
Abstract. After a brief review of the main areas of research in
X-ray optics and an analysis of the development of capillary
optics, a general theory of radiation propagation through capil-
lary structures is described in both geometrical optics and wave
optics approximations. Analysis of the radiation field structure
inside a capillary waveguide shows that wave propagation in
channels can be of a purely modal nature, with the transmitted
energy mostly concentrated in the immediate neighborhood of
the capillary inner walls. A qualitative change in radiation
scattering with decreasing channel diameter Ð namely, the
transition from surface channeling in microcapillaries to bulk
channeling in nanocapillaries Ð is discussed.

1. Introduction

For more than a century scientists all over the world have
dealt with X-rays discovered in 1895 by the German physicist
W K RoÈ ntgen [1, 2]. At present the interaction of X-ray
radiation and matter lies at the base of many methods of not
only physics but also biology, medicine, materials science,
microscopy, X-ray testing, etc. In addition to the common
X-ray tubes, the main sources of X-ray radiation are
synchrotrons, storage rings equipped with undulators and
wigglers, and micropinch and laser-plasma sources [3 ± 6].

Two very important discoveries made before the wide use
of X-ray radiation were the diffraction of X-rays, which was
discovered by Laue's group [7], and Compton's pioneering
work [8] (1923) on the reflection of X-rays from a smooth
surface. The former made it possible to control X-rays and to
produce coherent monochromatic and collimated beams; the
latter showed that X-rays are shortwave electromagnetic
waves. This idea made it possible to use the principles of
ordinary light optics in the X-ray range. The first results of
studies devoted to the analysis of the optics of grazing
incidence of X-rays were published in 1929 [9].

Since in ordinary crystals the interplanar spacing does not
exceed 4 ± 5 A

�
, the Bragg condition 2d sin y � nl (d is the

interplanar spacing, y is the glancing angle, l is thewavelength
of the radiation, and n is the diffraction order) with n � 1
suggests that there is a limit in the use of crystals as X-ray
optical elements when l < 10 A

�
. At longer wavelengths the

common practice was to use grazing-incidence optics, which
was considered the most effective way of controlling beams of
X-ray radiation. Note that all the X-ray optical systems were
actually based on two schemes of grazing incidence, one
proposed in 1948 by Kirkpatrik and Baez [10], and the other
proposed in 1952 by Wolter [11]. Both schemes require very
precise coincidence of the optical axes of the lenses and a
thorough treatment of the surfaces.

In the last two decades the situation has changed
dramatically thanks to progress in perfecting the method of
ultrasmooth-surface treatment, which has made it possible to
substantially broaden the possibilities of common grazing-
incidence optics. Furthermore, because of the development of
thin-film deposition technology and methods of microlitho-
graphy, two new classes of X-ray optical elements have been
produced, namely, multilayer interference mirrors and
diffraction zone plates [12 ± 16]. What deserves special
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mention is the appearance of entirely new X-ray optical
systems consisting of capillaries [17, 18]. Capillary X-ray
optics is the optics of multiple reflection. It differs favorably
from the existing X-ray optical systems in such parameters as
the aperture, the effectiveness of radiation bending through
large angles, the increase in the concentration of X-ray
radiation in the focal spot, and others.

At present there is intensive research in all areas of X-ray
optics. X-ray optical elements are used in new high-power
X-ray sources and to perfect devices used in transmission of
X-ray images, in elemental analysis, in diffraction, etc. The
number of scientific publications (journals, monographs, and
collections of articles on the subject) is constantly growing,
and so is the number of publications associatedwith problems
of controlling beams of X-ray photons and neutral particles.
Every year new conferences and workshops devoted to X-ray
optics and its applications are held. In short, the present
period of intense development of optics of the X-ray range
may be called the `renaissance of X-ray optics' [19].

2. X-ray optics

Below we discuss the main principles of X-ray optics.
The optical properties of matter in the X-ray range of the

spectrum, which determine the complexity of dealing with
X-ray radiation, are expressed by the following model of the
dielectric constant of matter:

e � 1ÿ d� ib ; �1�
with d; b5 1. From the data on optical constants (see
Ref. [20]) it immediately follows that the index of refraction
of anymaterial, n � ��

e
p

, is, for all practical purposes, equal to
unity. Hence, it is difficult to use elements of common
refraction optics in this wavelength range. It also turns out
that it is impossible to use reflecting mirrors of normal
incidence, with the exception of cases of multilayer optics.
Indeed, the coefficient of reflection of an electromagnetic
wave from a planar surface, R�y� (here y is the glancing angle
between the incident beam and the surface), is determined by
the Fresnel formulas for s and p polarizations [21]

R s
pf g�y� �

����� 1
e

� 	
sin yÿ �eÿ cos2 y�1=2

1
e

� 	
sin y� �eÿ cos2 y�1=2

�����
2

; �2�

which means that when the incidence of the X-ray wave is
normal, or y ' p=2 (the optical density of the substance is
low), we have, irrespective of polarization, the simple
approximation

R

�
p
2

�
' d2 � b2

16
: �3�

According to this formula, when d and b are small (and
this is the case for practically all substances), the reflection
coefficient is negligible.

The optical elements of the X-ray range can be broken
down into four groups, depending on the principle of
operation [22, 23]:

(1) grazing-incidence optical elements based on the
phenomenon of total external reflection (TER);

(2) multilayer interference mirrors of normal incidence;
(3) transmission diffraction elements (zone plates and

gratings);
(4) refraction X-ray lenses of normal incidence.

X-ray optical systems of grazing incidence are based on
the TER phenomenon, which is caused by the fact that the
dielectric constant of almost all materials is smaller than unity
in the X-ray range since d > 0, i.e., the vacuum in this region
of the spectrum is more optically dense than matter. Hence, if
absorption is taken into account, the reflection coefficient is
close to unity, provided that the glancing angle y does not
exceed the critical TER angle yc '

���
d
p

or the Fresnel angle
(see Ref. [24]).

Since in grazing-incidence optics we deal with very small
angles (y5 1), strict requirements concerning the treatment
of the reflecting surface become obvious. The problem of the
influence of surface roughness on the parameters of the
reflected beam is very important in X-ray optics [25]. For
typical grazing angles y ' yc=2, the height of the roughnesses
should not exceed, as a rule, 10 ± 20 A

�
.

It must also be noted that aberrations in optical systems
are very large in the case of grazing incidence. Hence, to
achieve satisfactory resolution of the devices that transmit
X-ray images, the quality of the reflecting surface must be
close to ideal. Moreover, small grazing angles dramatically
limit the aperture ratio of grazing-incidence devices.

Despite the existing technical problems, grazing-incidence
optics remains one of the most promising areas of research,
since only such X-ray optical elements make it possible to
produce beams of X-ray radiation within a fairly broad
spectral region.

Lately, a new area in grazing-incidence optics has received
much attention Ð that of multiple-reflection optics. New
X-ray optical systemsmake it possible to turnX-ray beams by
large angles and effectively concentrate and collimate beams
as compared to the ordinary elements based on single and
double reflections [17].

Another area of X-ray optics that is being actively
researched is multilayer X-ray optics, whose operation is
based on interference reflection of X-rays from multilayer
coatings [26]. Multilayer interference structures consist of
alternating substances that have different dielectric constants,
with the effective period of the structure equaling l=2. The
maximum coefficient of reflection of X-rays from the multi-
layer interference structure can be attained by partitioning the
period between the layers in an optimal way. Obviously,
irrespective of how well the layer thicknesses are optimized,
the coefficient R of reflection of an X-ray wave from one
interface is very small. For the reflection coefficients to be
large, the structures must consist of a large number of layers,
N / Rÿ1=2 (since the waves reflected by the interfaces add up
in the phase). Moreover, Bragg conditions must be met if
effective interference of the reflected waves is to be achieved.
All this suggests that there is a need to fabricate ultrathin
continuous films with a thickness of several atomic mono-
layers. Of course, the fact that such layers must be very thin
complicates the fabrication of multilayer interference struc-
tures.

Note that a very important feature of multilayer inter-
ference X-ray optics is the normal incidence of radiation on
the reflecting surfaces. This considerably simplifies the choice
of the proper shape of the reflecting surfaces and substantially
reduces aberrationbecause of the transition to paraxial optics.

Another class of X-ray optical elements must also be
mentioned: zone plates and diffraction gratings. Their
principle of operation differs in no way from that of optical
elements of the visible range [4, 27]. Resolution in diffraction
structures directly depends on the width of the individual
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elements of the structure so that, on the one hand, one must
reduce the width of these elements asmuch as possible and, on
the other, the elements must be sufficiently thick so as not to
transmit radiation in the opaque sections. Fabrication of
structures with elements whose thickness-to-width ratio is of
order 10 or higher constitutes a complex technical problem.
In addition, zone plates have a very low output power (the
fraction of the radiation concentrated at the central max-
imum does not even theoretically exceed 10%). Despite all
these difficulties, it must be noted that, for example, X-ray
microscopes with zone plates as focusing elements have the
highest spatial resolution achievable today.

During recent years extensive research has been in
progress in the field of the development and application of
refractive normal-incidenceX-ray lenses [28 ± 31]. Such optics
consists of a system of cylindrical or spherical openings of a
certain diameter arranged one after another along the path of
propagation of the X-ray radiation, each opening acting as a
refracting lens. A set of such lenses significantly reduces the
focal distance and increases the aperture of the device.
Despite the fact that the optical properties of materials in
the X-ray range suggest the strong absorption of radiation,
the refracting optics developed in Refs [28 ± 31] has proved its
high effectiveness in producing microfocal sources of X-ray
radiation.

3. Capillary multiple-reflection optics

Many problems (such as the bending of a ray of polychro-
matic radiation through large angles and the increase in the
radiation flux impinging on a target, to name some) require
that we have control of the beams of radiation within a broad
frequency range. Obviously, this problem can be solved quite
effectively by using grazing-incidence optics. Ordinary optical
systems [32 ± 34] have proven ineffective due to their low
power. Since a single reflection may `turn' an X-ray beam
only through an angle 2yc, only beams that leave the source at
small angles (4yc) to the optical axis of the system can be
focused on the target: the grazing-incidence focusing system
with one or two reflections accumulates on the target only a
very small (/ y2c ) fraction of the radiation emitted by the
source.

New possibilities in controlling beams of broadband
radiation have emerged as a result of using elements of
multiple-reflection X-ray optics of grazing incidence [35].
The possibility of controlling X-ray beams via multiple
reflection in hollow tubes has been known for a long time
[36 ± 42]. Only later did Kumakhov [43, 44] suggested using a
system of capillaries packed in a certain way for the formation
of X-ray beams with specified parameters.

