
Abstract. This review covers the results of experimental and
theoretical investigations of radiative electromagnetic pro-
cesses in amorphous and inhomogeneous media obtained after
the monograph [1] came out. Bremsstrahlung with the inclusion
of the Landau ±Pomeranchuk effect, the longitudinal density
effect, Ginzburg ± Frank transition radiation, and other under-
lying effects are discussed. Also considered are radiative pro-
cesses involving optical and c-ray radiation occurring because
of fluctuations of the medium parameters or other types of
inhomogeneities in the passage of a uniformly moving charged
particle through a medium. The review is intended for a wide
circle of readers: experimenters, theorists, and senior students.

1. Introduction

The proposed review considers the problems of radiation by
high-energy charged particles in Coulomb scattering in
amorphous media. Apart from the well-known theoretical
investigations and first experiments performed in the 1950s ±
70s (see Ref. [1]), this direction has recently given rise to a
flood of new theoretical and experimental investigations,
which are of considerable interest for the physics of an
energy range of tens and hundreds of gigaelectronvolts.

Experimental research is underway in the world's largest
accelerators at Stanford, CERN, etc., and the results
obtained are discussed at numerous international confer-
ences. The mathematical apparatus of theoretical works has
been considerably augmented in recent years, which is helpful
in studying more subtle effects (a more rigorous inclusion of
screening and transition radiation, absorption, etc.).

In addition, the review places emphasis on the investiga-
tion of radiative processes arising from particles uniformly
moving through inhomogeneous amorphous media that have
been carried out in recent decades. These investigations
underline the deep relationship between the radiative pro-
cesses initiated by electromagnetic radiation, on the one hand,
and charged particles on the other. They have a direct bearing
on the investigation of substance properties and have
attracted considerable recent attention. We also mention
investigations of charged-particle beam structure with the
use of transition and diffraction radiation in the optical range.
Also discussed is the emission of hard X-ray photons by
particles uniformly moving through inhomogeneous amor-
phous media and a comparison is made with similar effects in
periodic structures, which were considered at length in the
previous review [2].

2. Coherence length

The effect of the medium on electromagnetic processes was
expounded in a monograph [1], which summarized the
theoretical and experimental accomplishments in this field
made during the period 1953 ± 1972. Naturally, we do not
reproduce the material of monograph [1] in subsequent
sections, in particular because it is still widely used by experts
in high-energy physics. It might be well to point out that its
publication has been followed by the appearance of many
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reviews, monographs, and textbooks that discussed the effect
of the medium on high-energy processes. A list of them
appears in the foreword to review [2], concerned with similar
phenomena in crystalline media, and is not reproduced here.

Among the experimental works performed (after the
publication of Ref. [1]) on the accelerators in Dubna and
Serpukhov, which confirmed the influence of multiple
scattering and the longitudinal density effect on the brems-
strahlung of relativistic particles in amorphous media, I
would like to highlight only two papers: [3, 4]. The former
ascertained the existence of the longitudinal density effect and
the latter the existence of the Landau ±Pomeranchuk effect.

Important experimental inquiries into these topics were
made in the realm of cosmic rays. However, they are not
discussed in my review because an adequate cascade theory of
electron ± photon showers (with the inclusion of suppression
effects) has not been constructed to date. Nevertheless,
experimental data obtained in the range of energies above
the limit attainable with accelerators are undoubtedly of
interest. The research in the realm of cosmic rays carried out
prior to 1969 ± 1970 is well represented in monograph [1]. In
recent works related to the neutrino detection problem,
advantage is taken of extended electron ± photon showers
caused by m-mesons whose energy may be as high as 1024 eV.
The results thus obtained are outlined in Refs [5a, b], which
contain references to the preceding papers.

The year 1994 saw the implementation of experimental
investigations of radiative processes in an amorphous
medium performed by the SLAC E-146 collaboration of
scientists from the Stanford Acceleration Center, the Amer-
icanUniversity inWashington, D.C., the Institute for Particle
Physics of California State University, and Lawrence Berke-
ley Laboratory. The results were reported by M L Pearl at a
Conference in France [6] to immediately come to the attention
of physicists engaged in high-energy physics. Experiments to
measure the bremsstrahlung spectrum (in the 0.2 ± 500 MeV
range) were performed with a high precision at the Stanford
Linear Accelerator with the electron energies 8 and 25 GeV.
They confirmed the author's theoretical statement 1 that the
high-directivity radiation of relativistic particles is formed
throughout a coherence length, which can, for a high energy
of the radiating particle or in the emission of soft photons,
attain macroscopic dimensions

Lcoh � 2E1E2

om 2c 3
; �1�

where E1; 2 are the electron energies before and after the
emission of a photon with a frequency o, m is the electron
mass, and c is the speed of light. Naturally, the specific form
of formula (1) can be refined depending on the angle of
photon emission, multiple scattering angles, the kind of
particle, and other factors in the processes discussed below.
In what follows, we frequently use the effective momentum
corresponding to Lcoh, which is transferred to the medium
along the trajectory of the radiating particle and is commonly
denoted as

�hdcoh � �h

Lcoh
: �2�

This statement immediately leads to a fundamental
conclusion: for very high energies (or very soft photons),
when the coherence length exceeds the interatomic distance,
considering the particle ± substance interaction as the sum of
independent interactions with individual atoms is illegiti-
mate 2. Roughly speaking, the atoms located within the
coherence length along the particle trajectory act coherently,
and therefore the probability of the corresponding physical
process is proportional to the squared number of atoms
within the coherence length. This statement was first made
in 1953 (for more details, see the references given in footnotes
1 and 2). It implies that for certain processes, microscopic
quantum electrodynamics should be replaced with (presently
non-existent)macroscopic quantum electrodynamics. Several
attempts to construct macroscopic quantum electrodynamics
have already been made. In [7a], the example of the electron
mass renormalization is considered withmedium polarization
effect taken into account (see Section 3 for more details), and
the relevant publications existing at the time are listed. In the
recently published Ref. [7b], the mass and anomalous
magnetic moment of the electron were calculated with the
inclusion ofmultiple scattering in the substance. According to
the authors' estimates, the effect will be possible to observe at
electron energies above 1012 eV in thin layers of substance
made up of heavy elements.

Anthony et al. discuss the experimental results confirming
the effect predicted by Landau and Pomeranchuk (the LP
effect in the subsequent discussion) [10] and the effect
predicted by the author of the present review [11], which is
sometimes referred to as the longitudinal density effect, to
distinguish it from the well-known Fermi density effect in the
theory of ionization losses. Other terms are also frequently
used: the medium polarization effect, the density effect, the
dielectric suppression effect, or simply the TM effect.

The theoretical works of past years were based on
Migdal's investigations [12a], who took both effects into
consideration (see reviews [12b, c]). Migdal's expressions are
commonly employed in the comparison with experimental
data (the name LPM theory has survived in the literature).
But even at that time, new theoretical papers appeared that
were concerned with the investigation of other examples of
how the medium affected radiative processes. These works
extended the range of applicability of the Migdal theory by
extending the consideration to the photon absorption, the
transition radiation of a particle in a plate, the angular
distribution and polarization of photons, the interference of
different kinds of radiation in the medium, etc. (see Ref. [1]
and references therein).

The level of experimental resources at that time was quite
insufficient to obtain the required quantitative data and verify
the theoretical calculations. A wealth of experimental
investigations was performed in the study of extended air
showers with subsequent comparison of experimental results
with cascade curves calculated with the inclusion of the
theoretical results given in Ref. [1] (references to the papers
of the past years can be found in Refs [5, 6]).

After the publication of the first results [6, 8, 9], new
research was undertaken and experimental data were com-
pared with improved theories (see Ref. [13] and review [14]).

1 Ter-Mikaelyan M L Zh. Eksp. Teor. Fiz. 25 289, 296 (1953); see also

Ref. [24, Sect. 93, p. 461].

2 Fe|̄nberg E L ``Effekt, podtverzhdenny|̄ cherez sorok let'' (``Effect borne

out forty years later'') Priroda (1) 30 (1994) [Translated into English:

http://www.phys.au.dk/~ulrik/lpm/Nature.doc]; see also Akhiezer A I,

Shul'ga N FUsp. Fiz. Nauk 151 385 (1987) [Sov. Phys. Usp. 30 129 (1987)].

1232 M L Ter-Mikhaelyan Physics ±Uspekhi 46 (12)



We discuss theoretical works and compare them with
experimental data in the ultra-high energy range in Section 4.

Recently (March, 2002), there appeared first reports
about the experiments carried out by Uggerhùj's group at
CERN [15] (private communication). The bremsstrahlung
cross section was measured for the electron energies 149, 207,
and 287 GeV. Unlike in the experiments performed in
Stanford, in this case the spectrum was measured everywhere
over the photon emission energy range. This enabled the
authors of Ref. [15] to determine the energy losses in thin
targets of iridium, tantalum, copper, and carbon and to show
that the effective radiation length increases steeply at these
energies (see below).

3. Graphic picture of suppression
of radiative processes

The above examples point to the significant role played by the
coherence length in electromagnetic radiation at ultrarelati-
vistic energies [16 ± 19]. Furthermore, it turned out that
similar effects also occur in hadronic processes, i.e., in
quantum chromodynamics (see, for instance, Refs [16 ± 18,
20, 21] and references therein), which are now actively
investigated. We can therefore say that some processes
described by quantum electrodynamics or quantum chromo-
dynamics involve a nonlocal interaction, because there is no
way of specifying at what point within the coherence length
the interaction occurred. This statement is fundamental in
character, and we therefore enlarge on it, following the well-
known review by E L Fe|̄nberg [18], who is the founder of this
movement in high-energy nuclear physics and in quantum
electrodynamics (see Ref. [16]).

According to modern quantum electrodynamics, the
electron should be treated as a point particle. This leads to
several difficulties, which may be overcome using special
recipes (the renormalization theory). We try to explain them
following the review [18], in which present-day problems of
high-energy physics are outlined in a manner comprehensible
to a broad circle of readers.

A nonrelativistic charged particle in the form of a ball of
radius r0 moving with an acceleration r 00 radiates energy and
experiences the radiative friction force �4=3��e 2=pr0�r 00
directed oppositely to the radiation. It becomes infinite as
the electron radius tends to zero. However, even in the 19th
century, Lorenz noted that because the inertial force mr 00 is
also proportional to the acceleration, it can be combined with
the radiative friction force to introduce a new (renormalized)
mass m, taking it to be equal to the mass of a real electron. In
this case, the electron radius may subsequently tend to zero
to obviate the emergence of infinities in the equations of
motion.

A similar procedure should also be carried out to
eliminate other infinities emerging in the quantum theory of
electromagnetic fields. For instance, it is necessary to
introduce a renormalized electron charge, because the Dirac
theory implies an infinite background of negative-energy
states that should be filled with electrons to eliminate the
electron transition to unoccupied negative-energy levels with
the emission of photons. The outer electron polarizes the
background with the consequential screening of its charge,
and hence the charge (which is the constant for coupling to the
electromagnetic field) must also be renormalized. Lastly, the
third infinite quantity emerging in the theory (the so-called
vertex part) must also be renormalized to enable finite results

to be obtained in quantum electrodynamics in the calculation
of specific processes involving a point electron.

As a result of the renormalizations conducted, notwith-
standing all the artificiality of this procedure, quantum
electrodynamics describes all experimental data known to
date with high precision, although it remains inconsistent
from the logical standpoint.

