
Abstract. In this review an attempt is made to provide a unified
description of various types of atomic core polarization effects
in the free ± free, free ± bound and bound ± bound transitions of
charged particles in the field of a multielectron atom Ð effects
that have generally been treated independently in various con-
texts for over 40 years. For all types of transitions, both classi-
cal and quantum models are used for describing the scattering
and energy reemission of a particle interacting with the atomic
core. Experimental and theoretical results are given for the
oscillator strengths of atoms and multiply charged ions; polar-
ization phenomena associated with the photoeffect; a new po-
larization recombination channel, and the bremsstrahlung of
electrons, relativistic and heavy particles on complex atoms
and ions.

1. Introduction

The review considers the core polarization effects in complex
atoms or ions on radiative processes in collisions of atomic
particles or in atomic transitions. Such polarization emission
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(or absorption) represents a new channel of atomic interac-
tion with an electromagnetic field that provides a contribu-
tion to the radiation processes comparable (and sometimes
even predominant) with the radiation of the external particle.

The term `polarization' is used below to designate the
dynamic polarization of a medium by alternating electric
fields of charged particles, usually typical for plasma
applications. However, the role of the medium in atomic
processes considered below is played by a complex atom with
its own electrons which are polarized by an incident charged
(or neutral) particle. The alternating dipole moment induced
in the atomor atomic core is responsible for the appearance of
the so-called polarization radiation (PR).

Early studies of the polarization channels for free ± free,
free ± bound, and bound ± bound transitions developed inde-
pendently of each other. Only in recent years the unique
nature of the polarization mechanism in different physical
processes, such as atomic transitions in the discrete spectrum,
bremsstrahlung on targets with a core, photoionization of
multielectron atoms and photorecombination on complex
ions, has been sufficiently realized.

From the viewpoint of classical mechanics, it is clear that
all the above types of transitions can be considered on a single
basis, so below a quasi-classical or simply classical
approaches are broadly used. Here, when necessary, not
only recent papers will be cited, but also those well-known
works that have a pioneering character or clarify the
establishment of the links discussed.

The polarization radiation phenomenon is most simply
understood by an analogy with the light scattering by atoms.
The physical analogy of polarization effects can be clearly
illustrated. Figure 1 shows a classical scheme of the polariza-
tion radiation (Fig. 1a) and Feynman diagrams (Fig. 1b)
describing in the first Born approximation the electron ± atom
polarization bremsstrahlung (BR) with allowance for the
possibility of excitation/ionization of the atom during
photon emission (`inelastic' or noncoherent PR). If the
target's core does not change its state (`elastic' or coherent
PR), then naturally f � i. The same diagrams describe
polarization effects: in photoionization, if the initial state of
the incident electron is changed by a bound state; in
photorecombination, if the final state is considered as
bound, and the initial as free; in bound ± bound transitions,
if both states are thought of as being bound. The double line
connecting the vertices in these diagrams represents the
electron propagator of the target's core, which in the case of
`elastic' PR is expressed in terms of the dynamic polariz-
ability, and in the case of BR accompanied by atomic
ionization Ð in terms of the Compton scattering cross
section.

For free ± free transitions, the PR process is similar to
bremsstrahlung, so it is often called polarization bremsstrah-
lung (PBR) [1]. For bound ± bound transitions, PR processes
are more widely known as core polarization effects changing
the oscillator strengths of radiative transitions. Obviously,
free ± bound transitions can be called polarization recombi-
nation (PRC) [2].

The separation of radiating systems into perturbing and
polarizable parts is rather arbitrary and is mainly used for the
sake of simplicity of presentation. In reality, the whole
compound system `atom + perturbing particles of the
medium' radiates. Such an approach to the problem of
radiation from a compound system was first suggested by
M Born in 1940 within the scope of the general theory of

bremsstrahlung (see Ch. 22, par. 9 in the book by Mott and
Massey [3]). From this it follows, in particular, the possibility
of significant interference of the ordinary and polarization
channels of radiation. The ordinary channel corresponding to
the motion of the perturbing particle in the potential of the
`frozen-out' unperturbed atom will be called static below, in
contrast to the polarization channel mentioned above that
corresponds to the deformation of an atom (or its core).

One of the first estimations of the polarization channel in
radiation were made by S P Kapitsa [4] and M L Ter-
Mikaelyan [5] within the framework of purely classical
electrodynamics. These calculations were based on the
conjecture that the proper electric field of a charged particle
in a medium undergoes scattering which can be taken into
account by multiplying the intensity of this field by the
extinction coefficient in the medium. By expressing this
coefficient through the static polarizability of the medium,
one can obtain the simple relationship (see book [6, problem
to æ 119]):

dI�o� � 8po4
��
e
p

Na2

3c3

� ��E�o���2 dV do ; �1:1�

where e is the dielectric constant of the medium; N, a are the
number density and polarizability of the scattering centers in
themedium, respectively;E�o� is the Fourier transform of the
charged particle at frequency o, and c is the speed of light.

The above-described approach goes back to the well-
known method of equivalent photons employed by Fermi
[7], who considered the interaction of charged particles with
atoms in the medium as the absorption of a flux of equivalent
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Figure 1. (a) Classical scheme of the charged particle ± atom polarization

BR. (b) Feynman diagrams describing the electron ± atom polarization

BR within the first Born approximation. The double lines relate to the

atomic core, the single lines stand for the incident electron, the dashed line

represents a free electromagnetic field, and the dash-and-dot line denotes

the photon propagator.
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photons with intensity I�o� determined by a Fourier expan-
sion of the electric field generated by the charged particle.
Notice that the photon equivalence represents an exact result
for relativistic particles (the WeizsaÈ cker ±Williams theorem),
however below, as in the E Fermi work, we use an
approximate version of this theorem related to the fields of
nonrelativistic particles.

This field can be found from the equations of motion of
the incident electron in the atomic potential

F � er

r3
� ÿ me�r

Zeff e
; Fo � ÿmeo2do

Zeff e2
: �1:2�

Here Zeff is the effective charge of the ion core (depending on
the electron energy and emitting frequency).

Thus, it is easy to generalize the above results to the case of
dynamic polarization of an atom by the particle's field when
writing down the intensity of the scattered field in the form of
the product of the intensity I�o� determined by the square of
the Fourier-component (1.2) modulus and the scattering
cross section sscat�o�:

IPR�o� � sscat�o� I�o� : �1:3�

The cross section sscat�o� is linked to the dynamic polariz-
ability a�o� of the ion (atom) at frequency o:

sscat�o� � 8po4

3c4
ja�o�j2 ; �1:4�

a�o��
X
n

jdinj2
��oni ÿ oÿ i � 0�ÿ1� �oni � oÿ i � 0�ÿ1� ;

�1:5�

in which, because of nonresonance conditions, (virtual)
transitions of the emitting electron to all other levels of the
ion [enumerated in Eqn (1.5) with index n] should be taken
into account.

Making use of expressions (1.2), it is easy to relate the PR
intensity to that of BR on some effective Coulomb center with
the charge Zeff. Indeed, the equations of motion of a particle
imply that the field created by the particle itself at the nucleus
is Zeff times smaller than the nuclear field that accelerates the
electron and hence determines its emission intensity. From
here follows a simple expression for the intensity ratio of the
scattered field of the incident particle and the radiated field
during the interaction with the nucleus:

IPR�o�
IBr�o� �

�
mo2ja�o�j

e2Zeff

�2
� R�o� : �1:6�

This shows that the spectral distribution of the incident
particle field intensity drops out.

Expression (1.6) corresponds to the classical dipole
approximation for interaction of a charged particle with
atoms of matter and, despite its simplicity, describes some
important features of PR. It suggests that the polarization
effects are proportional, naturally, to the polarizability of
matter. At small frequencies, the dynamic polarizability
transforms into static and the polarization effects rapidly
decrease with decreasing frequency. At large frequencies, the
dynamic polarizability corresponds to scattering from quasi-
free electrons: a�o� � ÿNeff e

2=�mo2�, so the ratio of both the
channels turns out to be equal to that of the number of bound

electrons Neff to the effective charge Zeff of the atomic core:

R�o� �
�
Neff

Zeff

�2

: �1:7�

Clearly, the effective charge Zeff, as well as the effective
number Neff of quasi-free electrons, depends on the penetra-
tion depth of the incident electron into the atomic core, whose
correct evaluation constitutes the problem at issue in
computing the contribution of the polarization channel into
radiation.

In the framework of the classical theory, the intensity of
bremsstrahlung, photorecombination, and line radiations is
determined by the same formulas and continuously goes over
from one process to the others with changing frequency o.
The deviation appears only during the subsequent quasi-
classical procedure of equating the amount of the radiated
energy �ho to the difference between the initial Ei and final Ef

energies of the radiating particle. In the case of bremsstrah-
lung both the values Ei andEf belong to the continuum, while
for photorecombination and line emission one state (or both)
are bound: Ef � ÿ1=n2f (Ef is expressed in rydbergs).

Detailed calculations of the polarization bremsstrahlung
for neutral atoms are rather complicated [1]. However,
principal features of this process can be visually obtained
using the classical theory of dynamic polarizability of a
Thomas ±Fermi atom. Moreover, it is possible to get
universal estimates of the atomic polarizability contribution
to radiative processes and to establish the corresponding laws
of similarity (scalings) for PR.

Polarization radiation or absorption, as already men-
tioned, provides a new particle ± radiation interaction chan-
nel connected with inducing additional dipole moments
during particle collisions. The contribution from this channel
vanishes for fully ionized atoms. However, in a partially
ionized plasma of sufficiently heavy elements or in a gas the
contribution from the polarization channel to radiation
becomes comparable and even exceeds that from the
ordinary static channel.

The general scheme demonstrating the correspondence
between the ordinary and polarization photon radiation
channels is presented in Table 1. Both classes of processes
can be subdivided to those with real photons, corresponding
to radiation by the incident particle itself, and to those with
equivalent (in E Fermi's terminology) photons, correspond-
ing to scattering of the incident particle's field energy, i.e. to
polarization radiation. The latter are subdivided into the

Table 1. Type of radiative-collisional transitions corresponding to emis-
sion of the incident (or excited intraatomic) particle and emission of the
polarized or excited atomic core.

Transition
type

Processes
with real
photons

Processes with equivalent photons

Line center Line wing
and beyond

Free ë free Brems-
strahlung

Collisional
excitation

Polarization
bremsstrahlung

Free ë
bound

Photorecom-
bination
emission

Dielectronic
recombination

Polarization
recombination

Bound ë
bound

Line emission Dielectronic
bound ë bound
transitions

Polarization
bound ë bound
transitions
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known resonance (near the emitted line center) and non-
resonance processes (in the line wing), which are discussed
below in detail.

Above we mentioned electron ± atom collisions since the
corresponding PBR effects are large there enough. As for
atom± atom collisions, calculations of PR from them relate
mainly to the high-energy region corresponding to the
applicability of the Born approximation [8].

At the same time, some interesting properties of PR are
linked to slow atom± atom collisions. PR in slow collisions
has a very interesting peculiarity caused by the possibility of
the formation of quasi-molecules in the course of the
collision. Such quasi-molecules can acquire some induced
dipole moment, even if the colliding partners had none. The
collision of two symmetric molecules H2 that can absorb
radiation by inducing a dipole moment during collisions
provides an example. Such absorption ± emission mechan-
isms are usually termed collision induced absorption (CIA) or
collision induced emission (CIE) [9].

Although the main attention is given below to the
emission of atoms during their interaction with charged
particles, the above points imply that the collisions of
neutrals can also induce an alternating dipole moment and
thus stimulate the corresponding polarization emission. In
spite of the frequencies of relative motion of neutrals being, as
a rule, notably lower than that of charged particles and their
PR being small, it can play a crucial role in transforming the
energy of thermal motion into radiation. Indeed, at low
temperatures the degree of a medium excitation is very small
and the emission must be strongly suppressed. It is PR
corresponding to yet weak nonzero collision-induced polar-
ization dipole moments that can be the only remaining
radiative channel. Therefore below we include the PR effects
associated with neutrals in the consideration.

2. Dynamic polarizability models
of atomic systems

A key quantity describing polarization effects in atomic
transitions is the dynamic, generally speaking, generalized
(nondipole) polarizability a�o; q� of an atom (ion) or an
atomic core, which depends on the frequency and the
momentum transferred. Its calculation presents an involved
problem having an exact solution only for the case of
hydrogen-like ions [10]. Quantum-mechanical calculations
of the dynamic polarizability of multielectron atoms are
quite difficult and cumbersome. At the same time, the
important relationships for this quantity can be derived
using much simpler and more visual statistical atomic
models. One such model is the Brandt ± Lundquist local
plasma frequency approximation. The corresponding results
provide not only a qualitative but often a quantitative
description of the effects smoothed over quantum peculia-
rities.

2.1 The Brandt ± Lundquist local plasma model
The local plasma model was posed in paper [11] to describe
photoabsorption by multielectron atoms in the spectral range
o � ZRy. In this case, in contrast to high (o � Z 2 Ry) and
low (o � Ry) frequencies, absorption of a photon is primarily
determined, according to the authors of work [11], by
collective effects rather than by single-particle interactions.
Based on these qualitative considerations, the electronic core
of an atom is approximated by an inhomogeneous charge

distribution whose interaction with the electromagnetic field
is determined by the plasma resonance condition

o � op�r� �
�������������
4pn�r�

p
; �2:1�

where n�r� is the local electron number density, and op�r� is
the corresponding local plasma frequency; theHartree atomic
units are used hereinafter, except as noted. It is easy to show
that condition (2.1) conforms with the following expression
for the dipole dynamic polarizability [11] that satisfies the
dispersion relations and the sum rule:

aBL�o� �
�R0

0

o2
p�r�r2 dr

o2
p�r� ÿ o2 ÿ i � 0 �

�
aBL�r;o� dr : �2:2�

Here we introduced the quantity aBL�r;o�, which may be
naturally termed the space density of polarizability in the
Brandt ±Lundquist approximation, and R0 is the size of the
atom (ion).

Expression (2.2) has the correct high-frequency asympto-
tics

aBL�o!1� ! ÿNe

o2
; �2:3�

where Ne is the number of electrons in the atom. In the low-
frequency limit, Eqn (2.2) gives

aBL�o! 0� ! R3
0

3
: �2:4�

Despite its visible simplicity, in some cases Eqn (2.4)
adequately describes existing experimental data. This firstly
concerns multielectron atoms with closed shells, since then
the main contribution to the polarizability is provided by the
continuous atomic energy spectrum [12] and the local plasma
frequency approximation (2.2) is mostly adequate. This fact is
demonstrated by Table 2. The static polarizability in the
Brandt ±Lundquist model was calculated using the atomic
(ionic) radius computed with due regard for the correlation
correction in the Thomas ±Fermi ±Dirac model.

Table 2 indicates that the static polarizabilities obtained
within the quite simple Brandt ±Lundquist model satisfacto-
rily agree in most cases with experimental findings for atoms
(ions) with closed shells.

Table 2. Static polarizabilities of atoms and ions with closed electron
shells.

Atom
(ion), a.u.

Ar I Kr I Xe I K II Rb II Cs II Sr III Ba III

aexpt0

avar0

aVSh0

aSZ0

aBL0

11

19.3

11.6

22

17

26.8

21.1

17.2

24

27

30.9

25.5

27.3

27

7.5

9.1

6.6

5.25

8.6

12

14.3

11.9

8.5

11.6

16.3

17.8

15.3

14.6

13.5

6.6

8.7

7.5

7

11.4

11.4

9.7

8.4

avar0 ì calculation by the variation method [13]; aVSh0 ì calculation by
Vinogradov and Shevel'ko [14] (see Section 2.2); aSZ0 ì calculation by
Stott and Zaremba [15] using the electron density formalism; aBL0 � R3

0=3
ì calculation in the Brandt ë Lundquist model [11].
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Notice that Eqn (2.2) is the simplest realization of the
electron density functional (EDF) formalism which can be
used to compute polarizability. Significantly more compli-
cated realizations of EDF within the quantum-mechanical
approach are given in papers [15] and [16]. It should be
emphasized that in paper [15] the static polarizability of
spherically symmetric systems was derived in terms of the
space density of polarizability:

a0 � 4

3
p
�1
0

r3a�r� dr : �2:5�

In this formula, however, the function a�r� is the solution to a
complex integral equation.

In paper [17], various modifications of the basic formula
(2.2) were considered in connection with the calculation
problem touching the atomic photoeffect cross section.
These modifications were based on considering, in addition
to the local plasma frequency (2.1), the local `single-particle'
frequency

o2
sp�r� �

1

r3
Nout�r� ; Nout�r� �

�1
r

n�r 0� d3r 0 �2:6�

and the atomic dielectric constant in the simplest form

e�r;o� � 1ÿ o2
p�r�
o2

: �2:7�

One of the expressions used in work [17] for the dynamic
polarizability was the equality

a�o� �
�
n�r�eÿ1�r;o�
o2

sp ÿ o2
d3r : �2:8�

Applying Eqns (2.2) and (2.8) yields rather similar results.
The model employed for describing the local electron density
of atoms has a substantial effect on the result. For example, it
is possible to derive an expression for the dynamic polari-
zability of a Thomas-Fermi atom that reveals a scaling law as
regard to the ratio of the frequency to the nuclear charge:

a�o;Z� � r3TF b
�
o
Z

�
� b3a30

Z
b
�
o
Z

�
;

b�n� �
�x0
0

4p f �x�x2 dx
4p f �x� ÿ n2 ÿ i � 0 : �2:9�

Here, rTF � ba0=Z
1=3 is the Thomas ± Fermi radius;

b � �9p2=128�1=3 � 0:8853; Z is the atomic nucleus charge;
a0 is the Bohr radius; b�n� is the dimensionless polarizability
as a function of the reduced frequency n � o=Z; x0 � R0=rTF
is the reduced atomic radius, and the function f �x� describes
the electron density in an atom. For a Thomas ±Fermi atom
one finds

f �x� � fTF�x� � 32

9p3

�
w�x�
x

�3=2

; �2:10�

where w�x� is the Thomas ±Fermi function.
Note that formulas (2.9) are also applicable to other

statistical models of the electron density, in which it can be
represented in the form

n�r� � Z 2f

�
x � r

rTF

�
; �2:11�

where rTF � b=Z 1=3 is the Thomas ±Fermi radius.

As the scaling function f �x�, in place of expression (2.10)
one can conveniently use the Lenz ± Jensen model function
[13] which has the form

fLJ�x� � 3:7 exp
ÿÿ ����������

9:7 x
p � �1� 0:26

���������
9:7x
p �3

�9:7x�3=2
: �2:12�

The Lenz ± Jensen function (2.12) is similar to its analog in the
Thomas ± Fermi model (2.10). Its advantage is a more
realistic behavior for large x.

Figure 2 shows the ratio of the modulus of the reduced
dynamic polarizability of the atom to its high-frequency limit
(b1�n� � ÿbÿ3=n2) calculated using Eqns (2.9) ± (2.12) (the
dashed line) and derived from computations in the random
phase exchange approximation [18] (the solid line). Figure 2
indicates that the Brandt ±Lundquist model smoothly
describes the frequency behavior of the dynamic polariz-
ability that has singularities in the neighborhood of ioniza-
tion potentials of electron subshells, much as the statistical
density of the electron distribution reflects the behavior of the
exact quantum-mechanical dependence.

2.2 Static polarizability of the Thomas ± Fermi atom
There exist other approaches to the calculation of the
Thomas ± Fermi atomic polarizability. In this section we
shall consider the computation of the static polarizability a0
of an atom (ion) based on solving a differential equation for
the induced potential in the Thomas ±Fermi approximation
[14]. For the polarizability of multiply charged ions it was
obtained the following result [14]:

a0 � 63

16

N 3
e

Z 4
: �2:13�

The Zÿ4 type dependence of the static polarizability of a
multiply charged ion on the nuclear charge, which follows
from Eqn (2.13), can also be obtained from the quantum-
mechanical treatment for ions with closed electron shells. In
this case, provided Z4Ne, the minimum frequency of the

1.0

jb�n�=b1�n�j

0.8

0.6

0.4

0.2

0
10ÿ2 10ÿ1 100 101 102

n � o=Z

Figure 2. Moduli of the dynamic polarizability normalized to their high-

frequency limit as a function of the dimensionless frequency

n � �ho=�2Z�Ry for the atom Kr I: the solid line is taken from paper [18],

and the dashed line presents the calculation for a Thomas ±Fermi atom in

the Brandt ± Lundquist model.
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virtual transition is proportional to the square of the nuclear
charge. Then the general quantum-mechanical expression for
the polarizability

a�o� �
X
n

fin

o2
in ÿ o2

�2:14�

entails the above dependence on Z.
It should be emphasized that for a hydrogen-like ion one

can readily find

a0 � 9

2

1

Z 4
; �2:15�

so that employment of Eqn (2.13) leads to a relative error of
14%. For unfilled electron shells, themain contribution to the
static polarizability is provided by the virtual transition
without changing the principal quantum number, and then
a0 / Zÿ3.