3.1 A capillary as an element of X-ray optics
Let us consider the bending of an X-ray beam by a curved
surface with a dielectric constant e. Suppose that the beam
impinges on the surface at a small angle y4yc, where

yc � o0

o
�4�

is the critical TER angle, with o0 being the plasma frequency
of the surface's material (30 eV is a typical value of the
plasmon energy for the glass materials), and o the frequency
of the X-ray radiation. Then, in view of multiple reflections
the beam will be `turned' through an angle f, the opening
angular span of the reflecting surface (Fig. 1a). When the

grazing angles are very small, the coefficient (2) of a single
reflection can be approximated as follows:

R0�y� '
���� 2y

�eÿ 1�1=2
ÿ 1

����2'1ÿ 4y Im �1ÿ e�ÿ1=2 ;

y5 1 : �5�
Obviously, the coefficient of reflection of the beam as it

turns through the large anglef also depends on the number of
reflections, N, which can easily be determined from the
relation

N�y;f� � f
2y

: �6�
Thus, the total reflection coefficient is

R�y;f� � ÿR0�y�
�N
: �7�

With allowance for the above relations, the coefficient of
reflection of a grazing beam (y! 0) as the beam is `bent' by
an angle f is determined by the formula

R�0;f� � exp
�ÿ 2f Im �1ÿ e�ÿ1=2� : �8�

Analysis of this formula shows that when there is no
absorption in the material of the reflecting surface (d > 0
and b � 0), the coefficient of reflection of the grazing beam is
equal to unity, i.e., there is total external reflection as the
beam propagates `along' the curved surface. However, in real
systems there is at least some absorption (b 6� 0), so that
R�0;f� is smaller than unity. The imaginary part in (8)
determines the coefficient of reflection of the grazing beam,
and this coefficient is larger the smaller the absorption, i.e.,
the smaller the ratio b=d. When b=d5 1, we have an
expression for the coefficient of reflection of a grazing beam
that has been turned through an angle f in a form convenient
for analysis [45, 46]:

R�0;f� ' exp
ÿÿ fbdÿ3=2

�
: �9�

rcurv

a

rcurv

d0

b

Figure 1. The bending of a beam by a curved surface with a curvature

radius rcurv (a) and a bent capillary with a diameter d0 and a curvature

radius rcurv (b).
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Note that, to the first approximation, this formula can be
used for all angles smaller than the critical TER angle, since
yc 5 1.

The above reasoning is also valid in the case where the
reflecting surface constitutes a channel that is limited in space,
i.e., an X-ray waveguide. A hollow glass capillary is an
example of such a waveguide. Let us see how X-ray radiation
is transported along such a capillary. Obviously, under
certain conditions X-ray beams will propagate inside the
capillary via multiple reflections from the capillary's walls
(Fig. 1b).

Suppose that the source of X-ray radiation is located on
the longitudinal axis of a straight (rcurv !1) capillary at a
distance l from its end. Of course, the optimal condition is
r=l � yc (r is the inner radius of the capillary), since in this case
all the rays emitted by the source at small angles y4yc will be
captured by the capillary channel and transmitted over long
distances, provided that the reflection from the surface is
really good. Obviously, in this case the power of the radiation
at the entrance of the capillary is given by the formula

W1 � I0y
2
c

4
; �10�

where I0 is the emission power of an isotropic source. The
radiation power at the capillary exit is

W2 �W21 �W22 ; �11�
where

W21 � I0
4

�
r

l� L

�2

� I0y
2
min

4
�12�

is the power of the radiation that passes through the capillary
without reflection, with ymin � yc�1� L=l �ÿ1 the smallest
grazing angle for a beam of X-ray photons, and L the
capillary's length. The power of the radiation that propa-
gates via multiple reflections is determined by the second term
on the right-hand side of Eqn (11):

W22 ' I0
2

� yc

ymin

R�y;f� y dy : �13�

Obviously,W21 can be ignored if the capillary is very long
(L=l4 1). This situation is similar to the one in which the
capillary is curved, so that there are no straight rays due to
transillumination.

Now we can easily calculate the transmission coefficient
(total reflection coefficient) of a single capillary:

ktr �W2

W1
'
�
ymin

yc

�2

� 2

y2c

� yc

ymin

R�y;f� y dy : �14�

The transmission coefficient, or transmissivity, actually
characterizes the effectiveness of a capillary. The estimate of
the above expression for an ideally reflecting surface (R0 � 1)
in the limit of ymin � 0 yields ktr � 1, as expected.

The calculation of the term W22 is a problem in its own
right. Assuming that the ratio of the distance from source to
capillary exit to the channel radius is large (�L� l �=r4 1), we
find that

W22 / Lÿ1
L� l

r
4 d1=2bÿ1 : �15�

In other words, the radiation power inside the capillary
decreases slower (/ Lÿ1) than in free space (/ Lÿ2). It is this
fact that makes it possible to use capillaries for concentration
and collimation of X-ray radiation. Moreover, substituting
(15) in (14), we find that the greater the distance between
source and target the higher the effectiveness of cylindrical
waveguides.

When the capillary is curved, one must allow for the fact
that not all rays entering the channel satisfy the condition
y4yc. If we assume that the inner radius r0 of the capillary is
small compared to the curvature radius rcurv of the bent
capillary (r0=rcurv 5 1) and take into account the fact that
the critical TER angle for X-ray photons is small (yc 5 1), the
expression for the maximum value of the glancing angle can
be written as follows [47]:

ymax � 2

�
r0
rcurv

�1=2

: �16�

Hence, the conditions that must be met for the capture of
radiation into the capillary transmission mode to be effective
are

ymax 4yc ; z � rcurvy
2
c

4r0
5 1 : �17�

Obviously, the factor z determines the fraction of radiation
captured by a curved capillary. For fixed curvature radii of
the bend and the inner radius of the capillary, the smaller the
energy of the incident photon the larger the value of this
factor. At the same time, analysis of (17) shows that for the
capillary to operate more effectively in the `harder' region of
the spectrum, the capillary radius must be decreased. Thus,
the value z � 1 determines the critical anglef1 through which
a capillary of length L can be bent so that it operates
effectively as an X-ray waveguide:

f1 �
L

rcurv;1
� Ly2c

4r0
: �18�

3.2 The effectiveness of capillary systems
Since the radiation power transmitted by a single capillary is
very small because of the small aperture, it is advisable, in
order to increase the aperture, to use a system of closely
packed capillaries. When the packing is dense, the system
consists of many capillaries arranged in layers around a
central capillary. In the case of focusing capillary optics,
each layer has its own curvature, which is the same for all
capillaries in the layer. The curvature varies from zero for the
central channel to a certain limiting value determined by the
parameters of the system and source (see above) and the
problem that has to be solved. There are three factors that
determine the effectiveness of transmission for each layer:
capture of radiation by the capillaries of the layer, absorption
of radiation during transmission through the capillaries, and
the number of capillaries in the layer. For layers close to the
center of the system, the effectiveness of radiation transmis-
sion through a layer increases linearly with the number of
channels, while for more distant layers in typical capillary
systems the effectiveness drops due to the rapid decrease in
the radiation capture by single capillaries and the increase in
absorption. Hence, each layer effectively transmits gamma
photons that belong to a certain energy interval, which in turn
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requires optimization of capillary concentrating systems for
specific problems.

Before we continue any further, let us clarify the
terminology used in this review according to that adopted in
the literature:

Ð a monocapillary is a single capillary;
Ð a polycapillary is a set of closely packed monocapil-

laries;
Ð a lens is a device that concentrates the radiation from a

point source into a point (a small region);
Ð a half-lens is a device that concentrates a quasiparallel

beam into a point or, in the reverse geometry, transforms the
radiation from a point source into a quasiparallel beam;

Ð a monocapillary lens (half-lens) is a lens (half-lens)
consisting of a bundle of identical monocapillaries closely
packed in the transverse plane in such a way that the packing
is strictly ordered;

Ð a polycapillary lens (half-lens) is a lens (half-lens)
formed by polycapillaries. Present-day technology of poly-
capillary optics does notmake it possible to align the channels
of the different polycapillaries that form the polycapillary
system, with the result that the polycapillary lens (half-lens)
does not exhibit axial symmetry in its cross section.

Below we often use the terms capillary lens and capillary
system in a generalized manner.

Let us estimate the effectiveness of a capillary system in
controlling beams of X-ray radiation (note that our approach
is valid not only for X-ray radiation but also for thermal and
cold neutrons).

Since the critical TER angle for X-rays is small, the
angular aperture of a monocapillary at its entrance is small,
too (Fig. 2a):

Djm / yc 5 1 : �19�

This implies that the power transmitted by a monocapil-
lary is small, too,

Wm / y2c Tm ; �20�

where Tm is the transmission coefficient, which depends on
the geometrical parameters of the monocapillary and the
quality of the inner reflecting surface of the channel. In the
case of a monocapillary whose channel diameter diminishes
from entrance to exit, a gain in radiation power of three or
more orders of magnitude can be achieved at the mono-
capillary exit [48 ± 50]. However, such systems are difficult to
fabricate from the technical viewpoint, are very long, and are
effective only in the case of quasiparallel sources of radiation

of small transverse dimensions (in particular, third-genera-
tion sources of synchrotron radiation).

The effectiveness of such systems can be increased by
using polycapillary systems (Fig. 2b). Since the entrance
angular aperture of a polycapillary system may be much
larger than the critical TER angle,

Djp 4 yc ; �21�

the transmitted radiation power grows according to the
formula

Wp / �Djp�2 Tp 4Wm ; �22�

where Tp is the transmission coefficient of the polycapillary
system, assuming that the transmission through the system
is not low (Tp 5 10%). A polycapillary system designed in a
certain way makes it possible not only to effectively
transmit radiation but also to increase the radiation density
w 'W = �D f �2 by focusing the radiation to a spot of size
D f. Hence, such a capillary system operates as a focusing
lens.

Let us examine a capillary lens with an angular aperture
Djp. If the transmissivity of the lens is Tp, the power of the
radiation focused to a spot of diameter D fp obeys the
following expression:

wp / p
�
Djp

2

�2
Tp

�D fp�2
: �23�

Since the radiation density at a distance L from the source
is inversely proportional to the distance, w0�L� / 1=�4pL2�,
the use of a capillary lens makes it possible to achieve the
following gain in radiation density:

G �
�
wp

w0

�
L

�
�
LDjp

D fp

�2

Tp : �24�

The gain G determines the effective distance from the
source of radiation at which radiation density without optics
is equal to the radiation density at the focal spot of the
capillary lens, i.e., w0�L1� � wp�L�. This yields the following
convenient expression for calculating the effectiveness of the
lens:

L1 � L����
G
p � D fp

Djp

������
Tp

p : �25�

Here, L1 is the effective focusing length, which determines the
distance bywhich the irradiated object is `moved' closer to the
radiation source. For instance, if the radiation density gain at
the lens focus is 100, the effective proximity of the focus to the
source decreases by a factor of 10. In addition, if we reduce the
effective distance by a factor of approximately 3 by varying
the parameters Djp, D fp, and Tp, the radiation density in the
focal plane of the capillary system can be increased by a factor
of 1000.

Present-day technology makes it possible to achieve
effective proximity of the object to the radiation source
amounting to only several millimeters, as estimates show.
This considerably simplifies the organization of experiments
since it solves one of the most pressing problems of the spatial
arrangement of devices.

S

Djm

Wm

Dfm

a

Djp

Wp

Dfp

S

b

Figure 2. Focusing X-rays by (a) a monocapillary and (b) a system of

capillaries (S is the source of X-rays, and Df is the size of the focal spot).
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4. Wave theory of channeling

4.1 Propagation of waves in capillaries
We begin our discussion of the problems associated with the
propagation of X-ray waves through capillary structures with
the case of the interaction of electromagnetic waves with a
surface in the limit of small glancing angles. The reflection of
an electromagnetic wave is known to occur over an extended
section of the surface and the minimum size of this section is
determined in grazing reflection by �Dd�kmin � �4pc=o0� yÿ1c ,
whose value is much larger than the distance between atoms.
We can then assume that the scattering takes place in a
macrofield characterized by a macroscopic dielectric con-
stant e ' 1ÿ y2c . This constant is the main characteristic of
reflection and absorption of radiation in a layer of thickness
Dd? � 2pc=o0 (e.g., for ordinary glass we have Dd? � 50 A

�
).

General analysis shows that, at glancing angles smaller than
the Fresnel angle, total external reflection occurs. In the
geometrical-optics approximation this means that scattering
occurs primarily in the mirror direction and is coherent, while
the incoherence is determined by the fraction of the radiation
absorbed in the reflecting layer.

The propagation of X-ray radiation in capillary systems
depends mainly on the interaction of the radiation with the
inner walls of the channels. In the ideal case we can assume
that the radiation beam is split into two beams, the reflected
and the refracted. The latter proves to be strongly suppressed
in total external reflection.

