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Abstract. Theoretical investigations of charge exchange and
ionization processes accompanying collisions of negative and
positive atomic ions are reviewed. Detailed analysis of the
Coulomb Green function provides vast information about these
processes. In particular, we took previously unknown sums of
Coulomb wave function products over degenerate states. Adia-
batic energies of the system and its wave functions can be
expressed through these sums, whereas the wave functions turn
out to possess very interesting and unexpected properties.

1. Introduction

Processes with the participation of negative ions have been
scrutinized intensively in atomic collision physics. The
attention was focused on the processes of ion recombination
in collisions with positive ions:

A™ 4+ B - A+ BE V(@) (1)

and ion production in the collisions of highly excited Rydberg
atoms with atoms in ground states:

A+B*(n) - A +B". (2)
Both small and large collision velocities were investigated. In

the review we only consider slow collisions, i.e. those with the
collision velocity v < vy = 2.19x 108 cm 57!,
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Atomic negative ions constitute many-electron systems.
The simplest such system with only two electrons is the
hydrogen negative ion H™(1s?). The binding energy of the
weakly bound outer electron (or electron affinity of atomic
hydrogen) is equal to 0.75421 eV. Electron affinities of many
other atoms are smaller. Because of the minor electron
affinity of atomic particles, the effective cross sections of
processes (1) and (2) are rather large.

The perturbation of inner electrons in the atomic negative
ion by the weakly bound outer electron is weak. Then one can
rely on a one-electron approximation when describing
processes (1) and (2). The neutral atom produces electric
field with the potential ¥ in which the weakly bound outer
electron moves. This atomic electric potential is nonzero in
the bounded volume. In the adiabatic approximation, the
wave function of the outer electron in the system A~ 4+ B,
the function ®(R,r), is a solution of the steady-state wave
equation where the vector R of internuclear distance is
constant, i.e. this vector is an equation parameter. The wave
equation has the following form

A Z

(_5_7+ V(|R_r|)—E(R)>q>(R,r):0, 3)

where r is the radius vector of the weakly bound electron, and
—Z/r is the Coulomb potential of the ion B*". The
coordinate origin is placed at the center of the Coulomb
field, i.e. in the nucleus of the ion B“*. The electron energy
E(R) and wave function ®(R, r) depend on the absolute value
of internuclear distance R and on the vector R, respectively.
Hartree atomic units (e =m =i = 1) are used throughout
this paper, unless stated otherwise.

Let us consider the Coulomb Green function G(r,r’, E). It
is a solution of the following equation

(_é_g_E>G(r7R,E):5(r—R). (@)



2 M I Chibisov

Physics— Uspekhi 45 (1)

The spectral representation of the Green function is given
by

l//nlm(r) lp:lm (R)
G(r,R,E) = E}: EF (5)
where ,;,, (r) are the Coulomb spherical eigenfunctions. The
sum in expression (5) represents both the summation over the
discrete states with negative energies and integration over the
continuum.

The exact solution of equation (4) and a compact
expression for the Coulomb Green function was derived by
Hostler and Pratt [1, 2] in 1963:

r(1—2v)
G(r»rlvE) = m [W(Tx) M/(Ty) - W/(Tx)aM(T)’)]a
(6)
T(x, v} 7{x;y} , x=r+r +r—r'|,
=r+r' —|r—r'|, v= ! )
4 VYA

Functions M and W are the Whittaker functions with indices
Zv, 1/2 (viz. Mz, 172, Wz, 1,2). These functions are solutions
of the equation

W7 1p(0) + (—%‘i‘ ?) Wz 12(t) =0. (8)
The function M is regular at the coordinate origin but is
exponentially divergent as t—oo. The function W diminishes
exponentially at infinity but is not regular at the origin.

Instead of differential equation (3) one can write down the
following integral equation

P(R,r) = —JG(r,r',E) V(je"—R[) ®(R,r") dr’. 9)

The above equation is the main ingredient in the construction
of the weakly bound electron wave function in the system
A~ + B,

The interaction of the outer electron with the atomic core
in a negative ion differs from zero only in a relatively small
potential well volume. For example, the static potential well V'
of atomic hydrogen H(ls) in the ground state is
Viaas) = exp(—=2ra)(1 +ry"), where ra = |r — R|. For large
ra, the polarization term o/2r4 should be added to this
potential.

If the size of the potential well V' is small, one can use a
Taylor series expansion of the Green function in terms of the
variable r’ at the point ' = R in equation (9):

dG

G(r,r' E) ~ G(r,R,E) + (r = R) —
dr’ | _gr

+...  (10)

At large internuclear distances R and in the vicinity of
atom A, the wave function @ is close to the unperturbed wave
function @, of an isolated negative ion A~ . The latter can be
substituted into the integral equation (9). Then, for zero
angular momentum of negative ion, L =0, when @, does
not depend on angles, the adiabatic wave function is

proportional to the Green function at any point r:
oR,r) = CoG(r,R,E),

L=0, (11)

where Cj is the normalization constant. The total set of
eigenfunctions of the systems A~ + BT and A + B~V (n)
can be derived by means of formula (11). For negative ions
with L # 0, the eigenfunctions are proportional to derivatives
of the Green function atr’ = R.

Authors of early works [3 — 6] proceeded from the J-model
approach for the potential V' of an atom A: V' = V6(r — R).
Energy levels of the system were derived in this approach by a
numerical solution of a transcendental equation with the
following logarithmic derivative of the Coulomb Green
function: dIn {|r — R|G(r,R,E)}/d|r — R| at r = R. In the
Landau—Zener approximation [7], the cross section of the
recombination process (1) was calculated in paper [3] with the
energy level splittings derived using J-potential method. In
paper [4], spectral line broadening and shifts were investi-
gated using the same method. The o-potential approach
is applicable only for systems with zero orbital momentum
of the negative ion (L =0). The results obtained by the
J-potential approach are discussed in more detail in book [6].

A detailed investigation of function (11) was carried out in
papers [8 — 10]. The normalization integral was calculated on
the plane { £, R} where the energy E and internuclear distance
R are independent variables, or where £ and R are connected
by the zero-order relation

Z
R )
which stems from the negative ion’s attraction to the positive
ion. Here ¢ is the binding energy of an unperturbed negative
ion. In these calculations the resonant behavior of the wave
function normalization factor entering into Eqn (11) was
revealed. Normalization factor resonances are placed at
internuclear distances such that ionic term (12) crosses the
Coulomb energy levels E, = —Z2/2n?. In the vicinities of
these crossings, the outer electron transfers from the negative
ion to the positive one and then comes back.

In papers [8—10], the function B(R) was introduced and
investigated. The square of this function describes the
admixture of the normalized negative ion wave function in
the total adiabatic wave function (11). It was found that this
function has zeros at the crossing points. The amplitude of the
function between crossings is close to one. If the function
B(R) is equal to zero, then the outer electron is located near
the positive ion B*T and the probability of finding the
electron near the atom A is close to zero. On the contrary, if
B(R) ~ 1, the outer electron resides near atom A, thus
forming an ion A™.

At large internuclear distances R, the potential barrier in
the system A~ + BZ" is located between atomic particles A
and B#*. The probability of finding outer electron near the
atom A or near the ion B#" depends on the quantum barrier
penetrability. In this approach at large R and between
crossing points the probability of finding an electron near
the positive ion should be small [or function B(R) should be
close to unity: B(R) ~ 1]. However, the absolute value of the
difference |1 — B(R)| in the barrier factor approach is much
larger than that found in the calculations [§ —10].

In reality, in the Coulomb field of the ion B#* the negative
energy states do not form a continuous spectrum of states.
The wave function behavior is controlled by the regularity
condition at the Coulomb center. As a consequence of this
condition, the amplitude of the wave function (11) in the
neighborhood of the positive ion BZ* is, in ranges between
energy level crossings, appreciably smaller than that resulting

E%E()(R) =&y — (12)
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from the barrier penetrability estimation. Accordingly, the
value of the function B(R) appears to be very close to one.
The graphs of the function B(R) and normalization constant
are presented below.

A Coulomb system possesses four-dimensional symmetry
and the degeneracy of the Coulomb energy levels is a
consequence of this property. Because of the energy level
degeneracy, the Coulomb Green function (6) and the
adiabatic wave function (11) depend on the sums of the
Coulomb wave function products over orbital quantum
numbers /,m with the same principal quantum number n,
namely >, . ¥ () ¥, (R). These functions correspond to
the states with the same energy E, = —Z2/2n?. For negative
ions with a nonzero angular momentum, the adiabatic wave
functions depend on the sums of the products of the Coulomb
wave functions and their derivatives.

The sums of the Coulomb wave function products have
been calculated and investigated in papers [8, 11—13]. It was
found that these sums are expressed in terms of the quadratic
form that depends on the wave function of only one state,
namely, on the function ,,, with zero orbital momentum
! = m = 0. In these quadratic forms, the functions ¥,,,, depend
on the two-center elliptic coordinates &, = (r &+ |[r — R]|)/R.
The sums of interest were obtained by investigating the
limiting behavior of the Coulomb Green function (6) as the
energy E approached the Coulomb energy level E,. This limit
was then compared with the appropriate limit of the spectral
representation (5) of the Green function. These sums were not
known before. In 1935, V A Fock calculated a similar sum for
wave functions in momentum representation.

The possibility of expressing adiabatic wave functions
(11) through the functions ,y,(&) and ,q0(n) greatly
simplifies the investigation of these wave functions. It has
been found that in the states governed by the adiabatic wave
functions (11) the electron has a dipole moment that depends
on the internuclear distance R. At infinitely large internuclear
distances (R — o0), the limits of functions (11) are the wave
functions of Stark states, i.e. functions (11) transform to the
wave functions in parabolic coordinates [7]. The limits of
dipole moments are —3n(n; —ny)/2Z that are dipole
moments of the Stark states [7].

It is well known that Stark states are the Coulomb
eigenstates in a weak uniform electric field [7]. It was found
that Stark states are also formed when the Coulomb Rydberg
states are perturbed by a neutral atom in the limit R > r,,
where r, = 2n°/ Z is the size of the Rydberg orbit. This result is
very important for investigations of laser radiation interaction
with Rydberg atoms in a gas medium of neutral atoms.

Normalization factors of adiabatic wave functions (11)
depend on the above-discussed sums with r = R. Many such
sums were calculated in papers [8, 11—13]. They exhibit a
specific behavior as the functions of internuclear distance R.
Energy splittings at avoided crossings of ionic and covalent
electronic terms are expressed through the sums [8] that do
not have zeros at finite values of R and decay exponentially as
R — o0. As a result, all the electronic energy crossings in the
system A~ 4+ BZ* are really avoided crossings but not strict
crossings.

It has been found in earlier works [3—6] that in the
J-potential approach the ionic term couples with only one
covalent term from n? degenerate states with the same
principal quantum number n. This covalent state was
referred to as the ‘active’ state. The wave functions of the
active states are given by formula (11). The energies of these

states depend on R. The remaining n> — 1 states are passive
and do not interact with the ionic state; the energies of these
states are independent of R and all equal to the Coulomb
energy E,.

The basis of n? degenerate Coulomb states can be
reconstructed by introducing the linear combinations of
Coulomb wave functions ,,,(r) for every n. Wave func-
tion (11) is one of these combinations, and the wave
functions of passive states represent the other n?> — 1
combinations. Because the wave functions of passive states
are orthogonal to function (11), they depend on R and are
closely coupled with the active state in the time-dependent
Schrédinger equation. Thus, passive states are occupied in
collisions (1) and (2), which increases appropriate cross
sections. If that is the case, the passive states are not in
reality passive. In paper [8], the complete basis set of >
orthonormal wave functions was constructed for every 7.

Adiabatic wave functions (11) have not been studied
previously. In calculating the cross section of recombination
process (1) it was not possible to get the populations of
individual states because the adiabatic wave functions (11)
differ essentially from the Coulomb spherical functions
W,um (r) [3]. The calculation of the cross section of the inverse
process (2) and investigations of spectral line broadening and
shifts are not possible in this approach at all, because of the
problem of initial states [14].

The collisions of two negative ions discussed below can be
described, generally speaking, by means of the Green function
for the Coulomb field of repulsion. However, the one-electron
approach is not applicable to the system A~ + B~ because
both weakly bound electrons can be detached in this collision.
At large internuclear distances, the wave function of every
weakly bound electron can be expressed through the appro-
priate Green function. The total wave function is equal to the
product of these Green functions, which complicates the
analysis. On the other hand, in the repulsion field there are
no excited Rydberg states and this simplifies the problem. The
total set of ionized states consists of two states evolving
through the one-electron ionization channels A~ +B+e
and A + e + B, and of one state attendant to two-electron
detachment channel A + B + 2e. The probabilities of passing
all channels are determined by the Coulomb repulsion of
weakly bound electrons and are in strong competition. All
these channels should be incorporated in a system of closely
coupled equations. If the electron of the ion A~ is detached
then the system A + B~ is formed and the subsequent electron
detachment from the ion B~ is only possible as a result of the
weaker interaction with the neutral atom A.

A more detailed analysis of the problems related to the
collisions of negative and positive atomic ions is given below.

2. Adiabatic states of the system A—+ B4+

2.1 Negative ions with zero orbital momenta

The wave function of the outer electron in the unperturbed
negative ion with an orbital momentum L = 0 can be written
in the form

exp (—yIr — R|)
@0(|T—R‘) :N() |I'—R| ) (13)
y 1
= - L=
N() m’ &0 7 0
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that is the limit of the wave function @ of the ionic state at
infinite internuclear separation (R — 00). Let us investigate
in more details the relationship between the unperturbed
wave function (13) and the Coulomb Green function which,
in accordance with formula (11), is the wave function of the
outer electron of the negative ion in the presence of a positive
ion.