To conclude this section we note that for ions with closed
outer electron shells one may avail oneself of a simple
empirical formula for the static dipole polarizability of the
outer shell with the principal quantum number n:

a0 � Nn
n6

Z 4
n

; �2:16�

which is in quite good agreement with experiments. In the
above formula Nn and Zn are the number of electrons in the
outer shell and the effective nuclear charge, respectively. The
latter can be determined as Zn � n

�������
2In
p

, where In is the outer
shell ionization potential. Equation (2.16) gives especially
good result for neon-like ions (n � 2, Nn � 8). This can be
borne out examining Table 3 in which we also list the results
of calculations using formulas (2.13), (2.16) and experimental
data [20]. As seen from this table, the correspondence with
experiment somewhat worsens with increasing the degree of
ion ionization, when the situation becomes more `hydrogen-
like' and Eqn (2.16) gives a slightly smaller value. At the same
time, the latter formula provides a better correspondence with
experiment than Eqn (2.13), especially for high degrees of
ionization.

2.3 A kinetic model for atomic polarizability
The dynamic polarizability of a Thomas ±Fermi atom in the
local permittivity approximation was calculated in paper [21]
using the Vlasov plasma kinetic equation. This approach is
very close to the Brandt ± Lundquist approximation (see
Section 2.1). The treatment employed in work [21] was
based on solving the following equation for the electric
potential j that determines the scattered radiation field at
frequency o incident on an atom:

div
�
e�r;o�Hj�r�� � 0 ; �2:17�

with the corresponding boundary conditions at infinity and
the local dielectric constant defined as in Eqn (2.7). Notice
that Eqn (2.17) is valid in the long-wavelength approximation
l4R0, which, nevertheless, does not contradict the essen-
tially high-frequency approximation for the dielectric con-
stant (2.17). Indeed, the simultaneous fulfilment of the
conditions of these approximations (for moderate nuclear
charges and degrees of ionization) is reduced to the inequality

10 eV5o5 10 keV ;

spanning a broad frequency range. As in the Brandt ±
Lundquist approximation, the use of the Thomas ±Fermi
model for the electron density of an atom (ion) leads to a
scaling law like that presented in Eqn (2.9):

a�o;Z;Q� � 1

Z
aX

�
o
Z
; Q

�
: �2:18�

Here,Q � �ZÿNe�=Z is the degree of ionization, and aX is a
universal function of the reduced frequency n � o=Z.

The imaginary part of the polarizability aX attains a
maximum (for Q � 0:3) at the reduced frequency
nmax � 0:06 a.u. This is almost an order of magnitude lower
than is given by the plot in Fig. 2 for the normalized modulus
of the polarizability of a neutral Thomas ±Fermi atom.

As was noted in paper [21], the Brandt ±Lundquist
approximation formulas can be obtained from the corre-
sponding solution of Eqn (2.17) using the perturbation
theory, which, generally speaking, violates the self-consis-
tency of the problem. However, from the viewpoint of
numerical calculations, the employment of the simpler
expression (2.2) for the dynamic atomic polarizability seems
preferable.

2.4 Quantum calculations of the dynamic polarizability
For hydrogen atom and hydrogen-like ions, the problem of
determining the dipole dynamic polarizability can be solved
exactly (see, for example, monograph [22]). The correspond-
ing expression can be obtained using the Coulomb Green
function formalism. For an atom residing in the 1s-state, the
polarizability sought is defined as follows:

a1s�o� � ÿ 1

o2

�
1ÿ T�E1s � o� ÿ T�E1s ÿ o�	 ;

T�E� � 27Z5

�2ÿ Z��1� Z�8 F

�
2ÿ Z; 4; 3;

�
1ÿ Z
1� Z

�2�
;

Z � Z����������ÿ2Ep : �2:19�

Here, Z is the nuclear charge, and F�z� is the hypergeometric
function.

Table 3. Static polarizabilities of multiply charged neon-like ions (a.u.)

Ion Ar+8 Ca+10 Ti+12 Fe+16 Co+17 Ni+18 Zn+20 Kr+26 Mo+32

In, eV
Zn

aexpt0 [20]
a0 (2.13)
a0 (2.16)

396.4
10.8
3.16(ÿ2)*
3.75(ÿ2)
3.76(ÿ2)

558.2
12.8
1.74(ÿ2)
2.46(ÿ2)
1.89(ÿ2)

737.8
14.73
1.04(ÿ2)
1.68(ÿ2)
1.09(ÿ2)

1168
18.54
4.44(ÿ3)
8.61(ÿ3)
4.33(ÿ3)

1293
19.5
3.69(ÿ3)
7.41(ÿ3)
3.53(ÿ3)

1419
20.43
3.08(ÿ3)
6.4(ÿ3)
2.94(ÿ3

1693
22.32
2.63(ÿ3)

10(ÿ3)
2.06(ÿ3)

2728
28.33
9.31(ÿ4)
4.46(ÿ3)
7.95(ÿ4)

3960
34.13
4.62(ÿ4)
2.24(ÿ3)
3.77(ÿ4)

* Here the number in parentheses denotes the power of 10.
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The generalized (nondipole) polarizability of a hydrogen-
like atom can also be represented in the closed form. The
corresponding expression for the generalized polarizability of
the ground-state atom follows frommatrix elements obtained
in paper [10] using the Green function method, and in work
[23] using the variational principle. For the excited states, it
was derived in paper [18] utilizing the Green function method
in the coordinate representation. The corresponding results
are presented in the form of a quite awkward sum of
hypergeometric functions.

For atomic systems in which many-particle effects weakly
contribute to the polarizability at the frequencies actual for a
specific problem, the polarizability can be represented in the
hydrogen-like form based on the quantum defect method or
some model potential [22]. In this case the main contribution
to the dynamic polarizability is provided by virtual transi-
tions of the outer shell electron in the discrete spectrum, which
have large oscillator strengths.

For the negative ions (at frequencies lower than or about
the photodetachment potential), the main contribution to the
dynamic polarizability is given by the outer electron weakly
interacting both with the electrons of the core and the atomic
nucleus. The dynamic polarizability of a negative hydrogen
ion was calculated in paper [24].

In a number of cases the single-particle approximation to
the polarizability calculations proves to be insufficient due to
the importance of many-particle effects. This takes place, for
example, for atomswith filled electron shells. Here one should
apply to the methods of the many-particle perturbation
theory [25]. The original expression for the generalized
polarizability in such calculations assumes the form [1, Ch. 7]

a�o; q�� ÿi�eq�
X

e>F; j4F

2


jj exp�iqr�je�
ej�eD�o��j j��e� Ij�

�e� Ij�2 ÿ o2
;

�2:20�
where e is the unit radiation polarization vector, F is the
Fermi level, and Ij is the ionization potential of the j th shell.
The summation is taken over occupied shells and free states,
including integration over continuum.Many-particle correla-
tions in Eqn (2.20) were taken into account by introducing the
effective dipole moment D�o�, which is a solution of some
integral equation. In a graphic language, this solution in the
random phase exchange approximation consists of diagrams
with the main structural unit describing creation and
annihilation of an electron ± hole pair. The latter process can
be interpreted as inducing polarization in the electron core of
the target. Corrections due to the random phase approxima-
tion can noticeably change the dynamic polarizability and
other emission characteristics of the multielectron system, for
example, the photoionization cross section. Here correlations
of other types may prove to be also significant, as is known
from comparison of the calculated photoeffect cross sections
with experimental data [25].

The atomic polarizabilities of noble gases in the random
phase exchange approximation were calculated in paper [21].
In this paper, in particular, it was shown that without taking
into account many-particle correlations, the coordinate and
momentum forms in the definition of an interaction Hamil-
tonian yield significantly different polarizabilities. In the
random phase approximation, both the approaches give
virtually indistinguishable values which are very close to the
experimental findings. It was also established that the
definitive contribution to the noble gas atom polarizability

is ensued by virtual transitions from the outer shell to the d-
states of the continuum. The contribution from transitions to
the discrete spectrum is about 10 ± 20%.

The dynamic polarizability of the Rydberg states with
fixed spherical quantum numbers n, l, m was computed in
paper [26] using quasi-classical expressions for the radial
integrals that enter into the oscillator strengths [see Eqn
(2.14)]. Some distinctive properties were established for the
polarizability of highly excited hydrogen-like states, related
to the approximately equidistant energy spectrum of the
Rydberg states. This fact leads to a qualitatively different
behavior of the resonance polarizability due to the super-
imposed contributions from the energy levels lying above and
below the given one. As a result, the dynamic polarizability of
highly excited hydrogen-like states does not change sign when
the frequency passes through the resonance, and inside the
interresonance intervals it vanishes either twice or not at all.
Nonresonance dynamic polarizability of hydrogen-like Ryd-
berg levels with number n is proportional to n6, while each
term of the series in expression (2.14) is proportional to n7,
which is due to a mutual compensation for the contributions
from states lying above and below the given one. The static
polarizability was derived in work [26] in the form

anlm�o5 nÿ3� � 14n6
�
1ÿm2

l 2

�
�
X1
s�1

1

s2

�
J 0 2s �se� �

1ÿ e2

e2
J 2
s �se�

�
; �2:21�

where e �
��������������������
1ÿ �l=~n�2

q
is a quantity similar to the orbital

eccentricity in the classical motion of an electron,
~n � 2nn 0=�nÿ n 0� is the effective principal quantum num-
ber, and Js�z� is a Bessel function. In expression (2.21) the
nuclear charge was set to unity. For m � l � 0, the above
formula yields an00 � 0:6 n6.

As noted in paper [26], the results obtained remain valid
on passing to highly excited states of complex atoms if l > 2,
when the quantum defect is negligibly small. In the opposite
case of small l, no compensation for contributions to the
polarizability of a given highly excited level occurs from the
states lying above and below the given one. Due to this fact
the dynamic polarizability turns out to be of order n7. For
instance, for the spherically symmetric atomic state one can
obtain, by retaining only the major term of the sum, the
following expression

an00 � 3n7d

d2 ÿ �on3�2 ; d � d1 ÿ d0 ; �2:22�

where d0; 1 are the quantum defects for states with l � 0; 1.
The dynamic polarizability of the Rydberg states, aver-

aged over angular quantum numbers, was studied in Ref. [27]
in theKramers approximation to the oscillator strengths. The
general expression for ha�o�ilm was derived in terms of the
elementary functions, fromwhich, in particular, the following
formula for the static polarizability of a Rydberg atom can be
obtained:

a�0� � 15n6 � 21n4

8Z 4
: �2:23�

The shifts of highly excited energy levels in external
radiation fields were also considered in paper [27]. It was
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shown that in the limit n!1 the dynamic polarizability is a
differential operator acting on a function which describes the
spectral density of a radiation field.

The review of the above results indicates that the plasma
statistical model for atomic systems gives, as the comparison
with quantum calculations shows, quite acceptable results for
the dynamic polarizabilities on the average far away from
sharp singularities caused by the atomic shell structure. It
should be taken into account that for many applications, for
example, for plasma radiation losses, the effects integrated
with respect to frequency and averaged over the ionization
content of ions are of interest. For such characteristics, details
of spectral dependences play no significant role, so in this case
it is sufficient to employ the averaged parameters given by the
statistical model.

3. Photoeffect polarization phenomena.
Classical and quantum models

The influence of the atomic core polarization on the
photoeffect cross section is a bright example of a polarization
effect manifestation in atomic transitions. Here, we are
dealing with bound ± free transitions when the energy of the
external electromagnetic field can be transmitted to a bound
electron either directly (direct channel) or via a virtual
excitation of the atomic core (polarization channel). In this
section we consider simple classical and quantum model
calculations of the photoionization cross section, which take
into account many-particle polarization type effects.

3.1 Models for dynamic polarizabilities in the statistical
theories of the photoeffect on complex atoms
Let us first consider classical model calculations of the
photoeffect cross section on multielectron atoms. The
simplest approach is based on formulas (2.2), (2.8) represent-
ing the dynamic atomic polarizability in the form of the
electron density functional in the local plasma frequency
approximation. This method was suggested by Brandt and
Lundqvist [11] to take into account many-particle effects in
photoabsorption as an alternative approach to the single-
particle description. Its physical justification is expressed by
equality (2.1): the interaction of radiation with atomic
electrons is localized at some point in space determined by
the plasma resonance condition.

The photoabsorption cross section can be conveniently
expressed through the spectral distribution function of the
dipole excitations in the form

s�o� � 2p2

c
g�o� ;

�
g�o� do � Ne : �3:1�

The second formula in Eqn (3.1) represents the well-known
sum rule. The spectral function g�o� satisfies the equalities

g�o� �
X
n

fin d�oÿ on� � 2

p
o Im a�o� : �3:2�

Here, the first equality is the spectral function definition and
the second follows from the optical theorem.

The spectral function corresponding to the dynamic
polarizability in form (2.2) can be written down as a space
integral of the radial electron density:

g�o� �
�
n�r� dÿoÿ op�r�

�
d3r : �3:3�

Equality (3.3) is obtained from Eqn (3.2) after applying the
Sokhotski|̄ formula and the optical theorem.

Note that in the framework of the statistical atomicmodel
the photoionization cross section coincides with that of
photoabsorption due to the absence of bound states in the
approximation considered.

The presence of the delta-function in formula (3.3) allows
us to perform the integration explicitly, and with the use of
relations (3.1) we arrive at the following expression for the
atomic photoionization cross section in the Brandt ± Lund-
quist approximation:

sBLph �o� �
4p2o
c

r2o
n�ro�
jn0�ro�j : �3:4�

Here ro is the solution of equation (2.1); it corresponds to the
distance at which plasma resonance occurs. The prime
denotes differentiation with respect to radius.

For the electron density in form (2.11), formula (3.4) can
be recast in a form revealing the scaling of the photoeffect
cross section relative to the reduced frequency n � o=Z:

sBLph �o� � sBLph

�
n � o

Z

�
� 9p4n

32c
x2n

f �xn�
j f 0�xn�j ; �3:5�

where xn is a solution to the equation

n �
��������������
4p f�x�

p
: �3:6�

Equality (3.6) follows from expression (2.1) with due regard
for Eqn (2.11).

Now, using Eqns (3.5), (3.6), we analyze the photoeffect
spectral cross section within the frames of different statistical
models.

In addition to the Thomas ±Fermi approximation for the
normalized electron density function f �x � r=rTF� [see for-
mula (2.10)], we shall consider the Lenz ± Jensen statistical
model (2.12) and the exponential screening model in which

fexp�x� � 128

9p3
exp�ÿ2x� : �3:7�

As was noted in Section 2, the advantage of the Lenz ±
Jensen model (2.12) in comparison with the Thomas ±Fermi
approach (2.10) is in having a more realistic behavior of the
electron density at large distances. At small distances,
functions (2.12) and (2.10) virtually coincide.

Exponential screening approximation (3.7) for multielec-
tron neutral atoms is very crude, but it can be useful in some
other cases. Here we consider this approximation since it
allows a simple analytical expression for the photoeffect cross
section to be obtained. Indeed, using formula (3.7), transcen-
dental equation (3.6) is easily solved, and one can derive the
corresponding photoionization cross section based on
Eqn (3.5):

sBL�exp�ph �o �Zn�� 9p4

64c
n ln2

�
16

���
2
p

3pn

�
; n4

16
���
2
p

3p
� 2:4 :

�3:8�

A characteristic feature of cross section (3.8) is the `cut-off
frequency' above which the cross section vanishes. This
property is due to the radial electron density boundedness
near the nucleus in the exponential screening model, so that
there is such a radiation frequency at which plasma resonance
conditions (2.1), (3.6) are not valid.
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Figure 3 demonstrates the results of calculating the
photoeffect cross sections as a function of the reduced
frequency in the above models. It is seen that the Thomas-
Fermi and Lenz ± Jensen distributions give similar photo-
effect cross sections. A small difference is that at small
frequencies the Lenz ± Jensen model gives a somewhat
smaller cross section than the Thomas ±Fermi one. This is
due to the already mentioned more realistic electron density
decrease in the Lenz ± Jensen model at large distances from
the nucleus. The photoeffect cross section obtained in the
exponential screening approximation (3.8) has a sharp
maximum with o exp

max � 8:8Z eV.
Taking electron distributions allowing for the atomic shell

structure, such as, for example, the Hartree ± Fock electron
densities, leads to the appearance of the characteristic
`oscillations' in the photoeffect spectral cross section near
the `median line' determined by the Thomas ±Fermi and
Lenz ± Jensen distributions.

Paper [17] contains the results of calculating the atomic
photoeffect cross section for various modifications of the
Brandt ±Lundquist approximation like Eqn (2.8) and differ-
ent types of dielectric constant, including that accounting for
the local dispersion:

e�q;o; r� � o2 ÿ o2
p�r� ÿ �3=5� v2F�r�q2

o2
: �3:9�

Here vF�r� � �3p2n�r��1=3 is the local Fermi velocity of atomic
electrons. This allowance for the local dispersion of the
atomic dielectric constant somewhat decreases the photo-
effect cross section over low-frequency range and increases it
at high frequencies.

In addition, photoabsorption cross sections for ions with
different degrees of ionization were calculated by Brandt et al.
[17] for the Lenz ± Jensen distribution. These calculations
showed that at frequencies o < ZRy, the atomic photoeffect
cross section significantly decreases with increasing the degree
of ionization [parameter Q � �ZÿNe�=Z ], while at high

frequencies o > 3ZRy the photoionization cross section is
virtually independent of Q.

3.2 Quantum methods of photoabsorption cross section
calculations
Along with the essentially classical methods of accounting for
the interparticle correlations in photoabsorption, considered
in the previous section, some authors have developed
quantum methods which take into account many-particle
polarization effects. In these methods, the photoionization
cross section was calculated on the basis of somewhat
simplified approaches as compared to the consistent quan-
tum-mechanical treatment, such as the random phase
exchange approximation (RPEA) [25, 28].

One such method, based on the formalism of the local
electron density functional, was applied in paper [15] to the
numerical calculation of the photoabsorption by atoms of the
noble gases, and also their static polarizabilities. The
simplification of calculations was made by introducing the
local effective potential to determine the single-particle wave
functions of the ground-state system. With this aim, the
exchange ± correlation energy was determined in the local
density approximation according to the equalities

Vxc�r� � ÿ 0:611

rs�r� ÿ 0:0333 ln

�
1� 11:4

rs�r�
�
;

4

3
pr3s �r� � nÿ1�r� : �3:10�

As a result, solving the corresponding equations turned out to
be no more complicated than the Hartree equations. The
polarization ± correlation effects were taken into account by
introducing a self-consistent field representing the sum of the
external and induced fields and which is the solution of an
integral equation. Note that in the RPEA calculations [25,
28], the effective dipole moment D�o� describing many-
particle correlations was also a solution of an integral
equation (see Section 2.4).

The photoabsorption cross section calculated by Stott
andZaremba [15] proved to be in excellent agreement with the
existing experimental data. Moreover, they demonstrated the
important role of the polarization many-particle effects in the
photoionization of atoms with closed electron shells. These
effects lead (with the exception of neon) to an appreciable
shift of the photoionization cross section maximum toward
higher frequencies, compared to the approximation of
independent electrons, when the maximum position almost
coincides with the photon threshold energy. For example, the
photoionization cross section maximum for xenon at the 4d-
threshold is shifted by about 2.5 Ry toward high frequencies.
Here there is no strong resonance, which is (within the
framework of the single-particle treatment) due to the
electron transition from the 4d-subshell to a virtual f-state
located in the continuum.

This shift of the photoabsorption cross section maximum
is a consequence of redistribution of the oscillator strengths of
atomic transitions from the near-threshold region into the
high-frequency portion of the spectrum due to the atomic
core polarization. This polarization ensues from a specific
screening/descreening of the external field. An analysis of the
frequency ± space dependences of the local self-consistent
field revealed a strong screening of the external field in the
low-frequency wing of the photoabsorption line at small
distances from the nucleus. So that the vector of the self-

102

sBLph �o�, mb

101

100
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Figure 3. Photoeffect cross section in the Brandt ±Lundquist approxima-

tion within the framework of different statistical models for the atomic

electron density: the Thomas ±Fermi model (curve 1); the Lenz ± Jensen

model (curve 2), and the exponential screening model (curve 3).
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consistent field strength is directed to the opposite side with
respect to the inducing field vector. In the high-frequency line
wing, in contrast, the external field descreening occurs at
small distances. Interestingly, for all frequencies of the
ionizing radiation, the `switching' of the screening regime to
the descreening with increasing distance from the nucleus
takes place at the maximum of the radial electron density
distribution of the atomic subshell which mostly contributes
to the cross section of the process under discussion.

