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A generalized adiabatic principle
for electron dynamics in curved
nanostructures
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1. Introduction

Progress in nanotechnology has made possible the produc-
tion of extended thin quasi-one-dimensional and quasi-two-
dimensional structures of complex geometries, namely,
nanotubes and nanofilms. In our model, these structures are
the areas of the thin bent ‘twisted-edge’ cylinder type or of the
thin curved film type. Beyond these areas, the wave function
Y(r,t) of a quantum particle either drops exponentially (a
soft wall model) or equals zero (a hard wall model). As in
Refs [1, 2], we assume that the electron (three-dimensional)
quantum dynamics in nanostructures in a magnetic field is
given by the so-called Rashba Hamiltonian
R eh

H:%-F'Uim(r)-i—vext(r,[)—%<O',H>+ HSO' (1)

Here, r Ais the radius vector of a point in three-dimensional
space; P = —iiV — (e/c)A(r, t); e is the electron charge; m
is the effective mass of a quasiparticle; vy (r) is the
confinement potential; vy, A are the external field
potentials; H(z) = rot A(r,#) defines a homogeneous mag-
netic field; a:{gl,az,og} are the Pauli matrices, and
Hso = a{a, [ Vuin, P]) is the operator for the interaction of
the electron spin with the crystal electric field, with «
constant being dependent on the given crystal type [3]. In
the case of viy (r) = 0 and a zero wave function at the tube or
film boundaries, we get ‘empty structure’ models. d and [,

stand for the characteristic thickness and linear dimensions
(e.g., tube length), respectively, of a tube or a film. In
extended thin nanostructures, the scale difference may be
conveniently characterized by a small ‘adiabatic’ parameter
u=d/ly < 1. We restrict ourselves to the case of a weak
enough magnetic field, thus considering the Larmor fre-
quency oy = e|H|/(mc) ~ Ii/(mdly), and magnetic length
Iy ~ /dly.

The Schrédinger nonstationary equation for electron
quantum states ¥(r,?) (including stationary ones) acquires
the form

i, = HY. (2)

We limit our consideration to a quantum particle (electron) in
such tubes and films with slowly changing geometric char-
acteristics, whose small segments with linear scales of order
close to their thicknesses d may be quite accurately considered
aright cylinder and a flat layer, respectively. It is clear that the
effective electron dynamics in such structures have to be one-
or two-dimensional and be represented by the equation with
the effective Hamiltonian L" for the wave function " on the
tube axis or the film surface:

iy = L'y, (3)

where v is the number of a ‘dimensional quantization
subband’. To go over from Eqn (2) to Eqn (3), we use the
procedure in which the function ¥ for the lower subbands
with v < u~!is retrieved for y" by the action of ‘intertwining’
operator on ¥/" (see Section 3.1). In stationary problems, the
derivative ii0/0¢t is substituted by the energy E.

Different characteristic dimensions and the presence of
free carriers make possible the consideration of nanostruc-
tures as quantum waveguides or confined quantum systems
[6—15]. Similar problems related to waveguides emerge in
electrodynamics, acoustics, the theory of elasticity, marine
physics, and so forth. Confinement elimination leading to
lower system dimensionality is usually done by applying the
adiabatic approximation equivalent to asymptotic partition-
ing of oscillations into longitudinal and transverse modes.
For the Helmholtz equation, this partitioning was done in
Ref. [16]. In that work, equation (3) for a longitudinal mode
was given and it was shown that single-mode bound-state
resonators may be made by varying the waveguide curvature
[17]. Analogous equations for quantum-mechanical pro-
blems have been subsequently deduced in Refs [1, 2, 7—
15]. It should be emphasized that the waveguide problems
are similar to those of molecular physics, with the role of
confinement potential being played by the Coulomb
potential with ‘frozen’ coordinates of heavy nuclei. In
mathematical literature, equations emerging in problems
with different scales are called the operator-valued symbol
equations [19].

