic struc-
tures. In nonrelativistic electronics, devices (for instance, an
orotron) spatially developed in the orthogonal direction
relative to the translational electron motion are the exception
rather than the rule. In particular, a high-Q quasioptical
resonator in the orotron ensures only the high frequency
stability of the oscillator. By contrast, in the historically first
relativistic electronic device employing the inherently relati-
vistic properties of the electron beam Ð a cyclotron-

resonance maser (or its most successful modification, a
gyrotron [5]) Ð the increase in the transverse dimensions of
the electrodynamic structure is related mainly to the increase
in the output power of the device.

The developers of an oscillator or an amplifier usually
endeavor to select the working mode in a `cold' electrody-
namic structure (void of electrons) in order that the beam
generates coherent single-frequency oscillations when it
interacts with the structure [6]. In this case, it is assumed
that the electron beam has only a slight effect on the spatial
structure of the electromagnetic field. Naturally, there is no
way to completely eliminate this effect. In oscillators, account
should be taken of the electron-induced frequency shift. In
amplifiers, the electron load may wholly change the character
of the interaction, especially in Cherenkov devices operating
near the passband edge of the electrodynamic structure.
However, in the design of single-mode (single-wave) devices
all these effects are taken into account merely as corrections
to the basic regime:most often the amplified field in the device
is hardly different in spatial structure or frequency from the
input signal. In a single-mode oscillator, as in an amplifier, the
mode is defined primarily by the electrodynamic structure.
Single-mode devices are traditional both for nonrelativistic
and relativistic electronics.

Passing to relativistic electron velocities changes the
properties of the electron stream as an active medium. The
specific character of relativistic electronics in single-mode
devices shows up only in the increase in the optimal length of
the interaction region, L � lg2 (l is the wavelength,
g � 1=

�������������
1ÿ b2

p
, b � v=c, and v is the particle velocity), and

in the lowering of the optimal amplitude a � 1=g
[a � eE=�mco�, o � 2pc=l] of the high-frequency field E
with an increase in particle energy e � mc 2 [7]. The physical
significance of this change is related to the increase in so-
called longitudinal electron mass. However, for relativistic
electrons not only the character of their motion but also their
radiation becomes substantially different. This circumstance
may be employed inmultiwave relativistic sources of coherent
radiation.

In multiwave interaction, unlike the single-mode (single-
wave) one, the electron beam interacts at a fixed frequency
simultaneously with several or many modes of the electro-
dynamic structure. The spectrum of interactingmodesmay be
continuous as well. This situation is typical for open
electrodynamic systems and empty space. The output of a
multiwave device exhibits the coherent sum of modes that
interact with the electron beam. The radiation frequency is
common, as in single-mode devices, and therefore this mode
mixture can be efficiently converted into a wave beam of any
structure, for instance, Gaussian beam. We advance some
elementary reasoning which explains the mechanism of
operation of multiwave devices.

The interaction of an electron flux with an electromag-
netic field in microwave electronics is due to several physical
mechanisms. However, it is possible to mark out several
features common to microwave devices. This is, above all,
the finite length of the interaction region. In the simplest case,
the device length is determined by the cathode ± collector
spacing. Another important characteristic of the system is
the use of the conditions for the synchronism (resonance)
between the electromagnetic field and the electron flux, which
may be written in the following form

oÿ kv � nO ; �1�
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where o is the field frequency, k is the wave vector, v is the
electron velocity, n � 0, �1, �2, . . ., and O is the character-
istic electron oscillation frequency which depends on the
emission mechanism. For instance, for O � oH � o0=g,
o0 � eH0=�mc� (g is the relativistic factor) synchrotron
radiation occurs; for O � �2p=l � vjj, where vjj is the velocity
of translational electron motion, and l is the period of the
electrodynamic structure, diffraction radiation occurs; for
O � �2p=lH� vjj, where lH is the period of the nonuniform
magnetic field, ondulator radiation occurs, and so forth. It is
easily seen that condition (1) applies, strictly speaking, only to
the interaction of the electron beam with plane electromag-
netic waves, for which it is possible to introduce the notion of
a wave vector k. This condition is nevertheless possible to
apply also to nonuniform waves whose isophase surface is
plane, for instance, to waveguide modes, because relationship
(1) is phase (kinematic) in nature. As noted above, in
microwave electronics it is usually endeavored to fix the
direction and magnitude of the wave vector k by making a
specific electrodynamic structure. In this case, the beam
interacts with one wave (mode). These systems are naturally
termed single-wave devices. Among themultiwave devices are
those in which the electron flux interacts with several uniform
or nonuniform propagating waves at a fixed frequency of the
electromagnetic field. It would be natural to associate the
single-wave interaction with the notion of stimulated emis-
sion because the photon of stimulated emission is by its