The Whittaker function M is defined as the linear
combination of functions W_(t) and W, (r) [84]:

(1= 2Zv) Mg, 15(1) = (-1)""* % w_(1)
+ (=) Wi(x), (14)

where the function W_(1) = Wy, 1»(1) is exponentially
decreasing and the function W(t) = W_z, 15(—1) is
exponentially increasing for large arguments 7 — oo. Using
this linear combination we can write out the Green function
(6) at r’ = R as the sum of two terms:

(=)™ r( - 2zv)

G(r,R,E) = o T+ 2v) Gi(r,R,E)
+(_2173 : Gy(r,R,E), (15)
where
Gi(r, R, E) = =) WL(T"‘B__S/ S W) g
Ga(r.R.E) W_(te) Wi(ty) — W' (ty) Wi(ty) o

r—R|

The functions W, and W_ are not regular at the
coordinate origin (at the Coulomb center) but their linear
combination (14), i.e. the function M, is regular there.
Accordingly, the functions G; and G, are not regular at the
Coulomb center but their linear combination, i.e. the total
Green function (15), is regular. The function G, can be called
the ionic part of the Coulomb Green function, and the
function G the covalent part. The coefficients in the linear
combination (15) are determined by the regularity condition
at the Coulomb center. The properties of the system
A~ + B#" depend essentially on this condition.

The arguments 7., 7, of the functions G| and G, are given
by formulas (7). At fixed r’ = R, these variables are propor-
tional to the elliptic coordinates &,  [15]:

R . R r£ R -1
'C,C—;(C-‘rl), 'L'),-—;(V]“rl), évn_Tv

Being exponentially divergent at large arguments, the func-
tion M(t,) depends on the variable 7, which varies in the
limits 0 < 7, < 2R/v and does not tend to infinity as r — oo.
Therefore, functions G and G, and the wave function (11) are
regular as r — oo. The variable 7, is varied in the limits
2R/v < 1, < 00, so that the irregularity of functions W, (1)
does not manifest itself, because at finite values of R the
variable 7, is not equal to zero.

Let us investigate now the passage to the limitr — R. The
binding energies ¢y of negative ions are small and the energies
E, of covalent states of the system A + B“~D*(n), occupied
in collision (1), are also small. For small energies we can avail
ourselves of the asymptotics of the Whittaker functions in the

index Zv — oo [16] or calculate them in the semiclassical
approach invoked for solving equation (8). We shall rely on
the semiclassical approach and then the solutions of equation
(8) in the subbarrier region are given by [9]

10\ V4 1
Wi(t) = (1 —%) exp [ii

vz

7(t — 79)

(18)

The function M is expressed as the linear combination (14) of
functions (18).

A semiclassical representation (18) is conveniently used
for investigating the ionic part G, of the Green function in the
region close to a negative ion. Expanding G, at [r —R| < R
we obtain

eXp (_yscl‘r - R|)
r —R| ’

S, 12

The form of function (19) is the same as the form of the
unperturbed function (13). If the energy E is equal to the
negative ion energy in the zero approximation (12), then the
exponential powers coincide as well: y; =y. Numerical
calculations with the use of exact Whittaker functions,
carried out by us, have shown that expression (19) coincides
with the results of numerical calculations in the subbarrier
region with a high accuracy for Zv > 2.

The function G| is regular as r — R, and in the vicinity of
the negative ion the expansion of this function assumes the
form

Gy(r,R,E) =~

Vscl (R) = ( 19)

W (e) W () = W(x) Wi (x,)
r—R|

vV dW+ 2 Z 2
Né[( dR> ”(’”E) W}/

Zy W2(2R/v

7 gy WERRIY
2 R

We now turn our attention to the normalization of the

Green function regarded as a wave function in accordance

with relation (11). The normalized wave function ®(R,r) can
be written in the form

Gl(l'7 R, E) =

¥ (20)

e ) ()= 66

(21)

®d(R,r) =

where the normalization factor

N(R) = {J dz, d@ﬁ

) () e
or in the form

®(R,r) = 2Ny B(R) G(r, R, E)

Gl (l‘, R7 E)

= N(R) r(1+2zv)

+ NoB(R)G>(r,R,E), (23)
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where the function B(R) is defined in the following way
N(R)

B(R) Em.

(24)
The normalization factor N(R) has been calculated numeri-
cally [9, 10] on the basis of the series representation of
Whittaker functions W and M over positive degrees of an
argument [84]. The adiabatic energy of the system as a
function of the internuclear distance R was taken in zero
approximation (12). The derived function N(R) is shown in
Fig. 1. As illustrated, N(R) passes through sharp maximums

located at term crossing positions where E(R)=
E, = —Z?/2n%, from which R, can be calculated in the zero
approximation for the ionic energy (12):
VA VA
E, =¢——, R,= . 25
! % Rn ! &) — En ( )

Far from the term crossings (R, < R < R,+1), the exponen-
tially increasing term in the linear combination (14) is the
leading one. In this case integrand in Eqn (22) is large and the
normalization factor N(R) is small. Alternatively, near
crossings (R = R,), the exponentially decreasing term is
dominant in the linear combination (14); the integrand in
Eqn (22) is small and N(R) has a maximum.

In Fig. 2, the calculated function B(R) is depicted. Far
from crossings, the B(R) function is close to 1. The equality of

Figure 1. Normalization factor N(R) as a function of internuclear distance
R for the colliding system H™ + He™'™.

B(R)
1o ft

0.5

—-0.5 H

Figure 2. Function B(R) versus internuclear distance R for the colliding
system H™ 4+ He™™.

the function B(R) to unity signifies that the outer electron is
located near the negative ion [see formula (23)]. Indeed, the
first term with the function G, in the normalized Green
function [see formulas (15), (23)] is small in this case, and the
second term with G coincides with the unperturbed function
(13). The second terms in Eqns (15) and (23) are given by
expression (19) at all distances R. In the zero approximation
for the energy (12), when y,; =7y, the second terms in
expressions (15), (23) and hence the complete ionic function
®(R,r) are close to the unperturbed function (13) and the
electron spends more time near the negative ion. At crossings,
when the exponentially decreasing term in Eqn (14) is the
leading one, the function B(R) drops to zero and the electron
leaves its position for a positive ion. In formula (15), the first
term containing G, becomes the leading one.

Using the spectral representation (5) of the Green
function we can write out an analogous representation for
the adiabatic wave function (11):

O(R,r) =Y C,(E) Pu(R,1), (26)

n
where the normalized adiabatic wave functions ¥,(R,r) of
covalent states are defined by the sums of the Coulomb wave
function products:

n—1 1
'Pn(Ra l') = Z Z Jn/m(R) lP:;Im(r) )

(27)
=0 m=—/
Jum(R) = % = [0 TR ar, (28)

and the coefficients C,(R) and the sum Q,(R) are equal to

Co(R) =~ 2B gy (29)
n—1 !
0,(R) =" R (30)

=0 m=—I

If the energy E coincides with the Coulomb eigenenergy
(E = E,), then the denominator in formula (29) becomes
zero. However, the coefficient C,(R) remains finite because
at this energy the function B(R) is also equal to zero (see
above).

So, in the approximation being considered the wave
functions of adiabatic states are constructed from the
functions ¥,(R,r) which are sums of the Coulomb wave
function products over degenerate states. The basis of #?
degenerate states can be reconstructed [6, 17] by the use of
linear combinations made up from the initial wave functions.
For every principal quantum number n, only one state (in
more exact terms only one combination of degenerate states)
is present in the expansion (26). All the other n*> — 1 passive
states are not present in the expansion (26). The complete
orthonormal basis of adiabatic wave functions is constructed
below.

Coulomb eigenfunctions written in the spherical coordi-
nates, viz. ¥, (r) = Ny fu(r) Yim(0, ¢), depend on the z-axis
direction of the coordinate system because the spherical
harmonics Y, (0, ¢) are transformed when the coordinate
z-axis rotates [18]. Using the addition theorem for spherical
harmonics [7, 18]:

/
2[+1
Z Y3, (0. 9) Yiu(Or, ¢ ) = i Py(cosa),

m=—1

(1)
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where Op and ¢, are the spherical angles of the vector R,
and « is the angle between vectors r and R, we can write
down the wave functions ¥,(R,r) of active states and the
sums Q,(R) in the form of single sums over an orbital
momentum / only:

17121+

\/Qn_Z

Y, (R,r)=

COS OC)fnl(’)](nl(R) ) (32)

-1
2141
On(R) = Z “an |fnl ’ : (33)
=0
Expressions (32) and (33) for Q,(R) and ¥,(R,r) do not

depend on the z-axis direction in the reference system and can
be calculated in an arbitrary oriented coordinate system. The
subsequent summation in these expressions over / is carried
out in a closed form making use of the Hostler — Pratt Green
function (6) (see below).

2.2 Negative ion with an orbital momentum L= 1

The three angular components {x,y, z} of the unperturbed
wave function of the weakly bound electron with an orbital
momentum L = 1 can be written out in the form

3 xo(rs)
Do fxy,2 (rp) = in T

x {cos 0, sin 0y cos ¢y, ,sin Oy sing, }, 1, =r—R, (34)

where the radial function y(r,) is the solution of the equation

deO (rb)
dri

+ [z(aO—V(rb)) —@

}Xo(rb):m L=1.
b

(35)

Substituting the wave function (34) and the expansion of the
Green function (10) into the right-hand part of the integral
equation (9), we obtain that the integral (9) of the first term in
the expansion (10) is equal to zero.

For a negative ion with an orbital momentum L = 1, the
adiabatic two-center wave function of the outer electron is
given by the second term in the expansion (10) and is therefore
proportional to the derivatives of the Green function:

FAM, W} _
D, = — T o1
: cos 0, N. r—R| az (36)
) FAM, W
@X = —SIn 0[, COoS thN ﬁ ax R (37)
o EAM, WY
@_‘, = —SIn 0;, S (pr W ay ) (38)

where 0, and ¢, are the spherical angles of the vector
r, =r — R in the coordinate system the origin of which is
placed in the nucleus of the negative ion, and N, , . are the
normalization factors. If the z-axis is directed along the vector
R, then one finds

2 —
FAMWYy=="W'M'+ | —-—+2 ——
Vv Vv

WM' — W'M
L

1 Zvr+R
wM
2v R r+z)

2
Fo {AM,Wy==Ww'M'+ (——+
: v
WM’ — W'M

TR 40)

where Fx{M, W} = F,{M, W} = F, ,{M, W}, and x, y, z are
the components of the vector r.

The asymptotics of the unperturbed radial function y,(r5)
entering into Eqn (35) is controlled mainly by the centrifugal
potential. The atomic potential V(r;), which is determined at
large distances by the polarization interaction
V(ry) — —o/2r, may be neglected. The asymptotics of
70(rp) is then given by

. 1
x = N(()U (1 +E> exp (—yrs) - (41)

This expression is an exact solutlon of Eqn (35) for
V(rp) =0. The coefficient N( =0.112 for the ion
Ca~ (/2= 0.01973 ¢V, &% — 002455 V) was found by
numerical solution of Eqn (35) with the model potential
V(rp) in papers [19, 20].

Substituting the semiclassical expression (18) for Whit-
taker functions into formulas (39) and (40) and expanding
them with the constraint |[r — R| < R, we obtain

1
1+7> exp (—y.qr — RJ) .
(1) oo (e~ R)

Here, the constant yy; is defined by Eqn (19) in the
semiclassical approximation. Expression (42), to within a
constant factor, coincides with the asymptotics (41) if the
ionic-state energy is described in the zero-order approxima-
tion (12), when y,; = 7. Thus, the constructed functions
(36)—(38) satisfy the necessary condition: at large inter-
nuclear distances, they coincide with the unperturbed func-
tions in the vicinity of the negative ion.

The main contribution to the normalization integral is
made by the region of large distances from the negative ion
nucleus, but the contribution from asymptotics (41) is
divergent as r, — 0. Therefore, expressions (36)—(38) were
matched with the numerical solution of equation (35). For the
ion Ca~, the behavior of quantities N(R) and B(R) as
functions of the internuclear distance R for zero approxima-
tion to the ionic energy (12) is similar to the behavior of the
same quantities for the system H™ + He™*, shown in Figs 1
and 2. In the case of the Ca~ ion, the number of energy levels
crossed by the ionic term is larger because the electron binding
energy of this ion is smaller.

For the case of the negative ion with an orbital
momentum L =1, the adiabatic wave functions are
expressed in the following way:

F.mFyy =~ (42)

V3n oG(r,r' E
Py (Rx) = Ny == By (E) ﬁ o @
PNy (E
Byy:(E) = — ye(E) . (44)
Ny/'+/3/4n (1 — Zv)

With the use of the spectral representation of the Green
function (5), we write down a similar expansion of adiabatic

functions:
=3 G R, (45)
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where the normalized wave functions of covalent states are

a'/’nlm (R)

= Jes

(46)

T L
n Lm

These functions are linear combinations of Coulomb sphe-
rical wave functions ,,,(r) with the common principal
quantum number n and, consequently, with the equal energy.

The expansion coefficients and the normalization factors
are defined as

),2 ]v“)\/ﬁ vaz E V }\1.%2 R
Cr.:c,},é (E) — _ 0 . X)s ( E) — ( ) , (47)
z — al//nlm(R) ? _ alpnlm(R) ?
Qi(R) = ,Z e [Z ——1
(48)
,, W (R) | oy i
YV(R) = nim SV nim\ ™) m 7
Q” ( ) ILm 6{x7y} x=y=0 R2 %1: 0=0

where two last sums with the indices x and y are the same.

When constructing the complete adiabatic basis set (see
Section 2.3), the wave functions (46) should be expressed
through the sums of the Coulomb functions ,,, in a
coordinate system the z'-axis of which is perpendicular to
the collision plane. The x’-axis should be directed at a time
either along the impact parameter (rectilinear trajectories) or
along the vector of a closest approach (Coulomb trajectories,
the point in time ¢ = 0). This coordinate system x’,)’, z’ is not
rotated at collision.

