
Abstract. Theoretical and experimental work concerning high-
temperature superconductors in general and cuprates in parti-
cular is reviewed. A detailed analysis of the current knowledge
of the subject suggests that when in the normal state, super-
conducting cuprates behave very much the same as `conven-
tional' metals. Experimental evidence is presented for the
existence of strong relaxation processes in the normal state of
HTSC systems at low energy. Ab initio calculations of the
optical spectra and the electron ± phonon interaction (EPI)
show that the electron-phonon mechanism explains many fea-
tures of low-energy relaxation processes in HTSC systems,
including the high critical temperature. However, many proper-
ties of the superconducting state, for example, the anisotropic d
pairing in cuprates, cannot be explained with the EPI mechan-
ism alone. A number of models for cuprate superconductors
with EPI and Coulomb repulsion are discussed in detail.

Than vulgar truth we value higher

A flattering deception...

A S Pushkin

1. Introduction and a few words about myths

The study of high-temperature superconductivity (HTSC)
has been conducted for over 35 years. Two stages in its
development can readily be distinguished which we may
provisionally call `prehistoric' and `historic'. The first stage
began with the pioneering papers by Ginzburg [1] and Little
[2] who hypothesized the existence of high-temperature
superconductors due to the interaction of electrons not with
phonons, but rather with electron excitations whose energy is
much higher than the phonon energy. The beginning of the
second stage can be associated with the publication by

Bednorz and MuÈ ller [3] who reported the probable observa-
tion of superconductivity in the compound La2ÿxBaxCuO4

with a record critical transition temperature Tc � 30 K.
Our definition of the two stages in the development of the

HTSC problem is not evaluative, although these two stages
are of course markedly distinct. The most serious of these
distinctions is the scale of research and the number of
publications. The number of papers on HTSC published
after 1986 appreciably exceeds the total number of preceding
publications on superconductivity beginning from its disco-
very in 1911. Furthermore, after the discovery of super-
conductivity in yttrium-containing cuprates (YBCO) [4]
with Tc � 90 K and mercury-containing ones [5, 6] with
Tc � 135 ± 160 K, the HTSC problem was no longer purely
theoretical, but became practically significant owing to the
possibility of exceedingly important technical applications.
This fact was largely the cause of the inflow of money and
researchers into this field. It was like a mudflow that almost
completely washed out thememory of the rather fruitful stage
of HTSC research prior to its experimental discovery.

The preliminary results of the first stage were summarized
in book [7]. The basic achievements of this `prehistoric' stage
were as follows:

Ð the fact was clearly and definitely understood that
along with the well-known electron ± phonon mechanism of
superconductivity due to electron ± electron attraction
through the phonon exchange, other mechanisms due to
Coulomb interaction of electrons may also exist;

Ð the absence of strict limitations, at the level of the laws
of nature, on the possible value of the critical temperature Tc

of the superconducting transition was proved. The opposite
hypothesis, which certainly had a negative effect on the
development of HTSC research, was put forward by very
competent experts in the theory of superconductivity Ð
Anderson and Cohen [8];

Ð it was also proved that high Tc values can only be
obtained in systems with strong local field effects, i.e., in
systems with strong interaction [7, 9]. The point is not only
that according to the well-knownBardeen ±Cooper ± Schrief-
fer (BCS) formula

Tc � 1:14�o exp
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the temperature Tc is exponentially small for small coupling
constants l. The situation is somewhat more complicated. It
was shown [7 ± 9] that a necessary, but not sufficient condition
for the existence of high Tc is the presence of negative values
of the static dielectric function e�q; 0� < 0. This inequality
may only hold, as was rigorously proved in [7, 9], in systems
with strong interaction (see also the recent review [10]);

Ð various factors that determine the value of Tc for the
phonon mechanism of superconductivity were thoroughly
analyzed [11]. Further investigations of metal oxides, nitrides,
and carbides, in which phonon frequencies may be high
because of the low oxygen, nitrogen, and carbon atomic
masses, were acknowledged as promising. The crucial role of
ionicity in these compounds, which leads to a noticeable
increase of the matrix element of the electron ± phonon
interaction (EPI), was revealed. In the metallic compounds
well-known by that time, the atoms of the light elements
unfortunately do not participate in EPI since their electronic
states are deep under the Fermi surface.

Alongside the very fact of the experimental discovery of
corresponding systems and the above-mentioned scales of
research, the new stage in the development of the HTSC
problem had some other distinctions, including those in
theoretical approaches. As has already been mentioned, it
became clear rather long ago that high Tc values may only
exist in systems with strong interaction. At the `prehistoric'
stage, a concrete study of such HTSC systems was not given
sufficient attention. The second-stage research was, on the
contrary, largely devoted to the investigation of the effects of
strong exchange-correlation interaction and their manifesta-
tions in both the normal and superconducting states.

Most of the theoretical work exploited the Hubbard
model whose crucial point is strong Coulomb repulsion of
electrons at one site. Two most radical ideas concerning the
nature of high-temperature superconductivity in cuprates
were suggested in precisely the framework of the Hubbard
model [12, 13]. These ideas were based on the so-called
resonant valence bond model [14] describing the spin liquid
of singlet electron pairs and, in fact, amply rested on the
results obtained for one-dimensional models of interacting
electrons. In the latter models, the low-temperature behavior
of electrons differs drastically from the standard behavior in
ordinary three-dimensional systems. An electron possessing
charge and spin stops being a well defined excitation. The so-
called charge-spin separation occurs. The spin is transported
by an uncharged fermion, typically called a spinon, and the
charge Ð by a spinless excitation called a holon. As distinct
from an ordinary Fermi liquid, such a system is usually
referred to as a Luttinger liquid [15]. The basic idea, due to
Anderson [12], concerning the nature of HTSC systems is that
the electron system in such compounds is precisely a
Luttinger liquid in both the normal and superconducting
states.