The longitudinal-state wave functions " can be: (1) de-
localized and significantly changing on the scale of order /y;
(2) delocalized and rapidly oscillating, i.e., changing on the
scale of 4 < /y, and (3) asymptotically localized in the small
sections with scales < /). We characterize the rate of the wave
function change by a ‘quasiclassical’ parameter h=4/l,
where /1H:max|61p"/ax|_l is the wavelength characteristic
of y*. The final expressions for ¥ are significantly dependent
on the relationships among 4, d, and /y or, equivalently, on
the relationship between the parameters p and /.
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In this report, we introduce the effective equations for
‘dimensional quantizing subbands’ (3), which are accurately
derived and can be utilized to describe all the above-
mentioned longitudinal states. The class of these states proves
to be considerably wider than that described in Refs [7—11].
Bound states and traps due to the variable tube thickness, the
spin effect on the classical one-dimensional dynamics in the
tubes placed in a magnetic field (see Section 4), the possibility
of spin flipping in curved tubes, and so forth are derived from
the equations given.

We limit our consideration to nanotubes. The authors’
results on nanofilms and optical planar waveguides can be
found in Refs [15, 17]. The works [18, 19] are also devoted to
nanofilms.

2. The effective Hamiltonian for a dimensional
quantizing subzone of a nanotube

2.1 Hamiltonian for a v-th subband of a bent tube

Let us define a suitable coordinate system in the vicinity of the
tube axis. We will assume that the tube axis is a curve y given
by the equation r = R(x), r e R} x € R, where R(x) is a
smooth vector function, x is a natural parameter in the curve
y, 1.e., the tube length measured from a fixed point x*,
|oyR(x)|=1, and 0,=0/0x. If the axis curvature
k(x) = [0°R| #0, the Frenet trihedron is defined as
{o,R,n=0;R/|0}R[,b = [0,R,n]} and the axis twisting
»(x) is governed by the equation 0,n = —xb — kO,R,
O0xb = xn. Rotating n(x), b(x) through the angle
0(x) = [ %(x) dx, we get the vectors ny (x), m(x). Then, the
curvilinear coordinates (x, y1, y») introduced by the relation-
ship r=R(x) +y(x,y1,02), ¥(x,¥1,12) = yimi (x) + yamo(x)
will be orthogonal in the vicinity of the tube axis.

In this report, closed tubes and tubes with ends satisfying
the Born—Karman periodicity condition for the function ¥
are called periodic tubes. The tube period is represented by /.
In passage through /y, the vectors n;(x), my(x) go over into
I1(00) my (x), IT(0g)my(x), where IT(0p) is the rotation matrix
through the angle 90_j o %(x)dx. The coordinates
(x,y1,y2) are therefore not global — that is, the same point
in a three-dimensional space corresponds to coordinates
(x + nly, M(—nbg) p),n = 0,£1,%2,...,where p = {y1,1}"
is a two-component vector column, and the periodicity
condition takes the form ¥(x, ) = ¥ (x + ly, I1(—06)) y).

To simplify expressions, we limit our further considera-
tion to a class of model potentials represented by the formula
Vint = Vi (X%, D(x) T (@) y), where D(x) >0,
vint(X*,1,¥2) is a smooth function, IT(®) is the rotation
matrix through the angle @(x) of ‘inner’ twisting, and x* is
some fixed point on the tube axis.

To apply the adiabatic approximation, the ‘prompt
transverse’ functions should be defined. They are repre-
sented by the formula exp(i(y, A(R))) w/, j=1,...,r, where
w; are the problem eigenfunctions normalized to unity with
respect to y:

W[ o a2
“am\a2 T o + Vini (X, ) )

The appearance of a number j of functions w! is related to the
possible degeneracy of &) (x); we will assume that the
degeneracy order r does not depend on the longitudinal
coordinate x. The functions w; (x, ) and ¢] (x) are expressed

=e)(x)w . 4)

through w/(x*,y), &1 (x*):

w/'(x,y) =D~ '(x) w; (x*, D7 (x) T (x)y)
x exp [if;(x — x*)],
8‘! X* 2 x*

ot () = G

For a nonperiodic tube, w/(x*,y) and f; are chosen in
ambiguous manner; f; may be set equal to zero. For a
periodic tube, it is appropriate to choose such a f; that
w/(x +lo, II(—06p) y) = w/(x,y). Then, the effective quan-
tum matrix Hamiltonian that is one-dimensional with respect
to x will be defined as

52 272
Ty p v Ik (X)
L' =— ex eV (x) —
o T ((x) +¢] (x) S
_A'_EJ‘J <axR(x')7 GA(R(x )7t) > dx/
CJo ot

p . eli .
B Ey Lt L@ B~ 0 (0 H)+ Ly, (5)

2mc
where p = —140/0x, and

. /] . e e .
L=4(, (ax@)p—%@xmm) Ny

2

0A(R, 1) P

ot +fm 2m/’

Ly =a(M°® (6,0.R) + M' ® (¢ ,my) p
+M*® (6,m)p).