Note that the local electron density method used in work
[15] predicts a lower (by several electron-volts) value of the
photoeffect threshold compared to the observed value. At the
same time, this method does not describe the upper lying
states in the discrete atomic spectrum. It is important to stress
that the sum rule for the photoabsorption cross section does
hold here, since a `nonphysical' contribution from the
continuous spectrum to the cross section is compensated by
an unaccounted contribution from the discrete spectrum
adjacent to the photoionization threshold. This property is
much more pronounced in the above-presented variants of
the classical description of the atomic photoeffect (see
Section 2.1). As seen from Fig. 3, the Thomas ±Fermi and
Lenz ± Jensen models for the atomic electron density give a
photoionization cross section which is strongly extended into
the low-frequency region, although the sum rule for the
corresponding cross sections is also valid. Within the frame-
work of these statistical models, the discrete atomic energy
spectrum, naturally, is absent altogether, so that the
`nonphysical' region of the continuous spectrum below the
photoionization threshold models, to some extent, the
contribution from unaccounted bound states.

To conclude this section, we consider a simple quantum-
mechanical model for the atomic photoeffect, which allows an
analytical representation for the cross section of the process
[29]. From the formal point of view, this approach is based on
an approximate operator equality expressing the change of
the centrifugal energy as the main factor emerging in the
course of the photon absorption:

exp
�ÿ i�H0 � D1� t

	
exp�iH0t� � exp�ÿiD1t� ;

D1 � 1

r2
; �3:11�

from which the cross section of the process at hand is

sph�o� � 2pZ 2

3co

��1
ÿ1



c
�� exp�ÿiD1t�

��c� exp�iot� dt :
�3:12�

The representation of cross section (3.12) was called in paper
[29] the `hybrid' approximation. It is quantum mechanical
due to the general operator approach and at the same time has
some classical features, since an approximate commutation of
operator exponents (3.11) is used in the analysis.

Notice that Eqn (3.12) can be rewritten through the
electron density if make the following substitution

jc�r�j2 ! 4pr2n�r� : �3:13�

Then after integrating with respect to time the remaining
integral with the delta-function can be taken and the result
may be represented in the form

sph�o� � 8p3Z 2

3c

1

o7=2
n

�
r � 1����

o
p

�
: �3:14�

In particular, the hydrogen-like high-frequency asymptotics
of the photoionization cross section follows from Eqn (3.14)
provided n�r! 0� ! const.

Thus, the photoeffect cross section in the hybrid Rost
approximation [29] turns out to be, like in the Brandt ±
Lundquist approximation (3.4), an electron density func-
tional. However, in this case the characteristic distance ro of
the radiative process is determined not by the plasma
resonance condition (2.1) but by the equality

o � H1�r� ÿH0�r� � D1 : �3:15�

Equation (3.15) directly follows from Eqn (3.11) with due
account of the energy conservation law.

Using equality(3.15), one can suggest a physical inter-
pretation to the Rost approximation [29]. This equality
implies that the photon absorption occurs at a fixed
electron coordinate like in the Born ±Oppenheimer approx-
imation, when the coordinates of the molecular nuclei do
not change during an electron transition. Formula (3.15) is
just a mathematical statement of this fact. So, the hybrid
Rost approximation can be considered as a generalization
of the adiabatic principle to the case of electron transitions
in atoms.

In Fig. 4 we present the ratio of the photoionization
cross section of the ground-state hydrogen atom (calculated
using Rost's formula, curve 1, and in the Kramers
approximation, curve 2) to the Sommerfeld cross section.
The figure indicates that the quasi-classical Kramers
approximation better describes the photoeffect cross sec-
tion near the threshold than the Rost model, while at high
frequencies the opposite is true. Indeed, in the high-
frequency limit the Kramers approximation produces the
incorrect asymptotics (oÿ3 instead of oÿ7=2), whereas the
ratio of the Rost finding to the exact result is p=2

���
2
p � 1:11

in this spectral range.
It is important to emphasize that in contrast to the

Brandt ±Lundquist approximation, the Rost model does not
respect the fulfilment of the sum rule for the photoabsorption
cross section. For example, in the case of the hydrogen atom,
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Figure 4. Ratio of the photoionization cross section for the ground-state

hydrogen atom, calculated within the framework of different approxima-

tions (curve 1 Ð the Rost approximation, curve 2 Ð the Kramers

approximation), to Sommerfeld's cross section.
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the corresponding integral over frequency yields a value twice
as high as observed. Note that the photoabsorption max-
imum for hydrogen atom in the Rost approximation is at the
frequency oR

max � 0:082 a.u., which is noticeably lower than
the first excitation potential, with the maximum cross section
being s�R�ph max � 1:127 a.u.

The generalization of the photoabsorption formula (3.12)
to the helium atom was also made in paper [29]. The
comparison of obtained calculated results with experimental
data showed that the relative error for moderate photon
energies lies within the 5% range.

The polarization effects are significant in the photo-
ionization of negative ions due to the large polarizability of
the ion core, i.e. the neutral atom. This point was discussed
in review [30]. Here we briefly consider an approximate
quantum-mechanical calculation of this phenomenon using
a negative alkali metal ion as an example, when the
polarizability of the ion core (atom) is especially large. The
contribution of the polarization effects to the process under
consideration can be taken into account with the following
effective potential [31]:

Veff�r; t�� a�o�E r

r3

�
1ÿ exp

�
ÿ
�

r

r0

�3��
cos�ot�;

�3:16�
where a�o� is the dynamic atomic polarizability, and r0 is the
size of its outer orbit. The factor in square brackets in Eqn
(3.16) accounts for decreasing the polarization interaction at
small distances. To calculate the photoionization cross
section using Eqn (3.16) and the ordinary `direct' interaction
potential of the electromagnetic field with a target's electron,
it is convenient to make use of the analytical expression for
the wave function of the negative ion's outer electron,
obtained by approximating variational results [32].

Figure 5 shows the photoionization spectral cross section
of the negative lithium ion (I � 0:618 eV, a�0� � 162 a.u.
[33]), calculated in the plain wave approximation for the
ionized electron with and ignoring the polarization effects. It
is seen that these latter effects appreciably decrease the cross
section of the process at frequencies about the maximum
frequency, which is due to the opposite direction of the field
induced by the ion core with respect to the external field
direction.

4. Polarization effects
in bound ± bound transitions

4.1 Effect of the core polarization on the transition
oscillator strengths in the alkali metal atoms and
alkali-like ions
Historically, polarization effects revealing themselves in
transitions of a bound electron in the discrete spectrum were
studied earlier [34 ± 39]. These effects appear as a significant
change of the transition oscillator strengths when the core
polarization is taken into account, compared to their values
computed assuming a frozen core.

The alkali metal atoms constitute a very convenient object
for studying polarization effects since their outer electron is
well separated from the atomic core. In this case, the
interaction between the core and the valence electron can be
very well approximated by the charge ± dipole potential and
exchange effects can be neglected. The spatial separation of
the considered electron densities is also due to their large
energy separation: theminimum excitation energy of the core,
which constitutes a closed electron configuration, largely
exceeds that of the outer electron in the discrete spectrum.
This implies that the core perturbation can be assumed to
adiabatically follow the outer electron, and for the atomic
core polarizability one can use its static value a0. Moreover,
studies of the contribution of the polarization effects to the
properties of alkali metal atoms are facilitated by their
polarizability changing by two orders of magnitude from
lithium to caesium.

Polarization effects can be appreciable not only for
bound ± bound transitions of valence electrons, but also for
transitions from inner atomic shells to unfilled outer orbitals.
For the argon absorption K-spectrum resulting from 1s-4p-
and 1s-5p-excitations and appropriated by Schnopper [40],
these effects were calculated in paper [17]. The single-particle
approach yields f1s-4p and f1s-5p oscillator strengths about
25% lower than experimental values, while the ratio f1s-4p /
f1s-5p is in excellent agreement with experiment. Accounting
for the atomic polarization, which leads in the considered case
to descreening of the external field, predicts an increase of the
oscillator strength by 1.23 times, while keeping their ratio
intact. This removes the inconsistency with experimental
findings that emerges in the single-particle treatment.

In the simplest model, the effect of the atomic core on
optical transitions of the valence electron was taken into
account by introducing the potential of the field of a
homogeneously polarized dielectric sphere, which had the
form [34]

j�r� � y�Rcore ÿ r� �pr�
R3

core

� y�rÿ Rcore� �pr�
r3

: �4:1�

Here, p � aE is the dipole moment induced by the external
field E, and a is the core polarizability. From formula (4.1),
the induced addition to the single-electron operator of the
dipole moment j=E was determined, using which the
modified oscillator strength was calculated. In paper [34],
the correctionD to the sum of oscillator strengths for an atom
with one optical electron was also found:

D �
�
2

a
R3

core

� a2

R6
core

��Rcore

0

P�r� dr� 2a2
�1
Rcore

P2�r� dr
r6
;

�4:2�
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Figure 5. Photoionization cross section for the negative lithium ion,

calculated with due account of the core polarization (curve 1) and without

taking into account polarization effects (curve 2).
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where P�r� is the radial wave function of the valence
electron.

Estimates for some univalent atoms and ions, made with
the help of relation (4.2), have shown the significance of the
polarization addition. Its relative contribution to the oscilla-
tor strength sum varied, according to calculations [34], from
17% (Li) to 30% (Al2+). Notice that the experimentally
obtained core polarizability amounts to 0.20 a.u. for
lithium, and 0.45 a.u. for doubly ionized aluminium. A
comparison with experiment was drawn for sodium atoms.
It revealed that accounting for polarization effects brings
theory and experiment into correspondence with a good
accuracy.

Polarization corrections to the oscillator strengths of the
alkali atoms were computed in paper [35] within the frame-
work of a quantum-mechanical perturbation theory in
reference to the residual interaction D between the atomic
core and the valence electron. The quantity Dwas determined
as the difference between the nonaveraged operator of the
Coulomb interaction in the system `valence electron ± atomic
core' and the same operator averaged over the atomic core
wave function. It was stressed that the Hartree ±Fock
formalism takes into account only the spherically symmetric
part of the residual interaction that only slightly changes the
radius of the core, whereas it is the spherically asymmetric
part of D that causes the effective core polarization by the
valence electron. Since the outer electron is spatially sepa-
rated from the atomic core, the approximation D! Dd=r3

was used for the operator D in paper [35], where D, d are the
electric dipole moments of the core and valence electron,
respectively. Using this substitution, a quantum-mechanical
expression for the matrix element of the dipole moment,
including the atomic core polarization, can be used to derive
the equality

d fi �
�
cf

����dÿ a
d

r3

����ci

�
: �4:3�

Here jci; fi are the wave functions of the initial and final states
in the discrete spectrum of the valence electron. The core
polarizability a in work [35] was believed to take the static
value because the atomic core was assumed to noninertially
trace the external electron position due to the low eigenfre-
quencies of the latter for transitions in the discrete spectrum
compared to the core's eigenfrequencies. The minus sign
before the second term in the integrand of formula (4.3),
describing the polarization channel, is explained by the
valence electron inducing a positive `hole' in the atomic
core, which produces an additional antiparallel dipole
moment. The induced dipole moment being antiparallel
(a > 0) entails a systematic decrease in the oscillator
strengths of discrete transitions in alkali atoms in compar-
ison with the prediction of Hartree ± Fock calculations.
Notice that relation (4.3) does not take into account the
effects of the valence electron penetration into the core, which
only weakly affect the oscillator strengths in the case under
consideration. These effects, however, were also taken into
account in work [35] in the linear approximation, according
to which the matrix element of the residual interaction D
changes linearly with radius inside the atomic core. Calcula-
tions of the oscillator strengths for lower level transitions
ns! np, done in paper [35], demonstrated that the decrease
of the corresponding values for the alkali atoms changes by
less than 1% for lithium, and up to 16% for caesium.

The first-order polarization correction to the oscillator
strength of a bound ± bound transition in the alkali atoms was
found to have the form [36]

f
�1�
ij � ÿ2a�eji��ej ÿ ei�2 f �0�ij : �4:4�

As is evident from this relation, for the perturbation theory to
apply it is necessary that

jej ÿ eij < 1�������������
2a�eji�

p : �4:5�

Table 4 lists parameters characterizing the degree of
fulfilment of the latter equality for the alkali metal elements.

Formula (4.4) is applicable, as was noted byHameed [36],
not only to the alkali atoms, but also to any states
`nonpenetrating' into the atomic core, for example, to the
states with the orbital momentum quantum number l > 2.

Oscillator strengths characterizing electron transitions
within the principal series and photoionization cross sections
of Li, K, and Cs atoms were computed in paper [37] taking
into account the atomic core polarization and using the
approach developed in work [35]. The polarization potential
was also used in determining radial wave functions of the
valence electron. It was shown that in all cases but transitions
without a principal quantum number change, the polariza-
tion effect is very large and taking it into account yields a
good correspondence with experimental data. The alteration
of the valence electron wave functions due to the presence of
the polarization potential in the Hamiltonian of the system
played a much less significant role. This reflects the
characteristic feature of PR in which, as opposed to the
usual static channel, no change in motion (acceleration) of
the perturbing particle is required.

The largest polarization effect was revealed for upper
electron transitions in the potassium atom, the smallestÐ for
the resonance transition in the lithium atom, which is
explained by a small value of the atomic core polarizability
in the latter case. At the same time, the dependence of the
polarization effects on the core polarizability proved to be
nonmonotone. Calculations indicated a stronger effect for the
potassium atom than for the caesium atom, although the core
polarizability of the latter is almost three times higher than of
the former. This nonmonotone behavior is due to the mutual
compensation of the `direct' (static) and polarization terms in
matrix element (4.3) for upper transitions in the potassium
atom. In the case of caesium such a compensation does not
occur and the polarization term exceeds the `direct' one.

The effect of the core polarizability on the oscillator
strengths of transitions to different components of a fine
doublet in the caesium atom also differs significantly [38]: the
oscillator strength for the transition 6s! 10p1=2 decreases
almost by an order of magnitude due to polarization effects,

Table 4. Parameters of the alkali atoms [36] entering into the applicability
criterion of the perturbation theory [Eqn (4.5)].

Atom �2a�0��ÿ1=2, a.u. �eij�min, a.u. Ii, a.u.

Li
Na
K
Rb
Cs

1.76
0.72
0.30
0.21
0.17

0.068
0.077
0.059
0.058
0.053

0.198
0.189
0.159
0.154
0.143
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while for the transition 6s! 10p3=2 it diminishes by about
three times. As a result, accounting for polarization improves
the consistency of the calculated oscillator strengths with
experimental findings [41].

The core polarizability impact on optical transitions was
also studied in Ref. [38] for some other alkali-like atoms and
ions. This paper also considered transitions from the first
excited p-state into upper lying s- and d-states. Polarization
effects in these types of transitions proved to be weaker than
in the principal series, since here, in contrast to the principal
series, there is no abnormal distribution of the oscillator
strengths, suppressing the `direct' channel probability. With
increasing ion charge, the effect of the core polarization on
optical transitions, generally speaking, decreases, since the
core polarizability drops in this case as a / Zÿ4i . For ion
charges Zi � 2ÿ3, the contribution from the polarization
channel for the principal series remains larger than that from
the direct one, but for Zi > 4 the polarization effects become
negligibly small.

The oscillator strength ratio f3=2=f1=2 for transitions to the
states with different total momenta were calculated by
Chichkov and Shevelko [39] for a number of alkali-like
atoms and ions: Rb I, Sr II, Ag I, Cs I, and Ba II. Accounting
for polarization effects improved the consistency of the
obtained values f3=2=f1=2 with existing experimental data. In
addition, the influence of polarization effects on the impact
excitation cross sections for dipole-allowed transitions in
univalent atoms and ions, proportional to the square of the
corresponding oscillator strength, was analyzed. The cross
section calculation for excitation of the transition 6s-8p in the
Ba II ion in the Born approximation indicated that the ion
core polarization induced by the incident electron field
decreases the cross section by nearly 1.5 ± 2 times, which is
due to destructive interference of the `direct' and polarization
amplitudes of the process.

Collective effects in the atomic interaction with an
external electromagnetic field were accounted for by Brandt
et al. [17] to make experimental values of the static polariz-
ability (a) of the alkali metals consistent with its calculations
done in the single-electron approximation (a0). The polariz-
abilities a0 exceeded corresponding experimental values by
about 20%, which was explained by disregarding the core's
screening effect in the single-electron approximation. The
screening was treated by the effective dielectric constant
es � 1� l2snas�0�, where as�0� is the static polarizability of
the atomic core, and lsn is the parameter of the Coulomb
coupling between the core and the valence electron. Then the
impact of the polarization effects on the static polarizability is
described by the equality a � a0eÿ1s . Thus, the calculated
polarizabilities of the alkali metal atoms turned out to be in
good correspondence with experimental data [42].

The above-considered core polarization effects for the
alkali elements were based mainly on taking into account the
static polarization due to the ionization potential of the outer
electron being small compared to the core excitation energy.
The situation changes on passing to the atoms of other types
and multiply charged ions. In the latter case, the ionization
potential rapidly increases with the ion charge, so that the
dynamic polarization of the core needs to be taken into
consideration.

Using a statistical model of an atom, one can find the
conditions when the dynamic polarization becomes essential.
For this we compare the ionization potential of an ion with
the characteristic frequency o� determining the dynamic

polarization of the core. In the statistical model, the
ionization potential Ii related to the characteristic frequency
o of the excited electron transition is equal to

Ii � o � QZ 4=3

0:885X�Q� ; �4:6�

whereZ is the ion nuclear charge, andX�Q� the dimensionless
ionic radius depending on the degree of ionization Q (see
Section 2).

The boundary frequencyo�, starting fromwhich dynamic
polarization effects appear, is determined by equating the
limiting expressions for the polarizability at low (the static
limit) and high (the high-frequency limit) frequencies.
Substituting the corresponding estimates from Section 2, we
obtain the boundary frequency in the form

o� � Z

����������������������
1:5�1ÿQ�p
X 3=2

: �4:7�

Comparing relations (4.7) and (4.6), we arrive at the
condition for the appearance of dynamic effects:

QX�Q�
1:5�1ÿQ� > Zÿ2=3 �4:8�

that means that the degree of ion ionization should not be too
low.

Therefore, effects of dynamic polarization of the core
become significant in the spectra of multiply charged ions. At
present, there have been no direct observations of such
effects.

4.2 Polarization relaxation of doubly excited discrete
states in ions with a complex core
Here we reproduce, following paper [43], an example
calculation of the polarization transitions in the discrete
spectrum, which correspond, clearly, to bound ± bound
transitions. Consider the relaxation of a highly excited
electron in the state n 0l 0 in an ion with a sufficiently complex
core which resides in the ground state n0l0. The excited
electron can transfer to a lower level nl in two ways: via
ordinary radiative decay, or by exciting (virtually or really)
the core with its subsequent polarization emission. The latter
channel is characterized by producing a doubly excited state
(n1l1; nl ). It is evident, however, that the real excitation of
such a state is possible only when a resonance is accidentally
present between the transitions in the core and the highly
excited states nl. So below we shall restrict ourselves to the
more likely case of such a precise resonance being absent.
Then the core excitation corresponds to transitions without
the principal quantum number change, at which the energy of
the doubly excited state lies within the boundaries of the
discrete spectrum.

For bound ± bound transitions of the external (with
respect to the core) electron with a transition frequency o0,
the dynamic polarizability a�o� is determined by the
oscillator strength f of the nearest radiative transition inside
the core. Assuming then a�o� � f=�2o0Do� �Do � oÿ o0�,
we arrive at the following estimate of R�o� [see Eqns (1.5),
(1.6)]:

R�o� �
�

o0 f

2ZsDo

�2

: �4:9�
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The dielectronic bound ± bound transitions under con-
sideration play a significant role especially for the Rydberg
electrons, since for them the frequency detuning Do in any
case does not exceed the energy difference Do4Z 2

s =n
3

between the adjacent levels, so that Eqn (4.9) entails

R�o� �
�
o0 f

2

�2�
n

Zc

�6

; �4:10�

were Zc is the charge of the core.
The typical value of the factor o0 f=2 for transitions

without the principal quantum number change in the core of
lithium-like, beryllium-like and more complex ions varies
within the range 0.1 ± 1.0 a.u. (for example, it equals 0.2 a.u.
for transitions 2s2-2s2p in ions N3+, O4+, Ne6+, etc.). Hence
for states with n5 2Zc the dielectronic bound ± bound
transitions dominate over radiative ones at the same emis-
sion frequency.

