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Spontaneous atomic radiation
in the presence of nanobodies

V V Klimov

1. Introduction
Due to the rapid development of nanotechnologies, it is
important to know how nanobodies, i.e., bodies that are
small compared to the emissionwavelength, influence various
optical phenomena. The corresponding subject is called
nanooptics and plays a special role in optics, since optical
effects in the vicinity of nanobodies are determined by the
typical sizes of the nanobodies rather than the emission
wavelength. At smaller spatial scales, the concentration of
electromagnetic fields near the objects increases. Therefore,
nanobodies can be efficiently used in nanotechnologies, in
developing scanning microscopes with nanometer resolution,
in nonlinear optical elements, and in other applications like
control of fluorescence and spontaneous emission.

Enhancement or inhibition in the rate of spontaneous
emission for an atom in a cavity, which was predicted in Refs
[1, 2], was observed in a series of experimental works [3 ± 10]

where the cavity size was essentially larger than or compar-
able to the emission wavelength.

In practice, however, it is often important to find out how
nanobodies influence the spontaneous emission of an atom.
Such problems arise first of all in the studies of isolated
molecules by means of aperture and aperture-free scanning
microscopes. Figure 1 shows a typical nanobody, namely the
tip of an aperture-free scanning microscope [11]. Nanoparti-
cles of various shapes are also used for controlling fluores-
cence [12]. In practice, it is sometimes important to elucidate
the influence of nanofibres or nanowires on the spontaneous
emission of atoms [13 ± 16].

In the present work, we study the effect of nanobodies of
various shapes (spherical, spheroidal, cylindrical, etc.) and a
round nano-aperture on the spontaneous emission of an atom
placed in their vicinity. Our aim is to find the conditions under
which spontaneous emission of atomic particles can be
efficiently controlled.

2. Theory of the spontaneous emission of atoms
in the presence of nanobodies
If the interaction between the atom and the nanobody is
weak, i.e., in the case of exponential radiative decay, the
expression for the line width g has the form [17, 18]

g
g0
� 1� 3

2
Im

d0 E
R�r; r;o0�
d 2
0 k

3
; �1�

where ER�r; r;o0� describes the reflected field of the dipole d0
in the vicinity of the nanobody at the frequency o0 of the
atom emission and at point r where the atom is placed. It can
be found by solving theMaxwell equations. Other parameters
in Eqn (1) are as follows: g0, the line width in vacuum, and
k � o0=c.

Expression (1) governs the total decay rate of an atom,
i.e., the rate at which the radiated energy goes to infinity and is
absorbed by the nanobody. It is valid for bodies made of any
material. It is worth noting that relation (1) can be used for
solving both classical and quantum-mechanical problems

1-nm radius of curvature

1.6 mm

Figure 1. Photograph of a scanning microscope tip made by means of a

tunnel electron microscope. The radius of tip curvature is about 1 nm [11,

pp. 131 ± 139].
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[19 ± 21]. Therefore, in order to find the spontaneous decay
rate in the vicinity of a nanobody one is obliged to calculate
the reflected field and analyze relation (1). Calculation of the
reflected field is a complicated problem which sometimes has
no analytical solution.

Dealing with nanobodies, it is often possible to take
advantage of perturbation theory formulated in terms of the
small parameter ka � 2pa=l, where a is the typical size of the
nanobody, and l is the emission wavelength. This approach,
also called the Rayleigh theory, gives the expression for the
reflected field as a series expansion in powers of the wave
vector k:

d0E
�R��r; r;o0�
d 2
0

� a1�r� � b1�r� k

� c1�r� k2 � id1�r� k3 � . . . ; �2�
where the coefficients a1, b1, c1, and d1 can be found by
solving the corresponding quasi-static problems. The first
three terms describe near fields, while the higher-order terms
correspond to radiation fields. Substituting expansion (2) into
(1), we obtain the total rate of spontaneous decays nearby the
nanobody in the form

