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Abstract. A survey is offered for the current knowledge of
nonlocal electrodynamic equations which in some cases (e.g.,
in solving boundary value problems in optics) can replace Max-
well’s equations. The nonlocal equations are derived using the
semi-classical or quantum-electrodynamic approaches. The
former involves an expansion of retarded potentials in appro-
priate parameters and a subsequent transition, to terms of order
v?/c2, to quantum mechanical operators in the Lagrangian of a
system of moving charges. The latter approach is to consider
second- and third-order quantum electrodynamic effects for two
hydrogen-like atoms arbitrarily far apart. Various nonlocal
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equations are derived for the propagation of photons and elec-
tromagnetic waves in spin systems, dielectrics, and metals,
taking into account a variety of quantum transitions and inter-
mediate states in the spectrum of the interacting atoms. By
combining nonlocal field equations with relevant constitutive
equations, a number of typical boundary-value optical pro-
blems are solved for semi-infinite media, superthin films, and
for objects whose linear dimensions are much smaller than the
light wavelength.

1. Introduction

The Coulomb e?/r law determines the energy of interaction
between two electrons whose separation is less than the
characteristic spatial scale of the problem under study and
whose velocities v are negligible compared to the speed of
light ¢ (i.e., v/c — 0). An example is a system of neutral atoms
(van der Waals interaction) separated by a distance smaller
than the characteristic wavelengths 4 in the spectrum of the
interacting atoms (r < o). Depending on the multipolarity of
the quantum transitions between the atomic states, the
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operator of the interatomic interaction is in this case
proportional to 1/r3 (dipole-dipole interaction), or to 1/r*
(dipole-quadrupole interaction), etc. The energy of interac-
tion between two neutral atoms in their S states is known to be
proportional to 1//° [1]. If, however, one of the atoms is in the
ground state and the other in an excited state, the potential
energy of interaction is proportional to 1/r3 [1], whereas the
time for the energy transfer between the atoms is finite [2] and
far exceeds the time 7, a photon takes to travel the distance r
(t, =r/c).

For separations r > 4, the Coulomb law is insufficient to
describe the interaction of atoms and, together with the
Coulomb interaction, one must consider the retarded inter-
action, which depends on the speed of light and vanishes for
¢ — 00.

The effect of the retarded interaction on a system of
moving electrical charges was analyzed within the frame-
work of classical electrodynamics by Born and Ewald (see
[3D). In Refs [4, 5], the Lagrangian of a system of moving
interacting charges is obtained to an accuracy v*>/c?. The
incorporation of retardation effects into the system of
interacting atoms made it necessary to somewhat revise the
existing theoretical methods. The Lagrangian and Hamilto-
nian for a system of interacting atoms were derived in Refs
[6—8] to an accuracy v*/c2.

In the studies of Refs [9] and [10], methods of quantum
electrodynamics were used to analyze the interaction
between free electrons taking into account the retardation
effect. In the language of quantum electrodynamics, the
retarded interaction is due to the exchange of virtual
transverse photons between the charges, whereas the
Coulomb interaction results from the exchange of long-
itudinal and scalar photons [11]. The case of two interacting
electrons in the helium atom was examined by Breit [11, 12].
The Breit operator has the form

B¢ 40, 4 (@) ear)

roo2r 2 ’ (1.1)
where o and a; are the Dirac matrices for the electrons [11].
The first term in Eqn (1.1) is the electron-electron Coulomb
interaction, whereas the second introduces corrections for the
motion of the electrons and for the electron spins. The
application of the Breit operator is limited to not-too-large
electron separations, and this is the reason why the problem
of two electrons belonging to two atoms an arbitrary distance
apart had to be revisited in the early 1970s, when multi-atomic
systems subject to radiation fields came under close scrutiny.
A corresponding quantum-mechanical treatment for hydro-
gen-like atoms was first given in Ref. [13] and later in Ref. [7].
In the former, the operator of the dipole-dipole interaction
for the atomic electrons is derived in the electric dipole
approximation taking into account only the electrons’
orbital degrees of freedom. The more general analysis of
Ref. [13] involves second-order quantum electrodynamics
effects, including the virtual exchange of photons of all
polarizations, and leads to the operator

U® = ?exp (g) {1+ a(eon)  (@102) + (an)(a2n)

r r? 2r

s (‘11‘12)*3((11“)(02“)}’ (1.2)

2 3

where a is the interatomic separation, n = r/r, and wq is an
eigenfrequency in the spectrum of the interaction atoms. The
first term in Eqn (1.2) is the Coulomb interaction between the
two atomic electrons, and the remaining terms correct for the
motion of the bound electrons separated by a distance large
compared to Ay = 2n¢/wy. For a — 0, the operators (1.1) and
(1.2) are identical. Below we will give a detailed derivation of
the operator (1.2) and discuss its physical meaning.

The next step in solving the two-electron problem was to
take the field of real photons into account. The specific
examples considered were free electrons [14, 15] and two
electrons in a helium-like atom with an assumed nuclear
field [16]. In Refs [6, 7], first a semiclassical and then a
quantum mechanical approach were applied to the interac-
tion between two electrons belonging to their respective
hydrogen-like atoms arbitrarily far apart; the analysis
involved third-order quantum electrodynamical effects,
described in part by the operator (1.2). The importance of
this work is that it provided formulas which described
polarizing fields in a system of two hydrogen-like atoms
and which made it possible to derive nonlocal equations for
the propagation of photons in various media for various
types of quantum transitions and intermediate states in the
spectrum of the interacting atoms. In the present review,
various nonlocal equations will be presented and their
physical meanings will be discussed in detail. Because of
the complexity of Maxwell’s equations, and because of their
locality property, these equations do not always lead to a
proper solution. In this review we consider certain types of
problems amenable to a treatment using nonlocal equations.
It can be said that nonlocal equations have made a
breakthrough in the solution of a number of major
problems in classical, nonlinear, and quantum optics, such
as (1) the derivation of formulas for the refractive index
inside and at the surface of a medium, (2) the derivation of
formulas for optical field amplitudes for various observa-
tion points inside and outside optical media, (3) the choice
of appropriate boundary conditions, (4) the construction of
the theory of the transition layer on the surface of an optical
medium, and (5) the solution of a number of problems in
the optics of small objects less than the light wavelength
across.

The plan of this review is as follows. We start by
considering the third-order quantum electrodynamic effects
needed for describing interactions between two hydrogen-like
atoms arbitrarily far apart. Based on the solution obtained,
we present a method for deriving various nonlocal equations
for various degrees of freedom of atomic electrons. We then
re-derive the nonlocal equations semiclassically and also
derive various nonlocal equations of the electrodynamics of
alternating classical and quantum fields. We conclude by
presenting solutions to certain optical problems to demon-
strate the advantages of the nonlocal equations over
Maxwell’s equations.

2. Effective interaction energy matrix for two
hydrogen-like atoms arbitrarily far apart

Feynman diagrams for the interaction of two electrons in an
external field are shown in Fig. 1.

Integrating over the time and over the frequencies and
wave vectors of virtual photons in the S matrix yields the
following effective interaction energy matrix for two atomic
electrons (= ¢ =1):
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Figure 1. Feynman diagrams for the e"e™ interaction of two atoms with
the emission or absorption of a photon.
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where w,<1+> wm (wp w, )are the frequencies of the initial

(final) electron states, ¥'" m(n) 1€ the solutions of the Dirac
equation for a positive-frequency electron, ¥ ( ) = 'P(?; Vas
Wp(+> is the conjugate wave function, y, = f, 7, = —ifo;
(j=1,2,3),and
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where ¢ is the Pauli matrix. Primes on the radius vector r and
the y matrices indicate various wave functions of the
interacting particles (note that differently primed y matrices
commute with each other). The summation in Eqn (2.1) runs
over the complete set of positive- and negative-frequency
intermediate states. We will regard negative-frequency elec-
tron states as positron states without explicitly changing to a
positron wave function involving a charge conjugate trans-
formation, the reason being that a superposition of states with
opposite charges cannot produce the general solution of the
Dirac equation [11]. The solution we will employ in this paper

is
V=Y )
r r
T +7 () w ()
V=>"ay, +> bV, (2.1a)
where a,, af, b, , b} are the second quantized operators of

the electron -positron field. A transition from S()f to the
effective interaction energy (2.1) was performed using the
equation

Si(i}.: —2niU£}5(cu£+) ol — w+w( )—

m +)) ) (22)
where the sign of the optical photon frequency w indicates
that in the vector potential operator A= Z# 7. A we have
separated out the negative-frequency part proportional to the
destruction operator for photon of a given mode.

Consider the first term in Eqn (2.1) and separate out in it
the factor accounting for the electron-electron exchange of
virtual photons. First, we write the distance between the
electrons as

aAri M, > ’ (23)

|r// /H‘Na(l-‘r > + =
a a

where a = |a” — a"”| is the atomic separation, A = &" — &"”,
with &, &” denoting the distances of the electrons from their
respective nuclei, and M| = M, (a, Ag) includes higher-order
correction terms in A¢/a. We change to a system of units in
which ¢ # 1 and assume that

1 A&
ZlepH) — B 22
p |wn W, | P <1.

(2.4)
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Assuming that the internuclear separations lie in the wide
range |A¢| < a < oo we then obtain

2
ol b ele—e1)
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If we now eliminate the frequencies from Eqn (2.3a) by using
the equations H"y") (¢") = iy (1), we see that the
following transformation takes place:

(2.3a)
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(2.6)

As can be seen from Eqn (2.3a), our analysis, along with the
expansion in powers of 1/¢, also involves an expansion in the
small parameter A¢/a. Whereas in the former expansion we
retain terms up to quadratic, the latter is carried out to an
arbitrarily high order because the function M| contains all the
necessary higher correction terms — this is easily seen by
substituting the expansion (2.3) into Eqn (2.6) and comparing
Eqns (2.5) and (2.3a). Thus, the interaction of two atomic
electrons of arbitrary multipolarities will be accounted for
throughout the entire discussion.

The Hamiltonians for the individual atoms with their
nuclei at rest are

Z,é?
H' = ca"p" + yﬁ{ch — —éf ,
Z5¢?
H" = ca"p" + yﬁ(’mcz - —é,e, , (2.7

where p”, p” are the momentum operators of the electron and
Z\, Z, are the charges of the point-like nuclei. Next we obtain
the commutation relations for Eqn (2.5) assuming the atomic
nuclei to be at rest. For 7 # 1 we have

. mnyo__ 2 (u”n)
[.flaH ]** m7

[H”, [H///Mf‘z” — acZ [a//p/l7 |:a///p///7 ‘r// _ r//l”]

1
+ a302 [a//p//7 [a///p///7 |r” - r///|H ) (2.8)

Thus, the operator accounting for the exchange of virtual
photons in the matrix (2.1) takes the form

i 1 — (a"a")
B]](l'”, r///) = eXp { E |U)r(1+) - w;H |a}{ |l‘” _ l'""
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where
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SR =]

In the special case of resonant photon exchange Ry; = 1, and
the operator (2.8) goes over into the corresponding operator
of Ref. [4]. Fora — 0 and Ry; = 1, Eqn (2.9) is identical to the
Breit operator [11]. To understand the physical meaning of
the expansion (2.5), note that in obtaining a Lagrangian
accurate to (v/c)” for a system of charges with a continuous
energy spectrum [4] one employs a unified time scale R/ ¢, with
R being the charge separation. This is the interaction transfer
time between the charges, and the retarded potentials can be
expanded in powers of R/c¢ only if the charge distribution
does not change appreciably in the time R/c. This is of course
a very stringent condition if extended systems are considered.
In the derivation of the Breit operator for a system of two
electrons with a discrete energy spectrum (see [11]), the
expansion parameter was taken to be the quantity
wor/c <1, where g is the characteristic frequency in the
spectrum of the interacting electrons, and r is the distance
between the electrons. Thus, along with the interaction
transfer time T, = r/c, the characteristic time T, = 21/wq
was introduced. In this case, 2n7. < T,, i.e., the electron
density in the system of two interacting, moving electrons
changes substantially during the transfer of the interaction. It
is clear that this condition is satisfied when electron-electron
separations are not too large — in helium-like atoms, for
example. Because the expansion parameter is taken to be the
quantity (2.4), the expansion (2.5) is valid for two atomic
electrons arbitrarily far apart. The interaction transfer time
T. = a/c in this case is much longer than the characteristic
intra-atomic time scale 7T,. This leads to an additional
retardation in the interaction of the electrons, which is
precisely the effect described by the additional terms in the
operator (2.9).

It is known that the characteristic frequencies of atomic
electrons are in the range from a few megahertz to
10° megahertz if the optical transitions and the fine and
superfine splits of the atomic levels are taken into account.
A question arises in this connection as to how to choose a
characteristic intra-atomic time scale 7,. For the retarda-
tion effects to be fully incorporated into the electron
interaction, it is clear that the highest — i.e., optical —
frequencies must be taken as characteristic frequencies in
the spectrum of the interacting electrons. As is shown
below, the operator (2.9) accounts for various types of
interaction between two electrons, and the presence of a
unified time scale T, explains the fact that, for example, the
spin-spin interaction of the electrons has additional retarda-
tion terms beyond those in Ref. [11] — even though spin
transitions are radio-frequency ones.

We turn now to those matrix elements in Eqn (2.1)
which correspond to the remaining Feynman diagrams of
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Fig. 1. The repetition of the procedure already used to pass  states and using Eqn (3.1) we obtain

from frequencies to operators yields operators By (s = 2, 3, i

.., 8), analogous to the operator Bj;. These contain e? exp { - }w,(f) - wl(f)‘a}

coefficients that determine the differences between the ¢

initial, intermediate, and final frequencies, and also « J{‘pﬁﬂ*(l’”)@;ﬂ*(l'/”)@mﬂ (") (")

involve various retardation factors according to the

location of the wave functions in Eqn (2.1). Noting that 1 0 . "

the third-order effects in Fig. 1 obey the conservation law - WQI (l"/)q5[(f) "o ") [p 2ol ("]

(2.2) and that for the emission of a real photon the sign of

the frequency w in Eqn (2.2) should be reversed, we obtain ] @5”(r”)q§(+)*(r/")<15(+)( )[p”z(p )(r' )]

the following equation for the energies of the interacting 8m?c? r " "

electrons: n 12 2(15§+)*(l‘”) [p”’2(p1()+) (r///)] (pl(ﬂﬂ( )q5’(1+)(l.u/)
E® —ED + EMY — E{Y £ o =0. (2.10) 8m-c

g 0] 2600 )

Based on this conservation law, the following quantum ar’ de”

transition schemes can be recognized (we separate two X W , (3.3)

r —r

states, e. g., p and n, in the spectrum of the interacting
atoms and assume that the initial atomic states n and m are
the same):

A. As a result of the exchange of virtual photons of
frequency " = w, — w,"”, one — say, the first — atom
makes a transition to an intermediate state w; and then
returns to the initial state E,§1 >, ie., E,.H) E,Sz+ The second
atom changes its quantum state, E,§+) — E,§+), with the
consequence that one photon is emitted or absorbed by the
two-atom system. The retardatlon factor for this particular
interaction type is exp{(1/c)|w,, ) w |a} The emission
(absorption) of a real photon may not spatially coincide
with the location of the atom undergoing the quantum
transition E, +) Eﬁ This scheme corresponds to dia-
grams /, 2 and 7, 8 in Fig. 1.

B. Diagrams /-8 represent transitions involving the
emission or absorption of a double energy photon Both
atoms change their states, i.e., E; ) #+ Ey ) and Ep 75 En
in this case.

C. For E; ) — Em+ , when only one of the atoms changes
1ts state by emlttmg or absorbing a real photon with energy

|E | an interaction with a unity retardation
factor is p0531b1e. This is allowed by diagrams 3—6.

The nature of the quantum transitions in schemes A4, B,
and Cis determined by the properties of the operators By and
A, by the properties of the wave functions, and also by the
energy level schemes of the atomic electrons.

3. Transformation into two-component
wave functions

We can pass to two-component wave functions by using the
following transformations [11]:

(+)
On 2

+) _ +) — P\

v = op ] 0, —(1 g 262)(15 . (3.1)

2me "

Let us apply these transformations to calculating the matrix
element

()P Bl ()P () (3-2)
in the first term of the matrix (2.1). We first consider the

matrix element of the operator 1/[r" —r”| in Eqn (2.9).
Taking the positive-energy states in Eqn (3.2) as intermediate

ignoring the third- and the higher-order termsin 1 /¢. We now
have to transform Eqn (3.3) into

o

)lp,mn ?

(3.4)

J o ()@l (v el (el (")

and, in doing so, to find the explicit form of the operator Vl(ﬂ.

To transform Eqn (3.3) into Eqn (3.4), it is necessary to
integrate by parts. For this, we choose the origin of the
coordinate system to be the point ¢” and refer the coordi-
nates r’ and r” to the first and r’”’ to the second atom. We take
into account, further, that the atomic wave functions do not
overlap and that they vanish at infinity. This means that,
unlike the case of Ref. [11], the powers of 1 /¢ — r”| do not go
to infinity for r” and r” within the spatial limits of the
interacting atoms. With these considerations in mind we
obtain the following operator:

i 1
V<l+) — Pexp { % |l — w<+>|a}; , r=t"—r"|. (3.5)

P

This operator is an analogue of — and in the limit ¢ — 0 is
identical to — the usual Coulomb interaction of two electrons
arbitrarily far apart. We consider next the matrix elements of
the remaining terms of the operator Bj; using the two-
component wave functions @ﬁf). Substituting wave func-
tions (3.1) into the matrix (2.1) and taking the matrix product
in the integrand we find that it suffices to replace ¢ by @ in all
the resulting terms because they already contain the factor
1/c?. Repeating now the transformation already used in
deriving the operator (3.5) and separating out the operators
containing various powers of 1/r we find that the operator
proportional 1/r3 has the form [17]

. 02
(+) _ 1 eh 1
V,' =exp { - ]wf,” - wl(,” ]a} e {_r3 [(c”o"”)

a2
— 3(0‘”1’1)( " )] +R1/ [15( )(0_///n) 9(6”0"”)]}.