The author of the present review does not dare describe
the details of this approach because they have been modified
rather radically over the past decade. A seriously revised
version was presented by Anderson in 1999 [16].

The idea suggested by Laughlin et al. [13] differs from
Anderson's approach in the use of fractional statistics for the
description of low-energy excitations in HTSC systems. This
means that the corresponding excitations are neither bosons
nor fermions. In quantum field theory they are termed
`anyons'. It is important that the anyon theory leads to a
violation of time-reversal symmetry because spontaneous

magnetic fluxes actually appear in the system. To all
appearances, the experimental data [17, 18] reject such a
possibility. The majority of researchers are not enthusiastic
about the HTSC theory developed by Anderson either [19]
(see also the critical review [20] of book [12]).

A great many theoretical studies of HTSC compounds
have been reduced at the second, as well as the first stage to a
rather standard procedure. A system of quasi-particle
electronic excitations is considered, but instead of phonons
and excitons, which lead to electron ± electron attraction and
pairing, something different is introduced. These may be spin
fluctuations [21, 22], the formation of `spin bags' [23, 24], a
specific band structure possessing a so-called `nesting' [25],
etc.

The only distinction of the second stage is a more
comprehensive investigation of models based on strong
electron ± electron repulsion which may cause an anisotropic
d-pairing. The very possibility of the appearance of a
superconducting state in systems with interparticle repulsion
is not at all new. It was first formulated by Kohn and
Luttinger [26] who showed that the electron pairing in such
systems may occur not in an isotropic s-channel, but in higher
harmonics. The possibility of pairing due to the interaction
with spin fluctuations was also pointed out rather long ago by
Akhiezer and Pomeranchuk [27]. By the time HTSC was
discovered in cuprates, p-pairing in liquid 3He [28], again due
to spin fluctuations, as well as possible d-pairing in heavy
fermion systems [29] was already known. Attempts are still
made to construct anisotropic models of HTSC systems using
various mechanisms of electron ± electron attraction (see
surveys [30, 31]). We shall return to the discussion of these
questions in sections to follow, but before that we would like
to speak a little about the numerousmyths circulating around
the HTSC problem from its appearance to the present date.

One of the first myths was initiated by the talk of the
distinguished American physicist-experimenter, Matthias, at
the first HTSC conference in 1966 when he compared this
problem with a UFO. Thus, the HTSC problem itself was
treated by many researchers as a myth. And this was the only
one of all the myths which, although having done much harm
to the search for HTSCmaterials, evaporated after 1986. The
others turned out to be much more tenacious. One of them
was mentioned at the beginning of this section. This was the
statement by Cohen and Anderson [8] claiming the existence
of a very strong limitation upon the possible increase of Tc

values due to electronic mechanisms of attraction owing to
the inequality

e�q; 0� > 0 ; �2�

which, according to the authors of [8], is the criterion of
system stability. Kirzhnits showed [32] that the stability
condition for a system of charged particles actually comes
down to the inequality

1

e�q; 0� < 1 ; �3�

which holds for both e�q; 0� > 1 and e�q; 0� < 0. Moreover, it
was demonstrated [33] that owing to the phonon contribution
to e�q; 0� the existence of negative e�q; 0� values is not only
possible, but even inevitable for many stable systems, in
particular, for many metals. As an aside, we note that for a
wide range of momenta q, negative e�q; 0� values exist [33, 34]
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in a well-known system (which, however, is not directly
related to HTSC), namely, in molten common salt. Never-
theless, the assertion that the inequality e�q; 0� < 0 cannot be
valid is still roaming about the literature, the same as the
suggestion, also expressed in paper [8], that within the phonon
mechanism of superconductivity Tc cannot exceed 40 K.

The second stage of HTSC studies brought about sundry
new myths. One of them can be presented in the form of a
table which persistently emerges in many surveys, original
papers, and invited talks at international HTSC conferences.
A fragment of this table is reproduced in Fig. 1. Discussions
of this table customarily involve additional declarations of
the type: ``The most vivid proof of the unusual behavior of
HTSC systems is the linear temperature dependence of their
electrical resistivity.''What can be said about this? First of all,
there is not a single so-called `conventional' metal in nature
with resistivity proportional to T 2 over a reasonably wide
temperature range. One can readily make sure of this by
looking at Fig. 2 which was taken from the famous manual by
Kittel [35]. It illustrates the temperature dependence of
electrical resistivity r described by the standard Bloch ±
GruÈ neisen formula allowing for EPI effects. This formula
can be written in the form

r � A

�
T

YD

�5 �YD=T

0

x5 dx

sinh2x
; �4�

where A is the material constant of a metal and YD is the
kinetic Debye temperature which may differ from the
corresponding thermodynamic quantity. Figure 2 shows
that at temperatures T5YD=5 the metal resistivity behaves,
according to the Bloch ±GruÈ neisen formula, as

r � T : �5�

Thus, the resistivity of the majority of metals depends linearly
on T even at temperatures T � 40ÿ100 K. Consequently, the
linear dependence r�T� observed in superconducting cuprates
at T � 40ÿ80 K cannot be thought of as something
essentially different from all other Ð `conventional' Ð
metals. We shall discuss this question in more detail below,
and now we shall only note that, as can be seen from Fig. 2,
the universal dependence r�T� is demonstrated not solely by
simple metals (Al), but by transition and even magnetic ones
(Ni) as well.