g
g0
� 3

2
Im

�
a1�r�
k3
� b1�r�

k2
� c1�r�

k

�
� 1� 3

2
Re d1�r� � . . . �3�

In this expression, the first term differs from zero only in
absorbing media and describes nonradiative losses. The
second and the third terms can also be nonzero in the absence
of absorption; they describe radiative losses. It follows that
for finding nonradiative and radiative losses in the first
approximation, it is sufficient to determine the coefficients
a1 and d1, respectively. The term containing a1 can be found
by solving the quasi-static problem with a dipole source.
Direct calculation of radiative losses described by the terms of
a third-order in k seems to be a complicated problem.
However, if the atom is placed close to the nanobody,
radiation can be considered in a dipole approximation and
the total dipole moment of the system `atom+nanobody' can
again be calculated by solving the quasi-static problem in the
lowest approximation. Thus, in the case of nanobodies,
radiative line width is given by the relation�

g
g0

�radiative

� jdtotj
2

jd0j2
; �4�

where dtot is the total dipole moment of the system
`atom+nanobody'.

Thus, variation of the spontaneous decay rate due to the
presence of any nanobody that is small compared to the
emission wavelength can be found by solving the quasi-static
problem for a dipole in the vicinity of this nanobody.

Although the theoretical approaches considered above
are based on the fundamental principles of quantum electro-
dynamics, it is preferable to test the results in experiment,
since, sooner or later, the employment of the concept of
nanobody permittivity will become inapplicable .

Experiments with isolated atoms in the vicinity of
macroscopic bodies are extremely complicated and, at
present, reliable experimental data have been obtained only
for lifetimes of atoms and ions in the neighborhood of a partly

reflecting flat surface [22, 23]. The results of these experiments
have demonstrated perfect agreement with the theory down
to nanometer distances.

3. Spontaneous emission of an atom in the vicinity
of a nanosphere
If an atom is placed close to a nanosphere, spontaneous
radiative decay rates can be found analytically for any size of
the sphere and for any position of the atom [24 ± 28].

In the case of a nanosphere, which is a sphere whose radius
a is small with respect to the emission wavelength (ka! 0),
the radiation width of spectral line for an atom placed at the
distance r from the center and having the radial orientation of
the dipole moment can be calculated as follows�

g
g0

�radiative

radial

ÿ!
ka!0

����1� 2�eÿ 1�
e� 2

�
a

r

�3����2 �O
ÿ�ka�2� ; �5�

where e is the permittivity of the sphere at the wavelength of
the atomic radiation.

Relation (5) is valid for the most of practical cases. In the
special case of plasmon resonance, when the condition
je� 2j5 �ka�2 5 1 is satisfied, expression (5) is inapplicable.
For nanospheres with e � ÿ2, instead of Eqn (5), we have�

g
g0

�radiative

radial

ÿ!e�ÿ2; ka!0 25

4�ka�4
�
a

r

�6

: �6�

Hence, one can see that in the case of plasmon resonance,
essential enhancement of the spontaneous transition rate can
be achieved due to the factor �ka�ÿ4.

If the atom is placed inside the nanosphere, the radiative
decay rate is given by the expression�

g
g0

�radiative

radial

ÿ!
ka!0

9

je� 2j2 �O
ÿ�ka�2� ; �7�

which in the case of a plasmon resonance takes the form�
g
g0

�radiative

radial

ÿ!e�ÿ2; ka!0 25

16�ka�4 : �8�

Note that the leading terms in formulas (7) and (8) do not
depend on the position of the atom inside the sphere.
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Figure 2. Radiative decay rates measured for an atom in polystyrene

nanospheres placed into air (�), water (~), and immersion oil (&) [29].

Solid lines show the results of theoretical investigations [24 ± 28].
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In general, the sphere has a strong influence on the
radiative decay of an excited atom. If the nanosphere is
insulating (e > 1), the excitation energy is emitted in the
form of photons, and the rate of this radiative decay can be
increased or reduced several times depending on the orienta-
tion of the transition dipole moment. In the special case
(plasmon resonance, e � ÿ2), the atomic decay remains
radiative, i.e., the radiant energy goes to infinity in the form
of photons, but the decay rate rises proportionally to the
inverse fourth power of the sphere radius.