(3.6)

Operator (3.6) goes over to the spin-spin interaction operator
for two electrons as @ — 0 [11]. For electrons arbitrarily far
apart, in accord with the condition (2.4), there arises an
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additional retardatlon determined by the retardation factor
exp { (i/c)| o} ) _ »'|a} and also by the additional terms in
Eqn (3.6). In the special case of two electrons resonantly
interacting without either emitting or absorbing a photon, we
have Ry; = 1. After some manipulation, the operator propor-
tional to 1/r takes the form [17]

; 2
) expd o — o®lab < S(Lr, -
V3 exp { p |a)n o, ]a 21\ 2 Ry—1

n

1 1
- §R11 P n(np”)p

2
_ —Rl[ 3 [(p//plﬂ) _ 3n(np/1)pm]}
(3.7)

i e’a 1

+ exp { ; }a)ﬁl*) _ w;;r)‘a} % r_2 (np//) )
Since in the limit ¢ — 0 and Rj; = 1 this goes over to the
corresponding retarded interaction operator for two elec-
trons in a helium-like atom [11], we will refer to operator (3.7)
as to the retarded interaction operator for two electrons
arbitrarily far apart. For R;; =1 (resonant interaction of
two electrons), operator (3.7) can be obtained from the
classical Hamiltonian function for a system of atoms by
replacing the electron momenta with the corresponding
momentum operators [6]. In the matrix elements of the
operator By, the terms proportional to 1/r> have the form

(17]
v :exp{i|a}(+) fw(”]a} < {(lRll* l)
4 ¢ P 4m?2c? 2
X %(20’”[11[)/”] _ ZGW[HPN]) +l Rlllz
r 2 r
X (26//[np//} + 26///[np///] _ chfl[np//] _ 26//I[nplﬂ])

@ "o
+3R11r76 [np”] ¢ . (3.8)

In the limit ¢ — 0 and R;; =1 this goes over to the
corresponding spin-orbit interaction operator for two elec-
trons in the Breit operator [11], and we therefore refer to
operator (3.8) as to the spin-orbit retarded interaction operator
for two atomic electrons arbitrarily far apart.

We next consider the interaction of two electrons by
means of the field of virtual photons, taking into account
only the orbital degrees of freedom The operator for this
portion of the interaction is Vl(, + V3, As mentioned
earlier, the derivation of the interaction operator of two
atoms takes into account transitions of arbitrary multi-
polarity in atomic spectra. Retaining only terms linear in "
and £" in the expansion of the functions 1/r and 1/r> we
obtain the operator [17]

i
vy e { ok - o la}

y (d//d///) _ 3(nd")(nd"’) N i (d///p//) _ 3(nd”’)(np”)
a3 mc a?
e2 1 (p//p///) 1 (np//) (np///)
m?c? KE R”71> a ER” a
1 "y — 3(np”) (np”’
7§R”(pp) a(p)(p)]} (3.9)

where n = a/a and d” = e&”, d” = e&" are the electric dipole
operators of individual atoms. The operator (3.9) describes
the electric dipole-dipole interaction of two arbitrarily spaced
neutral atoms, one of which makes a transition to a certain
intermediate state — when the interaction (3.9) is part of the
process of emission (or absorption) of a real photon. In the
special case of two atoms interacting without emitting or
absorbing a real photon, operator (3.9) corresponds to the
second-order quantum electrod ndmlcs effect for which the
energy conservation equation E™" ,,, + E, ) E,,m =0
is satisfied. In this case we must set R” =1 in the operator
(3.9), thus converting it into the corresponding operator of
Ref. [11].

4. Role of an external field in the interaction
of two atomic electrons

Let us use the transformation (3.1) to go over from the wave
function ¥ to the two-component wave functions @ in the
matrix elements of the type

(T (h]ed (e #i(x")), (4.1)

in the matrix (2.1). The matrix elements (4.1) of the vector
potential of the external field determine the interaction of two
atomic electrons with the field of real photons. Consider first
matrix elements (4.1) for the cases in which atomic electrons
make their transitions via positive-energy intermediate states.
Performing some necessary manipulations on the matrix
element (4.1) for the atomic transition from the state
<1>§+ (r') to &) (r"), we separate out the following transition
operator:

Rf =ed,(r"). (4.2)
The terms proportional to 1/c have the form
SR )V S Gy S ity
Ry = 2mc (A 2mc (AP) 2mce (e'H),  (+3)

where A’(r’) is the vector potential operator for the external
field at the electron position described by the radius vectorr’,
and H'(r’) is the corresponding magnetic field strength
operator ([V'A’] = H'). The operator R containing the
second power of 1/cis

el ;o ihe

—m( 4~ I 22(V/ Dy

e
+ 453 (0'D) A (o). (4.4)

The terms of order 1/c3 in the transition operator are of the
form

e . .
Ry = o {1<6'A'><o’p’>p'2 —ip*(c'A")(o'p)

0A’
/ !
+h;01(6 W

A/
,hzal /2( > IG/plz( /A/)p/}7

where o = x, y,z. Each of the transition operators obtained
can cause an atomic electron to make a quantum transition
from a certain intermediate state (PEH to a final state @(*)
provided the electron has come to this intermediate state
through its exchange of virtual photons with an electron in the

(4.5)
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other atom. Note that the potential 4} of the quantized
external radiation field is zero in this case. For a static
external field, the term (4.2) differs from zero, and the
interaction between electrons belonging to two different
atoms then occurs via the field of virtual photons, in which
process the conservation law

Er(+) —EW 4 E(+) E®) —0.

m )’l
is obeyed.

4.1 Inclusion of negative-energy intermediate states

The effective interaction energy matrix (2.1) involves a
summation over the negative-energy intermediate states of
the interacting electrons, implying that some of the interac-
tion energy is due to the influence of positronic states in the
spectrum of the electrons. This influence enters indirectly
through the electrons’ intermediate virtual states, both the
initial and final states being positive-energy electronic ones.
The positronic intermediate states can be included by going
over to a two-component wave function in Eqn (2.1), with the
use of wave functions of the form

_(op) )

X 2
2me L 1P\ g
LT (1 8m2c2)@’ ‘

)~

(4.6)

Note that there is no need, in this procedure, to go over to the
positronic wave function (which contains the charge con-
jugate transformation [11]). Instead, we proceed as follows to
account for the intermediate positronic states.

We note, first, that the photon energy /iw is much lower
than the energy of the electron field and that the electron
energies differ little from their rest values. Accordingly in
(2.1), we set

hlon(1 —10) + o — 7] ~ —2mc? (4.7)
ete.
Second, we introduce the projection operators
2 / 2 "
AL:%, AZ:%, (4.8)
which have the properties that
AWy =2, A" =wx").  (49)

Then, applying the transformation of Section 2, we can isolate
the following operator from the first and second terms in the
matrix (2.1):

Py = ﬁ (VyysA5A"Bi + ByA” yiy5 A7) (4.10)
where 6 =1,2,3,4 and Aj is the four-vector potential
operator for the external field at the position of the electron
described by the radius vector r’.

The remaining terms in the matrix (2.1) can be combined
pairwise in a similar way. We now transform operator (4.10)
using the wave functions (3.1) for the initial and final
electronic states. The quantities Ry; and Ry; already contain
the factor 1/(2mc?), and the operators By and By are
therefore of reduced form. We next perform the matrix
multiplication of the operators in Eqn (4.10) and multiply
out the wave functions of the interacting electrons. Keeping
terms of order 1/c¢ and integrating by parts where necessary,

the operator (4.10) becomes
e i ih a
= gmaew ] oot o lap{ -5 e
, 04, 1, , ., ,.a
—A
DI (e'9)(c"m) 5
1 04y nd>

%a ox,
1
% (G/A/)(o_//p//) ( /A/)G// Z 0;//0_/// ( T + ’_2
o

o

" 2me

1
3 /A/ /A/ // n n_ I _
i(6/A)(on) % + 5 (o/A)(o"6")(a"p") |
i Al 1./ 1 1 ! " "
L (6'A TR Al
g (A (@)1 + 3 (6n) (68 %
1 a "_1 n h Al / n“
-« Al 72 ANg! 22
2me ,,2( m(e"p’) +2 me (6"A%)a, 2

. | 1
+ ﬁ ; (Gllp//)(o'”A”) + ﬁ ;GI(O'//A”)G///( ///p///)

il (c'n)(o"A”>} ,

where o', ¢” operate on the spin wave functions of the
electron in the first atom and ¢” on those of the electron in
the second one. We now use the identities

/l/(olllp//l) _ (Gl/lpl/l) n + p/// ,

(no.///)

(4.11)

1
(6 ///p///)

l (6/// ///) lh
r
( //A/l)( n l//)(cll/p/l/) (A/lp//l) _"_ iG/” [A”p///]

/// AIIGII] + ZGNGWA;;pZ/ ZO_// pmAZ’ ;;/
P P

(4.12)

and assume that the two atomic electrons interact in an
alternating external field and that the vector potential
operator A satisfies the Lorentz condition 04,/0x, =0,
w=1,2,3, 4. In this case we can set

04,
Oox
and the operator (4.11) then assumes the form

— o) ya}{ - 2i(A”n”)%

=0. (4.13)

+ e Lo
P :2mc26Xp E‘w”

" " a h " 1 ih n " 1
+26"[A n]r2+mc(A n)r2+mco' [A n}rz

i l 1Al 1 1 " 1Al i 1 n_n
+%’—(PA )—% P [PA]‘*‘% ;(AP )

(ZO_// " // /// ZGH " an ///)}. (4.14)

aAp

In an analogous fashion we transform the remaining
terms in the matrix (2.1) and the corresponding operators
for the negative-energy intermediate states. The meaning of
these operators (which we denote by P;, P{ and P;) will be
discussed later.

4.2 Positive-energy intermediate states

Consider now the sum over the positive-energy intermediate
states (i.e., electron states /,) in the effective interaction
energy matrix. If we transform the matrix elements by using
the approximate wave functions (3.1) in the same way as in
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Sections 3 and 4, then the first two terms in the matrix (2.1) —

those which correspond to diagrams / and 2 in Fig. 1 and

Wthh have identical retardation factors exp{(i /c)|wn
|a} — take the form

,HJ—ZZ{ |R+‘(I>(+ ><(p |V,”|d§ >>

5,8 Ly I:(J)[(l — 10) +w— U),(+):|

| (@ viplel o) (0] R |#40)
fife(1 = 10) — w — w,(,:“)]

. (4.15)

where the operators fo,rl) and VS(,JI’Z) are obtained from the
operators By, and B, respectively. Terms of order higher
than third in 1/¢ will be dropped in the products of various
matrix elements in Eqn (4.15). The remaining terms in Eqn
(2. 1) will be of similar form. Let us denote them by B,
C,Q , and D 3 . All the terms we have separated out in the
matrix (2. 1) “have different meanings, as will be shown

below.

5. Polarizing fields in a system of hydrogen-like
atoms emitting or absorbing photons

Contained as factors in the operators (4.3), (4.4), and (4.5) for
the first-order effects are atomic and field operators which
cause quantum transitions to occur between the atoms and
photonic states at one and the same point of observation. For
two arbitrarily separated interacting atoms, with operators of
the form (4.14) and matrix elements (4.15), the situation is
different. In various terms of Eqn (4.14) one can separate out
(a) an operator which acts at a point of observation and (b) an
operator which acts at the position of the other atom, the one
forming the polarizing field. The polarizing field in this case is
that of virtual rather than real photons. Similarly, matrix
elements of the type (4.15) contain the dependence on the
coordinates of the two atoms, one of which is at the point of
observation.

Consider now the polarizing fields that form according to
scheme C of Section 2.1 — a scheme in which, due to the
exchange of virtual photons and the emission (or absorption)
of one real photon, only one of the atoms changes its state.
Assume that the position of the first atom is described by the
radius vector r; (coordinates r’ and r”), and the position of the
second atom, by r, (coordinates r”). The initial state of the
first atom is labeled by the index m wrth energy E\ , and that
of the second, by n with energy E, (). As a result of virtual
photon exchange, the first atom finds 1tself in an intermediate
state E, ) or E, () and then returns to its initial state, i.e.,
E,( E (+) Whereas at the location of the first atom one
real photon is absorbed, the second atom changes its
quantum state and makes a transition to a level
E1§+) > E{"). Such a transition scheme corresponds to the
first term in the matrix (2.1) and to diagram / (see Fig. 1). A
similar situation exists with regard to the second term in Eqn
(2.1) — that for the Feynman diagram 2 in Fig. | — when a
photon is absorbed not at the position of the atom that makes
the transition E, ® E, ) but rather at the location of the
other atom, which forms the polarizing field. The remaining
elements of the matrix (2.1) (whose diagrams are 3—38) do not
participate in the formation of the polarizing field in this
scheme. Indeed, for r = m eaeh of these terms contains zero
matrix elements of the type (P |yﬂ|‘Pm ).

We proceed to write the vector potentials of the polarizing
fields explicitly, using Eqns (4.14) and (4.15). For this it is
necessary to distinguish a particular type of transition
between the states of the interacting atoms — orbital
transitions, for example. Then, in accord with Eqn (4.3), the
following Hamiltonian operator is obtained for first-order
effects for either of the atoms:

e
1 AN
—p A",

1"
H' = -
mc

(5.1)
where A" is the operator for the vector potential of the
external field at the position of the second atom. With the
help of the operator (4.14) we can write the Hamiltonian
operator in the form

H/2// — i p///A(p) ,
2 1 :
AP = —% —exp (é woa)A"7 (5.2)

where g *a)](, ) — i is the frequency of the p—n

transition. We shall refer to the polarizing field A® as to the
positronic polarizing field. The polarizing field (5.2) is due to
the process in which a photon disappears at the location of the
second atom and is absorbed at the location of the first one.
The remaining terms in Eqn (4.14) describe the orbital
quantum transitions and differ from the operator (5.2) in
their physics. The p”A” term, in particular, corresponds to the
positronic polarizing field, but with a photon disappearing
and being absorbed at one and the same point. Thus, the
inclusion of positronic intermediate states in the interaction
of two atomic electrons gives rise to an additional Hamilto-
nian, responsible for the interaction of atomic electrons with
an external field. As a result, one should add a positronic
polarizing field A® to the external field A” when considering
the interaction of a system of atomic electrons with an
external field.

We next consider the role of the interaction (4.15) via
positive-energy intermediates states, taking only orbital
quantum transitions into account. Inserting the operators
(4.3) and (3.9) into Eqn (4.15) yields the following interaction
Hamiltonian [17]:

H3/// __ - p///A(e) , (53)
where A®), the vector potential of the electronic polarizing
field, is given by

: / !
Al — exp (l w0a> Z < (pyA) )
¢ h[w,(l—iO)—i—w—wﬁ}

A

e d - 3@mn ¢ b,
imay a3 im%cawyg a?
e 1 1 1 _ (np”)n
— | {=Ry—1)=p! —Z R, M/
TR
,l Ry P?Ln — 3(“1’%)“}} 1
2 a fie(1 —iO)—w—w,(,f)]

p,; — 3(p,;m)n

3(d),n)n e
+ 2

.
x
imay a’
e 1 1 1 (np/)n 1
< A zRy—1)=p,—= Ryy~2 R
+m2c2[<2 21 )aP,/ 5 R 5 2l

/ —
% |\ 3 (np/‘/)n

e | LA ).

im%cwyg a

(5.4)
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with
R w;ﬂ _ c01(7+) R (,0,(1+) _ wl(;r)
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The electronic polarizing field (5.4) is written in the electrical
dipole approximation using operator (3.9) to account for the
virtual photon exchange. Note that the operators A" and A” in
Eqn (5.4) were taken out of the matrix element sign in this
approximation. The electronic polarizing field (5.4) is formed
by two atoms, one of which finds itself in its initial quantum
state as a result of the sequence of quantum transitions under
study. This means that in Eqn (5.4) we can separate out the
average value of the electric dipole moment of this atom in a
certain state r = m. First-order perturbation theory approx-
imates the averaged dipole moment d/, as [2]

d;nl(p;m A:))

Q@ = —iwt :
= g, P00 Z { o — @+ (/2)(T + T

(p;nlA:)) ;m }
wlm—i—w—(i/Z)(F,—&—Fm) ’

(5.5)

where wy,, is the transition frequency, I ,(’,,11) is the lifetime of
the state /(m), and A" = Aj exp(—iw?). Note that in Eqn (5.5)
we only left the negative-frequency term, responsible for the
photon absorption process leading to the polarizing field
(5.4). Using Eqn (5.5) and suppressing the index m, Eqn (5.4)
becomes

a0 ¢ @ =3(@mn e o] 3([pIn)n
1wy a imay a?
S (el 56

where the notation [...] indicates an average taken at the time
t' =1t — (a/c)(wy/w). Here we have made use of the isotropy
property of the atoms, which implies that the quantities
(p/,A")d),, and p/,(d},, A’) are equal. We next transform from
the vector potentials (5.2) and (5.3) of the polarizing fields to
the corresponding electric and magnetic field strengths using
the Lorentz condition [11]

04,
0xy, o

0

For a radiation field proportional to exp(—iw?) we have

iw

E© _ _lo

A©,  EP) =
c c

AP (5.7)
where the vector potentials A© and A® are proportional to
¢y, the creation operator for a photon of wave vector k and
polarization index 4= 1,2 at the position of the atom
producing the polarizing field (the atom-polarizer) in the
process when the quantum transition p — n takes place at the
position of the other atom (the atom-observer), arbitrarily
separated from the atom-polarizer.

Let us now consider the case in which the frequency w of
the external radiation field is close to one of the frequencies
Wy > 0. Then the mean momentum is

o] = = wofd]

and the operator for the strength of the electronic polarizing
field is, from Eqn (5.6),

d
E®© = rotrot [7[] , (5.8)

where the differentiation is carried out with respect to the
coordinates of the observation point ¢”. The magnetic field
strengths H® and H® are determined in a similar way using
the standard vector potential—strength relation for the
magnetic field (see Ref. [11]).

5.1 Integral equations for photon propagation

in an electric dipole optical medium

Let us introduce the dipole (a4) and momentum () atomic
polarizabilities by means of the relations

d=o0,A", p=0A, (5.9)

where d’ and p’ are the average, second-order perturbation
theory values of the dipole moment and momentum in the
state m. From Eqn (5.5) one can determine the dipole
polarizability of an isotropic atom. To find the momentum
polarizability «,, the matrix elements d;,, and Eqn (5.5) should
be replaced by the matrix elements pj, of the momentum
operator. Then the vector potential of the electronic polariz-
ing field assumes the form

A(e):{ocd.i e—3(en)n+o{ e e—3(en)n

iwy a3 ? imeo a?

img (en)n e € n— rom 1
%d c a mcapa}[A]—Ke(a7a )[A]v

(5.10)

where e is the unit vector along the field A’.

A transformation to an N-atom system can be carried out
by summing the vector potentials, Eqns (5.2) and (5.10), of
the polarizing fields created by N — 1 atoms at the position of
the atom with a radius vector a”. To assess the role of the
electronic and positronic polarizing fields in such a system,
terms in Eqn (5.10) proportional to 1/a must be compared
with the vector potential (5.2). In doing this, it should be
taken into account that, whereas the electronic field contains
the polarizabilities oy and a,, which depend on the random
distribution of eigenfrequencies wy due to non-uniform
broadening, the positronic field is independent of this broad-
ening — the reason for why, provided certain conditions in
the N-atom system, the electronic and positronic polarizing
fields may become comparable in magnitude.