Let us illustrate the importance of the contribution from
polarization bound ± bound transitions for the Ne IV ion (see
Fig. 6) using data of Refs [43, 44]. The level corresponding to
the doubly excited state 2s2p33l is located in the region of the
single-electronRydberg spectrum 2s22p2n0l between the levels
n0 � 9 and n0 � 10. In this case Do=o � 10ÿ2, so thatR5 30.
Thus, the population of the level 2s2p33l by transitions from
upper levels located near the doubly excited 2s2p33l level (in
the given case the states 2s22p210l and 2s22p29l ) will be
determined predominantly by the polarization transitions
and not by a direct radiative decay. This fact can radically
change the kinetics of population of the Rydberg states, for
example, in a recombining plasma of multiply charged ions.

To conclude this section, it is worth mentioning that
studies of polarization effects for bound ± bound transitions
were carried out in some detail both theoretically and
experimentally for spectra of the alkali and alkali-like
elements, in which the valent and core electron subsystems
arewell separated.At the same time, spectra of elementswith a
complex structure of the core, especially for multiply charged
ions in which doubly excited states lie below the ionization
threshold, have been investigated mainly theoretically only
for some individual electron configurations. Even the termi-
nology used in these two cases is often quite different, which
obscures the understanding of the general nature of polariza-
tion phenomena. This is due to the above-mentioned condi-
tional character of separating the atomic electron structure
into the valent and core parts. In modern computations, such
a separation is frequently not performed at all.

5. Polarization free ± free transitions

5.1 History of the question
Percival and Seaton [45] were the first to take into
consideration the impact of the internal degrees of freedom
of the target on free ± free electron transitions. In this paper,
they analyzed the polarization characteristics of atomic
emission lines excited by electron collisions, which are
connected with the virtual excitation of bound electrons in
the discrete spectrum. However, these studies have not been
elaborated further.

Independently of the authors of paper [45], the impor-
tance of the internal dynamics of the target for BR was noted
in the early papers [46] and [47] in relation to the calculations
of the emission intensity and absorption coefficient in weakly
ionized gases. In paper [46], a classical evaluation of the
relative contribution from the polarization channel to slow
electron ± atom BR was made, which revealed the presence of
such a contribution at distances of the order of several atomic
radii. Nevertheless, in calculating the emission intensity and
absorption coefficient in a gas, the authors of Ref. [46]
ignored the polarization term. The polarization channel
amplitude in slow electron ± atom BR was studied quantum
mechanically in Ref. [47]. Computations were based on the
consecutive link between the cross sections of bremsstrahlung
and elastic scattering in a static atomic potential, and the
contribution of PRwas expressed through the target's atomic
polarizability [47]. The cross section of polarization BR of
slow electrons (with an energy much lower than the atomic
ionization potential) was shown to be small compared to the
cross section of the conventional (static) BR.

Systematic studies of polarization effects in electron ±
atom bremsstrahlung were initiated by Bu|̄mistrov [48]. In
this paper, the cross section of the process with due regard for
the polarization channel was calculated in the Born approx-
imation with respect to the incident particle for a bremsstrah-
lung photon frequency close to one of the target's atomic
eigenfrequencies (the near-resonance approximation). Later
on, this approach was extended in paper [23] to the case of
bremsstrahlung of arbitrary frequency in the scattering of a
fast electron from the hydrogen atom. Thus, the important
role of the polarization BR over the broad spectral range of
the bremsstrahlung photons was demonstrated.

Methods of the many-body theory, which had been
applied earlier to describe the atomic photoeffect [25], were
used in paper [49] for calculating the photon bremsstrahlung
absorption cross section in the scattering of a slow electron
from the noble gas atoms (Ar and Xe). Numerical calcula-
tions performed in work [49] revealed the dominance of the
polarization mechanism in the total cross section of the
process at frequencies o5 0:25 a.u. for electron initial
energies 0.01 and 0.09 Ry.

An analysis of BR on an atom at high frequencies
(o4 I) indicated that taking into account the target
dynamics during BR leads to the effect of atomic `strip-
ping' [50]. This effect shows up in the total cross section of
the process being proportional to the square of the atomic
nuclear charge, and the screening action of the bound
electrons being compensated by the contribution of the BR
polarization mechanism.

Papers [51, 52] provided an important contribution to the
development of the theory of the polarization BR. These
papers first used an effective Hamiltonian including the
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Figure 6. Scheme of energy levels of the Ne IV ion corresponding to single-

and two-electron excitation (excitation energies are in keV); the radiative

and polarization decay channels of the state 2s22p210l are also shown [43].
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dynamic polarizability of the target to describe the polariza-
tion channel. Using computations [51], it became possible to
make the avalanche breakdown theory consistent with
experimental data on the threshold intensities of the optical
breakdown in the alkali metal vapors. In Ref. [52], an
analytical expression was derived for the radiation absorp-
tion coefficient in scattering of slow electrons from the noble
gas atoms, generalizing the result [46] to taking account of the
polarization channel.

Allowing for the internal dynamics of the target fully
changed the concept of heavy particle ± atom BR, the cross
section of which had been traditionally considered negligibly
small. Bu|̄mistrov et al. [53] first calculated the cross section of
the proton ± hydrogen atom BR with due regard to the
polarization mechanism. As a result, the cross sections of
the electron and the proton BR on the hydrogen atom were
shown to be of the same order of magnitude at frequencies
o4 v2i =2, where vi is the initial velocity of the incident
particle. Calculations of BR for scattering of light ions by
the aluminium atoms with due account of the target's
dynamics were performed in Ref. [54], which allowed one to
bring in agreement the existing experimental data on
radiation from protons incident on thin aluminium targets
[55] with theoretical predictions.

The salient features of the BR polarization mechanism at
relativistic energies were revealed in papers [56, 57]. One such
property is a dipole-like radiation pattern (for frequencies
o < vi=R0, where R0 is the atomic size), as opposite to the
sharply beamed radiation in the static channel. Another
distinctive feature of the polarization BR from scattering of
a relativistic particle by a neutral atom, viz. a logarithmic
increase of the cross section with the incident particle's (IP)
energy, was also noted in these articles.

5.2 Polarization bremsstrahlung emission
and absorption on neutral atoms
In calculations of PBR on atomic structures, energies of the
incident particles (usually electrons for which sufficiently
reliable computing methods exist) fall within the following
main ranges: (1) slow particles with velocities small with
respect to atomic velocities at outer shells; (2) thermal
particles in a hot plasma with velocities of order of atomic
ones for which effects of penetration into the atomic core are
significant, and (3) fast particles with velocities allowing
application of the Born approximation. In the last case it is
relevant to distinguish relativistic and nonrelativistic parti-
cles.

In the general case (for an arbitrary target and parameters
of the incident particle motion), no calculation of polarization
BR can be performed in the closed form, with the exception of
several special situations. These include, first of all, the
radiation of fast charged particles scattered from single-
electron atoms.

The cross section of fast electron ± hydrogen-like target
polarization BR can be obtained analytically using the first
Born approximation. In the pioneering paper [23] cited above,
a special method was applied in which summation over the
intermediate states of the atomic electron was substituted by
solving some differential equation of a special type [1, æ 4.2].
Another approach, based on the Coulomb Green function
formalism, was used in paper [10] to calculate the cross section
of a fast electron ë hydrogen atom polarization BR. This
approach generalized data [23] to the photon frequency
range o > 0:5 a.u., i.e. to the continuous spectrum of the

hydrogen atom. In particular, it was shown in Ref. [10] that
the polarization mechanism of BR dominates the spectral
cross section of the process inside the frequency range
1.2 Â.u.> o > 0.36 a.u., with the exception of narrow
spectral intervals near the atomic eigenfrequencies. More-
over, calculations [10] suggest the total cross section of the
process to be close to that of BRon a unit point-like charge for
frequencies o > 0:5 a.u. and virtually coincide with it when
o > 1:5 a.u., which is amanifestation of the above-mentioned
effect of atomic `stripping' [50]. Further generalization of
studies of BR on the hydrogen atom was given in the recent
paper [18]. In this paper the BR cross section was computed
for the collisions of fast particles with an excited hydrogen
atom. The calculation involved the expression for the general-
ized polarizability of excited hydrogen atoms and hydrogen-
like ions, obtained in this study. A peculiarity of the
polarization BR in this case (with the exception of the excited
2s-state) is the presence of narrow emission lines lying above
the ionization threshold of the excited state considered, which
are due to virtual deexcitation of the atom into the states lying
below.

Another physical situation allowing an analytical descrip-
tion of the polarization BR relates to the bremsstrahlung
effect in scattering of slow electrons from the noble gas atoms.
Here the first calculations of PBR [47] permitted, as noted
above, the corresponding cross section to be expressed
through the static atomic polarizability, and the results
revealed the smallness of the PBR contribution to the total
emission. Notice that the contribution of different channels to
BR in the low-frequency limit can be taken into account in the
general form using gauge invariance and conservation laws
[58]. It should be emphasized, however, that the polarization
channel contribution is significant at frequencies of the order
of atomic ones, where the above decomposition becomes
invalid. At low temperatures this frequency range can
contribute not to the photon emission but to absorption
processes corresponding to the inverse bremsstrahlung effect
(bremsstrahlung absorption) [49, 52]. The spectral cross
section of the process in this case was found in paper [52]
using the approximation of the s-wave electron scattering in
the form

so�v� � 16

3

p2

137

v 0

v

�
1

2o3

�
v 0 2

v2
sin2�d0� � v2

v 0 2
sin2�d 00�

�

� b�o�2o
vv 0

ln

�
v 0 � v
v 0 ÿ v

�
� Tinter

�
; �5:1�

where v and v 0 are the electron velocities before and after
inelastic scattering, respectively, d0 and d 00 are the corre-
sponding scattering phases of the s-wave, and b�o� is the
dynamic polarizability of an atom. In Eqn (5.1), the first
term in the curly brackets corresponds to the static channel,
the second to the polarization channel, and the third one
represents the interference term which has quite an awk-
ward explicit form and we do not reproduce it here. It is
interesting to note that the static channel contribution is
tightly related to the scattering character (s-wave), whereas
the polarization contribution has the same form as in the
Born approximation. That is the reason why the structure of
the results obtained in the Born approximation [47] and
those in the s-wave approximation [52] turn out to be the
same. This fact is a characteristic feature of the PR
mechanism itself, which is caused not by the incident
particle acceleration but a perturbation of the atomic
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oscillator that occurs even for unperturbed straight motion
of the incident particle.

The calculation of the absorption coefficient using
formula (5.1) revealed that for argon the polarization
mechanism of the inverse bremsstrahlung effect qualitatively
changes the picture of the process. A broadminimum appears
in the corresponding spectral curve due to the destructive
interference between the channels, with the depth increasing
with the gas temperature decreasing. At the same time, the
bremsstrahlung absorption of radiation in neon is almost
entirely determined by the static mechanism only. This is due
to the low value of the static polarizability of neon
(bNe � 0:4 A

� 3) compared to argon (bAr � 1:64 A
� 3 ).

Finally, consider one more example when polarization
effects in BR are significant and the description of the process
is relatively simple. This is the fast electron ± negative ion BR.
Here the spectral cross section of the process for the negative
hydrogen ion in the Bethe ±Born approximation was
obtained in the form [32]:

ds�o�� 4v2i
3pc3

do
o

str � 16 do
3c3v2io

�
1� o2a�o��2 ln� lvi

R0o

�
;

�5:2�

where str is the transport cross section of the electron
scattering from a neutral atom, R0 is the ionic size, and l is
an indefinite coefficient of the order of unity. The first term in
formula (5.2) is related to the scattering by a neutral atom, the
second by a weakly bound electron, with the first term in the
square brackets describing the static channel, and the second
term the polarization channel. The frequency dependence of
the total BR cross section represents a curve with a maximum
at which the cross section value is almost by two times larger
than the value obtained without taking into account the
polarization term.

Notice that for fast charged particles the usage of the
Bethe ±Born approximation allows the spectral cross section
of total BR on a multielectron atom (without regard for the
interference term) to be expressed through the target's
dynamic polarizability in a form similar to formula (5.2) [51]:

ds�o� � 4v2i
3pc3

do
o

str � 16 do
3c3v2io

��o2a�o���2 ln� lvi
R0o

�
:

�5:3�

Despite the simplicity of the last formula, its practical
significance is restricted (by the Born condition) to very
large velocities of the incident particle, so already for
moderate nuclear charges the incident particle (IP) energies
must be, strictly speaking, relativistic.

Cross section calculations of the polarization BR on
multielectron atoms for moderate and intermediate IP
energies meet large calculation difficulties, firstly because
they require knowledge of the generalized dynamic polariz-
ability of the target. The most consistent quantum-mechan-
ical methods of calculating this quantity, as was noted in
Section 2 [see Eqn (2.31)], are based on the random phase
exchange approximation [25]. Such a study of the role of the
polarization channel for BR over a wide spectral interval was
carried out by Korol' et al. [18] for collisions of electrons and
positrons with the krypton atom as an example. The basic
expression for the spectral cross section of total BR, obtained

in that paper by expanding in terms of the spherical
harmonics, has the form

o
�

ds
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Here, j1�x� is the spherical Bessel function, and R st; pol
l1l2

are
the radial integrals for the static and polarization channels.
Notice that expression (5.4) also contains the cross term that
describes the interchannel interference. The calculations
made in paper [18] were done both in the first Born
approximation and in the distorted plane wave approxima-
tion for the IP energies 1, 5, 10, and 25 keV. The role of the
polarizationmechanismwas shown to be very significant over
virtually the entire interval of the problem's parameters. In a
somewhat higher degree this occurs for smaller bombarding
particle energies. Moreover, it was discovered that the use of
the Born approximation sets the BR cross section appreciably
too high at low frequencies and sets it too low at high
frequencies, as compared to the results obtained using the
distorted plane wave approximation. This distinction is
mainly due to the difference in the cross section of the
conventional (static) BR, since the polarization BR mainly
forms at large distances from the nucleus, where the distorting
influence of the atomic potential is small. The spectral
dependence of the cross section obtained displays maxima
related to the virtual excitation of atomic electrons into the
continuum states, where the polarization channel mostly
contributes to BR. At the same time, as follows from
calculations of BR of electrons with an energy of 25 keV, the
cross section of the electron ± krypton atom polarization BR
lies below its static analog at all frequencies. In particular, the
cross section ratio at the above-mentioned maxima is about
30 ± 50%, which is in good agreement with the corresponding
estimate for the noble gas atoms, given in paper [59]. The
contribution from the interchannel interference for the
considered IP energies proved to be insignificant.

5.3 A statistical model for polarization bremsstrahlung
on multielectron atoms and ions
Consistent quantum-mechanical calculations of the polariza-
tion BR cross section are, as a rule, very complicated and
laborious, so alternative attempts have been made to describe
the process semiquantitatively using statistical atomic models
and the local plasma (Brandt ± Lundquist) approximation for
the target's polarizability [60, 61] (see Section 2.1 above).

This approach can be most simply realized for fast
incident particles in the Bethe ±Born approximation [61]. In
this case, one can use formula (5.3) for the total spectral cross
section by substituting expression (2.9) for the dipole
polarizability into the second term of Eqn (5.3), which
describes the polarization BR. This yields the spectral cross
section at frequencies o < vi=R0 as a function of the reduced
frequency n � o=Z in the following form:

dspol�n�� 16Z 2b6

3v2c3
��n2b�n���2 dn

n
ln

�
2gv

na0�1� v=c�Z 2=3

�
� Z 2 d~s pol�n� ; �5:5�
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where b � 0:8853; b�n� is the reduced polarizability of the
Thomas ±Fermi atom, determined by formulas (2.9), (2.10),
and g � �1ÿ �v=c�2�ÿ1=2 is the relativistic factor. On the right
hand side of Eqn (5.5), the function d~s pol�n� was introduced
which is naturally called the reduced cross section of the
process, since for this function an approximate scaling by the
parameter o=Z is established in the considered case of
polarization BR of a fast incident particle, whereas the
dependence on the nuclear charge is logarithmic. The last
fact is illustrated in Fig. 7 which shows the dependence of the
R-factor (the cross section ratio of the polarization and static
channels) on the reduced frequency n � o=Z. As is evident
from this figure, the R-factor for BR on the Thomas ±Fermi
atom increases with the IP energy. This is due to the increase
of the transverse size of the incident relativistic particle's field
and, as a consequence, to the growth of the maximum impact
parameter at which the process is still possible at the given
frequency in correspondence with the law of conservation of
energy ±momentum. At the same time, the maximum impact
parameter for the static channel is bounded from above (in
the case of a neutral target) by the atomic size.

In analyzing polarization effects in BR from scattering of
thermal electrons by atoms and ions, corresponding to case
(2) noted above, it is necessary to take into account the IP
penetration into the target's electron core, which decreases
the relative contribution from the polarization channel and
significantly complicates the calculation. The following
expression for the polarization potential can serve as the
basis for considering this point within the statistical model
framework for the target [60, 62]:

Vpol�R;o� � RE�o�
R3

�R
0

a�r;o� 4pr2 dr ; �5:6�

where R is the radius vector of the incident particle; E�o� is
the strength of the electric field inducing the polarization at
frequency o, and a�r;o� is the space density of the target's
polarizability, which is given by formula (2.2) in the Brandt ±
Lundquist approximation. It is essential that Eqn (5.6)
describes the nondipole interaction potential of the incident
particle with the perturbed ionic core, which shows up as the
appearance of the IP radius vector modulus in the upper limit

of integration. This fact has a simple electrostatic interpreta-
tion: the charge undergoing scattering interacts only with a
part of the electronic cloud inside the sphere of radius R.
Thus, the effects of the IP penetration into the core are duly
accounted for.

Using Eqn (5.6), the total emitting dipole moment for a
system of colliding particles can be found to have the form

Dtot�R;o� � Rÿ R

R3

�R
0

a�r;o� 4pr2 dr : �5:7�

Here the first and second terms relate to the static and
polarization BR channels, respectively.

A study of the role of polarization effects on the basis of
Eqn (5.7) can be done within both the framework of the
classical and the quantum-mechanical descriptions of the IP
motion. The classical calculation gives the following estimate
for theR-factor in BR of thermal electrons on the K II ion for
frequencies near the initial electron energy:

R�KII; o � Ip � E�5 2 : �5:8�
Here, E is the initial energy of the incident electron, and Ip is
the ionization potential of the target ion, which for the K II
ion under consideration measures 1.16 a.u.

Results of a quantum (by the IPmotion) calculation of the
spectral R-factor and the value of the interchannel inter-
ference using potential (5.6) are presented in Fig. 8 for two
ratios of the photon energy to the initial IP energy (the two
degrees of inelasticity).

Figure 8a indicates that the spectral R-factor has a
maximum near the target's ionization potential, whose
width decreases on decreasing the degree of inelasticity of
the process (the ratio o=E). At the same time, the value of the
R-factor at the maximum somewhat increases and is in good
agreement with the classical estimate (5.8). Figure 8b
demonstrates the amplitude and character of the interchan-
nel interference as a function of the BR frequency. In the
frequency range o4 Ip, the interference bears a destructive
character (decreases the total intensity of the process) and has
a large value. Inside the interval Ip < o4Z, the interference
term changes sign and increases the total intensity (con-
structive interference) by remaining very large. At high
frequencies, its contribution is 10 ± 20% and decreases with
frequency. On decreasing the ratio o=E, the role of the
interference diminishes, because then the spatial regions of
formation of the static and polarization channels overlap
weakly. This is clear from Fig. 8b, which also implies that for
a less inelastic process the frequency range of the destructive
interference turns out to be somewhat extended toward high
frequencies. In the low-frequency range o4 Ip, the character
and amplitude of the interchannel interference weakly
depends on the degree of inelasticity of the process.

Effects of penetration into the atomic core are most
significant for a hot plasma [63 ± 66]. In these papers only
the static channel of BR was considered. The comparison of
classical and quantum calculations for this channel suggests a
wide region of applicability of the purely classical approach to
the problem. The physical basis for applying the classical
treatment is the acceleration of the incident electron in the
attraction field of the atomic core. This entails that the kinetic
electron energy largely exceeds its initial energy at the point of
the closest approach that mostly contributes to radiation.
This fact underlies the classical theory of inelastic processes
(so-calledKramers electrodynamics) elaboratedbyV IKogan
and colleagues [67].
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Within the framework of the Kramers electrodynamics,
the main contribution to radiation at the frequency o comes
from segments of the trajectory where the instantaneous
rotation frequency orot of the incident electron is close to o,
viz.

o � orot�r� �
�������������������������
v2i � 2jU�r�j

q
r

: �5:9�

Here we used the relationship between the angular velocity of
the IP rotation at a given point of space with the atomic
potential U�r� and the initial velocity vi of the particle.
Equality (5.9) determines the characteristic radius reff�o; vi�
responsible for emission at a given frequency.