In Ref. [29], spontaneous radiation of Eu atoms placed in
micro- and nanospheres was studied experimentally. Com-
parison of the experimental results with the theory (see Fig. 2)
shows a good agreement in the range of nanospheres.

4. Spontaneous emission of an atom in the vicinity
of a circular cylinder
This problem can be solved analytically for a cylinder of any
size and for any position of the atom [30 ± 32]. If the cylinder is
of nanoscopic size, the situation becomes more complicated,
because, in this situation, propagation of fundamental
waveguide modes of any frequency is possible, and the
energy of the atomic excitation can be radiated to infinity as
spherical waves or be captured by the waveguide modes. In
the particular case of an absorbing material, nonradiative
decay is also possible.

Consider first an insulating cylinder (a nanofibre) with the
permittivity e > 1. For an atom with a radially aligned dipole
moment, placed at a distance r from the axis of a cylinder with
radius a, the radiative decay rate is given by�

g
g0

�radiative

radial

�
����1� eÿ 1

e� 1

a2

r2

����2 ; �9�

while for nonradiative decays, the rate is defined as�
g
g0

�nonradiative

radial

� ÿ 3

pk3
X1
m�0
�2ÿ dm; 0�

�
�1
0

dhh2K 0 2m �hr� ImGm�ha� ; �10�

where the coefficients Gm�ha� have the form

Gm�s� � �eÿ 1� I 0m�s� Im�s�
K 0m�s� Im�s� ÿ eKm�s� I 0m�s�

: �11�

If the atom is placed very close to the surface, then a more
simple expression can be obtained instead of Eqn (10). It is
analogous to the expression for nonradiative decays in the
vicinity of a flat surface:�

g
g0

�nonradiative

radial

� Im

�
eÿ 1

e� 1

�
3

16k3�rÿ a�3 : �12�

In addition, the emitted photon can be captured by
waveguide modes, so that�

g
g0

�guided

radial

� 48e2

�eÿ 1�2�ka�6 exp

�
ÿ 2

�ka�2
e� 1

eÿ 1
� . . .

�
:

�13�

The energy captured by waveguide modes can form a
significant part (up to 70%) of the total decay energy, but
the radial localization of these modes becomes considerably
worse with a decrease in the nanofibre radius.

In the case of a metal nanocylinder, i.e., a nanowire with
Re e < ÿ1, the rate of radiative decays is again described by
expression (9), while the rate of decay into symmetric
waveguide modes is given by the following expression�

g
g0

�guided

radial

� ÿ3s�I0�s��K 2
1 �s��

�
�
�ka�3K0�s�� d

ds

�
I0�s�K1�s�� eI1�s�K0�s�

�
s�s�

�ÿ1
; �14�

where s � is the solution to the equation

s 2 � 2

�eÿ 1��ln�s=2� � 0:577216
� :

Analyzing equation (14), one can show that due to the
excitation of symmetric waveguide modes, a decrease in the
nanowire radius can lead to a growth in the decay rate by
several orders of magnitude.

We conclude that a nanocylinder, i.e., a cylinder whose
radius is small compared to the emission wavelength, has an
essential influence on the radiative decay of an excited
atom. In the presence of a nanowire, the decay is mostly
determined by the capture of radiation by symmetric
waveguide modes, which leads to a considerable increase
in the decay rate at small wire radii, provided that the
transition dipole moment is aligned radially. In the case of
an insulating cylinder, the decay process becomes more
complicated: part of the energy is emitted to infinity in the
form of photons, and the rest of the energy is transformed
into that of nondecaying waveguide modes of the cylinder
and, hence, is not emitted.

5. Spontaneous emission of an atom in the vicinity
of a nano-aperture
In order to describe the operation of an aperture scanning
microscope with a single molecule as the object under study,
it is important to understand how spontaneous emission
proceeds in the presence of an aperture. For a nano-
aperture, this problem was considered in Ref. [33], where
rather simple analytical expressions have been found for the
case of an arbitrary position of the atom and an arbitrary
orientation of its dipole moment. For this problem, it is
important that, at any orientation of the atomic dipole
moment, radiation at both sides of the plane z � 0 can be
described by introducing an effective dipole oriented
normally to the plane. Moreover, the magnitude of the
dipole moment can be different for two dissimilar half-
spaces.