We turn our discussion to the optical medium. We assume
the medium to be continuous and therefore introduce the
concentration N/ to describe the distribution of atoms in it.
Furthermore, we assume that the polarizing fields (5.10) and
(5.2) are proportional not to the external field but rather to
the field inside the medium. This allows us to write the
following integral equation for the electrical field strength
operator [17]:

V c

N ;R /

E(r, 1) = E/(r,1) + Jﬁ Ke(r,r’)E<r’,tf§) dv’

(5.11)

where r is the radius vector of the observation point; r’ is the
radius vector of a point within the medium or on its surface;
E;(r,7) is the external electric field strength operator,
represented as a superposition of plane waves with coordi-
nate-independent amplitudes ¢y, [11]; R = |r — r'|; and

e 1
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An integral equation for the magnetic field strength operator
can be obtained in a similar way by applying the rot operator
to the vector potentials (5.10) and (5.2).

If the point of observation is outside the medium, then the
integral in Eqn (5.11) is performed over the whole of the
medium. If the point of observation is within the medium, it is
necessary first to exclude a small sphere of radius Ly with the
atom inside. In the special case in which there is no positronic
polarization in the medium and only one eigenfunction in the
atomic spectrum is singled out, Eqn (5.11) is identical to the
integro-differential equation of classical optics [18] if one
transforms from operators to the corresponding classical
fields in Eqn (5.10).

5.2 Integral equation for photon propagation
in a system of electron spins
Let us consider one more example of an integral equation
obtainable with the proposed method. Unlike the preceding
case, we will consider only the spin degrees of freedom of the
electrons in two one-electron atoms positioned arbitrarily far
apart. This is relevant, for example, to magnetooptics,
inversionless lasers, laser cooling of atoms, etc. We will
assume spin transitions to take place between atomic states
separated by the optical frequency wg. Such transitions may
occur independently of the electric dipole transitions of
Section 5.1.

We will apply operators (3.6) and

(+) _ ihe
(RZ )O’ T 2me

(¢'H) (5.13)

to describe polarizing fields in a system of electron spins and
will consider the same quantum transition scheme as that
employed in Section 5.1.

Substituting operators (3.6) and (5.13) into the matrix
(4.15) we obtain the following interaction operator:

he "
—(¢"H® 14
2mc (0. ) ) (5 )

where the magnetic field strength is

(6) l 62h2
H'Y =exp Zwoa 4m2c22: h[

" __
HY = —

(o, H')
/(1 —10) + w — wﬁﬂ]

" " 2 2
6/ —3(c] m)n a a
J/ I/ ”" "
~ { m 5 m 74 1575 R”(Glm n)n — 97 Ryo

N 1 {0';, —3(o);n)n

h[w,(l—iO)—w—wS,;r) r3

a’ , a ,
+15]’75 Rz/((Frlll)Il—giT5 R216r1}> . (515)
This field is the electronic polarizing field, i.e., it is due to the
electronic intermediate states only. As can be seen from Eqn
(4.14), a positronic polarizing field does not exist for the
transition scheme adopted.

We proceed by separating out in Eqn (5.15) the average
values of the spin magnetic moments of the atom-polarizer,
using a formula analogous to the first-order perturbation
theory result (5.5). For the average values of the spin variables
in the state m we introduce the notation

6, = (ocﬂ')m H,7 q:/n = (“q)m Hl7

m

(5.16)

where (), is the spin polarizability in the state m; ¢, is the
average value, for the state m, of the operator q' with matrix
elements qj,, = o;, /w;,; and (o), is the corresponding
polarizability. The polarizing field (5.15) then takes the form

h — 3(hn)n @
H(e) = ,UB{OCU T — ISwOfxqr—S (hn)
2

+ 900, f’—s h} [H'] = K, (a,a")[H],

(5.17)
where g is the Bohr magneton and h, the unit vector along
the magnetic field strength H'. A transition to the integral
equation for photon propagation in a continuous optical
medium is performed in the same way as in Section 5.1., i.e.,
by replacing the external field in Eqn (5.17) by the field inside
the medium. The magnetic field strength operator for spin
transitions then takes the following form for an external or
internal point of observation r at the time ¢ [7]:

H(r,?) = Hy(r, 1) + J%K,,(r7 r’)H(r’7 t —?) dv’,
(5.18)

where Hj(r, ¢) is the external magnetic field strength operator.

The results of the preceding analysis can be divided into
two main categories, namely, (a) those related to the solution
of the major quantum electrodynamics problem of two
interacting electrons and (b) those concerning the applica-
tion of this solution to the derivation of integral field
equations for problems in optics.

The interaction of two electrons belonging to two
respective, arbitrarily separated atoms at rest is treated as a
third-order quantum electrodynamics effect, part of it being
virtual photon exchange involving various positive- and
negative-energy intermediate states. With this approach, it
proves possible to classify various transitions schemes that
lead to the emission or absorption of a photon in a system of
two interacting hydrogen-like atoms. The scheme we have
discussed above in detail is that in which one of the atoms is
an atom-polarizer and the other, an atom-emitter (atom-
absorber).

Let us discuss here the advisability of transforming to
integral field equations from the corresponding differential
equations. Although the integral equations describing the
electric and magnetic field strengths in classical optics [18] are
in effect equivalent to Maxwell’s equations, they enable a
rigorous derivation of the Lorentz—Lorentz formula and
make it possible to solve a number of important optical
problems. However, this powerful method has had very few
applications thus far. A possible reason is that the well-known
integral equations of classical optics have a sense only for
isotropic, non-magnetic dielectric media. It is therefore of
great interest to derive the corresponding integral equations
for a wider class of problems — and this is precisely what the
present paper is concerned with. The problem we addressed
first was that of two electrons in the framework of quantum
electrodynamics. The study of the interaction of two electrons
in a radiation field reveals various types of quantum
transition. In particular, as pointed out above, we can
separate out the positronic polarizing field, which in some
cases cannot be neglected compared with its electronic
counterpart. In view of the correspondence between Eqn
(5.11) and the classical integral equation, it can be argued
that the positronic polarizing field can be interpreted as an
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additional current in Maxwell’s equations [19]. The electronic
polarizing field in the electric dipole approximation is well
known in optics: this is a field of dipoles which is entirely due
to electronic states in the spectrum of interacting atoms. The
positronic polarizing field, on the other hand, arises when
positronic states are taken into account — not the real but
virtual ones, whose existence does not require that the energy
conservation law be obeyed. We thus see that the study of the
two-electron problem in the framework of quantum electro-
dynamics not only contributes to the development of the
method of integral equations but also reveals new mechan-
isms for the emission and absorption of real photons in a
system of interacting atoms.

Two types of interaction between an atom and a radiation
field are discernable. In one of these, real photons pass from
excited atoms to unexcited ones, the radiation transfer time
being determined by the distance between the atoms. This
type of interaction can be taken as the basis for deriving
integral equations for radiation transport, which are used, for
example, in the optics of turbulent media [20]. The second
type of interaction involves the concept of the polarizing field,
a field considered in this review as a third-order quantum
electrodynamics effect. As indicated above, a photon dis-
appears at the location of one of the interacting atoms and is
absorbed at the location of the other. A similar situation
exists of course if one considers the emission of a photon in a
system of two interacting atoms. An important point about
this type of interaction is that a photon disappears and
becomes absorbed at the same instant of time, implying that
the polarizing field forms instantaneously due to the con-
tinuous exchange of virtual photons between the atomic
electrons [otherwise, the conservation law (2.10) would be
violated]. Note that the retardation factor exp[(i/c)woa] in the
various elements of matrix (2.1) only indicates that the
effective interaction energy is a periodic function of the
interatomic separation.

6. Semiclassical derivation of nonlocal equations

The quantum electrodynamical derivation of nonlocal equa-
tions in Section 5 is based on isolating the mean of the induced
multipole moment of an atom from a polarizing field. For
electric dipole transitions, the electronic polarizing field
produced at a certain point of observation is proportional to
the mean of the induced dipole moment of the atom-polarizer
(this moment is «E, where « is the electronic polarizability of
the atom-polarizer, and E is the electric field strength at the
location of this atom). Taking this into account, one can
employ a quasiclassical method to derive nonlocal equations
of electrodynamics. Then, if one uses the electric dipole
approximation, it is necessary that in the expression for the
electric dipole field [18],

d
E; = rotrot M ,

12

the dipole moment d; be written as «E,, where E| and E; are
the electric field strengths at the locations of the atom-
observer and the atom-polarizer, respectively, R, is the
distance between the point dipoles, and [...] indicates that
the quantity in question is taken at the time 7 — Rj/c. The
essential point to be noted here is that the semiclassical
method should be considered to be complementary to the
quantum electrodynamical method because only this latter

yields a correct scheme of the transitions that produce
polarizing fields. From this point of view, the electric dipole
field of classical optics [18] appears as a field of virtual, rather
than real, photons.

In what follows, a number of nonlocal equations derived
semiclassically for classical alternating fields will be consid-
ered.

6.1 Integral equations for the propagation

of electromagnetic waves in dielectrics

Eqn (5.11) for a classical field E(r, ) can be derived as follows.
Write down the Hamiltonian function for a system of N
atoms at rest using retardation potentials to account for the
interatomic interaction [4]. Expand the retardation potentials
in powers of the small parameter (2.4), retain only the terms of
the order of v? /¢?, and assume the induced dipole moments of
the atoms to be proportional to the electric field strength E,
the coefficient being the atomic polarizability o. Then, if only
electronic polarizing fields are considered, we obtain [18]

P(r',t— R/c)

av’,
R

E(r,t) = E/(r, 1) + Jrot rot (6.1)

where P = (N/V)aE is the polarization vector of the medium,
R = |r — 1’|, ris the point of observation, r’ is a point inside
the medium or on its surface, and E; is the electric field of the
external wave at the point of observation at the time 7.

Eqn (6.1) has been formulated for a continuous dielectric
consisting of identical atoms. Following the same line of
argument, Eqn (6.1) can be modified to describe, for example,
activated, discrete-continuous, or nonlinear dielectrics if a
more general phenomenological law is used to describe the
polarization vector as a function of field E inside the medium.
For activated dielectrics with a continuous distribution of
resonant and nonresonant atoms with respective polarizali-
bilities a.g and ayg, we have the integral equation [21]

1 R
E(r,t) = E/(r,1) —s—JrotrotE (N—VR>O<RE(1", [ ?> dv’

1 / Nyr , R ,
—I—JrotrotE(T)ocNRE(r ,t—? dr’, (6.2)

where (Ng/V) and (Nyg/V) are the corresponding concen-
trations of resonant and non-resonant atoms.

In a discrete-continuous dielectric, we take into account a
small region around the observation point, embraced by the
so-called Lorentz sphere with the property that the atoms are
distributed discretely inside it and continuously outside it. As
will be shown below, the structure factor gives rise to the
nearfield effect, which is taken into account by writing the
nonlocal equation in the form [22]

N R
E(r,t) = Ef(r, 1) + JV rotrot% (I—/)E<r’,t—?> dv’
1

(d]
+ rotrot — , 6.3
> rotrot T (6:3)

where V7 is the volume of the dielectric occupied by the
continuously distributed atoms; the summation runs over all
discretely distributed atoms within the Lorentz sphere, with
the induced dipole moments d, depending on the retardation
time t — R,/c; R, is the distance of atom « from the point of
observation at the center of the Lorentz sphere.
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The discrete-continuous properties of a dielectric close to
its surface are conveniently studied by dividing the near-
surface layer into separate sublayers. We will treat a superthin
dielectric film as a system of N monolayers separated by a
distance ay, where ay is the lattice constant. Let us enclose the
observation point r = x, y,z, which can be either inside or
outside the film, by a cylinder with the base radius ¢ > . The
axis of the cylinder is taken to pass through the point of
observation parallel to the z axis. The atoms within the
cylinder are treated as discretely distributed dipoles, and
those outside form a set of continuously distributed layers.
A change in the position of the observation point relative to
the film’s framing surfaces in the x’, y’ plane leads to a
displacement of the cylinder as a whole in the same plane.
Then the nonlocal equation for the electric field strength
E(r,t) = E(r) exp(—iw?) of frequency w is written as the
following system of N equations [23]:

E/(x,y) = En(x,y)

N (Ts
+% ZJ [I‘OtrOt E,(X/JI)G(RI)] z=z; dS/
0 j=1"Jo
N
+y Z [rot rot E;(xq, 4)G(Ry)] |z:z,’
=1 a
[=1,2,...,N, (6.4)

where the external field within the /th monolayer is given by
E/(x,y) = E(x,y,21),

E;(r,1) = A(r) exp(—iw?),

Ell(xvy) = A[(X,y,Z),
6.5)

o is the linear polarizability of the atoms of the medium,
G(R) = exp(ikoR)/R, kg = w/c, and

Ri=[(x—x) + (v =y + (=2,

Ry =[(x = x) + =y + (=22
The integral in Eqn (6.4) is over the x’, y’ plane except for the
sphere o of radius ¢ centered at the point (x,y,z), and the
differentiation is carried out with respect to the coordinates of
the observation point (x, y, z;).

Now consider a plane wave incident on the film under
study at an angle ;. Then

As(r) = Eorexp(ikosr), s;= (—sin6;,0,—cos ;). (6.6)
Further, because of the uniformity of the film surface, the
solution of Eqn (6.4) can be written as

E;(x,y) = E;exp(—ikosin 0, x) . (6.7)

Upon making some manipulations and noting that
z1= —ap(/ — 1), Eqn (6.4) becomes

/-1

> s x (s1 x Ep)]

J=1

koag

E/ = E” —12nC
cos O

koao
cos O

N
X Z sk x (sg x Ej)] exp [ikoao cos 0;(j — 1)]
j=It1

N
+ €Y H(a(j = D)E;,

J=1

x exp [ikoag cos 0; (I — j)] — i2nC

where C = o/a}, the tensor 11 is defined in the appendix (part
A), and

sg = (—sin0;,0,cos0;) . (6.9)

To transform from Eqn (6.8) for a discretely-continuous
dielectric medium into the corresponding wave propagation
equation for a continuous medium, it is necessary to take the
limit @y — 0, thus obtaining
-1

koa
E/(z) = E;; — i2nC 0 g E [s; x (s; x E))]
os Uy =
. . koay
-2
x exp [ikoag cos 0; (I — j)| — i2nC cos O

X ENZ [sr x (sr x Ej)] exp [ikoag cos 0; (j — 1)]

j=1+1

a1 0 0
+nC=10 1 0 |E.
E\0 0 -2

(6.10)
Upon converting the sum to an integral by replacing E; by
E(z), this becomes

aw(l 0 0
l-nC—(0 1 0 ]|E(z)=Az2)
“\0 0 -2

. 211](0 z
~ ! cos 0r ,[—h [sr > (55 > P()
. . ZTEk()
! !
x exp [ikgcos Oy (z —z")] dz' —i cos;

0
x J [s1 % (s; x P(z"))] exp [ikgcos O (z — z)] dz’,

z

(6.11)

where P(z) = CE(z) is the polarization vector of the medium
at a depth z.

Now we turn to the case of an s-polarized wave in a
medium. Eqn (6.11) takes the form

_ @ v 4y . ano J‘O
[1 nC . }E (z) = A4,(2) +1 050

P’z
—h
x exp [ikocos 0|z — z'|] dz”. (6.12)

Noting that ¢ = (3/4)a and applying the Lorentz— Lorentz
formula

, 1+ (8n/3)C

_ ! 6.13
T T 1= (@n3)C (6.13)
for the refractive index n of the medium, we find that
ap 3
l—pc®__° 6.14
nC e nr42’ (6.14)

showing that the right-hand side of Eqn (6.12) contains the y-
component of the macroscopic field in the medium. For an
external wave incident normal to the boundary, Eqn (6.12)
yields

{1 - 4% C} EY(z) = 4}(2)
0
+ i2nk0J P(Z) exp [ikolz — z'[] dz". (6.15)
—h

This equation, combined with the Bloch equations [24] that
include the local field effect [25, 26], is used to describe Dicke’s
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optical super-radiation in superthin films of resonant atoms
[27] and is also useful in solving a number of boundary value
problems of nonlinear resonance optics for semi-infinite
dielectric media [28 —30]

6.2 Equations for the propagation of electromagnetic
fields in quadrupole and magnetodipole media
In order to include higher-order multipole moments of the
atoms making up the medium, higher powers of electronic
displacements relative to atomic nuclei must be retained when
expanding the retarded potentials that determine the Lagran-
gian of a system of moving interacting charges [8]. Here we
shall follow Refs [31-33] when writing down nonlocal
equations for microscopic fields with allowance for the
quadrupole and magnetodipole contributions to the optical
properties of the medium. Let E' and H' denote the strengths
of the microscopic electrical and magnetic fields, respectively,
at a certain point of observation r; and let m(r;) and g(r;) be
the magnetic dipole moment and the quadrupole moment
tensor, respectively, of the jth atom. Then the equations for
the fields take the form
E(r) =E/(r)+ > [V xV xd(r)G(Ry)
J#l
=V x V x Vq(r))G(Ry) + ikoV x m(r))G(Ry)] , (6.16)
H'(r) = H(r) + Y [V x V xm(r)G(Ry)
J#l

+ikoV x V x Vi(r;)G(Ry) — ikoV x d(r))G(Ry)], (6.17)

where
ikoR;
G(Ry) :76“’(;0 ) (6.18)
i
Ry =|r;—r/], and E;(r) and H;(r;) are the electric and

magnetic field strengths of the external wave at the observa-
tion point, respectively.

A transition to the corresponding integral equations for
the propagation of electromagnetic waves is performed [33]
using the quantities

= 5m,

where N/V is the concentration of atoms in the optical
medium.

~ N

6.3 Equations for the propagation of electromagnetic
waves in a conducting medium

We will treat a conducting medium as a system of moving
interacting charges, carrying out calculations to order v*/c?,
where v is the velocity of the charge and ¢ is the speed of light
in vacuum. (In this approximation one can write down the
Lagrangian function for an individual charge at a certain
point of observation r at the time ¢ [4, 8]). The scalar (¢,) and
vector (A.) potentials of the field produced by the moving
charges then take the respective forms

(6.20)

where n; = (r —r;)/|r — rj|, r; is the radius vector of the jth
electron in the medium, e is the electron charge, v; is the
velocity of the jth electron, and N is the number of electrons in
the medium. Eqns (6.20) are obtained by expanding the
retardation potentials in terms of |r—r;|/c under the
assumption that the electron density varies slowly on the
time scale of the problem [4].