However, assuming that the renormalization due to the
interaction of a (nonrenormalized, i.e., bare) electron with
other fields not included in quantum electrodynamics does
not occur instantly (the relativity theory supposes that any
velocity of signal transfer is limited by the speed of light) but
takes a certain period of time, which is termed the proper field
regeneration time, or simply the dressing time, we conclude
that the bare (i.e., nonrenormalized) moving electron man-
ages to travel some distance during the dressing time. The
higher its velocity, the longer this distance.

We can attempt to estimate the regeneration time,
remaining in the framework of the quantum theory [18]. By
way of example, we consider an atom with only two levels (a
two-level system) experiencing a periodic perturbation of the
form E exp �ÿiot� � c:c: We use the perturbation theory to
derive the probability that the atom resides in the upper state
at a time instant t > 0 assuming that it was in the lower level at
t � 0. The answer is well known (see, for instance, Ref. [22]),

W21 �
�
2dE

�hD

�2

sin2
tD
2
; �3�

where

�hD � E2 ÿ E1 ÿ �ho � �h�o21 ÿ o� �4�

is the resonance detuning. A similar expression describes the
inverse stimulated 2! 1 transition. If the observation time
(for which we also employ the term `measurement time' in
what follows) satisfies the condition t4 1=D, the transition
probability is proportional to the time [from here on, D is
understood as the square root of the mean value �D2�1=2�;
when the observation time t � �h=D, expression (3) implies
that the probability of different values of D is distributed in
accordance with the law

1

D2
sin2

tD
2

�5�

about the most probable values

E2 ÿ E1 ÿ �ho � �h�o21 ÿ o� � �h

t
: �6�

If the transition occurs in a constant field, i.e., o � 0
(then, jE2 ÿ E1j � �ho21), its probability is proportional to the
interaction time t, provided thato21t4 1.With the constraint
to21 � 1, this implies that the shorter the measurement time
interval t, the greater the uncertainty in the measured energy
difference, i.e.,

jE2 ÿ E1j � �h

t
: �7�

Similar reasoning also leads to the uncertainty relation for
the stimulated 2! 1 transition.

Counting the time not from t � 0 but from t � ÿ1 and
introducing a multiplier exp �lt�, by way of similar calcula-
tions we arrive at the same results if we put l! 0 in the final
expressions (adiabatic switching). In doing so, we must
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replace twith dt in the above results. In this case, the energy ±
time uncertainty relation can be written as

jE2 ÿ E1 ÿ �hoj < �h

dt
: �7 0�

Using this relation and the identity dE � v dp and
taking the momentum conservation law for the system
dp1 � dp2 � dp into account, we obtain Bohr's expression,
which establishes the relationship between the uncertainty of
the measured momentum dp and the time interval during
which the measurement is made [23],

�v2 ÿ v1� dp � �h

dt
: �8�

This relation is also valid for separate momentum compo-
nents, i.e., for dpx, dpy, and dpz. In nonrelativistic quantum
mechanics, there is nothing to limit the velocity difference
acquired in the act of measurement. That is why it is possible
to determine the difference of particle momenta with any
accuracy by letting the velocity difference tend to infinity.

But in relativistic quantum mechanics, the situation is
radically different because there exists the limiting speed of
interaction propagation Ð the speed of light. Proceeding
from Bohr's relation [23], Landau and Peierls [24] hypothe-
sized that the uncertainty relation of the form dp dt � �h=c
must be satisfied in themeasurement (i.e., in the interaction of
a particle with a measuring instrument) of a momentum p
which lasts for a time interval dt. For relativistic particles, this
relation can be rewritten as a relation between the uncertainty
in the particle energy and the time of its measurement,

dE dt � �h : �9�

Consequently, in some portion of the trajectory that the
electron traverses in a time dt after the first scattering event,
its energy is defined with the inaccuracy �h=dt. Such an
electron, which is termed half-dressed [18], interacts with a
substance differently than a dressed electron.

During its further motion, it is dressed, i.e., renormalized
(see Refs [17, 18]), and the energy difference is emitted in the
form of electromagnetic radiation into a light cone along the
path ofmotion (see the figure inRef. [18], which illustrates the
aforesaid). The regeneration time or the electron dressing
time is defined by the above uncertainty relation on assigning
values to dE and �ho, the undressed-electron energy proving to
be less than the dressed-electron energy.

As an illustration of the aforesaid, we can give an example
from electrodynamics with the inclusion of a longitudinal
density effect [7a]. Let an electron pass from one medium to
another (for simplicity, transit to the medium from a
vacuum). Clearly it then polarizes the substance of the
medium and its mass changes. It is easy to perform the
requisite calculations. When the particle velocity remains
invariable in going from one medium to the other, we have

Dmmed ÿ Dmvac � ÿ
�
mc 2

E

�2
e 2o0

c 3
; �10�

where

o2
0 �

4pNZe 2

m
�11�

is the plasma (Langmuir) frequency and Dmmed andDmvac are
the corrections to the electron mass caused by the inclusion of
radiative corrections in the medium and in the vacuum. If the
electron momentum does not alter in the transit, the answer is
somewhat different,

Dmmed ÿ Dmvac � ÿ e 2o0

c 3
: �12�

The adduced example of mass renormalization for a charged
particle in the medium shows that the mass of a bare electron
is smaller than the mass of a dressed one. To compensate for
the mass loss in the medium, the electron should supposedly
decelerate. Furthermore, it should also make up for the
radiation energy loss, which also leads to deceleration.

It turns out [17 ± 19] that it is experimentally possible to
observe a half-dressed electron in a diversity of physical
processes.

As an example, we consider the bremsstrahlung of a
relativistic electron in a crystal [1, 2]. As noted above, it
occurs throughout the coherence length, i.e., the radiating
electron interacts simultaneously with all nuclei located
throughout this length along its path, and the radiation
intensity is proportional to the squared number of atoms in
Lcoh. We assume that at some point of the trajectory, the
electron is scattered through an angle significantly greater
than mc 2=E and escapes from the range of coherence length.
In this case, the probability of radiation is no longer
proportional to the squared number of atoms within the
coherence length, with the consequent reduction of the
probability of radiation. We can also state with assurance
that repeated radiation, upon emission of the first photon
(and transition of the electron to the bare state), is strongly
suppressed: it takes some time (called the regeneration time)
for the electron to recover its proper field. However, the
moving electron can travel a large distance during the
regeneration period and can even escape from the range of
radiation formation (the higher its velocity, the sooner the
escape). Hence, it follows that hard photons are emitted
primarily in the initial portion of the trajectory, i.e., at the
entry of the electron into the crystal. The higher the energy of
the radiating electron, the stronger the manifestation of this
effect. This effect was presumably discovered in experiments
staged in CERN (see review [2], which discusses Uggerhùj's
group's experiments in a crystal). We also note the theoretical
work [19], which discusses the spatial ± temporal evolution of
a half-dressed particle in a plate with a thickness smaller than
the coherence length. The authors point out a diversity of
quantum-electrodynamic processes whereby electrons can be
observed in a half-dressed state.

4. Modern investigations of radiative processes
in an amorphous medium

4.1 Experiment
We have already mentioned in the Introduction that the
experimental papers published in 1994 ± 1996 [6, 8, 13, 14]
aroused considerable excitement among experts in high-
energy physics. The experimental research was conducted on
two electron beams at the Stanford electron accelerator with
the electron energies 8 and 25 GeV. A study was made of the
suppression of the bremsstrahlung of photons with energies
ranging from 0.2 to 500 MeV on carbon, aluminum, iron,
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lead, tungsten, uranium, and gold targets of different
thicknesses ranging from 0.1%L to 7%L, where L is the
radiation length. To avoid misunderstanding, we emphasize
that the radiation length employed is a constant quantity that
depends only on the medium characteristics (see Section 4.1).

The experiments were performed with high precision,
which was far superior to the precision of all preceding
experiments in this field. This enabled the authors to
reconsider the results of previous investigations in this field,
both theoretical and experimental.

The experimental data were compared with the curves
(which modeled theoretical expressions) calculated by the
Monte Carlo technique (hereinafter denoted by MC). The
MC curves included the following effects: multiple scatter-
ing Ð the LP effect, dielectric suppression (i.e., the TM
effect), the transition Ginzburg ±Frank radiation (herein-
after GF) arising due to the existence of boundaries of the
target samples, the photon absorption in the plate (the
Galitski|̄ ±Gurevich suppression effect), as well as the
quality and internal structure of the target, multiple photon
emission in the target, the experimental magneto-bremsstrah-
lung background arising in the deflecting magnets, etc.

The accuracy of experimental data processing was so high
that they could be compared with various slightly different
versions of the theory to within a few percent.

Beyond a doubt, the greatest difficulty consists of deciding
between various versions of the bremsstrahlung theory for the
MC curves because they are also only slightly different. Even
if we consider formulas that have been used for a long time,
like the Bethe ±Heitler formula for the particle ± atom
bremsstrahlung, there is a need to improve the description
of screening [25] and to include the contribution to the
radiation made by atomic shell electrons for light atoms
because the coefficient of the form Z�Z� 1� is now becom-
ing unacceptable in view of the state-of-the-art accuracy and
should be replaced with new expressions [6, 13].

The situation with other theoretical expressions employed
in the SLAC E-146 Project is much more complicated. For
instance, more than 50 years have passed since the publication
of the well-known Ginzburg ±Frank work [26] on transition
radiation. In 1950 ± 1970, the theory of this effect was
substantially refined (account was taken of the effects of
multiple scattering, plate thickness, oblique incidence, etc.).
The works of that period were summarized in a monograph
[1]. But some disagreement and unsolved problems still
persist, influencing the comparison of theoretical results
with experimental data (see below). Difficulties emerge in
the selection of theoretical works on transition radiation in
plates (with the inclusion of multiple scattering effects),
because a wealth of papers whose data quite often contradict
each other have come out. To construct the MC curves, the
authors of Ref. [13] adopted the Pafomov version [27] for the
portion where the transition radiation in the plate is
significant.

As an illustration of the contribution of different suppres-
sion effects, in Figs 1a and 1b we compare theMC curves and
the measured bremsstrahlung spectrum for electrons with the
energies 8 and 25 GeV for a carbon target whose thickness is
equal to 2% of the radiation length. We can see from Fig. 1a
that the multiple scattering (LP) and longitudinal density
(TM) effects make approximately the same contributions to
the bremsstrahlung suppression; the growth in the left-hand
side of the spectrum is due to the transition radiation (GF).
For photons with energies far greater than 10 MeV, the
experiment is described by the Bethe ±Heitler expression.
The discrepancy between the experimental data and the MC
curve for photon energies below 1 MeV is attributed by the
authors of Ref. [13] to the synchrotron radiation background.
For an energy of the emitting electron of 8 GeV, the influence
of the LP effect is weaker, because the ratio between the
coherence lengths (for the same frequency of soft photon
radiation) is proportional to the ratio between the squared
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Figure 1. (a) 25-GeV electron emission spectrummultiplied by the photon energy k � �ho in a carbon plate of thickness 2%L: 1ÐBH�GF, 2ÐBH, 3Ð

LP�GF, 4 (black points) Ð experiments with statistical errors, 5ÐMC calculations with the inclusion of the suppression effects of LP, TM, and GF.