If we pass on to a new coordinate system, then use could
be made of the fact that the sum >, 7, () ¥,,,,(R) does not
depend on the coordinate systeni orientation (see above).
Because the derivatives in formula (48) are concerned with the
vector R, we should only redetermine these derivatives in the
new coordinate system. Since the x-axis of the above-used
rotating coordinate system coincides with the z-axis of the
new nonrotating system, we have

d_d
dx ~ dz/”’
d d . d
E:COS¢RW+SIH¢RW’

. d d
d—y:—sln(bR W_’_COS(ISRW'

Transforming the derivatives with respect to x’,)’ to
derivatives with respect to spherical coordinates R, 0, ¢, we
obtain the functions ¥;”*(R,r) in the new nonrotating
coordinate system:

X :alpnlm(R)/agR

; l//nlm nlm ) ) Jnlm (R) - R Q;(R)

y alpnlm(R)/a(bR
? J;ll m R)= 7

; l//n]m nlm ) I ( ) Q%(R)
- (R) = Wun(R)/OR

; lpn/m nlm ) nlm (R) - Q; (R)
(49)

)

)

where 6z and ¢ are the spherical angles of the vector R. The
polar angle 0r is constant and equal to wn/2 during the
collision, because the z/-axis is perpendicular to the collision
plane. The normalization factors Q;}-V”(R) are defined as

al//nlm
o ’
_ SV nim\ ™) m R
n R2 %; 6¢R R2 %1: nlm ’ (50)
z _ all’n/m(R) :
n(R) - Z aR

ILm

and do not depend on the coordinate system.

Since the wave functions ¥, (R, r) belong to the states
with nonzero projections of the orbital angular momentum
onto the R-axis, these functions are zero if the vector r is
directed along the vector R. In the new coordinate system, the
polar angles of these vectors are equal to /2 in that event. Let
us consider first the function ¥;. The associated Legendre
polynomials, which are constituents of the Coulomb func-
tions ,,,,(r), and their derivatives at 0 = n/2 are equal to [84]

N 2T [(1+ |m| + 1) /2]
~ R T+ (= |ml) /2]

X sin B(z+\m|+1)},

N/,,,Pl"”| (cos )]

cos 0=0

(51)

dP‘]m| (cos 0)

- 2+ P+ (14 |ml) /2]
=" d cos 0

—Nlm
VE T[(—|ml 1 1)/2]
x sin [g (1+ \m|)} . (52)
We see from the definition of ¥;(R,r) that for r||R this
function is proportional to the product of expressions (51),

(52). The latter product, in turn, is proportional to the
product of sines

sin B(H || + 1)} sin B(H |m\)} ;

cos 0=0

(53)

which is zero for any integer / and m. In other words, in the
sum defining the function ¥;, either the function ¥, or its
derivative 0y,,,,/00 are zero at 0, = O = /2.

The function ¥} (R,r), which is given by the sum in
formula (49), is also equal to zero for r||R, when the
azimuthal angles of these vectors are the same: ¢,=¢,. The
sum in Eqn (49) can be written as

nlm

* al//nlm(R)
; l//n/m (l‘) W
. on—1 m=-+I
=S RS miNP O =0, (54
=0 m=—1

The expression under the modulus sign in the last sum
depends only on the absolute value |m|. After multiplication
by m, the contributions to this sum from +|m| and —|m|
cancel out for any |m|, and hence the entire sum becomes zero.

Functions (49) are mutually orthogonal. The correspond-
ing integrals turn out to be proportional to expressions (53)
and (54), which are zero. The functions ¥;"”(R,r) for L =1
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are also orthogonal to ¥,(R,r) for L =0, because they
belong to the states with different projections of the angular
momentum onto the internuclear axis. The integrals of ¥V,
and ¥, ¥, are proportional to the product of sines (53) and to
the sum (54), respectively.

2.3 Properties of Coulomb Green functions

and the complete basis of adiabatic wave functions

A Coulomb system possesses a symmetry which manifests
itself in the degeneracy of its energy levels [7, 21]. This
symmetry affects the properties of the Coulomb Green
function whose spectral expansion (5) can be written as

G(R,1,E) = ZVQ" ) ¥u(R,)

: (55)

where the functions ¥, (R, r) are given by formula (27).

For each principal quantum number #n, the linear
combinations can be constructed from n> wave functions of
degenerate states, which will become the wave functions in the
new representation. One of these functions is ¥, (R, r) which
is present in the spectral expansion of the ionic function (26).
The remaining functions, designated as ¥, (R(t),r), take
the form

'Pnlm (R(l)7 l') = Z Cnr;{ﬁ'(R) lpnl/m’(r)

I'm'

(56)

and are not present in (55). The functions ¥, (R, r) must be
orthogonal between themselves and orthogonal to the
function ¥,. Consequently, the degenerate Coulomb basis
set can be reconstructed in such a way that only one of the new
functions, viz. ¥,(R,r), will be present in the spectral
expansion of the Green function (5), while ¥,,;,,(R, r) will be
absent in the expansion of interest.

Turning back to our problem, we see that since there are
no functions ¥, (R, r) in the spectral expansion of the Green
function, the ionic term interacts only with one covalent state,
while the energies of the remaining degenerate states ¥, do
not change and are equal to the unperturbed Coulomb
energies E0 = —Z?/2n*. Nevertheless, the latter states are
not absolutely passive. They can be occupied during capture
processes (1) and (2), because their wave functions
¥,m(R(7),r) are time dependent and because the matrix
element of the time derivative between them and the function
¥, (R, r) is nonzero. Thus, the complete basis set of adiabatic
states includes both ¥, and ¥, states, and our goal now is to
construct the functions ¥,,,,.

The possibility of reconstructing the Coulomb basis set of
eigenfunctions to study electron scattering by a system
composed of many small-sized potential wells was explored
in works [17], but the specific algorithm for constructing an
orthonormal basis set was not discussed in previous papers
[3-6,17].

To find the reconstructed orthonormal Coulomb basis set
of eigenfunctions, we assume that one of the Coulomb
functions, say the function ¥,,,, is orthogonal to ¥,(R,r)
from the outset, so that J,;,(R) =0. Let us consider the
function combinations ({/,m} # {4, u}):

L=0: ¥um(R,1) =1, (r) _Jnlm(R)[ A(R,1) + ‘//n)u } )
(57)

L=1: 'Pn[m (R l') lpnlm(r) —J"\/';LZ(R) I:lPY ‘ L(R l‘) +l//m1;t(r)]
(58)

Each of these functions is orthogonal to ¥, (L =0) or to
¥ "% (L = 1). For the mutual orthogonality, for example, of
functions ¥,;(R, r) to be established, we must calculate the
integral of their product:

JWIZIIH njlm/ dr = 6/[/5171171 2Jnlm J;[/m’

% 2
A+ Tt I J |W(R,¥) + 4, (r)| dr. (59)

Since ,,,(r) is orthogonal to ¥,(R,r), the integral in the
right-hand side of relation (59) is equal to 2 (functions v,
and ¥, are normalized to unity), and the sum of the second
and third terms in formula (59) is zero. The same is true for the
case of L = 1; therefore, each of the functions (57) and (58) is
normalized to unity and orthogonal to all the other functions:

J nlm(R l‘) 'Pnl’m’(R7 l‘) dr = 5/1’5"”11’ ) (60)
[ oo w3 Ry ar = 30 (61)
At/ = Aand m = p, theequality ¥,,, = ¥, holds for the

functions entering into Eqn (57), because y,,,,, is orthogonal
to ¥, (L =0) and the second term in formula (57) is zero.
Therefore, the function (57) with orbital quantum numbers 4
and p is not orthogonal to the functions (57) with / # 1 and
1 # m. This is also true for the case of L = 1. Consequently,
for a given principal quantum number n, the number of
orthonormal functions ¥, or Tnhff is n2 — 1. Together
with ¥, or ¥, the total number of functions is n%, as
must be the case.

The proposed orthogonalization method [see formulas
(57) and (58)] is general in character. It is based on the
existence of the function ,,, which is orthogonal to the
active-state function ¥, from the outset. For this method to
be applicable to our problem, it must be shown that the
function ,,,, actually exists.

In the above-introduced coordinate system with the z-axis
perpendicular to the collision plane, the polar angle 6z of
vector R is constant during the collision time and is equal to
nt/2. The functions y,,,,(R) and their derivatives with respect
to x and y are proportional to the associated Legendre
polynomials when cosf =0, while the derivatives with
respect to z are proportional to the derivatives of these
polynomials. These polynomials and their derivatives at
0 = n/2 are given by formulas (51) and (52), respectively.
Thus, we see that P‘ ‘(0) as well as ,,;,,(R) and its derivatives
with respect to x and » become zero at even / + |m| + 1, while
the derivative with respect to z is zero at even / + |m| (or odd
[+ |m| + 1). The integrals J,;;,,(R) entering into formulas (28)
and (49) vanish at these orbital quantum numbers / and m.
Consequently, the Coulomb functions ,,,(r) with even
[+ |m| + 1 are orthogonal to ¥, and ¥, but not orthogo-
nal to ¥;. At odd /4 |m|+ 1, the functions ,,,(r) are
orthogonal to ¥ and not orthogonal to ¥, and ¥ ;.

Thus, the function ,,,,,(r) exists in our problem and is not
unique. For each n, the number of such functions is
approximately half the number of all degenerate states, i.e.
~n*/2. The states with these wave functions are strictly
passive (see below).

As we see, the solution of the orthogonalization problem
depends on the choice of the coordinate system. In the
coordinate system we chose, this solution proves to be
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simplest, because the polar angle 6 of the vector R equals /2
during the entire collision for both rectilinear and curvilinear
trajectories. The trajectory must be merely planar, which is
the case for central forces. The proposed method of con-
structing a complete orthonormal basis set is also based on
the specific form of active-state functions ¥, (R, r).

Each principal quantum number n has its own set of
orthonormal functions {¥,,, ¥ }. Any function from the set
relevant to n is orthogonal to any function from the set
pertaining to n’ (n' # n), because these sets are constructed
from different sets of Coulomb functions (from ,,, and
W,im» Tespectively) which are orthogonal between themselves.

The functions ¥, given by formula (57) for L=10
become zero at r = R: ¥, (r = R) = 0. This fact is deter-
mined by the specific form of the active-state function ¥, and
by its orthogonality to ¥,;,. In other words, it results from
the degeneracy of Coulomb energy levels, which is attribu-
table to Coulomb field symmetry [7, 21].

The ionic wave functions (26) and (45) are constructed
from the wave functions of active states alone. Consequently,
the wave function ¥, (R, r) of any passive state is orthogo-
nal to the ionic functions. By contrast, any active-state
function is not orthogonal to the ionic functions (26) and
(45). The integral of their product is equal to the coefficient
C,(E) [see formulas (29) and (47)].

By using a procedure identical to that employed in
constructing the orthonormal system of functions
{¥,, Wum} defined by formulas (57) and (58), here we
examine the construction of the functions

L=0: ¥,(R,r) = ¥,(R,r)
_Cn( )[ (R r)+l//r1/,u.( )] (62)
=1: P34 (R,r) = PY79(R,1)

_ C,fﬁyﬁ:(E) [(px,y,z(Ra l‘) + wﬂi’l/ (l‘)] ’ (63)

where W,y 1s orthogonal to ¥, and @ (L = 0) or to ¥, and
@, ,- (L = 1) (the orbital quantum numbers A, d1ffer from

A, u). The functions ¥, and ¥ " are orthogonal between
themselves and to the ionic functions @ and ., . and
orthogonal to the functions of passive states ¥, or ‘Pn,fn‘
(A # 2, u# ). In addition, the functions (62) and (63) are
normalized, because one has

J|§f,,(R,r)|2dr:Jylp,,(R,r)}zdr:1, (64)
and a similar relation holds for L = 1.

The adiabatic matrix elements of the time derivative
between the wave functions of active and passive states are
defined as follows

Tl’l R?
L=0: Vn,nlm(R) EJ ¥ im (R’ r) % dr
_ dJnlm(R)
T o
- . PrrI (R
L=t V) = [ S
4/ (R)
= "alm \ 66
. (66)

Matrix elements (65) and (66) do not depend on quantum
numbers A, u. For [ = A and m = p, matrix elements (65) and

(66) become zero, because for these states the integrals J,,;, (R)
and J,7*(R) are equal to zero at any instant of time.
Consequently, the states with quantum numbers niu are
strictly passive: their energies do not change in time and they
are not occupied in collisions (1).

2.4 Sums of Coulomb wave function products

over degenerate states and the properties of active-state
wave functions

Let us calculate the sums of products of the Coulomb wave
functions with negative energies, the sums taken over orbital
quantum numbers /,m. These sums are present in formulas
for adiabatic wave functions of covalent states, constructed in
previous sections. Here we consider first the sum

Z l//nlm nlm )

Im

(67)

which is proportional to the wave function (27) of an active
state. This sum can be expressed through a quadratic form of
wave function of only one state with zero quantum numbers
I=m =0, i.e. through the function y,,(r) [11-13]. In
V A Fock’s papers [21] devoted to the four-dimensional
symmetry of the atomic hydrogen, an analogous sum was
investigated but for the wave functions in the momentum
representation.

The sum (67) and a number of other sums can be
calculated by comparing the limit of the Hostler—Pratt
Coulomb Green function (6) as E — E, with the analogous
limit of the spectral expansion (5) of this function. The limit of
the Coulomb Green function (6) as E — E, has been
discussed in paper [22] and has been used in calculations of
the Born cross sections for transitions between the excited
states of atomic hydrogen, which are caused by electron
impacts [23—25]. In the linear combination (14), the first
term is the leading one as E — E,,, and the second term can be
neglected. In formula (15) the term G, can also be neglected.