Another myth (or more precisely, a whole mythology) is
associated with the Landau Fermi-liquid theory. Most
papers, both theoretical and experimental, devoted to HTSC
cuprates state something like this: ``There is not the slightest
doubt that the electron system in these compounds exhibits
non-Fermi-liquid behavior''. To gain insight into this
problem, we shall formulate the basic idea of the Landau

Fermi-liquid theory: ``A system of strongly interacting Fermi
particles at sufficiently low temperaturesT < T � and energies
o < o� behaves like a Fermi gas of weakly interacting quasi-
particles having a well defined Fermi surface and the quasi-
particle damping 1=t � o2. The volume of the Fermi surface
for quasi-particles is the exactly same as that for non-
interacting particles, and each quasi-particle possesses a
charge �e and a spin �1=2''.

A large number of papers appeared devoted to the
calculation (for some models) of temperatures T � and
energies o� describing the crossover, as termed by the
authors, from the `Fermi-liquid' to the `non-Fermi-liquid'
behavior. In the first place, all these statements contain at
least a linguistic mistake: the quantities T � and o� describe
the crossover not from the `Fermi-liquid' to the `non-Fermi-
liquid' behavior, but from the Fermi-gas and universal
behavior (1=t � o2, r � T 2) to the non-universal, namely,
Fermi-liquid behavior. Apart from the linguistic confusion,
another thing is important: the quantities T � and o�

themselves, as well as the behavior of the system for T > T �

and o > o�, are specific properties of each particular model,
and detailed investigation of them contributes little to the
general insight into the physics of Fermi systems.

Several models exist in which the Landau Fermi-liquid
theory is indeed violated. This means that even as T! 0 and
o! 0, the fermion system is not described by the model of a
quasi-particle gas with a certain charge and spin. We have
already given such an example Ð the Luttinger liquid Ð
which describes a one-dimensional electron gas. Othermodels
also exist (see the recent review [36]). This problem is fairly
interesting in itself and deserves serious research, but another
thing is of importance, too. The point is that the Landau
Fermi-liquid theory can in fact be literally applied to none of
the `conventional' or `unconventional' metals. Not a single

Metal Conventional High Tc

Resistivity r � T 2 r � T

Quasiparticle lifetime,
1=t�T;o�

aT 2 � bo2 aT� bo

Spin excitation
spectrum

Flat Peaked at
Qi � �p=a; p=a�

Figure 1.Typical understanding of differences betweenHTSC systems and

other metals.

AuYD � 175K
NaYD � 202K
Cu YD � 333K
AlYD � 395K
NiYD � 472 K

0.3

r�
T
�=
r�
Y

D
�
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0 0.1 0.2 0.3 0.4 0.5
T=YD

Figure 2. Temperature dependence of electrical resistivity. The solid curve

is plotted according to the Bloch ±GruÈ neisen formula. Experimental

points for some metals are presented.
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metal exists in which relaxation is due to the weak interaction
of quasi-particles, as it should be according to the Landau
theory. Relaxation in metals is caused by EPI, by the
interaction of electrons with collective excitations (spin or
charge fluctuations), or by some more complicated processes.
This can be readily understood from the particularly simple
estimates of the relaxation rate obtained byAllen [37]. At high
enough temperatures

YD < T5 eF ; �6�

where eF is the Fermi energy of an electron, the expression for
the inverse time of relaxation due to EPI, 1=teph, and to the
electron ± electron interaction, 1=tC, can be written as

1

teph
� 2pN�0���hVephi

��2� 2T

YD

�
; �7�

1

tC
� 2p

��hVCi
��2�N�0�T�2 : �8�

Here N�0� is the density of electron states on the Fermi
surface, Veph is the EPI matrix element, and VC is the matrix
element of the electron ± electron Coulomb interaction. The
quantities

leph �
N�0���hVephi

��2
YD

and lC � N�0���hVCi
��2 �9�

are respectively the electron ± phonon and the Coulomb
interaction constants. Normally, leph � lC � 1. The quanti-
ties �2T=YD� and �N�0�T �2 may be interpreted as the numbers
of, respectively, phonons and electron-hole pairs. At tem-
peratures corresponding to the inequality (6), the number of
phonons is several orders of magnitude greater than the
number of electron-hole pairs. As a result, the inverse time
of relaxation due to EPI is several orders ofmagnitude greater
than that due to the residual Coulomb quasi-particle
interaction. The situation may change only at very low
temperatures, when the EPI-induced relaxation decreases
strongly as 1=teph � T 5.

As is seen already from this section, this review may
hardly claim completeness and impartiality in what concerns
the presentation of the current state of HTSC problem and
the discussion of most of the relevant papers. First, it is
impossible not only to read all the publications available, but
even to get acquainted with all the books on this subject.
Second, the time of impartial and perfectly objective surveys
of this problem has not yet come because, as PAnderson said,
``the only consensus here is an absolute lack of consensus''.
Nevertheless, the author assures the reader that he will not
juggle with the facts nor `sweep the dust under the rug'
although he is naturally not going to conceal his own opinion
about most of the questions touched upon in the review.