Usually a surface is characterized by its roughness, which
determines the contribution of scattering to the reflection
process. Here the scattered radiation propagates both inside
the capillary walls and in the hollow part of the channel (a
typical solid angle of dispersion is equal to 4p), thus forming a
radiation distribution beyond the capillary. Hence, to
determine the divergence of the radiation, one must solve
the wave equation while taking account of the surface
roughness. Mathematically this problem can be solved by
introducing perturbations into the wave equation for an ideal
surface [51], i.e.,�

H 2 � k2e0�r�
�
E�r� � ÿk 2De�r�E�r� ; �26�

where e0 is the dielectric constant of the medium, De is the
perturbation of the dielectric constant related to the rough-
ness of the surface, and E�r� is the wave function of the
radiation field, which can be written with allowance for
roughness as follows:

E�r� � 1

2p

�
u�r; r� exp� jqq� d2q ; �27�

with q the two-dimensional position vector in a plane parallel
to the reflecting surface. Obviously, in the ideal case of a
monochromatic wave (k � o=c), the integral in (27) can be
simplified and represented in the form

Ei�r� � ui�r; qi� exp� jqq � ; �28�

where qi � k cos yi, with yi the glancing angle of the incident
wave.

The solution of Eqn (26) with boundary conditions
imposed by the capillary channel shows that the radiation is
redistributed between the coupled states, or modes, in the

potential of the channel (see Section 4.2).What is important is
that the channel potential operates as an effective mirror-
reflecting barrier and, therefore, there is effective transfer of
radiation by the hollow capillary tubes. Although the main
fraction of the radiation undergoes incoherent diffuse
scattering when it propagates in the capillaries, some of it
propagates via coherent scattering, which is a special
phenomenon, interesting both from the viewpoint of detect-
ing such scattering in experiments and from the viewpoint of
describing it [52, 53].

The scattering of electromagnetic radiation by a rough
surface has been thoroughly studied and described within the
scope of the general theory of diffuse scattering (e.g., see
Refs [25, 54]). Using the general principles for the description
of the process of propagation of X-ray radiation through a
capillary (`channeling'), we can write the first-approximation
expression for the relative intensity of scattering into the solid
angle dO as follows:

Wis ' po4

c4ys

��Dis�ys;js�
��2��GF�ys;js�

��2 ; �29�

where i and s are the quantum numbers corresponding to
channeling modes, Dis�ys;js� is the matrix element of the
i! s transition, and GF�ys;js� is the Fourier transform of
the correlation function of the roughness of the reflecting
surface. The total intensity Wi of the scattered radiation can
be found by summing all the partial distributions Wis:
Wi �

P
s Wis. Estimates of these partial distributions

become much easier if we examine their behavior in the
meridional plane (j � 0), which is an effective approach if
we want to make simple and fast estimates of the radiation
density behind the transport channels. Such simplification,
however, may significantly change the angular distribution of
the radiation (e.g., may have a strong effect on the estimate of
the angular divergence of the radiation at the exit from a
capillary or a system of capillaries).

4.2 A monocapillary as an ideal single waveguide
Let us now examine the propagation of X-ray photons inside
a waveguide that is a hollow cylinder with an inner radius r0.
Since X-ray photons may be regarded as short-wave length
electromagnetic waves, to establish the distribution of
radiation in the monocapillary we solve the wave equation
[55, 56].

The paths of X-ray photons in the channel with multiple
reflection are spiral-like broken curves with different curva-
ture radii, depending on the angle between the direction of the
wave vector and the capillary axis. The radii of curvature of
the particle paths vary from a minimum value equal to the
radius r0 of the waveguide channel to a maximum value
determined by the curvature radius rcurv of the waveguide.
Thus, assuming that the emission of X-ray photons is
isotropic, in the first approximation we can postulate that
the beam of photons is distributed continuously over all
possible paths.

Let a particle travel along its path with a curvature radius
r1 that lies within the limits r0 < r1 < rcurv. Thus, the problem
reduces to the general problem of propagation of radiation
k � o=c � 2p=l along a cylindrically curved surface with a
curvature radius r1:

�D� k2e�E � 0 ; e � 1; r < r1;
e0; r > r1:

�
�30�
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For the case of grazing-reflection optics it is obvious that
while solving the wave equation we are most interested in the
region near the interface, which actually determines the way
in which the wave propagates during reflection. Using the
well-known asymptotic methods [57 ± 59], we arrive at the
following formula for the radial distribution of radiation in
the vicinity of r ' r1:��Em�%�

��2 / %K 2
1=3

�
2

3
%2=3

�
; % � r1 ÿ r5 r1 ; �31�

where K�x� is the modified Bessel (Hankel) function [60, 61].
The obtained solution of the wave equation in the region near
the interface describes waves propagating along the walls of
the waveguide. Here, the solution decreases as we move away
from the channel walls toward the center; in other words, we
have a solution for grazing modes that describes the structure
of the electromagnetic field along a curved surface.

The above distribution can be used to estimate the
characteristic radial size of the principal grazing mode
(m � 0):

%0 ' 0:75

�
l2r1
p2

�1=3

: �32�

Clearly, the characteristic radial size may be much larger than
the wavelength of the wave propagating in the waveguide,
since the curvature radius of the path of the photon in
question may be much larger than the inner radius r0 of the
waveguide: %0 4 l. For instance, when l � 10 A

�
, an estimate

of %0 made in the extreme case where r1 � r0 results in
%0 075 A

�
for a capillary with an inner radius r0 � 10 mm.

Note that the distribution of the radiation flux behind the
capillary is determined by the diffusely scattered radiation
and by the radiation formed by various modes. Since usually
only a fewmodes are `populated' and their contribution to the
total radiation flux is moderate, experimental observation of
the structural changes in the angular distribution of the
radiation behind the capillary is a difficult task. The situation
may be improved by suppressing the diffusely scattered part
of the radiation. This can be achieved by optimizing the
parameters of the optical system in the experiment.

Calculations of the angular radiation distributions that
allow for different channeling modes show that in capillaries
ofmicron dimensions the beam divergence, determined by the
modes with the smallest numbers, may be much smaller than

the TER angle at a given energy (Fig. 3). However, if the
number of modes is large, the divergence approaches the limit
determined by the geometrical parameters of the capillary
system.

4.3 Effect of surface roughness
Let us examine the scattering of radiation by a rough surface
(Fig. 4). To simplify matters, we limit ourselves to a one-
dimensional distribution, so that the equation of the surface is
z � z�x� instead of the real two-dimensional dependence
z � z�x; y�. Then for an ideally smooth surface we have
z � 0. With such a definition for the surface, the difference
in the phases of randomly chosen incident ray and a ray
scattered in the direction specified by the angle ys can be
written as follows [25]:

Dj ' kL�y2s ÿ y2i � � <fzg ; �33�

where L is the size of the reflecting surface, and <fzg is
the random roughness-distribution function over the sur-
face z � z�x�. Since zmax 5 2L, we can assume that
<fzg5 kL�y2s ÿ y2i �. Hence, Dj4 2p or, in other words, the
scattering of radiation by a rough surface in the nonmirror
direction is always incoherent. However, in the case of mirror
reflection ys � yi, the phase of the wave can be estimated by
the formula

j ' 2k

�
1ÿ y2i

2

�
z�x�; yi ! 0 ; �34�

which suggests that j is constant for a smooth surface or that
the field is coherent.

Generally speaking, it must be noted that in reality there
are no pure (coherent or incoherent) states. The average
scattered power Ws / hEsE

�
s i is determined by all scattering

processes and can be written in the form of the sum
hE ihE i� � dfE g, where the first term is responsible for
coherent scattering and the second for incoherent scattering.
When the surface is ideally smooth, i.e., dfE g � 0, which
means that hEE �i � hE ihE i�, we have coherent waves. In the
other extreme case, when the surface is very rough, we have
hE ihE i� � 0, which means that hEE �i � dfEg, and only
incoherent waves are reflected from the surface. Between
these two extreme cases, which are the pure states of the
reflected field, there is real redistribution, i.e., usually we are
dealing with a continuous transition from coherence to
incoherence (see also Ref. [62]).
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Figure 3. Divergence of a radiation beam behind a capillary system as a

function of the number of modes m and the channel radius r0.
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Figure 4. Schematic representation of the scattering of radiation by a

rough surface during reflection.The angles yi and ys will be called here the

incidence and scattering angles, respectively.
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Let us now discuss the case of periodically distributed
roughness and again limit ourselves to one-dimensional
geometry (only the longitudinal direction of the capillary is
taken into account), i.e., z�x� is a periodic function with a
period a of the profile of the inner surface of the capillary wall:
z�x� � z�x� a�. Such a pattern may arise because of the
mechanical drawing of the heated capillary. Analysis of the
general relationships for radiation scattering easily produces
the following dependence between the angles of incidence and
reflection (scattering):

ys; l � yi � l
l
a
: �35�

This formula shows that the dispersion scattering diagram is
formed by narrow-directed peaks observed at certain angles
(35),

Ws; l � 1

Is; l

dIl
dO
/ ��R�yi� ����������

e�yi�
p ��jalj2��R�yl� ����������

e�yl�
p �� ; �36�

where al is the weight factor of scattering in the direction ys; l,
and je�x�j ' x2 � 2ll=aÿ �ll=a�2. Since in the X-ray range
the condition ll=a5 1 is held, dispersion is at its maximum at
small grazing angles yi ! 0; as a result, we obtain

Ws / yi
����������
e�yi�

p X
l

jalj2 yl
����������
e�yl�

p
: �37�

Obviously, this formula may be more complicated and
contain characteristic peaks. The principal peak manifests
itself in the direction of mirror reflection (coherent scatter-
ing), while the broadening in the angular distribution of
radiation emerges because of incoherent scattering. Note
that within the range of angles and roughness parameters in
question, the dispersion of radiation occurs mainly at angles
larger than the incidence angle (Fig. 5). However, the
coherent part of the radiation, determined by the factor that
stands in front of the sum in (37), hE�ys�ihE�ys�i� 6� 0
practically for all scattering angles. Furthermore, at small
values of the period a, the angular distribution of the scattered
radiation has a tendency to increase the scattering at large

angles. In the scattering spectrum there appears an additional
maximum at angles that exceed the angle of incidence onto
the inner surface of the capillary. This fact suggests that the
coherent component of scattering acquires a nonmirror peak
because of the wavy periodicity of the interaction potential:
q 0y
ÿhE�y�ihE �y�i�� jy�y1>yc� 0; however, this has no notice-

able effect on the power of the radiation transmitted by the
capillary.

The main remarks made in connection with this special
case are also valid for a surface-roughness periodicity of an
arbitrary nature.

Even in the earlier works (for more details see Ref. [15])
the scattering of radiation by surfaces with randomly
distributed roughness was studied in detail. There, it was
shown that in the limit of small grazing angles the main
characteristics of scattering are described by the formula

Ws�ys� / �kyi�3 R�yi� K�ys; yi� z�ysi� ; �38�

where kyi ' �k?�i is the transverse vector of the incident
wave,

K�ys; yi� '
�
ys
yi

�2
��yi � �����������

eÿ 1
p ��2��ys � �����������
eÿ 1
p ��2 ;

and z�ysi� is the roughness function, with ysi � �k?�i jys ÿ yij.
Here correlation analysis of Eqn (38) in relation to the beam
and surface parameters was carried out on the assumption
that the scattering is at its maximum in the mirror direction,
i.e., ysi � 0. The results of such analysis have shown that in
the case of single scattering from a rough surface the observed
peak manifests itself either in the mirror direction or in a
direction between the angles yc and yi.