In the calculation of the Green function limit we shall use
the following expression for the gamma-function in the
resonant limit when Zv — n [84]:

(-0'z2 1
rl—2zv.)————— .
( v-) n*(n—1)! E—E, (68)
Using this expansion we obtain for the resonant term:
G(l’ R E— E E En ;lﬁnlm nlm )
1 Z? n 0 B 0
E—E, mdnl(n—1)! x—y\do(Zy) 0(Zx)
Zx Zy
W —_—
X n.l/Z(n>VI/nﬁl/2<n)a (69)
whence it follows that
Z l//nlm n/m )
I.m
B z? n o 0
T ndnl(n— 1! x—y\o(Zy) 0(Zx)
Z. V4
><W+( X)W+< y) (70)
n n
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In the limit £ — E, (Zv — n), the Whittaker function
W12 becomes proportional to the Coulomb wave function
¢,,0 with zero orbital quantum numbers / = m = 0:

4mn G
¢)10( ) ¢n0(r) =r \/4—n .

(71)

~—

W) = (=1)""n!

This relation follows, for example, from the comparison of
the asymptotic expressions of the functions W, | >(r) and
¢.0(r) as r — oo. Substituting formula (71) into (70) we
obtain for the sum (67) [11, 12]’

Z l//nlm nlm )

ILm

_ 4_22 (rb;O(T}’) (rbn()(rx) B d)n()(r,\’) d);()(rx) (72)
n? Ty — Ty ’
where
Ty = ZnR(l +&, 1,= ZnR(l +1),

and &, i are the elliptic coordinates introduced in Section 2.1.

By analyzing a Taylor expansion of the sum (72), we can
obtain the sums of products of the arbitrary-order derivatives
of Coulomb eigenfunctions with respect to the internuclear
distance Ratr = R [8, 13]:

E dllp"[m(R) dllpnlm( )

(R —
0,/(R) 4R AR

(73)

Im

To calculate the sum (73), let us consider the passage to the
limit of relation (72) for r — R, when the point r moves along
the vector R and when 7, = 2ZR/n = const, 1, = 2Zr/n, and
Ty — 7, = 2Z(R —r)/n. The expansion of the sum entering
into Eqn (72) in a Taylor series in powers of (r — R) takes the

form
Z l//nlm l//nlm Z |lpnlm

I.m ILm

+<r—R>ZMw:Zm<R>+...

ILm dR
N (l’ — R)k Z dklﬁnlﬂ‘l(R) lp* (R) + (74)
Ko 2 T drk Vi .

and the analogous expansion of the right-hand part in
formula (72) is

B10(1) D0 R) = (1) DR
R—r
2 2 R
(H48) ot e
k k+1
<(drar) S = () Rt ) 05)

Comparing these two expansions and equating the terms at
the same powers of (r — R) one arrives at

Ny g Pn®)
/ (R) = ; l:[/n/m (R) W
1 (05 R B R = 07 (R (B) . (76)

where ¢pV'=d’¢/ d’R.

For the special cases of j =0 and j = 1 we obtain from
relation (76) two sums:

A2+ 1
0 R) = Z ’lpnlm ’ = Z ? 112[(R)

Lm =0

~ ) +2(B 2 dam. )
Zl//n]m dlpnlm( )
Im
20+ 1 df,,,(R) B
Z M = —ZUk(R) . (78)

The sum Q,(R)( = Q,(ZO’O)(R)) is shown in Fig. 3.

1071

Figure 3. Sums Q,(,’ ) (R) as the functions of distance R from the nucleus of
He ™ (n): 1 — 0u(R), 2— 0", 3— 0*? [equations (77), (89) and (90),
respectively].

The above-calculated sums make it possible to investigate
the properties of the wave function of an active state:

2z D0 (Ty) Do (Tx) = Puo (1)) () .
n IR —r[\/Qn(R)

At the point r = R, the denominator in formula (79) comes to
nought but the function ¥, does not go to infinity, because
the numerator in Eqn (79) is also equal to zero at this point.
Indeed, at the point r = R, the variables 7, and 7, are equal:
Ty =1, =2ZR/n, and the numerator in formula (79)
becomes the Wronskian of the same function ¢,.

For investigating in detail the properties of the wave
function (79) we use the following expression for the normal-
ized function ¢,:

fuo(t) = \/4zp (f;) Flen+1.2,7).

The function (79) depends on two-center elliptic coordi-
nates & 7. The first center is placed at the nucleus of the
positive ion, and the second center — at the nucleus of the
negative ion. This function is not symmetrical relative to the
plane which is perpendicular to the internuclear axis R and
goes through the positive ion nucleus (see Fig. 4).

Y,(R,r) =

(79)

(80)
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0.05
Y,(R,z)
0
—0.05
zZ=2
n=4
—010 | T | | |
—10 -5 0 5 10 15 20
z,a.u

Figure 4. Wave function of the active state ¥, (R, z) [L = 0, formula (79)]
for Z = 2and n = 4 (orbitsize r, = 2n>/Z = 16) versus the distance z from
the nucleus He™t along the internuclear axis R for three values of
internuclear distance R: I — R = +4r, = +64 (thick solid line); 2 —
R=r,=+16 (dotted line); 3 — R=r,/2=+8 (thin solid line);
diamonds mark asymptotic limit (85).

At internuclear distances which are much larger than the
size of the nth Coulomb orbit r, = 2n*/Z, viz. R » r,, the
elhptlc coordinates &, i are close to the parabolic coordinates
I =r+z V=r—zin the vicinity of the positive ion:

f%l—%—l—..., nz—l—l—%—&—...

At these distances, the function (79) of the active state is
transformed in the vicinity of the positive ion to the Coulomb
eigenfunction in parabolic coordinates.

Indeed, at large R the variable 7, is also large and,
consequently, for the function ¢,,(7,) we can take advantage
of the asymptotic expansion into a series in inverse powers of
R:

2ZR Zv
Ty M ——+—+...,
n n

Puo(Tx) = exp ( _g) q%(zi}e) |

where we set
o 2ZR\ _ 1 [Z (2ZR\" ZR
o\ g T nl Vdmn\ n p n )’

and the asymptotic expansion of the derivative yields
Plo(ty) = —¢,0(1c)/2. Asymptotic expansion of the func-
tion ¢,4(t,) is not possible, because the variable 7, is not
large as R — oo, and we then have

R— o0

?,(R,r)

NE 1 é <ZZR>
"“nR \/m n0 n

o)) (2]

Hence it follows that at large R the active-state function
¥, (R, r) was transformed to a product of functions depend-
ing on parabolic coordinates v and ji. Coulomb wave
functions in parabolic coordinates are linear combinations
of spherical functions with Clebsch — Gordan coefficients [30].

By inverse transformation of these combinations, the wave
function ¥, (R, r) can be expanded in terms of eigenfunctions
expressed in parabolic coordinates at any value of R.

In order to proceed to the limit of this expansion as
R — o0, we should investigate expression (82) in more
details. Making use of the asymptotic limit of the sum:

s 1 2ZR\ "
Qn(R) - I’llP”O(R) ~ W 713}12 ( n )

( 2ZR>
X exp - ) R — o0,

we transform expression (82) to the form

V4 Zv
Y,(R,r) ~ mexp ( —2—n)

{2%( ! )+¢,10(Z“>], R—oo. (84)

For subsequent transformations we calculate the deriva-
tive of function (80) and take advantage of the functional
relations 9.212.2, 9.212.3, 9.213 between confluent hypergeo-
metrical functions compiled in the handbook [84]. As a result
we found that the function ¥,(R,r) transforms in the limit
R — oo to the wave function of a Stark state with quantum
numbersn,m =0,n =n—1,n, =0:

Z3/2 Zr
¥,(R,r) = lpn,mm (#,9) = 2\/— <_ 7>

XF](*PZ#’I,L >

This state possesses the maximum dipole moment
d™* = 3n(n — 1)/2Z[7] and the center of the electron charge
in this state is displaced to the negative ion.

Function (79) and its limiting expression (85) are shown in
Fig. 4 as a function of distance z (reckoned from the nucleus
of the positive ion) along the internuclear axis. Function (79)
is plotted for three values of distance R. It follows from this
figure that for large internuclear distances R > r, function
(79) is asymmetric relative to the point z = 0 and is close to its
limit defined by Eqn (85).

Stark states constitute Rydberg states of atomic hydrogen
and hydrogen-like ions perturbed by a weak uniform electric
field F [7]. In these states, electrons have dipole moments
d, = —3n(n; —np)/2Z and their energy level shifts are the
linear functions of F: E—E,= =3Fn(n —m)/2Z. 1If
hydrogen Rydberg atoms are perturbed by a positive atomic
ion with charge Z, then at large internuclear distances the
electric field of the ion is F ~ %R*2 and the shifts of Rydberg
energy levels are E — E, ~ 3nZ(n, — ny)/2ZR?*[15].

In the case under consideration the Rydberg atoms are
formed in the final states accompanying collision (1), when
there is no electric field. For example, in the collision
H™ +He"™ = H(ls) + He"*(n/m), final Rydberg states of
the helium ion interact with atomic hydrogen in the ground
state. Nevertheless, in our approach the wave function of the
active state ¥, (R,r) is transformed as R — oo to the wave
function of the Stark state which has the maximum dipole
moment for a given principal quantum number n. This fact is
the consequence of the degeneracy peculiar to Coulomb
energy levels that manifests itself in specific features of the
Coulomb Green function.

We also emphasize that because of the specific feature of
the active wave function, pointed out above, a couple of

(85)
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atoms are formed in the recombination reaction (1), one of
which possesses a dipole moment. The interaction energy of
electrons in such atoms is increased at large distances R. For
example, at the collision H_  + H,f, the system
H,(1s) + Hj(n) is formed after the outer electron exchange.
The interaction energy between the core ls-electron of the
atom H,(1ls) and the dipole moment of the Rydberg atom
H;(n) is inversely proportional to the internuclear distance
squared, viz. ~ R~2. However, the proton of the atom H,, also
interacts with the dipole moment of the atom H;, and the term
~ R~?is absent in the total interatomic interaction energy (in
the molecular term).
The dipole moment of the quantum system is defined as

dy(R) = J”zwf(R,r)fd%.

Dipole moments d,(R) of active states ¥,(R,r) [L =0,
formula (79)] and ¥;>”*(R,r) [L =1, formulas (95) and
(96)] have been calculated numerically on the basis of
integral (86). The calculated results are shown in Fig. 5.
Dipole moments are present in this figure as functions of an
internuclear distance R for the Rydberg states with principal
quantum number n = 4 and for the charge Z = 2 of a positive
ion.

(86)

0 5 10 15 20

Figure 5. Dipole moments d,(R) of active covalent states for Z =2, n = 4
as a function of internuclear distance R. The lines were calculated by
means of sums (87), (104) and (108); crosses, squares and diamonds — by
numerical integration with formula (86). Curve / — the state ¥,(R,r)
defined by formula (79); curve 2— the state ¥; (R, r) specified by formula
(95), and curve 3 — the state ¥, (R, r) defined by formula (96).

Integral (86) can be calculated analytically; the result of
this computation is described by a sum over the orbital
quantum number /. Making use of the radial matrix element
(n,1—1lrln,1) = —(3n/2Z) vn?> — I? [31] and the integral of
the associated Legendre polynomials product [32] we obtain
the dipole moment for the state ¥, (R, r):

n—

1
dy(R)=— IVr2 =121, 1(R) fu,—1(R). (87)
0

411',ZQ,1 ]:
Dipole moments calculated using this sum are shown in Fig. 5
as a function of distance R. It is clearly seen that the results
derived with integral (86) and with sum (87) are the same. In
the limit of large distances R — oo, the dipole moment for the
active state ¥,(R,r) indeed has a maximum value for n = 4
and Z=2:d* =3n(n—1)/2Z =9 a..

The sums Qf,o"’) with arbitrary j can be expressed through
quadratic forms involving only the function ¢,,(r) and its
first derivative ¢/, (r). These sums with j = 2—35 have been
taken in papers [8, 13].

The sums of products of wave function derivatives are
obtained by differentiating equation (76) with respect to R:

dl/j;lm djl//nlm (R)

(1.)) —
0" (R) = 2 L =
¢<>¢“%m_¢$mm%%m
j+1 j+2

()bnO( )¢’g1(;r3( )

TS (5
J — dzw: m dil//n m(R)
07 (R) = ,Z; T
_ RV (R) g (R (R)
j+1 J+D(+2)
200 (R VR 260(RI VR

U+DU+3)  G+DU+2)+3)

By continuing the differentiation, we can take the sums Q"
with arbitrary values of i and j. However, the expressions
quickly become unwieldy.

When investigating collisions (1) and (2) we need to know

the following sums:
: 3 2041 ( dfu(R)\’
S 4 dm dR

oM(R) =3
7ar(™0)] oo

I,m
2 241 Pfu(R)\?
o= [ R < ()

dlpnlm (R)
dR

2 Z\ 500)
HICGSEECE
Im /

dzlpnlm(R)
dR?
2
() Kot
2
1?3 [8 (En + i) _%_ ﬁ} ¢’io(R)

B R a(R

+ (91)

which are determined through the use of expressions (88) and
(89) during calculation of higher-order derivatives of the
function ¢, (r).

Differentiating relation (90) with respect to R we obtain a
simple expression for the sum withi =1, j = 2:

Wo(R) Py, (R) 1 d
0 (R) =3 c;R() d1[€2( - dR

ILm
len()( ) (92)

The differentiation of relation (91) gives the simple expression
for the sum with i = 2, j = 3:

dzlibn m R d3l//n m R 1 d
ISEDY d;f) (§5)=—5§QSWK

47> /
W (ﬁbgo (R)) .

I,m

= =25 (R) =
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Usmg relatlons (78) (92) and (93) we can express the sums
0.(= Qn ) Q,, and Qn through the following inte-
grals:

0.(R) =27 E Y2 (r)d

r,
ol V(R) =22 wihdr
R
(2,2) _ - 2 4£ 2 !
0p (R = 22| (o + 5 @) bar. on
(1,1) (2,2) .