The field created by atomic cores at the point of
observation r will be described wusing the vectors
r,s = a, + &5, where a, are the radius vectors of the nuclei
of the cores and §,; are the radius vectors of the electrons
relative to their nuclei. Then the scalar (¢,) and vector (A,)
potentials of the atomic cores take the respective forms [8]

ny  Na

o, =3 2 (6.21)
p=1 a=1 |l' r‘“ﬂ‘
ny, Ny 6/;

A(r, 1) = Iy,

o(r, 1) /;:1 2% |r—ra/;| [Vap + Mg (Vo) |

6/; l‘—
+/:Z]Z 2 [t —tul ,\ o )]
n, Ny e/i‘r_aa|

- ZZ I

B=1 =1 T — ropl

where n, is the number of electrons in the oth atomic core, N4
is the number of atomic cores, and n,s is the unit vector
directed from the point of observation r to the electron, whose
position is described by the radius vector r,g (the Sth electron
in the ath atomic core). Eqns (6.21) are also derived from the
retarded potentials, but this time they were expanded in terms
of (a,/a,)(&,p/c) taking into account that the motion of
atomic electrons is faster than the motion of those electrons
between the atomic cores.

Substituting Eqns (6.20) and (6.21) into the Lagrangian
for an individual charge and calculating it to order v?/c?
yields the Lagrangian for the entire system of charges, valid
for an arbitrary multipolarity of the field of the atomic cores.
Let us adopt the electric dipole approximation for the field of
atomic cores by expanding the functions |r—r,s| and
|r - rzﬁ|7 into power series, retaining only the terms linear
in §,; and noting that ¢,; < |r—a,|, ie., that points of
observation are far away from the atomic cores. After some
manipulation, the scalar potential of the ath atom is found to
be

r—a,
‘3

Nyle| +

] |r — a,

1
Py (1, 1) = = d,, (6.22)

where N, is the number of electrons given away by the ath
atom, and d, = ) eg& 5 is the electric dipole of the «th atom.

We proceed by transforming the vector potential A, in
the electric dipole approximation. After some manipulation
we arrive at

ol b G-
oL c |l‘—a(x| 4 |r7aa‘3
r—a, 2(r—a,)((r—a,) d,) d,
— T Nalel = . _
|l'—ai| |r_ai‘ |1'—21|

(6.23)
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Let us now invoke the condition of charge neutrality in the
form

¥ —a,| ¥ — ]

a=1

(6.23a)

Then, using Eqs (6.22) and (6.23), differentiating (6.22) with
respect to the coordinates of the observation point and taking
the vectors a, to be time-independent, we find the strength of
the electric field of the ath atomic core to be

d,
E,, = rotrot [R ) , (6.24)

o

where R, = |r — a,| and the notation [ ... ] indicates that the
variable is taken at the retardation time 1 — R, /c.

In a similar way, the strength of the magnetic field of the
ath atomic core is given by

I . 1

H,, =rotA,, = {@ [dx] +m

[&a]}[ua x R,], (6.25)

where u, is the unit vector along the electric dipole moment d,.

We next apply formulas (6.20) to calculating the electric
field E.(r,#) and magnetic field H.(r, ) produced by the
conduction electrons at the point of observation r at the
time ¢. With the use of the system’s electrical neutrality
property (6.23a), we obtain

1. e

) 1
E;(r,0)=—— A, = *Tcz[vﬁ (anj)]gt (|r—ff|>

e 1

T2 [V + () + (v ig)n; + (v;mp)ny]

(6.26)
Let us calculate the time derivatives
0 1 1

o r—yl RV

ﬁ_Rj R/R;
TR R

where R; = |r — r;|. The derivative R; at a given observation
point is the velocity v; of the jth charge. The derivative Rj is
obtained by differentiating the identity Rf = Rjg. Eqn (6.26)
then becomes

e 1 2 e 1.
Ej=-353 7 ()" — 55 &Y
e Vf
22 R (V/“j)“./+2 3 ﬁ“]* (6.27)
J

The magnetic field strength at the observation point r is
now found from Eqn (6.20) to be

1
—5 v x .

7

sz =rot Aq' =

oI

(6.28)

To transform Eqns (6.25), (6.24), (6.27), (6.28) into the
integral equations for the propagation of electromagnetic
waves in a conducting medium, we make use of the continuity
and self-consistency of the internal fields. This yields the
following equation for the electric field strength in an optical

medium [34]:

P(x',1— R/c
E(r, 1) = E/(r, 1) + Jrot rot w

R
+JLE<r’,t7—) dr’,
c

in which E(r, ) is the strength of the electrical field of the
external wave, and

N 3¢ 1
Lp=—{ - —
E V{ 22 R

dav’

(6.29)

(vn)’n — < l\"
2¢2 R

e 1. e 1,
_ﬁ E(Vn)n-’-ﬁ FV n} s (6293)
where n = R/R is the unit vector directed from the point of
observation r to a certain point r’ in the medium.

The integral equation for the magnetic field strength is
obtained in a similar fashion to be [34]

P4(r',t— R/c)

!
R dr

1
H(r,t) = Hy(r,t) + —Jrot
¢

+ g %J%[v xn]dV’, (6.30)
where Hj is the strength of the magnetic field of the external
wave.

If the point of observation r is outside the optical medium,
the integration in Eqns (6.29) and (6.30) is performed over the
entire medium. If the point of observation is within the
medium, it is first necessary to exclude a small region
bounded by a sphere g of small radius « in order to eliminate
the divergence that arises as R — 0.

Equations (6.29) and (6.30) are integro-differential equa-
tions for microscopic fields. By solving them it is possible to
determine the microscopic field at various observation points
within and outside the medium, using the appropriate
constitutive equations to specify the field dependences of the
vectors P4 and v.

In Ref. [34], Eqn (6.29) was employed to explain the
significant discrepancies between the theoretical and experi-
mental behavior of the optical constants of silver over a wide
range of wavelengths [18]. The vectors P, and v in Eqn (6.29)
were assumed to be linear in E, and the nonlinear terms in
function (6.29a) were dropped. Also, the atomic cores were
treated as two-level quantum mechanical systems with
oscillator strength f and lifetime I' ™!, and the conduction
electrons were considered to be classical particles with
polarizability «. and damping coefficient . The results of
Ref. [34] included a formula for the complex refractive index
of a metal, a proof of the generalized Ewald—Oseen’s
extinction theorem for metals, a formula for the amplitudes
of the reflected and refracted waves, and also values of f, I’ -1
and f, the latter being calculated from the formula
p= 4nw§p, with wj, the plasma frequency and p the electrical
resistivity. Figures 2 and 3 show both the theoretical and
experimental results as presented in Ref. [18] and the results
obtained using the theory of Ref. [34].

Thus, by using the quantum electrodynamical and
semiclassical methods, the quantized field Eqns (5.11) and
(5.18) (allowing for the spin and orbital degrees of freedom of
interacting atoms) and the classical field Eqns (6.1)—(6.4),
(6.15), (6.19), (6.18), (6.29), and (6.30) have been derived.
These equations are nonlocal in both space and time due to
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Figure 2. Measured (symbols) and predicted wavelength dependences of
(a) the refractive index and (b) the absorption coefficient of metallic silver.
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Figure 3. Measured (symbols) and predicted wavelength dependences of
the reflection power of the vacuum-silver interface: /, present theory; 2,
theory of Ref. [I18]; f=0.05 I =10"s"!, wy=795x10"s"",
B=417x10%s7" (Ny/V) =586 x 102 cm™>, N/V = 0.4(N,/V)

the fact that the field at a certain point of observation is
coupled to the behavior of charges at other points in the
medium. Below we will present solutions to a number of
typical problems of classical and nonlinear optics, in which
the nonlocality property of the equations of electrodynamics
plays a crucial role.

7. Spontaneous radiation of an atom close
to a vacuum-dielectric interface.
The near-field effect

Let us consider the spontaneous radiation from a two-level
atom as observed in the near-field at a distance L < Ay
(40 = 2mc/w, o the frequency of the emitted photons) from

the surface 2 of a dielectric with polarizability o, concentra-
tion (N/V) and refractive index ny. The solution of this
boundary value problem of quantum optics was considered
in Refs [35—42]. Let us have a look at the basic results of these
papers. Ref. [35] presents the following expression for the
amplitude of a quantum transition of an atom:

b(r) = exp {—Ko [l + Rexp(2ikoL)]1}, (7.1)

where Ky = ndw/(hiAc); A is the effective area of the surface;
ko=w/c; and R= —(nyp—1)/(ng+1) is the reflection
coefficient as given by the Fresnel formula for normally
incident light.

From Eqn (7.1), one calculates the lifetime of the excited
state of an atom

{Ko[1 + R cos(2koL)]} ",

as well as the frequency shift of an atom

K()R sin(2k0L) .

One further contribution of Ref. [35] is the derivation of the
quantum analogue of the Ewald — Oseen extinction theorem
well known in the classical optics of dielectrics [18]. Note that
a dielectric was treated as a continuous optical medium in this
derivation.

In solving the boundary value problem stated above we
will take into account the discrete-continuous nature of the
dielectric. We will assume that the point of observation ry
(Fig. 4) is embraced by a Lorentz sphere of radius Ly and that
the atoms of the dielectric are distributed in a discrete fashion
within the sphere. Outside the sphere, it will be assumed that
the atoms are distributed continuously, with the number of
discretely distributed atoms varying with the location of the
point of observation. As will be shown below, the presence of
two spatial scales 4y and Ly in the description of the
spontaneous decay of an atom leads to the near-field effect.
Within the closed Lorentz sphere, the field produced at the
center of the sphere by the discrete distribution of atoms is
zero whatever the symmetry of the distribution, as long as we
consider only the Coulomb field — which varies as R;?,
where R, is the distance from the ath atom inside the Lorentz
sphere to its center. It can be shown by directly calculating the
polarizing fields inside the Lorentz sphere that the retardation
field proportional to 1/R, is always nonzero at the center of
the sphere, independently of the precise symmetry of the
discretely distributed atoms. However, the near-field effect
should be strongest when the Lorentz sphere is truncated,
which occurs when the point of observation approaches the

Figure 4. Vector scheme for the boundary value problem: X, the surface
z =0; ro, the position vector of the two-level atom; s;, unit vector along
the direction in which a photon is emitted; Ly, radius of the Lorentz
sphere; v/, outer normal to the surface 2.
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surface X of the optical medium. It was this fact that was
taken into account in the solution of Ref. [42].

We now apply the electronic polarizing field operator A(®)
(5.10) and write the interaction operator for a two-level atom
near the surface in the form

wo
H = 27%:d§§fAk;, r +hc. (7.2)

Here w is the resonant frequency of the atom at position ry;
the index kA is for the photon mode with wave vector k and
polarization 2 = 1,2; r, is the effective spin operator for a
two-level atom, r; = (1/2)a; (i=1, 2, 3), g; being the Pauli
matrix; Ay, is the vector potential operator for the photon
field at the location of the atom; and d¢ is the effective dipole

moment of the atom which is given by [42]

rotrotey,(Is — Iy, + I5,)

N/V)a
deff =d . (
ke ‘0“’{ N

+S+eg exp(ikro)} , (7.3)

where uy is the unit vector along the atom’s dipole moment,
dp 1s the transition dipole moment of a resonant atom, ey; is
the unit polarization vector of a spontaneous photon of
mode k/,

sin(@, — QT)

Iy = —2mexp(ikosgr) Sn0,00507 "

(7.4)

0 is the angle of incidence of a spontaneous photon at the
surface 2,

sg = (—sinfy, 0, cos 0;) (7.5)
is the unit vector, and 67 is the refraction angle of
spontaneous photons (r sin 07 = sin 0; because of the uni-
formity of the surface 2). The quantity /5, is the surface
integral over the circle formed by the intersection of the
Lorentz sphere and the surface X; the quantity /5, is the
surface integral over that portion of the Lorentz sphere which
is inside the medium;

, iky Kk? ey,
S:ocz[1(kra+koRa)][ek;,(Rﬁg+Rfo>—kéna(';; )

— 3ik0na

(ewin,) . 3n,(ex;n,) — ekz} 7 (7.6)

R; R;
R, =1y —r, n, = R,/R,, and r, is the radius vector of the
ath atom inside the Lorentz sphere relative to the origin of
coordinates (see Fig. 4).

Numerical estimates show that the dominant contribution
to the effective dipole moment (7.3) comes from the discrete
distribution portion of the quantity S, i.e., from the last term
in Eqn (7.6), which varies as l/Rg and accounts for the
Coulomb interaction of resonant atoms.

If the Hamiltonian (7.2) is used, the Heisenberg equations
of motion for photon operators are [42]

i
h
X Jrz(ll,ro)Gkg(l — ll) dll7

, (o)
exi(ro, ) = c;(ro, 1) 27(01?(?)*(%’“

where g, = [2nhc?/(Vrox)]'% Vg is the quantization

volume of the field; wy is the frequency of a photon of mode
k/;

<t
t>1t,
(7.8)

is the retardation Green function [24]; and the photon
operator

0,
G(t—1') = {IE% exp {—i(wr —&)(t —1t")},

ey, (ro, 1) = e (0) exp {i(krg — wit)} (7.9)
corresponds to the free (vacuum) photon field.

Eqn (7.7) must be supplemented by the following
equations for the atomic operators [24]:

L = —wory + 2% A Ars
2 = wory
iy = 72% A4y (7.10)
where
(7.10a)

A4 =" d A,
ki

and the quantity dfﬁf depends on the position of the atom

relative to the surface X, according to Eqn (7.3).

Using Eqns (7.10) and (7.7) within the framework of the
adiabatic approximation [24] and applying the normal
ordering of vacuum-averaged operators, we obtain the
following expression for the lifetime 7 of the excited state of
an atom near the surface [42]:

1 (ON) 2 e
T 2n<%> %: | 2g12a[5(wk — o) — 6wy + wo)]
(7.11)

where J(x) is the Dirac delta function.
The energy shift of an atom near the surface is given by
[42]

= (2 p___7 2 | geff|2
0= <hc>z(wk+(})0 wk_wo>gk),|dk),| ) (712)

k/

with P/x denoting principal-value integration.
In the wave zone with respect to the surface X (L > 1), the
effective dipole moment takes the form

3 sin(OT — 91)
2(n3 +2) sin Bz cos 0,

iy = dO“d{ lex; — Sr(Srex;)]

x exp(ikoSgrro) + ek exp(ikoro)} . (7.13)

instead of Eqn (7.3).

Using this relation, we can show that also in the case of
normal incidence (0; = 0) the expression for the lifetime of an
excited atom agrees with the corresponding results of Ref.
[35]. Numerical analysis shows that, due to the near-field
effect, i.e., due to taking into account the structural factor of
the dielectric near its surface, the near-field lifetime of an
atom shows variations within 30% of its free space value.
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Application of the nonlocal equation (5.11) together with
equations (7.10) to the solution of the boundary-value
problem of the spontaneous emission from an atom near a
discrete-continuous dielectric makes it possible to describe
the field of spontaneous photons not only at point ry but also
at any other observation point. This can be achieved [19, 42]
by applying the quantum analogue of the Ewald—Oseen
extinction theorem, which — unlike in Ref. [35] — enables
one to solve the three-dimensional boundary value problem.
The numerical analysis of the solution so obtained involves
calculating certain surface integrals which also arise in
boundary value problems for classical fields. Below we will
consider some problems of classical and nonlinear optics,
perform a detailed numerical analysis of their solutions, and
apply the generalized Ewald — Oseen procedure.

8. Relation between the microscopic
and macroscopic fields inside and at the surface
of a discrete-continuous dielectric

The Fresnel formulas of the classical optics of dielectrics [18]
can be derived with the help of the integral equation (6.1)
using the Ewalds —Oseen procedure. The advantages of this
approach compared to the traditional use of Maxwell’s
boundary conditions [18] are the rigorous derivation of the
Lorentz—Lorentz formula and the proof of the extinction
theorem, according to which the reflection and refraction of
light occur at the infinitely thin — mathematical — boundary
of the dielectric. Eqn (6.1) assumes that the dielectric is a
continuous optical medium with a uniform concentration
N/V of atoms of one species, all having the electron
polarizability «. The concept of a continuous dielectric is
based on the assumption that the field produced by discretely
distributed dipoles within the Lorentz sphere [43] is zero for
any type of symmetry including a chaotic distribution [18, 44].
An exception are dielectrics which consist of atoms of
different species and have a mixed-type symmetry — as, for
example, perovskite crystals [43].

Consider a dielectric made up of atoms of one species
which have a certain type of symmetry in their distribution
within the dielectric and on its surface. Assume that the point
of observation is inside the dielectric and that the respective
Lorentz sphere is closed (Fig. 5a). A direct calculation shows
that the field created by the dipoles situated within the
Lorentz sphere is zero at the center of the sphere for any
type of symmetry — including a chaotic one — if, together
with the Coulomb field of the dipoles, its retardation part,
proportional to 1/R,, is also taken into account. The size of
the Lorentz sphere is, however, much less than the light
wavelength 4, i.e., Ly < 4; therefore, the retardation part of
the dipole field plays only a minor role. For example, as will
be shown below, in the expression for the refractive index at
observation points far away from the surface, the structural
factor due to the retardation of the dipole field contributes
about 1% of the refractive index value obtained within the
conventional continuous dielectric concept. This is in stark
contrast to the situation where the point of observation is in
the near-field with respect to the surface of the dielectric (Fig.
5b, ¢). In such cases, the Lorentz sphere is truncated, the field
produced by the dipoles at its center is zero whatever the
symmetry of the dielectric, and the dipole field is dominated
by its Coulomb part, proportional to 1/R3. Thus we see that
in the optics of dielectrics the more general concept of a
discrete-continuous dielectric should be employed.
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Figure 5. On the concept of a discrete-continuous dielectric: (a) the point of
observation situated inside the dielectric in the wave zone with respect to
the surface X of the dielectric; (b) near-field discrete-continuous dipole
distribution for the refracted wave; (c) near-field discrete-continuous
dipole distribution for the reflected wave. Regions II and I correspond to
the near-field and wave zones of the dielectric, L, is the radius of the
Lorentz sphere, oy is the area of the circle formed by the intersection of the
Lorentz sphere and the surface X, and v’ is the normal to the surface X.

Let us consider the nonlocal equation [22]

>
E(r.t —
E(r,t) = E/(r, 1) + J rotrot NaE(r,t = R/c)

[

dav’

oE(r,, t — R/c)
trot ——*—= . 8.1
+Za:ro ro R (8.1)

a

It will be assumed that the dielectric is made up of atoms
(molecules) of one species, with an electron polarizability o
and concentration N. The symmetry of the dielectric is
determined by the lattice sum over the dipoles within the
Lorentz sphere. In Eqn (8.1), E; is the external light wave;
E(r, 1) is the microscopic field at the point of observation r,
which may lie inside or outside the dielectric, either in the
wave zone or in the near zone with respect to its surface; and o
is the surface around the point of observation. The field E, as
will be shown below, differs from the macroscopic field E" at
various observation points inside the dielectric and on its
surface.