2. What is a `conventional' metal?

The skepticism expressed in the preceding section in respect of
a whole number of works on the Fermi liquid theory, which
were carried out in the framework of HTSC research, not in
the least concerns LDLandau or his extremely fruitful theory
of quasi-particles [38]. Rather long ago, from the first papers
by Bloch on the quantum theory of solids [39], electrons in
metals were noticed to behave like non-interacting or weakly

interacting particles. But in actuality, no weak interaction
exists in metals. One can easily make sure of this by taking the
simplest model of metal, the so-called homogeneous electron
gas. The energy per electron in such a system can be written as
[40]

E � 2:2099

r2s
ÿ 0:9163

rs
ÿ 0:096� 0:0622 ln rs : �10�

Here rs is a dimensionless parameter related to the electron
density n as

4p
3
�rsaB�3 � 1

n
; �11�

where aB is the Bohr radius of the electron.
The first term in formula (10) describes the contribution of

the kinetic energy, the second Ð the contribution of the
exchange energy and the last two Ð the contribution of the
correlation energy. When there exists a weak interaction
between particles in the system, the contribution of the
kinetic energy substantially exceeds all the other contribu-
tions due to interparticle interaction. As can be seen from
(10), in a homogeneous electron gas this situation is realized
only for rs < 1. In real metals, themean density of conduction
electrons is such that rs for them lies in the interval 24 rs 4 6.
Thus, even from the point of view of the homogeneous gas
model, electrons in all metals represent a system of strongly
interacting particles. Moreover, the model of a homogeneous
electron gas is hardly suitable for the description of the
properties of transition metals, where the d-electron density
is rather far from homogeneous. This circumstance may in
fact only enhance the exchange-correlation effects compared
to the homogeneous electron gas model. In this connection L
D Landau used to say: ``Nobody has abrogated the Coulomb
law''.

The Fermi liquid theory, first created by Landau for
uncharged particles, was extended to the case of metals [41]
and then fruitfully employed [42] to describe many low-
temperature phenomena in metals. As was mentioned in the
introduction, the relaxation processes inmetals, at least at not
very low temperatures, are not at all described by a weak
residual interaction of quasi-particles. Furthermore, as is seen
for instance from Fig. 2, in the majority of metals they are
caused by EPI. This statement is valid not only for non-
magnetic, but for most magnetic metals as well. Their
electrical resistivity is also normally described by the
Bloch ±GruÈ neisen formula, and it is only for sufficiently
high temperatures T5 300ÿ400 K that the dependence
r�T� may become nonlinear obviously owing to the interac-
tion among electrons and spin waves. The scale of these
deviations from linearity is much smaller than the r�T�
values themselves. This means that the electron ± spin wave
interaction itself is markedly smaller than EPI.

The idea of the description of the relaxation processes in
the Landau theory is extremely simple and consists in the
construction of a quasi-classical Boltzmann equation. Sup-
pose we somehow managed to find the energy of quasi-
particle excitations e�k; r; t� for any point r and its velocity
vk � qe=qk. Then, with e�k; r� as the system Hamiltonian, the
Boltzmann equation for the one-particle distribution func-
tion f�k; r; t� of quasi-particles can be written as

qf
qt
�
�
qf
qr

qe
qk
ÿ qf
qk

qe
qr

�
� Fext

qf
qk
� I�f� : �12�
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Here Fext is the external force acting on quasi-particles and
I�f� is the collision integral.

In the framework of the standard Landau theory, e�k; r; t�
has the form

e�k; r; t� � e0�k� �
X
k0

f�k; k0�df�k0; r� ; �13�

where f�k; k0� is the Landau interaction function.
The substitution of this expression into (12) yields a closed

expression for the kinetic equation, the collision integral I�f�
being commonly neglected. This approach is easily extended
to the allowance for the electron ± phonon interaction. To this
end, the dependence of e�k; r; t� on ion coordinates fRng
should be added to (13). After that the function e�k; r; t; fRng�
can be expanded in small ion displacements un from
equilibrium positions R0

n:

e�k; r; t; fRng� � e�k; r; t� �
X
n

de
dRn

un : �14�

Writing then the equations for the displacements un and
expanding them in phonon variables, one can completely
solve the problem of relaxation in a system of weakly
interacting electron quasi-particles. The criterion of applic-
ability of this approach is precisely the presence of well
defined quasi-particles, that is, the validity of the inequality

e0�k�4 1

t
: �15�

Here 1=t is the relaxation rate and the energy e�k� is counted
from the chemical potential. As we shall see in what follows,
criterion (15) holds for metals only at very low temperatures,
if at all. Already at T0YD=5 EPI alone is enough for
electrons to stop being well defined quasi-particles, and
criterion (15) is certainly violated.