This fact allows us to derive a simple formula for the
spectral energy losses through the static channel within the
framework of the so-called rotational approximation deter-
mined by condition (5.9) (see Refs [66, 67]):�
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where Zeff�r� � r2
��dU�r�= dr�� is the effective charge of the

atomic core, determined by the depth of penetration of the
electron into the atomic core.

The same rotational approximation can be used for
evaluating spectral energy losses through the polarization
channel by introducing the effective polarization charge
determining PBR according to the formula

Npol�r;o� � o2

���� �r
0

a�r 0;o� 4pr 0 2 dr 0
���� : �5:11�

Here a�r;o� is the space density of the target's dynamic
polarizability.

Then the PBR intensity, in full analogy with the static BR
intensity, is written down as�
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From comparison of Eqns (5.10) and (5.12) one can easily
express the ratio of the R-intensities of radiation in the
polarization and static channels in the form of a universal
ratio of the effective polarization charge and the effective
charge of the atomic core:

R�o; vi� �
�
Npol�r;o�
Zeff�r�

�2
r� reff�o;vi�

: �5:13�

It is easy to see that within the statistical model framework
the R-factor is a functional of the atomic density. A
comparison of this formula with the classical estimate (1.7)
obtained in the dipole approximation indicates that a detailed
account of the electron penetration into the ion core, which is
due to the nondipole character of the interaction, results in a
more accurate definition of the effective charges.

The classical rotational approximation has a fairly high
accuracy, as follows from the comparison of classical and
quantum calculations in Fig. 9. It is evident that the classical
channel is described very precisely. As for the polarization
channel, its description is also fairly accurate on the average,
with the exception of the frequency range corresponding to
the ionization of the atomic subshells.

Thus, both classical and quantum analyses of the role of
polarization effects in BR of thermal electrons, based on the
statistical model, indicate the significance of the polarization
effects and the necessity of taking them into account in the
main plasma emission processes (such as, for example,
radiative energy losses). Moreover, they indicate the high
reliability of classical models.

6. The linkage between polarization
and transition radiations and between the
polarization radiation and Compton scattering.
Polarization radiation of relativistic particles
in solids

6.1 Polarization bremsstrahlung and transition radiation
The general theory of transition radiation is presented in the
well-known monograph by V LGinzburg and VN Tsytovich
[68]. In application to plasmas, the transition BR of
transverse electromagnetic waves by fast electrons was first

3.0

R

2.5

2.0

1.5

1.0

0.5

0 1 2 3 4
o, a.u.

2

1

a

100

x, %

50

0

ÿ50

ÿ100
o, a.u.

0 2 4 6 8

2

1

b

Figure 8. Results of quantum (by the IP motion) calculations for the

spectral R-factor (a) and the percentage contribution x of the interchannel
interference to BR intensity (b), carried out within the framework of a

statistical model for electron scattering by the K II ion and two values of
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studied in papers [69, 70] using the methods of classical
electrodynamics, practically simultaneously with the begin-
ning of systematic investigations into the polarization
channel in BR on atoms [23, 48, 49, 51]. Note that the
transition BR of longitudinal waves in plasma was consid-
ered in earlier paper [71], in which general equations for
interaction of plasma particles with photons and with each
other were derived. At the initial stage, studies of the
transition BR in plasmas and PBR on an atom were
conducted independently, so that the relation between them
was quite unclear. Only after 10 years, in a PhD thesis [72],
was transition BR shown to be exactly PBR on the Debye
sphere around an ion in plasma and the transition BR cross
section was derived quantum mechanically using the formal-
ism of the dynamic form factor of plasma components.
Transition BR of thermal electrons was calculated in a recent
paper [73] using the methods of Kramers electrodynamics
[67].

Transition BR may be interpreted as scattering of the
proper field of the colliding charged particles by fluctuations
of the plasma dielectric constant. In contrast to transition
radiation, the change in the permittivity of the medium in the
case of transition BR is not due to the presence of the interface
but due to the Debye screening of charges in plasma, which
gives rise to electron density fluctuations (the Debye `coat-
ing') appearing around plasma particles. Thus, ions in plasma
can be thought of as being specific atoms, in which the Debye
coating plays the role of the outer electron shell. Correspond-
ingly, one can draw an analogy between PBR on the atomic
electron core and the transition BR on the Debye coating of
the plasma ion. The essential difference between them is that
the Debye coating is formed by free electrons, so that its
polarizability, naturally, differs from the atomic one. How-
ever, one can show that the high-frequency limit (for o4 I, I
is the atomic ionization potential) of the generalized atomic
polarizability ahf�o; q� coincides with that of the Debye
coating, aD�o; q�, which is connected with the effective
emitting charge by the relationship nD�o; q� � o2jaD�o; q�j.

Thus, at high frequencies there is a unique correspondence
between transition BR on the Debye sphere in plasma and the
`elastic' PBR on an atom, like between the Compton BR [70]
in plasma and the `inelastic' PBR on an atom, if we make the
substitutions rD ! Ra, Zi ! Ne. This clearly demonstrates
the unified physical nature of these phenomena.

6.2 Noncoherent polarization bremsstrahlung.
Relation to Compton scattering
At frequencies o > vi=R0, the minimal momentum trans-
ferred from the incident particle (IP) becomes larger than
the characteristic momentum of bound electrons and the
polarization BR is mainly accompanied by ionization of an
atom [74]. The exceptions are the region of small emission
angles #4

�������������������
vi=�oR0�

p
and the case of relativistic IPs in the

frequency range vi=R0 < o < g2vi=R0, when the compensa-
tion of the momentum transferred to the target and the
photon momentum becomes significant [61]. However, in
the latter case the spectral cross section of the process
without excitation (ionization) of the target, summed over
all emission angles, is suppressed by the factor

�
vi=�oR0�

�2
[74].

Thus, for sufficiently high frequencies o > vi=R0 polar-
ization BR is accompanied by the knocking-out of the atomic
electron that carries away the energy ±momentum excess. In
this case, during any elementary emission event IP interacts
with each of the atomic electrons independently, and the
process becomes noncoherent. The cross section of the
noncoherent PBR is proportional to the first power of the
number of the target's electrons, in contrast to the coherent
PBR cross section which is proportional to the square of the
number of atomic electrons.

The description of the polarization mechanism of BR in
the high-frequency range o > vi=R0 is simplified because for
the dynamic polarizability of the atom one can use the plasma
formula accounting for the nondipole character of the IP
interaction with the target's electron core:

a�o; q� � ÿ n�q�
o2

; �6:1�

where n�q� is the spatial Fourier transform of the target's
electron density. Then the PBR cross section proves to be
proportional to the dynamic atomic form factor [74] which in
the frequency range considered is broken up into the sum of
dynamic form factors of electron subshells:

S�q0; q� �
X
n; l

Snl�q0; q� ; �6:2�

where q � fq0; qg is the four-dimensional momentum trans-
ferred to the target. Formula (6.2) is the mathematical
expression for the noncoherent character of PBR with regard
to the contributions from different electron subshells of the
target atom.

Using the physical analogy between noncoherent PBR
and X-ray Compton scattering, the cross section of the
process can be expressed in terms of the Compton profile of
an atom [75], which takes into account the coupling of atomic
electrons with the nucleus. The Compton atomic profile is the
sum of the Compton profiles of electron subshells, deter-
mined by the expression

Jnl�Q� � 1

2

�1
Q

��Rnl�p�
��2p dp ; �6:3�
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Figure 9. Spectral intensity of bremsstrahlung of an electron with energy

5 keV on the krypton atom for different channels: 1 Ð polarization

channel (classical model); 2Ðpolarization channel with due regard for the

interference (calculation in the random phase exchange approximation

[18]); 3Ð the static channel contribution (classical model); 4Ð the static
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where Rnl�p� is the spatial Fourier transform of the radial
wave function of the nl-state. It should be remarked that
functions (6.3) were computed for all elements from the
Periodic Table [75].

The spectral cross section of noncoherent PBR in the
momentum approximation can be expressed through the
target's Compton profile as follows [76]:

dsncohpol �o� �
8

3p

Z 2
p

c3vi

do
o

�
J

�
q2=2ÿ q0

jqj
�

dq

jqj ; �6:4�

where Zp is the incident particle charge.
In Fig. 10 we display the intensity of proton ± krypton

atom noncoherent PBR calculated using Eqn (6.4) as a
function of the IP velocity for three values of the bremsstrah-
lung photon energy. This figure, in particular, indicates that
the velocity dependences of the intensity have maxima that
shift toward higher velocities on increasing the bremsstrah-
lung photon energy. The corresponding formula relating the
bremsstrahlung photon frequency to the optimal proton
velocity vopt takes the form (in atomic units)

vopt � 1:89
����
o
p

: �6:5�
It is essential that relation (6.5) does not depend on the atomic
nuclear charge, in contrast to the similar formula for coherent
PBR, when there is a linear relationship between the optimal
velocity and the emission frequency [77] through the radius of
the atomic subshell that mostly contributes to the process.

In paper [76], a comparison of the cross sections for
coherent and noncoherent PBR of proton on an atom was
made. The prevalence of the noncoherent process over the
coherent onewas shown to be possible for sufficiently large IP
velocities. In this case, the `cut-off frequency'oc � mv2i =2 (m is
the reduced mass of the electron and the incident particle) of
the noncoherent PBR shifts toward the high-frequency region
where the contribution from most atomic electrons to the
coherent PBR is already small. Note that the correct account
of the noncoherent PBR is important for the interpretation of
experimental data on radiation of heavy particles scattered
from atomic and macroscopic targets.

6.3 Interference-polarization effects during radiation
of relativistic particles in a medium
It is well known that during the ordinary (static) BR of
relativistic particles in a medium interference effects arise
(see, for example, Ref. [78]) due to the quadratic increase of
the radiation formation length L � g2l (g is the relativistic
factor, l is the wavelength) with energy. When the radiation
formation length exceeds the mean interparticle distance,
processes of scattering of both the electron itself (the
Landau ±Pomeranchuk effect) and the photon (the density
effect) from the particles of the medium start affecting the
probability of the elementary emission event. In addition,
collective effects are possible in crystals due to the emitting
particle entering the channeling regime and transferring the
momentum excess to the lattice as a whole (coherent BR).
There are also some interference effects related to the sample's
boundaries.

In the case of the polarization channel, emission of a
photon results from scattering of the IP proper field by
nonrelativistic bound electrons into a real photon. There-
fore, the medium has, as a rule, a smaller effect on the
polarization mechanism of relativistic particles. This fact is
clearly demonstrated by the example of BR in plasma. Then
the static channel turns out to be suppressed in the low-
frequency range o < gope (ope is the electron plasma
frequency) because of the decrease in the formation length
of the process due to the phase velocity of light increasing in
plasma Ð the Ter-Mikaelyan density effect [78]. At the same
time, the increase of the phase velocity of electromagnetic
radiation has virtually no effect on the polarization BR cross
section, which in partially ionized plasma can occur either on
the Debye sphere (transition BR) [69, 70] or on the bound
electrons of ions [79]. The effect of themedium is reduced here
to screening the IP proper field, which changes the subloga-
rithmic factor in the cross section. As a result, the logarithmic
increase of the polarization BR cross section with the IP
energy, which would take place for the process on an isolated
atom [see Eqn (5.5)], stops at frequencies o < gope. There-
fore, the medium's impact on the polarization channel of BR
of relativistic particles in plasma proves to be much weaker
than for ordinary BR.

The situation, however, changes for polarization BR of
relativistic particles in amorphous condensed matter. Then,
as was first shown by Nasonov and Safronov [80], a strong
suppression of the polarization channel takes place due to the
destructive interference in contributions from chaotically
located atoms to the cross section of the process. By its
nature, this effect is similar to the well-known effect of the
X-ray scattering cross section decrease in a condensed
medium over the low-frequency range [81]. Indeed, as we
have already discussed, the polarization BR can be inter-
preted (in the spirit of the equivalent Fermi photons) as being
the IP proper field scattering by the target's electrons into a
real photon, so that the characteristic features of this
scattering will also be reflected in the PBR differential cross
section (the effect of the medium). After averaging over
contributions from different atoms, the following additional
factor appears in the cross section [80]:

M�q1� � 1ÿ s
3j1�x�
x

; s � 4pn0R3
0

3
; x � jq1jR0 ;

�6:6�
where j1�x� is the spherical Bessel function, q1 is the
momentum transferred to the medium, n0 is the medium
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Figure 10. Noncoherent PBR of a proton on a krypton atom as a

function of the proton velocity for three values of the bremsstrahlung
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atomic number density, and R0 is the mean atomic size.
Equation (6.6) implies that the destructive interference
considered is essential only for a sufficiently dense medium,
when the parameter s is of order unity. Besides, the inequality
x < 1 should be satisfied, which imposes a certain restriction
on the bremsstrahlung photon frequency. An analysis
conducted in Ref. [80] showed that the maximum frequency
oh, which restricts from above the appearance of the density
effect in PBR, also depends on the ratio of the screening
radius (the Thomas ±Fermi radius in the statistical model) to
the atomic size: for zero emission angle, the maximum
frequency oh increases on decreasing this ratio, and in the
opposite case oh ! c=R0.

In a periodic medium, in addition to binary collisions, the
IP momentum excess can also be transferred to the crystal
lattice as a whole (coherent PBR) during a photon emission.
Here the role of this process for the polarization channel
proves to be even more significant than for the ordinary
(static) channel [82]. The point is that coherent BR is
produced for sufficiently small transferred momenta, less
than the inverse thermal fluctuation ut of the atomic
locations: jq1j < uÿ1t [78]. The polarization mechanism is
also significant for small q1: jq1j < Rÿ10 . Since ut 5R0, the
necessary condition for polarization coherent BR is exces-
sively fulfilled. One can say that at frequencies o < c=ut the
polarization BR extends mainly on transferring the momen-
tum to the lattice as a whole, and only for sufficiently high
frequencies o > c=ut the noncoherent PBR dominates. The
same effect occurs if PBR extends in polycrystals [82].

7. Polarization recombination

7.1 Classical theory of electron polarization recombination
on a Thomas ± Fermi ion
Polarization recombination is a new channel for recombina-
tion of free electrons on complex ions [2]. It is a natural
extension of polarization free ± free transitions to the case of
negative energies of an electron in the final state. Within the
framework of the classical approximation, such an exten-
sion is produced by the direct substitution of negative
energies to general formulas for the polarization radiation
intensity.

The above-considered general approaches describing PR
suggest that polarization recombination is a generalization of
the well-known dielectronic recombination to the non-
resonance case, when the energy of the initial electron is
sufficiently far away from that of a doubly excited (auto-
ionizing) atomic level. It is natural to expect that the
contribution of the polarization recombination to the total
rate of an electron ± ion recombination can be appreciable
only for selected energies of the initial electron. Just such a
situation is characteristic of relative energies of an electron in
storage rings. Because of this, at least some of the discrepan-
cies in the total recombination rates observed in experiments
[83] for ions with sufficiently complex electronic cores can be
attributed to polarization recombination (see below for
details).

In order to calculate the polarization recombination cross
sectionwe rely on general results (1.6) for the ratioR�o� of the
spectral intensities (or the corresponding effective cross
sections ds=do) of the polarization and ordinary emissions
and the available plasma statistical model of atom (ion) [84],
in which the dynamic polarizability is expressed in a form

similar to Eqn (2.9):

a�o� � �X rTF�3b
�
o
Z

�
; �7:1�

where X is the dimensionless ionic radius determined by the
degree of ionization Q � Zi=Z.

With regard to Eqn (7.1) we write the ratio R�o� in the
form

R�o� � �0:885X�6n4��b�n���2� Z

Zeff

�2

; �7:2�

where n � o=Z a.u. Thus, to determine R�o�, we should
know Zeff�o�, X, and n.

Let us apply the general postulates of the theory of
polarization radiation to a special case of polarization
recombination, where an electron with an initial energy E is
captured by the ion to a discrete level n with energy En due to
polarization emission of the ion core. Then the ratio R�o� of
the polarization (PRC) and standard (radiative, RRC)
channels is determined by the general relationship (7.2)

The values of Zeff�o� and n depend on the initial electron
energy E, the energy En of a captured electron, and the
reduced frequency n � o=Z � �E� jEnj�=Z. From the defini-
tion of n it is clear that the recombination process is possible
for values n in the range between nmax and nmin:

nmax � E� jIij
Z

; nmin � E

Z
; �7:3�

where Ii is the ion ionization potential.
The ratio has a simple analytical form in two limiting

cases: o! 0 (in the static limit), and o!1 (in the high-
frequency limit).

Assuming jb�n�j2 � 1, when n! 0 it is easy to infer from
Eqn (7.2) that

R�o� � �0:885X�6n4
�

Z

Zi

�2

; �7:4�

where we put Zeff � Zi for o! 0.
In the opposite case o!1, the dynamic polarizability

a�o� is determined by polarization of free electrons in the
core:

ÿo2a�o� ! N � Z�1ÿQ� ; �7:5�

where N is the number of bound electrons (N � Zÿ Zi).
Thus, at these electron energies we have

R�o� �
�

2N

Z� Zi

�2
� 4

�
1ÿQ

1�Q

�2
; �7:6�

where we put Zeff � �Z� Zi�=2, which is a good approxima-
tion according to calculations done in Ref. [85] over a wide
range of electron energies.

Let us find the boundary value n�X from the condition of
identity a�o� in the limiting cases o! 0 and o!1.
Assuming a�0� � �X rTF�3 for o! 0 and ja�o�j � N=o2

� Z�1ÿQ�=o2 for o!1, we get n�X in the form

n�X �
������������
1ÿQ
p

�0:885X�3=2
�

����������������������
1:5�1ÿQ�p
X3=2

: �7:7�
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Estimation of the ratio R�o� (7.4) for the uranium ion
U+28 in the intermediate frequency range yields a numerical
factor of order 3 ± 4. Actually the atomic polarizability used in
the model posed by Vinogradov and Tolstikhin [84] was
overestimated, so that the spectral contribution from the
polarization recombination is approximately 1.5 times larger
than that from the ordinary radiative recombination. In this
sense the situation is similar to polarization bremsstrahlung.
Possibly, it is this strengthening of the recombination channel
that is partially responsible for the anomalously high
recombination rate for this ion, detected in the storage rings
[83].

The total recombination rate is calculated by integrating
the corresponding differential recombination cross section
with respect to frequency from nmin to nmax.

Nowwe calculate the ratioRtot of the total recombination
rates obtained in the polarization and ordinary channels. For
simplicity, to compute the total rate of ordinary radiative
recombination we use the Kramers approximation

ds
do
� 16pZ 2g�o�

3
���
3
p

oc3v2
�7:8�

[below we shall put the Gaunt factor equal to unity:
g�o� � 1].

In order to obtain the ratio of the total recombination
rates, both nominator and denominator of Eqn (7.2) should
be multiplied by the radiation spectral distribution and
integrated with respect to frequency between the limits nmin

and nmax. Within the Kramers approximation, this procedure
yields the ratio of the total recombination rates in the form

R tot � Z 2�0:885X�6
� nmax

nmin
n3jb�n�j2 dn� nmax

nmin
�Z 2

eff�n�=n� dn
: �7:9�

Thus, Eqns (7.3) ± (7.9) suggest that Rtot is determined by
two factors:

1) the degree of ionization Q of the ion;
2) the quantities nmax and nmin which depend on the

relation between the frequency of the emitted photon
(through the ion's ionization potential and the particle
energy) and that responsible for the polarizability of the
core (o=Z � 1ÿ2 eV).

We present the results of calculating Rtot in the case of
slow electrons radiating on uranium ions (Z � 92) in the
following conditions:

(1) Q � 0:3 (Zi � 30), X � 5;
(2) Q � 0:1 (Zi � 9), X � 10.
In the first case we get Rtot�0:3; 92� � 1, while in the

second case Rtot�0:1; 92� � 10.
The treatment presented above indicates the significance

of the contribution from polarization recombination to the
total recombination rate of free electrons on complex ions.
This contribution is most appreciable for heavy ions (Z4 1),
low degrees of ionization (Q � Zi=Z5 1) as well as low
(E5 Ii) and intermediate �E � Ii� electron energies. Direct
means of measuring the polarization recombination are
required, for which the most reliable seem to be setups like
storage rings.

An interesting new object in which polarization effects
appear in recombination is the radiative capture of an
electron in collisions with metal clusters [86]. The ratio of
the polarization and static channels is determined by the
integral of the generalized polarizability over the momentum

transferred:

R �
���� 23p

�1
0

q2a�o; q� dq
����2 ; �7:10�

and can be estimated to an order of magnitude as the ratio of
dynamic polarizability to the cube of the atomic radius of the
captured electron's orbit. The cluster polarizability sharply
increases near the giant resonance in a certain frequency
range. Here the polarization channel can contribute 2 ± 3
orders of magnitude more than the static one [86].