<Y Vl)exl

The following designations were introduced above: E, is a
unit # X nmatrix; Bis a diagonal r X r matrix having elements
Bjj = B;6;; A(x) is an r X r momentum matrix having
elements  A;; =(w/, lw )y [ =—ih(y10/0y, — y20/0y1);
M¥(x) are the r x r matrices (k =0, 1, 2) such that

<M°>_,-_,-, = i ((@1vin0) 02 = (Bavin) 1) w} )
= <w (020int) W} >},

(MZ)_;_// = —(w/, (@1vin) W), ;
0, =0/0y;; ® denotes the tensor product of matrices;
Y(x)=Yn + Yom; and Y, (x)= Yon — Yin, are the
three-dimensional ‘vectors’ with components that are
‘dipole’ 2 x 2 matrices (Y)” = (wlyiwhy, i=1,2,
and, finally, (., ), designates 1ntegrat1ng over y varlables

For the 4 > d case, formula (5) type Hamiltonian had
been obtained in Refs [1, 2]. The ‘geometric potential’
—hzk(x)z/(Sm) originally introduced in Ref. [16] should be
taken into consideration in the long-wave limit (4 ~ /).
Namely this potential generates bound states in an empty
waveguide [16] by producing effective attraction to the
maximum curvature points on an axis.

If the function ¢ " is the effective solution of equation (3),
the function " is retrieved according to the relationship

¥ (x,,0) ~ Gl y) A (g (e ) + 77)

X exp <% J (3R, A(R >dx> (x,1),
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where G(x,y) = (1 — k(y,n))*, and
%) = exp (i<y,A(R)>)
x H wi(x, ) Wi (%) 0 H
0 wi(x,y) .- 0 Wy (5 0) ||

with 7 = %3 (x,p, y, t) being the corrective differential opera-
tor whose explicit definition is not important for further
consideration.

2.2 Geometric phases and boundary conditions

In an open tube, it is natural to consider the problems of wave
packet scattering and evolution for equations (3). In a
periodic tube, the condition for ¥ is followed by the Bloch
condition for a vector function ¥ ":

W (x+ o, 1) = exp (;1" Jl" (0.R, A( )>dx> (1)

The phase for a closed tube is given by

e [0 2nd
% JO <6\R,A(R)> dx = 70 N

where @ is the magnetic flux through the area enclosed by the
tube axis:

lo
¢ = [ (0«R,A(R)) dx,
0

and @ = 2mhc/e is a magnetic flux quantum. This equality is
an Aharonov— Bohm effect manifestation [20].

3. The generalized adiabatic principle

3.1 The ‘operator’ separation of variables

Here are the basic ideas of the ‘generalized adiabatic
principle’ resulting in Eqns (3) and (5). The wave functions
¥ = ¥'(x,y,1) for the lower subbands of transverse quantiz-

ing are given as the result of an action of x, p = —i0/0x, 1,
y-dependent ‘intertwining’ operator 7' = = x"(x,p,y,t) on
a function "(x, 7) independent of y:

V(1) = 1" (P, )Y (x,1). (7)

Since the operators x and p do not commute, an agreement
should be made about the order of their actions. For the sake
of definiteness, we will assume that the operator p acts first,
and the operator x acts second (see Refs [22, 23]). In addition
to formula (7), Y is required to satisfy equation (3). As in
eigenfunction and eigenvalue problems, the operators 7" and
L' are defined simultaneously. Calculating the operator L’
generalizes the Peierls substitution and dispersion relation
quantization (cf. Ref. [24]). Considering the possible degen-
eracy of ¢} (x) in problem (4), ¥ *(x, t) should be viewed as a
2r-dimensional vector function, and 7* should be viewed as a
2 x 2r-matrix function of the operators p and x.