Nevertheless, the approach developed by Landau can also
be extended to the Fermi liquid behavior of the system [37,
43 ± 45] with a much softer condition than (15), namely

1

t
5 eF ; �16�

where eF is the Fermi energy of electrons. As a result, one can
obtain a generalized Boltzmann equation using the technique
of the many-body theory and Green functions and either the
analytical continuation of the functions from imaginary
frequencies [44] or the Keldysh technique [45] for time
Green functions. A more extensive consideration of these
questions goes far beyond the scope of the present review.We
shall only note here that the EPI calculation in this approach
comes down to the solution of a many-body problem with the
FroÈ hlich Hamiltonian

H � He �Hph �Heph : �17�

HereHe describes the quasi-stationary electron state in a rigid
lattice

He �
X
k;l

ekl c�kl ckl ; �18�

where ekl is the energy of electron states in the l band. Hph is
the Hamiltonian of non-interacting phonons

Hph �
X
q;n

oqn

�
b�qn bqn �

1

2

�
; �19�

oqn being the energy of phononwith polarization n.Heph is the
EPI Hamiltonian

Heph �
X

k;q;n;l;l0
g
�n;l;l0�
k�q;k c

�
k�q; lck; l0 �b�ÿqn � bqn� ; �20�

where g
�n;l;l0�
k0;k is the EPI matrix element. In the framework of

this approach kept in the spirit of the Landau Fermi-liquid
theory, all the above defined quantities, such as ekl, oqn, and
g
�n;l;l0�
k0;k are some phenomenological parameters with values

obtainable only from comparison with experimental data.
The above approach is in fact based on the assumption

that electrons in a rigid lattice that undergo Coulomb
interaction among themselves and with ions are well
described by the Landau Fermi-liquid theory, i.e., they are
well defined quasi-particles for which criterion (15) holds and
the corresponding temperatures T � and energies o� of the
crossover from the Fermi-gas to the Fermi-liquid behavior
are sufficiently large. Such metals to a first approximation
will be thought of as `conventional', although even such
metals may demonstrate what seems at first glance a rather
odd, so-to-say, `marginal' behavior due to precisely the
electron ± phonon interaction. In a more general context,
`conventional' metals are those for which criterion (16)
holds. These in particular may be metals exhibiting low-
frequency spin and charge density collective excitations. As
will be shown below, formetals possessing no such excitations
and having T � and o� largely exceeding the characteristic
phonon energies YD, many properties can in fact be
completely calculated from the so-called `first principles' [46]
using the density functional theory (DFT).

Studies of the FroÈ hlich Hamiltonian have a long history,
and the related problemsmay be considered as solved inmany
respects. The properties of the normal metal state described
by thisHamiltonianwere first investigated byMigdal [47] and
the properties of the superconducting state by Eliashberg [48].
The kinetic properties of this model were also analyzed [45,
49]. We shall not dwell at length here on the derivation of the
various formulas for the systems described by the FroÈ hlich
Hamiltonian because a large number of books and reviews
have been devoted to this subject (see, e.g., reviews [50, 51]
and the references therein). We shall still present some
formulas which are necessary for us here but restrict
ourselves to only a few explanatory notes.

In order to describe the one-particle properties of the
FroÈ hlich Hamiltonian, it is required that the electron and
phononGreen functions be calculated. They can be written in
the form

Gÿ1�k; l;o� � Gÿ10 �k; l;o� ÿ S�k; l;o� �21�
and

Dÿ1�q; n;o� � Dÿ10 �q; n;o� ÿP�q; n;o� : �22�

Here G0�k; l;o� is the Green function of noninteracting
electrons which is defined by the Hamiltonian He (18) and
D0�q; n;o� is the Green function of phonons for the
Hamiltonian (19)

D0�q; n;o� � 2oqn

o2 ÿ o2
qn � id

: �23�

We shall first of all note [51] that in the framework of the
approach considered here, the renormalization of the Green
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function of phonons due to the electron ± phonon interaction
would be a double allowance for EPI because all the effects of
adiabatic interaction of electrons with ion displacements
should have already been taken into account in the definition
of the phonon frequenciesoqn. The FroÈ hlichHamiltonian can
only be exploited to calculate nonadiabatic effects in the
phonon spectra. This means that when determining
D�q; n;o�, one should use the quantityP�q; n;o� ÿP�q; n; 0�
instead of the polarization operatorP�q; n;o�. For the greater
part of the phonon spectrum this quantity is small in the order
of smallness of the ratiooqn=eF and can therefore be neglected.

As was first shown by Migdal [47], the Green function
G�k; l;o� can be calculated exactly because in the Dyson
equation for this function the high-order corrections can be
neglected since �o=eF (�o is the mean phonon frequency) is
small. The self-energy part S�k; l;o� of the Green function
can be written as

S�k; l;o� � 1

pN�0�
�
dO

X
k0;l0;n

���g�n;l;l0�k;k0

���2d�ek0 ;l0 �
�ImD�k0 ÿ k; n;O�L�o;O� ; �24�

the function S�k; l;o� depending only on the position of the
vector kF on the Fermi surface. As we noted earlier, the
phonon Green function D�q; n;O� need not be renormalized
within this approach, and therefore

ImD �q; n;O� � pd�oqn ÿ O� : �25�

The function L�o;O� has the form

L�o;O� � ÿ2pi
�
n�O� � 1

2

�
�C

�
1

2
� i

Oÿ o
2pT

�
ÿC

�
1

2
ÿ i

O� o
2pT

�
; �26�

where C�x� is the digamma-function and n�O� is the Bose
function. Introducing the EPI spectral density a2k�O�F�O�
equal to

a2kl�O�F�O� �
1

N�0�
X
k0 ;l0;n

���gl;l0;nk0;k

���2d�ok0ÿk;n ÿ O�d�ek0l0 � ;

�27�
one can rewrite the expression for S�k; l;o� in the standard
form

S�k; l;o� � 1

p

�1
0

dOa2kl�O�F�O�L�o;O� : �28�

The function S�o�, which yields the average value of the
self-energy part

S�o� � 1

N�0�
X
k;l

d�ekl�S�k; l;o� �29�

can be defined as

S�o� �
�
dOa2�O�F�O�L�o;O� : �30�

The function a2�O�F�O� introduced above is customarily
called the EPI spectral density or the Eliashberg function

and has the form

a2�O�F�O� � 1

N�0�
X
kl;k0l0

���gl;l0nk0 ;k

���2d�Oÿ ok0ÿk;n�

� d�ekl�d�ek0l0 � : �31�
This function also defines, in particular, the superconducting
properties of metals.