7.2 Quantum calculations and comparison of different
contributions to the total recombination cross section
It is not obligatory to break up recombination contributions
into different channels. Indeed, in the light of M Born's
concept discussed in the Introduction, one can consider an
interacting `recombining electron + ion' pair as a single
compound system emitting a photon and making a transition
to a final state with a captured electron. Here it is absolutely
unimportant which particle, an incident electron or an
electron of the ion core, emits the photon. In this treatment,
processes of radiative recombination, polarization recombi-
nation, and dielectronic recombination are indistinguishable.
The main difficulties encountered in such an approach are
related to the correct computation of the total wave function
of the system of interacting particles, which should be used to
calculate the interaction of this system with radiation.
Clearly, with a sufficiently complex structure of the core
such computations are a very laborious numerical proce-
dure. In that case it is naive to expect obtaining simple
universal relationships, as was the case for the statistical
model of an atom. Moreover, it is not obvious in advance
whether a sufficiently large and representative set of electron
configurations has been chosen for calculations. Neverthe-
less, highly accurate computations of recombination rates for
weakly ionized iron ions have been done in the framework of
the so-called `iron project'.

In Fig. 11, we present the results of calculating the electron
recombination rate on the Fe III ion from paper [87], made
within the framework of the general scheme discussed above.
The earlier results for dielectronic recombination are also
depicted. It is seen that the data [87] show a significant
discrepancy from the data obtained earlier [88], which is due
to the above-noted incompleteness of choosing the system of
wave functions. Furthermore, the plot displays calculations
for dielectronic and radiative recombination. The former
dominates at high temperatures (when the exponential
factors entering into the appropriate probability are not
significant), while the latter prevails at low temperatures. It
is seen, however, that the total recombination rate does not
correspond to their simple sum, especially at intermediate
temperatures, where the dielectronic recombination already
strongly falls off, while the contribution of radiative recombi-
nation is not too large. This picture is very similar to the
calculated results concerning polarization bremsstrahlung of
potassium ions, shown in Fig. 12 [62]. Here, as in the case of
iron ions, the contribution of polarization recombination is
notable precisely in the intermediate temperature range
discussed above. Of course, such an interpretation seems to
be quite conventional within the general calculation scheme.
Nevertheless, it provides a qualitative understanding of the
behavior of the total recombination cross section for complex
ions.
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8. Multiphoton and interference effects
in polarization bremsstrahlung

8.1. Multiphoton polarization bremsstrahlung emission
and absorption
Multiphoton processes, as a rule, have an appreciable
probability in a sufficiently intensive external field. This
problem became especially actual in connection with the
laser technique development, which can generate very power-
ful electromagnetic pulses with an electric field strength of the
order of or exceeding the atomic one.

Multiphoton BR produced by scattering of fast electrons
from a Coulomb center (without polarization channel) was
first calculated by Bunkin and Fedorov [91]. In the Born
approximation for the incident electron, the following
familiar expression for the cross section of the n-photon
process was obtained:

ds st;Born
n �O� � Jn�aq� dsCoul�O� ; �8:1�

here Jn is the n-order Bessel function; a � E0=o2 is the
amplitude of the electron oscillations in the laser field with
frequencyo and strength E0; q is the alteration of the electron
momentum in the inelastic scattering into the solid angle O,
and dsCoul�O� is the Coulomb scattering cross section. In the
opposite case of a quasi-classical electron motion, an
expression with the similar structure was derived in paper
[92], in which q is substituted by the product o vo, where vo is
the Fourier component of the classical IP trajectory in the
Coulomb center's field.

The multiphoton bremsstrahlung effect of scattering fast
electrons from atoms in a strong electromagnetic field with
regard to the polarization channel was first considered in
paper [51] in the first Born approximation. The correspond-
ing differential cross section for an s-photon process has the
form (in atomic units)

ds s�p; p0� � 4

q4
p0

p

����Js�r��Zÿ F�q��
ÿ 1

2
ro2a�o��Jsÿ1�r� ÿ Js�1�r�

�����2 dOp 0 : �8:2�

Here, r � qE0=o
2, and F�q� is the atomic form factor. The

first term under the modulus sign describes the contribution
from the static channel; it coincides with expression (8.1). The
second term is the contribution to the process due to the
target's polarization, i.e. from the polarization channel.

For jsj5 2, formula (8.2) becomes, generally speaking,
inaccurate, since it does not take into account higher-order
(above the first one) interactions of atomic electrons with the
external electromagnetic field [51]. Result (8.2) describes
emission (absorption) by the polarization channel of only
one photon, other photons being `supplied' by the static
channel. So, strictly speaking, the second term under the
modulus sign in formula (8.2) for jsj5 2 has an interference
character, i.e. describes the interchannel interference.

Higher orders of atomic interactions with an external
electromagnetic field lead to the appearance of a cross section
dependence on the nonlinear atomic polarizability. The
differential cross section of the induced bremsstrahlung
effect with due account for the target's polarization can be
obtained in the form [93]

ds�s�

dOp 0
� 4p0

pq4

���� X
n�m�s

�ÿ Zdn0 � Fn�q�
�
Jm�r�

����2 : �8:3�

Here, Z is the nuclear charge, and Fn�q� �
�
nn�r� exp�iqr� dr

is the form factor of oscillation harmonics of the atomic
electron density, which can be expressed through the n-order
atomic polarizability. Equation (8.3) describes emission of n-
photons by the polarization channel, and m-photons by the
static one, including all cross terms. However, due to the
different character of the dependence on the momentum
transferred (in this case, BR on a neutral atom), the static
and polarization amplitudes weakly interfere, so after
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integrating over the IP scattering angles, the cross section of
the process is split into the sum of two terms: one of them is
static, the other is `purely' polarizational. The static term is
given by formula (8.1), and the polarization one is determined
by the expression [93]

s s
PB �

4pP2
s sin

2 g
p2

ln

�
pa

jpÿ p0j
�
; Ps � ŵ s Es

0 : �8:4�

Here, the nonlinear susceptibility tensor ŵ s was introduced,
and g is the angle between the initial momentum of the
electron and the field vector.

Equations (8.3), (8.4) were used in paper [93] for calculat-
ing the spectral cross section of the two-photon bremsstrah-
lung effect of scattering an electron with an energy of 100 eV
from the xenon atom near the resonance transition
5p6 1S0 ± 6p (the resonance wavelength l0�126 nm). In this
case only one photon is emitted by the polarization channel,
because the even-order susceptibility for a free atom is zero.
Comparison of the derived spectral dependence with the cross
section accounting for only the static channel implies that
polarization effects, primarily contributing near the reso-
nance frequency, are quite significant at large frequency
detunings (of order 10%), too.

Equation (8.3) correctly takes into consideration the
polarization effects in multiphoton BR if the interaction of
the external electromagnetic field with the target atom is
weak. Then the description of the process by perturbation
theory is allowed, which leads to the possibility of the cross
section of the process to be expressed through the nonlinear
susceptibility of the atom. For strong interaction of the atom
with radiation, for example, for near-resonance BR, using
formula (8.3) could be insufficient.

The multiphoton bremsstrahlung effect in a strong near-
resonance laser field with due account of polarization effects
of the target's core outside the validity range of equation (8.3)
was studied in work [94] using the method of a specified
quantum/classical current [95]. A universal description of
multiphoton induced bremsstrahlung was obtained by
accounting for both static and polarization channels. An
essential limitation of the treatment elaborated in paper [94]
is the dipole approximation for the interaction between IP
and the target's electron core. Notice that the accuracy of this
approximation increases with increasing the target's degree of
ionization.

In order to describe induced polarization BR, themethods
of equivalent Fermi photons and Kramers electrodynamics
[66, 67] were generalized to multiphoton processes [94].

The probability of the s-photon process for both channels
of radiation at a given electron scattering takes the form [94]

WS�s� � J 2
s

�
rj1ÿ dj	 ; �8:5�

where, as before, r � qE0=o
2, and the function

d � o2a�o;E0�
Zi

�8:6�

is the ratio of the polarization and static channel amplitudes.
In the near-resonance case we have

d �
�
o2

Zi

�
d 2 sgn�oÿ o0�

OR
: �8:7�

Here, OR �
����������������������������������������
�dE0�2 � �oÿ o0�2

q
is the generalized Rabi

frequency; o0, d are the proper frequency and the dipole
moment of the near-resonance transition, andZi is the charge
of the target ion.

Figure 13 shows calculations [94] of differential cross
sections for bremsstrahlung absorption as a function of the
strength of a linearly polarized laser field in the electron
scattering from the N4+ ion for the single-photon (curve 1)
and two-photon (curve 2) processes. In the same figure, the
curves indicating contributions from only the static channel
for single-photon (curve 3) and two-photon (curve 4)
processes are also presented.

A generalization of calculations of the multiphoton BR
with due regard to the polarization channel to the case of
relativistic laser field intensities was given in paper [96].

8.2 Polarization ± interference effects in collisions of
electrons with atoms or ions in a near-resonance laser field
Below we consider polarization effects that appear in the
inelastic electron scattering by an atom or ion with the core
exposed to a near-resonance electromagnetic field. The
detuning D of the external field frequency o from the
eigenfrequency o0 of the target's electron core �D � oÿ o0�
is assumed, on the one hand, to be sufficiently small, so that
the contribution from other processes can be disregarded. On
the other hand, the modulus of the detuning must be
sufficiently large (jDj4 g, where g is the transition linewidth)
in order that the actual excitation of the upper electronic state
and the related radiative decay can be neglected. As a result,
the relative contribution of the cross section with a real
excitation of the level proves to be �g=D�2, i.e. negligibly
small for large detunings. Note that this conclusion agrees
with an analysis of the atomic excitation in the line wing by
light pulses of short duration [97]. As was shown in paper [97],
the `noncoherent' part of the excited state population,
remaining after the external field is turned off, is inversely
proportional to the fourth power of the frequency detuning,
while the `coherent' component, which traces the instanta-
neous value of the radiation intensity and which PR is due to,
is inversely proportional to the second power of D.
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Figure 13.Cross section of the single-photon (curves 1, 3) and two-photon

(curves 2, 4) bremsstrahlung absorption in the electron scattering from the

N4+ ion as a function of the laser field strength Elas, calculated in Ref. [94]

with due account of the polarization channel (curves 1, 2) and in the static
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As the static and polarization channel contributions are
summed up in the BR amplitude, an interchannel interference
should emerge in the total BR. However, in the cross section
of PBR resulting from scattering of fast electrons by neutral
atoms, integrated over the incident particle's scattering angle,
the role of the interference is small. Indeed, in this case a
spatial separation of the formation regions for static and
polarization channels takes place. The static channel forms at
small distances between the incident particle and the target's
nucleus: r < R0, where the atomic electric field is strong and
electron acceleration is large. The polarization channel, in
contrast, is essential at large distances r > R0, since at small r
the polarization potential is low [see, for example, Eqn (3.16)].

The contribution of the polarization and static channels to
the absorption of laser radiation in the course of optical gas
breakdown with account of the polarization mechanism and
multiphoton effects was considered in Refs [98, 99]. The
energy gain of the electron scattering from atoms in
resonance with the external field was described using the
quantum kinetic equation in the conditions when the classical
approach was inapplicable. Different regimes of laser field
switching on were analyzed. The following expression was
obtained for the probability ratio of the polarization and
static channels based on the inelastic electron scattering cross
section by an atom �sin� and transport cross section �str�:

x � 1

8

sin
str

�
o
D

�2 o
hei f12 ; �8:8�

here, f12 is the oscillator strength of the resonant transition;
hei is the mean electron energy, and D � oÿ o0 is the
frequency detuning. For the parameters used in Ref. [99],
ratio (8.8) is x � 103ÿ107. The estimatemade in paper [99] for
the threshold intensity of the caesium vapor breakdown for a
relatively large detuning (D � 0:328 eV) corresponding to the
ruby laser energy and the minimal proper frequency of the
transition in the caesium atom gives I th

break � 0:94�
109 W cmÿ2, which is in good agreement with experimental
finding I expt

break � 109 W cmÿ2 [100]. Notice that here the
probability ratio of the polarization and static channels is
equal to x � 85, so that themain contribution to the process is
given exactly by the polarization mechanism for optical
breakdown.

The interference between the polarization and static
mechanisms for the bremsstrahlung absorption disappears
after averaging over the electron scattering angles [98, 99].
Nevertheless, even in the case of the electron ± neutral target
PBR, interchannel interference effects can show up in the
differential (in the scattering angle) cross section for the IP
scattering.

The possible manifestation of the interchannel interfer-
ence in PBR was first noted in paper [101] in which the
dependence of the inverse bremsstrahlung effect on the angle
of electron scattering by the hydrogen atom within the
framework of the first Born approximation was calculated.
The electromagnetic field frequencywaso � 0:3 a.u., and the
initial electron momentum was pi � 3 a.u.; in addition, the
initial velocity vector was assumed to be perpendicular to the
electric field vector. The cross section of the process was
found to vanish for an electron scattering angle equal to
0.33 rad. This cross section vanishing is due to destructive
interference between the static and polarization channels,
whose amplitudes at the given frequency and electron
scattering angle have opposite signs and are close to each

other. On increasing the electron scattering angle, the static
channel becomes dominant, and at small angles Ð the
polarization one.With the external field frequency approach-
ing one of the target's eigenfrequencies, the scattering angle at
which the cross section of the process vanishes increases
because the polarization term amplitude grows.

The target's polarization effect is also essential for two-
photon free ± free transitions accompanying the electron
scattering from the hydrogen atom in a laser field [102].
Within the framework of the first Born approximation,
spectral-angular relations of the process were obtained for
different external field vector polarizations with respect to the
initial IP momentum and various collision energies. The
calculation revealed an interference dip in the dependence of
the cross section on the IP energy, which is due to the
destructive interference between the static and polarization
channels. Similar interference dips were discovered in angular
dependences of the two-photon absorption cross section at a
fixed IP energy. Inside the interference dips, the cross section
vanishes for low energies of the external field photons
(o < 6:8 eV), when the channel amplitudes are real values
[102]. If the photon frequency is such that an imaginary
addition to the target's polarizability appears, the zero dip
transforms into a shallow minimum.

The role of the interchannel interference effects in the
integral (in the IP scattering angle) cross section for the
bremsstrahlung emission/absorption must increase with the
degree of inelasticity of the process, i.e. when the energy of an
emitted/absorbed photon becomes of the order of (or exceeds,
in the case of the bremsstrahlung absorption) the initial IP
energy. In this case, as follows from the law of conservation of
energy ±momentum, the spatial formation regions of the
static and polarization channels start overlapping more
strongly. However, for interference effects to show up the
channel amplitudes must be comparable, too. This occurs, for
example, for BR of slow electrons on ions with the electron
core in the conditions under which the Kramers electrody-
namics are applicable [67] and when the radiative process is
spatially localized. If the effective radiation radius therewith
exceeds the size of the target's electron core, when the dipole
approximation to the IP interaction with the electron core is
valid, interchannel interference can also appear in the integral
(in the electron scattering angle) cross section for the
bremsstrahlung emission/absorption.

Interference signatures in the spectral cross section of the
bremsstrahlung effect are most prominent in the near-
resonance region, which is evident from formula (8.5) for
the probability of the process considered at the given electron
scattering angle. For example, if the channel amplitude
moduli are of comparable value in the low-frequency wing
(d � 1), when the target's polarizability is positive, the
probability of the total bremsstrahlung emission/absorption
vanishes because of the destructive interchannel interference.
Remarkably, as the external field frequency crosses the
resonance, the interchannel interference changes character,
which is described by the factor sgn�oÿ o0� in expression
(8.7). For o > o0, the interchannel interference becomes
constructive and the total probability of the process exceeds
its static value. Moreover, interference effects in the near-
resonance case significantly depend on the electric field
strength, as indicated by Eqn (8.7) and follows from the
definition of the generalized Rabi frequency. On increasing
the strength E0, the polarization amplitude decreases and,
correspondingly, the interference dip frequency in the spectral
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cross section of the process approaches the transition
eigenfrequency. This phenomenon is similar to the satura-
tion effect in the radiation absorption by a two-level system.

The role of core penetration effects in the near-resonance
BR was analyzed for electron scattering from multiply
charged ions with a core [103]. The IP penetration into the
electronic core of the target was found to variously affect
different Cartesian components (in the focal coordinate
system) of the vector of radiating dipole moment induced in
the ion core. This influence is strong for the x-component of
the dipole moment, and is much weaker for the y-component.
This fact leads to a significant dependence of polarization ±
interference features of the bremsstrahlung effect on the angle
a between the initial IP velocity and the electric field vector in
electromagnetic radiation. For a � 0, the penetration of an
electron into the target's core strongly diminishes the
interchannel interference in the integral cross section; but if
a � p=2, this suppression is not so strong. This is illustrated
by Fig. 14, which shows the ratio of the total cross section of
the near-resonance BR in the electron scattering by the N4+

ion to the static channel cross section for two values of the
angle a as a function of the frequency detuning from the
resonance. It is evident that for the parallel orientation, the
interference dip in the spectral cross section disappears, while
for the perpendicular orientation a relatively broadminimum
emerges in the line's low-frequency wing due to destructive
interference between the static and polarization channels of
the process. In the high-frequencywing, the relative difference
of the cross sections for two values of the angle a is small. In
this case the interchannel interference features a constructive
character, so for the perpendicular orientation the cross
section somewhat exceeds that for the parallel orientation.

Polarization ± interference effects in PBR are much more
prominent in the differential (in the IP scattering angle) cross
section of the process. Spectral ± angular dependences for the
near-resonance bremsstrahlung effect in a strongly inelastic
electron scattering from ions with a core were studied in paper
[104] within the quantum framework of the IP motion
treatment. These dependences, averaged over the spin state,
indicate that for the parallel orientation of the field (with

respect to the initial IP velocity), the interference dip in the
spectral cross section shifts from the low-frequency wing to
the high-frequency one with an increase in the electron
scattering angle. In particular, there exists such a scattering
angle where the interference dip is absent altogether. In the
case of the perpendicular orientation of the field vector, the
interference dip frequency is always located in the low-
frequency wing, shifting toward the line center with increas-
ing the IP scattering angle.

As a whole, polarization ± interference effects most
prominently show up in the BR cross sections differential in
the IP scattering angle, provided that the transition frequency
in an atom is in resonance with the frequency of the emitted or
absorbed photon. Such a setting is typical of laser-assisted
media.

9. Experimental aspects

Polarization effects in atomic transitions have been studied
experimentally to amuch lesser degree than theoretically. One
of the first experimental applications of the PBR theory was
bringing in agreement experimental data on laser breakdown
of the alkali metal vapors [100] with predictions of the
avalanche theory, using the inverse bremsstrahlung cross
section calculated by Zon [51] taking account of the
polarization mechanism [1].

In this section we consider experiments on polarization
BR and related phenomena for different media and energies
of incident particles.

9.1 Experiments on electron ± atom PBR
Polarization BR in the scattering of keV-electrons by isolated
atoms was first observed in paper [105], in which a supersonic
Xe-jet was used as a dense atomic target. Measurements were
carried out in the spectral range corresponding to the `giant'
resonance in the photoabsorption cross section, caused by the
4d-subshell (maximum frequency oph

max � 90 eV, line half-
width G � 24 eV). The contribution from the polarization
channel is most significant over this region [59]. The shape of
the emission spectrum turned out to be very similar to that of
the photoabsorption line. This is explained by the relation of
the imaginary part of the dynamic polarizability, which
determines the PBR cross section in this case, to the
photoabsorption cross section, in consistency with the
optical theorem. However, for xenon, as the estimates from
paper [59] suggest, the ratio of the PBR cross section to that of
static BR is less than unity (around 0.4) even at maximum. So
that in order to distinguish the contribution of the polariza-
tion channel, a special procedure was employed in Ref. [105]
based on subtracting the argon emission spectrum from the
observed spectrum, inasmuch as for the former the PBR
contribution in the spectral range under consideration is
negligibly small. Experimental conditions were chosen in
such a way that for photons outside the `giant' resonance in
the 4d-absorption, the intensities of the emission spectra of
argon and xenon coincided. It is essential that the spectral
range under study (70 ± 150 eV) does not contain the line
spectrum generated by the species considered. The energy of
the electron beam was 600 eV with a current density
0.3 A cmÿ2. The energies of the electrons were bounded
from above since ionization of the 3d-subshell of xenon
becomes possible at higher energies. Using these measure-
ments, the cross section ratio of PBR and static BR was
shown to be about 70%. The maximum of the emission
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Figure 14. Cross section for induced bremsstrahlung emission/absorption

normalized to the static values of a quasi-classical electron on the N4+ ion

as a function of the external field frequency detuning D near the proper

frequency of a near-resonance transition in the ionic core for two values of

the angle a (a � 0, curve 1; a � p=2, curve 2) between the incident particle

initial velocity vector (vi � 0:6 a.u.) and the external radiation electric

field vector (E0 � 10ÿ3 a.e.) [103].
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observed fell at a photon energy of 113 eV, which significantly
exceeds the ionization threshold of the xenon 4d-subshell and
corresponds to a shift towards higher energies in comparison
with the photoabsorption maximum by about 20 eV.