However, such an approximation cannot be used in
multiple-reflection optics and, in particular, in capillary
optics. As noted earlier, at grazing angles in systems with
multiple reflection there is what is known as surface
channeling of photons [63 ± 65], which substantially modifies
the nature of the radiation distribution in the channels. Owing
to the presence of coupled states on the surface, the angular
distribution has a peak at angles ys;max9yi. By solving the
wave equation (26) with the boundary conditions for a
capillary waveguide, we can estimate the angular distribu-
tion of the radiation scattered in a capillary. Calculations of
the intensity of the radiation scattered by a capillary wall with
a mean-root-square roughness height x and a correlation
length s [which means with a correlation function
G�x� � x2 exp�ÿx=s�], done according to the formula

Ws�ys� / x2s

ys
�
1� �sDk�2�3=2

X
l

��El �ys�
��2 ; �39�

where El�ys� is the angular function of a photon in the
coupled state l, lead to the result shown in Fig. 6. The
diagrams show that the angular distributions of the scattered
radiation change dramatically with correlation length: the
effect of roughness becomes noticeable at correlation lengths
comparable to the transverse wavelength of the scattered
photon, s � l?4 l �g � s=l?01�. Note that at certain
values of the roughness parameter, some of the radiation is
scattered to angles smaller than the incidence angle. More-
over, theoretical calculations have shown that such scattering
can also be observed in the case of a smooth surface of a
certain curvature (scattering in a capillary is scattering by a
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Figure 5. Angular scattering in a capillary with a periodically distributed

roughness of the surface for two different relations between the roughness

period a and the transverse wavelength l?: 1, a4 l? and 2, a � l?. The
angle of incidence on the wall is marked by a vertical arrow. \
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curved surface). This fact can be explained by the capture of
some portion of radiation into coupled (bound) states, i.e., by
surface channeling. The remaining part of the radiation
travels through the capillary channels and is diffusely
scattered [65 ± 67].

When g91, the average transmitted radiation power is
determined chiefly by the incoherent component, i.e.,
hEE �i ' dfEg, but the coherent component still exists,
although it becomes very small (hE ihE i� ! 0). When g4 1,
the contribution of the coherent component increases and the
scattering becomes partly coherent and partly incoherent, at
the same time. Note that in this limit there may be small-angle
diffraction of the reflected rays, a phenomenon predicted by
Compton (see [68]). In this case some of the features observed
in the angular distribution can be explained by the presence of
coherent scattering in the process of interaction of radiation
with the reflecting surface.

The above suggests that the roughness of the inner
reflecting surface of the capillary may significantly change
the angular radiation distribution after the radiation is
transmitted through the capillary, with the transmitted
radiation power not changing significantly.

4.4 A system of capillaries: a polycapillaries
When we turn to a system of X-ray waveguides (capillaries),
we find that the solutionof the generalwave equationbecomes
very complicated and is impossible in analytic form. Hence,
the solution of the problem of how the periodicity of capillary
systems affects the way in which X-ray waves propagate
through such structures requires the use of numerical
methods [64, 69].

As is known, the motion of a photon in a medium whose
characteristics are determined by the dielectric constant
e�o; r� (here �r � �r?; z� � �x; y; z� is the position vector of
the photon) is described by the wave equation (30) [51]. In our
case the medium through which the photon travels is a system
of hollow waveguides (capillaries). Let us assume that in the
cross section, i.e., in the (xy) plane, the given system is
rigorously ordered and possesses hexagonal symmetry. Here,
it is obvious that the coefficient of reflection of an X-ray wave
from the walls of the channel (for the sake of convenience, we
introduce a new designation n), being a function of the photon
energy, position vector, and the angle of incidence on the

walls of the channels, is a spatially periodic function. Thus, we
have a situation similar to the one observed in the channeling
of charged particles in crystals. Hence, to solve the wave
equation we can use the well-known numerical method of
solution for equations of motion in periodic fields [70, 71].

Under boundary conditions at the entrance to the
capillary system in the form E�r�jz�0 � E�r?; 0�, the trans-
port problem for the photon beam is solved at each stepDz by
the well-known splitting procedure [72, 74]

E�r?; zi � Dz� � �F̂ Î F̂ �E�r?; zi� : �40�

The splitting procedure makes it possible to separately
examine the free propagation of the wave

F̂ � exp

�
ÿ iDz

2

H2
?

�H2
? � o2�1=2 � o

�
�41�

and the change in phase as the wave is reflected from the walls

Î � exp
�ÿ iDz x�o; r�� : �42�

The function x�o; r� in formula (42) for the operator Î
describes what is known as the interaction potential between
the photon and the channel walls and may be written as
follows:

x�o; r� � o
ÿ
n�o; r� ÿ 1

�
: �43�

At each step Dz, the propagating wave is expanded in a
two-dimensional Fourier series [74] with a limited number N
of terms, which is determined by the computational grid
imposed on the unit cell:

E�r� �
XN=2

m�ÿN=2�1

XN=2
n�ÿN=2�1

Emn�z� exp
�
io�eor?�

�
; �44�

where jeoj � 1. The latter allows an exact numerical repre-
sentation of the propagation equation to be obtained. The
value of N in expansion (44) depends on the length L of the
computational grid,

Np
L
> o sin b ; �45�

and the maximum value of the angle b between the direction
of propagation of the plane wave with the transverse wave
vector �ox;oy� and the z axis:

sin b � �o
2
x � o2

y�1=2
o

: �46�

Calculations according to this procedure can be done for
two different cases. In one case the X-ray waves propagate
through a system of hollow capillaries arranged in such a way
that in the cross section there is exact hexagonal symmetry.
What is more, the system captures the quasiparallel beam and
focuses it at a certain focal distance. The results of calcula-
tions of the flux intensity for X-ray waves in the focal spot are
shown in Fig. 7a. Clearly, the focal spot exhibits a structure
with distinct symmetry: there is a strong central maximum
against the background of symmetrically arranged subsidiary
maxima. What is interesting is that the characteristic widths
of the observedmaxima are close to the channel dimensions at
the lens exit and that the redistribution of the intensity in the
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focal spot leads to the formation of a strong central peak
(a first-order maximum).

In the other case the waveguide capillaries in the lens are
arranged chaotically in the transverse plane of the system.
The interference pattern observed in the ordered lens
disappears (Fig. 7b); instead, there is a broad single max-
imum in the focal spot. The width of the focal spot for such a
lens coincides with the ordinary classical estimate of the size
of a focal spot [75] and is much larger than the capillary
diameter at the lens exit.

The observed interference structure of the focal spot of
focused radiation can be explained by the phase buildup
caused by a spread in the length of paths traveled by photons
in different capillary layers. One must bear in mind, however,
that this is not enough for the interference properties to
manifest themselves in the focal spot. Analysis has shown
that the packing of the capillaries in the cross section of the

lens must exhibit a definite symmetry (quadratic, ortho-
rhombic, hexagonal, etc.). The interference effect is not
observed if the capillaries are packed at randomly.

The interference pattern is also observed for lenses
consisting of planar structures, e.g., systems of planes bent
in a certain way. This effect is observed with X-rays, thermal
neutrons, electromagnetic radiation in the visible part of the
spectrum, and charged particles, provided that certain
stringent conditions are met. Furthermore, the effect is
observed with straight capillary columns when the radiation
falls on one of the ends of such columns. Here, of course, the
channels of each column must be packed in a certain
symmetric way.

5. Some analogies in capillary systems

5.1 Geometrical (ray) analysis of the wave approximation
Research in the focusing of synchrotron radiation by
capillary structures has shown that the spot of X-rays
focused by a half-lens has a certain structure [52, 53, 76].
The fact that the focal spot has a structure cannot be
explained in terms of ordinary geometrical (ray) optics.
According to ray-optics calculations, the focal spot is a
structureless bright spot of X-ray radiation. The character-
istic size of the spot can be estimated by the following formula
[75]:

D f � d2 � 2yc f ; �47�
where d2 is the inner diameter of the channels at the lens exit,
yc is the critical TER angle, and f is the focal distance of the
lens in question at its exit. Obviously, for capillaries of micron
diameters d2 we have d2 5 2yc f, with the result that the size of
the focal spot is much larger than the capillary diameter.
Values provided by (47) are in good agreement with
experimental data. However, it is impossible to study the
structure of the focal spot in this approximation.

The passage of photon beams through capillary systems is
in a certain sense similar to the channeling of fast charged
particles in crystals [77 ± 79].

The reader will recall that when a charged particle flies
into a crystal, it may be captured into the channeling mode,
provided that the angles of its direction ofmotionwith respect
to the principal crystallographic axes or planes are small. In
other words, the channeling of charged particles requires that
the angles at which the particles enter the crystal in relation to
the crystallographic axes or planes be smaller than a certain
critical channeling anglec1 ' �2U0=o�1=2 (c1 is known as the
Lindhard angle), where U0 is the depth of the potential well
representing the interaction of an impinging particle and the
crystal (a characteristic of the crystal), and o is the particle
energy.

In dealing with the channeling of photons in hollow
capillary structures we also have to deal with a very strong
angular dependence. Indeed, the coefficient of reflection of
X-rays from various materials increases as the angles of
glancing in relation to the channel walls decrease, and
approaches unity at angles smaller than the critical TER
angle yc. Note that yc depends on the photon energy and on
the type of material from which the optical system is made.
The analogy becomes even more perfect if we allow for the
fact that in some capillary lenses there is a certain packing
order: there is symmetry both in the transverse plane and in
the longitudinal.
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Thus, a capillary lens is in a certain sense a macrocrystal.
However, many parameters of the capillary structure may be
controlled (in contrast to crystals), which is very important in
solving a number of application problems.

Let us examine a system that focuses a quasiparallel beam
of X-ray photons. We assume that the system consists of
many capillaries that are closely packed in such a way that
there is a hexagonal symmetry in the cross section of the
system. Obviously, in this case the capillary diameters
decrease from the maximum value d1 at the lens entrance to
the minimum value d2 at the exit. Thus, the capillaries are
packed into layers, with each layer i having its own curvature
radius rcurv; i. Since the capillaries are bent (except for the
central one), it is obvious that in some cases not all photons
that fly into the system will be channeled. Hence, on the
entrance end of the lens we can isolate `active' areas (the
photons that land in these areas will be channeled) and
`inactive' areas (in such areas the angle of incidence of
photons on the channel walls are larger than the critical
angles, with the result that such photons are mostly
absorbed). Figure 8 depicts a typical pattern of the filling of
capillaries at the lens entrance, which in the first approxima-
tion can be replaced by a more simple axisymmetric pattern.
Clearly, at the lens entrance we have a system of concentric
rings with widths defined by the formula [75, 80]

di ' rcurv; i y
2
c

2
: �48�

Then the corresponding radius of the inner (ri) and outer
(r 0i ) circles that limit the rings are

ri �
�
i� 1

2

�
d1 ÿ di ;

r 0i �
�
i� 1

2

�
d1 :

�49�

Bearing in mind that j1ÿ rcurv; 1=rcurv; 2j5 1 and
jj1ÿj2j � Dj5 1, which means that jrcurv; 1j1ÿrcurv; 2j2j'
rcurv; 1Dj, we arrive at the following formula for the difference
of the paths of closely located rays (by no means necessarily
from different layers: DL � Drcurv jy

2
c=2. It is obvious that,

by varying the angle j and the negligibly small difference in
the curvature radii Drcurv � jrcurv; 1 ÿ rcurv; 2j, we can satisfy

the well-known condition of interference DL � ml=2, where
l is the radiation wavelength and m is the order of the
interference maximum. For example, if the energy of the
quantum is o ' 30 keV (yc ' 1 mrad), j ' 0:1 mrad, and
Drcurv � 0:1ÿ1 cm, we obtain an estimate DL � 1ÿ10 A

�
for

the difference in the ray paths. Note that we consider a more
general problem (with several parameters) as compared to the
conventional interference optical elements.