(b) The same as in Fig. 1a for the electron energy 8 GeV. From top down, the curves correspond to the inclusion of the following processes: BH�GF,

LP�GF. Plotted next are experimental points and the MC curve (the broken line), which includes only the BH�TM effects.
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energies of the radiating particles, making the dielectric
suppression (TM) the principal effect (Fig. 1b). Under these
conditions, the growth of radiant energy at the left edge of the
photon spectrum in Fig. 1a (which owes its origin to
transition radiation) is hardly present in Fig. 1b. The
suppression of transition radiation with lowering the inci-
dent particle energy (in the same frequency range) can
supposedly be interpreted on the basis of a qualitative
analysis. Indeed, we might assume that the effect of plate
thickness on the total radiation is significant when this
thickness is shorter than the coherence length. But our
analysis shows (see below) that the stronger the inequality
l < Lcoho=go0, the stronger the effect of thickness l. In this
case, the total radiation and its frequency spectrum are
significantly different. We consider this effect at the end of
Section 4.4.

The authors of Ref. [13] note that the agreement between
the experimental results and the theory is not as good as one
might expect, although the experiments confirm the occur-
rence of suppression effects. In the above experiments with
carbon, the authors point to material structural defects,
whose inclusion is likely to improve the agreement with the
theory. These issues are considered in Section 6.

The experiments performed on the SLAC are rich in data,
and we restrict ourselves to the discussion of only some of
them. The main results and their comparison with the theory
are given in the figures in our review.

As noted above, the experiments performed in the frame-
work of the SLAC E-146 Project enabled the authors of the
experiment to discuss the theoretical research in detail. This
was made possible by the high accuracy of the experimental
works, which called for a more detailed consideration of the
foundations of the theory.

4.2 Qualitative consideration
We now turn to the discussion of suppression processes in an
amorphous medium. We discuss the suppression of brems-
strahlung in an amorphous medium caused by multiple
electron scattering. As in the examples considered above, the
bremsstrahlung is formed throughout the coherence length.
But if multiple scattering deflects the radiating electron
through an angle exceeding the characteristic angle of the
bremsstrahlung, this results in a reduction of coherence length
and hence in radiation suppression. A similar conclusion can
also be reached by accounting for the longitudinal density
effect (which amounts to the replacement of the speed of light
in the vacuum with the speed of light in the substance), the
photon absorption in the substance, and the effect of
transition radiation. Evidently, a full account of theoretical
works is not among the tasks of the author of this paper.
However, gaining an understanding of the review by a wide
circle of readers requires considering the theoretical founda-
tions of all the indicated effects.

To estimate the bremsstrahlung cross section, we can use
the Fermi ±WeizsaÈ cker ±Williams method expounded in
Section 6.1 as well as in Ref. [1, Sect. 2] for these purposes.
It is well known that in the pseudo-photon method, the
derivation of the bremsstrahlung formula amounts to the
multiplication of the pseudo-photon flux corresponding to a
single moving charged particle with the Klein ±Nishina cross
section and the subsequent integration of the resultant
expression over the momentum transferred to the nucleus.
The expression is of the form (see Ref. [1, formula (2.19)], in
which we replaced d � dcoh with d2 to bring it into accord with

expressions given below)

ds�o� � 2�s
�h do
pg

� a=l�

0

dk?
� k1 max

d2

k2? dk1
k21�k21 � k2? � Rÿ2�2

�
�
1� �h2od2

m 2c 3
ÿ 2d2

k1
� 2d 2

2

k21

�
; �13�

where

s � Z 2r 20
137

� Z 2 � 5:8� 10ÿ28 cm2 ; l�� �h

mc
;

�14�
a � 1 ; gÿ2 � 1ÿ v

2

c 2
; r0 � e 2

mc 2
:

The integration of expression (13) with respect to
k2? � k22 � k21 should be extended only to values a=l�� mc=�h,
because the pseudo-photon method is inapplicable for
distances shorter than the Compton wavelength of the
electron. This is responsible for the logarithmic accuracy of
themethod.However, the simplicity of thismethod enables us
to obtain estimates of many effects relatively easily, avoiding
complicated mathematical calculations.

In expression (13), the main contribution to the integral
over k1 is made by the domain about the lower limit k1 5d2.
If we integrate expression (13) with respect to the variable k1
(taking into account that d2 � dcoh, with multiple scattering
and the longitudinal density effect neglected) and then with
respect to k?, we obtain the Bethe ±Heitler cross section with
a logarithmic accuracy,

dsBH � 4s
��

�ho
E1

�2

� 4

3

�
1ÿ �ho

E1

��
Lrad : �15�

In the case of total screening,

Lrad � ln
aR

l�
ÿ 1

2

(see Ref. [1, Sect. 5]), where R is the atomic radius.
To include the LP and TM effects, we should proceed as

follows: we use the expression for the minimal longitudinal
momentum transferred to the atom, with multiple scattering
and the longitudinal density effect taken into account,

�hd2 � �hdcoh ÿ p1y
2
1

2
ÿ p2y

2
2

2
� o�1ÿ ��

e
p �

c
; �16�

where y 2
1; 2 are the mean squares of multiple scattering angles

prior to and after the photon emission.
Approximately taking both effects into account leads to

the following expression for the minimal momentum �hd2
transferred to the medium, which determines the bremsstrah-
lung in an amorphous medium (for more details, see Ref. [1,
Sect. 18]):

d2 � dcoh � dcoh
m 2c 4

E 2
s l

L
� o2

0

2oc
: �17�

Here,

dcoh � mc 2�ho
2E1E2l�

�18�

1236 M L Ter-Mikhaelyan Physics ±Uspekhi 46 (12)



is the minimal momentum (2), divided by �h, transferred to the
medium in the bremsstrahlung, with the LP and TM effects
ignored, which is inversely proportional to the coherence
length (1), Es is the multiple scattering constant equal to
21MeV,L is the radiation length [see formula (23 0) below], l is
the length of particle trajectory through which coherent
processes develop, l� is the Compton length of the electron
divided by 2p, and o0 is the plasma frequency (11). Because l
(as follows from Section 2) should be inversely proportional
to d2, from expression (17) we obtain a quadratic equation
whose roots define the effective value of d2 with the inclusion
of both effects [11],

d2 � 1

2

�
dcoh � o2

0

2oc

�
�

�������������������������������������������������������
1

4

�
dcoh � o2

0

2oc

�2

� E 2
s dcoh

m 2c 4L

s
: �19�

In the absence of the LP effect, expression (19) gives the
value of the minimal momentum transferred to the nucleus
with the inclusion of only the TM effect,

d2 � dTM � dcoh � o2
0

2oc
: �20�

When the longitudinal density effect can be neglected,
from expression (19) we obtain a new value of the minimal
transferred momentum associated only with multiple scatter-
ing:

d2 � dLP � dcoh
2

"
1�

�������������������������������
1� 4E 2

s

m 2c 4dcohL

s #
: �21�

On substitution of (19) in (13), it is necessary to perform
integration over the variables k1 and k?.

The expression for the bremsstrahlung cross section with
the inclusion of only the density effect is rather easy to derive
by replacing d2 with expression (20) and integrating similarly.
The cross section for the emission of soft photons (i.e.,
�ho5E1) then becomes [11]

dsTM � 16

3
s
do
o

Lrad

1� �o2
0=o

2� g2 : �22�

The cross section in the limiting case with the inclusion
of the LP effect is somewhat more difficult to obtain using
the above expressions. For instance, we consider the
emission of photons whose energies are far less than the
initial energy of the radiating particle. In this case, dcoh �
m 2c 3o=2E 2

1 , and it follows from (21) that dLP is given by
the limiting expression

dLP �
���������
dcoh
L

r
Es

mc 2
� Es

����
o
p

E1

��������
2Lc
p : �23�

In the cascade theory of showers, the path length z is
commonly measured in t units,

t � z

L
;

1

L
� 4Z 2r 20N

137
ln �183Zÿ1=3� : �23 0�

The length L plays a significant part in the cascade theory
of showers; prior to the discovery of suppression effects, it
was believed to be a constant quantity. In reality, L is defined
in terms of the Bethe ±Heitler bremsstrahlung cross sections;
because they vary if suppression effects are taken into

account, L becomes dependent on the particle energy. That
is why the cascade theory of showers should be formulated
anew. However, in Refs [8, 9, 13, 14], which we here follow,
the radiation length is considered to be the value ofLwith the
suppression effects ignored. Another approach is used in
Ref. [15], where an energy-dependent effective length is
introduced.

The bremsstrahlung cross section takes the form [11]

dsLP � 4

3

Zr0
137

mc 2

E1

������������
Lrad

2pcN

r
do����
o
p ; �24�

where Lrad � ln �183Zÿ1=3� is the radiation logarithm.
Expression (24) differs from the exact Migdal formula

[12] by the factor 1=3. We note that in three limiting cases,
the above cross sections possess different emission photon
spectra: those of Bethe ±Heitler do=o, Landau ±Pomeran-
chuk with the frequency dependence do=

����
o
p

, and TM with
the frequency dependence o do for o < go0. None of the
formulas thus derived has the accuracy required for
comparing the theoretical and experimental results [7 ± 9,
13, 14]. But it is easy to see from these formulas that the
multiple scattering and longitudinal density effects are
responsible for a shortening of the coherence length, i.e.,
for the increase of the effective momenta transferred to the
nucleus in the bremsstrahlung. This, in turn, leads to the
suppression of bremsstrahlung, because the integral over the
k1 variable in expression (13) is determined by a domain
about the lower limit. The last statement reflects the fact
that high-energy processes possess a high directivity along
the velocity of the process-initiating particle. That is why a
simple introduction of the coherent length (1) on the basis
of only the Heisenberg uncertainty relation DxDp � �h
(frequently used in the literature) would not suffice for
the statement that high-energy processes are formed over
long distances. For this statement to be legitimate, the
main contribution to the cross section of the process
should be made by reactions with small momenta k1
imparted to the nucleus and aligned with the direction of
radiating-particle motion. Expression (13) illustrates pre-
cisely this statement.

Obtaining more exact Migdal expressions [12] requires
more tedious calculations. We do not reproduce these
calculations here and refer to a monograph [1, Sects 18 ± 21],
in which the mathematical aspect of these investigations is
expounded in sufficient detail.

We give the limits of the spectral ranges in which the
limiting expressions for the bremsstrahlung cross section
must be used. From expression (19), it follows that the limits
of the Landau ±Pomeranchuk range are determined by the
inequality [11]

4E 2
s dcoh

m 2c 4L
4

�
dcoh � o2

0

2oc

�2

: �25�

Inequality (25) implies the condition for the limits of the
frequency range wherein the effect of multiple scattering is
significant and the LP formula (24) is valid in the case where
the energy of the emitted photon is far less than E1,�

E 2
1

E 2
s

L

8�hc
��ho0�4

�1=3
� �ho1 5 �ho5 �ho2 �

�
Es

mc 2

�2
8l�E 2

1

Lmc 2
:

�26�
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Condition (26) determines the energy limit E0 at which the
LP effect occurs [11],

E1 5E0 � m 2c 4Lo0

8cEs
: �27�

For dense media at the end of the periodic table of the
elements, E0 � 1 GeV.