The sums Q,(R),0, ’(R) and Q) ”(R) are shown in
Fig. 3 as a function of the internuclear distance R. These sums
are present in the normalization factors of wave functions of
active states for negative ions with orbital momenta L = 0, 1
and 2. They do not have zeros at finite values of R and
decrease by steps when R is increased. It follows from
relations (78), (92)—(94) that the derivatives of these sums
are equal to zero at the central point of each step. The
calculated sums are interesting for the physics of negative
and positive ion collisions and for the physics of highly
excited Rydberg atoms [26], specifically, for investigations
into the broadening and shift of spectral lines corresponding
to radiative transitions involving Rydberg states.

The expressions for wave functions of active states in a
negative ion with an orbital momentum L = 1 participating
in collisions (1) were obtained from the analysis of the limit of
Coulomb Green function derivatives at £ — E, [§8]. These
wave functions are as follows

W;(R, l') = lp:lm(r) dl//nlm(R)
I Q,(IL 1) (R) dR
B 472 cos 0,
nlr — R[ /0" (R)
2
[ ) = (e i)
1 nz(R —r)
+ (3 e )bl b ©9
l[/’;ﬂ}'(R’ l‘) = lp;/m (l‘) a!//n[m(R)

Lm Q,(le’6> (R) a{x7y}

_ 4Z?sin0y{cos ¢y, sin ¢, }

n2lr = R/ O (R)
x {”4—?2(” (R, 1) = ¢ (1) $0 (%))

- (3- %) bules) bl (96)

where ¥,(R,r) is given by formula (79). The functlons 95)

and (96) are regular at r = R. The sum Q,, ( ) was
calculated above.
The sum Q,(f’e) assumes the form
amm ?
o, Rz}z ’ H. (97)

This sum cannot be calculated by leaning upon the Coulomb
Green function analysis. We should analyze the derivative of

the associated Legendre polynomials at 6 ~ 0. Making use of
the appropriate formulation of these polynomials [84] we
obtain that for any orbital momentum / the derivative of the
polynomial with respect to angle 0 is not equal to zero at 0 = 0
only for the projections m = +1 of an orbital momentum.
This derivative is defined in the following way:

dP}(cos0)

1
&0 =——(l+1).

Y 5 (98)

With the last derivative we transform the sum (97) to the
form

OP(R) = > (U + )1+
4

The subsequent calculation of the sum (99) is connected with
the calculation of the following sum: », /(/ +1)|zpnlm(R)|2.
By means of the addition theorem for spherical harmonics
(31), the latter sum can be written in the form

le+1 }lpnlm |

IL,m

Nfa(R). (99)

ll+l

:ﬁz(”r DL+ 1) £i(R). (100)
1

The sums (99) and (100) differ in the multiplier 1/2R? which
does not depend on the quantum numbers /, m. Consequently,
after calculation of the sum (100) we shall also find the sum
(99).

For taking the sum (100) we express the product /(/ + 1) f,
through the f,, df,/dR and d2f,7// dR? using the wave
equation for the radial wave function f,; [7]. Then the sums
(99) and (100) are expressed through those sums calculated
above and we obtain

O (R) = g 3R+ DI+ DR
—4TR2<EH+%>Q”(R)

0%(R STcR z{:zul (I+1)f3(R)

-2 (E +2) 0t~ 5 [P 1 L 4allO). 100

These sums can also be obtained by the expansion of function
(96) in a power series of |r — R|in the limitr — R, but this way
is much more comphcated

The sum Qn ( ) defined by formula (102) is shown in
Fig. 6 as a function of R in comparison with the sum Q,l D (R)
presented by formula (90) Both the sums are positive for all
R. However, the sum Q,, decreases stepwise in the region of
classically allowed motion, R < r,, whereas the sum Q,," 0 (R)
has no steps. Most other sums also show a peculiar behavior
as a function of R [13]. All the sums were calculated both by
means of derived quadratic forms of the function ¢, and by
means of direct summation over / with the use of Coulomb
functions f,,; [7]. The calculated results coincided every time.

Sums (101) and (102) simplify the investigation of the
asymptotics (as R — oo) of the active-state wave functions
(95) and (96) for negative ions with an orbital momentum
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10~4

0 (R)

1075 |

1076 | | |

1 2 3
0 0 R.au. 0

Figure 6. Sums Q,(R) (curve /) and Qﬁ,o‘ K (curve 2) as functions of the
distance R from the ion He™*(n) nucleus [equations (90) and (102),
respectively].

= 1. The dsymptotlc limit of the sum Q,l
in V(R )—>— Qn( )

1 2ZR\*? 2ZR
N— exp| ——— ). (103)
(n!) nn4 n n

We can neglect the first terms in square brackets in formulas
(95) and (96), because in comparison with other terms they are
of order R~! atlarge internuclear distances R. Then we obtain
that as R — oo the function ¥/ (R,r) goes over, similar to
function ¥,(R,r), to the Stark wave function with the
maximum dipole moment for a given principal quantum
number n, i.e. the limiting expression of the function
¥ (R,r) is given by formula (85).

The electron dipole moment in the state ¥';; is represented
in the following way:

equals

3n o« 5 dfu 1( dfui—1(R)
T ar

(104)

The result of this dipole moment calculation is shown in Fig. 5
together with the calculated result for the integral (86) in the
range of internuclear distances 0 < R < 20. It follows from
the figure that at large R the dipole moment of the state
¥ (R, r) is close to the maximum (forn = 4 and Z = 2 ) value
of d; = 9a.u. However, at R = 0 this dipole moment is not
equal to zero (see below).

In order to investigate the function ¥;"”(R,r) limit as
R " oo we should examine the asymptotic limit of the sum
Qn ( R) which decreases at large R much more rapidly than
the sums Q,(R) and ol ( ). Only the fifth term in the
expansion of expression (102) is nonzero

The asymptotics of the sum Qn ( ) can be found easily
by taking the sum over orbital momentum /, which is present
m formula (102) and appears as the definition of the function
Qn ( ). Substituting the asymptotics of radial functions
Su(R) [7] into this sum, we arrive at the following result for
R — oo:

d,(R) =

2041 (14 1)
4n 2R?

oy "(R) = Ju(R)

ALV CES (106)

St =  (n+ D) (n—1—=1)!  (n)?

(]

Now substituting expression (105) into formula (96) we
obtain that the functions ¥;” are transformed in the limit
R — oo to the wave functions of Stark states with the
projection m = +1 of an orbital momentum:

l//n., \m\,nl(:uvva ¢)

2(n—1) Zr
_ —75/2
=z TPG”’(‘?)

><F< n+2,2, )W

n, |m|=1,

YR, 1) —

n=n-—2, (107)
where p = ,/uv is the distance from the nucleus of the positive
ion along the direction perpendicular to the internuclear axis.
These Stark states have the maximum dipole moment among
states with principal quantum number » and with orbital
momentum projection |m| = 1:

n—2)
27
For Z =2 and n = 4, the value of this dipole moment runs
into d, ;=1 = 6 a.u.
For arbitrary R, the dipole moments corresponding to the
PY(R, r) states are the same and equal to

dn, Im|=1 = 3n (

3n
8nZR2 0, (R)

XZ[ — DV =12 £, (R) fai—1(R) .

4 (R) = -

(108)

The dipole moment d)°”(R) is plotted in Fig. 5 as a
function of R and has been computed by formula (86) and
by sum (108) for Z =2 and n = 4. The results of interest
coincide and at large R the dipole moment is really equal to
6a.u.

The presence of dipole moments of excited Rydberg
electrons is extremely important for the physics of Rydberg
molecules [27]. Vibrational states of such molecules are of the
order of 212 in extent, so that for n ~ 30 one obtains 1800 .
Rydberg molecules with large electron dipole moments are
very sensitive even to relatively weak laser radiation that
makes it possible to control the appropriate molecular states
with high accuracy [27].

The limiting expressions of sums Q,(R) as R — 0 are the
following:

Z3
Qn(o) = ey
2
0 () =2 =1 (109)
Z3(n -1
o0 =202l

The wave function of an active state for L=0 is
transformed at R=0 to the Coulomb spherical wave
function of an S-state:

'Pn(R =0, l') =

Yao(r) = (110)
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and functions ¥;»" (L = 1) for |m| =1 are transformed to
Coulomb spherical wave functions of P-states:

\/>j,11 )sinf {cos ¢,sin¢}. (111)

The function ¥ (R,r) (L =1, m = 0) has a more inter-
esting limit at R =0, being represented by the linear
combination of the wave functions of S- and P-states:

PIY(R=0,r

¥ (R= = Co,o(r) + Ciih, 1 o(r),
W1 o(r 1/ f,,l ) cos 0 (112)
with coefficients
[ 3n? n?—1 ) )
- =4/ =1.
a2 -1’ Cl a2 —1’ C0+C1
(113)

In the state with the wave function (112), the electron
possesses the dipole moment

4170

r)|2 dr = ZC()C]JlenAO(r) Yy10(r)dr

20,2
=) (114)
Z(4n? —1)
For Z =2 and n = 4, this dipole moment takes the value
dZ7(0) = 120/21 = 5.714. .., while the numerical integration
yielded d,,-(0) = 5.712. .. (see Fig. 5, curve 2).

The wave functions (57) and (58) of passive states
constructed in Section 2.3 are orthogonal to the wave
functions of active states at any internuclear distance R.
Therefore, most likely that these functions are also trans-
formed (as R — oo) to the wave functions of Stark states.
However, this question has not been investigated in detail.

The existence of the above-discussed sums of the Cou-
lomb wave function products signifies that there exist
corresponding relationships among confluent hypergeo-
metric functions. These relationships are very complicated
and are missing from available reference books [28, 29].

2.5 The distant crossing approach

In the preceding sections, the energy £ and internuclear
separation R in the A~ + B%" system were assumed to be
independent parameters. The Coulomb Green function,
which is the wave function of the outer (or weakly bound)
electron, was investigated on the entire half-plane {E, R}. In
this section, we calculate the energy E as a function of the
internuclear separation R.

In the zero-order approximation, this electron energy
follows the law (12). For internuclear separations R ~ R,
[see formula (25)] close to distant term crossings, where R, is
larger than the size of the corresponding Coulomb orbit for a
covalent state, the matrix element taken between the ionic and
covalent states is small compared to the difference between
the Coulomb terms, viz. Z2/n’. In this case, the two-level
approximation may be used for the description of an
adiabatic wave function:

®(R,r) ~ B(E) P(|R —r|) + C,(E) ¥4(R,x).
Within this consideration, the ionic state @, interacts with the

active adiabatic state ¥,(R,r) that belongs to only one
principal quantum number 7.

(115)

If the ionic term is close to the covalent term E,, then in
expansions (26), (45) only the coefficient C,, ~ 1 and all other
coefficients C,/ (n' # n), are small. Using this property and
relations (29) and (47) between the coefficients C, and the
function B, the normalization of the function (115) yields

AEZ(R)
B(B)|1+ 250,
(
z
En;tl | ~ % )

| = BXE)+ CX(E) = (116)

n

|E—E,| < |E, —

where the quantity AE,(R) for the case L = 0 takes the form

AE,(R) =2nNo\/Qu(R), L=0. (117)
For negative ions with an orbital momentum L =1, the
quantity AE,(R) in formula (116) and in all subsequent

formulas should be replaced by AE,*(R) equal to

N(()])\/ 3n

AE}YH(R) ==

"I(R), L=1. (118)

Equalities (117), (118) follow from formulas (27), (46), while
the sums Q,(R) and Q;**(R) were calculated in the previous
section.

From equality (116) we obtain the relationship for the
function B,(E), and its substitution into Eqns (29) and (47)
yields the coefficients C,(E) and C,/(E) as a function of the
energy near crossings:

B.(E) = (E—~ E)[(E- E)* +AEX(R)]'?,  (119)
Cu(E) = —AE,(R)[(E— E,)* + AEXR)] ', (120)
Co(E) = —AE, (R )E’,f JZ,I[(E E)* + AEX(R)] .

(121)

The subscripts n of all the coefficients signify their belonging
to the nth avoided crossing: E ~ E,, n' # n.

Let us write the relations (119)—(121) making use of the
zero approximation (12) for the energy. For any n, the

difference Ey(R) — E, can be represented in the form
R—-R
X:(R) = Ey(R)—E, =Z RR, ., (122)

which is an exact expression free of any simplifying assump-
tions. Substituting this finding into Eqns (119)—(121) we
derive the coefficients B,(R), C,(R),Cy(R) as functions of
the internuclear distance R but not the energy:

B,(R) = (=1)" "™ (R — R,)[(R— R,)* + ARX(R)] "*,
(123)
Cu(R) = —(=1)"" AR,(R)[(R - R,)* + ARAR)] ",
(124)
Cn’(R) = 7(71),17”“]"X ARH/(R) %
x [(R— R, + ARA(R)] "2, (125)
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where

RR
AR,(R) = —"

AE,(R). (126)
Notice that the quantity AR,(R,) = AE,(R)/F, at R=R,,
where the ‘force’ F, = Z/R>.

Representing the coefficients B and C as functions of R
allows the two-level approximation under consideration to be
compared with the exact calculation described in Section 2.1.
The function B(R) calculated in the two-level approximation
with formula (123) is compared in Fig. 7 with the result of the
exact calculation for the collision H™ 4+ He™" at R ~ Ry4. The
agreement between the results is very nice, so the two-level
approximation proves to be very close to the exact computa-
tion. For R ~ Rs and R ~ Rj, the two-level approximation is
equally close to the exact evaluation.

The coefficients B and C in formulas (119)—(121) are the
functions of energy. To determine the system’s energy as a
function of the internuclear separation R, we may take
advantage of the fact that closer inspection of the two-level
approximation enables us to consider the adiabatic wave
functions ¥, , as linear combinations of the wave functions
¢, , defined in the zero-order approximation [7, 33]:

Yy =ady +bd,, Y, =—bd +agp,, (127)
{ x2+A2+x}1/2 {\/X2+A2x]1/2

2V x2 + A? 2V x2 + A?
where the difference between the diagonal matrix elements x
and twice the nondiagonal matrix element A is written in our
notation as

X=E) 4V —E) Vo~ E(R)—E,, A=2[Vol.