The macroscopic field obeys the Maxwell equations, in
which the microscopic field is assumed to have been averaged
in a certain way [18]. Let us establish the relation between
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these two fields using Eqn (8.1) for the microscopic field
E(r,#). Within the framework of the continuous dielectric
model this relation has the familiar form [18]
4
E=E +_p.
3
Consider now the relation between the field E and E’ within
the discrete-continuous model at observation points inside or
at the surface of a semi-infinite dielectric (see Fig. 5).
Following the method of Ref. [43], we start by writing

E=E +E4+E;,

(8.2)

(8.3)

for optical fields. Here E is the field produced by the dipoles
inside the Lorentz sphere and E is the field at the surface of
this sphere. Furthermore,

Ed:EO+EI+E27

1 3n,(n,P,) — P,
Ep=—) e«
N R

1 3na(naPa) - P,
El Z R%C ;

3na na a - Ptl
Nz: R : (8.4)
where n,=R,/R,, R,=r—r, P,=NoE,,
E,=E(r,,t — R,/c). Since the radius of the Lorentz sphere

is small, i.e., koR, < 1, ko = w/c, where w is the frequency of
the optical field, we will assume that

E, = E(r,, 1) = E(r, 1) (8.5)
at the observation point r at the center of the Lorentz sphere.
Then the index a of the polarization vector may be omitted in
Eqn (8.4). Assuming the polarization vector to vary with time
as

P(r,t) = P(r) exp(—im?) , (8.6)
we have for the closed Lorentz sphere
Eo =P, Ei=BP, E=pP, (8.7)

where the diagonal tensors EO, ﬁl and EQ have the form

~ 1 32— 1

(ﬁO)[j = 51]ﬁ ; RZ y (883)
- . ko 31’1;- —1

(Buy =10y 2 =% (8.80)
D) kg my — 1

(ﬁ2)[j = _5ijﬁ "R, (8-8¢)
i7j: x?.)/77z

By applying numerical analysis, the contributions from
the fields Ey, E; and E; to the dipole fields inside the Lorentz
sphere can be examined for various types of symmetry,
including chaotic. It turns out that the fields Ey and E; are
negligibly small. For a closed Lorentz sphere we have

E, =p

: (8.9)

using the approximation (8.5), so that in this case we obtain

4
E:El+<;+[32>

where the scalar quantity f§, corresponds to the diagonal
components of the tensor (8.8¢c) and is the structural factor of
the dielectric. Clearly, the role of this structural factor
increases for observation points inside the dielectric as the
factor k3/N increases — in rarefied optical media, for
example.

Now consider the case of a truncated Lorentz sphere for
observation points near the surface of the dielectric
(Fig. 5b, ¢). In this case the Lorentz field takes the form

B2l (2) e
L — 3 LO )

and the components (8.7) of the dipole field inside the Lorentz
sphere all differ from zero, the dominant role being played by

the field Eg, i.e., Eg > E;, E;. Then, using Eqn (8.11), we have
[22]

3
E:E+{mpf(i>}+%+ﬁ+mkx(mm
3 Lo

The role of the structural factor ﬁo for observation points near
the surface of a semi-infinite dielectric may be significant for
condensed media.

Using relation (8.12) and two electric induction defini-
tions known in macroscopic electrodynamics [18] it is possible
to obtain a formula for the dielectric constant of the near-
surface layer of a dielectric as a function of the depth at which
the point of observation is located. In Ref. [22], the refractive
index for the near-surface layer was obtained using Eqn (8.1)
within the context of the microscopic theory. In the present
review, all boundary-value problems are solved using the
corresponding microscopic nonlocal equations for discrete-
continuous dielectrics. Note that, as in the molecular theory
of light reflection [44], this solution ignores the interatomic
(intermolecular) interaction which affects the energy spec-
trum of the dielectric. The Lorentz sphere radius playing the
role of the nonlocality parameter is determined either
numerically or analytically [23]. In this review we will
attribute any deviation from the Fresnel laws which is
produced by a nonzero dipole field inside the Lorentz sphere
to the near-field effect.

(8.10)

(8.11)

9. Microscopic theory of the transition layer
on the ideal surface of a semi-infinite dielectric
medium. The near-field effect

We consider here the boundary-value problem of the classical
optics of dielectrics, with the polarization vector of the
dielectric medium being a linear function of the field. Within
the framework of the continuous dielectric model, the
solution of this problem leads to the Fresnel laws [18]. Let us
consider this problem within the discrete-continuous model
(see Section 8).

It is a well known fact [45—51] that the Fresnel laws show
anomalies for light reflection from a mirror surface of a real
body. These anomalies manifest themselves most clearly in
the vicinity of the complete polarization angle: here the p-
component of the reflected wave is never completely extin-
guished and the light reflected from the surface is elliptically
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polarized. These effects are observed experimentally for both
clean and contaminated surfaces as well as for those subject to
elastic deformations. Drude [52— 54] explained these anoma-
lies by assuming that at the interface between two media with
refractive indices n; and n, there is a very thin transition layer,
in which the refractive index changes smoothly from n; to n;.
According to Drude’s phenomenological theory [53, 54], the
effect of such a layer can be determined by revising Maxwell’s
boundary conditions, which were obtained on the assumption
of a sharp interface. An important contribution of Drude’s
theory is that, from the intensity and phase of the p-
component of the reflected wave for Brewster’s angle, it
proves to be possible to estimate the thickness of the
transition layer. According to Drude, this thickness can be
most conveniently estimated by measuring the ellipticity of
the light reflected at Brewster’s angle provided a wave linearly
polarized at an angle of 45° to the incidence surface is incident
on the reflecting surface. In this case we have the following
formula for the reflective indices [54]:

. )
Ty _ ikoh \/ "M +m

n
Ts 2 n-ny

(9.1)

where kg = w/c is the wave number in vacuum; / is the
transition layer thickness;

1
=2 2.2 2 2
n=n +”1”2<ﬁ—2 —ny —ny,

where a tilde above a symbol indicates an integral average for
the quantity in question; and #, a function of the depth z, is the
refractive index of the transition layer material.

The phenomenological theory of Drude involves averaged
values of the dielectric constant of the medium in a very thin
transition layer, but the concept of permittivity has little or no
meaning if the layer thickness is comparable with the size of
the particles it is made of. Consequently, a microscopic theory
of the transition layer has been developed [55—57], which is
based on the Ewald—Oseen’s extinction theorem [18] and
takes into account explicitly the non-uniform components of
the wave field inside a cubic lattice as well as the fact that the
distance for which lower-lying layers cease to contribute to
the near-surface field is finite. In these papers it was shown, in
particular, that if one takes into account the discrete nature of
the medium then even in the absence of transition layers the
reflection of light occurs as if the lattice were a continuous
medium and as if there were a continuous transition layer on
its surface.

A microscopic theory of the transition layer on the surface
of a semi-infinite absorbing or non-absorbing dielectric is
given in Ref. [58], which, unlike the papers mentioned above,
makes no assumptions concerning the thickness of the
transition layer but instead performs a self-consistent calcula-
tion of the field operating near the surface and in the bulk of
the semi-infinite medium. Also, both the Coulomb and the
retardation part of the dipole field were taken into account in
the calculation of microscopic fields. All this made it possible
to describe more accurately the transition layer properties due
to the near-field effect [22].

9.1 Transition layer on the surface

of a discrete-continuous dielectric

Consider a semi-infinite isotropic dielectric made up of atoms
(molecules) of one species, with a coordinate-independent
concentration N and a polarizability «. If the point of

observation is near the surface, which is the case we address
first, then the Lorentz sphere is truncated and the area of its
surface changes as the point of observation moves deep into
the medium — with the result that a transition layer forms on
the surface. To describe the layer, the same method as in Ref.
[23] will be applied. We divide the near-surface region into a
system of layers, all of which are parallel to the surface and in
each of which the field can be considered independent of the
coordinate z (Fig. 6). The microscopic field at an arbitrary
observation point at time 7 can be determined by means of the
following integral equation [which is a modification of Eqn

(6.3)]:

L
1 R
E(r, 1) =E[(r, 1) + E J rotrot NoE; (r’, t— —) dv’

j=1 Vi c

1 R
+J rotrot—N:xE,U(r’,t——) drv’
174 R C

1 R,
trot — aE t——
+ Y rotrot g (r )

a

(9.2)

where E;(r, 1) is the electrical field strength of the external
wave; E;(r, 7) is the field strength in the jth layer; E, (r, ¢) is the
field strength in the bulk; R = |[r — 1|, R, = |r — r,|; 1, is the
radius vector of the ath dipole inside the Lorentz sphere; and
L is the number of layers near the surface. The differentiation
in Eqn (9.2) is carried out with respect to the coordinates of
the observation point, and the integration goes over the
volume of the jth layer or over the inner part ¥ of the semi-
infinite dielectric (minus the sphere ¢). The polarization
vector P will be considered linear in E, i.e., P = NoE, with a
certain prescribed polarizability « which is generally complex.

Figure 6. Transition layer on the boundary of a semi-infinite dielectric. The
point of observation is in the Lth layer.

Assume that the incident wave is a monochromatic plane
wave of frequency w and wave vector ky, i.c.,

E;(r, 1) = Eoyexp(—iwt) exp(iksr) . (9.3)

Assume further that the plane of incidence coincides with the
xz plane, i.e., k; has only x and z components:

k; = (kpy,0,kz.), kix = kosin0r, ki = —kocos0y,
where 0, is the angle of incidence. Then the field in each of the
L layers can be written in the form

E;(r) = E;exp(—iw?) exp(ikx) . (9.4)

The integrals over the monolayers in Eqn (9.2) are calculated
by the method described in detail in Ref. [23], giving
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1
J rotrot — NoE; (r t——) dv’
v R !

i2nNo(zj—1 — z;)
ko cos 0
[k;[k/E]] exp [iko cos 0; (z; — 2)],

{ [kr[kgEj]] exp [iko cos 0; (z — z)],

= Nadl(z - z)E; -

< zj,
ST (95)

z > zj

where ki is the wave vector of the reflected wave:
kg = (kosin0;,0,kycos0;). The form of the tensor I is
given in part B of the appendix.

From Eqn (9.2) it follows that, in order to determine the
field at an arbitrary point near the surface, it is necessary to
know the behavior of the field in the bulk of the medium.
Assume that the polarization wave in the bulk can be written
in the form

P = NoE,(r) exp(—iw?) , (9.6)

in which the field strength in the bulk E,(r) satisfies the
equations

V?E,(r) + kin*E,(r) =0, divE, =0, (9.7
where 7 is the refractive index of the medium. The refractive
index determines the dispersion relation, i.e., the frequency
dependence of the wave vector of the polarization wave, and
is generally a complex quantity in our analysis. Applying the
Gauss theorem and passing from the volume integral to a
surface integral we obtain

1 R
J rotrot — NoE, <r’, t— —) dr’
Vv R C

R
Z rot rot ocEL (ra, —a>
¢

24<ZL
3G _OE,\ .., -
v W*G o > ds +NOCBEU(I',Z).

(9.8)

= Norot rotJ (E
2L

Here G(R) = exp(ikoR)/R, 0/0v denotes differentiation
along the outer normal to the surface X, (see Fig. 6); the
operator rot rot is taken out of the integral because the point
of observation does not belong to the integration region; and
p is the structural factor:

[A)):BO+[A31+.327
P 1 3,"—5,','
(ﬁo)ij: (JdVI_NZ>%

exp(ikoR) exp(ikR) ,

(B)y=—iko (J v’ — % Z) % exp(iko R) exp(ikR),
(Bz)i,' = —kj <JdV’ - % Z) %;6” exp(ikoR) exp(ikR),
(9.9)

where i, j = x, y, z, n = R/R, and k is the wave vector in the
bulk of the medium,

k = (kIX7 07k2)7 k; = _k() \/ nz — Sin2 91.

With using Eqns (9.5) and (9.8), Eqn (9.2) for the field
strength in an arbitrary layer near the surface can be written
as [58]

-1

> kil (2o~ )

j=1

N
E =K, +i2n -2
klz

L

©3" [kelkzE]

N
kiz J=I+1

X exXp [ik,z(zl = Zj)} +

L
x (271 = z) exp [ikr:(z; — 21)] + No Yy (21— 2)E;
j=1
n 2ntNo.
k[:(klz + kz)

x [kg[kgEou]] + Nop(z)Eoy,

exp(ikg 1)) exp [i(k;: + k-)z.]

(9.10)

where /=1, L,

ik (z—
E;; = Eorexp [71 1=z + ) }7

2

and Ey, is the amplitude of the field in the bulk.

Thus we see that, in order to determine the strength of the
electromagnetic field at an arbitrary point of observation in
the region near the surface, the field amplitude and the bulk
refractive index of the medium are needed.

9.2 Refractive index of a discrete-continuous dielectric far
from the boundary

Let us proceed to dividing the medium into layers deeper and
deeper into the bulk until the Lorentz sphere around an
arbitrary point in the bulk ceases to embrace the perturbed
region near the surface. The field in the bulk of the medium
satisfies Eqns (9.6) and (9.7). Upon applying the mathema-
tical lemma proved in Ref. [23] and calculating integrals over
the layers, Eqn (9.2) becomes

L
E,(r) = E/(r) — exp (ikr) Z exp(—ikzz 1)

k%, H
. 4 n? 42
- CXP(_lkL—Zj)) [kl[klE H 3 mEn(l‘)
oG aEW ,
+ Norotrot LL {Ev i 6v } ds

+ NafE,(r). (9.11)

The tensor B here is given by Eqns (9.9), where the integrals
are calculated over a closed sphere. Numerical calculations
for various symmetry types of dipole distributions show that
the components of the tensor f are generally nonvanishing,
implying that our concept of a discrete-continuous medium
opens new possibilities in using optical radiation to study
atomic systems.

The terms in Eqn (9.11) can be divided into two groups.
One of them forms a local equation which makes it possible to
determine the refractive index for the points in the interior of
the medium. If the tensor f can be presented as a scalar, one
can separate out the following formula from this group [22]:

y 14 (8n/3)No— Nuf
" 1—(4n/3)No. — No’

(9.12)

which differs from the Lorentz— Lorentz formula only by the
presence of the structure factor f [18].
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The remaining terms in Eqn (9.11) form the nonlocal
equation

No & . .
Ey — 2n =) Z [exp(—lkhz_,-_l) - exp(—lkhz,-)} [k,[k,E_,—]]
=

2nNo

Tt = P litke: — k)zi] ik Eo]] = 0. (9.13)

While this equation is analogous to Ewald —Oseen’s extinc-
tion theorem [18], it is different in that, first, the meaning of
the refractive index — given by Eqn (9.12) in our treatment —
is different and, second, that the transition layer is taken into
account. Eqns (9.7), (9.10), and (9.13) form a closed system
which describes the behavior of the field near the surface and
the amplitude of the field within the medium.

Figure 7 represents the solution of the system (9.7), (9.10),
(9.13) for the case of an external wave incident normal to a
semi-infinite medium. For not-too-large values of the product
of the polarizability o by the concentration N (aN < 0,15),
calculations show that the transition layer thickness is
determined mainly by the size of the Lorentz sphere and
equals 1-2 lattice constants (Fig. 7a) — thus justifying, for
this particular case, the assumption, made in Ref. [55], that
the field in the medium is well established within one atomic
layer. For aN > 0.17, however, the interaction between
neighboring atomic layers becomes stronger, with the con-
sequence that the layer thickness strongly depends on the
parameter o N and rapidly increases as this parameter tends to
3/(4m) (Fig. 7b). Refractive indices n > 3 correspond to these
values of aN. Such large values can be reached near

|Er|/Eor
1.15

—10 -8 —6 —4 -2 0

|ER|
Eor
32+

28

24

2.0 I I I I ]
—-10 -8 -6 —4 -2 0

Figure 7. Amplitude |E| of the microscopic field in a semi-infinite
dielectric, for normal incidence. Parameters used in the calculations:
koa = 0.005, where a is the lattice constant; No. = 0.07 (a), No. = 0.2 (b).

resonances where, however, absorption becomes an impor-
tant factor.

9.3 Reflected wave field in the wave zone

Ref. [22] calculated the field of the reflected wave in the near
zone relative to the surface of a discrete-continuous dielectric.
It was shown that the reflected wave differs significantly from
its the Fresnel counterpart, i.e., from the wave described by
the continuous-medium Fresnel formula. This deviation from
the Fresnel law was considered by the authors of Ref. [22]
(one of whom is the present author) as a manifestation of the
near-field effect. We now consider the field of a reflected wave
far from the surface, taking into account the transition layer
properties due to the near-field effect (see the discussion
above). According to Eqn (9.2), at observation points out-
side the medium the reflected wave field Eg is given by

Eg(r, 1) irotrotj lP-(r' t—§> dv’
R\L, 4 V/»R J ) ¢

1 R
+rotr0tJ —Pv<r',t——> dr’.
v R c

The operator rot rot is taken out of the integral sign because
the point of observation does not belong to the integration
region. By calculating the volume integrals for each surface
layer and for the bulk of the medium, we obtain

(9.14)

Er = 2n—- exp(ikgr) Z (exp(ik,_,zj,l)

No L
2
klz j=1

n 2nNo.
k]: (klz + kz)

X exXp [l(k[z + k:)ZL} [kR [kRE()U]] .

— exp(ik.z;)) [kr[kzE/]] exp(ikgr)

(9.15)

Because of the non-exponential behavior of the field near the
surface, Eqn (9.15) yields results somewhat different from
those inferred from the usual Fresnel formulas. The behavior
of the amplitude of the p-polarized wave field in the
neighborhood of the Brewster angle is shown in Fig. 8,
where the calculations based on the Fresnel formulas and on

| ER]
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Figure 8. Behavior of the amplitude of the reflected p-polarized wave near
the Brewster angle. The calculations were done using Eqn (9.15) (curve 1)
and the formulas of Ref. [55] (curve 2) for Noo = 0.15 and kga = 0.005, with
a the lattice constant.\
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the formulas of Ref. [55] are also given for comparison.
Although formula (9.15) gives a nonzero value for the
amplitude of the reflected wave field, this value is an order
of magnitude smaller than that obtained from the formulas of
Ref. [55] and two orders of magnitude smaller than observed
in experiment [44]. The discrepancy between the results of
Ref. [55] and the theory of Ref. [58] is explained by the fact
that the theory of Ref. [55] is actually somewhat inconsistent
because it ignores the mutual influence of atoms in neighbor-
ing layers.