Following the above argumentation, we can easily obtain
an expression for the areas of the `working' rings. Since, in the
case of capillary lenses, the relation di / Dri is valid, we can
estimate the area of the ith ring using the formula Si ' 2pri di.
Therefore, taking into account that r / i and using expression
(48), we obtain Si / ircurv; i. It is known that the curvature
radius rcurv; i decreases with increasing layer number i; there-
fore, if we take rcurv; i / 1=i, then the ring area will be
independent of the position on the butt end of the lens.
From the equality of the ring areas, we obtain an expression
that relates the radii of curvature of neighboring zones and
the widths of the zones with the diameter of the lens channels
at the entrance,

1ÿ rcurv; i�1
rcurv; i

� 1

zi � i� 1=2
; �50�

where zi � di=d1 is the parameter determining the extent to
which a particular channel is filled.

The above analysis shows that at the exit of a lens with
ordered packing we have a pattern similar to that of zone
plates, which suggests that it is possible to observe the wave
properties of X-ray photons focused by capillary lenses. But
how can interference effects manifest themselves in channels
that are so large (compared to the wavelengths of the
radiation propagating in these channels)?

Below we will see that when X-ray photons travel through
capillary systems, in view of the extreme smallness of the
grazing angles there is a kind of surface channeling of X-ray
waves inside the channels: part of the beam is captured into a
coupled state (a subbarrier state) determined by the channel
parameters, while the rest of the beam propagates in the
quasi-free mode (above-the-barrier state). It is the presence of
coupled motion that explains the coherence in the super-
position of waves transported by hollow channels. One must
bear in mind, however, that not all of the radiation flux is
redistributed in the process of scattering through the
capillaries. Both the coherently scattered waves from the
subbarrier states and the incoherently scattered waves
(diffuse scattering) contribute to the formation of the
structure of the spot beyond the capillary system. It must be
noted that the diffusely scattered waves are usually predomi-
nant in the general flow of waves propagating in capillary
channels, so that it is difficult to detect the effect in
experiments.

5.2 Quantum description of grazing reflection
Recently it has been shown [52] that the propagation of X-ray
photons in a capillary system is a highly complex phenom-
enon. Not all the features observed in experiments can be
explained in terms of geometrical (ray) optics [81 ± 83]. The
use ofmethods of wave optics, on the contrarymakes possible
a detailed description of the processes of propagation of
radiation in capillaries.

The transmission of X-rays through capillary systems is
generally determined by radiation interaction with the inner
walls of the channels. In the ideal case, where the inner walls

A

A 0

ri
r 0i

�i� 1=2�d1

ÿ�i� 1=2�d1

3d1=2

ÿ3d1=2

3d1=2ÿ d1

0

d1 ÿ 3d1=2

�i� 1=2�d1 ÿ di

di ÿ �i� 1=2�d1

Figure 8. Diagram of the filling of capillaries at the entrance end of a

capillary system. In the first approximation the real pattern of `active'

areas can be replaced by a system of concentric rings. It is assumed that the

central channel is completely filled, or rcurvy
2
c � d0.
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are ideally smooth surfaces, the beam is split into two beams,
the mirror-reflected and the refracted. The latter proves to be
highly suppressed in the event of total external reflection of
the radiation from the channel wall. The characteristics of
scattering of the radiation by a capillary channel can be
estimated from the solution of the wave equation. In the
first approximation, in which the surface roughness is
ignored, or De�r� � 0 (De is the perturbation of the dielectric
constant caused by the roughness of the reflecting surface),
the wave equation in the direction perpendicular to that of the
radiation propagation can be written as�

H2
? ÿ k2d�r?� � k2?

�
E�r?� � 0 ; �51�

where E is the radial wave function of the radiation and
k � �kk; k?� is the wave vector.

Since at grazing angles (y5 1) the transverse component
of the wave vector is k? � ky, the `effective potential' of the
interaction between the radiation beam and the surface can be
written as follows [84]:

V�r?� ' k2
�
d�r?� ÿ y2

�� ÿk2y2 ; r? < r1 ;

k2�d0 ÿ y2� ; r?5 r1 ;

�
�52�

where r1 corresponds to the position of the reflecting surface.
This, incidentally, leads to the quantummechanical definition
of total external reflection, where the effective potential is
zero (V � 0), and to the formula for the Fresnel angle (the
angle at which TER is observed), y � yc '

�����
d0
p

.
If the reflecting surface is curved, the effective interaction

potential acquires an additional term, which corresponds to
additional `potential energy.' The physical meaning of this
energy amounts to the following. Due to the curvature of the
reflecting surface, which is specified by an angle j, in the
interaction with the surface the photon acquires an angular
momentum krcurvjj, where rcurv is the curvature radius of the
`selected path' of the photon, and j is the azimuthal angle in
cylindrical coordinates along the direction of propagation of
the radiation (in the case of a capillary in the form of a hollow
cylindrical tube, the direction of propagation may not
coincide with the longitudinal axis z of the capillary, ord�k; ez� 6� 0). As a result, the expression for the effective
potential acquires the term ÿ2k2r?=rcurv:

V�r?� ' k2
�
d�r?� ÿ y2 ÿ 2

r?
rcurv

�
: �53�

Clearly, the expression for the interaction potential in the
case of a planar surface, (52), follows from the general
expression (53) for a curved surfaces with rcurv !1. The
change in the potential is shown schematically in Fig. 9. As
the spatial parameters of the system change, the interaction
potential transforms from steplike with a barrier of height
k2d0 for the planar surface to a potential well whose width and
depth are determined by the channel characteristics. Note
that an increase in curvature (or a decrease in the curvature
radius) leads to an increase in the well's depth and hence to an
increase in the number of coupled states. When the potential
gradient is small, the wave features of the radiation in the
process of scattering from the surface become negligible, and
the problem of radiation propagation can be solved by the
methods of geometrical (ray) optics.

Below we will briefly discuss the solution of the wave
equation in the case of an ideally reflecting surface (no

roughness), when the reflected beam is formed mainly by the
coherently scattered part of the radiation (see Refs [56, 63]).
The solution of the wave equation with the boundary
conditions for a capillary channel shows that X-ray
radiation may be distributed over coupled quantum states,
which are determined by the potential of the capillary
channel. What is important is that the channel potential is
an effective reflecting barrier, with the result that there is
effective transmission of X-ray radiation through hollow
capillary tubes. With a real surface, the main part of the
transmitted radiation undergoes incoherent diffuse scattering
[85], while the remaining part (usually a very small part) is
determined by coherent scattering [86].

Let us estimate the extreme value of the curvature radius
of the reflecting surface, rcurv;max (in the case of a capillary the
value of the curvature radius depends on the parameters of
the capillary or the system of capillaries and the way in which
the capillary is bent and also on the plane in which the
propagation of radiation is examined), at which the wave
properties of the radiation propagating along the surface may
manifest themselves [87]. We take a photon (i.e., we specify
the wave vector k) interacting with a surface whose curvature
radius is rcurv; i (i determines the selected path along which the
radiation propagates). At small grazing angles y the variation
of the longitudinal (i.e., along the direction of propagation)
wave vector kjj is negligible; it is mainly the transverse
component of the wave vector, k?, that changes:

k? ' ky �y < yc� : �54�

As this formula implies, the transverse component of the
wave (the transverse wavelength) is much larger than the
radiation's wavelength, which makes it possible to observe
interference effects even for very short wavelengths. Indeed,

l? � l
y
4 l : �55�

As is known, to observe the wave properties in the process
of photon scattering the typical size of the `effective channel'
di in which the radiation actually propagates must be
comparable to the photon's effective wavelength (in our
case, the transverse wavelength, since at very small grazing
angles y5 1 we cannot ignore the change in wavelength as we
go over to transverse coordinates), i.e., di�y� ' l?�y�
(Fig. 10). For a capillary this quantity coincides with (48).
Bearing in mind that di depends on the curvature radius rcurv; i
of the surface for a selected direction i and an angle y of
incidence of radiation on the surface, we can write the
following criterion for the coupled propagation of radiation
along the curved surface in the form

rcurv; i y
3 � l : �56�

x x
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ModelCurved
surface
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potential energy'
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Figure 9. Schematic representation of the change in the radiation

interaction potential caused by reflection from a planar surface and a

curved surface. The presence of curvature leads to the appearance of a

potential well.
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This relationship yields rcurv;max � 10 cm for a photon
with a wavelength l � 1 A

�
at a grazing angle y ' yc=3. Thus,

simple analysis produces a useful formula that describes
surface-coupled propagation of radiation, i.e., surface chan-
neling of X-ray photons along a curved surface and, in
particular, in the microchannels of capillary systems (see
also Ref. [88]). Moreover, formula (56) suggests that the
wave properties of X-ray photons may manifest themselves
in microcapillary systems.

6. The transition from microchanneling
to nanochanneling

Capillary optical elements consist of hollow drawn tubes
through which radiation is transmitted via multiple reflec-
tion from the inner walls of the channels [49, 50]. However,
microcapillary systems are also of interest as wave-optics
elements, i.e., drawn and bent capillaries are capable of
operating as X-ray waveguides [89]: capillary optics may be
interpreted as `whispering-gallery optics.' It is a well-known
fact that the physical meaning of whispering-gallery optics
amounts to multiple reflection of radiation formed by a large
number of bunches [46]. The total angular aperture of such a
device is determined by the number N of bunches and the
grazing angle y of the beam and is equal to 2Ny. Since the
reflection of a single bunch from a surface with a complex-
valued dielectric function e is determined by the coefficient

R1 s
pf g ' 1ÿ 2yRe

�
1

e

� �
�eÿ 1�ÿ1=2

�
; �57�

where s and p are polarization indices of the radiation, the
total reflection can be estimated in the limit y! 0 (N!1)
as follows:

R s
pf g ' exp

h
ÿ ÿ1ÿ R1 s

pf g
�
N
i
: �58�

Estimates made according to these formulas show that
whispering galleries are capable of effectively transporting
radiation in a selected narrow frequency range [90].

The use of wave theory to explain the transmission of
radiation through capillary structures makes it possible to
describe the fine effect of redistribution of radiation in the
channels of these systems [64, 69, 87]. Below we will see that
the process of transporting radiation by capillary optical
systems is extremely complicated. Radiation can be divided,
by convention, into two parts: one part propagates by
scattering that obeys geometrical (ray) optics, while the
other part is captured into coupled states by the surface
potential of the reflecting surface and is described by the
wave equation of propagation. As the channels become
smaller and their diameter approaches the transverse wave-
length of the radiation, surface channeling is replaced by bulk

channeling similar to the channeling of charged particles in
crystals [77, 91 ± 94]. Today, the technology of manufacturing
capillary systems makes it possible to fabricate samples with
channel sizes in the submicron range [95]. If the channels are
made even smaller, we move into the nanometer range, and
then carbon nanotubes (there is considerable progress in
fabricating such nanotubes [96]) replace microcapillaries as
new optical nanosystems (provided that we know how to
control the orientation of nanotubes in space) [97, 98].

A carbon nanotube [99 ± 101] may be thought of as a small
capillary (on the nanometer scale). Its wall consists of carbon
atoms ordered in space, with the distance between the atoms
being approximately 1 ± 2 A

�
. The typical diameter of a single

nanotube is estimated at approximately several dozen
angstroms (the ratio of channel diameter to wall thickness
can reach two orders of magnitude), while the length of such a
tube may reach submicron values. All this suggests that we
must use the wave approximation if we want to solve the
problem of transmitting radiation through nanotubes. In this
case a carbon nanotube can be considered as an X-ray
waveguide, a fact vividly demonstrated by a channeling
theory developed for the purpose of describing the process
of propagation of radiation through such structures [102,
103].