definition indistinguishable in frequency and wave vector
from the incident photon. In multiwave devices, the emission
of photons with different wave-vector directions is possible,
which differ from the wave-vector direction of the incident
wave (see Fig. 1). We explain the emergence of multiwave
problems by the simplest example. Let a plane electromag-
netic wave (k, o) be incident on the region where an electron
stream exists (the interaction region), then the width of the
angular spectrum of the waves scattered at a frequency o is
defined by the relationship

Dki Dxi � 1 ;

where Dki and Dxi are the projections of the wave vector and
the dimensions of the interaction region on the axes of the
Cartesian coordinate system.

Therefore, the mere limited nature of the interaction
region ensures the finite width of the angular spectrum of
the interacting waves. Under certain conditions, both the
incident and scattered fields are amplified, and at the output
of the corresponding device there forms a field distribution
with a directivity pattern substantially different from that of
the field at the input. The amplification mechanism depends
on the specific realization of the system and may be classified
either according to the kind of beam instability or with the
help of relationship (1). As a rule, the electron beam during its
interaction with electromagnetic waves breaks up into
bunches with characteristic dimensions smaller than the
emission wavelength l. The separation between the bunches
in the direction of primarily translational beam motion is, in
the majority of cases, equal to the quantity le � �2p=o� vjj
referred to as the electron wavelength. The radiation of
electrons becomes coherent and occurs at a frequency o
and, provided the grouping is sufficient, at the harmonics
no (n � 1, 2, . . .). When resonance condition (1) is not
fulfilled at the harmonic frequencies, the harmonic radiation
is weak and physical processes take place only at the
frequency of the field that was fed to the device. The electron
stream becomes similar to a traveling wave antenna. In this
case, the directivity pattern of coherent electron radiation
depends on the beam shape, the lifetime (range) of the
bunches, and the properties of individual electron emission,
determined by the interaction mechanism. For instance,

Multiwave interaction
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coherent synchrotron radiation possesses a narrow (search-
light-like) directivity pattern. Multiwave systems are easiest
to realize (at least in principle) in the amplification regime,
andmultiwave oscillators can also bemade. Feedbackmay be
applied by feeding a part of the output radiation to the input
of a device. For a single-frequency oscillator, mode selection
should be provided in the feedback path. When the gain is
high enough, the bulk of output radiation energy is
transferred to the output bypassing the feedback path,
which is of importance in making high-power devices.

Of course, the above qualitative considerations must be
rendered concrete when considering different schemes for
the production of multiwave coherent radiation. Virtually
all the main mechanisms have been theoretically treated: the
Cherenkov, diffraction, and synchrotron mechanisms;
masers reliant on the normal and anomalous Doppler
effects, and so forth [8]. It turned out that under essentially
nonlinear operating regimes the output radiation is deter-
mined by the intrinsic radiation of electron bunches resulting
from grouping. Furthermore, multiwave devices were shown
to have a higher electron efficiency than single-wave ones,
because on exit from the optimal regime of interaction with
one wave, the electrons begin to interact with another wave.

For an illustrative methodical example we outline the
results of an investigation of a multiwave synchrotron
radiation device [9].

Here, the interaction takes place in the curvilinear portion
of the electron trajectory (Fig. 2a). When the beam current is
relatively low, its coherent radiation in directions different
from the incident wave direction is rather weak (Fig. 2b).
When the current increases, the collective electron emission
just barely depends on the incident wave direction and is
determined by the character of electron grouping (Fig. 2c).

We now outline the latest results of numerical simulation
of a multiwave Cherenkov generator (MWCG) which has
ranked highest in power for almost 20 years [10]. TheMWCG
is diagrammed in Fig. 3.

The dimensions indicated in Fig. 3 give an idea of the size
of the experimental device. The transverse dimensions of the
electrodynamic structure were equal to 3ÿ10 l, depending on
the operating wavelength range Ð the three-centimeter or
eight-millimeter range. The thickness (about 1 mm) of the
tubular electron beamwasmuch smaller than the wavelength.
The period of periodic structure sections and the height of
nonuniformity elements were so selected that the beam±field
interaction occurred near the short-wavelength edge of the
passband (Fig. 4).