Based on the results obtained, it can be said that for
materials with a refractive index n < 2.5, the near-field effect
still contributes much less to the formation of the transition
layer than other mechanisms do [44].

10. Optical probing of the electromagnetic field
near the surface of a dielectric medium

In recent years there has been considerable interest in optic
phenomena near the surface of various media at distances
much less than the radiation wavelength (in the near-field).
From a purely fundamental physics point of view, the near-
field is of interest because it is in this region where the gradual
formation of the reflected and transmitted waves takes place
and where these waves show a behavior quite different from
that in the far field.

On the other hand, a new area of applied research — the
so-called scanning near-field optical microscopy — has
received considerable attention in recent years [59—64].
Although various designs of optical near-field microscopes
have been and are being developed, all of them are similar in
that the optical response of the medium to an external
influence is measured in the near-field. Therefore, the
behavior of an electromagnetic field near a surface is of both
fundamental and applied interest.

At present, the best resolution that can be achieved with a
near-field optical microscope is of the order of a few
nanometers, and the distance at which the surface under
study is scanned is also of this order. We will demonstrate
here that, with the knowledge of the behavior of an
electromagnetic field near the surface of a dielectric, surface
studies even with atomic-scale resolutions may become a
reality.

The mathematical formalism we apply in this paper
involves the use of integro-differential equations for the
strength of the microscopic field [see Eqn (6.3)] and takes
into account the discrete structure of the dielectric medium. It
has been shown above that the optical properties of the
surface, even in the absence of structural changes, may differ
considerably from the bulk optical properties of the dielectric.
However, many interesting aspects of the near-field behavior
of an electromagnetic field have not been adequately studied.
Below we solve the boundary value problem of linear classical
optics relating to the interaction of an electromagnetic wave
with a superthin dielectric film. It will be shown that all
conclusions about the behavior of the field near the surface of
a superthin film also remain valid for dielectric media of
arbitrary thickness.

Let us consider a monochromatic wave with frequency w
and electric field strength vector E,(r,7) = A,(r) exp(—iw?)
incident onto a dielectric film of thickness 4. Above the film is
a probe, which measures the electromagnetic field at some
point in space (Fig. 9) and which is considered a single dipole
with linear polarizability o,. Such an experimental scheme,

Figure 9. Model taking into account the discrete structure of a dielectric
film. The point of observation r, at the position of the atom acting as a
measuring probe (p), is surrounded by a cylinder of radius ¢, with its axis
normal to the film surface. Atoms inside the cylinder are treated as
discretely distributed dipoles; the film outside, as a set of continuous
monolayers. The case N = 3 is given as an illustration.

with a single atom as a probe, can be realized in practice by,
for example, using an atom in a magneto-optical trap [65].
Our concern here is to calculate the intensity of the
electromagnetic field at the probe as this probe scans the
film surface moving along the surface at a certain prescribed
distance z above it.

In order to account for the discrete nature of the film, let
us consider the following model. Let us treat the dielectric film
as a system of N monolayers the distance a apart, ay being the
lattice constant (see Fig. 9). Consider a situation in which
atoms in the film form a perfect crystal structure with a cubic
symmetry (our analysis can easily be extended to include
other types of symmetry). Enclose the observation point —
which may be at the position of the probe as well as at the
position of any of the atoms in the film — by a cylinder of
radius ¢ > ay, with the axis passing through the observation
point parallel to the z axis of the coordinate system. The
atoms inside the cylinder will be considered discretely
distributed dipoles, and those outside the cylinder, a system
of parallel, continuous atomic monolayers. As the point of
observation moves in the (x, y) plane, the cylinder is displaced
as a whole. With this model, in the stationary case the integro-
differential equation for the strength of the local electric field
E'(r,7) = E(r) exp(—iwt) at the probe can be written in the
form (6.4) (see Ref. [66])

N Iy
E(r)=A/(r) +% ZJ Ve x Vy x E(x",y")G(R;) dS’
0 =1 Jo

N
+ OCZZV: X Vi X E_/'(me}a)G(Ra,-)a

=1 4

(10.1)

where r = (x, y, z) is the position vector of the probe; o is the
microscopic polarizability of the film atoms, assumed to be
field-independent; G(R) = exp(ikoR)/ R is the Green function
of the Helmholtz equation; ko=w/c; R;=r—r/[;
rj/ =(x",y",z): Ry ==Ir—r,|,andr, = (Xa;2 Yoy 27)-

The integrals in Eqn (10.1) are taken over the (x',y')
plane — except for the circle ¢ with the point of observation at
the center. The last term in Eqn (10.1) accounts for the atoms

inside the cylinder. We have also introduced the notation
E(x,y) =E(x,»,7), j=LN. (10.2)

Let r,, = (X4,,Vq,,z1) be the radius vector of a certain
atom in the film’s /th monolayer. Then for the local field at
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this atom we have

Ei(xa;,Ya,) = Eri(Xa Va,) + ofpvrnl X Vrul x E(r)G(R,,)
+ 2 er * E;(x',7")G(Ry,;) dS’
[l(z) - r(,, 'U/ XY aj
N
+ azz r"l r“/ X Ej(xuaya)G(Ra/a/)ﬂ l: L—]V7
=1 g
(10.3)

where E”(xanya/) = Al(ra/)’ Ry = ‘l’a, rl, Rajj= ‘l‘a, I‘/-/‘,
and R, = [r4, —14]. The problem is now that of finding a
self-consistent solution to the system of equations (10.1),
(10.3).

10.1 Field at the probe scanning the film surface

In order to achieve a reasonable accuracy in the calculation of
the lattice sums in Eqns (10.1), (10.3), the region of
discreteness must be large. We assume that, if the probe is
situated at a distance of the lattice constant or higher above
the surface, it does not significantly affect the electromagnetic
field distribution in the film, even for fairly large polariz-
abilities o,. The second term on the left of Eqn (10.3) can then
be dropped, which considerably simplifies the solution of the
system (10.1), (10.3) [23].

Let the external wave be plane,

A[(l‘) = E01 CXp(ikoSII‘) s

s; = (sin 0;cos @y, sin Oy sin @y, — cos 0)), (10.4)

where 0, is the angle of incidence, and the azimuthal angle @,
determines the plane-of-incidence orientation relative to the
basis vector ag,. Ref. [23] considered the special case @; = n.
Below we obtain the solution for arbitrary &,;. With the use of
the uniformity property of the film surfaces, the solution for
the local field in the medium can be written in the form

E(x,y) = Ejexp [iko sin 0;(cos @;x + sin @, )] (10.5)

Substituting (10.4) and (10.5) into (10.3) and using a
technique similar to that described in Ref. [23] yields the

following system of equations for observation points located
at the atomic positions in the film:

. koao 1
E =E; —i2nC X x E;
I n— 121 cos0; ,:21 [s, (sr 1)}
k()a()

)
i2nC cos 0,

x exp [ikoag cos 0; (z; — z/)]

N
X Z [sr x (sr x Ej)] exp [ikoao cos 07 (z; — z;)]

J=l+1
N ~
+CY H(z—z)E;, [=1,N, (10.6)
where
E]/ = E()[exp(—ik() Cos 0]2/) s [ = I,N, (107)

C= oc/ag, sy is given by Eqn (10.4), and the vector sg has the
form

sg = (sin 0y cos @y, sin 0, sin @, cos 0y) . (10.8)

The explicit form of the tensor II is not reproduced here
because of its cumbersome nature and is given in part A of the
Appendix instead.

Once the system (10.6) has been solved, the field at the
probe can be calculated using Eqn (10.1), which we rewrite in
the form

E(r) = A;(r) + Eor(r) exp(iko sg 1) ,

where the reflected wave amplitude calculated with due
account for the discrete nature of the medium is given by the
expression [23]

z>0,  (10.9)

koag

Z [sg % (sg x Ej)]

E = —i2nC
or(T) 12T cos 0, 2

X exp[fikoao cos 0 z,} + Cexp[—ikoag cos 0; z]
X ZH X,z —z;)E;,

in which the quantities E;, j = 1, N are solutions of the system
(10.6).

In Ref. [23], the field of the reflected (transmitted) wave
was calculated for the point of observation located precisely
above (below) some of the atoms in the film. Here we consider
the more general case in which the point of observation takes
an arbitrary position in the (x, y) plane.

Ascan be seen from Eqn (10.10), the reflected amplitude is
generally a function of the coordinate r of the point of
observation. The form of this function is determined by
those terms in Eqn (10.10) that contain the tensor I1.

The dependence of the quantity 7= |E\2, which is
proportional to the intensity of the electromagnetic field at
the probe, on the coordinates x, y is shown in Fig. 10 for the
case of an s-polarized incident wave, in which

(10.10)

Eo; = (sin®;, —cos @;,0)Ey; . (10.11)
The distance from the film surface z is taken to be one lattice
constant. The number of monolayersis N = 11. The plots are
presented for the case of normal incidence of the external
wave (0; =0). In the case of oblique incidence, the field
exhibits some particularities of its behavior inside and
outside the film, which are due to the discrete distribution of
atoms near the observation point and for which a separate
analysis is needed.

As can be seen from Fig. 10, the intensity of the
electromagnetic field is a periodic function of the coordinates
x, y with a period of ag, the lattice constant. Thus, the
reflected wave at small distances from the surface is not a
plane one.

The intensity minima correspond to atomic positions in
the surface monolayer. The difference between the maximum
and minimum intensity values is strongly dependent on the
distance from the surface of the film, increasing as the
distance decreases, and vice versa. Beyond 24y, the intensity
distribution in the (x, y) plane becomes all but uniform, i.e.,
the reflected wave becomes plane — a consequence of the fact
that the terms in Eqn (10.10) containing the tensor I cease to
contribute at such distances. Fig. 10a also shows that the
image contrast in the direction normal to the polarization
vector is much weaker. This agrees with the results of Ref.
[62]. However, by rotating the polarization plane &;, the
image contrast can be significantly improved (Fig. 10c). Tt
should be noted that, independently of the rotation angle @,
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Figure 10. Electromagnetic field intensity at the probe as a function of the
coordinates x, y. Calculations were done for N =11, koay = 0.005,
C=0,2,a)=0,5nm, z=ay, 0; =0° for (a) &; = 0°, (b) &; = 30°, (¢c)
@; = 45°. The intensity distribution is a periodic function of x, y, with a
period of ag, the lattice constant. The intensity minima correspond to the
positions of the atoms of the film.

the field intensity above atoms and above the center of the
unit cell remains unchanged.

One further aspect of the near-surface behavior of the
electromagnetic field is that the reflected wave field always
contains three spatial components, Ery, Egy, and Eg., even if
the external wave is one-component. This is illustrated in
Fig. 11, where the intensities of the x and z components of the
electromagnetic field (7, = |Ex|2, I, = |Ey\2) at the probe are
shown as functions of the coordinates x for a y-polarized
external wave. Note that, whereas the total field intensity near
the film surface oscillates with a period equal to the lattice
constant, each of the components 7, I, is modulated with half
that period; the y- component of the field near the surface is
not shown because its behavior is virtually the same as that for
the total intensity (see Fig. 10).

For the probe on the other side of the film (z < —#), the
field is determined by the field of the transmitted wave, and all
the near-field and the wave zone results for the reflected wave
also remain valid in the case of the transmitted wave.

0.0016
0.0008
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Figure 11. Intensities (a) of the x-component and (b) of the z-component of
the electromagnetic field (I, = |E,|*, I, = |EJ.|2) at the probe as functions
of the coordinates x and y. Calculations were performed for the
parameters: N = 11, koag = 0.005, C = 0.2, ¢y = 0.5 nm, z = qq, 0; = 0°,
@; = 0°. Although the external wave is polarized along the y axis, the near-
field optical response of the medium contains all three components.

Thus we see that near the surface of the film the fields of
the reflected and transmitted waves are not plane waves. One
can also argue that the formation of the reflected and
transmitted waves takes place at distances of the order of
the lattice constant from the surface of the medium.

Thus, we have solved the boundary-value problem of
linear classical optics, concerning the behavior of an electro-
magnetic field near the surface of a discretely structured
dielectric medium [66]. It is shown that, at distances less
than 24, from the surface (ay being the lattice constant), the
behavior of the reflected and transmitted waves is fundamen-
tally different from that in the far field.

In the literature, nobody usually goes beyond making the
very general statement, not supported by any numerical
estimates, that the formation of the reflected and transmitted
waves takes place in a region less than the radiation
wavelength in size (see, e.g., [44]). Our calculations show
that this process actually occurs at a distance of about 2q
from the surface.

Although the above discussion of the near-surface field
behavior concerned a thin film of a dielectric, the same results
hold for the case of extended media. In fact, since the surface
effects we have discussed are observed at distances of no more
than 2ay, they are clearly due to the near-surface layers only.
The bulk layers can only give a constant contribution, of no
consequence in the present context.

11. Optics of small objects and the near-field
effect

The term small object will refer to a small group of atoms or
molecules occupying a volume of linear dimensions less the
light wavelength. Examples are atoms deposited on a
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substrate, individual complexes in solid solutions, or recently
observed aggregates [67]. The theory of linear molecular
aggregates interacting with the field of a quasi-resonant light
wave was discussed in Ref. [67] under the assumption that the
fields at individual molecules are identical. Refs [68, 69]
considered the interaction of a two-atom small object with
the field of quasi-resonant radiation. Based on a combined
system of equations for the field and atomic variables, it was
shown that at near-resonant frequencies, the fields at
individual atoms may differ considerably and that the wave-
zone field due to the small object is strongly dependent on the
interatomic separation and on how the axis of the small object
is oriented relative to the propagation direction of the
external light wave. In the approach of Refs [68, 69], it is the
near-field effect which causes the field to behave in this
manner inside and outside the small object.

11.1 Two atoms in the field of a weak quasi-resonant
plane wave

The microscopic field of the light wave E(r, ) at the point of
observation r at the time ¢ is determined by the following
equation:

P, (1 = Rj/¢)

2
E(r,7) = E/(r, 1) + Z rotrot R ,
Y

J=1

(11.1)

where E(r, 1) is the electric field strength in the external light
wave which travels at the velocity of light ¢ and p; is the
induced dipole moment of the jth atom, which we take to be a
linear function of the field E(r;, r — R;/c) at the position of the
Jjth atom. The distance R; is |r —r;|, where r; is the radius
vector of the jth atom relative to the origin positioned at the
center of one of the atoms — say, the first atom. The
differentiation in Eqn (11.1) is carried out with respect to the
coordinates of the observation point. In the special case in
which the observation point coincides with the position of one
of the atoms, Eqn (11.1) reduces to a system of two equations
for the unknowns E(ry, 7) and E(ry, 7). Once these are found,
the field at other points of observation can also be found from
Eqns (11.1).

To proceed further, it is necessary to supplement Eqn
(11.1) with equations for the atomic variables. Let us treat
atoms as Lorentz oscillators [24]. In this case the vector of the
induced dipole moment p; takes the form

p; = e(w; —ivj) exp(—iwt) +cc., j=1,2, (11.2)

where e is the electron charge, and w is the frequency of the
oscillator. The quantities u; and v; depend on the position of
the atom and also vary with time — because the atomic
eigenfrequencies @ and w, differ from the frequency w of the
field of the external light wave. This variation, however, is
slow if the differences w — w; and w — w, are small. In this
case, the following inequalities hold:

iy < o], [ij] <@’lwl, [V <oy, ;] <o’y
(11.3)

In view of the above conditions, the equation of motion of the
jth dipole

2

.2, ) e

(m is the electron mass, 1/7¢ the fractional energy damping
rate of an isolated dipole) becomes

0 . . 1 . .
5 W)= ( —iAj — ?) (; —ivj) +ixoEg;,  (11.5)

where %y = e¢/(mw); the quantity Ey; follows from the
expression for the field

E(r;, 1) = Eo(r;) exp(—iwt) + c.c. (11.6)
as Eg; = Eq(1); 1/T'is the total oscillator damping rate, which
may differ from that of anisolated oscillator; and A; = w; — w
is the detuning from the resonance.

Eqns (11.5) and (11.1) form a closed system of equations
in which the mutual influence of the field and the atoms is
included in a self-consistent manner. Note that [1]

3( [l’/] n;)n; — [PJ
cR,Z

rotrot [pjl} = 3([1’/]1!/1);311 = lp]

([;1m;)n; — ()]
+ s , (11.7)
where the symbol [...] indicates that the quantity is taken at
time r — R/c,n; = R;/R;. In the special case in which the point
of observation coincides with the position of an atom, R; is
equal to the interatomic separation R. The first term in Eqn
(11.7) corresponds to the dipole’s Coulomb field, and the
remaining terms describe the retarded dipole field at the point
of observation j. The field (11.7) is the polarizing field of the

jth dipole and has a meaning different from that of the

scattered field [17]. Below we examine the spatial distribution
of the Coulomb and retarded polarizing fields at various
observation points, assuming that the two dipoles interact
self-consistently and using a stationary solution of Eqn (11.5).
Consider first the electric field of the light wave inside a small
object.

If we take the origin to be at point r;, then we have
r1(0,0,0) and r;(0, R,0). With this choice of the coordinate
system, we obtain the following system of equations for the
unknown fields E(r;, ) and E(r», 7) at the position of each of
the atoms for i #

3&’1‘}7}}’0 - [Pj} 3@;?)’0 - [P]]

E(rivl) :E](l','7t)+ R3 + ] CRZ

(37 1yo — [b)]

—_ 11.8

+ 2R ’ ( )
where y,, is the unity vector along the y axis.

Suppose the external field to have the form
E;(r;, 1) = Egrexp [i(kgri - wz)] +c.c., (11.9)

where Ey; is a constant amplitude, and k; is the wave vector
whose magnitude is k) = w/c. The induced dipole moments
and the field at points r; and r, are given by Eqns (11.2) and
(11.6), where py; = e(u; — iv;) and E; are complex quantities.

Substituting Eqns (11.9), (11.2), and (11.6) into Eqn (11.1)
and separating out equally oscillating factors, we obtain for a
stationary solution of Eqn (11.5) the equality

Py, = %K, (11.10)
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where

[S]

e 1
o= —_—
T m o} — 0? = 2iw/T

(11.11)

is the polarizability of the jth atom [24].
Substituting Eqn (11.10) into the system (11.8), after some
algebra, we obtain the following system of coupled equations:

Py = o { By + 263y explikoR)}

Py = o2 { EL,exp(ikoR) + 2Gpgy exp(ikoR) Y, (11.12)
Py = {Ejy — Fpfyexp(ikoR)}
pb, = a2 {El exp(ikoR) — Fpf, exp(ikoR)} , (11.13)
B=xz,
where
1 ko k2
“® g 0% (11.14)

The systems of algebraic equations, (11.12), (11.13), are
linear and can therefore be solved by any standard method,
giving the following expressions for the unknowns [69]:

y 1+ 20(2G CXp[l(koR + koR)] ¥
Por = 01— 2 : Eoy s
1 — 400 G2 exp(i2koR)
B _ 1- OCQFCXp[i(koR + koR)] B
Poi ! 1 - Oleszz exp(12k0R) 0r>
(11.15)
. exp(ikoR) 4 201 Gexp(ikoR) .,
02 = %2

1 — 400G 2 exp(i2ko R) 0

g exp(ikoR) —ajFexp(ikoR) g
02 = %27 a0 F2 exp(i2koR) or

The corresponding expressions for the field strengths can
readily be obtained using Eqn (11.10).