The limits of the Bethe ±Heitler range with the inclusion
of the TM effect are defined simultaneously by two inequal-
ities opposite to inequalities (26). One leads to the interval of
emitted photon frequencies where the BH formula remains
valid,

8c

L

E 2
s E

2
1

�mc 2�4 5o5
E1

�h
�28�

and to the interval

oat 5o5

�
L1=2o2

0

2
�����
2c
p E1

Es

�2=3

; �29�

where formula (22) applies. The cross section is then defined
by the BH formula if the condition

o > go0 �29 0�
is satisfied, and by the TM formula otherwise.

In the derivation of conditions (28) and (29), it was
assumed that the emitted photon energy is much lower than
the energy of the radiating particle. For the emission of
photons with an energy of the order of E1, we should return
to the investigation of expression (25) and write the condition
ensuring that multiple scattering can be neglected as

4

�
Es

mc 2

�2
1

L
4 d

�
1� o2

0E
2
1

o2m 2c 4

�2

: �30�

(in the term related to the polarization of the medium, which
is of significance only in the consideration of soft photons, E2

can be replaced with E1 [11]). The emission cross section
throughout the emitted photon energy range (except for the
LP range) is then defined by the expression

ds � 4sLrad
do
o

��
�ho
E1

�2

� 4

3

�
1ÿ �ho

E1

��
�
"
1� o2

0

o2

�
E1

mc 2

�2
#ÿ1

; �31�

i.e., by the BH ± TM formula [11]. For E1 < E0, only
expression (31) holds true.

The spectral range wherein the LP formula is valid
increases proportionally to the square of the initial energy of
the radiating particle. However, it follows from condition (25)
that the Bethe ±Heitler expression remains valid for very hard
photons in a very narrow photon energy range of the order of
E1. Formally, this amounts to replacing o2 with o 02 in the
right-hand side of (26),

�ho 02 �
8c�h

L

�
Es

mc 2

�2
E1E2

m 2c 4
: �31 0�

Themonograph [1] gives the plot of the frequency dependence
of the bremsstrahlung cross section under the condition

E1 < E0 and a plot borrowed from the reviews by
E L Fe|̄nberg [12b] and by E L Fe|̄nberg and I Ya Pome-
ranchuk [12c], which shows the bremsstrahlung intensity (in
terms of the BH units) as a function of the emitted photon
energy (in terms of the E1 units). Also given in Ref. [1] is the
qualitative behavior of the differential energy loss by
bremsstrahlung and pair production in relation to the
parameter �ho=E1, which was obtained in Ref. [28]. The
aforesaid illustrates the simpler plot in Fig. 2, which is close
to that given in Ref. [13].

To summarize the qualitative consideration of the effects
of bremsstrahlung suppression in a homogeneous medium,
we note that the characteristic parameter that determines the
validity ranges for different bremsstrahlung formulas is the
ratio between the right-hand side of inequality (26) and its
left-hand side [11],

s 0 � mc 2

Es

�
L�homc 2

8E1E2l�

�1=2�
1� o2

0

o2

�
E 2
1

m 2c 4
: �32�

In all subsequent versions of the theory, the quantity close to
s 0 is conventionally denoted by s. The LP expression (24) is
valid for s5 1, and the BH±TM expression (31) is valid for
s4 1. This parameter (to a factor of the order of unity) also
plays an important role in all subsequent theories.

4.3 Investigations of suppression processes
in a semi-infinite medium
A B Migdal [12] considered the LP effect qualitatively by
invoking his specially elaborated method for solving the
kinetic equation, which he investigated in the Fokker ±
Planck approximation. He also included the longitudinal
density effect and elaborated a quantum-electrodynamic
theory. The Migdal bremsstrahlung cross section is defined
by the expression

dsm
br �

4

3
sLrad

dy

y

�
y 2G�s� � 2

�
1� �1ÿ y�2�F�s�	 ; �33�

where y � �ho=E1, and the G and F Migdal functions are
given in Migdal's work [12], as well as in Ref. [1]. For s4 1,
the functions G! 1, F! 1, and expression (33) becomes
expression (31); for s5 1, it becomes expression (24) with a
revised numerical coefficient. By replacing swith s 0 in (33), we

�ho
dN

do

�ho

GF
TM � o

LP � ����
o
p BH � const

�ho1 �ho02 E1

Figure 2. Bremsstrahlung spectrum, multiplied by the photon energy, as a

function of the emitted photon energy. Indicated on the abscissa are the

photon energy limits for different suppression ranges in arbitrary units.

The plot is given for the energies

E1 > E0 � m 2c 3Lo0

8Es
; �ho1 �

� ��ho0�4L
8�hc

E 2
1

E 2
s

�1=3
; �ho 02 �

8c�h

L

E 2
s E1E2

�mc 2�4 :
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automatically take the longitudinal density effect in Migdal's
theory into account.

Migdal's works performed for an infinite medium
facilitated the rapid advancement of this direction and were
expounded in Ref. [1, Sects 19, 20, supplements V ±VIII].
Despite the long time that has elapsed after their publication,
they underlie the processing of recent experimental data. The
Migdal theory requires the introduction of an improved
description of screening and the inclusion of radiation due
to electrons following the prescriptions in Refs [6, 25], which
was accomplished in Refs [8, 9, 13]. In this case, the Migdal
expression assumes the form corresponding to that employed
in Perl's works [6, 13],

dsMP

dk
� 4ar 2e

3k

h�
y 2 � 2

�
1� �1ÿ y�2�	�Z 2Fel � ZFinel�

i
; �34�

where

Fel � ln
184

Z 1=3
; Finel � ln

1194

Z 2=3
; a � e 2

�hc
; re �35�

are the elastic and inelastic atomic form factors, the fine
structure constant, and the electron radius, respectively.

Expression (34) was used in Refs [6, 8, 9, 13] in the
processing of experimental data and is accurate to 2%, while
Anthony et al. [13] believe that Migdal's formula (33) is
accurate to 10%.

The qualitative analysis of the theory can be continued by
extending it to a bounded medium, i.e., by including the
GF transition radiation [26, 27] (see below). The photon
absorption arising from pair production was taken into
account in the Migdal theory by Galitski|̄, Gurevich, and
Yakimets [28, 29]. This proved to be significant at higher
energies than in the experiments of Refs [8, 9, 13] (for
instance, at energies of 1013 eV for lead). Ternovski|̄ [30]
considered the pair production directly from electrons,
although this process is still unlikely to make a tangible
contribution to experimental results [6, 8, 9, 13]. Amatuni
and Korkhmazyan [31] amplified the Migdal theory by
accounting for the fuzziness of the boundary. They showed
that the Migdal results remain in force when the thickness of
the fuzzy boundary is less than the coherence length. The
effects of target inhomogeneity, surface roughness, etc. are
discussed in Section 6.

In the 1970s, a significant contribution to the LPM theory
was made by Soviet theoretical scientists V Pafomov,
I Toptygin, M Ryazanov, I Gol'dman, A Kalashnikov,
F Ternovski|̄, and others (see references in Ref. [1]). In
connection with the publication of the experimental results
of Refs [6, 8, 9, 13], new theoretical investigations have
appeared, which we discuss briefly in Section 4.4.

The theory of transition radiation at the boundary
between two media was first considered in the well-known
paper byGinzburg and Frank [26], to be further elaborated in
a numerous publications. For the intersection of a vacuum±
medium interface, the intensity of the GF transition radiation
at normal incidence on the plate surface and for small
radiation angles y (counted from the direction of motion of
the radiating particle) and high energies is given by the simple
expression [1, formulas (26.17), (28.42), (28.42 0)]

dIy;o
dy do

� 2e 2

pc
y 3 o2

c 2
�lv ÿ lm�2 : �36�

Expression (36) involves the square of the difference of the
coherence lengths in the vacuum lv and in the medium lm with

the inclusion of medium polarization. Expression (36) is the
relativistic limit of the GF formula [1, formula (24.22)]. The
intensity of transition radiation is easy to estimate with the
use of expressions for the coherence lengths in the first and
second media. In the case of oblique radiation incidence on
the surface, which has been considered by many authors,
formulas (24.29) ± (24.35) in Ref. [1] can be used. In this case,
the transition radiation has two polarization components.

Integrating expression (36) over the angular variables, in
the limit of frequencies exceeding the atomic frequencies, we
obtain the expression for the intensity in the case of a single
interface,

dIo � e 2

pc

��
1� 2

o2

o2
cr

�
ln

�
1� o2

cr

o2

�
ÿ 2

�
do ; �37�

in which we introduce, for simplicity, the notation

ocr � go0 ; �38�

where o0 is the plasma frequency in the plate, which has
already been used in the discussion of the longitudinal density
effect.

For o5ocr,

dIo � 2�h

137p
do
�
ln

ocr

o
ÿ 1

�
: �39�

For o4ocr,

dIo � �h do
6� 137p

�
ocr

o

�4

: �40�

We integrate expression (37) over the frequency to obtain

I � e 2o0

3c

E

mc 2
; �41�

and therefore the energy of transition radiation at one
interface is proportional to the particle energy [32a, b],
which was borne out experimentally [33].

The situation radically changes when multiple scattering
is taken into account in these expressions (see Refs [34 ± 36]
and also Ref. [1, Sects 26b, c, 28b, g]). This effect can be
clearly understood from the following consideration. For-
mula (36) involves the squared difference of the coherence
lengths in the vacuum and the substance. When suppression
arising from multiple scattering is introduced into Ic, at
frequencies exceeding the critical frequencies in the transi-
tion radiation, its intensity is nonzero. The spectrum of
transition radiation then acquires new frequencies belonging
to the range (26), and the radiated energy increases propor-
tionally to E 2. This occurs when the radiating particle energy
exceeds the energy E0 introduced in the consideration of
bremsstrahlung suppression. Formulas (37) ± (41) change
naturally in this case. The frequency and angular distribu-
tions of transition radiation then change accordingly (see
Ref. [1, Sect. 26b and the example in Sect. 28]).

The effect of multiple scattering on the transition
radiation has been studied since long ago. The first papers
concerned with these subjects for a single interface were
published in the 1960s and expounded in Ref. [1]. Garibyan
and Pomeranchuk [34] were the first to point out this effect.
Gol'dman [35a] later applied the Migdal theory in the
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consideration of transition radiation at one interface between
two media, and then Pafomov [35b] refined the results
obtained.

I would like to emphasize that the formulas derived above
for a semi-infinite medium cannot be applied to a plate with a
finite thickness of the order of or smaller than Lcoh by
formally adding the transition radiation in the plate to the
bremsstrahlung. Only the total radiation should be consid-
ered, including the bremsstrahlung and the transition radia-
tion, as well as the interference term. In this case, the
treatment is significantly complicated, while the radiation
may be markedly different (see below). In the course of
interaction with the radiating particle, the target plate of
thickness l introduces a momentum uncertainty of the order
of �h=l along the direction of motion. When l > Lcoh, this
uncertainty can be neglected in comparison with dcoh. This
implies that the plate sizes have no effect on the bremsstrah-
lung, i.e., the bremsstrahlung probability remains the same.
Apart from the bremsstrahlung, the total radiation then also
contains the transition radiation produced at the two plate
boundaries (see below for the relative influence of multiple
scattering). However, these questions have not been properly
elucidated from the theoretical standpoint. The problem is
that apart from transition radiation, the bremsstrahlung
(with the inclusion of multiple scattering) is generated in the
plate, which then interferes with the transition radiation. That
is why there is no sense in separating the transition radiation
from the total radiation (see the example at the end of the next
section). Many experts took up this problem in the 1970s. To
avoid misunderstanding, we emphasize that several papers
resort to a coherence length definition more convenient for
calculations, which is obtained by replacing Lcoh with the
coherence length and taking the dielectric suppression and the
angle y between the radiated photon and the electron into
account,

Lf � Lcoh

1� g 2y 2 � �go0=o�2
: �42�

Because there exist no generally accepted theoretical results
on these subjects, the authors of Ref. [13] used the following
procedure. To eliminate the effect of boundaries on the results
of comparison with theoretical curves, a comparison was
made of the difference of experimental data obtained with
two plates of different thicknesses. With this procedure, the
edge effects were suppressed and the agreement between
experimental and theoretical data was substantially better.