Figure 4 illustrates the multiwave interaction mechanism
in surface-wave oscillators. Forward and backward waves
near the edge of the passband are coupled and make up

oscillations with a finite diffraction Q, which ensures that
several modes can be simultaneously excited.

The section lengths were on the order of the structure
diameter, thus ensuring that electrons interacted concurrently
with several modes of the sections. The sections were coupled
by way of diffraction, via the radiation of electron bunches.

A complete three-dimensional analysis of the physical
processes in a MWCG has not been carried out so far. Only
the data obtainedwithin two- and 2.5-dimensionalmodels are
available.

Some results of numerical simulations (obtained jointly
with V N Kornienko) are given in Fig. 5. These results lend
support to the following interaction picture. The field
distributions in the lateral and longitudinal directions
correspond to multiwave interaction. The amplitude of the
field synchronous with the electron stream increases toward
the end of a device, in the second section. Single-frequency
oscillation is imposed by selecting the electrodynamic system
parameters and is stable enough.

It is pertinent to note that similar oscillator designs have
also been realized in the higher-order zones of passbands of
periodic systems, for instance, in relativistic diffraction
radiation generators.

Experiments with MWCGs were carried out back in the
mid-1980s at the Institute of High-Current Electronics
(IHCE), Siberian Branch of the Russian Academy of
Sciences. The voltage across the high-current accelerator
diode was varied from 1.5 to 2.2 MV. The current ranged
from 10 to 20 kA. The guiding magnetic field intensity was
varied between 15 and 30 kOe. By selecting the section lengths
and the beam parameters it was possible to obtain an output
power of 15 GW in the three-centimeter wavelength range for

30 cm 19.5 cm

Point of observation

Plane of energy êux calculation

25.5 cm 24 cm 10.5 cm 25.5 cm

Figure 3.A schematic representation of the multiwave Cherenkov generator.Main parameters of the electrodynamic structure: the total length is 135 cm,

the diameter 14 cm, the period 1.5 cm, the nonuniformity height 0.3 cm, the number of periods in the first section 20, and the number of periods in the

second section 17. Electron beam characteristics: the diameter is 9.8 ± 12.0 cm, the voltage 1.8 ± 2.1 MV, the current 20 kA, and the magnetic field 19 ±

21 kG.
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an electron efficiency of about 50%. In the millimeter
wavelength range, the output power ran as high as a giga-
watt. The spatio ± temporal coherence of the MWCG was
verified: it turned out to be high and corresponded to the
spectrum of the radio-frequency pulse produced. These
results still remain unrivaled.

In the early 1990s, intensive research in this area was
terminated in Russia. However, its resumption seems possible
and important for practical ends in connection with the recent
development of short-pulse radar research, charged-particle
acceleration, high-power electronic warfare, the nonthermal
action of high-power electromagnetic pulses on natural and
artificial media, etc. We briefly consider only the last-
mentioned application.

The nonthermal action of electromagnetic radiation on
various media has been studied for a relatively long time. It
will suffice tomentionwork on the action ofmillimetric waves
on acupuncture points in the human body, the results of
which are applied in medicine [11]. However, a start on the
investigation into the nonthermal action of high-power
electromagnetic pulses was made relatively recently, primar-
ily due to the progress in relativistic high-current electronics
[12]. Remark should be made here of Refs [13 ± 16] related to
biomedical applications, in which attempts were made to take
advantage of the high electric intensities in microwave pulses
in order to exert an influence on living organisms. However,
these pioneering works were not systematic in character and
thus far have not brought about appreciable results. Here, we
consider the data relating to the nonthermal action of high-
power electromagnetic pulses on gold-bearing rock [17 ± 20].

We give some consideration concerning the formulation
of the problem. From the electrophysical viewpoint, gold-

bearing rock may be represented as an inhomogeneous
mixture of metals, dielectrics, and semiconductors, which
contains small (about 1 mm in size) gold particles. The
modern technology of gold extraction in ore mining and
processing enterprises involves dissolving gold in cyanides in
rock preliminarily ground to particles measuring 50 mm and
less. However, the gold extraction efficiency depends heavily
on the kind of rock. Furthermore, there are ore types, termed
stubborn ores, fromwhich the extraction of gold in this way is
inefficient and, therefore, economically not advantageous.
The situation with used minerals (reject material) is the same.
The aim of the nonthermal action consists in forming the
conditions for efficient gold extraction.