Thus, we have obtained the solution of the self-consistent
problem for the case in which the external field is produced by
a plane wave of frequency w.

Before we write down formulas for the field at each atom,
let us make one further simplification.

Let the eigenfrequencies of the atoms be all identical,
w1 = wy = wg. Then o = oy = o, and from Eqn (11.15) we
obtain the following expressions for the complex amplitude of
the field at each of the atoms:

_ 1+ 2aGexpli(koR +koR)] _,

E) =

01 1 — 402G exp(i2kgR) 0

1 —aFexpli(koR + koR)] _g
Ey = —_L2F? ; 07>
1 — «?F?exp(i2koR)
(11.16)

£ = exp(ikoR) + 200G exp(ikoR) .,

27 1 —442G2exp(i2kgR) OV

s exp(ikoR) — aFexp(ikoR) s
Egp =

1 — 2F2 exp(i2koR) or

Thus, it can be seen from formulas (11.16) that the field at the
position of an atom is generally different from the external
field. The situation is determined by the values of the factors
oF and oG, which depend on the frequency of the external
field and the interatomic separation. The fields (11.16) are
equal to the external field only if each of these factors is much
less than unity, and this condition can be fulfilled when either
the interatomic separation is sufficiently large or the
frequency of the external field differs considerably from the
resonant frequency.

The complex amplitudes of the fields at each atom can be
related to each other by writing

Eo, = (Ejx0 + E§ z0) exp(ik.R) + Ej, exp(ikiR)y, ,
(11.17)

where X, ¥, Zo are the unit vectors of the coordinate system,
and

b kR i1 In 1 — aFexpli(koR — koR)]
"7 R R 1—aFexpli(kgR +koR)]’
k,:@—iln 1 + 20G expli(koR — koR)] (11.18)

R R 1+42uGexpli(koR +koR)]

The expression (11.17), together with Eqn (11.6), imply
that the field in the system is a superposition of two waves, a
transverse wave with the wave vector k,, and a longitudinal
wave with the wave vector k;, either vector being directed
along the y axis.

We are now, finally, in a position to determine the light
wave field outside the small object by inserting Eqn (11.6) into
Eqn (11.1). In this case the Green function exp(ikoR;)/R;
links the jth dipole and the observation point r outside the
small object. Below, the wave zone field due to a small object
is examined numerically.

11.2 Two atoms in the field of an intense quasi-resonant
plane wave

We apply the field equation (11.1) to describing the optical
properties of a small object made up of two resonance atoms,
in an intense light wave field

E/(r, 1) = e;Eorexp (— i[kor — wi]) +c.c.,

where e; is the real unit polarization vector, Ey; is the wave
amplitude, and w and k are the frequency and wave vector of
the plane wave, respectively (ko = w/c). Then the dipole
moment of the jth atom can be written as

1 . .
p=5 d(u; + iv;) exp(io?) + c.c., (11.19)
where d is the matrix element of the dipole moment for the
transition between two chosen states. The quantities u; and v;
in Eqn (11.9) satisfy the following equations [24]:

”

= —(wg — w)v; — = (de))Ey, w; — == |

J J 7 J 07" T/2

. 2 / vj

0 = (w0 — 0)y; +g (dej)EOjo T (11.20)
2

) 2 (w; — wp)

iy = 3 e (G~ B V)
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where wy is the frequency of the resonant transition chosen in
the spectrum of the atom, w; is the inversion of the
corresponding quantum states on the jth atom, wy is the
initial value of the inversion, and T; and T are the relaxation
times [24]. The quantities E{, and E{, are the real and

imaginary parts of the electric field amplitude at the jth atom:

E(r, 1) = ¢;(E; +1Eg;) exp(io?) +c.c., (11.21)
e; being the real polarization vector of the field at the jth atom.

Thus, we have established a self-consistent system of
equations for the field and atomic variables.

In what follows we consider only steady processes, i.e., we
assume the time that elapsed since the external field is on to be
t > Ty, T, so that i, = 9; = ; = 0. With this restriction and
using Eqns (11.20), the atomic variables can be expressed in
terms of the field variables as follows:

B wox; T (Eéj(w —wo) T} + Eéj)

ujp = A )
y
wox; TH(EL. — E(wg — )T
o= "By~ B Z OTE), (1122)
j
2 N2
b wo (1 + (wo — w)™(T3)7)
;=

A; ’

where  Aj =1+ (o — w)*(T)* + T\ Ty ((Egy)’ + (E)).
nj = 2dej/h

We choose the origin of the coordinate system to be at
point ry, so that we have r;(0,0,0) and r,(0, R,0). We also
take the wave vector k of the external wave to be alongr, and
the vectors e; and e;, to be parallel to the vector d. This yields
the following equations for the fields at the positions of the
atoms:

Eq; +iEg; = Eorexp(—ikor;) + Ad(u; + iv;) exp(—ikoR) ,

(11.23)

where

with d being the magnitude of the dipole moment for the
transition.

Thus, because the quantities «; and v; can be expressed in
terms of field variables, we have a system of two complex,
nonlinear algebraic equations to work with.

For weak fields satisfying the inequality

Ty T |Eof” <1,

(11.24)

the system (11.23) reduces to a linear algebraic system. The
solutions of this system have been examined by us in detail in
Ref. [69]. For strong fields, the inequality (11.24) is reversed,
and the corresponding system has only one solution — which,
however, is of no interest here.

Suppose now the fields to be such that

T\ Ty | Eol* ~ 1.

Also assume that the resonance frequency is

wy =2.9x 107 7!,

and the relaxation times are

T1=10"s, T)=10"s, d=13x10"""CGSE.

The numerical solution of the system (11.23) yields the
complex amplitude of the electric field at each atom as a
function of the wave vector ky for both the external field
amplitude and the interatomic atomic separation held fixed.
For certain values of Ey; and R, this function is multi-valued,
i.e., several amplitudes of the electric field at atoms, or several
field states, correspond to a given value of ky. This phenom-
enon is known as optical multistability. Precisely how the
system makes the transition to a particular state depends on
which states the system has passed through before the
transition — i.e., the phenomenon of hysteresis takes place.
Let R = 1; then the numerical analysis of the solutions of the
system shows that multistability occurs for external fields
satisfying the inequality

1072 < |Ey| < 1 CGSE.

Dispersion laws for waves excited in a two-atom small
object are shown in Fig. 12a.

) I | |
99990 99996 kg, 1077 nm~!
-1
4 - k", nm b
0 Q
_4 I | |
99990 99996 kg, 1077 nm~!

Figure 12. Dispersion of (a) the real and (b) the imaginary part of the wave
vector k. The atomic separation is R = 1.6 nm and the external field
strength is Ey; = 0.5 CGSE.

11.3 Optical recording of quantum information

in a two-qubit quantum computer

It has been proven that only two elements (gates), one-qubit
and two-qubit, are needed to construct a quantum computer
[70]. The qubit — the unit of quantum information — is
known to be a superposition of the quantum states of a
certain system |y) = «|0) + S|1), where |0), |1) are the wave
functions of two states of the system, and «, f§ are quantum
numbers, |x)* + ||* =1 [71]. Gadomskii [68] proposed a
method by which quantum information can be recorded
optically in a system of two atoms situated a short distance
apart (R < A, Athe light wavelength, R the atomic separation)
using the inversions wy and w, of the first and second atoms of
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the system to measure quantum information. The system was
described using Eqns (11.22) and (11.1) for the atoms
interacting in a steady-state manner with the field of an
intense quasi-resonant radiation.

This problem was solved [68] numerically for various
small-object excitation conditions. It was shown that for
equal atomic frequencies wg; = wg, the atomic inversions w;
and w, were also equal for different angles ¢ between the
vector kg and the axis y passing through the two atoms. It was
also shown that for wg; = wg, and certain values of detuning,
multipolarity appears due to the lack of uniqueness in the
determination of the atomic inversions. Figure 13 shows the
numerical results for the atomic inversions wy and w, for the
case in which the first and second atoms differ somewhat in
frequency. The atomic inversions may differ significantly in
this case, and this fact can be used for recording quantum
information on individual atoms in a quantum computer
(which is a small object).

—0.2 - wy,m
1
—04 F
—06
08 ! ! ! ! 1 ! ! ! I
0 20 40 60 80 100 120 140 160 180

¢, deg

Figure 13. Dependence of the inversion of the atoms in a small object on
the angle between the wave vector kg of the external wave and the axis
passing through the atoms. Curves / and 2 represent the inversions w; and
w, of the first and second atoms, respectively.

11.4 Optical holography of small objects
Let us consider the interference of polarizing fields, Eqn
(11.1), produced by two atoms of a small object, with a
reference field with wave vector kg (Fig. 14) [72].

We start by calculating the field at observation points in
the wave zone, where

ko‘l‘—r1|>1, k()ll'—l'z‘>1.

For such observation points, the terms proportional to
1/R; are dominant in Eqn (11.7), and the electric and
magnetic field strengths at r assume the respective forms [§]

E(r, 1) = Ej(r, 1) — [y ><C[2n]1z]>< bl [m XC[;];; ijz]L

(11.25)

1 .
H(r,7) = H(r,1) +ﬁ D x n] [Py x my],

Jr [

02R2
where E} and H] are, respectively, the electric and magnetic
fields of the reference plane wave with wave vector k. For a
plane wave we have [18]

L

H) =

[l > E7],

[=1

z ’JAO' o

ko

ko

y

Figure 14. Optical scheme of the holographic recording of a small object
consisting of two closely spaced atoms. The plane of the hologram is at a
distance Ry from the first atom and coincides with the xz plane; Ky is the
wave vector of the object beam, ko || z; kj, is the wave vector of the reference
beam, kg 1 z; Ao is an element of the plane hologram, located at a distance
Ry from the first atom, R < 4, Ry > 4, and 1 is the wavelength of the
reference and the object radiation, both from one source.

where k{ = k. Since the induced dipole moments for both
atoms in a small object are given by Eqns (11.19) for the times
t—Ry/cand t — Ry/c, using Eqn (11.15) we obtain
b = —w’py,exp(ikoR;) exp(—iwr) + c.c., (11.26)
where the index y refers to the x-, y- or z-components of the
induced dipole moment of the jth atom, R; = |[r — 1|

Let Ao be a surface element in the neighborhood of the
observation point r at the surface of the hologram. Then the
intensity of optical radiation at this point is given by
c
4n
where the quantities E and H at r are given by Eqn (11.25). By
changing the point of observation, we find the intensity
distribution for the interfering fields in the plane of the
hologram. Below we will present characteristic holographic
pictures obtained from Eqn (11.27) for various conditions.

Formulas (11.15) contain denominators whose real parts
can vanish as the external frequency w or the separation R are
varied. In this case the amplitudes of the induced dipole
moments of the first and second atoms reach their maximum
values. From Eqn (11.15), the conditions for this to occur are

It) =Ac-— L,(r), I,(r)= HE X H]y

, (11.27)

. 1
Re {ocloch2 exp(2ikoR)} = 1

Re {000 F > exp(2ikoR) } =1, (11.28)
depending on the orientation of the dipole moments relative
to the coordinate axes.

Let us separate out resonances with wave vectors k¢, and
koo, respectively, in the spectra of the first and second atoms in
the small object. The polarizabilities o; and a, of the atoms
are different according to Eqn (11.11). Note that 7; = ygl-l,
where y,; = Zezk%j/(?)mc) (j=1,2). Let

kop = 89000 cm™!, kg = 92000 cm ' ;

then

Y1 =045 % 108 s 9, =048 x 10% 571



November, 2000

Two electron problem and the nonlocal equations of electrodynamics

1099

In the case of exact resonance
Re (o) = 1.8 x 107§ Re(ay) =1.6x10710 ¢,

Im () =3.6 x 107%cm?, Im () =3.2x 107'% cm? .

Thus, in the absence of interaction between the atoms we have
two isolated resonances, which correspond to two isotropic
atoms.

The self-consistent atom-atom interaction determined by
the solution (11.15) considerably modifies the spectroscopic
properties of the atoms that constitute the small object.
Numerical analysis shows that a small object of size
R =1 nm has four dimensional resonances at the following
wave vectors:

k= 869929 cm™' | kj,=93900.2 cm™!,

ki;=883263 cm™",  k(,=92646.9 cm™".

The positions of the dimensional resonances on the axis of
wave vectors depend strongly on the separation and polariz-
abilities o) and oy of the isolated atoms the small object is
made of. The first and the second atom behave as anisotropic
particles. The effective polarizabilities of the atoms, in the
case of exact dimensional resonances, differ considerably
from their isolated-atom resonance values o and a;.
Furthermore, near the dimensional resonances

ki, =93900.2 cm™', k{3 = 88326.3 cm™!

negative dispersion is exhibited by the first and the second
atom.

Let us now examine some properties of the optical
holograms which form when a two-atom small object is
irradiated by a coherent object wave.

Figure 15 illustrates numerical calculations of the inten-
sity (11.27) for a plane hologram at a distance Ry = 100 cm
from a small object. The frequencies of the object and
reference waves are equal and match the dimensional
resonances. The separation between the atoms in the small
objectis R = 1 nm. The phase plane of the reference wave is at
an angle oy = 0 to the plane of the hologram. Both the object
and reference waves are linearly polarized, and the vectors E¢;
and E{,; have the following components:

Eo/(Eor,0,0),  Eg,(0,0, Eg)) .
The angle 0 between the vector ko and R is 90°. The field
intensity in the plane of the hologram is expressed in units of
Ao (c/(4rn)), where Ac = Ax - Az. The area of the hologram is
L.L, =1 cm?. Numerical calculations show the dimensional
resonances to be narrow, with a width of about 0.1 cm~".
Let us next perform four numerical experiments taking
the object and reference frequencies to match the exact
dimensional resonances with the wave numbers

kjy =86992.9 em™',  kj, =93900.2 cm™',
ki; = 883263 cm™", Kk, = 92646.9 cm™".
In this case the dimensional resonances

kj, =86992.9 em™',  k, = 93900.2 cm™'

1.0

0.5

1,,2.97 x 108 CGSE

-0.3 0 0.3

1.0 b

0.5

1,,2.92 x 10° CGSE

0.5

1,,2.87 x 10'3 CGSE

0.5

I,,1.06 x 10 CGSE

X, cm

Figure 15. Distribution of the intensity /, in the plane xz of a hologram of a
two-atom nanostructural object, for a normally incident object wave. Ey;
has the coordinates (0, E};,0), Ej; = 1 CGSE unit, the distance Ry from
the object to the center of the hologram is 100 cm, and the coordinates of
the wave vector R6 of the reference wave are (0,0, —k¢); Inax = (I5)pmay i
CGSE units. The object and reference waves have equal frequencies,
corresponding to four resonances with wave numbers (a) 86992.9 cm™!,
(b)93900.2 cm~", (c) 88326.3 cm~!, and (d) 92646.9 cm~'. The atoms that
constitute the nanostructural object are different and have eigenfrequen-
cies with wave numbers 89000 cm~! and 92000 cm~'. The interatomic
separation in the object is 1 nm. The hologram measures 0.6 x 0.6 cm? in
size.

separate out the y-components of the induced dipole
moments of the first and second atoms in the small object,
because the x- and z-components vanish for these values.
Conversely, the dimensional resonances

k{; = 883263 cm™',  k{, = 92646.9 cm™!

separate out the x- and z-components of the induced dipole
moments of the first and second atoms. Thus, using various
dimensional resonances, it is possible to investigate the
induced anisotropy of a small object.
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12. Conclusion

Thus, this review presents equations, nonlocal in both space
and time, that describe the propagation of photons [Eqns
(5.11), (5.18)] and of classical fields [Eqns (6.1)—(6.3), (6.8),
(6.16), (6.17), (6.30), (6.31)] taking into account the influence
of the surrounding charges (electrons and atomic nuclei) on
the process of the interaction between external radiation and
an electron at a certain point of observation within the system.

These nonlocal equations are derived based on the
quantum electrodynamical and semiclassical approaches.
The former approach separates out those third-order effects
which are accompanied by the exchange of virtual photons
between atomic electrons and which involve the emission
(absorption) of a real photon. The Feynman diagrams for
these effects are shown in Fig. 1. It is shown that these are
precisely the effects that control the refractive index, i.e., are
responsible for the formation of a wave propagating in the
optical medium with a wave vector different from that of the
wave in vacuum. This fundamental statement is proved
within the framework of the electric dipole approximation
by going over from Eqn (5.11) to the integral equation for
electromagnetic waves in an optical medium, the equation
which is well known in classical optics and which, in turn,
allows the Lorentz— Lorentz formula for the refractive index
of the medium to be rigorously derived using the Ewald —
Oseen procedure.

The third-order effects (see Fig. 1) can be represented, as
shown in Section 3, in terms of polarizing fields which depend
on the types of intermediate states involved and on the types
of quantum transitions present in the spectrum of the
interacting fields. Based on the concepts of polarizing fields,
the following conclusions are made.

First, in the electric dipole approximation the polarizing
field is produced by a dipole and is treated as a field of virtual
photons. In a system of two atoms this field is of a nonlocal
nature. The dipole of one of the atoms is excited by the
external field at the position of this particular atom, and the
transition with the emission (absorption) of a real photon
occurs at the position of the other atom.

Second, depending on the types of quantum transitions
occurring in the spectrum of interacting atoms, different
photon propagation equations can be obtained, which can
be represented as nonlocal integral equations for a contin-
uous medium.

In the present review, some boundary value problems
were solved to demonstrate the advantages of the nonlocal
equations over Maxwell’s local equations. In doing this, the
existence of the near-field effect in the optics of dielectrics was
proved theoretically, and from this fact the concept of a
discrete-continuous dielectric with a structural factor as a
necessary element was developed. This factor is most
important in the surface layers of dielectrics, in superthin
films, and also in small objects with linear dimensions much
less than the light wavelength involved. It can also be argued
that the near-field effect is a more general concept than the
local field effect [26]. The latter is predicted theoretically to
occur in nonlinear resonant optical phenomena as one goes
over from the microscopic to the macroscopic field using the
relations (8.2) in the modified Bloch equations [24]. The near
field effect introduces the structural factor and is also taken
into account by the relation (8.12) if an optical effect is, for
example, considered in a superthin film consisting of resonant
atoms [73].