Correspondingly, for the total rate of spontaneous decays
we obtain

g
g0
� 1

2

�
d�tot

2

d 2
0

� dÿtot
2

d 2
0

�
: �15�

On the right-hand side of Eqn (15), the first term describes
atomic emission into the upper half-space, and the second
term into the lower half-space.

The expression for the decay rate becomes very simple in
some special cases. For instance, if the atom is placed on the
axis of the system (z-axis), emission is possible only for the
atom with a dipole moment directed along z. In this case,
transition dipole moments describing emission into the upper
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and lower half-spaces have the form

d�tot
d0
� 1� 2

p

�
arctan

�
z

a

�
� az

a2 � z2

�
; �16�

where a is the aperture radius.
Dependences of the radiative decay rates on the position

of the atom are shown in Fig. 3a. At z � 0, one obtains

d�tot
d0
� dÿtot

d0
� 1 ;

i.e., if the atom is at the center of the aperture, its emission is
the same as in the case of emission in free space. At z!1, we
arrive at

d�tot
d0
� 2 ;

dÿtot
d0
� 0 ;

and the transition dipole moment corresponding to atomic
emission into the upper half-space is doubled. Note that the
limit z!1 means, of course, only that the following
inequalities are valid: l4 z4 a. If the atom is far enough,
so that its separation from the aperture is comparable to the
emission wavelength, the nano-aperture does not influence

the atomic emission. In this case, the rate of spontaneous
decays should be calculated in much the same way as in the
presence of a plane without an aperture [8].

Consider now the decay rate for an atom that is placed in
the plane z � 0�, its dipole moment being directed along z-
axis (Fig. 3b). If the atom resides in the aperture, its radiative
decay rate is the same as in the case of the free space at any
position of the atom:

d�tot
d0
� dÿtot

d0
� 1 :

If the atom is placed outside of the aperture (z � 0, r > a),
then the expressions for the transition dipole moments
describing atomic emission to the upper and lower half-
spaces take the form

d�tot
d0
� 1� 2

p

�
a���������������

r2 ÿ a2
p � arcsin

���������������
r2 ÿ a2

p
ar

�
; r > a :

�17�

From Eqn (17) it follows that the decay rate in the
neighborhood of the aperture edge is increased substan-
tially, with the radiation propagating both in the upper and
lower half-spaces.

Wewill now look at the radiative decay of the atom placed
in the plane z � 0 and having the r-oriented transition dipole
moment. (The rate of decays for an atom with j-oriented
dipole moment is equal to zero identically in our approxima-
tion.) When r < a, the formulas for the transition dipole
moments describing radiation fields in the upper and lower
half-spaces take the form

d�tot � �
2

p
r���������������

a2 ÿ r2
p ; r < a : �18�

Outside of the aperture, where r > a, the total dipole moment
is equal to zero due to the boundary conditions for an ideally
conducting plane. One can see from Eqn (18) that the decay
rate is considerably increased near the edge of the aperture. In
this case, there is emission to both upper and lower half-
spaces.

6. Spontaneous emission of an atom in the vicinity
of an elongated spheroid
Since the problem of atomic emission near a finite-sized
spheroid cannot be solved analytically, consider the case
where the spheroid is elongated and its sizes are small
compared with the emission wavelength. We also assume
that the atom is placed close to the spheroid. Then the
spontaneous decay rate is determined by the total dipole
moment of the system, which can be found by solving the
quasi-static problem [34].

When solving the electrostatic problem for an elongated
spheroid with semiaxes a, b (a > b), it is natural to introduce
elongated spheroidal coordinates, the z-axis coinciding with
the axis of the system. If the atom possesses the dipole
moment aligned with z-axis and is placed at point z on the
spheroid axis, then the atomic radiative decay rates are given
by the expression�

g
g0

�
jj
�
����1� �eÿ 1�

� x0

�
x0

d

dx0
Q1�x0� ÿ eQ1�x0�

�ÿ1
d

dx
Q1�x�

����2 ; �19�
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Figure 3.Decay rates as functions of the position for an atomwhose dipole

moment is normal to the aperture plane: (a) the atom is placed on the axis

(r � 0; z > 0), and (b) the atom is placed exactly above the aperture plane

(z � 0�).
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where x0 � a=
���������������
a2 ÿ b2
p

, x � z=
���������������
a2 ÿ b2
p

, and Q1�x� is a
Legendre function of the second order.