The self-energy part has real and imaginary parts and can
be represented as

S�o� � ÿol�o;T� ÿ i

2t�o;T� : �32�

It is a well-known fact that the function l�o;T� characterizes
the EPI-induced electron mass renormalization:

m��o;T�
m

� 1� l�o;T� ; �33�
and the function t�o;T� describes the electron lifetime. The
electron Green function has the form

G�k;o� �
�
m��o;T�

m
oÿ ek � i

2t�o;T�
�ÿ1

: �34�

The EPI-induced electrical conductivity s�o� of metals
can be calculated using the FroÈ hlich Hamiltonian. We shall
not present the related calculations [37, 49, 52, 53], but shall
write s�o� in a form rather closely resembling the expression
for the one-particle Green function:

s�o� � o2
pl

4p

�
ÿ io

mtr�o;T�
m

� 1

ttr�o;T�
�ÿ1

: �35�

The expression for the transport mass renormalization
mtr�o;T�=m and the transport relaxation rate (or the inverse
lifetime) 1=ttr�o� has the form [37, 52, 53]

o
mtr�o;T�

m
� i

ttr�o;T� � o� 2

�1
0

dOa2tr�O�F�O�

� K

�
o

2pT
;

O
2pT

�
; �36�

where

K�x; y� � i

y
�
�
yÿ x

x

h
C�1ÿ ix� iy� ÿC�1� iy�

i�
ÿ fy! ÿyg : �37�

In the description of transport processes and, in particular,
optical conductivity s�o�, there occurs one more EPI spectral
density a2tr�O�F�O� which has the form [36, 52, 53]

a2tr�O�F�O��
1

N�0�hv 2Fi
X
l; l0 ; n
k; q

���g�l;l0 ;n�k;k�q
���2vF�vFlÿ v 0Fl0 �

� d�ekl�d�ek�q;l0 �d�Oÿ oq n� : �38�
Here vF is the electron velocity on the Fermi surface and hv 2Fi
is the mean square velocity on the Fermi surface

hv 2Fi �
1

N�0�
X
k;l

v2Fd�ekl� : �39�
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This quantity is directly related to the plasma energy opl

included in the definition of optical conductivity (35):

o2
pl �

4pe2N�0�
3

hv 2
Fi : �40�

To make the picture more complete, we shall present the
Eliashberg equations determining the superconducting prop-
erties of strong EPI systems. These equations involve two
functions, namely, the order parameter D�o� and the
renormalization function Z�o�. In the normal state, the
quantity D�o� is naturally equal to zero and the renormaliza-
tion function is related to the self-energy part S�o� intro-
duced above as

Z�o� � 1ÿ S�o�
o

: �41�
The Eliashberg equations themselves have the form

Z�o�D�o� �
��1
ÿ1

do0Re

�
D�o0�����������������������������

o 0 2 ÿ D2�o 0�
q �

�
�1
0

dOa2�O�F�O�
�
f�ÿo 0� � n�O�
o 0 � Oÿ o

� f �o 0� � n�O�
o 0 ÿ Oÿ o

�
ÿ m�eF�

�
� eF

0

do 0Re

"
D�o 0�����������������������������

o 0 2 ÿ D2�o 0�
q #

tanh
o 0

2T
; �42�

�
1ÿ Z�o��o � �1

0

do 0 Re

"
o 0����������������������������

o 0 2 ÿ D2�o 0�
q #

�
�1
0

dOa2�O�F�O�
�
f�ÿo 0� � n�O�
o 0 � O� o

ÿ f�ÿo 0� � n�O�
o 0 � Oÿ o

� f�o 0� � n�O�
ÿo 0 � O� o

ÿ f�o 0� � n�O�
ÿo 0 � Oÿ o

�
: �43�

Here f�o� is the Fermi function and m�eF� is the averaged
Coulomb interaction.

As can be seen from the above consideration, the physical
properties of a strong EPI system are defined by a set of
various EPI spectral densities. To describe the optical spectra
and the superconducting properties of quasi-isotropic metals,
two such functions suffice, namely, the Eliashberg function
a2�O�F�O� and the transport spectral function a2tr�O�F�O�. To
consider the other kinetic properties, such as theHall effect or
the thermal electromotive force, other spectral densities may
be needed as well. A large number of EPI spectral densities
also occur in the analysis of systems with a strongly
anisotropic EPI. The above results can be extended to this
case using the expansion of all the functions under study in a
certain complete and orthogonal basis possessing the crystal
symmetry. As such a basis one can choose, for instance, the
Fermi-harmonics basis set introduced by Allen [50].