The representation of ¥ according to formula (7) is a
natural generalization of the Born — Oppenheimer method in
which the function " does not depend on p, and expressions
[21] for WKB (Wentzel — Kramers — Brillouin) functions y”,

including the turning point and focusing situations. Formula
(7) realizes the quantum averaging idea [23—26] that some
block of the diagonalizing operator U is asymptotically
(u-wise) represented in the form U=expiS)~ >, 17" 7",
(a|b) == [dy(a*h), and (7"|7"") = 8,,. After the ‘twist-
ing’, equation (2) takes the form

( 1h—+H) Zu"( 1h—+L><

For the function ¥* = 7"y", we arrive at the equation

S W

equivalent to Eqn (3).

Representation of " as a function of x and p operators is
fundamental. In mathematical literature, a function of x, p is
called a pseudo-differential operator whose master function is

called a symbol. A passage from operators 7' and L' to
symbols " and L' allows us not to be concerned whether
operators x and p commute. Symbols y’ and L' cannot
usually be exactly computed, and one can only calculate the
coefficients of the asymptotic expansion of y’ and L' into a
series in the adiabatic parameter u:

\ |
o

0 N
. i)y —
i a + ) y' =0

v

2 =10 (py) o (4py) F o (py) g~

v v v v v :ujhz
L' = LO(xvp) + L](X,p) + L2(x7p) +.o. Lj ~ md?

General expressions for y; and L] are given in Ref. [15],
including the case of a degenerate effective Hamiltonian. To
produce them, some basic concepts and formulae of operator
algebra [22] known to junior or senior students majoring in
physics and mathematics are needed. On the other hand,
deriving the ‘twisting’ operator in quantum averaging is a
quite complex problem. A realization of the adiabatic
approximation as in Eqns (7) and (3) is therefore thought to
be its most pragmatic and simple form.

In many problems, y' and L; are power series in p,
therefore, 7" and L' are the dlfferentlal operators. The
function y3 does not usually depend on momentum, and in
this case 7 is a regular function of variables x, y. But, as a
rule, x| depends on p, thus restricting the possibility of using
the adiabatic approximation (see Section 3.3).

3.2 Energy renormalization and quasiclassical asymptotics

The operator (5) spectrum strongly depends on the pattern of
the effective potential change, i.e., on the effective force
applied to a particle in the direction of a tube axis.

As an example, consider a tube in the absence of an
external field. Then, the effective ‘longitudinal’ potential (an
analog of the Morse potential in molecular physics) is mainly
determined by ‘fluctuations’ in the cross section dimensions
and, as a consequence, by the ‘prompt’ transverse energy
&' (x). Let us consider the following cases with a periodic tube:
0] gL = ¢ (x9) = const, and (2) &' (x) has a single point of
minimum Xx, over the period. In case (1), the operator (5)
spectrum is taken as E™ = &' + ¢". The part of the spectrum
where aﬁ’l < ¢ may be significantly influenced by the axis
curvature (bound states [9, 16] may be organized) and by
spin-related terms [2]. In case (2), the point xy of the
minimum produces a spectral series of asymptotically
localized eigenfunctions (‘trapped’ states analogous to the
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lower states of nuclei in molecular physics) and eigenvalues
E" =g (x0) + g, with geometric potential practically not
playing a role and possibly considered by the perturbation
theory. The longitudinal wavelength 7 is related to g
through the estimate " ~ hz/(2m/1ﬁ).

Depending on the relation between g and & (x¢), the
following classification of operator (5) eigenvalues is worth
proposing:

(a) long-wave states with

2
)LH ~ 10, Sﬁn ~ d— Si(XO), h~1 H

2
I
(b) medium-wave states with
1 i d Vv
A~ dly , & N%SL(X()), hw\/ﬁ;
(c) short-wave states with

) v v .
/L«HNd, SH NSL(X()), hw,u,

(d) ultra-short-wave states with

LR b
,01/2 Iy

/2

2 o) b

Given the longitudinal wavelength

d2 vn [02 v 2
E7 FH Nﬁsl(x0)7 hN.u )

A~
the adiabatic approximation is no longer valid. A similar
classification for an abstract problem was made in Ref. [27].
In case (a), equation (3) should be solved exactly; in cases (b)
through (d), the quasiclassical approximation may be used,
with spin possibly influencing classical dynamics in case (b);
finally, in case (d), the quasiclassical approximation coincides
with the Born approximation (see examples in Section 4).