4.4 Suppression of radiative processes in a plate
We now turn to the discussion of similar effects in a plate. The
experiments at Stanford were performed on targets whose
thicknesses ranged from 0.1 to 7% of the radiation length.
The experimental data must therefore be compared with
theoretical curves, with the transition radiation emerging in
the plate (including multiple scattering) taken into account in
addition to bremsstrahlung. The corresponding initial expres-
sions for the probability of transition radiation at an
incidence on a plate have been investigated by many
scientists since the 1950s and are reviewed for normal
incidence in Refs [36a ± c]. The formulas required for the
subsequent discussion are given in Ref. [1, Sect. 26]. For
oblique incidence, the general solution was provided by
Engibaryan and Khachatryan [37a], although this case has
yet to be experimentally investigated in the transoptical
spectral range and at ultrahigh energies (see Section 6.1).

The corresponding results may be used in the investigation of
nonuniform interfaces between two media (see Section 5.2).

In the limit of high energies and frequencies that exceed
atomic frequencies, the spectral and angular intensity dis-
tribution in the case of normal incidence on a plate has the
form (see Ref [2] or Ref. [1, formula (28.42)])

dI
�2�
yo � dI

�1�
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�
ol1
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1ÿ v
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����
e1
p

cos y
��

: �43�

The second factor in formula (43) determines the interference
between the radiation emerging at the two plate boundaries.
It vanishes when the plate thickness l1 is far less than the
coherence length in the plate itself. But the contribution of
transition radiation to the total radiation cannot be neglected
for very thin plates because its intensity also vanishes when
the plate thickness tends to zero. In the opposite case, this
contribution is responsible for intensity oscillations. The
position of maxima and minima is determined by the relation
between the parameters appearing in the sine argument. The
first factor in formula (43) describes the frequency ± angular
distribution of intensity at one interface between two media.
The intensity of transition radiation at two interfaces is easy
to estimate using the expressions for coherence lengths in the
first and second media. The suppression of transition
radiation in the plate differs from the above case of a semi-
infinite medium with one boundary by the presence of the
second factor in formula (43). It results in the additional
suppression of transition radiation in comparison with the
single-boundary case if the sine argument for high energies,
small radiation angles, and high frequencies satisfies the
condition�

1ÿ v
c
� y 2 � o2

0

o2

�
ol1
c

5 1 : �44�

Ignoring the effect of multiple scattering, two main causes of
suppression can be distinguished: the first is the finiteness of
the trajectory in the target plate and the second is the
longitudinal density effect. The transition radiation in the
plate is suppressed by the one that leads to a stronger
shortening of the coherence length.

Multiple scattering must be taken into account in the
expression for the coherence length (see Ref. [1, Sect. 28b, g]).
In this case, as for a single interface between two media, the
spectrum of transition radiation, beginning with the energy
E0 introduced in Section 4.3, is enriched with photons lying in
the energy range (26), their intensity in the bremsstrahlung
radiation being determined by the cross section of the LPM
effect. The situation is significantly complicated by the fact
that the calculation of the radiation fields must include all
processes that contribute to the radiation simultaneously. As
a result, interference effects occur in the calculation of the
total radiation intensity. In our case, these are given by the
interference of the bremsstrahlung fields emerging in the plate
itself (with suppression effects) and of the fields of transition
radiation with the inclusion of multiple scattering. Pafomov
[27] derived the formulas employed by the authors of Ref. [13]
in the calculation of the MC curves for comparison with
experiments on a plate. But this problem cannot be consid-
ered finally settled, although it has been the concern of
numerous theoretical investigations performed, for instance,
by Shul'ga and Fomin [38 ± 43], Blankenbecler and Drell [44,
45], Zakharov [46, 47], and previously by Ternovski|̄ [30] and
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Pafomov [27, 36], and also the authors of works [1,
Sect. 28b, g].

Shul'ga and co-authors [38] introduced the mathematical
method of path integration into the bremsstrahlung theory,
which made it possible to more correctly study the effect of
multiple scattering on the radiative processes. Furthermore,
they considered the effect of suppression [39 ± 43] associated
with the target thickness, which had been investigated by
Ternovski|̄ [30] as early as 1960. Comparing the results of
calculations and experiments [8, 9, 13] confirmed the
conclusions reached in Refs [40, 44] and enabled reaching a
theoretical explanation of the occurrence of the plateau
discovered experimentally in the bremsstrahlung curve as a
function of the emitted photon energy (Fig. 3).

Blankenbecler and Drell [44, 45] elaborated a quantum
theory (a high-order eikonal approximation) for the investi-
gation of bremsstrahlung suppression in an amorphous
medium and for a plate. Their results for an infinite medium
are similar to Migdal's results with an improved description
of the screening. The results for a plate, which confirm the
existence of a plateau, are shown in Fig. 3.

Using the path integration method, Zakharov investi-
gated the LPM effect in the quantum electrodynamics
approximation and obtained similar results [46]. Further-
more, in his next paper [47], he considered the radiation in a
plate. Unfortunately, the authors failed to include the
dielectric suppression in the three last-mentioned series of
papers. That is why a comparison with the experiments of
Refs [6, 8, 9, 13] was conducted only in that spectral range
where the dielectric suppression is insignificant.

Ba|̄er and Katkov [48] solved the suppression problem of
the ultrarelativistic particle bremsstrahlung in a plate with an
accuracy exceeding the logarithmic Migdal accuracy by
applying in quantum electrodynamics the quasi-classical
operator technique developed by Novosibirsk theorists [49].

They investigated not only the effect of multiple scattering,
but also the dielectric suppression. The effect of medium
boundaries on the suppression processes, i.e., the transition
radiation (see above), was considered and an improved
screening was used in addition. Ba|̄er and Katkov [48]
compared their results with the experimental data on
tungsten (Fig. 4) and obtained good agreement throughout
the emitted photon frequency range. Interestingly, the
bremsstrahlung and the transition radiation produced at
both target boundaries make equal contributions to the
resultant radiation in the vicinity of the minimum. In
addition to the overall theoretical curve, the partial curve
corresponding to the contributions of different suppression
effects is also plotted in Fig. 4.

Figure 5a, borrowed from Ref. [13], shows the results of
experimental investigations and the theoretical MC curve for
a very thin gold layer for the radiating particle energy 25GeV.
The transition radiation (in the range of experimentally
measured frequencies) can be neglected. The LP effect can
also be neglected, because the average multiple scattering
angle is less than 1=g and condition (27) should be fulfilled.
Shown in Fig. 5b, borrowed from the same work, are similar
data for the radiating particle energy 8 GeV. In this case, the
LP range passing into the BH range should appear in
accordance with inequality (26).

Ba|̄er and Katkov [50] considered the radiation in a gold
plate with the aid of a specially elaborated method of
calculation to obtain fairly good agreement with experi-
ments. It must be noted that the authors of Refs [48 ± 52] did
not introduce special normalization factors in comparing
their theoretical curves with the experimental ones from
Refs [8, 9, 13], as was done in Ref. [13]. In my view, the
theoretical Ba|̄er ±Katkov investigation most thoroughly
accounts for all suppression processes included in the total
radiation amplitude. Consequently, accounting for the
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Figure 3. Emission spectrum of 25-GeV electrons in a gold plate of
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transition radiation, following Pafomov. Experimental data (points) are

given with statistical errors. The dashed and dash-dot lines were plotted
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interference of different channels that contribute to the
overall emission plays a significant role in the calculation of
the overall emission. This effect was predicted theoretically
and observed experimentally in a different energy range. We
turn to the discussion of this effect.

In a recent work [53] performed by Belgorod University
physicists at the Kharkov electron accelerator, the brems-
strahlung of a collimated 150-MeV electron beam was
investigated. The experiment was conducted with 50-mm
thick aluminum plates. The results are shown in Fig. 6a. The
transition radiation, the bremsstrahlung (with the nontrivial
behavior of the TM density effect taken into account) and
their interference are responsible for the oscillations of total
radiation for photons with energies below 10 keV. This effect
can be explained as follows [54]: the frequency ± angular
distributions of the transition radiation and the bremsstrah-
lung are different. An analysis shows [37b] that low scattering
angles �y5 1=g� make a small contribution to the transition
radiation, which is mostly (over 90%) concentrated in the
angular range

1

4g
� y � 4

���� 1g 2 � o 2
0

o2

����1=2 : �45�

If the angular size of the collimated electron beam are
bounded by a value yc 5 gÿ1, the contribution of transition
radiation becomes small and the influence of the LP effect is
eliminated. The total radiation calculated in Ref. [54] is due to
the contributions of the bremsstrahlung and the transition
radiation, and their interference is responsible for the
nontrivial behavior of the TM density effect and for the
oscillations of the total radiation for photons with energies
less than 10 keV. As a result, the authors derived the following
expression for the radiation energy loss of the collimated
electron beam in the frequency range do [54]:

o
dN

do
� e 2

p
g 2y 2

c

l

l0
F�x; y� : �46�
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Figure 5. (a) Bremsstrahlung spectrum, multiplied by the emitted photon energy, for a gold plate. The plate thickness was only 0.1%L and the emitting

electron energy was 25 GeV. The horizontal curve corresponds to the BH cross section and the solid zigzag curve corresponds to calculations including
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(b) Function F versus the x � o=go0 variable for y � o0l=2gc � 1

(curve 2), y � 5 (curve 3), and y � 0 (curve 4). Curve 1 was plotted with

the inclusion of the longitudinal density effect in a semi-infinite medium.
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Here, x � o=go0, y � o0l=2gc, l0 � �mc 2=Es�2l, yc is the
collimation angle, and the function F�x; y� (Fig. 6b) is
defined by

F�x; y� � 1ÿ 2x 2

�1� x 2�2
�
1ÿ sin y�x� 1=x�

y�x� 1=x�
�
: �47�

The result in (46) is valid if two conditions are satisfied.
The first follows from the requirement that the multiple
scattering angles in the path length should be small in
comparison with the characteristic radiation angles,

y 2 � E 2
s

E 2

l

L
< gÿ2 : �48�

It can be rewritten in a more convenient form as

l <

�
mc 2

Es

�2

L � l0 : �48 0�

The second condition amounts to the requirement that the
phase variation of the wave function of the radiating particle
across its path length should be small. It leads to the
constraint

l 2 5 l0Lcoh �49�

on the path length. We note that in view of condition (48 0),
the target thickness can be greater or smaller than the
coherence length.