Note that at some real values of the permittivity, the
expression in square brackets in Eqn (19) turns to zero and,
hence, there is no solution to the quasi-static problem. As a
result, in a manner similar to the case of an insulating sphere,
a plasmon resonance arises, which can be described only in
the framework of the complete electrodynamic theory.
Evidently, this corresponds to a considerable increase in the
decay rate [see equation (6)].

We see that from the viewpoint of the influence on the
spontaneous emission of an atom, the case of a spheroid is
intermediate between the cases of a sphere and a cylinder.
This influence enables one to efficiently control the decay rate
of an excited atom, including radiative and nonradiative
decays. A significant feature of a spheroid is the possibility
to `tune' it, by choosing properly the shape or the ratio of its
semiaxes, to the plasmon resonance of any material. This
possibility allows us, on the one hand, to control spontaneous
radiative decays, and on the other hand, to determine the
frequencies of plasmon vibrations for the spheroid material.

A considerable growth in the spontaneous decay rate of
an atom in the vicinity of a nanospheroid in the case of
plasmon resonance can be used as a basis for operation of an
aperture-free scanning microscope with a single molecule as
the object of investigation [34]. In such a microscope, the tip
can be approximated as an elongated nanospheroid in which
it is possible to excite the plasmon resonance at the frequency
of the molecular emission. It is supposed that the absorption
band of the molecule is far from the plasmon resonance.
Preliminary calculations [35] show that such amicroscope can

measure the position of the molecule with the nanometer
resolution, as well as the orientation of the molecular dipole
moment. Figure 4 shows the results of simulating the
scanning procedure for different orientations of the molecule.

7. Conclusions
The above-developed theory allows one to study other
nanobodies, such as a cone [36, 37] or a nanobubble [38]. In
all cases, relatively simple analytical expressions can be found
for the variation of the spontaneous emission line width and
frequency in the vicinity of various nanobodies. The results
obtained can be used for developing new types of scanning
microscopes with single atoms or molecules as objects of
investigation, for the control of atomic motion by means of
the near fields of nanobodies, and for the creation of photon
sources with given properties. In addition, nanobodies can be
utilized for the study of weak quadrupole transitions which
become considerably faster in the presence of nanobodies
[39].

The author is grateful to the Russian Foundation for
Basic Research and to the Federal Program `Integration' for
the financial support of this work.
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Electronic properties of narrow gap IV ±VI
semiconductors

B A Volkov

1. Tight binding approximation to band spectrum model of
IV ±VI semiconductors
IV ±VI semiconductors constitute compounds of elements of
group IV (Pb, Sn, and Ge metals) and chalcogenides (Te,
Se, S) 1. They crystallize into an NaCl type structure. The
important point, conceptually, is that the electronic spectra
and crystal structures of IV ±VI compounds are close to those
of the bismuth-group semimetals. As in the crystals of group
V elements, in IV ±VI semiconductors there are, on average,
three p-electrons per atom. Two s-electrons form deep narrow
bands and do not participate in the actual valence bonds that
exist in the crystal. Therefore, the valence and conduction
bands should be constructed fromp-orbitals (px, py, pz) whose
cubic symmetry reflects the cubic structure of bonds in IV ±
VI compounds. If the metal and chalcogene atoms were made
chemically identical, their FCC lattice would become a simple
cubic lattice with an odd number of (three) electrons per unit
cell. According to Luttinger theorem, such a structure must
be a metal. It is this praphase which Abrikosov and
Fal'kovski|̄ [6] employed to explain the semimetal character
of the spectrum of bismuth whose rhombohedral lattice can
be considered as a slightly distorted simple cubic one.