3.3 On the accuracy of equation derivation

in dimensional quantizing subbands

Using the asymptotic procedure [15], operator (5) can be
obtained with any given accuracy. Its derivation, however,
faces some technical difficulties. In the case where H is not
time-dependent, the operator L' is reasonably built with such
a degree of accuracy that its spectrum E"" is an approxima-
tion to the spectrum &” of the operator H. To do this, the
condition |E" —¢&"”| < |E" — E'"*D| must be satisfied.
Three terms of the operator L' expansion are usually
sufficient. To find the excited eigenfunctions of operator (5),
two first terms are enough.

In the case (d) (see Section 3.2), a characteristic period of
transverse oscillations md? /li becomes comparable with the
time mAlo/7 that it takes a particle to pass through a tube,
therefore the instantaneous partition of oscillations into
longitudinal and transverse ones does not make sense and
the adiabatic approximation no longer works. In formula (7),
the result of operator 7| action on function ¥ cannot be
considered a ‘correction’ because j7y" ~ 1. The part of the
operator L spectrum, corresponding to those states, does not
approximate any eigenvalues of H. This situation can some-
times be analyzed by using the complex WKB method [28].
The accuracy of asymptotics dependent on the relationship
between p and / parameters was analyzed in Refs [14, 15].

4. Some properties of circular cross-section tubes

Let us select vy = mQ*(x)(y} +»3)/2 as a confinement
potential. Then, &' (x) = Q(x)(v + 1), the problem (4) degree
of degeneracy is v + 1, and the matrix Hamiltonian L' has the
2(v+1) x 2(v + 1) dimensionality. For w}, we will select the
eigenfunctions of the momentum operator

- . 0 0 ., 0

l= 17!()’1 o, 2 ayl) = —ih 3
which may be expressed as exp(ilp)u!'l¥(r), where
[=0,%+1,..;k=0,1,...; yy =rcos¢, and y, = rsin¢p. On
the basis {w"}, the Hamiltonian Z" is a diagonal block matrix
with L 2% 2 blocks corresponding to the momentum
projections onto the tube axis, which are equal to /:

A oo K
v _ "%~ 0"
= Tomoat A (v +1) 8m

he h /

Here, a'(x) = e(me) "H — 20miQ(x)*0,R, and k(x) is the
tube axis curvature at the point x. Thus, the vector ' (x, 1)
is composed of two-component vector functions y"/(x, 7)
satisfying the equations ihn//t"l = L'y, Below are some
precise and some asymptotic solutions of this equation.

4.1 Explicitly solved model of a helical tube
Let us consider a helical tube of a cylindrically symmetric
cross-section and the axis

X X X
R(x):(p sin—, —p (:os—,p_)7 p=1/p>+p2.
1 P 1 p 2)0 1 3

Its axial curvature is defined as k(x) = p,/p*> = const, and the
axial twisting is %(x) = p,/p* = const.

In the case of the constant tube cross-section
Q(x) = Q = const, and the magnetic field parallel to the
helical axis, H = (0,0, H), the Hamiltonian (8) is unitary
equivalent to the operator with the constant coefficients:

R ®woor h (1 0 0
—lLvl __ - z _ — i =
v v 2m dx* 2mp \ 0 -1 Y ox

lp, th%

nQ 1)—=—=nh
+hQ(v+1) 2 H+8mp4

hog (10 2 iy p
_ o 2 P2 1

2 <0 —1)+°‘m p<p1 =)’
exp{f—} 0

2
U(x): ix )
o |3

where wy = eH/(mc) is the Larmor frequency. The spectrum
of the operator L (8) in an infinite helical tube is therefore
continuous and is given by