The value of F as a function of x is plotted in Fig. 6b
(curves 2 and 3) for different values of y. Curve 1 corresponds
to the longitudinal density effect for a semi-infinite medium
and curve 4 to the case where the longitudinal density effect is
absent. There is a certain analogy between the well-known
Fermi density effect in the theory of ionization losses for a
semi-infinite medium and its absence in a plate [55]. The
difference is that the Fermi density effect operates perpendi-
cular to the direction of particle motion, while the TM effect
operates in the longitudinal direction. The results of the
experiment and their comparison with the theoretical curve
are given in Fig. 6a. It is significant that the soft photon
emission intensity is nonzero, unlike the radiation in an
infinite medium (i.e., with only one interface); in other
words, the longitudinal density effect in a plate operates
differently than in a semi-infinite medium.

5. Optical radiation of uniformly moving
particles in inhomogeneous amorphous media

5.1 Optical radiation due to permittivity fluctuations
There is an intimate relationship between the in-medium light
scattering and the corresponding charge particle radiation.
By expanding the time-dependent electromagnetic field of a
moving charge into a Fourier frequency integral and con-
sidering the interaction of individual frequency components
(termed pseudophotons) with the substance, we actually
reduce the problem of particle radiation to the problem of
pseudophoton scattering. This method, proposed by Fermi ±
WeizsaÈ cker ±Williams, is used in what follows (for more
details, see Section 6.1 or Ref. [1]).

The problems of light scattering in inhomogeneous
media have been vigorously discussed in the literature,

beginning with the first publications late in the 18th
century and early in the 19th century and up to the present
(see, for instance, Refs [56 ± 58]). Any photon scattering
process results in a similar pseudophoton scattering process,
i.e., in charged particle radiation. It is beyond the scope of
this paper to consider the problems of light scattering in any
detail.

The radiation of relativistic particles in their passage
through inhomogeneous amorphous media may be of
immediate interest for the investigation of inhomogeneities
themselves, even though their sizes may be far less than the
sizes that are amenable to investigation in the scattering of
photons of the optical range.

As shown below, the radiation of uniformly moving
charged particles in the medium is expressed in terms of
permittivity deviations from the average value. That is why all
kinds of reasons or processes responsible for permittivity
fluctuations (the fluctuations of thermodynamic parameters
of the medium, medium inhomogeneities, surface roughness,
etc.) result in radiation by the charges during their passage
through the inhomogeneous substance.

The scattering properties of the medium are commonly
characterized by the extinction coefficient h�o�, which is
equal to the ratio of the number of scattered photons dmn

(emitted by the moving charged particle) in the frequency
interval do over a unit path length in the direction of the
vector n to the photon flux density dN�o� (pseudophoton flux
density in the case of particles) in the frequency interval do
per 1 cm2,

dmn � h�o� dN�o� : �50�

If the average value of the permittivity is denoted by e0 and
its deviation (fluctuation) from themean value by e 0�o; r�, the
medium permittivity at each point is

e�o; r� � e0�o� � e 0�o; r� : �51�

In what follows, the conditions

e 05 e0 ; �e 0 � 0 �52�

are assumed to be satisfied. We note that condition (52) is
always satisfied for photons whose frequency is much higher
than atomic frequencies.

The extinction coefficient is proportional to the mean
value of the product of permittivity fluctuations at two
different points integrated over the scattering volume and is
usually written as

h�o� � o 4

6pc 4

�
e 0�r1� e 0�r2� dVr1ÿr2 : �53�

For ideal gases, the permittivity fluctuation, which is
determined by density fluctuations, is�

e 0�r1� e 0�r2� dVr1ÿr2 �
4
ÿ ����

e0
p ÿ 1

�2
N

; �54�

where N is the number of atoms per 1 cm3. In this case, upon
multiplying h�o� with the photon flux (the number of
particles per square centimeter in a unit time), expression
(53) describes the well-known Rayleigh law of light scattering
in the atmosphere.
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We multiply h�o� with the total pseudophoton flux
dN�o� in the frequency interval do transferred by a
uniformly moving particle across the plane perpendicular
to the particle trajectory (for more details, see Section 6.1
and Refs [1, 61a]),

dN�o� � 1

137pb 2e 3=20

do
o

�
ln

q 2
maxv

2

�h2j1ÿ e0b
2jo2

ÿ v
2

c 2
e0

�
; �55�

where b � v=c is the particle speed expressed in terms of the
speed of light and h=qmax is the minimal distance at which the
macroscopic electrodynamics becomes applicable. We then
obtain the number of photons radiated per unit particle path
length [1, 59 ± 61a] as

dm � h�o� dN�o� : �56�

Expressions (55) and (56) determine the number of scattered
photons for so-called distant encounters, for which the
impact parameter is much greater than the interatomic
distance. In this case, the angular distribution of the photons
emitted per unit path length into a solid-angular interval dO
takes the form [59a, 61a] (see Section 6.1 as well as Ref. [1,
formula (30.21)])

dmn � 3 dO do

16� 137� b 2p2e3=20 o

�
�1� cos2 y�

�
�
ln

q 2
maxv

2

�h2o2j1ÿ b 2e0j
ÿ 1

�
� 2�1ÿ b 2e0� sin2 y

�
h�o� : �57�

The problems of Rayleigh scattering polarization are
discussed in Ref. [59a]. For short distances, the spatial
dispersion of the permittivity must be taken into account,
which automatically leads to cutting off the logarithm, for
instance, at the Debye radius for a plasma [59b]. However,
formulas (56) and (57) are somewhat modified in this case
owing to the emergence of longitudinal waves in the plasma.
The energy losses in statistically inhomogeneous media were
considered in Ref. [59a].

I deliberately enlarged on the above example to emphasize
the intimate relationship between charged particle radiation
and the similar process of light scattering in inhomogeneous
media.

5.2 Radiation at a rough interface
The problem that I attempt to discuss in greater detail here
concerns the radiation of a charged particle in transit through
the rough interface of two media. The statement of this
problem is directly related to L I Mandel'shtam's work [58],
who considered a similar problem of light scattering at a
rough interface.We use the perturbation theory for simplicity
[62]. Similar problems were considered more comprehen-
sively in Ref. [63], including statistically rough interfaces.
The corresponding experimental investigations performed by
F Arutyunyan's group prior to 1969 were included in the
monograph [1] (see also Ref. [64]).

We consider the radiation of a particle that crosses the
interface of two media z � f �x; y�, where the function f �x; y�
defines the interface roughness (Fig. 7). In the first medium,
z < f and the permittivity is e0�o�; in the second medium,
z > f and the permittivity is e0�o� � e 0�o�.

The expression for the induction of the scattered field is of
the form (see the derivation of expressions (58) ± (61) in

Section 6.1)

D 0o�r�

� ÿ 1

4p

�
k 0
�
k 0;
�
Eo0�r1�
rÿ r1

e 0�r1� exp
�
ik 0�rÿ r1�

�
dVr1

��
;

�58�
where k 0 � �o=c� ����e0p n is the wave vector of the emitted
photon and Eo 0�r1� is defined by

Eo 0�r1� � ie

2p2

� ��1
ÿ1

�
dkx dky dkz

�
ov
c 2
ÿ k

e0

�
exp �ikr1�

�
�
k2 ÿ o2

c 2
e0

�ÿ1
; �59�

with o � kv.
For convenience, we separate the factor depending on the

variable z in expression (59) (the particle velocity v lies in the
z axis):

Eo 0�r1� � exp

�
i
o
v
z1

�
ie

2p2v

�
dkx dky

�
ov
c 2
ÿ k

e0

�
� exp

�
i�kxx1 � kyy1�

��
k2 ÿ o2

c 2
e0

�ÿ1
� exp

�
i
o
v
z1

�
Eo�x1y1� : �60�

For an arbitrary interface z � f �x1; y1�, the expression for
the radiation field at a distanceR0 from the radiating object is
of the form

D 0o�R0� � ÿ exp �ik 0R0�
4pR0

�
�
k 0
�
k 0;
�
Eo�x1; y1� exp

�
i

�
o
v
k 0z

�
z1

�
� e 0�r1� exp

�ÿi�k 0x x1 � k 0y y1�
�
dVr1

��
: �61�

The formulas for transition radiation at one and two
interfaces are the special cases of expression (61). For a single

x

z � f �x; y�

z

e1 e2

n y

k

Figure 7. Photon emission at an angle y to the z axis as a charged particle

intersects the rough interface f �x; y� of two media with permittivities e1
and e2.
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boundary, we integrate over z1 in expression (61) assuming
that

e 0�r1;o� � e1 ÿ e0 ; ÿ1 < z1 < z � f �x1; y1� ;
e2 ÿ e0 ; z � f �x1; y1� < z1 < �1 :

�
�62�

For normal incidence, when the particle velocity is
perpendicular to the interface between two media [the plane
z � f �x1; y1� � 0], we obtain the following expression for the
radiation intensity in the frequency interval do and the solid
angle dO:

dIo; n � v
2e 2 sin2 y

4p2c 3e 3=20

dO do

�
���� �e2 ÿ e1��1ÿ b 2e0 ÿ b

����
e0
p

cos y�
�1ÿ b 2e0 cos2 y��1ÿ b

����
e0
p

cos y�

����2 ; �63�

where b � v=c.
It turns out that in the perturbation-theory approxima-

tion, the sole formula (63) can be used to determine the
emission into both the forward and the backward hemi-
spheres, with the angle y counted off from the plane z � 0
and varied from 0 to p.

At normal incidence, when the interface is given as
z � x tanc and the vector of particle velocity lies in the
plane �x; y� at some angle c with the z axis, two polarizations
are possible: the first with the electric vector lying in the
emission plane (the plane containing the vector k 0 and the
normal to the interface), and the second with the electric
vector perpendicular to the emission plane. The polarization
of the first type is termed parallel and is denoted by the
superscript k and the polarization of the second type is termed
perpendicular and is denoted by the superscript?. Therefore,
the radiation intensity in the case of normal radiation
incidence on the plane is

dI ko; n �
e 2b 2

z je2 ÿ e1j2 dodO

4p2ce 3=20 sin2 yz
���1ÿ bx

����
e0
p

cos yx�2ÿ b 2
z e0 cos2 yz

��2
�
�����1ÿ bx

����
e0
p

cos yxÿ bz
����
e0
p

cos yzÿ b 2
z e0� sin2 yz� bxbze0 cos yx cos yz

1ÿ bx
����
e0
p

cos yx ÿ bz
����
e0
p

cos yz

����2;
(64)

dI?o; n �
e 2b 4

z b
2
x cos

2 yye0je2 ÿ e1j2 do dO

4p2c
���1ÿ bx

����
e0
p

cos yx�2 ÿ b 2
z e0 cos2 yz

��2 sin2 yz
� ��1ÿ bx

����
e0
p

cos yx ÿ bz
����
e0
p

cos yz
��ÿ2 ; �65�

where

bz � b cosc ; bx � b sinc ; cos yx � sin y cosj ;

cos yy � sin y sinj ; cos yx � cos y : �66�

Here, j is the angle between the x axis in the interface plane
and the projection of the vector k 0 on this plane.