The equality B, = C, = 1/v/2 with E— E, = AE,(R)
follows from formulas (119) and (120). In turn, relationship
(127) shows that these coefficients correspond to a minimum
energy difference between two avoided crossing terms, when
x = 0. Thus, for the A~ + B*" system under study, we can
write down an expression for the nondiagonal matrix element
in the form

VOn: <(D0‘V"Pn> :AEH(R)7 (128)

B(R)
1.0

0.5

R4 = 20.56 a.u.
I I I TR I

16 17 18 19 20 21 22 23

Figure 7. Function B(R) versus the internuclear distance R for the
H~ + He'™" system near the crossing of the ionic term with the covalent
n = 4-term: solid line — the exact numerical calculation with formulas
(22), (24); diamonds — the distant crossing approach resulted in formula
(123).

and the expression for the energies of the two avoided
crossing terms as

E+(R)—E, = % [Eo(R) — E,

+ ((Eo(R) — E,)* +4AEX(R))), (129)

because the diagonal matrix element for the ionic state is

. 7z
Hy) = Ey(R) = &9 — —,

- (130)

and because the shifts of covalent terms may be neglected by
assuming that H,, ~ E,. Substituting the expressions (129)
for energy into Eqns (119) and (120), we arrive at relation-
ships (127).

In equation (129) for the energy levels, the energy terms
AE,(R) are present. According to relations (117), (118) these
terms are expressed through the sums of Coulomb wave
function products Q,, Q,(11'1 7Q’(12‘2) and Q,(f"e) calculated in
the preceding section. These sums were shown in Fig. 3. As
follows from these figures, the Qn,Qfll’”,Q,(qz’z) and Q,(qo’o)
sums, and, hence, the nondiagonal matrix elements Vy, are
nonzero at all finite internuclear separations R for negative
ions with any orbital momentum L. Therefore, within the
limits of our approximation we have avoided crossings but
not direct crossings of energy levels. The energy splittings at
avoided crossings are equal to 2AE,(R,) # 0. In Tables 1 and
2, the values of these splittings are quoted for the systems
H™ +H"and H + He™™.

Table 1. Orbit sizes r,, avoided crossing positions R, and energy splittings
0E,(R,) = 2AE,(R,) for the H™ + H* system.

n Ty, .U, R,, a.u. OE,(R,), a.u.
1 2.0 2.117 1.6527!

2 8.0 10.279 1.87672

3 18.0 35.921 231874

4 32.0 283.005 7.123777

Table 2. Orbit sizes r,, avoided crossing positions R, and energy splittings
JE,(R,) = 2AE,(R,) for the H™ + He™** system.

n I, .U, R,, a.u. OE,(R,), a.u.
1 1.0 1.01 5.1087!

2 4.0 423 1.059~!

3 9.0 10.28 3.12672

4 16.0 20.56 7.42973

5 25.0 38.25 7.1794

6 36.0 71.84 5.089°¢

7 49.0 152.67 3.556712

8 64.0 566.01 5.148~%

In the o-potential approach, the energy levels of the
system A~ + BT for the negative ion A~ with zero angular
momentum (L = 0) may be found from the solution of the
transcendental equation with the logarithmic derivative of the
Coulomb Green function [3]:

20 (1 — Zv) {

InG(r—R|) = W' (v) M' (1)

_°
Olr — R|
Zv?

() momn]

In Fig. 8, the energy level behavior near the avoided
crossing with a covalent level n =4 is illustrated for the

=—y. (131)
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—0.110

E, a.u.

—0.120

~0.125 Ey=—0.125a.u.

—0.130

(o
© Ry =20.56a.u.
] | ] ]

18 2 22 24
0 R, a.u.

Figure 8. Energy levels of the H"+He ™" system near the avoided crossing
of the ionic energy level with the covalent n = 4-level. Energies are shown
as a function of the internuclear distance R. The dotted line is the ionic
energy in a zero approximation: Ey(R) = ¢y — Z/R, defined by equation
(12); solid lines — the results of the solution of the transcendent equation
(131) with the logarithmic derivative of the Coulomb Green function;
crosses and diamonds — the results of the distant crossing approach
introduced by formula (129), produced with the use of expression (117) for
AE,(R) and expression (77) for the sum Q,(R).

system H™ + He'™™ with Ry = 20.56ay. The results (solid
lines) obtained using the logarithmic derivative (131) are
very close to those (crosses and diamonds) found in the
distant crossing approach (129).

Thus, the procedure drawn for normalizing the Coulomb
Green function as the wave function and analyzing the results
allows us to calculate the nondiagonal matrix elements and to
determine the behavior of the terms for each crossing, i.e. this
procedure allows the behavior of the A~ 4+ B* system to be
completely described.

For calculation of the electron capture cross sections in
collisions (1) and (2), the system of adiabatic equations [34]

danlm (l) < d > nlm
= § an’l'm’(’) .
dt W de/,

n'l'm’
¢
X exXp (J E'Y(R(1)) dt’)

was solved in Ref. [8]. In these equations, the adiabatic energy
levels are defined as

(132)

En+1(R) 1 [ Eo(R) + Eyi1 — Duy1(R), RZ= RZH >
2 Eo(R) + E, + Dy(R) R< R,
(133)
1
D,(R) = (X2(R) +4AEX(R)?, R+ == 5 (Rut Ruca).

and x,(R) is specified in formula (122). At R < R,, the energy
Eg“ (R) is close to the Coulomb energy E,, and at R > R,
to the energy E,,. In the range between avoided crossings,
viz. at R, < R < R,., this energy is close to the zero-
approximation ionic energy Ey(R).

The system of adiabatic wave functions was constructed
in the form [8]

o (R,r)

_ C;H( )¢0(|R - l'|)—|— n+1(R) lPrH—l(Rar) ) R = RZH >
Cy(R) @ (IR —r|)—C, (R) Pu(R, 1), R< R,
(134)

where the coefficients CF and the function B'"!(R) are
determined in the following way:

12
Cf(R)z(D :i:x” >/

i+ 1 Cn+l(R)
B = { iy,

The coefficients C . (R) describing the contributions to the
function @"*! of the states with principal quantum numbers

n' # nare

R> Rn+l ,

R< Rn+l (135)

AE,(Ry,)

C:t.(R)=F
( ) En - En’

ot Cr(R). (136)

At R < R, the function <DZ+I is close to the function ¥,,,
because in this region |C, | ~ 1 and C ~ 0. At the avoided
crossing R ~ R, the function 45,’,1“ is a linear combination of
the functions ¥, and @,. At the next avoided crossing
R~ R, this function is a linear combination of the
functions @y and ¥, ;. In the region between crossings, viz.
at R,<R<R,,, the function <15ﬁ+1 is close to the unperturbed
wave function @, of the negative ion, in so far as the
amplitude B! (R) is close to unity, and all CF are small. At
R > R, 1, the function 47”“ isclose to ¥, 1, because here one
finds |C; | ~ 1 and Cn+1 ~ 0.

In the coordinate system the z-axis of which is perpendi-
cular to the collision plane, only the absolute value of an
interionic distance R and azimuthal angle ¢, of the vector R
depend on time. The polar angle is unchanged and equal to
Or = /2. Therefore, the time-dependent derivative can be

written in the form

d
¢R d) R Ip
The adiabatic matrix elements between two avoided crossing
states exhibit only radial coupling. They only depend on the
derivatives with respect to R and are equal to

;'L](R(t)) = (ddR)n,nH

n—1l,n

do" (R, _dct dc,
E‘I‘ézfl(RJ’)%d _Cl dR - };L d};
_Z 2N QR -nRRQRLR
R \JO,(R)  x2+4(2nNy)’ Qu(R)

These matrix elements are nonzero in narrow ranges AR, near
the points R, of avoided crossings, and their absolute values
are large at R = R,

d n,n+1
V:fl,max (R(t)) = <ﬁ)

n—1,n R=R

VA

=————.(138
4R2AE,(R,) (138)

Near the nth crossing, the matrix elements taken between
the active crossing states and the other active states ¥, that
are not involved in the nth crossing, i.e. forn’ # n, are also ata
maximum. Using the coefficients C,; defined by formula (121)
we obtain

’ AE,(R,) dC;

" d\" dC,;n,_
Un I(R( ))7<ﬁ> ., dRr 7_En*En’ dRrR ’

" d " dC;:n’ AEVI’(RN) dC;r
Uy (R(1)) = (ﬁ) dR _ E,—E, dR’
(139)

n,n+1
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dC:(R) Z 0u(R) — x,(R) R Q/(R)/2R
4R ::|:4\/§1':2N% R D,Sq/z(R)(D,,(R):|:X,1(R))]/2 .
(140)

The maximum absolute values of these matrix elements are
reached at R = R,;:

dc; ,(R)
dR |z p

AE, (R,) z
=+ . (141
\/E(En — Enl) 4R% AEn(Rn) ( )

These values are a factor of AE,(R,)/(V2(E,— E,))
smaller than the maximum values (138) of matrix elements
(137) between the wave functions of active states for a given n.
The matrix elements (137) and (139) are depicted in Figs 9
and 10.

40 50
R, a.u.

40

30

n,n+1
n—1,n

20

(9/0R)

R¢ =T71.84a.u.
1 I 1

71.7 71.8 71.9 72.0

Figure 9. Adiabatic radial matrix elements (3/0R)!*""} (137) between two
avoided crossing states for the H™ + He™* system with L = 0 as a function
of internuclear distance R for principal quantum numbers of avoided

crossings n =1 — 5 (a), and n = 6 (b).

For negative ions with an orbital momentum L = 1, the
sum QngR) in formulas (137) —(141) should be replaced by the
sum in’l) or by the sum Q,(f‘g) (R). Similarly, the energy
splitting AE, (R) should be replaced by AE»"*(R).

In Fig. 11, the total cross section of the ion—ion
recombination H™ + Het™ = H + He™(n) is shown. It has
been derived by solving the system of close coupling
equations (132) including the covalent states with principal
quantum numbers 1 < n < 10 (385 states) [8]. The results of
this calculation are compared with experimental results [35—
38] and with those of variational calculations [35, 39]. We see
that the calculated results [8] coincide with the measurement
data [35].

At the same time, the experimental cross section from
paper [35] and the cross section calculated in paper [8] are in

0.02 - n=35(+)
0.01
T2
4
= 0
<
<
—0.01
<& O
—0.02 ! ! NW ! !
16 18 20 22 24
R, a.u

Figure 10. Adiabatic radial matrix elements (3/0R);"" ,', (139) between
two avoided crossing states indicated by ‘+’ and ‘-’ for the H™ + He™™
system with L =0, n =4 and active states with principal quantum

numbers n' =5,7,9 (n' # n).

2000

200 I +
| 1 L1

100 2 3 456787107 2

3 45678108

Collision velocity, cm™!

Figure 11. Total electron capture cross section in the collision
H™ + He™ =H + He"(n) as a function of collision velocity. Experi-
mental results: diamonds — from Ref. [35], and crosses — from Ref. [36].
Theory: solid line — calculated results [8]; dotted curve I — results of
variational calculations [39], and dotted curve 2 — results of variational
calculations [35].

1.3—1.6 times larger than the cross sections found by
measurement [36] and in variational calculations [35, 39].
This difference is explained as follows. In calculations [35, 39]
only the states n = 2—5 were taken into account. In paper [8]
it was found that the maximum populated states are states
with principal quantum numbers #n = 4—6 and this finding is
in agreement with the variational calculations [35, 39].
However, taking into account the states n =7—10 is also
necessary.

The population of each of these highly excited states is
significantly smaller than the populations of n = 4—6-states
but their contribution to the total cross section measures
about 50-60%. An appreciable population of the states
n=T7—10 occurs at the moment when the system passes
crossings with n = 4,5 levels. The coupling between states
withn = 7—10 and n = 4, 5 is given by matrix elements (139).
The same effect takes place at the collision H™ + A3 [40—
42]. It should be emphasized that in paper [43] the electron
capture (1) has been interpreted as the tunneling electron
transition through the potential barrier from a negative ion to
a positive ion.



January, 2002

Electron transitions in slow collisions of negative and positive atomic ions 19

3. Collisions of two negative ions

The electron detachment processes proceeding at the collision
of two negative ions are of considerable interest in connection
with the problem of nuclear fusion plasma heating by neutral
atomic hydrogen beams. It is convenient to generate the
beams of fast neutral atoms by accelerating and neutralizing
the negative ions in view of the relatively large cross section of
their neutralization in targets. However, the collisions of
negative ions inside high-intensity beams, which occur due
to the spread in their velocities, effectively suppress the
intensity of such beams. The electron detachment in the
collision of two atomic hydrogen negative ions, H- + H™,
was studied earlier both experimentally [44, 45] and theoreti-
cally [46—52].

Three processes of weakly bound electron detachment are
possible in a collision of two negative ions:

A +B =A+B +e, (A)
—A +B+e, (B)
=A+B+ 2, (AB)

whose probabilities strongly compete with one another.
Reactions (A), (B), and (AB) were investigated in work [46]
for the following three collision pairs: H- + H=, H™ 4+ Cs~
and Cs~ +Cs™.

The two-negative-ion collision is similar in some details to
the negative ion collision with a negatively charged classical
point particle: with the electron regarded as a classical particle
[53, 54], and with the antiproton [55, 56]. However, essential
discrepancies between these collisions also exist. If the system
of a negative ion and antiproton can be considered as a one-
electron one, then the two-negative-ion system is a two-
electron one.

The adiabatic wave function of the weakly bound electron
in the negative ion—antiproton system is given by formula
(11) with the Coulomb Green function for the repulsion field.
But for the two-negative-ion system, formula (11) is not
applicable. The two-negative-ion wave function can be
written as a product of the two Coulomb Green functions.
However, this representation is rather complex and we do not
apply it.