Of particular interest from the point of view of the
application of the nonlocal equations are so-called small
objects, with linear dimensions much less than the wave-
length of the light. This review considers two problems
concerning two-atom small objects in the field of quasi-
resonant radiation, for weak and for strong radiation. The
solutions of these problems suggest important conclusions
about the use of optical radiation for the study of small
objects, for obtaining the holograms of such objects, depend-
ing on the processes inside them, and for using small objects
as quantum computer components.

The author expresses his gratitude to K A Valiev,
L A Shelepin, and A N Oraevskii for helpful discussion of
the fundamental results of this review.

13. Appendix

A. The tensor II is described by the following, rather
cumbersome, equations:

~ ~ ~ ~

H(X,%Z) = do [E(Z) + T(Z)} + S(X,y,Z) s
11(0) = agJ + S(0),
Liz)=d'L'(2)d, z#0,
where the rotation matrix @ has the form
R —cos®; —sin®; O
b= sin®; —cos®; 0 |.
0 0 1

The inverse matrix @' is obtained by the replacement
&; — —@;. The symmetric third-rank tensor £’(z) has the
following components:

L(2)=L,(2) =0,

—1 2 2
L (z)=—2mexp (ikom) &2 1 1k0\/8—3122— J1(8)
X2 (82 +22) / &

L) (z) = 2mexp (iko Ve + 22)

EN(E) 1 —ikoVe? +z2 J1(&)
. {\/821+22_82 (32:—;)3/2 [JO(@_ 15 ]}’

L.(2) = Li(2) + £},(2),

1—1 -2 )
£1(2) = 2mesp (ko /77T )iz Lo VT

(2 +22)*? At

where & = kyesin 0; and J,, is the nth-order Bessel function.
The tensor 7(z) is defined by

T(z) =97 'T'(2)®,

where 7'(z) is a symmetric third-rank tensor having the
following components:
T\(2) =Ty (2) =0,

T! (z)=2n J Jo(kop sin 07)G(R)

2
z .3k, 3 . 1\ 1
x KE) ("‘5“70+ﬁ>+<"‘°‘§)ﬂpdp’

)
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T (z) = —2nkd sin® 0; J Jo(kopsin0;)G(R)pdp,

0
Ty, (2) = T(2) + T.(2),
T/

Xz

(z) = 2mikoz sin 0;
¢ . ) 1\ p
x | Jo(kopsin@ GR(lk——)—d,
|, 2tkopsin 09 G(R) (k0 — 7 ) % o

R=+/p*+22.
Unlike the tensors £ and ?, which are functions of the
coordinate z only, the tensor S also depends on the

coordinates of the point of observation in the (x, y) plane:

. Sxx(xvyvz) Syx(x»yvz) SZX(X,)},Z)
S(.X7y72) = S}"x(x7y>z) S){V('x7yaz) SZ)’(xay7Z) I
Szx(x7y7z) SZ}’(x7y72) SZZ(xﬂy7Z)

S/C/(x7y’ Z) = a?) Z G(Rll/')

aj

x exp [ — ikoRy, sin 07 (cos @ ng + sin @y ngy)]

3ncz,k Ng;1 — 5kl 3na,kna,l - 5/<l:|
)

2 .
X |:k0(5k1 — na]k na,.;) — lko Ra/. RZ,

Ry =/ (x—xy P+ (v = yy ) + 2,

Y = Vg

z
Ng, = —
k) a;z b
R“.f R”f

X = Xg
R, ’

7

Nax = ay =

where Jy; is the Kronecker delta. The summation runs over
the atoms of the jth layer lying within the sphere of radius ¢
centered at the observation point.

The tensor S has a translational symmetry:

§(X + aox, Y, Z) = §(X + aox,y + aO}WZ)
= §(X7J’+ cl()y,Z) = §(x7)42) )

where ag, and ag, are the lattice constants in the directions x
and y, respectively. In the calculations of this paper,
dox = doy = do.__

The tensor J has the form

J=07'J dAi;

~

J'is a diagonal tensor with the components

J.= 275@ [Jo(f) +$ (ikoe — l)}

+ 2mkg sin® 0; [ko JO exp(ikop) J‘C(l") dp— i+ Cios 01] ,
5y = SR (7 ‘f)

+ 21tk LO; 0, — ko J: exp(ikop) Jo(a) dp] ,
7 = o) )

+ 2mky [co; 0 ko J:) exp(ikop)Jo(a) dp]

— 2rtky sin® 6; [ko J: exp(ikop) ch(la) dp — T :OS 91} ,

where & = koesin 0,

B. The tensor I] in Eqns (9.5) and (9.10) is given by
() = (zm1 - 2) [ + T@)] + 8(2) . 2 #0,

0) = (zj1 — )T+ 5(0), z=0.

~

The symmetric third-rank tensor £(z) has the following
components:

Ly(z)=L,(z) =0,

Lan(z) = —2mexplikoLo) (L3 — 2) L —Koko J1(S)

Ly &

. eI (& el

Lyy(z) =2 exp(1kOL0){ % (-2 %
[ - 22

EWZ(Z) = Exx(z) + /v‘y,v(z) ’

. . 1 —ikoL
L..(z) = 2mexp(ikoLo)izy/ L3 — 22 %Jl &),
0

where & = ko4 /L% — z2sin 0y, and J,, is the nth-order Bessel
funcAtion.

T(z) is a symmetric third-rank tensor:

Tyy(z) = Txy(z) =0,

L-22
Txx(Z) = ZTEJ‘ J()(k()/) sin HI)G(R)
0
3k 3 1)1
2 2 . 0 .
X |:(ZR) <—k0 —IT—I—E) + (lko _E> ﬁ}pdp,
Lgfz2
T..(z) = —2mk3 sin® e,J Jo(kopsin0,)G(R)pdp,
0
Ty, (z) = Thi(2) + T:2(2)
sz—zz
T\ (z) = 2riko: sin e,J " Jolkop sin 0))G(R)
0

1
x <iko—§)%dp,

where R = /p? + z2.

S'is a symmetric tensor with the components

Su(2) = 3 3 G(Ra ) exp [ — g (x — )]

aj
X |:ké(5kl - nll/k na,l) - 1kO
314k N — O
R}, ’
_ " o \2 2 2
Rtl,'_ (A_Aa/) +(y_ya,) +z=,

where Jy; is the Kronecker delta. The summation runs over
the atoms of the jth layer lying within the sphere of radius
Ly =)'

Jis a diagonal tensor with the components

exp (ikm /L3 — zz)
Jue =21

2_ .2
Ly—z

x {Jo(é) +$ (ikm/Lg 2 1)} + 2tk sin® 0

V-2 Ji(a) i
k ikop) = -
X [ oJO exp(ikop) P 1+COS€1],

3naj/< na,l - 5/([
R,
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P (ikoy/L3 — 22) (1 _ikom) J1(8)

Ty =
\J L3 -2 <
i L=
+ 21k |:COS 0 ko L exp(ikop)Jo(a) dp} ,
exp (ikgy/L3 — 22
A ( ’ )Jo(f)
L3 — 22
Driko| — T explikap)o(a) d
smt] k| explikop)nta) o
. L2 . Ji(a i
— 2ntkg sin® 6, {ko Jo exp(ikop) 14(1 ) dp — T+ cos 9[} ,

where & = koy/ L3 — 2% sin0;, a = kop sin0;.

References

l.

10.
11.

12.
13.
14.
15.
16.
17.

18.

19.
20.

21.

22.
23.
24.

25.
26.
27.
28.
29.

Landau L D, Lifshitz E M Kvantovaya Mekhanika (Quantum
Mechanics) (Moscow: Fizmatgiz, 1963) [Translated into English
(Oxford: Pergamon Press, 1977)]

Davydov A S Kvantovaya Mekhanika (Quantum Mechanics)
(Moscow: Fizmatgiz, 1963) [Translated into English (Oxford:
Pergamon Press, 1965)]

Born M, Huang K Dynamical Theory of Crystal Lattices (Oxford:
Clarendon Press, 1954) [Translated into Russian (Moscow: IL,
1958)]

Landau L D, Lifshitz E M Teoriya Polya (The Classical Theory of
Fields) (Moscow: Fizmatgiz, 1960) [Translated into English (Ox-
ford: Pergamon Press, 1971)]

Darwin C G Trans. Cambr. Philos. Soc. 23 137 (1924)

Gadomskii O N, Nagibarov V R, Solovarov N K Zh. Eksp. Teor.
Fiz. 63813 (1972) [Sov. Phys. JETP 36 390 (1973)]

Gadomskii O N, Nagibarov V R, Solovarov N K Zh. Eksp. Teor.
Fiz.70 435 (1976) [Sov. Phys. JETP 43 225 (1976)]

Gadomskii O N, Vlasov R A Opticheskaya Ekho-Spektroskopiya
Poverkhnosti (Optical Echo-Spectroscopy of a Surface) (Minsk:
Navuka i Tékhnika, 1990)

Landau L D Phys. Z. Sowjetunion 8 487 (1935)

Bethe H, Fermi E Z. Phys. 77 296 (1932)

Akhiezer A 1, Berestetskii V B Kvantovaya Elektrodinamika 2nd ed.
(Quantum Electrodynamics) (Moscow: Fizmatgiz, 1959) [Trans-
lated into English (New York: Interscience Publ., 1965)]

Breit G Phys. Rev. 34 553 (1929)

Chang C S, Stehle P Phys. Rev. A 4630 (1971)

Fedyushin B K Zh. Eksp. Teor. Fiz. 22 140 (1952)

Lifshits EM Zh. Eksp. Teor. Fiz. 18 562 (1948)

Drake G W F Phys. Rev. A 51979 (1972)

Gadomsky O N, Altunin K K Zh. Eksp. Teor. Fiz. 114 1555 (1998)
[JETP 87 842 (1998)]

Born M, Wolf E Principles of Optics (Oxford: Pergamon Press,
1968) [Translated into Russian (Moscow: Nauka, 1973) p. 106]
Gadomsky O N, Krutitsky K V J. European Opt. Soc. B9 343 (1997)
Ishimaru A Wave Propagation and Scattering in Random Media
Vol. 1, 2 (New York: Academic Press, 1978) [Translated into
Russian (Moscow: Mir, 1981)]

Gadomsky O N, Gadomskaya I V, Moiseev S G Izv. Ross. Akad.
Nauk Ser. Fiz. 62 293 (1998) [Bull. Russ. Acad. Sci. Phys. 62 242
(1998)]

Gadomsky O N, Krutitsky K V J. Opt. Soc. Am. B13 1679 (1996)
Krutitsky K V, Suhov S V J. Phys. B 30 5341 (1997)

Allen L, Eberly J H Optical Resonance and Two-level Atoms (New
York: John Wiley and Sons, 1975) [Translated into Russian
(Moscow: Mir, 1978)]

Bowden C M, Dowling J P Phys. Rev. A 47 1247 (1993)

Bowden C M, Dowling J P Phys. Rev. A 49 1514 (1994)

Benedict M G et al. Phys. Rev. A 43 3845 (1991)

Jarque E C, Malyshev V, Roso L J. Mod. Opt. 44 563 (1997)
Malyshev V A, Jarque E C J. Opt. Soc. Am. B14 1167 (1997)

30.

31
32.
33.
34.

35.
36.
37.
38.
39.
40.
41.
42.

43.

44.

45.
46.
47.
48.
49.
50.

51

52.

53.
54.

55.
56.
57.

58.

59.

60.
61.
62.
63.
64.
65.

66.

67.
68.

69.

70.
71.
72.
73.

Malyshev V A, Konekhero Kharke E Opt. Spektrosk. 82 630 (1997)
[Opt. Spectrosc. 82 582 (1997)]

Ghiner A V, Surdutovich G I Phys. Rev. A 49 1313 (1994)

Ghiner A V, Surdutovich G I Phys. Rev. A 50 714 (1994)

Ghiner A V, Surdutovich G I Phys. Rev. E 56 6123 (1997)
Gadomskii O N, Voronov Yu Yu Opt. Spektrosk. 87 1017 (1999)
[Opt. Spectrosk. 87 929 (1999)]

Cook R J, Milonni P W Phys. Rev. A 35 5081 (1987)

Parkins A S, Gardiner C W Phys. Rev. A 40 3796 (1989)
Nordlander P, Tully J C Phys. Rev. B 42 5564 (1990)

Hinds E A, Sandoghdar V Phys. Rev. 4 43 398 (1991)

Chen H J. Chem. Phys. 87 1355 (1987)

Barut A O, Dowling J D Phys. Rev. A 36 2550 (1987)

Belov A A, Lozovik Y E, Pokrovsky V L J. Phys. B22 1101 (1989)
Gadomskii O N, Krutitskii K V Zh. Eksp. Teor. Fiz. 106 936 (1994)
[JETP 79 513 (1994)]

Kittel Ch Introduction to Solid State Physics (New York: John Wiley
and Sons, 1956) [Translated into Russian (Moscow: Fizmatgiz,
1963) p. 189]

Kizel’ V A Otrazhenie Sveta (Reflection of Light) (Moscow: Nauka,
1973)

Rayleigh R Philos. Mag. 33 1 (1892)

Rayleigh R Philos. Mag. 16 444 (1908)

Schmidt K E F Ann. Phys. (Leipzig) 52 75 (1894)

Lummer O, Sorge K 4nn. Phys. (Leipzig) 31 325 (1910)

Raman C V, Ramdas L A Philos. Mag. 3 220 (1927)

Raman C V, Ramdas L A Proc. R. Soc. London Ser. A 109 272
(1925)

Kizel’ VA Zh. Eksp. Teor. Fiz. 29 658 (1955) [Sov. Phys. JETP 2 520
(1956)]

Rozenberg G V Optika Tonkosloinykh Pokrytii (Optics of Thin-
Layer Coatings) (Moscow: Fizmatgiz, 1958)

Drude P Ann. Phys. Chem. (Leipzig) 51 77 (1894)

Drude P Lerbuch der Optik (Leipzig: Verlag von S. Hirzel, 1912)
[Translated into English: The Theory of Optics (New York: Dover
Publ., 1959)] [Translated into Russian (Moscow: ONTI, 1935)]
Sivukhin D V Zh. Eksp. Teor. Fiz. 18 976 (1948)

Sivukhin DV Zh. Eksp. Teor. Fiz. 21 367 (1951)

Sivukhin D'V Zh. Eksp. Teor. Fiz. 30 376 (1956) [Sov. Phys. JETP 3
438 (1956)]

Gadomskil O N, Sukhov S V Opt. Spektrosk. 89 287 (2000) [Opt.
Spectrosk. 89 261 (2000)]

Near-Field Optics (NATO ASI Series. Ser. E, N 242, Eds D W Pohl,
D Courjon) (Dordrecht: Kluwer Acad., 1993)

Barchiesi D et al. Phys. Rev. E 54 4285 (1996)

Bachelot R, Gleyzes P, Boccara A C Appl. Opt. 36 2160 (1997)
Xiao M J. Opt. Soc. Am. A 142977 (1997)

Ashino M, Ohtsu M Appl. Phys. Lett. 72 1299 (1998)

Zayats A 'V Opt. Commun. 161 156 (1999)

Kawata A, Inouye Y, Sugiura T Jpn. J. Appl. Phys., Pt. 2 33
PL1725 (1994)

Krutitskii K V, Sukhov S V Opt. Spektrosk. 88 827 (2000) [Opt.
Spectrosk. 88 749 (2000)]

Malyshev V, Moreno P Phys. Rev. A 53 416 (1996)

Gadomskii O N, Voronov Yu Yu Pis'ma Zh. Eksp. Teor. Fiz. 69 750
(1999) [JETP Lett. 69 804 (1999)]

Gadomskii O N, Voronov Yu Yu Zh. Priklad. Spektrosk. 66 765
(1999)

Valiev K A Usp. Fiz. Nauk 169 691 (1999) [Phys. Usp. 42 607 (1999)]
Kilin S Ya Usp. Fiz. Nauk 169 507 (1999) [Phys. Usp. 42 435 (1999)]
Gadomskii O N, Kunitsyn A S Opt. Spektrosk. 90 (2001) (in press)
Gadomskii O N, Sukhov S V Kvantovaya Elektron. (Moscow) 25
529 (1998) [Quantum Electron. 28 514 (1998)]


http://www.turpion.org/info/lnkpdf?tur_a=ufn&tur_y=1999&tur_v=42&tur_n=6&tur_c=585
http://www.turpion.org/info/lnkpdf?tur_a=ufn&tur_y=1999&tur_v=42&tur_n=5&tur_c=542
http://www.turpion.org/info/lnkpdf?tur_a=qe&tur_y=1998&tur_v=28&tur_n=6&tur_c=1261

	1. Introduction
	2. Effective interaction energy matrix for two hydrogen-like atoms arbitrarily far apart
	㌀⸀ 吀爀愀渀猀昀漀爀洀愀琀椀漀渀 椀渀琀漀 琀眀漀ⴀ挀漀洀瀀漀渀攀渀琀 眀愀瘀攀 昀甀渀挀琀椀漀渀猀
	4. Role of an external field in the interaction of two atomic electrons
	4.1 Inclusion of negative-energy intermediate states
	4.2 Positive-energy intermediate states

	5. Polarizing fields in a system of hydrogen-like atoms emitting or absorbing photons
	5.1 Integral equations for photon propagation in an electric dipole optical medium
	5.2 Integral equation for photon propagation in a system of electron spins

	6. Semiclassical derivation of nonlocal equations
	6.1 Integral equations for the propagation of electromagnetic waves in dielectrics
	6.2 Equations for the propagation of electromagnetic waves in quadrupole and magneto-dipole media
	6.3 Equations for the propagation of electromagnetic fields in a conducting medium

	7. Spontaneous radiation of an atom close to a vacuum-dielectric interface. The near-field effect
	8. Relation between the microscopic and macroscopic fields inside and at the surface of...
	9. Microscopic theory of the transition layer on the ideal surface of a semi-infinite dielectric...
	9.1 Transition layer on the surface of a discrete-continuous dielectric
	9.2 Refractive index of a discrete-continuous dielectric far from the boundary
	9.3 Reflected wave field in the wave zone

	10. Optical probing of the electromagnetic field near the surface of a dielectric medium
	10.1. Field at the probe scanning the film surface

	11. Optics of small objects and the near-field effect
	11.1 Two atoms in the field of a weak quasi-resonant plane wave
	11.2 Two atoms in the field of an intense quasi-resonant plane wave
	11.3 Optical recording of quantum information in a two-qubit quantum computer
	11.4 Optical holography of small objects

	12. Conclusion
	13. Appendix
	 References