Emission spectra of oxides and fluorides of lanthanum
and thorium, caused by the bombardment of solid targets by
keV-energy electrons, were studied in papers [106, 107]. The
ratio of BR channels at a frequency near the ionization
potential of the lanthanum 4d-subshell is (according to the
estimate made in Ref. [59]) around 3.2. Thus it is lanthanum
that is of uppermost interest from the point of view of
observations of polarization effects in BR. At frequencies
above the ionization threshold of the lanthanum 4d-subshell
(110 eV< o < 140 eV), where the `giant' resonance occurs,
the photoabsorption by metallic lanthanum is very close to
the atomic one. This provided the grounds to consider the
emission spectrum to be of atomic character. The emission
studied was excited by electrons with energies from 500 eV to
4 keV with a current strength of 4 ± 6 mA. The energy
resolution of the used photodetector VEU-6 was 0.18 eV at
the photon energy of about 100 eV. The samples studied were
taken in the form of thin films of thickness around 100 A

�
,

thus allowing emission self-absorption to be avoided, which
mimicked the recorded spectrum in a sample bulk, especially
at high incident particle energies [106].

The measured emission line shape proved to be pretty
close to that of the photoabsorption line. The position of the
emission maximum was shifted by about 0.5 eV toward low
energies compared to the absorption maximum, and the
spectral width of the emission band was somewhat larger
than in photoabsorption. It was noted in paper [107] that the
central frequencies of the spectral emission maximum for
lanthanum oxides and fluorides coincide. Moreover, it was
discovered that the corresponding line half-width in LaF3

(4.1 eV) is smaller than in La2O3 (5.7 eV). Thus, the registered
spectra proved to be sensitive in some degree to the chemical
composition of the sample.

It is quite symptomatic that the shape of the emission line
was asymmetric with a slower decrease in the high-frequency
wing. This fact can be explained by the presence of
interchannel interference, which is known to have a destruc-
tive character in the low-frequency wing, and a constructive
character in the high-frequency wing [94].

As was noted in paper [59], to describe the emission
spectrum obtained in experiments [107] using the 0.5-keV
electrons, the Born approximation is, strictly speaking,
insufficient, but it was utilized for describing qualitative
patterns. The spectrum calculated in Ref. [59] using a
formula similar to Eqn (5.3) turned out to be close to that
measured inRef. [107]; here at all frequencies the contribution
from the polarization channel was larger than from the static
one.

Experimental studies on PBR produced in scattering of
the keV-energy electrons from the xenon atoms near the
ionization threshold of the 4d-subshell were continued in
papers [108, 109]. Paper [108], in addition to experimental
results, suggests a theoretical explanation for the discovered
emission spectrum maximum shift on changing the IP energy
and the bremsstrahlung photon's emission angle. Increasing
the electron energy from 0.3 to 0.9 keV resulted in the
spectrum maximum shift from 123 to 105 eV with a photon
emission angle of 97 �. Here, the line shape asymmetry
strengthened, so that the radiation intensity sharply damped
towards high frequencies. Moreover, for electron energies

0.3 keV and 0.6 keV, additional maxima in the high-frequency
wing of the emission line appeared. The explanation of the
observed shift of the maximum was based on calculating the
differential (in the photon exit angle) PBR cross section, in
which an additional termwas accounted for in addition to the
logarithmic one. A simple expression was obtained for the
frequency detuning of the emission spectrum maximum from
the photoabsorption maximum, predicting this parameter to
decrease with the IP energy, which was indeed observed in
experiments. The computed values of the detuning in the IP
high-energy limit were, however, larger than experimental
ones, which apparently can be explained by the inadequacy of
the Born approximation used.

Measurements of the differential BR spectral intensities in
relative and absolute units for different energies of electrons
scattered from the xenon atoms were carried out in paper
[109]. The dependence of the PBR intensity on the IP energy
turned out to have a maximum falling at the 0.6 ± 0.7-keV
electron energy range, which contradicts the Born approx-
imation predictions; in this case, however, its applicability is
not justified. A dependence different from Born's was also
observed for the BR intensity as a function of the IP energy in
the case of the static channel. On increasing the electron
energy from 0.3 to 0.6 keV, a linear increase in intensity was
registered, which then notably slowed down in the 0.6 ±
0.9-keV range. At the same time, as is well known [1, 110], the
Born approximation yields an inversely proportional depen-
dence of the BR spectral intensity on the IP energy for both
channels. The deviation from the Born dependence confirmed
in Ref. [109] is mainly due to effects of the IP penetration into
the target's electron core (see Section 5.3).

9.2 Relativistic experiments on accelerators
In recent years experimental studies of polarization pheno-
mena accompanying radiative processes with relativistic
electrons in condensed media have been intensively devel-
oped [111 ± 114].

Paper [111] reported on observations of polarization ±
interference features in the emission of relativistic electrons
(with energies of 15 and 25 MeV) in a silicon crystal 50 mm in
thickness. In this work the interference between the coherent
and parametric mechanisms for the X-ray emission was first
discovered. Parametric X-ray radiation is a synonym for the
coherent PBR that had been used for the description of
relativistic electron emission in periodic media before the
general concept of PBR appeared. In order to observe the
effect, a crystallographic plane (220) was used in this
experiment, which proved to be most convenient under the
given experimental conditions. This means that in the course
of coherent radiation, the momentum excess equal to the
inverse crystal lattice vector corresponding to the plane (220)
was transferred to the medium. The transferred momentum
being specified notably increases the interchannel interference
compared to the emission in an amorphous medium. In the
last case the summation over possible transferred momenta
`smears out' the interference effect. The photon emission
angle was fixed by the registration channel of the setup to be
0.31 rad. The orientation dependence of the photon flow into
a solid angle DO � 1:23 sr on the angle between the electron
beam axis and the crystallographic plane (220) was measured
in the experiment. In the case under study the coherent PBR
gives the main contribution to the electron emission. The
interchannel interference, which is constructive for some
angles and destructive for other angles, only slightly alters
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the total output photon intensity. This change was reliably
fixed by the experiment, with the interference effect being
more pronounced for smaller electron energies (15MeV). The
results of measurements were in good agreement with
calculated ones [115].

The PBR suppression effect for a relativistic electron
moving through a thin amorphous carbon foil was disco-
vered in paper [112]. A continuous 5 ± 7-MeV electron beam
was used. The current in the beam was a few nanoamperes.
Photons with energies 2 ± 30 keV were registered by a
semiconductor Si(Li) cooled detector. The observations
were made at an angle of 45� to the electron beam
propagation direction. A more rapid decrease of the PBR
intensity with frequency than predicted by the theory of the
process on isolated atoms was detected. The explanation of
the effect suggested in this paper is based on the effective
screening radius of the nucleus by the atomic electrons
increasing in a condensed medium. This leads to a dimin-
ished maximum frequency om � vi=R0 above which the
coherent PBR cross section is effectively suppressed. Indeed,
in the case under study, four out of six electrons of the silicon
atom participate in establishing chemical bonds with neigh-
boring atoms, so that the effective atomic radius Reff

0

increases. A calculation involving the effective radius
Reff

0 � 4:5R0 (R0 is the radius of an isolated silicon atom)
proved to be consistent with experimental findings. In the
case under consideration the density effect in PBR, which is
due to the destructive interference between contributions
from neighboring atoms (see Section 6.3), operates over a
much longer wavelength range, which is inaccessible for
registration by the detectors used in the experiment. In work
[112] the contribution of the noncoherent PBR (with the
target's excitation and/or ionization) was also evaluated. The
experimental data were found to approach an intensity level
corresponding to the noncoherent PBR from 5-keV photon
energies on. Unfortunately, this paper had no possibility to
observe photons with energies below 3 keV, so that the PBR
suppression effect was detected over a narrow energy range
between 3 keV and 5 keV. Nevertheless, the results obtained
by Blazhevich et al. [112] do suggest that PBR can be used as a
tool for structural studies of the medium.

In a recent paper [113] (see also Ref. [114]), relativistic
electron PBR in the polycrystalline aluminium was investi-
gated. The spectral ± angular distribution of the PBR intensity
was measured for electrons with an energy of 2.4 MeV in the
photon energy range from 2 to 8 keV during the interaction of
the electron beam with a thin aluminium foil. The radiation
was detected using a Si(Li) detector in a small solid angle
(� 1:5� 10ÿ3 sr) at an angle of 90 � to the electron beam
propagation direction. The target's surface plane was set at
45 � to the beam axis. The distance between the target and the
detector was about 0.5 m. Note that in this case the main
contribution to the total number of the registered photons is
given by the K-peak of the characteristic radiation of
aluminium near the energy 1.5 keV. According to the theory,
the PBR intensity under the given experimental conditions
must be not more than 1% of this characteristic radiation
intensity, which, of course, was taken into account in
processing the experimental data. Furthermore, the contribu-
tion of the background radiation must be subtracted when
obtaining the PBR spectrum. It was found that the PBR
spectrum of relativistic electrons in the polycrystalline
aluminium has sharp peaks emerged from the coherent
scattering of the proper IP field by the ordered structure of

microcrystals forming the polycrystalline target. This is in
sharp contrast with the frequency dependence of PBR in an
amorphous medium, where, according to a calculation done
for experimental conditions [113], the PBR intensity mono-
tonically decreases with photon energy increasing. The nature
of the PBR spectral maxima discovered is similar to the
Debye ± Scherrer peaks exhibited in the X-ray scattering in
polycrystals [81]. Experimental results [113] also suggest that
the PBRyield outside the vicinity of coherent peaks is strongly
suppressed compared to the emission in an amorphous
medium. The theoretical curve for the PBR spectral intensity
was found to be in good correspondence with experimental
data [113]. Note that the intensity of the ordinary (static) BR
in the spectral ± angular range under study was about 4 times
smaller than the BR intensity registered in the vicinity of the
principal spectral peak falling at the photon energy 4 keV.
Thus, in work [113] the frequency dependence of PBR for the
relativistic electrons in a polycrystallinemediumwas found to
be strongly different from the case of an amorphous target
[111], unlike the static BR. PBR turned out to be very sensitive
to the target structure, which signals good prospects for
elaboration of novel diagnostic methods for solid substances
using this phenomenon.

9.3 Polarization bremsstrahlung of heavy charged particles
An important characteristic property of the polarization BR
is the weak dependence of its cross section on the IP mass [1].
For the static BR case, as is well known [116], the situation is
radically different. Here the cross section of the process is
inversely proportional to the square of the reduced mass of
colliding particles, so the static BR of heavy charged particles
is negligibly small in relation to the static BR of electrons and
positrons.

The total proton ± hydrogen atomBRwith due account of
the polarization channel was first calculated in paper [53]. In
this paper, the BR cross sections for protons and electrons at
frequencies o4omax � v2i =2 have the same order of magni-
tude. At frequencies o < vi=R0, the process proceeds without
target excitation (`elastic' or coherent BR); if o > vi=R0, BR
is accompanied by the atomic ionizationÐ this is `inelastic' or
noncoherent BR (see Section 6.2).

The cross section of total BR generated by light ions in
collisions with multielectron atoms was calculated by Ishii
and Morita [54]. This work was stimulated by experiments
carried out by the same authors on BR of protons and 3He
ions in the scattering by a thin aluminium foil [55]. In work
[55] they discovered a significant discrepancy between
experimental data on radiation from protons with energies
1 and 2 MeV in the photon energy ranges 2 ± 6 keV and 4 ±
6 keV, respectively, and theoretical predictions that ignored
the polarization channel. At the same time, the experiments
revealed a good correspondence with the theory for emission
of protons with energies above 3 MeV over the entire
frequency range. The calculation performed in Ref. [55]
included two radiative mechanisms: static BR of a heavy
charged particle, and BR of secondary electrons knocked out
by the particle from target atoms. Note that in the case of
multiply charged heavy IPs, dominating radiation mechan-
isms can also include a radiative capture of a target electron
into the states from the IP discrete spectrum [117] and X-ray
emission of molecular orbitals [118]. However, for light ions
the relative contribution of these processes to the total
emission is small. Calculations [55] revealed that the secon-
dary electron BR cross section in the experimental conditions
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was 3 ± 4 orders ofmagnitude larger than the static proton BR
cross section, so that the latter radiation mechanism can be
disregarded in the analysis of the experimental data. A
characteristic feature of the IP and bremsstrahlung photon
energy ranges is their being close to the secondary electron BR
`cut-off' frequency (i.e. to the frequency above which the
process is forbidden by conservation laws), which isoh � 2v2i ,
i.e. grows linearly with the IP energy [55]. The concept of the
polarization (or atomic) BR was drawn in paper [54] to
explain the above-mentioned discrepancy between theory
and experiment. In this paper both the coherent PBR
(without target excitation or ionization) and noncoherent
PBR (radiative ionization in terms of paper [54]) were
computed. The contribution of the latter process proved to
be insignificant for the interpretation of experiments [55]. The
point is that in the low-frequency part of the considered range
the coherent PBR cross section, which is proportional to the
square of the number Na of atomic electrons, exceeds the
cross section of the noncoherent process, which is linear inNa.
In the high-frequency part of the bremsstrahlung spectrum
the secondary electron BR dominates. The last property is
due to the `cut-off' frequency for the secondary electron BR
being 4 times larger than for noncoherent PBR.

Coherent proton ± aluminium atom PBR was calculated
in paper [54] using Slater's wave functions for bound electrons
and the corresponding screening constants. Two terms,S1 and
S2, contributed to the PBR amplitude. The first term (S1)
describes scattering of the IP proper field by the charge of the
target's electron core. The second term (S2), vanishing in the
high-frequency limit, includes the sum over intermediate
states of the atomic energy spectrum. Note that in work [54]
S2 was expressed in a closed analytical form. The calculations
turned out to be in good agreement with experimental data
[55] over the entire parameter range. The coherent PBR was
found to mainly contribute to radiation of protons with
energy 1MeV. For protons with energy 4MeV, the secondary
electron BR is the dominating radiation mechanism.

To conclude this section, we consider BR induced by
heavy ion collisions with targets. Radiation from IPwith high
energies from 7 to 18 MeV per nucleon was studied in
experiments [119]. Multiply charged ions N7+, Ne10+, and
Ar17+were taken as incident particles and radiated in passing
through various gaseous targets. The thickness of the gas
layer was 6 mm, and the gas pressure was normal. The
experimental results obtained were interpreted in paper [120]
for the example of N7+ ions with an energy of 250 MeV in
nitrogen and Ar17+ ions with an energy of 288 MeV in neon.
The photon escape was registered at an angle 90 � to the ion
beam axis in the spectral range from 4 to 20 keV. The high-
frequency part of the nitrogen ion emission spectrum (from 5
to 20 keV) was observed to have a shoulder-like form. In the
argon ion emission spectrum inside the 4 ± 12 keV range a
sharp maximum was registered at the photon energy near
7 keV. To explain the observed spectra, in paper [120]
contributions from three radiation mechanisms were taken
into account: the radiative capture of the target's bound
electrons into the IP continuum states, the radiative ioniza-
tion (noncoherent PBR), and the secondary electron BR.
Static BR, called nuclear in this paper, was negligibly small in
this case. The above-described spectral structure was estab-
lished to be due to the contribution of the radiative capture of
the target's electrons to the IP energy state continuum, which
possesses a resonance-like spectral line shape and is largest for
the multiply charged argon ion. The high-frequency `tail' in

both cases is related to the secondary electron BR. The
calculation also revealed the radiative ionization contribu-
tion to be significant for the nitrogen ion emission in the low-
frequency part of the spectrum obtained and to be negligibly
small for the argon ion emission. The latter is associated with
the presence of the cut-off frequency in radiative ionization at
oc � mv2i =2, where m is the reduced mass of the electron and
IP, and vi is the IP initial velocity (see Section 6.2).

9.4 Experiments on laser-assisted electron scattering
by atoms
When inelastic electron scattering from targets with a core
occurs in an external electromagnetic field, a polarization
mechanism mediating energy transfer from the field to the
electron through a virtual excitation of the target can play an
important role, as was predicted theoretically by Zon [51]. As
we said at the beginning of Section 9, the inclusion of the
polarization channel contribution suggested an explanation
of the low thresholds of laser breakdown of the alkali metal
vapors [100], which have a large atomic polarizability.

Another group of experiments on inelastic electron
scattering by atoms in a laser field has also been carried out,
whichmeasured energy spectra of electrons scattered through
a specific angle. To interpret these experiments, cross section
calculations of the process using the static approximation
proved to be insufficient in a number of cases.

One of the first papers of this kind [121] was devoted to
studies of multiphoton processes in electron scattering by
argon atoms, assisted by an intensive CO2 laser radiation
(with a peak power of 50MW). The initial electron energywas
11 eV. It is essential that the electrons were fixed at a large
scattering angle (153�). The experiment measured the number
of scattered electrons with a given energy. The laser field was
found to significantly redistribute the initially monoenergetic
electron beam over energies. The central peak corresponding
to elastic scattering was observed to decrease by about 45%.
At the same time, additional maxima appeared in the energy
spectrum of scattered electrons, corresponding to absorption/
emission of several laser photons up to n � 3. The obtained
experimental data turned out to be in good agreement with
the semiclassical theoretical predictions [122]. In particular,
the so-called sum rule was shown to be fulfilled in the
conditions of this experiment: the total scattering probability
summed over all photon outputs of the process is constant.
The influence of the target's polarization and statistical
properties of the electromagnetic field on the sum rule for
multiphoton induced BRwas studied in paper [123] within the
framework of the first Born approximation. It was shown
that accounting for the polarization channel essentially
modifies the sum rule for sufficiently small electron scatter-
ing angles. The expression obtained by Beilin and Zon [123]
for the total scattering cross section also implies that the role
of polarization effects increases in passing from coherent to
stochastic radiation. The contribution of these effects to the
transport scattering cross section is maximal for the perpen-
dicular orientation of the external field vector with respect to
the initial electron velocity vector.

Paper [124], which continues experimental studies
initiated in paper [121], reported on measurements of the
electron spectra in the scattering of electrons with an energy
of 9.5 eV from helium atoms by a small angle (9 �), assisted by
a powerful (P � 108 W cmÿ2) CO2 laser emission. The
additional electron peak intensities, corresponding to absorp-
tion/emission of laser photons by electrons in the process of
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scattering, were found to significantly exceed values predicted
by theory [122] which disregards the polarization channel.
Experimental conditions were taken in work [124] such as to
satisfy as much as possible the applicability conditions of the
so-called Kroll ±Watson approximation [122] and to exclude
excitations of the target's electron core. The low polarizability
of helium was also assumed to minimize polarization effects.
Nevertheless, the results [121] indicate that the Kroll ±
Watson formula is insufficient to explain the experimental
data obtained.

Varro and Ehlotzky [125] studied theoretically the impact
of the induced polarization of the target and statistical
fluctuations of laser radiation (which in the case of a CO2

laser is multimodal) on experimental data [124] for nonlinear
cross sections of free ± free transitions. In particular, the
possibility of helium atoms being in a metastable state 21S
with a polarizability of 803 a.u., i.e. almost 600 times larger
than that of the helium in the ground state 11S (1.4 a.e.), was
taken into account. To assess the role of polarization effects,
the authors used formula (8.2) that was obtained in Ref. [51]
within the Born approximation framework and, as was noted
in Section 8.1, without accounting for the nonlinear interac-
tion of atomic electrons with the electromagnetic field. As a
result, a conclusion was made on polarization effects being
negligibly small for the helium atom in the ground state. At
the same time, for atoms in the metastable 21S state, the
inclusion of the target's polarization notably improved
agreement with experiment [124]. However, a sharp decrease
in the cross section with increasing photon output of the
process observed in this case contradicts experimental data.
The stochasticity of multimode radiation of CO2 laser, taken
into account in paper [125], allowed this discrepancy to be
somewhat smoothed. Nevertheless, the residual disagreement
led the authors of paper [123] to draw a negative conclusion
concerning the possibility of explaining the data [124] by
accounting for the polarization channel and statistical
properties of laser radiation. It should be noted, however,
that for the conclusion drawn to be completely correct, the
evaluation of the role of polarization effects in multiphoton
free ± free transitions should be made using formula (8.3)
which takes into account the nonlinear interaction of the
external field with atomic electrons.