The cross sections of reactions (A), (B) and (AB) are
sufficiently large and we shall take into account the transi-
tions of only weakly bound electrons. Then the complete set
of two-negative-ion states is expressed as follows

U (0 vy (1) exp (—i(eq + 2)1), (142)
Yar) ¥y (e) exp (= ies +2)1) (143)
W (r1a) W (rap) exp (—ilea + €)1) (144)
Wo(ria) Wi (rap) exp (—i(e+¢)1), (145)

where wﬁj are the wave functions of weakly bound electrons,
and ¢ , are the wave functions of the system involving a
neutral atom and an electron in the continuum with an energy
¢. Expression (142) relates to the wave function of the system
formed by two negative ions, i.e. the wave function of the
initial state; expressions (143) and (144) describe the state in
which the electron of one of the ions, A or B, is detached and
resides in the continuum, while expression (145) identifies the
state with two detached electrons.

3.1 Small collision velocities. Auger decays
If the distance between two negative ions decreases slowly,
then the total binding energy of weakly bound electrons goes
up to the continuum as a result of the interelectron repulsion.
This energy crosses the continuum boundary at very large
internuclear distance R because the negative ion binding
energy is small. At distances smaller than the crossing
distance R,;, a few Auger decay channels become open.
One or two weakly bound electrons are detached as a result
of these Auger decays [46, 47].

Atlarge R, the interelectron repulsion can be expanded in
a power series of the inverse degrees of R:

1 1 Zla

Lt Zla rlazla(szlu - 3rla)
|l'1 71‘2| R R2

2R*

3Z%a — r%
2R3

a

I b 3Z§b - ”%b _ rapzp (5225 — 3r2p)
R 2R3 R4

+...+W(r1a,r2b)+... , Tlas Tp K R, (146)

where ry, r; are the radius vectors of electrons 1 and 2 in an
arbitrary coordinate system, and ry,, Iy, are the vectors of
electrons 1 and 2 positioned relative to atomic a and b nuclei,
respectively.

The correlation term W(ry,,ry) is the function of the
product of the coordinates of both electrons:

r1aT2p *332144221; o
R
while the remaining terms in expression (146) depend on the

coordinates of only one of the electrons. Then the expansion
(146) can be written down as

1 1 1 1
—=——+ - + W
ria R |R _rla‘ |R+l‘2b|

W(ria, o) = (147)

(l‘]a,l‘zb) s (148)

FlayT2p < R.

Using the last relation we can write the wave equations for
weakly bound electrons in the form

A 1 1
(_74' Ua("lu)‘Fm—E—

(* = + Up(r2)

2 Eh(R)> Wé_)(l‘zh)=0, (150)

1
+77
|R-|—l‘2;,‘

where U,;(r) are the interaction potentials of the weakly
bound electrons @ and b with their own atomic cores. The
energies of these electrons are described by the following
expressions:

oy 1 o

Ea(R)%Sa— R—W

+...,
(151)

where ¢, are the unperturbed binding energies of negative
ions, and «, are their polarizibilities. For large internuclear
distances R, viz.

R>—,

. (152)
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the polarization terms in formula (147) can be neglected and
then the total energy of the two negative ions equals

B(R) = E(R) + Ey(R) =t + + .

Formally, equations (149) and (150) are independent of
one another. In reality, however, the negative ions are not
independent in our approach. Indeed, the term —1/R in
equations (149) and (150) can be attributed either to an
electron a or to electron . We should consider both the
system of equations (149), (150) and the system with
permuted subscripts: a < b, because the electrons are indis-
tinguishable. With the use of a many-electron wave function
which is symmetrized over electron permutations, this system
property is taken into account automatically. Subsequently,
we shall use directly the representations (149), (150), whereas
the alternative representation a < b will be taken into
account by analogy.

Equation (150) describes the negative ion b placed in the
field of a classical negatively charged point particle (for
example, an antiproton p). If R < R, =1/|g|, then the
energy of an electron b is in the continuum (£, > 0) and
electron b can tunnel through the potential barrier into the
continuum. At R < R, = 1/¢,, the same situation occurs for
electron a. The rate of through-barrier tunneling, I'sq (the
subscript ‘sq’ marks the abbreviated form of a squeezing out),
was calculated in Ref. [53] and it takes the form

(153)

2
a,b .
Fatan (R) = 3“4 exp |~ 03], (154)
a, a,
) arcsin /y R 1
f)=—2=-1, y= <1, Rpp=+——.
\/y(l — y) Ru.b ¢ |8aAh|

The decay rate I'(,5(R) =0 at R > R,;, because at
these internuclear distances the energy of the tunneling
electron is negative [E,;(R) < 0] and the tunneling itself is
forbidden. For the «collision H~4+H~, we have
R, = Ry = 36ay. In paper [47], the probability of squeezing
out was calculated with the use of the Coulomb Green
function for the case of repulsion and the same result was
obtained for the decay rate, viz. expression (154).

If the electron a (or b) is tunneling at R < R, ;, then the
electron b (or a) cannot tunnel to the continuum, because in
the system A + B~ (as in the system A~ + B) there is no
Coulomb interelectron repulsion. The simultaneous tunnel-
ing of both electrons is also impossible. Thus, in a two-
negative-ion collision, several processes of electron detach-
ment are in cut-throat competition. This very competition is
the origin of the distinguishing difference between the two-
negative-ion collision and the collision of one negative ion
with a classical negatively charged point particle, for example,
with an antiproton.

The following expression for the wave function of an
unperturbed negative ion [9, 10, 57]:

7 exp(—yr) — exp ()

(=) () =
Uy () = BOVB) 5 _ Lass)
(L+9/8)"
B(y, p) = ;
=" /B
where ¢ = —y2/2, was used in the calculation of the electron

tunneling probability. The binding energies of negative ions

H™ and Cs™ are equal to eg-= — 0.75421 eV (yy- = 0.23544)
and ecs- = —0.4716 eV (yo = 0.1862), respectively [58].

In papers [9, 10], the wave equation, to which the function
(155) satisfies, was considered. The potential energy in this
equation was fitted to the static potential of neutral atomic
hydrogen in the ground state and the result was obtained for
theion H™: By = 2.66. Then, with the use of equation (155),
we found the value of the coefficient B equal to 1.145. This
finding is very close to the value B = 1.183 which was
obtained in book [57] by utilizing the Chandrasekhar wave
function [59] of the ion H™. For Cs™ it was obtained by the
method developed in works [9, 10]: fc = 1.45 (see also
Ref. [60]) and Bcg- = 1.22.

If the electron b possesses an excess energy 1/R, then this
electron can transfer the excess energy to the electron a which
will be detached at R < R,. Electron b in this case remains in
the bound state so that this process is a one-electron Auger
decay. The rate of this decay is determined by the matrix
element W(ry,, 1) of the correlation interaction. If we
calculate this matrix element using the unperturbed wave
function (155) of the electron b, this matrix element comes to
Zero.

Actually, the state of the electron b is perturbed by the
interelectron repulsion before the decay and its wave function
appears to be polarized and equal to [46]

o)

The wave function of electron b in the continuum assumes the
form [46]

CENEE (5 cos k)

2
) _ gy ra, cos 0
vyt = (ran) [1 - 27,R? +

(156)

3 . o
x \/H{COSQ, sin 0 cos ¢, sinOsin ¢ } (157)
with three components of the angular function:

cosf,sinfcos ¢ and sinfsin¢@. The z-axis of the coordi-
nate system introduced is perpendicular here to the collision
plane.

After the calculation of the matrix element we obtain the
rate 'y, of the one-electron Auger decay [46]:

B2B [y 4 (1 —96)3/2
I R:2nW,~2:V”“”(—”> . (158
1, b( ) | .f| 6\/§ % (2x)15/2 ( )

X

R
—<1
R,

with the detachment of an electron « from the negative ion A~
by the negative ion B~. Similarly, the rate I'y,, of the one-
electron Auger decay with the detachment of an electron from
the negative ion B~ by the negative ion A~ is given by [46]

F gy~ BB (1)t (L= 159
l.ba( )* 15/2 > ( )
6vV2 \7./)  (2y)
R 1
=—<1, R=—.
y R, b o]

If the internuclear distance R < Ry = e, + .sb|7l
(R = 184y for the collision H™ + H™), then two-electron
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Auger decay becomes possible. The rate I',5(R) of the two-
electron Auger decay can be calculated using the unperturbed
wave functions of the initial state for the system of colliding
negative ions and of their states in continuum (157). The
electron momenta after Auger decay are confined within
some limits set by the energy conservation law:

1
kiJrki :2(57 |s,,+a;,|) .

The total rate of the two-electron Auger decay is described as
follows [46]

210,0,B28; (1—x)* (1 (1-¢2)*?
Iop(R) = 2 tavBaBy (1= ) J U= 4,
3nRy, ¥ )o 1= (1= x)7]
1 R
Rp=—— = 1. 160
ab |8a +8b| ’ ~ Ruh < ( )

The rates of all Auger decays are shown in Fig. 12 as a
function of internuclear distance R for the collision
H~ + Cs™. The squeezing out rate I'q(R) has a maximum
value in the range of distances 2—3 < R < 35 which make the
main contribution to the one-electron detachment cross
section at not very low energies. However, the rate of
squeezing out exponentially decreases when the negative
ions are parted. At distances R > 35, the squeezing out rate
becomes smaller than the rate of one-electron decay I'; which
is the power function of R. Therefore, at a small collision
energy the one-electron detachment is determined by the
one-electron Auger decay [46]. As a result, the energy
dependence of the one-electron detachment cross section
essentially changes near the threshold [46]. This effect takes
place for all investigated collisions H- + H™, H™ + Cs™ and
Cs™ + Cs™ [46].

The initial state of the two-negative-ion system A~ + B~
decays through five different channels with the formation of
three different final states: (A), (B) and (AB). The probabil-
ities of such a decay must be calculated using a multichannel
scheme. Let Py(p, 1) be the probability of finding the system in
the initial state at the instant of time ¢ for a collision with the
impact parameter o, and I'yo (R(?)) be the total probability of

100 -
I'(R)

1073

107¢

1070

)
10—12 | | | |
0 10 20 30 40 50 R,a.uu.

Figure 12. Partial decay rates as functions of internuclear distance R for
the collision H™ +Cs™: I'yq - and ['sqcs- are the rates of electron
squeezing out from ions H™ and Cs~, respectively, defined by formula
(154); I'; g- and I'} o~ — the rates of one-electron Auger decays with
electron detachment from H~ and Cs™, respectively, described by
formulas (158) and (159), and I'» — the rate of two-electron Auger
decay, determined by formula (160).

the decay via all channels. These quantities are connected
through the relation

Po(o,1) = exp [— Jt_ ot (R(2)) di’|. (161)

The probability of decay through the ith channel is given
by expressions

Pi(o, 1) = Jl_ Po(o,t") Ti(R(1")) dt’

tl
T (R(1"))de” | dt",(162)

!
= J Ii(R(1")) exp {—J
—0Q0 —00
where I';(R(t)) is the rate of the decay via the ith channel. The
total decay rate is defined as

Ftot:Zri:qu,a+qu,b+rl.b+rl.n+rab- (163)

1

The total probability of the system being in any of the final
states is equal to

Z Pi(0,1) =1 —exp [— Jiwl}m(z’) d[’}_

The sum of this probability and the probability (161) of
finding the system in the initial state is equal to unity, as it
should be.

The cross sections o5 and op of one-electron detachments
from ions A~ and B~ are described as

oa =21 J:O (Psq,a(g) + Pl,a(9)>9d97

00 (164)
op = ZTCJ (Psq,5(0) + P1.5(0)) 0do,
0
PO(Q) = P0(97l: +OO) )
and the cross section gap of two-electron detachment
OAB = 2nJ Puy(0)odo (165)
0

has been calculated with the use of Coulomb trajectories R(f),
so that the behavior of cross sections near the thresholds has
been reproduced correctly. The repulsion of the negative ions
A~ and B~ controls these peculiarities.

The cross sections of the electron detachments in the
collisions H- + H, H- + Cs™ and Cs™ + Cs™ are shown in
Figs 13—15. The comparison with the measurement results
is drawn in Fig. 13 for the example of the H™ + H™
collision.

3.2 High collision velocities. Dynamic detachment

At high collision velocities, the processes (A), (B), (AB) occur
as a result of a direct transfer of part of the nuclear kinetic
energy to weakly bound electrons. In paper [46], the system of
equations for the coupling of the initial state with the
continuum of states has been reduced in the dipole approx-
imation to one integro-differential equation for the amplitude
ap(t) of the initial state:

da()

S = —Sa(1) — Sl1) — San(1). (166)
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Figure 13. Cross sections of one- (¢) and two- (2¢) electron detachments in
the H™ 4+ H™ collision as a function of the collision energy E. . in the
center-of-mass system, obtained in the decay approach (curves / and 2)
and in the dynamic approach (curves 3 and 4) [46]. Dotted curves: la —
electron squeezing out calculated for the collision H™ + p [46, 53], and
Ib — the double antiproton cross section /a; squares and inclined
crosses — double cross section of electron detachment from H™ in
collision with antiproton, obtained in classical Monte Carlo approach
(two different calculations) [55, 56]; dotted curve 3a — cross section of
electron detachment by antiproton impact in dynamic approach [46];
dotted curve 35 — double antiproton cross section; curve BB — double
Bethe — Born cross section of one-electron detachment [46, 53]; diamonds
and crosses — measured cross sections of one- and two-electron
detachments, respectively [44, 45, 49]; curves 5 and 6 — theoretical
estimates of the total cross section of a one-electron detachment with the
use of the double antiproton cross section [49, 52], and curve 7 — total
cross section of one-electron detachment calculated within the classical
Monte Carlo approach [44].
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Figure 14. Cross sections of one- and two-electron detachments, calculated
in the decay approach for the collision H™ + Cs™: curves / and 2 — cross
sections of one-electron detachment from the Cs~ and H™ ions, respec-
tively; dotted curve — cross section of one-electron detachment by
antiproton impact: Cs~ +p = Cs+ p + e, and curve 3 — cross section
of two-electron detachment H™ + Cs™ = H + Cs + 2e.

where the following notation is used:

SA’B(I):K ag(t") exp (ieqp(t — 1)) Ka,s(t,1")dt’,

" (167)
Sap(?) :JI_ ao(t")exp (i(eq +5)(t — 1')) Kag(1, ") dt’.
(168)
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Figure 15. Cross sections of one- and two-electron detachments, calculated
in the decay approach for the collision Cs~ + Cs™: curve / — total cross
section of one-electron detachments with the formation of Cs + e+ Cs™
or Cs™ + Cs + e systems, and curve 2 — cross section of two-electron
detachment Cs~ + Cs™ = 2Cs + 2e.