) 2 2
. q paoul | " p
E»/ — hQ 1) —
(9) 2m +AQv+1) 2p 8mp*
h q+ moyp : 2
i (f —oam?@lpy |+ (am>Qlpy)”,

where g7 = £1.
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Let wave function ¥"(x, y) be periodical with the period
equal to N turns. This condition results in the Bloch condition
for a function y" with the quasimomentum I/(2nfipN ),
I = —Iap + I}, where

e 2mp N e

Ing = - J (3R, AR))dx =- N®,

C Jo C
2npN

It = hl[ xdx.
0

Thus, the periodicity condition is written down as

2npg™ 2nd
N( P4 *TE*21'CP%[+7TE )=2ﬂ:n.
h oM

From this it follows that under the given Bloch conditions, the
operator L spectrum is discrete: E"" = E"/(¢"), where the
notation was used:

Ti l 1 @
qlnzi(n+&+7)_7’
P\N p 2] pd

and @ = np?H is the magnetic flux through the helix
projection area. The term Iap is a manifestation of the
Aharonov— Bohm effect, and 7} are the Berry phases. Note
that Iy = 0 when / = 0. It follows from Ref. [14] that in the
case of an undegenerate term /g = 0 for any cross-section of a
tube. At p, =0, E'" determine the spectrum of a closed
toroidal tube.

In Sections 4.2 —4.6, we will consider situations where the
quasiclassical approximation may be applied to equation (3).

4.2 Spin dynamics for a short-wave mode

Let us consider a tube of variable thickness with Q(x) s const
and the nonstationary equation i, = Dy We will
analyze the evolution of wave packets 1// !(x, 1) given by the
condition "/(x,0) = exp(iSy(x)/%) 4 ol(x), where 4" is a
two-dimensional vector, in a ‘short-wave’ mode [14]. In this
case, the functions y"' are quasiclassical and are retrieved
through:

(1) the trajectories x = X(xo, t) of the Newton equation

mx = —hQ' (x)(v+1

oSy
ox (x0) 5

)y X[,_o = X0,
mx|,_o =
(2) the solutions 4"/(xo, t) of the A "-spinor equation
dA <0_ (
If for ¢ < ¢* the Jacobian J"(xo, ) =

'//VI(Xy 1) & exp {M

y A"l(xo(x7 t),t)
J¥(xo(x, 1), 1) ’

A g = A'(x0) . (9)

0))a’ =0,
|0X/0x0| # 0, then

+ i (xo(x, 1), t)

where
SV(XO7 l) = S(;’(X()) + J; |:% X(XO, [)2
(X (0, 1)) (v + 1)} dr,

J (0,R (X(x0. 1)), H) 1,

9(‘60,[

xo(x, 1) is the solution to the equation X (xy,#) = x in xq. For
t > t*, after focal points appear (for instance, at the points of
the narrowing of the tube and near its end), the asymptotics
are determined by the canonical operator [29].

4.3 Spectral asymptotics in a short-wave mode
In a variable thickness tube, let the functions ¥ satisfy the
periodicity condition at every spiral turn and let the frequency
Q(x) with the same period have a single minimum point xg per
turn. Then, functions with energies E'" < maxe' (x) are
localized in a classically accessible region; functions with
energies £'" > max ¢'| (x) are delocalized and specify ‘ballis-
tic’ states [30].

Localized states may be sorted into two groups:

(1) lower states corresponding to the oscillatory approx-
imation [Born—Oppenheimer approximation for equation
(2)] and having the spectrum

E" x~ hQ(xo)(v+ 1) + 1

_FP b sin <f) B0y gy
2p p 2p

n—+ =

m”(x(;)q(wr ) ( ;)

+ hioyy ‘; H- 2ocml§22(x0) 0xR(x0)],

where g7 = %1 corresponds to spins directed along the
vector (e/¢)H — 20miQ(x0)*0R(x0);

(2) excited states corresponding to rapidly oscillating
WK B-solutions having the spectrum

Esvln _ E(;'n — fiw v/n hwtln + 0( )

where E;" is found from the Bohr — Zommerfeld quantization
condition

2| Par=n(ns3). P= iy nawe ).