Recently, at the Institute of Radioengineering and
Electronics (IRE), Russian Academy of Sciences, and at the
Institute of Electrophysics (IEP), Ural Branch of the Russian
Academy of Sciences, a start was made on research in this
direction.

To disintegrate gold ore in the work pursued at the IEP
[21], advantage is taken of a hydroblow produced in spark
water breakdown. Experiments are carried out in a water cell
which also contains a dredge of the constantly agitated ore.
The application of a nanosecond high-voltage source has
been proposed to improve the extraction efficiency. Unlike
the work performed at the IEP, in IRE experiments carried
out jointly with the Research Institute of Comprehensive
Exploitation of Mineral Resources, Russian Academy of
Sciences, conditions were purposefully formed whereby the
interelectrode spark breakdown in a dry or slightly wet gold
ore either was only minor or did not occur at all.

We give below the definition of the conditions accom-
panying nonthermal high-power pulsed action, namely:
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(i) the temperature T of the medium is hardly changed,
Tmean (prior to interaction) � Tmean (after interaction);

(ii) the amplitude E of the electric field intensity of a pulse
is much higher than the amplitude of the static medium
breakdown, Epeak pulse 4Estatic breakdown;

(iii) the pulse duration Dt is much shorter than the time of
thermal medium relaxation, Dt5Dttherm:medium relax.

It is pertinent to note that the term nonthermal action of
electromagnetic oscillations is frequently used in reference to
the dependence of the changes occurring in themedium on the
electric field intensity. We believe that the definition intro-
duced in the present work is, on the one hand, broad enough
and, on the other hand, corresponds more closely to the
physics of the nonthermal action of high-power electromag-
netic pulses, whereby the energy contribution hardly changes
both the temperature of the medium as a whole and the
temperature of its relatively homogeneous characteristic
elements subjected to the action. In this case, naturally, the
local temperature during the action may be high for a short
time which is much shorter than the characteristic settling
times of the thermophysical properties of the materials that
make up the medium.

The idea of the nonthermal action of high-power electro-
magnetic pulses on gold-bearing rock, put forward by
Yu V Gulyaev, consists in the following. The action of a
high-intensity electric field on an inhomogeneous mixture of
metals, semiconductors, anddielectrics gives rise to a family of
nonlinear effects: ponderomotive forces, microbreakdowns
near inhomogeneities, and so forth. These effects to a greater
or lesser extent foster the disintegration of gold particles and,
consequently, their more efficient washing out by cyanides.

These processes are extremely complicated and have not
been adequately studied, which is especially true of their
combined action. The data outlined below, which were
experimentally obtained proceeding from this rather simple
physical model, still invite a detailed theoretical description.

It should be noted that the gold particles in the ore are
quite small (� 1 mm), and the action can be effected by video
pulses and microwave radio pulses alike. The application
efficiency of one kind of pulse shape depends on the technical
conditions of applying the method under consideration. In
particular, it is conceivable that the application of radio
pulses will be efficient with the availability of industrially
made superhigh-power microwave oscillators (over 1 GW)
with a long service life (several tens of thousands of hours)
and a relatively high efficiency. Such devices have not been
made, although there supposedly exist no fundamental
difficulties in making them.

The data on the nonthermal action of high-power
electromagnetic video pulses on stubborn gold ore are
collected in Table 1. It might be well to point out that the
relatively small number of requisite video pulses are easily
realized by one or several radio pulses.

Figure 6 portrays the results of pulsed nonthermal action
on the gold-bearing reject material of two mineral processing
industrial complexes. The gold yield rose by nearly a factor
of 10.

Therefore, high-power relativistic electronics, including
multiwave electronics, can well be applied in civilian areas as
well.
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Table 1. Effect of high-power electromagnetic pulsed irradiation on
cyanide-assisted extraction of gold and silver from the stubborn gravity
concentrate from the Nezhdaninsk deposit (the slash `/' separates the data
obtained for 500- and 50-mm particles, respectively).

Number of
pulses,

N� 10ÿ4

Extraction eféciency A, % Eféciency gain dA, %

Gold Silver Gold Silver

Without irra-
diation (re-
ference ex-
periment)

51.2/77.0 21.8/43.2 ì ì

1.75 70.7/80.6 42.1/76.3 19.5/3.6 20.3/33.1

2.50 81.8/84.0 65.5/68.7 30.6/7.0 43.7/25.5

3.75 82.3/83.4 68.9/73.7 31.1/6.4 47.1/30.5
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