Calculations involving various aspects of channeling and
the study of the channeling of beams of charged particles in
carbon nanotubes suggest that it is possible to observe the
channeling effect in experiments involving both straight and
bent nanotubes [104 ± 107].

6.1 Surface channeling in microcapillaries
In the case of capillaries, the waveguide is a hollow cylindrical
tube, so that, if we ignore the absorption of radiation in the
course of reflection from the inner walls of the capillaries, the
interaction potential, which determines the way in which the
radiation propagates, can bewritten in the form of (53), where
d0 ' y2c is the polarization parameter. The wave equation can
be represented in terms of normalized (dimensionless)
cylindrical coordinates r � �r?;j; z�. Since what interests us
most about the problem of propagation of radiation through
capillary structures is the region near the inner surface of the
walls, we select a system of coordinates with its z axis directed
along the direction of propagation of radiation. Thus, the
solution of the wave equation characterizes the grazing
propagation of waves near the surface of the reflecting wall,
r? ' r1; in other words, it determines the wave packet of
radiation along a path with a curvature radius r1.

Hence, by representing the transverse coordinate in the
form r? � r1 ÿ r; jrj5 r1, we can write the wave equation
for the coordinate r with a fixed curvature of the path. Here,
the curvature radius can be varied from the minimum value
r0, which corresponds to the capillary radius, to themaximum
value rcurv, determined by the curvature of the capillary, i.e.,
r0 4 r1 4 rcurv. Such a transformation of the coordinates
makes it possible to substantially simplify the mathematical
problem and reduce it to solving the radial wave equation.
Dropping the details of calculations, we simply write the
general solution of the equation:

En '
X
m

Cmum�r� exp
�
i �kkz� nj�� ;

um�r� / Ai �r� rm� ; r > 0 ;

aAi 0�rm� exp�ar� ; r < 0 �a > 0� ;
�

�59�

k
k?

di � rcurv; i y2c=2

Figure 10. Schematic representation of the propagation of radiation with a

wave vector k along a curved surface with an effective transverse channel

size di ' rcurv; iy
2
c=2.
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where the prime stands for the derivative with respect to x,
Ai�x� is the Airy function, which is the solution of the
differential equation Ai 00�x� � xAi�x� (it falls exponentially
for x > 0), rm is the mth zero of the Airy function, and
a � dÿ1=20 �2=kr1�1=3 [64]. Obviously, these expressions are
valid only for modes with small indices and near the surface
of the channel walls; in other words, (59) determines the
structure of the grazing modes of radiation inside the
transmission channel (Fig. 11).

This solution also shows that the wave functions exponen-
tially decay as we move deeper into the reflection wall, r < 0
[like exp �ÿ2j a jj r j�], and as we move away from the wall
toward the channel's center, r > 0 (a property of the Airy
function). Note that the mode nature of the radiation
propagation in the hollow part of the capillary occurs
without any distortions of the wavefront. Analysis of the
above relations also suggests that almost all the power of the
radiation is accumulated in the hollow part, with the result
that there is only weak suppression of radiation along the
walls of the waveguide.

6.2 Bulk channeling in nanocapillaries
Above we examined the transmission of X-ray beams through
capillary systems with channel dimensions in the micron and
submicron ranges. Obviously, in this case we are dealing with
surface channeling (the propagation of radiation along the
channel walls), since the channel dimensions exceed the
wavelength by nearly three orders of magnitude. The effect
of bound transmission of radiation can be observed because
the reflecting surface is curved. However, the situation
changes substantially when the dimensions of the channels
become comparable to the wavelength of the radiation (the
nanometer scale). In practice, this means that the diffraction
angle for the selected wave, which is defined as yd � l=d, with
d the capillary diameter, becomes comparable to the critical
TER angle. In other words, the photon's transverse wave-
length approaches the diameter of the transmission channel:
l?=d � 1. Here, instead of surface channeling we have bulk

channeling and, in the first approximation, with a small
potential gradient caused by curvature we can ignore the
contribution of the longitudinal curvature. Thus, photon
channeling (which is not surface channeling in this case) in
the channels of capillary systems is possible even when there is
no curvature, i.e., we can speak of a real X-ray guide, just as in
fiber optics. Moreover, under certain conditions, when the
channels in the cross sections of the system are arranged in a
certain order, capillary nanosystems become like crystals,
which in turn makes it possible to use the well-known tools of
the theory of particle channeling in crystals with small
entrance angles with respect to the principal crystallographic
directions [102, 103].

Typical nanotubes consist of carbon atoms which, as they
become organized into crystalline hexagons, or fullerenes,
form the walls of a cylindrical surface with the graphite
structure, so that if we `unroll' the cylinder we get a graphite
film (Fig. 12; in this figure the fullerene molecule is
represented by the image of a small soccer ball). Here the
nanotube wall may be either single-layer or multilayer. In this
way an axisymmetric channel is formed, and the channel is a
potential well that determines the way in which radiation is
transmitted by the nanotube. The effective interaction
potential is determined by the plasmon energy, which varies
from the center of channel to wall and can be estimated by the
formula

op�r� �
�
4pN0�r� e2

m0

�1=2

; �60�

where e andm0 are the electron charge and mass, andN0�r� is
the density of the electron cloud in the nanotube at a distance
r from the center of the channel (it is at its minimum at the
center of the channel and at its maximum at the wall).
Depending on the model chosen for the calculation of the
atomic potential f �k� (the MolieÁ re potential, the Doyle ±
Turner potential, etc.), and hence on the averaged atomic
potential of the chain VR�r� and on the averaged atomic
potential for the nanotube U�r�, we can write different
expressions for the electron density N0�r� (see Fig. 12), but
all this only affects the accuracy with which the radiation
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Figure 11. Radial distribution of radiation in the channel of a capillary

system for two different capillary radii. The vertical dotted line indicates
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Figure 12. Schematic representation of the formation of a cylindrical

channel of a nanotube: (a) carbon compounds known as fullerenes (the

`soccer ball') form chains which, in turn, form the walls of the nanotube.

The right-hand side of the figure shows the expressions for the interaction
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scattering process is described, leaving the main features
unchanged. The radiation propagates in a medium with a
variable dielectric constant

e�r;o� � 1ÿ o2
p�r�
o2

; �61�

which also depends on the radiation frequencyo; this implies
that photons with higher energies experience total external
reflection from the nanotube wall at smaller distances from
the wall. Since the higher the density of the electron cloud
(which happens as we move closer to the nanotube wall) the
larger the absorption of radiation, there is filtration of the
beam according to energy as the radiation is transmitted by
the nanotube. What is more, nanotubes of radius rcurv bent at
a certain curvature radius r0 are also capable of deflecting the
beams, provided that

4r0
rcurv

4
o2

p�r�
o2

: �62�

Let us now mathematically analyze the way in which
radiation is transmitted by systems consisting of oriented
nanotubes. Today, the most advanced technology is that of
fabricating nanotubes with multilayer walls, and so we
discuss precisely such a system. We begin by simplifying the
problem of transmission of radiation by a real nanosystem:
we examine only the radial wave equation. This will enable us
to ignore the presence of curvature in the interaction
potential, which is important if we want to prove that there
can be bulk channelingwithout curvature. Thus, our system is
a multilayer planar waveguide with a central channel of
diameter d0 and a period d between the adjacent layers
forming the system. For such a waveguide the interaction
potential can be written in the form

V�r� �
X
n

Vn�r� � k2r

�
ÿ 1� D

X
n

d
�
j r j ÿ d0

2
ÿ nd

��
;

�63�

where D � d0d is the spatially averaged polarizability of the
material of the reflecting wall, k2r � k2 ÿ k2z , and d�x� is the
Dirac delta function with the independent variable x. Taking
into account the boundary conditions and the symmetry of
the potential, we find that for the central channel with
jrj4 d0=2 the solution of the equation of propagation in the
transverse plane is given by the simple expression

E0�r� � a cos krr ; even mode;
a sin krr ; odd mode:

�
�64�

Now we can find the solution of the wave equation for the
first layer d0=24 jrj4 d0=2� d in the form of a linear
combination of waves propagating in opposite directions:
E�r� � b exp�ikrr� � c exp�ÿikrr�. Since the potential (63) is
a periodic function, V�r� � V�r� d �, this solution must obey
the Bloch theorem E�r� d � � exp �iKd �E�r�, where K is a
complex quasi-momentum: K � Re K� i Im K. Bearing in
mind this fact and solving the wave equation for the given
boundary conditions, we arrive at the following expression
for the parameter K:

exp�2iKd � ÿ 2

�
cos krdÿ k2D

kr
sin krd

�
exp�iKd� � 1 � 0 :

�65�

Accordingly, joining the solutions of the wave function and
its derivative in the plane jrj � d0=2, we obtain the dispersion
relations for the even and odd modes of the channeled wave:

tan
krd0
2
� ÿk

2D
kr
� cos krdÿ exp�iKd �

sin krd
;

cot
krd0
2
� k2D

kr
ÿ cos krdÿ exp�iKd �

sin krd
:

�66�

The latter are reduced to the solution of the standard
eigenvalue problem of the transport of radiation by a
multilayer system with a period d both in the presence of a
central gap (d0 4 d ) and in a spatially isotropic medium
(d0 � d ). Obviously, we are interested in the specific case of
a narrow channel with d0 � d , which corresponds to a
multilayer nanotube. The wave functions of the allowed
modes in this case are described by the formula

En�r� /

/

cos krr exp�ikzz� ; ÿ d0
2
4 jrj4 d0

2
;

cos
krd0
2

exp�iKr� sin�krj~rj� ÿ sin
ÿ
kr�j~rj ÿ d ��

sin krd

� exp
�
i�Knd� kzz�

�
;

d0
2
� nd4 jrj4 d0

2
� �n� 1�d ;

8>>>>>>>>><>>>>>>>>>:
�67�

where j~rj � jrj ÿ d0=2ÿ nd. We see that equations (66) have
only even solutions with a definite quasi-momentum

exp�iKd � ' 1ÿ k2�dÿ d0�
2

D : �68�

The imaginary part in the expression for the quasi-
momentum,

Im K � k2

2

�
1ÿ d0

d

�
ReD

determines the dependence of the mode amplitude on the
distance from the channel's axis.What is important is that the
even mode exists at all ratios of the channel size to the size of
the reflecting layer and is characterized by a decrease of order

k3

4

�
1ÿ d0

d

�2

ReD ImD

in the longitudinal attenuation factor kz �
���������������
k2 ÿ k2r

p
. The

spatial distribution has a maximum at the center of the
channel and local singularities caused by tunneling through
the potential barrier of the layers. Figure 13 shows the radial
wave function in a system with a well-defined central channel
and amultilayer wall with a period that is twice as small as the
channel size. Analysis of this distribution shows that there is
exponential attenuation of the wave as the distance from the
nanotube axis grows, exp�ÿj Im K jr�, with a certain structure
manifesting itself near the walls of the multilayer nanotube
because of the presence of local maxima of the wave functions
at the nanotube walls. The general formula (68) shows that
for an isotropic system (with well-defined channels, e.g.,
crystals) we have Im K � 0, which is an indication that there
is no localized mode.
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The width of the main mode can be found from the
relationship j Im K jÿ1 � 100ÿ1000 A

�
and may be much

larger than the diameter of the nanotube channel (9100 A
�

even in the case of a multilayer nanotube). As noted earlier,
since the nanotube walls are so thin, part of the radiation in
the process of channeling in the central channel tunnels
through the potential barrier of the wall. A simple analysis
of the propagation of radiation in such systems shows that the
main channeling mode (the main bound mode) is present in
any such structure, while higher modes may be suppressed at
certain dimensions of the channels. Hence the interest in
nanotubes as wave guides with controllable modes. More-
over, it would be interesting to study the scattering of
radiation in nanosystems with multilayer walls. In this case
there could be diffraction of the waves reflected fromdifferent
layers of the wall, and this may have a marked effect on the
radiation distribution behind the nanosystem.