Equation (166) has been derived by the integration of the
equation for the amplitude a(¢, ¢) of the continuum state with
energy ¢ with respect to time and the substitution of the result
into the equation for the initial state amplitude ao(¢) [46]. In
the integro-differential equation (166), the kernels K p(7,¢’)
are equal to

—+00
Kap(t,t') = J VB v B(t') exp(—ie(r — 1)) de,

0
(169)
+00 400
Kanleo) = | | v v
o Jo
x exp(—i(e +¢)(r— 1)) dede’. (170)

Equation (166) has been solved numerically for every recti-
linear trajectory of the atomic nuclei [46].

In the dipole approximation, the matrix elements VB (¢)
were calculated with the wave functions (155), (157) and
kernels K p ap(?, ') turned out to be equal to [46]

4B, cos(¢p(r) — gr(t"))

K N= F(legs|(t —¢'
w5, R R )
(171)
. 16B2B} 3cos?(pg(1) — @g(t’)) — 1
Kag(t,t") =
32 e 8| R3(t) R3(¢")
X Fleal(t = 17)) F(le| (£ — 1)), (172)
where the spectral function is defined as
00 1,3/2 3
Fix) :J yZexp(tiy) g (173)
0 (I+y)

The total cross sections of one- and two-electron detach-
ments were calculated at high collision velocities with the use
of rectilinear trajectories for the system H™ + H™. These cross
sections are shown in comparison with the measurement
results in Fig. 13 [44, 45, 49]. For a symmetrical collision,
the total cross section of one-electron detachment is equal to
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the sum of the cross sections of the processes (A) and (B). This
cross section calculated in the dynamic approximation is in
good agreement with the results of experimental findings. We
note that the experimental points are widely scattered.

The cross section of two-electron detachment, calculated
in the dynamic approximation, is 15—20% smaller than the
experimental one. This discrepancy is explained by the
contribution of the process H- +H — H+H +e¢ to the
experimental cross section [49]. This reaction, theoretically
investigated for the first time in paper [61], takes place after
the one-electron detachment and leads to the detachment of
two electrons. Both the cross sections of dynamic detach-
ments, calculated in work [46], exponentially decrease at
adiabatically small collision energies E., < 2—3keV.

In a collision of two negative ions, the electron detach-
ment from one of the ions is in competition with the electron
detachment from the other ion. Therefore, the probability of
electron detachment, for example, from the ion H,; must be
estimated by the product P,(1 — P;), where the 1 — Py, is the
probability of the ion H, not being destroyed. The quantities
P, are the probabilities of the ions H_, being destroyed in
the collision with an antiproton. Then the total probability of
one-electron detachment is P,(1 — P,) + Py(1 — P,). Atlarge
collision energies, the main contribution to the detachment
cross section is made by collisions with large impact
parameters, when the detachment probabilities are small:
P,y <1and 1 — P,y ~ 1. In this case, the total probability
of one-electron detachment is equal to the sum P, + P, of
probabilities of one-electron detachments and the total cross
section comes out to o, + 7.

At the collision energies E.,. < 10 keV, the probabilities
P, , of one-electron detachments in collisions with antiproton
are sharp functions of the impact parameter p. At large p
(0 > 1) they are close to zero, and over a narrow range oo they
increase from zero to unity and remain close to unity at
smaller p. In this case the sum of probabilities is close to 2
(P, + Pp = 2) over the main region of impact parameters p;
therefore, for collisions of two negative ions neither prob-
abilities nor cross sections can be added. The electron
detachment from ion « is in competition with the electron
detachment from ion b. As a result, in a collision of the like
negative ions, the probability of electron detachment from
one of the ions is two times smaller than that of the electron
detachment in a collision with an antiproton. The total cross
section of one-electron detachment is close in this case to the
cross section of one-electron detachment in a collision with an
antiproton, but not to the double cross section (see curve 15,
Fig. 13).

An analytical expression for the cross section of the
electron detachment from H~™ by electron impact was
obtained in Ref. [53] using the Bethe—Born approximation.
In order to compare this formula with the cross section of
one-electron detachment in the collision H™ + H™, we must
consider the double Bethe — Born cross section, viz. the curve
BB which is shown in Fig. 13. It can be seen from this figure
that the Bethe—Born approximation overestimates a one-
electron detachment cross section by two times in the peak
region. Only at energies E. . = 100 keV this approximation
has an acceptable accuracy.

In a collision of two different ions A~ 4 B™, the electron
detachment from the ion with the smaller binding energy is
more probable. The cross section of electron detachment
from the ion Cs~ in the collision H™ + Cs™ (curve / in
Fig. 14) is larger than the cross section of electron detach-

ment from H™ and is very close to the cross section of electron
detachment from Cs™ by antiproton impact (the dotted curve
in Fig. 14). At the same time, the cross section of ion H™
destruction (curve 2) is about two times smaller than the cross
section of electron detachment from one of the ions in the
collision H™ + H™ (see Fig. 13).

The cross sections of electron detachments in the
collision Cs™ + Cs~ are shown in Fig. 15. Comparing
Figs 13 and 15 we may conclude that the total cross
sections of one-electron detachment are inversely propor-
tional to the square of the binding energies of negative ions.
While the cross section of two-electron detachment very
weakly increases when the binding energy of the colliding
negative ions decreases.

4. Symmetrical collisions

In a symmetrical collision, the two-electron process of the
ionization transfer is very interesting. In the collision
H~ + H™, the following processes take place:

H, + H; — H,(1s) + H;(n), (A1)
— H,(1s) + H +e, (A2)
— H} + H(1s) +e. (A3)

Process Al presents the capture of a weakly bound electron
discussed in the first section. The cross section of this process
is the largest. Process A2 comprises electron detachment by
proton impact. The cross section of this process is 2—4 times
smaller than the cross section of electron capture. The third
process A3 consists in ionization transfer. The cross section of
this process is an order of magnitude smaller than the cross
section of electron capture. In this section we discuss process
A3.

Process A3 has been investigated experimentally [62] and
has been interpreted as electron Auger decay from the excited
repulsive molecular states which are responsible for the
process of the associative ionization in the collisions
H™ +H" and H* + H at low energies [63]. However, the
process of associative ionization is effective at collision
energies 0.01 eV— 5 eV, and at energies 10 eV—-10 keV
studied in Ref. [62] the cross section of associative ionization
is very small. Therefore, another interpretation of process A3
has been proposed in paper [10]. Process A3 was considered
there as a sequence of two processes: the detachment A2 with
the sequential transition of the core 1s-electron from the atom
H, to the atom H,. It is very well known that the cross section
of the last transition, viz. the charge exchange process, is fairly
large up to energies 25 keV [64].

In paper [10], the detachment channel in the system of
close coupling equations has been described by an integro-
differential equation similar to the description of electron
detachments in a collision of two negative ions [46] (see
previous section). The following system of equations has
been solved numerically:

% = —Sg(1) = Su(t) =i > an(t) Vo.n(2) exp (izos(1)) ,
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where the notation was used as follows
2

v
XOn(t) = (80 - En 7?) t— JCOLIl(l)a

Sg:u = J\7 ao(ll) eXp (id)g,u(l) - i¢g,u(l/)) Kgﬂ(t? [/) d[/’
(175)

¢g‘u(t) = ol — Jt_ [Eg,H(R(t)) - Elx] de' — JCoul(t) s

t
1
Jeou(t) = J dr’.
Cou]( ) 0 R(l')
The kernels K, , in the dipole approximation are

4N} cos (@R(t)_QDR(t/))

Kg,u(la [/) =0 u

F(leol(r— 1)),

Snfe] R0 R(1)
(176)
where
R2
J(R) = (Y15 ali5.0) = (1 —&-R—i—?) exp (—R).

Quantities S, , and K, , describe the detachment of the core
Is-electron to the g and u states of the ion H; with energies
E, .(R).

After detachment of the weakly bound electron, the core
ls-electron can be bound with the atom H,, or with the atom
H,. The probabilities P, , of detachment of the weakly bound
electron, accompanied by the core 1s-electron transition to
atoms H, 4, are defined as

P.(o) = Re{ roo _1 +exp <— iroo Agu(t/)dt/>

—00 L 4

X [ag(1) Sg(t) + ao(1) S;(1)] dz} , (177)
Py(0) = Re{ [OO _1 — exp <— iJHC Agu(z’)dt’)
x [ag(1) Sg(t) + ao (1) Si(1)] dz} , (178)

where Ay, (R(1)) = E,(R(1)) — E,(R(1)).

The probability of process A3 is P,. We see from the
above expression that the probability of process A3 depends
on the energy difference between the g and u states of the
molecular ion Hj. This dependence is similar to the
dependence of the resonance charge exchange probability in
the collision H,(1s) + H} = H} + Hy(1s) [64]. If the energy
difference of the g and u states is equal to zero (E; — E, = 0),
then the probability of process A3 also comes to zero: P, = 0.

The system of equations (174) has been solved numerically
[10]. The energies E, ,(R) of the ion Hj were taken from
paper [65]. The cross section of process Al, derived in these
calculations, is shown in Fig. 16 (curve I). This cross section
has been previously measured [66—69] and calculated [70—
82].

The cross section of process A3, calculated in paper [10]
and shown in Fig. 17, is smaller than the experimental one.

10! 102

Ec.m.: Y

Figure 16. Cross section of mutual neutralization H™ +HT =
H(1s) + H*(nim) as a function of the collision energy in a center-of-mass
system. Theory: curves /—8. Crosses and squares are the results of
experimental investigations by merged beam method [66]: crosses for the
H~ + H" collision and squares for the H™ + D™ collision at the same
collision velocity as that for H™ + H'. Results of measurements carried
out before the appearance of work [66] are not shown in the figure in view
of their large uncertainties.

At large collision energies (E.n,. > 1—2 keV), the discre-
pancy is larger. This may be explained by the contribution
of the process of the two-electron exchange
H, + H} = H} + H;, which was neglected in the calcula-
tions [10]. The probability of this process is not relatively
small [83]. Electron detachment from the ion H, after this
electron exchange leads to reaction A3. Notice that the
theory of two-electron exchange [83] should be recon-
structed for the case of collision H™+H™, because of the
presence of one-electron resonances.

At energies smaller than 1 keV, the following sequence of
transitions leading to reaction A3 should be taken into
account [83]:

H, + H; — H,(1s) + Hj(nlm) — H:(nim) + Hp(1s)

— H +H, — H + Hy(ls) +e.

10!
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Figure 17. Cross section of the process H; + H} = H +H,(ls) +easa
function of the collision energy in the center-of-mass system. Solid lines
represent theoretical calculations: curve / — result of the autoionization
model [62], and curve 2 — result of calculations [10]. Results of
experimental studies [62]: diamonds — results of the group in Louvain-
la-Neuve, and crosses — results of the Giessen group.
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The first step in this sequence is the one-electron capture the
probability of which is not small. The second step consists in
the resonance exchange by excitation, which is effective at
small collision velocities. The third step presents the reaction
which is the reverse of the one-electron capture, and its
probability is not small. As a result, the three first steps give
rise to two-electron exchange. The subsequent electron
detachment leads to reaction A3. This reaction sequence has
not been investigated in details.

5. Conclusions

A detailed analysis of the exact expression for the Coulomb
Green function is made in this review. This Green function
was found by Hostler and Pratt as far back as 1963. Our
analysis has permitted us to obtain new rich information
about very well-known Coulomb systems: atomic hydrogen
and hydrogen-like ions. In particular, sums of products of the
Coulomb wave functions over degenerate manifolds, i.e. over
orbital quantum numbers {/,m} for a given principal
quantum number n, have been obtained in a closed form.
Such sums turned out to be equal to the quadratic forms of
the wave functions with zero orbital quantum numbers
(I=m=0).

Wave functions of active covalent states of a Rydberg
electron perturbed by a neutral atom, i.e. wave functions of
the system A~ + Bt, are expressed through the sums
discussed. The investigation of these sums shows that the
Rydberg electron in such systems possesses a dipole moment.
In the limit of large internuclear distances (R — o), the
Rydberg electron wave functions are transformed to Cou-
lomb wave functions in parabolic coordinates, i.c. to the wave
functions of Stark states of atomic hydrogen placed in a
uniform electric field.

Adiabatic exchange matrix elements between ionic and
covalent states of the A~ + BT system are expressed through
analogous sums of Coulomb wave function products which
depend on R. These sums do not come to nought at a finite
value of R, and thus all crossings of ionic and covalent states
are avoided crossings.

In this review we constructed the complete orthonormal
basis of adiabatic wave functions for the A~ 4+ B system.
The results are used for investigating collisions of negative
ions having orbital momenta L = 0 and L = 1 with positive
ions. The cross sections of electron captures in the collisions
H~ + H" and H™ + He™™" were calculated and discussed.

Collisions of two negative ions were also investigated. The
colliding system A~ + B~ is a two-electron one. Therefore,
the calculations were carried out for a doubled set of quantum
states describing the one-electron detachments: A + ¢+ B~
and A~ +B+e.

This study was supported by the Council for Grants of the
President of the Russian Federation and State Support for
Leading Scientific Schools (grant No. 00-15-96526).
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