9.5 Collision-induced absorption in gases
There is a large amount of experimental material on the
subject closely related to polarization effects in atomic
transitions, namely, on absorption of electromagnetic radia-
tion caused by collisions between molecules [collision-
induced absorption (CIA)] in gases. This problem is
addressed in detail in fundamental monograph [9]. Here we
briefly consider the main properties of this phenomenon and
describe some related experiments.

In contrast to ordinary (single-particle) absorption whose
intensity is proportional to the first power of the particle
number density (n), the collision-induced spectrum (I) is a
nonlinear function of the particle concentration. The corre-
sponding virial expansion for a low-pressure gas assumes the
form

I � eAn� eBn2 � eCn3 � . . . �9:1�
Here, the first term describes the radiation absorption by a
nonperturbed atom or molecule, and the remaining series Ð
the collision-induced absorption. If the process is prohibited
for an individual molecule ( eA � 0), the contribution from

CIA remains and can be significant for sufficiently high gas
densities.

Thus, collisions between gaseous particles lead to the
appearance of absorption lines in the spectral ranges where
there is no absorption by isolated molecules. Nonlinear terms
in Eqn (9.1) describe the corresponding binary, triple, etc.,
radiative collisions. It should be emphasized that first
experiments on this subject, carried out as early as in 1885
[126], discovered new broad absorption bands in oxygen
under a pressure of tens and hundreds atmospheres, which
were absent at atmospheric pressure. The corresponding
absorption coefficients proved to be proportional to the gas
density squared (violating Beer's law), which exactly corre-
sponds to binary collisions.

According to modern concepts [9], the CIA spectra result
from an electric dipole moment of the system, also called a
supermolecule, appearing in the collision. From this view-
point CIA is similar to PBR, in which the target's dipole
moment is also induced by a collision with the other particle.
For PBR, in contrast to CIA, at least one of the particles must
be charged. Note that PBR was considered for atom± atom
collisions as well in paper [8].

A characteristic feature of the CIA spectra is that they
have larger line widths than in the case of single-particle
spectral lines, usually of the order of 1012 ± 1013 sÿ1, which
reflects the small lifetime of the supermolecule. Another
distinctive feature of the process under consideration is the
small value of the induced dipole moment m, which falls
within the 0.01 ± 0.1-D range. Recall that for polar molecules
the corresponding value is typically several debyes.

The most general expression for absorption of a quantum
�ho, induced by a collision between particles A and B, has the
form

A� B� �ho! A 0 � B 0 � De : �9:2�

Here, the symbolsA 0,B 0 denote collidingmolecules in excited
states, and De is the change in the translational energy of the
particles.

In the particular case A � A 0, B � B 0, all the photon
energy is expired to increase the kinetic energy of the system's
translational motion and the corresponding absorption
spectrum is called translational [9]. This process is similar to
the inverse polarization bremsstrahlung without target
excitation. The translational spectrum is characteristic for
CIA inmonoatomic inert gases, where the line center is at zero
frequency. In other cases rotational and vibrational ± rota-
tional molecular excitation also occurs, with the transitions
forbidden for isolated molecules being excited. The resulting
spectrum is a vibrational ± rotational ± translational one with
characteristic frequencies lying in the far infrared and
microwave wavelength ranges. The maximum frequencies of
such a `rovibro-translational' spectrum correspond to ener-
gies of the vibrational ± rotational transitions (and also their
sums), with the band widths being determined by the super-
molecule lifetime. Such spectra are universal in the sense that
they appear in all molecular gases.

In some cases CIA can be accompanied by excitations of
electronic degrees of freedom of the colliding particles. The
corresponding spectrum lies in the visible and ultraviolet
ranges. CIA on electronic transitions 3Sg ! a 1Dg, b

1S�g in
the oxygen molecule [127] may provide an example of such
a kind. Note that both these transitions in an isolated
molecule are forbidden by selection rules. Nevertheless,
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experiment [127] reported on an absorption coefficient of
about 24 cmÿ1 near the line maximum (7900 cmÿ1)
corresponding to the transition 3Sÿg ! a 1Dg at a tempera-
ture of 297 K and a gas particle number density of 132
amagats (1 amagat � 2:7� 1019 cm ÿ3). Absorption bands
corresponding to the excitation of the b1S�g state and
simultaneous excitation of colliding molecules to the a 1Dg

and b1S�g states were also detected in this experiment.
CIA in a mixture of inert gases, when there are no

vibrational ± rotational degrees of freedom, allows the sim-
plest description. It is worth mentioning that CIA in a
monoatomic gas is absent due to the absorbing super-
molecule having a symmetry center, which makes it impos-
sible for a dipole moment to emerge. The dipole moment in
collision of two different atoms appears by two mechanisms:
exchange and dispersion [128]. The first mechanism typically
operates at small distances R between the colliding particles
and the corresponding dipole moment falls off exponentially
with R: mexch � m0 exp�ÿR=R0�, where R0 is the distance of
the closest approach. The dispersionmechanism is essential at
large R. Then the induced dipole moment admits the
expansion mD � ÿD7=R

7 ÿD9=R
9 ÿ . . . [9].

If at least one of the colliding particles is a (non-
monoatomic) molecule, other mechanisms for the dipole
momentum appearance can operate, which are related to the
far-acting electric field of the molecule. For symmetric
diatomic molecules like H2 or N2, the lowest term of the
molecular field expansion is quadrupole, and the dipole
moment induced by this field in the particle-partner at large
interparticle distances can be represented in the form

mQ �
���
3
p

q2a
R4

; R4R0 : �9:3�

Here, q2 is the molecular quadrupole moment, and a is the
particle-partner's polarizability.

Equality (9.3) reveals the above-mentioned analogy
between CIA and polarization effects in atomic transitions:

in both cases interaction with the electromagnetic field is
mediated by polarization of the electronic core of one of the
colliding particles by the field of the particle-partner. The
induced dipole moment can be produced by gradients of the
molecular electric field and also by a collisional breaking of
the initial molecular symmetry.

The spectral absorption coefficient measured in an inert
gas mixture and caused by binary collisions at room
temperature [129, 130] is presented in Fig. 15. The absorption
coefficient Ka�n� is normalized to the product of the
component number densities, which allowed us to show in
one plot the data obtained for different pressures in gas
mixtures. A characteristic feature of the demonstrated
dependences is the presence of broad maxima in the far
infrared range, which shift towards high frequencies with an
increase in molecular velocity. Using data from Fig. 15 and
the formula

Ka�n� / n1n2ng�n�
�
n
�
1ÿ exp

�
ÿ hcn

kT

���
; �9:4�

where k is the Boltzmann constant, c is the speed of light, and
T is the temperature, one can reconstruct the spectral
functions g�n� describing CIA in different gas mixtures.
Getting rid of the frequency-dependent factor in the curly
brackets of Eqn (9.4) results in the maximum of the spectral
function g�n� being at zero frequency, which is typical of
translational CIA spectra. The spectral function half-width
can be evaluated based on the formula

Dn � 2:5

pcs
�v12 ; �9:5�

where �v12 is the mean relative velocity of different atoms,
and the parameter s is the square root of the interatomic
interaction potential: Vint�s� � 0. This quantity for the
mixtures He-Ne, Ne-Ar, and Ar-Kr is 0.295, 0.305, and
0.345 nm, respectively. The spectral function widths for the
given mixtures are obtained from relation (9.5) to be 120, 60,
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Figure 15.Results of room-temperature measurements of the binary absorption coefficient of radiation by themixtures of inert gases He-Ar, Ne-Ar [129],

and Ar-Kr [130], normalized to the product of concentrations.

February, 2002 Polarization effects in atomic transitions 179



and 37 cmÿ1, respectively, which is in reasonable agreement
with experimental data from Fig. 15. Note that the shape of
the spectral functions considered can be approximated by the
Lorentzian curve at the center (i.e. near the zero frequency)
and falls off exponentially at the tails.

An interesting feature of the CIA spectra, which has a
direct analogy with the density effect for the relativistic
particle PBR in an amorphous condensed medium (see
Section 6.3), is the presence of the so-called intercollisional
dips in the spectral function and the absorption coefficient at
sufficiently low frequencies. For example, the CIA spectral
function of a 1:1 mixture of helium and argon at a total
pressure of 160 atm reveals a dip at frequencies below 10 cmÿ1.
This effect results from destructive interference between
contributions to absorption due to successive collisions of
gaseous molecules, when the time interval between the
collisions becomes of the order of the inverse frequency of
the electromagnetic field. The destructive interference
appears because the induced dipole moments in two succes-
sive collisions between molecules turn out to be more or less
antiparallel, like a fast electron in a condensed medium
induces an antiparallel polarization in the medium's atoms
on both sides of its trajectory.

CIA plays an important role in astrophysical applications,
especially when other radiation mechanisms are absent in the
spectral range considered, for example, in cool areas of
planetary atmospheres. For instance, the first direct evidence
of the presence of H2 molecules in atmospheres of outer
planets was obtained by Herzberg [131] by reproducing a
diffusive structure in laboratory conditions at the wavelength
of 827 nm observed in the spectra of Uranus and Neptune.
Experiment [131] studied radiation absorption in hydrogen at
80-m length and a temperature of 73 K. This structure proved
to be the line S3(0) in the collision-induced vibrational ±
rotational 0! 3 band of the H2 molecule. In this paper,
another spectral feature at a wavelength of 816.6 nm was also
identified to be a collision-induced double transition in H2

molecules. The experiment used pure hydrogen and the
observed double transition was relatively strong. At the
same time, it was observed to be much weaker than the S3(0)
line in the spectra of outer planets. This fact was exploited to
make the conclusion that an appreciable amount of helium is
present in the atmospheres of Uranus and Neptune, since
helium notably strengthens the S3(0) line and cannot affect
the double transition in colliding hydrogen molecules. At
present, CIA is recognized to play an important role in the
temperature balance and atmospheric structure of large
planets. The CIA spectra are also interesting for the studies
of some stellar atmospheres, such as the late stars, low-mass
stars, brown dwarfs, some cold white dwarfs, etc.

In conclusion, we point to another relative CIA phenom-
enon, which can also be interpreted as a polarization effect,
viz. an atomic excitation in its collision with a photon and an
electron [132]. This is a direct analog of CIA with the
substitution of an electron for the colliding neutral particles.
It can also be represented using the Feynman diagrams,
shown in the Introduction, and its cross section can be
expressed through the nondiagonal matrix element of the
radiation scattering operator by the atom. This process was
studied in detail experimentally [133] using the technique of
triple collisions of electron ± photon ± atom beams. In parti-
cular, the excitation of the 23S state of the helium atom was
observed in its collision with an electron assisted by a low-
power CO2 laser field in the form of two satellite peaks in the

energy loss spectrum of inelastically scattered electrons at
E � 19:817� 0:117 eV.

A multiphoton modification of the atomic excitation in
simultaneous collision with an electron and photon was
studied theoretically in Ref. [134].

9.6 Polarization effects near the 4f-structure
in BR on metallic targets
Experiments [135, 136] obtained the emission spectra of the
M-series from metallic lanthanum and cerium (the wave-
length 14 ± 15 A

�
) excited by an electron beam with the near-

threshold energies (the current strength up to 100 mA). As a
result, the spectral structure (called 4f-structure) was dis-
covered, whose amplitude ± frequency characteristics were in
tight relation with the energy of exciting electrons. An
important signature of this structure was a drastic intensity
increase in the electron beam energy approaching the
excitation potentials of the 3d5/2-, 3d3/2 subshells of
lanthanum and cerium. An analysis of a large number of
emission spectra (40 for lanthanum and 70 for cerium)
registered in varying the electron beam energy in 1 ± 2-eV
steps with a spread in energy of less than 0.2 eV revealed that
the structure discovered is a peculiarity in the continuous
emission spectrum of exciting electrons with their transition
to the 4f-state located above the Fermi level, and not the usual
characteristic emission of M-lines by the corresponding
atoms. This structure was also observed for beam energies
away from the excitation potential of the 3d-subshell in the
form of a peak shifted from the short-wavelength edge of BR
towards low energies (by 5.5 eV for lanthanum). Such a
spectral localization of the emission maximum is consistent
with data on the energy of the 4f-state lying 5.5 eV above the
Fermi level in the metallic lanthanum. The intensity of this
peak decreased with increasing electron energies up to the
detuning of the M-series excitation potential by 10 ± 15 eV,
while the location with respect to the short-wavelength edge
remained unchanged. For an electron beam energy approach-
ing the photon energy of the characteristic Ma-line (for
lanthanum EMV � 834 eV), the radiation intensity at the 4f-
structure center (�homax � 831 eV) increased by more than
two orders of magnitude, approaching a maximum (for
lanthanum) at Eel.beam=836.5 eV. A further decrease in the
structure center intensity with increasing excitation energy
proceeded more slowly than its increase in the low-frequency
wing (for �homax < EMV), until the 4f-structure center radia-
tion intensity increased again near the photon energy of the
Mb-line. Thus, a spectral asymmetry in the emission 4f-
structure excitation was observed: the radiation intensity in
the low-frequency wing of the line was lower than in the high-
frequency wing.

Figure 16, taken from paper [136], shows the dependence
of the radiation intensity in the 4f-structure on its central
frequency for cerium. The intensityminimumwas observed at
the photon energy of 868.1 eV. The radiation intensity in this
minimum turned out to be 175 times as small as in the first
maximum at 882.2 eV, and 105 times as low as the second
intensity maximum at 900.2 eV. The peak intensity ratio 5:3 is
approximately equal to the statistical weight ratio forM5- and
M4-levels, and their central frequencies are somewhat shifted
towards low energies with respect to the frequencies of the
Ma- and Mb-lines. This shift differs in sign from the
corresponding shift of the radiation maximum near the 4d-
subshell ionization potential with respect to the photoabsorp-
tion maximum in lanthanum [101] and xenon [100]. Figure 16
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also clearly demonstrates the above-mentioned asymmetry in
the spectral form of the 4f-structure.

In the experimental works cited above, a qualitative
interpretation of the results obtained was suggested based
on the assumption that the increase in the inelastic scattering
cross section of the emitting electron into the 4f-state is linked
to the formation of a short-lived excited state of the negative
ion 3dÿ14f 2. It was stressed then that for the atoms of the
targets considered, a strong overlapping of the 4f wave
functions with the 3d wave functions takes place, which
provides a strong spatial coupling between the correspond-
ing states.

Asymmetric resonances in BR, observed in experiments
[135, 136], were reproduced theoretically in paper [137] using
the concept of the polarization BRmechanism. This paper, in
particular, noted that the important role of the polarization
channel in the considered cases was due to the large
polarizability of the 3d-subshell of lanthanum and cerium
atoms. Qualitatively, the picture was as follows. The scatter-
ing electron, in addition to emission due to the proper dipole
moment, excites by its Coulomb field an oscillating dipole
moment on the atomic transition (3d94f)-(3d10), which
ultimately leads to a resonance increase in the 4f-structure
intensity. Within this approach, the total emitting dipole
moment is the sum of two terms Ð the direct and polariza-
tion terms Ð in correspondence with the expression [137]

D�E� / 
4fjzjEg

�ÿ 

4f 4fj1=r21j3dEg

�

3 djzj4f�

E4f � E4f ÿ E3d ÿ i � G=2ÿ E

� exchange terms : �9:6�

Here, E is the incident electron energy, Eg is the g-component
of its wave function, G is the width of the resonance state of
the negative ion (3dÿ14f2 ), and z is the projection of the
incident electron's radius vector. For relative intensity, which
is an analog to the spectralR-factor (see the Introduction), the
following expression was obtained:

R�E� � I�E�
I0�E� �

����1�X2
i�1

ai�E�
Eÿ Ei � i � G=2

����2 : �9:7�

Here, the functions ai�E� � gib�E� were introduced, where gi
are the statistical weights of the states, and b�E� is a coupling

constant determined through the corresponding radial inte-
grals. The coupling constant was calculated from first
principles to be b�E � 62Ry� � 1:1Ry, which was in reason-
able agreement with available experimental values
b � 10ÿ15 eV [135].

With the use of Eqn (9.6), the 4f-peak intensity was
computed based on the dipole formula I�E� / jD�E�j2 with
allowance made for the 3d-subshell fine splitting. For crude
comparison with experiments on lanthanum, the following
parameter values were chosen in this paper: the resonance
width G � 0:2 Ry, the fine-structure splitting E2 ÿ E1 �
1:2 Ry. The model calculations successfully reproduced the
main features of the phenomenon revealed by experiment,
such as the asymmetry of the emission resonances with the
interference dip in the low-frequency line wing. Besides, the
calculated detuning in energy of the interference minimumoff
the firstmaximumposition proved to be equal to 10 eV, which
is consistent with the experimental value equal to 10 ± 15 eV
[135]. In addition, the calculated excess of radiation intensity
in the 4f-peaks over the background intensity turned out to be
somewhat lower than the experimentally registered value.

The considered effect of a resonant increase in radiation
intensity of the 4f-structure near the 3d-subshell ionization
potential does not occur for frequencies corresponding to the
excitation of the 4d electrons, as was shown, in particular, by
calculations [138]. As was noted by Zimkina et al. [106], this
fact is apparently due to the low formation probability of
short-lived dielectronic states (4d94f2) in lanthanum.

10. Conclusions

The above consideration suggests that there are a great
variety of polarization radiation effects including radiative
transitions of different types. The intensity of polarization
radiation of electrons on complex atoms and ions varies
within a broad range determined by the generalized target's
polarizability and effective ion charge acting on the electron
and changing from the ion charge to the nuclear charge. The
radiation can be coherent or noncoherent with respect to the
contribution of atomic electrons, depending on the value of
the momentum transferred to the target.

In practical applications, of interest are integral charac-
teristics of PR, such as the total radiative losses in plasmawith
heavy ions. The contribution of the polarization channel can
be naturally characterized by the integral R-factor (Rtot)
which is the ratio of the integral in frequency polarization
losses to integral losses by the static channel. The dependence
of the factor Rtot on the incident electron energy for different
nuclear charges is depicted in Fig. 17. It is seen that the
polarization channel contribution is comparable with that
from the static channel, especially for moderate electron
energies. With increasing energy of electrons, their penetra-
tion into the core increases and the polarization channel
contribution diminishes.

Of great interest are studies of polarization effects in line
spectra of multiply charged ions that appear as a set of
bound ± bound transition lines corresponding to atomic
states with a complex electronic configuration of the core.
With increasing ion charge, i.e. radiative transition frequency,
the role of the core dynamic polarizability should increase, in
contrast to the static polarizability, which is characteristic of
transitions in the alkali elements.

Direct measurements of the polarization recombination
are certainly interesting, too. Apparently, this can be most
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simply carried out in experiments with multiply charged ions
using storage rings. Here, however, the polarization recombi-
nation observations are related to a thus far unclear reason
for a significant increase in the total recombination prob-
ability, which was also found for ions without any electron
core [83].

Polarization radiation of heavy particles, in particular,
multiply charged ions in their motion inside dense gaseous or
solid targets, has been studied to a much less degree than
polarization radiation of electrons. The main problem in
studying such phenomena lies in distinguishing between the
proper polarization radiation and the radiation from second-
ary electrons formed in the course of ionization of the target's
matter.

Polarization radiation, including polarization recombina-
tion, is an essential effect for inelastic electron scattering by
metallic clusters near the giant resonance frequency [86, 139].
The radiative properties of the clusters have been studied
quite well (see monograph [140]). They can be used in
calculating the polarization characteristics of these objects
and the corresponding PR intensities (see paper [141]).
Studies of such phenomena on nanoparticles of other types,
such as semiconductor and dielectric nanocrystals, seem to be
very interesting.

Studied in detail theoretically [94, 103], interference
effects in the inelastic electron scattering by targets with a
core, caused by interaction of the ordinary and polarization
channels, need to be verified experimentally. The prospects
for their practical application should also be investigated.

Significant progress has been made in studies of radiation
from hot gases subjected to shock waves or cavitation waves
in sonoluminescence. BR has been considered as a viable
mechanism for emission in these phenomena [142]. Here the
conditions may appear such that PR prevails over the
ordinary channel governed by the elastic electron ± atom
scattering [9, 143].

The question of the role of polarization radiation in a cold
medium is very interesting and remains to be solved. Here we

are dealing with the radiation emission from a cold medium,
already mentioned in the Introduction, in which there are
virtually no excited internal degrees of freedom capable of
producing radiation. In such conditions only the polarization
channel remains that can provide radiative cooling at any
finite temperature. The possibility of performing the corre-
sponding experiments needs to be additionally justified.

Thus we can state that the polarization radiation concept,
in addition to its important methodical meaning, has proved
to be very fruitful as a theoretical basis to discover novel
effects and understand more deeply already familiar effects in
radiative processes. Here it is relevant to emphasize the
notable lag of experimental studies behind the theory, which
needs to be shortened for the further development of this
field.
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