Miniaturization of capillary structures and the discovery
of a new class of natural nanosystems, carbon nanotubes, has
placed the problem of studying the transmission of X-ray
photons by such systems on an entirely new level. Analysis
shows that when the channel diameter is in the micron range,
surface channeling of photons begins to play an important
role in the mechanism of radiation transmission (part of the
radiation is redistributed in the channel when it is captured by
the curved surface into a coupled mode). Such a transmission
mechanism substantially changes the angular distribution of
the radiation after transmission through the capillary system.
As the channel dimensions become smaller and reach the
nanometer scale, the mechanism of coupled transmission of
radiation in such systems changes, with surface channeling
replaced by bulk channeling. Thus, the entire radiation in
nanostructures undergoes mode transmission, in contrast to

the transmission of radiation by microstructures, where only
a fraction of the radiation is coupled by the interaction
potential.

As we have seen above, thin carbon nanostructures may
serve as a basis for developing new devices that use the mode
nature of transmission of X-ray radiation through such
structures, as ordinary waveguides do at optical frequencies
[108]. Of course, the effectiveness of nanomaterials in solving
applied problems must still be studied, irrespective of the
importance of the problem we are discussing here from the
standpoint of fundamental physics.

7. Features of radiation redistribution
by capillary systems

As the popularity of capillary optical elements grew,
researchers found that it was possible to use this new optics
to focus synchrotron radiation [109 ± 113]. The fact that
capillary lenses can increase the density of synchrotron
radiation was first demonstrated on the C-60 FIAN synchro-
tron [110] (for the parameters of the source of synchrotron
radiation seeRefs [114, 115]). The results of these experiments
were found to be in good agreement with the theoretical
estimates done in the framework of geometrical (ray) optics.

Theoretical calculation based on the wave approach have
shown that structural changes manifest themselves in the
focal spot of a symmetric monocapillary half-lens (see
Section 4.4) [87]. In a series of independent experiments that
followed these calculations (see Refs [116, 117]) it was found
that there is strong redistribution of radiation behind
capillary lenses, and the first interference patterns proving
such redistribution were obtained.

The first experiment used a monocapillary half-lens. This
lens was fabricated, according to a special technology, of glass
monocapillaries in such a way that in the transverse plane the
capillaries formed a close hexagonal packing and their
diameters varied continuously from entrance to exit. The
diameters of the several hundred capillaries that formed the
lens were 1.0 and 0.6 mm at the entrance and exit,
respectively; the length of the lens and the focal distance
were 45.5 and 40.0 mm, respectively; and the open area at the
entrance amounted to about 70%.

The X-ray radiation was filtered in energy, with the result
that a narrow band was cut from the broad energy spectrum,
which was then sent through the lens. All the elements of the
system were placed inside a vacuum chamber maintained at a
pressure of about 5� 10ÿ6 Torr, which ensured strong
suppression of scattering and absorption of the initial beam.
The chamber made it possible to record the radiation at
different distances from the half-lens exit (from 0 to 175 mm).
The vertical angular width of the beam of synchrotron
radiation at half-maximum amounted to 1 mrad for a
wavelength of 10 A

�
. All experiments were carried out at a

distance of 7 m from the emitting point on the electron orbit.
The angular precision of the alignment of the half-lens axis
along the X-ray beam was no less than 2.5 mrad. In the
experiments the photon beam was focused from an area of
30 mm in diameter at the half-lens entrance to a focal spot
with a diameter less than 3 mm.

The experiment consisted of several series. The first series
was carried out with a monochromatic beam of X-rays with a
photon energy of about 1 keV (a wavelength of 12.4 A

�
)

propagating in the monocapillary system. Figure 14 is the
digitized X-ray image of the radiation that passed through the
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half-lens (in the focal plane). We see that the focal spot has a
very definite structure consisting of interference peaks. The
diameter of the entire focal spot, defined according to
formula (47), amounts to 3 mm, which agrees with the
experimental data. However, the width of the central peak,
as the experimental data and the results of calculations show,
is about 0.6 mm, which amounts to one-fifth of the spot
diameter estimated within the framework of geometrical (ray)
optics.

The picture changes dramatically when a polycapillary
system replaces the monocapillary lens. The distribution of
the transmitted radiation at the focus is shown in Fig. 15.
Clearly, all the features of the previous result have disap-
peared; instead of a structured focal spot, we have a broad
maximum whose geometrical dimensions are in good agree-
ment with those that follow from geometrical (ray) optics.

To verify the correctness of the results, a new series of
experiments withmonocapillary systems irradiated by a beam
of X-ray photons (� 1:5 keV) was conducted. These experi-
ments studied the changes in the observed pattern obtained by
closing different parts of the ends of the half-lens. The results
of measurements for an open end, a closed central part, and a

closed sector supported the assumption that the interference
in the focal spot is the result of diffraction of X-rays in the
capillary half-lens; despite the mask that blocked the passage
of radiation (closed sector), the interference structure over-
lapped the classical shadow of the mask. Interesting results
were also obtained in the scanning of a beam of focused
radiation with a wavelength l � 13:3 A

�
beyond the focus.

Here the incident beam did not fill the entire entrance end of
the half-lens; on the diametrically opposite sides there
remained areas not filled with radiation in the form of half-
moons with the greatest thickness equal to a quarter of the
end's radius. On the exit end two central capillary layers were
closed. It was found that in this case the interference pattern
changes dramatically; instead of a structure with interference
peaks, there was one with a whole set of bright straight lines
(similar to Kikuchi lines in X-ray photographs of crystals)
against the background of the diffuse spot. These lines
intersect and thus represent the symmetry of the capillary-
structure channels.

A similar pattern was also observed in the case of a conical
monocapillary system. Figure 16 shows the X-ray image of
the focal spot recording the beam of synchrotron radiation
with an energy of about 1.5 keV. As in other cases with a
symmetrical arrangement of the channels, the image clearly
exhibits a structure with its maximum at the center of the spot
and symmetrically (hexagonally) arranged side maxima
against the background of a blurred diffuse pattern.

In the propagation of X-ray photons in capillaries we are
dealing with small-angle multiple reflection. In this connec-
tion it would behoove us to examine the interaction between
the transverse wave of electromagnetic radiation and the
channel walls, assuming that the longitudinal wave remains
almost the same. Here the length of the transverse wave is
much larger than the radiation wavelength. At the same time,
due to the smallness of the grazing angles, the photons, while
propagating in the channel, will mainly fill only a narrow
region near the wall, i.e., the effective channel within which
the photons move has a very small transverse dimension,
much smaller than the channel diameter. Thus, the real
dimensions of channels (corridors) of propagation and the
interaction wavelengths become comparable, which makes
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possible the manifestation of the wave properties of X-rays as
this radiation is transmitted by periodic capillary structures.
Of course, part of radiation propagates not along the channel
walls but fills a large transverse area of the channels: this part
obeys the laws of geometrical (ray) optics and does not
participate in the creation of the interference pattern.

Theoretical calculations have shown that the conditions
that must be met so that interference in the focus of capillary
focusing systems can be observed are extremely stringent. The
first condition requires strict periodicity in the cross section of
the capillary system. Violation of this condition destroys the
interference of X-ray waves transmitted by the system. This
fact has been proved in the experiment in focusing synchro-
tron radiation by a polycapillary half-lens. Note that a
polycapillary system differs from a monocapillary system in
that inside every `macrochannel' it contains many `micro-
channels' whose symmetry of arrangement is not the same as
in the neighboring macrochannels.

Another necessary condition is that the capillary systems
must focus the radiation at the same focal distance. If
different layers of the capillary packing have different
focuses, there can be no interference. This fact has been
thoroughly studied using specially manufactured half-lenses
[118].

The organization of the experiment is also subject to strict
requirements, since obtaining reliable results requires exact
alignment of the focusing system along the beam. The
importance of this aspect is suggested by the dependence of
the intensity of the focused radiation on the angle between the
beam of synchrotron radiation and the half-lens axis,
obtained for different divergences of the incident beam.
Calculations have shown that a misalignment equal to the
critical TER angle yc leads to a decrease in the intensity in the
focal spot for a parallel beam (Dy � 0) by 5% and for beams
with divergences Dy � yc and Dy � 2yc, by 40 and 50%,
respectively. Here we must take into account the fact that
even with ideal alignment to the beam the intensity decreases
by 10 and 50% for divergences equal to the critical angle and
twice the critical angle, respectively. But if the misalignment
with respect to the beam amounts to only 2yc, the intensity of
radiation in the focal spot drops to almost zero in all cases.
The results of the experiment in transmitting a beam of X-ray
radiation through capillary half-lenses support the theoretical
data: under variations of the angle between beam and system
amounting to 2.5 mrad, the transmissivity changed by almost
15%.

The C-60 synchrotron channel was used to carry out a
series of experiments in focusing soft X-rays by separate
capillaries [55, 56, 82]. An interesting result was obtained
when the radiation was focused by two capillaries bent in a
special way. These capillaries reunited beams of radiation
that had passed through them in a single plane. The
parameters of the system were determined by optimizing the
problem in order to meet the necessary physical conditions
and from the technological standpoint (when the system is not
too miniature). The installation and alignment of the system
ensured at the entrance the smallest possible angles between
the direction of propagation of the radiation and the tangents
to the longitudinal axes of the capillaries. The system included
a diaphragm at the entrance to the capillary system that was
used to `irradiate' the capillaries either one after another or
simultaneously. In both cases the focusing occurred at the
same point, allowing a comparison of the characteristics of
the distribution of the radiation intensity behind the system of

two capillaries. The detection system made it possible to
digitize the images and therefore build an experimental
curve describing the difference in the radiation distributions
for the cases described above (Fig. 17). As expected, the result
corresponds to the interference term in the integral of the
focused radiation when both capillaries are irradiated
simultaneously. In other words, there is an explicit redistribu-
tion of radiation caused by the superposition of waves. The
possibility of observing the wave properties of X-rays after
transmission through capillary or similar systems has also
been discussed in later works of different researchers [81,
119 ± 121].

According to a recent report [65], under certain conditions
one can observe a decrease in the angular divergence of an
X-ray beam after transmission through a capillary system. A
significant difference was discovered between the values of
the angular divergence of FWHMobserved in the experiment
and those predicted by the geometrical (ray) theory of
radiation propagation in capillaries (Fig. 18). For instance,
the expected divergence of a beam of synchrotron radiation
was estimated to be of order 2yc ' 0:9� at an energy of 4 keV.
This value exceeds both the experimentally observed value
(FWHMexp[4 keV]� 0:28�) and the value after aGauss fitting
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(FWHMG[4 keV]� 0:22�. A similar effect was observed for
harder radiation, which indicates that there is a redistribution
of radiation scattered inside the channels of the capillary
system. The obtained discrepancy of the results can be
explained by the wave nature of the scattering of X-ray
radiation in capillary structures. The last fact is just one
more confirmation that the geometrical (ray) approximation,
while being a valuable tool for estimating the effectiveness of
radiation transmission through capillaries, in the description
of the process of radiation transmission through a capillary
system may lead to serious mistakes in calculations of the
angular and spatial characteristics of the radiation.