We finally give the formulas for the radiation intensity for
a plate of thickness a. In lieu of the standard cumbersome
expressions we have [compare with formula (43)]

dIo; n � dIo; n

����1ÿ exp

�
i
o
v
�1ÿ b

����
e0
p

cos y�a
�����2 �67�

for normal incidence and

dI k;?o; n

� dI k;?o; n

����1ÿ exp

�
i
o
vz
�1ÿ bx

����
e0
p

cos yz ÿ bz
����
e0
p

cos yz�a
�����2
�68�

for oblique incidence.
The resultant formulas coincide with exact expressions

(63) if the latter are expanded in terms of e2 ÿ e1 under the
condition that

cos2 y4
���� e2 ÿ e1
e2 � e1

���� : �69�

We note that the denominators of the above expressions may
be equal to zero. This corresponds to the emergence of the
Vavilov ±Cherenkov radiation, whose intensity is propor-
tional to the length of the particle path in the medium. The
procedure of extracting the Vavilov ±Cherenkov radiation
from the above expressions was considered in Ref. [65].

We also note Ref. [66], where solutions were obtained for
a large number of diverse interfaces between two media
beyond the perturbation theory. Of special interest are
statistically rough interfaces of two media [63], as well as
interfaces of specially prescribed shapes, for which exact
solutions have been found.

The above expressions can be extended to the range of
hard photons, which allows investigating surface irregula-
rities whose sizes are much shorter than the wavelengths of
the optical range. No new experimental investigations have
been carried out in this field. Staging experiments will
undoubtedly result in advancement in this area. In my view,
of special interest is the determination of the corresponding
roughness in the nanostructural domain.

5.3 Using transition and diffraction radiation
for diagnosing charged particle beams
In recent years, optical transition radiation (OTR) is surpris-
ingly extensively used for the diagnostics of accelerated
particle beams. The use of transition radiation for these
purposes was first proposed by L Wartski rather long ago
[67], but it has become an indispensable part of experiments
only recently. This technique is employed to determine the
geometrical (the profile, the divergence) and radiative
parameters of charged particle beams in a wide energy range
from 1 MeV to 30 GeV.

R Fiorito and W Rule [68] presented diverse theoretical
calculations, which were experimentally confirmed, for the
development of OTR detectors. The authors used them in the
diagnostics of charged electron beams in the 17 ± 110 MeV
energy range. At present, OTR interferometers are used in
wide ranges of radiating-particle energies and transition
radiation wavelengths. They are the concern of numerous
publications, which are referenced in Refs [69 ± 73].

In his 2002 paper [74], R Fiorito summarized the long-
standing OTR detector research. Everything actually reduces
to the observation of the interference pattern of the two
transition-radiation fields produced by bunch particles at two
parallel metal foils separated by a distance l (compare with
Fig. 8, in which the first perforated plate should be replaced
with a continuous one). To calculate the optical transition
radiation for relativistic energies and small scattering angles,
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the formula similar to (43) can be used, with l1 understood as
the foil separation and dI

�1�
y;o as the intensity of transition

radiation at a single interface. The beam characteristics can
then be recovered by analyzing the interference pattern.

However, the situation in high-energy beam diagnostics
has changed in the past few years. This is due to the following
circumstances. Because the thin plates or foils, whose
intersection by charged particle beams is accompanied by
the generation of optical transition radiation, typically have
edges, diffraction of pseudophotons of the particle electro-
magnetic field at the plate boundaries occurs in addition to
the transition radiation (for more details, see below and the
next section). This effect has been called the optical diffrac-
tion radiation (ODR) (see, for instance, Refs [1, Sect. 31; 75]
and references therein), analogously to light diffraction. It is
therefore no longer legitimate to determine the beam
parameters at high particle energies using only the theory of
transition radiation outlined in Section 5.1. This follows from
the fact that the electromagnetic field of a moving relativistic
particle decays over a distance r in the directions perpendi-
cular to the particle velocity only when r > lg (where l is the
wavelength of observed radiation and gÿ2 � 1ÿ b 2 for
b � v=c! 1); at high energies, the particle field therefore
elongates in the directions perpendicular to the direction of
motion (see Section 6.1 and Fig. 8) to cross the plate edges.
This gives rise to diffraction radiation.

Furthermore, in some cases, there is no way of using
transition radiation at all, because the beam is subjected to
deterioration as it passes through various obstacles. That is
why a start has recently beenmade in applying nondestructive
charged-beam diagnostic techniques involving the investiga-
tion of diffraction radiation. A comparative theoretical
analysis of the characteristics of the diffraction and transi-
tion radiation was undertaken in Ref. [76]. The accomplish-
ments in this area were summarized in Refs [77 ± 82] and
outlined in a recently published book [82], which includes
references to the previous publications on these subjects.

The theory of diffraction radiation was developed by a
number of well-known experts in 1950 ± 1960. In several
special cases, it has been possible to derive exact solutions.
The results of that time were adequately covered in mono-
graph [1]. In recent years, these problems have again come to
the attention of physicists who study the properties of
accelerated charged particle beams. A simple mathematical
technique based on the Huygens method in electromagnetic
wave diffraction theory, proposed in Refs [84, 85], is typically
used in these investigations. We have already mentioned the
analogy between the processes initiated by photons, on the
one hand, and by charged particles on the other. The
mathematical method based on this analogy is known as the
pseudophoton method or the Fermi ±WeizsaÈ cker ±Williams

method [86 ± 88]. The author has repeatedly used this method
in the theories of bremsstrahlung, electron ± positron pair
production, diffraction radiation, etc. The pseudophoton
method is considered in greater detail in Section 6.1.

Using the expressions given in Refs [84, 85, 1], Fiorito and
his collaborators from Maryland University calculated and
implemented a new OTR- and ODR-based type of inter-
ferometer, which is diagrammed in Fig. 8, borrowed from
Ref. [77b]. If the first metal foil has openings, the diffraction
radiation produced in it can interfere with the transition
radiation produced by the beams in transit through the
second metal plate. But if the electron undergoes scattering
in its passage through the first plate, the interference effects
vanish and the total radiation is given by the sum of OTR and
ODR. In calculating the interferometer, Fiorito et al. used the
approximate theory of diffraction radiation [84, 85] consid-
ered in Ref. [1] and based on the Huygens principle.

We briefly summarize the theoretical calculations. For the
subsequent discussion, the expressions for the fields along
�Ek� and across �E?� the direction of charge motion are
required. We write the expression for the field of a fast
charged particle Ze (Fig. 9) at a point r�vt; q� as

E? � g
Zeq

�r 2 � v 2t 2g 2�3=2
; Ek � g

Zevt

�r 2 � v 2t 2g 2�3=2
;

H � E ; b � v
c
� 1 ; Ek5E? for teff � r

vg
;

�70�

where

g 2 � �1ÿ b 2�ÿ1 : �70 0�

From expressions (70), it follows that the effective time of the
interaction between the field of a particle Ze (for electrons,
Z � 1 and e � ÿjej) and an obstacle residing at a point r�vt; q�
is teff � r=vg � �1ÿ b 2�1=2r=v. For t < teff, expressions (70)
imply that E?4Ek, and the field of a fast moving particle
acquires the properties of a plane electromagnetic wave

Figure 8. Schematic picture of the interferometer (Fiorito et al.) relying on

the ODR±OTR interference. When the first plate is free from slots (is not

perforated), we obtain the Wartski interferometer for measuring the

angular divergence of a low-energy electron beam reliant on the inter-

ference of the OTR emerging at the two metal plates.

r
Ejj

r�vt; q�

E1 E?

vtt � 0

Ze

Figure 9. Electromagnetic field of a fast moving positive charge at a point

r�vt; q�, which is the location of an electron. The charge Ze is at the origin

at a point in time t � 0 and travels along the vt-axis with a velocity v close

to the velocity of light. The `impact' time is teff � r=vg. In this case,

E?=Ek � g 2 4 1 and the field of the fast moving charge acquires the

properties of a plane electromagnetic wave compressed in the direction of

motion of the particle Ze.

1246 M L Ter-Mikhaelyan Physics ±Uspekhi 46 (12)



focused in the plane perpendicular to the direction of particle
motion. It is easy to see that the temporal Fourier component
E?�o� of the perpendicular component of the particle fieldE?
is weak for r > l�g. This implies that the particle feels the
obstacle (and accordingly experiences diffraction, i.e., emits
pseudophotons) if the condition

r <
l�

�1ÿ b 2�1=2
�71�

is satisfied, where r is the distance between the particle
trajectory and the obstacle at t � 0. The calculation of the
diffraction radiation reduces to the calculation of the
scattering of particle field pseudophotons from variously
configured obstacles.

Simple expressions can be obtained with the use of the
Huygens principle for the diffraction radiation intensity for a
charged particle transiting through a round aperture or a slit
in a screen. Naturally, the applicability conditions of
geometric optics must be satisfied if the Huygens approxima-
tion is to be used,

l�5 a ; �72�
y5 1 ; �73�

i.e., the emitted photon wavelength should be much shorter
than the characteristic irregularity sizes and the photon
scattering angles should be small.

We assume that the particle velocity is perpendicular to
the screen plane. According to the Huygens principle, the
total scattered field U (with U denoting the electric and
magnetic components of the scattered field in what follows)
is given by the integral taken over the area of a round aperture
or slit,

U � const

�
S1

U 0�x; y�
R

exp

�
i
o
c
R

�
dS ; �74�

where R is the distance between the element of the aperture
surface and the point of observation and U 0 is any of the
monochromatic amplitudes of the particle field in free space
without the time-dependent multiplier exp �iot�.

An arbitrary point of the aperture is selected as the origin
of the coordinates. Then,

R � jR0 ÿ qj � R0 ÿ nq� r 2

2R0
: �75�

In the far-field (Fraunhofer) region, the second term in
expression (75) can be neglected; in considering the near-
field (Fresnel) region, it should be taken into account. From
the total field, we subtract the field of a particle uniformly
moving along the z axis

E 0
x; y �

ea
pv

exp

�
i
o
v
x

� �x; y�����������������
x 2 � y 2

p K1

ÿ
a
����������������
x 2 � y 2

p �
; a > 0 ;

�76�
where K1 is the Hankel function of the imaginary argument
and a 2 � o2=g 2v 2, to obtain the resultant expression for the
radiation fields for a round aperture

U�kx; ky� � ÿ 1

�2p�2
�
S1

U 0�x; y� exp �ÿikq� dS : �77�

Here, the integral is taken over the entire z plane, except the
round aperture area. In transit through a round aperture, the
number of photons with a frequency o emitted into an
angular range y dy at a distance r0 from the aperture center
is given by the formula

No do dy � 1

137p
y 3 dy

1ÿ b 2 � y 2

�
J 2
0 �qa� �

�
r0
a

�2

J 2
1 �qa�

�
do
o

:

�78�

For r0 � 0, the result coincides with exact calculations [90].
The corresponding formulas for the diffraction radiation

in transit through a slit are given in Refs [84, 85; 1, Sect. 31].
The number of photons emitted into the frequency interval
do and the range of solid angles dO is

No do dO � e 2

8p2�hc
k 2

f 2� f 2 � k 2
y �

�
�
� f 2 � k 2

y �
�
exp �ÿ2fa1� � exp �ÿ2fa2�

�
ÿ 2

a2 exp �ÿaf �
f 2 � k 2

y

�� f 2ÿ k 2
y � cos akyÿ 2f ky sin aky

�� do
o

dO ;

�79�

where

f �
����������������
k 2
x � a2

q
;

�80�
kx � k sin y cosj ; ky � k sin y sinj :

Exact solutions were derived in Ref. [91].
The treatment of the problem of diffraction radiation in

transit near a semi-infinite ideally conducting plane screen
requires complex calculations with recourse to the Wiener ±
Hopf technique [92].