In the framework of the standard Landau Fermi-liquid
theory [38], the effects of quasi-particle interaction are
described with the help of several phenomenological con-
stants Ð angular harmonics of the Landau interaction

function f�k; k0� whose exact values can be found from
comparison of theoretical results with experimental data.
The Fermi-liquid description of strong EPI systems leads to
the appearance of EPI spectral densities, i.e., not separate
parameters, but functions which are also quite undefined
within the Fermi-liquid approach itself. Fortunately, such
functions can also be found in this case from comparison of
theory with experiment. We shall return to the discussion of
this question later, and now we shall consider several
important, but not very well known results concerning the
behavior of relaxation rates 1=t in strong EPI systems.
Employing expression (34) for the one-particle Green func-
tion, we can write the expression for the quasi-particle energy
in the form

Ek � m

m��ek;T� ek ÿ
i

2t��ek;T� ; �44�

where

1

t��ek;T� �
m

m��ek;T�
1

t�ek;T� : �45�

Well defined quasi-particles naturally exist under the condi-
tion

1

2t��ek;T� 5Ek : �46�

Considering that the quantity 1=t��0;T� at T > YD=5 can be
written in the form

1

t��0;T� � 2plT ; �47�

where l is the electron ± phonon coupling constant

l � 2

�1
0

dO
O

a2�O�F�O� ; �48�

as well as the fact that as o!1 we have

1

t��1;T� � plhoi ; �49�

where

lhoi � 2

�1
0

dOa2�O�F�O� coth O
2T

; �50�

we can readilymake sure that formostmetals the condition of
quasi-particle description (46) is violated over a vast tempera-
ture T and energy o range.

Another important circumstance, which is given little
attention too, is the appreciable difference between the one-
particle 1=t��o;T� and transport 1=t�tr�o;T� effective inverse
relaxation times. Figure 3 shows the behavior of these
quantities as functions of o for several temperature values
for lead as calculated in our paper [51]. We shall discuss the
principles of such calculations in what follows, and now we
would only like to pay attention to the distinctions between
these quantities. As is well-known [52], the one-particle
relaxation rate reaches its maximum at an energy of the
order of the maximum phonon frequency omax and then
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stops being energy-dependent. In contrast with this, the
transport relaxation rate is seen from Fig. 3 to continue
increasing up to o � 10omax. In the case of high-temperature
superconductors we have 10omax � 1 eV, and therefore the
assertions, very often encountered in the literature, that EPI is
in principle incapable of explaining the relaxation processes
measured in optical experiments and based on the assumption
that 1=t�tr�o;T� � const for o > omax are obviously ground-
less.

The last point to emphasize is the universal character of
the energy and temperature dependences of the transport
relaxation time. Figure 4, taken from our paper [53], shows
the dependence of 1=t�tr ono=omax for six different situations.
This means that six curves are actually plotted in the graph,
which however all coincide in dimensionless variables. The
transport coupling constant is expressed by a formula
analogous to (48) but with the function a2�O�F�O� replaced
by a2tr�O�F�O�. Thus, the energy dependence of the relaxation
time is universal, while the absolute values are mainly
determined by two quantities: the electron ± phonon cou-

pling constant l and the maximum phonon frequency omax.
In this respect, as will be seen in the section to follow, high-
temperature superconductors are actually (quantitatively)
different from many other metals. The matter is that in
cuprates omax assumes values of the order of 0.1 eV and the
coupling constant lmay reach values of � 2.

Does this universality of the transport relaxation time
imply that all the other properties of metals with strong EPI
are also universal? Of course not. So, for example, the Hall
coefficient, which in many metals has a weak temperature
dependence, in such a conventional metal as Al changes by
more than an order of magnitude from helium to room
temperatures [37]. In copper it demonstrates a rather strong
and nonmonotonic temperature dependence. A very strong
temperature dependence of the Hall coefficient is observed,
for example, in TiC, ZrC, andVC carbides [54] although none
of these metals is superconducting. The behavior of the
thermal electromotive force of metals is even less universal.
The lack of universality in the behavior of metals is especially
obvious at low temperatures. In particular, in a number of
quite conventional metals, such as copper, the one-particle
relaxation rate is very anisotropic [55], and to explain this fact
one should consider more general spectral densities than the
averaged Eliashberg function a2�O�F�O�.

We shall now briefly discuss the above-mentioned
possibility of obtaining EPI spectral densities from the
analysis of experimental data. Such a possibility for the
Eliashberg function a2�O�F�O� was revealed rather long ago
by McMillan and Rowell [56]. The work was based on
processing experimental data on the behavior of the tunnel
current at the superconductor ± insulator ± normal metal
(SIN) transition. At low temperatures, the junction conduc-
tivity, i.e. the quantity qI�V�=qV, is expressed in this case in
terms of the density of electron states in a superconductor:

qI
qo
� N�o� � Re

�
o������������������������

o2 ÿ D2�o�
q �

; �51�

where o � eV.
McMillan and Rowell showed that knowing the value of

N�o� from experiment, one can solve the inverse problem for
the Eliashberg equations and determine the function
a2�o�F�o�. Such a procedure was performed for a large
number of conventional superconductors and the function
a2�o�F�o� was obtained. This function appeared to look
much the same in form as the density of phonon states F�o�,
where

F�o� �
X
q;n

d�oÿ oqn� : �52�

This was largely the reason why the Eliashberg function was
written in the form of the product of a certain function a2�o�
by F�o�, although in actuality this is simply a unified function
of energy o defined by relation (31). Figure 5 presents a
fragment of the functionN�o� for Pb. One can clearly see the
nonmonotonic behavior of the function N�o� for o > D,
where the magnitude of the superconducting gap D corre-
sponds to the peak on the curve N�o�. It is in fact from this
nonmonotonic dependence N�o� that, as was shown by the
physicists of Donetsk (Ukraine) [57], the information on the
Eliashberg function is obtained. Furthermore, one can have
an idea of the form of the function a2�o�F�o� also without
solving the inverse problem because the function q2I�V�=qV 2
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in the nonmonotonic domain reproduces the form of
a2�o�F�o� with the only difference being that the maxima of
the function a2�o�F�o� correspond to the minima of the
function q2I�V�=qV 2 and vice versa.