What is interesting is that these special features of the
propagation of radiation in capillaries were also discovered in
experiments on the deflection of beams of thermal neutrons
(l ' 5 A

�
) by special benders (Fig. 19) [122, 123]. The

experimentally measured dependence of the intensity of a
neutron beam after transmission through a bent system of
polycapillaries clearly exhibits a change in the curve's
gradient: up to deflection angles of about 10� there is a
sharp drop in the effectiveness of transmission, but after
that there is only a slow decrease in the number of neutrons at
the exit of the optical system with an increasing bending
angle. Such behavior cannot be explained by the character-
istics of the bender; neither can it be explained if we remain in
the framework of geometrical (ray) optics. A possible
explanation is presented by the fact that in the transmission
of radiation through bent channels of polycapillaries, part of
the beam (even if a very insignificant part) undergoes coupled
propagation along the inner surface of the channels (which is
explained by wave mechanics) and is capable of remaining in

the channeling mode even if the polycapillaries are signifi-
cantly bent, while the main part of the radiation propagates
along the channels, is reflected by the walls according to the
laws of geometrical optics, and is more susceptible to
`dechanneling' (when the grazing angles exceed the Fresnel
angle). The latter fraction is predominant in the overall flux of
the radiation in a polycapillary, and this manifests itself at
small reflection angles. It is because of the difference in the
rates of dechanneling of these parts of the radiation that this
effect can be observed when the bending angle is increased.
The validity of such an interpretation is corroborated by the
theoretical work on the quantum mechanical description of
the process of propagation of a neutron beam in the channels
of capillary systems [124, 125].

8. Applications of capillary optics

The rapid development of X-ray optics has produced many
problems for physicists. These problems are related to the
possibility of focusing radiation and increasing the concen-
tration of fluxes of neutral particles. The unavoidable energy
losses that accompany the widely known methods of control-
ling beams of X-ray photons have made it essential to seek
new ways of forming beams of neutral particles.

One outcome of the intensive research was the creation in
the middle of the 1980s of X-ray polycapillary optics. The
main principle underlying the new optics consisted in the high
effectiveness of the reflection of X-rays in grazing incidence
onto amaterial surface. Theproposed controlling devicewas a
system of hollow glass capillaries in which the X-ray photons
would be transmitted (as in channels) via multiple TER.

In the last 15 years X-ray capillary optics evolved from an
attractive and simple idea into an independent area in optics
that is being actively developed. A technology for fabricating
monocapillaries and polycapillaries (and also composite and
solid-drawn capillary systems) was created and is currently
being perfected (so far there have been four generations of
capillary lenses). In contrast to the ordinary methods of
focusing X-ray radiation, the new capillary optics makes it
possible to really handle beams of X-rays. Capillary lenses
allow one to focus radiation, to transform a diverging beamof
photons into a quasiparallel beam or to compress a parallel
beam, to filter radiation by wavelength, etc. [126 ± 136].

The problem of cutting off the hard part of electromag-
netic radiation plays an important role in radiation physics.
Filtration of the hard part of the spectrum of X-ray radiation
can be achieved by using capillary systems. Themechanism of
filtration is related to the fact that a photon propagates inside
channels via multiple reflection from the walls, provided that
the grazing angle is small (y4yc). Since the critical TER
angle is yc / oÿ1 (here o is the photon energy), by selecting a
proper geometry of the systemwe can ensure that for the high-
energy part of the beam of photons the condition for
channeling (i.e., propagation inside the channel) will not be
met, so that this part of the beam will be cut off. But since the
single-reflection coefficient in the case of a fixed grazing angle
decreases with increasing photon energy, under multiple
reflection the hard part of the radiation will, naturally, again
be suppressed. Using the same principle, we can monochro-
matize a polychromatic beam of radiation [110].

Another important property of capillary optical elements
is the theoretical possibility of producing optical devices with
a large aperture ratio compared to other optical devices of the
X-ray range, which would make it possible to use capillary
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systems to transfer information and images and also to build
an X-ray microscope with a high resolution and a high
radiation density.

The potential of capillary optics in X-ray lithography
must also be mentioned. The use of capillary systems will
make it possible to generate high-power wide beams of X-ray
photons with very small divergence angles (� yc) and also to
build high-power sources of soft X-ray radiation for litho-
graphy [110].

Another important potential field of application stems
from the possibility of suppressing scattered radiation by
using capillary systems and of diminishing the irradiation
doses without degradation of the parameters being investi-
gated [110, 137, 138].

Obviously, X-ray capillary optics can be used in many
areas where it is necessary to increase the density of X-rays
and, in general, to monitor the level of X-ray radiation (see
the special issues devoted to capillary optical systems [139,
140]). Below we list only the main areas:

Ð the creation of a new class of medical apparatus
(devices used in mammography and angiography) for early
detection of cancer and cardiologic disorders: the use of
capillary systems would reduce the radiation dose by a factor
of several hundred and it would become possible to detect a
cancerous growth of about 100 mm in diameter or even
smaller [110, 137 ± 142];

Ð the creation of new types of microscopes and tomo-
graphs with a resolution of about 0.1 mm for biology and
related areas of research [143];

Ð the creation of devices for elemental microanalysis
(with a recording limit of about � 10ÿ13 g), transferring
images, studying crystals, and perfecting diffractometers:
the sensitivity of devices and the rate at which information
can be gathered will increase by a factor of several dozen [110,
143 ± 151];

Ð the development of X-ray lithography for the fabrica-
tion of integrated circuits with a resolution of about 0.1 ±
0.2 mm;

Ð the designing of new X-ray sources with a power of
about 10 W and with an effective focal spot smaller than
20 mm (radiation pulses of about 1013 phot sÿ1, which
corresponds to an integrated intensity of about 107 ±
108 phot sÿ1);

Ð X-ray astronomy: it becomes possible to build new
types of telescopes in the X-ray range, etc. [143].

Synchrotrons are known to be the strongest sources of
quasiparallel X-ray radiation [152, 153]. The average density
of synchrotron radiation generated by modern storage rings
may reach values as high as 10 W cmÿ2. The use of capillary
optical structures makes it possible to increase the density of
the radiation flux by a factor of several dozen to several
hundred, which boosts the potential of using synchrotron
radiation in problems of spectroscopy and diffractometry
[154 ± 161].

The possibility of controlling beams of thermal neutrons
by capillary systems is also of great interest. This idea was
implemented in the early 1990s in the first neutron capillary
lens [162, 163]. Since then, research has been conducted in
France, Germany, Russia, and the United States in the field
of focusing and deflecting neutron beams. This research has
shown that capillary systems fabricated in a certain way are
capable of focusing a beam with increased density by a factor
greater than 100 and effectively (25 ± 30%) deflecting beams
up to 20�, with the systems being only 15 cm long [122, 123].

There is also an entirely new way in which solid-drawn
(integral) capillary systems can be used. It happens that
capillary systems fabricated in a special way may be of
considerable interest as waveguides for not only X-ray
radiation but also for light. Recent years have seen intensive
research in creating a new type of optical waveguides known
as holey fibers (HFs) [167]. By design, X-ray waveguides and
HFs are quite similar: both consist of closely packed glass
capillaries. There is an important difference, however: while
in HFs the radiation propagates in a glass medium (due to the
phenomenon of total internal reflection), in X-ray capillary
systems the radiation is transmitted through the hollow
sections of the capillaries (the phenomenon of total external
reflection). Obviously, in order to be able to transmit
radiation the `transparency' of such systems must be at its
maximum; in other words, inX-ray capillary systems the ratio
of the area of the hollow channels to the area occupied by the
walls between the channels must be as high as possible, while
in HFs most often this ratio must be low. This difference
determines the requirements of the technology of fabricating
capillary structures used in building HFs and X-ray (or
neutron) capillary systems. The periodicity in the arrange-
ment of the channels in the transverse plane of the waveguides
may lead to interference effects in the transmission of X-ray
photons and to single-mode propagation of radiationwithin a
broad optical frequency range.What unites these two types of
waveguides is that theymake it possible tominimize the losses
of radiation power in both frequency ranges considered here.

9. Conclusion

Research in capillary optics has revealed a number of features
in the transmission of X-rays through capillary systems. The
geometric (ray) optics approximation, often used in calcula-
tions of the characteristics of transmission of radiation
through capillary systems, can be used only if the number of
wave modes is large, so that summation over individual
modes can be replaced by integration over angles. The
decrease in the power of the radiation transmitted through
capillary systems is caused primarily by the absorption of
radiation by the walls of the capillary channels. In view of
surface channeling of X-ray photons in their motion through
capillary channels, coherent scattering may take place at
angles smaller than the incidence angles with respect to the
channel walls. Here, the angular distribution exhibits a peak
in the direction of coherent scattering and broadens because
of the diffuse (incoherent) scattering of radiation on the
surface roughnesses. The divergence of X-ray radiation
behind the capillary systems may be made smaller if there is
a certain correlation between the beam parameters and the
parameters of the optical system. Thus, in recent years
research has shown that capillary systems, while being highly
effective in increasing the density of the radiation flux, can be
of interest in studies of the processes of scattering of radiation
by surfaces of different roughness and curvature.

From the viewpoint of basic research, the transition from
capillaries with micron channels to nanotubes, which can be
considered nanocapillaries, is a very interesting factor.
According to the results of studies conducted in recent
years, such a dramatic change in the diameter of the channels
leads to a qualitative change in the process of radiation
transmission through such structures: while the propagation
of radiation in microcapillaries is surface channeling of the
photons along the inner wall of a capillary, in nanocapillaries
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we are dealing with bulk channeling. The interest in using
nanocapillaries in applications is extremely high if only
because such systems make it possible to effectively control
beams of not only X-ray radiation but also gamma radiation,
or beams of not only thermal neutrons but also high-energy
neutrons. However, while there is real progress in the
fabrication of microcapillary structures and while microca-
pillary optics is finding more and more applications, the
fabrication of nanostructures still has many problems of a
purely technological nature to solve.

Today, X-ray optics (and, for that matter, neutron optics)
is an independent area of physics undergoing a new stage in its
development. This fact can be explained by the close links to
modern technology: the apparent decline of interest in studies
of this kind, which can be explained by technological
difficulties, has been successfully overcome. Lately there has
emerged a new area of X-ray optics, capillary optics (often
called `polycapillary optics' in the literature). Capillary optics
has for the first time allowed us to really control X-ray
radiation within a broad frequency range. The new optics,
which differs favorably from othermethods of focusingX-ray
radiation, makes it possible to monochromatize a beam of
radiation, effectively turn it by large angles, transform a
divergent beam into a parallel beam and vice versa, and,
finally, focus the radiation with the intensity increasing by a
factor of 100 to 1000 (or even more). All this has made the list
of applied problems in which X-ray optics may produce a real
breakthrough only longer. In addition to what we have said
above, capillary systems are really new interference elements.
The manifestation of the wave properties in such macro-
structures is of great interest, since the characteristics of
interference may really be controlled. It is also interesting
how capillaries and capillary systems can be used as X-ray
waveguides. Researchers have focused their attention on
X-ray capillary optics primarily because its use promises new
applications, both in purely scientific problems and in applied
problems. The use of capillary structures has contributed
greatly to experiments in diffractometry, in 3D elemental
analysis, in controlling beams of synchrotron radiation, in the
production of high-power sources of X-ray radiation, and in
many other areas. Promising results have been obtained in
the use of capillary optics in X-ray lithography, as well as in
X-ray imaging techniques. So far these results have been
obtained in laboratories, but soon pilot models will be built
on their basis. The widest area of research involves applica-
tions of the new optics in medicine, in particular in
mammography and angiography, and in boron ± neutron
therapy (capillary optics is a powerful instrument for
controlling beams of thermal neutrons). There is hope that
research in these areas will produce in the near future new
medical devices that will help in the early detection of cancer
and cardiologic disorders, and also devices for radiotherapy.
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Physics Institute of the Russian Academy of Sciences), the
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C-60 as the source of synchrotron radiation. I am also
grateful to A A Komar and V A Isakov for their useful
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