Using the above summary of theoretical results, R Fiorito
and his collaborators from Maryland University calculated
the radiation intensity in the ODR±OTR interferometer
diagrammed in Fig. 8. Figure 10 illustrates the effect of
charged-particle beam divergence on the interference pattern
for the radiation emerging in the interferometer as a function
of the observation angle. The electron energy was 8MeV and
the interferometer plate separation was 1.5 mm.
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Figure 10. Radiation intensity (in terms of OTR) as a function of the

emission angle (in units of gÿ1) for different angular divergences of the
electron beam (from top down): 0.001 mrad, 1 mrad, 2 mrad, 4 mrad.
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6. Radiation of hard photons
in an inhomogeneous medium

6.1 Impact parameter technique
Of special interest is the possibility of producing hard photons
as a charged particle uniformlymoving along the z axis passes
through inhomogeneous media [60, 61a]. We proceed from
the macroscopic Maxwell equations for the potentials A and
j. For a more detailed consideration of the pseudophoton
method, we give the corresponding equations that describe
the fields Eo and Ho [61a], assuming that the particle travels
along the z axis,

rotEo � io
c

Ho ;

rotHo � ÿ io
c

e�o�Eo

� 2ev

c

�
d�zÿ vt� d�x�d�y� exp �iot� dt ; �81�

div eEo � 2e

v
d�x�d�y� exp ioz

v
;

divHo � 0 :

For e � e0 � const, Eqns (81) constitute a well-known
solution in the form of expression (59), where we should set
o � kv � kzvz. For convenience in the subsequent calcula-
tions, we separate the factor dependent on the variable z in
expression (59). For the temporal Fourier component of the
particle field, we then obtain expression (60) employed in
Section 5.2. The density of the medium, along with the
permittivity e�o; r�, is assumed to vary only slightly in the
direction of particle motion. This allows us to use the above
expressions (51) and (52), which can always be fulfilled for the
high frequencies under consideration, i.e., e 05 e0,�e 0 � 0. In a
similar way, it is also possible to introduce permeability for
the description of inhomogeneous magnetic media and
consider the radiation of transoptical frequencies at mag-
netic inhomogeneities. But to simplify the formulas, we
restrict ourselves to the discussion of only electrical inhomo-
geneities, and do not touch upon the subject of scattered light
polarization. We assign the zero subscript to all quantities in
the zeroth approximation. The equations for the first-
approximation fields, which are primed in what follows, can
then be written as [61a]

rotE 0o �
io
c

H 0o ;

rotH 0o � ÿ
io
c

D 0o ; �82�
divD 0o � 0 ;

divH 0o � 0 :

The quantity D 0o involved in Eqns (82) is given by

D 0o � e0E 0o � e 0Eo 0 �83�

and satisfies the equation

DD 0o �
o2

c 2
eD 0o � ÿrot � rot �e 0E 0o 0� : �84�

The solution of Eqn (84) in the form of retarded potentials
is given by formula (58). For convenience of calculations, we
separate the factor dependent on the variable z in expression
(59). We then arrive at expression (60). Because we have used
macroscopic electrodynamics, Eqns (81) and (82) and expres-
sion (60) are valid at distances far exceeding the interatomic
distance. To determine the radiated energy, E 0 2o should be
averaged over the scattering volume.

We consider the fluctuations for which the correlation
length (denoted by l1) is of the order of the interatomic size. In
this case, we have

e 0�r1�e 0�r2� 6� 0 �85�

for

jr1 ÿ r2j4 l1 : �86�

Because expression (60) is valid for impact parameters that
are significantly greater than the interatomic distance, in
averaging E 0 2o , we can take different Eo�x1; y1� and
Eo�x2; y2� at the same point. For the radiated energy at
distances R far exceeding l1, the average value of the field
E 0 2o scattered by the inhomogeneities of the medium is then
given by

E 0 2o �
D 0 2o
e 2
� 1

16p2R2e 2

����k 0�k 0 � Eo�x1; y1�
����2 dVr1

�
�
exp

�
ik 0�r1ÿ r2� ÿ i

o
v
�z1ÿ z2�

�
e 0�r1�e 0�r2� dVr1ÿr2 :

�87�
We proceed from expression (87) to calculate the radia-

tion intensity at large distances from the radiating object in
the frequency interval do and the range of solid angles dO. In
this case, unlike analogous expressions considered in Section
5.1, expression (87) contains the additional factor

exp

�
ik 0�r1 ÿ r2� ÿ i

o
v
�z1 ÿ z2�

�
: �88�

When the wavelength of the emitted photon is much longer
than the characteristic inhomogeneity size and the particle
velocity is close to the speed of light, the factor (88) is equal to
unity. For the radiation of hard photons with the wavelength
l�much shorter than the characteristic inhomogeneity size l1,
the factor (88) can also be ignored provided the following two
inequalities are satisfied:

o
v

�
1ÿ v

c
e 1=20 cos y

�
l1 5 1 ; �89�

l1
o
c
e 1=20 sin y5 1 : �90�

In this case, expression (55) for the pseudophoton flux
transferred by a uniformly moving charged particle per unit
path length, which is given in Section 5.1, and expression (57)
for their angular distribution remain valid. Whenever any of
inequalities (89), (90) is violated, the emission of hard photons
is strongly suppressed.

Inequality (90) is fulfilled for hard photons emitted only at
small angles y relative to the direction of charged particle
motion, because the emitted photon wavelength is signifi-
cantly shorter than the characteristic inhomogeneity dimen-
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sions of the medium,

y <
l
l1

5 1 : �91�

With inequality (90) satisfied, inequality (89) leads to
constraints for the interval of emitted frequencies,

2c

l1

�
E

mc 2

�2

4o4
l1o2

0

2c
: �92�

Condition (92) resembles a similar condition for the interval
of emitted frequencies for small density variations in periodic
media [60, 61a, b]. We substitute expression (60) in (87) and
integrate the resultant expression with respect to kx and ky to
obtain the angular distribution

Ioy do dO � l1e
2o 4

32c 3e 3=2p3v 2

�
�
�1� cos2 y�

�
ln

�
k 2
r maxv

2

o2

�
1ÿ v

2

c 2
e
�ÿ1�

ÿ 1

�

� 2 sin2 y
�
1ÿ v

2

c 2
e
���

e 0�r1�e 0�r2� dVr1ÿr2 do dO : �93�

If inequality (90) is fulfilled, the integration should be
extended to angles of the order of l=l1. We note that ideal
gases obey formula (54). In this case, the number of emitted
photons per unit path length in the frequency interval do
assumes the form [61a; 1, formula (30.24)]

Io do � 4r 20Z
2N

137

do
o3

c 2

l 21

�
ln

k 2
r maxc

2

o2
�
1ÿ v 2e�o��ÿ 1

�
: �94�

Formula (94), as already noted in Ref. [61a], is little different
from the corresponding formula for the number of emitted
photons per 1 cm of path length in a stratified medium with a
period l1 and a small density variation if N 0 � lÿ31 ,

dm � 16N 0 2Z 0 2r 20 c
2l1 do

137po3

X
r� 1

1

r 3

�
1ÿ ol1

2prv

�
1ÿ v

c

����
e0
p ��
�95�

[1, formula (28.77), in which the coefficient N 0 was missing]
(see also Ref. [60, formula (19)]). The sum is practically
determined by the term with r � 1. In actual practice, the
Coulomb scattering of the radiating particle and strong
density variations must be taken into account. This requires
more complex estimates. Accelerator physicists have already
encountered such problems. V A Verzilov, A P Potolitsyn et
al. [93] recorded the radiation at macroscopic inhomogene-
ities in thin amorphous targets of aluminum and Mylar (see
also Ref. [94]).

6.2 Comparison with resonance transition radiation
The previous review [2] was concerned with the Ginzburg ±
Frank transition radiation in periodic media (resonance
transition radiation), which was intensively studied owing
to its use in high-energy particle counters. In Refs [2; 1,
Sect. 28f], an examination was made of the `thermal
background' in the resonance transition radiation emerging
due to deviation of the medium structure from perfect
periodicity. It is similar to the thermal background in
coherent bremsstrahlung (ibid.).

For large deviations of the medium structure from
periodicity, the bremsstrahlung cross section in a crystal is
given by the standard Bethe ±Heitler expressions summed
over all atoms in the crystal. In the case of resonance
transition radiation for large deviations from periodicity, we
also obtain the sum of the transition radiation at individual
plates [2].

The passage from the expressions for the radiation at
periodic inhomogeneities to the expressions for the radiation
at randomly located inhomogeneities in an amorphous
medium is accomplished similarly. Using the expression for
the number of emitted photons and the frequency intensity
distribution of resonance transition radiation for a small
density variation, Eqn (95), and comparing it with the
corresponding expression (94) for an inhomogeneous amor-
phous medium, we can readily see the resemblance between
them. This was already indicated when discussing formula
(94). Therefore, we should probably not expect the total
number of the emitted photons in a periodic medium to be
significantly different from that in an amorphous medium
with the same number of inhomogeneities per unit volume.
Unfortunately, the theoretical treatment is extremely compli-
cated when the density varies strongly from one random
inhomogeneity to another.

In 1970 ± 1975, the experimental investigation of radiation
at high energies in inhomogeneous media was pursued by
different scientific groups: F Arutyunyan of the Institute for
Physical Research [95 ± 98], M Lorikyan of the Yerevan
Physics Institute [99, 100], L C L Yuan of the Brookhaven
National Laboratory [101, 102], M Cherry of the E Fermi
Institute, and others involved in cosmic ray research or
working on large accelerators.

Figure 11a shows the results of measurements performed
byFArutyunyan's group [95, 96] to compare the intensities of
2.8-GeV electron radiation in a periodic medium and in an
amorphous medium with numerically equivalent, randomly
located inhomogeneities. Foam plastic was used as the
inhomogeneous amorphous medium. The foam plastic
density was equal to the 0.042 g cmÿ2 density of the periodic
medium and its length was 1.74 times that of the periodic
medium. The photon intensity radiated in the 15 ± 240 keV
energy range in the foam plastic proved to be 1.5 times lower
than for the equivalent periodic medium. This work was
performed in the Joint Institute for Nuclear Research
(Dubna). M Lorikyan's group [99, 100] proposed a new type
of a counter on the basis of their experiments. In the works of
Yuan's group [101], measurements were made of 9.8-GeV
electron radiation in a periodic stratified medium of alumi-
num plates situated in the air and in amorphous media with
numerically equivalent inhomogeneities (Fig. 11b). In the
works of M Cherry's group [103] performed at the Cornell
synchrotron with 1 ± 9 GeV electrons, investigations were
made on various industrially produced foam plastics. Some
of them proved to be suitable for use in transition radiation
counters. The intensity of transition radiation in these foam
plastics turned out to be similar to the resonance transition
radiation in an equivalent stratified medium. The extensive
experimental material of all investigations of that time was
reviewed by F Arutyunyan and A Frangyan [104].

Unfortunately, there has been no major progress along
this line of research during the last decades because of the
difficulties encountered in staging experiments and the lack of
new theoretical investigations in this field.
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7. Conclusion

To conclude this review, we note that a number of issues in
this area have not been covered. This applies primarily to
nanostructure material research, which has attracted the
attention of theorists and experimenters during the last
decade, the theory of ionization losses in inhomogeneous
media, and other related issues.
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