Ty,
Here, x| < x; are the solutions to the equation P = 0, with

ol = el(2meT)~ J (0R (X(x0,1)),H) dr

= el(meT)™" J (o,R,H)mPdx,
X1

Tzzf‘mp—ldx
X1

being the period of a closed trajectory at the energy level E",
o' are the Floquet indices of the monodromy matrix of
system (9) [that are real due to the (o, a’(x(r))) matrix self-
conjugacy and are such that —m/T < w‘”’ < n/T]. For
localized states, the phases are Iap = 0, I§ = 0.
The spectrum of ballistic states takes the form
E=E)"

— howop — hws‘”’l + fok + 0(u?),

where Ej" is determined by the condition

2npN
J Pdx =2nhn — Iazp,
0
2npN
ol = el(cT)™! j (0,R,H )P 'dx,
0
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2np N
T:J mPdx,
0

vnl

ON are the Floquet indices of the system (9), and w} =
(A7)~

4.4 Spin-orbit splitting and the perturbation theory

Let H=0, o < (mQ)~". Then, the correction o may be
calculated with perturbatlon theory [2]. Indeed, the mono-
dromy matrix of equation (9) is given by

M :E+2amlJTQ(X(xo, 1))*(e,0.R(X(x0, 1)) dt + O(c?)
0

and the Floquet indices with an accuracy of O(a?
eigenvalues of the matrix

) are the

ZocmlTlLTQ(X(xo, 0)2 (e, R (X(x0, 1)) dr

2np N

:ZocmlT_IJ x)(e,0R(x))mP " dx.

0

It should be emphasized that the perturbation theory is valid
only at o < (mQ)™"

4.5 The impact of spin on the classical dynamics of
weakly excited states, depending on the direction of H

Let |a/(x)|#0 (terms are not overlapping) and
Q(x) = Q = const. Then, the set of equations i/}’ = L "'
has the fast-oscillating WKB-solutions which are retrieved

through the trajectories of two classical systems mx = —Vv{ !
[14], where
I eh TiL g1
v, = _M@R,HW— 5 hla'(x)|,

+ (2um@?1)* —

)] = o

The v{ | extrema are found from the condition

f 2
- o (3R, H) .

(]’ (x)| — o 0mQ?) 3, ( <aRH>Z):O.

The vT | minima correspond to ‘traps’. For the o, direction,
the minima and maxima of the potential UT L correspond to
minima and maxima of —(1/2)(0,R,H)/, i.e., the phase
portrait of a spin particle qualitatively coincides with that of
an analogous zero-spin particle. For the direction o4, a similar
situation takes place when amQ* < |a‘(x*)|, where x*
corresponds to the points of minimum and maximum of
—(1/2)(0xR,H)/. For the direction ¢|, the potential max-
imum grows by (7%/2)|a’(x*)| in comparison with that for a
spin-zero particle, and for ¢; it drops by the same value. An
interesting possibility of separation of spin particles having a
given momentum projection / results: in the energy range

he

hQ(v+1)——<a R(x*), H>l—§|a’(x*)|

<E<hQv+1) - %@xR(x*),Hﬂ—&-g]a’(x*ﬂ :

a particle with spin ¢y will pass through the tube, whereas a
particle with spin o| will be deflected from it.

If amQ* > |a’(x*)], then for the direction o in the center
of a ‘magnetic’ trap (the point of a minimum of
—(1/2)(0xR,H) /) a barrier appears and the trap breaks up
into two traps; at the points of the maximum of
—(1/2)(0xR, H)/, additional points of the minimum appear.

4.6 Spin flip
Letus consider the case e/(mc)H = 20mIQ*3,R(x*). Then, x*
is a point of minimum of —(1/2)(8,R,H) /, and |a’(x*)| = 0.
In this case, the term overlapping occurs at points x*,
corresponding to spin flip.

As an example, take a circular arc-shaped axis
R(x) = p(cos(x/p),sin(x/p),0) and the field e/(mc)H =
20mIQ*(—1,0,0). Then the potential is given by

sin r_x
4 20|

and x* = np/2, with the principal term of the WK B-solution
of Eqn (3) determined by the equations m¥ = —(v.)’, where

vl = —h|l|oy sin (g) F fiwy sin (4 2Yp>

[31, 32]. The potential v} does not coincide with the potential
I
v

UTll = —h|Z|CL)HSiIl (%) — 6”71(,01.[
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