A similar approach can conveniently be employed in
constructing the electronic spectrum of IV ±VI semiconduc-
tors by introducing the potential of ionicity into the praphase
Hamiltonian Ð the potential which accounts for the
difference between the metal and chalcogene atoms. This
potential doubles the period of the simple cubic lattice, with
the result that the new (FCC) cell has an even number of
electrons (3� 2 � 6) and its spectrum becomes an insulating
one. By order ofmagnitude, the potential of ionicity is close to
the difference between the ionization potentials of the atoms
of the metal and chalcogene.

In order to determine the spectrum of the praphase, it is
convenient to employ the tight binding approximation by
making allowance for the overlap integral taken between the
nearest neighboring atoms only. Then, because of the
symmetry, this integral will be nonzero only for like atomic
p-orbitals, and the spectrum of the praphase will consist of
three one-dimensional branches. Each of these will be only

half-filled, in which case the Fermi surface of the praphase
takes on the appearance of a three-dimensional cross. The
symmetry-unrelated degeneracy of the one-dimensional
spectrum of the praphase is removed by its interaction
with deep s-orbitals and by the intraatomic spin ± orbit
coupling. This gives rise to a complex Fermi surface
consisting of three parts. A nearly-cube-shaped hole sur-
face resides in the center of the praphase's Brillouin zone,
whereas at the vertices there are electronic pockets whose
total volume is equal to that of the hole surface. In addition,
there is also an open Fermi surface. The three surfaces never
intersect. As a result of the introduction of ionicity, the
whole of the Fermi surface is covered by the gap, giving rise
to a real spectrum of semiconducting IV ±VI compounds.
The above picture of the genesis of the electronic spectrum
of IV ±VI semiconductors explains, by the way, why it is
near the L-points of the Brillouin zone of an FCC lattice
that the gap in a IV ±VI spectrum is the narrowest. The
reason is simply that all Fermi surfaces of the praphase
come closest there to one another.

In concluding this section it should be noted that the
spectrum of the praphase is not the only point of similarity
between the group V semimetals and IV ±VI semiconductors.
Another is that in some IV ±VI semiconductors (GeTe, SnTe)
one observes structural transformations from the cubic phase
to the rhombohedral (ferroelectric) phase completely similar
to the bismuth structure. This occurs when the potential of
ionicity is sufficiently small to prevent the deformation of the
lattice along the trigonal axis.

2. Dielectric and magnetic properties
of IV ±VI semiconductors
It is well known that semiconducting IV ±VI compounds
possess anomalously large values of both the high-frequency
(e1) and static (e0) dielectric constants. By e1 here is meant
the dielectric constant at frequencies higher than all phonon
frequencies butmuch lower than the average ionicity gap. The
presence of the narrow gap between the L-points can be
ignored because the phase volume corresponding to them is
small, whereas that corresponding to transitions across the
average ionicity gap is equal to the volume of the Brillouin
zone itself. The calculations in Ref. [7] were performed
including the local field effects and the exchange correction
to vertices.

The essential point is that, as tight binding calculations of
IV ± VI spectra reveal, the wave functions near the upper and
lower edges of the average ionicity gap are of opposite
symmetry. States near the upper edge are formed from the
atomic functions of the metal and therefore are odd, whereas
those near the lower edge are constructed from the atomic
functions of the chalcogene, i.e., they are even. The calcula-
tions showed that in the cubic phase corrections for the local
field are absent, whereas in the rhombohedral phase they are
nonzero and proportional to the square of the parameter of
rhombohedrality, leading to a drop in the value of e1 with a
kink at the phase transition point.

In Ref. [8], the static dielectric constant and effective
charge Z � were calculated. The basic idea was first to
determine the polarization of the crystal at fixed displace-
ments of the metal and chalcogene sublattices by taking into
account changes in the electron wave functions, and then to
use the polarization for finding the static dielectric constant
and the effective charge Z �. It turned out that the effective
charge grows as the degree of ionicity decreases. This

1 The results of my work with the colleagues, both theoreticians and

experimenters, can be found in reviews [1 ± 5] where they are discussed in

detail, and in a number of separate original papers on the dielectric and

magnetic properties of IV ±VI semiconductors [6 ± 10].
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