Allen [52] suggested a procedure for obtaining the
transport spectral density a2tr�o�F�o� from measurements of
the optical conductivity s�o�. This can most easily be done
forT5YD. Expression (36) for the relaxation rate can in this
case be written as [52, 53]

1

ttr�o� �
2

o

�o
0

dO�oÿ O�a2tr�O�F�O� ; �53�

wherefore it is readily seen that

d2

do2

�
o

1

ttr�o�
�
� 2a2tr�o�F�o� : �54�

And according to formula (35), o�1=ttr�o�� can be repre-
sented in the form

o
1

ttr�o� �
o2

pl

4p
oRe

�
1

s�o�
�
: �55�

Thus, expressions (54) and (55) completely solve the problem
of finding the function a2tr�o�F�o� from experimental data on
the optical spectra of metals at low temperatures T5YD.
However, there are actually no papers reporting the applica-
tion of this procedure to conventional metals for finding the
function a2tr�o�F�o�. The complexity of such studies is largely
due to the important role of anomalous skin-effect in such
metals [58], which is the cause of the difficulties in determining
the optical conductivity s�o� for sufficiently small o

corresponding to the region of the phonon spectra. None-
theless, the corresponding studies were carried out for
superconducting lead [59] where the light absorption coeffi-
cient was measured. The simplified expression, due to Allen
[52], for the optical conductivity ss�o�

ss�o� �
o2

pl

4po
1

otstr
; �56�

where

1

tstr�o�
� 2

o

�oÿ2D
0

dO�oÿ O�E
��

1ÿ 4D2

�oÿ O�2
�1=2�

� a2tr�O�F�O� : �57�

was used for the relaxation rate in the superconducting state.
In this expression, E�x� is a total elliptic integral of second
kind. Formulas (56) and (57) were obtained under much
simplifying assumptions allowing for the electron scattering
by phonons but neglecting the dependence of the order
parameter D on the energy o. A somewhat detailed analysis
of the validity of the corresponding approximations has not
yet been carried out.

The possibility of obtaining the function a2tr�o�F�o� for
the superconducting state by direct differentiation of
o�1=tstr�o�� by analogy with formula (54) has not been
examined either.

The inverse problem was solved in paper [59], where the
known 1=tstr�o�was used to calculate the function a2tr�O�F�O�
from expression (57). The results of processing show that the
function a2tr�o�F�o� coincides rather well with the Eliashberg
function obtained from the analysis of tunneling data,
although the transport function possesses a much more
pronounced structure. This may perhaps be explained by the
special role of some phonon modes in the electron scattering
by phonons. Some papers have recently appeared devoted to
the determination of the transport spectral density also for
high-temperature superconductors, but we shall discuss this
point more extensively in the next section of the review.

As has already been mentioned, the knowledge of only
two EPI spectral densities, i.e. the functions a2�O�F�O� and
a2tr�O�F�O�, does not of course allow the description of all the
thermodynamic and kinetic properties of metals especially if
these metals show substantial anisotropy of either the Fermi
surface or the electron ± phonon scattering. The dream of
many researchers in the field of solid state theory was
therefore the creation of a procedure allowing ab initio
calculations of the electron and phonon spectra of metals
and the matrix elements of the electron ± phonon interaction.
Such attempts [60] were made long ago within the so-called
electronic band-structure theory. A rather comprehensive
discussion of this problem can be found in our reviews [51,
61], and nowwe shall very briefly consider the basic principles
of such calculations and present some concrete results
obtained in this way.

The ab initio electronic band theory is based on the
method of the density functional [62] proposed by Kohn.
Applying this method, one can reduce the calculation of the
ground-state properties (as well as the thermodynamic
functions) of a system of electrons interacting with one
another and with the external potential (the nuclear
potential in the case of crystals) to the solution of one-
particle problem for the electron in a self-consistent field.

1.15

1.10

1.05

1.00

0.95

0.2

0

ÿ0.5

1.0

0.5

0 5

5

10

100

0

1

2

3

Energy, meV

Figure 5. 1 Ð Derivative of the density of states with respect to energy,

q2I=qV 2; 2Ðthe density of states of superconducting Pb; 3Ðthe quantity

a2�o�F�o� found by inversion of the Eliashberg equation for the gapD�o�.

October, 2000 High-temperature superconductivity: the current state 973



The corresponding SchroÈ dinger equation (called the Kohn ±
Sham equation) has the form [62]�
ÿ 1

2m
H 2 �

X
n

Vn�rÿ Rn� � e2
�
n�r0� dr0
jrÿ r0j � Vxc�r�

�
� ckl�r� � eklckl�r� ; �58�

and the electron density is expressed in a standard way in
terms of the wave functions ckl�r�:

n�r� �
Xekl�m
k;l

jckl�r�j2 ; �59�

where m is the chemical potential. The condition

ekl � m �60�
specifies the corresponding Fermi surface in the case of
metals. The quantity Vxc�r� is the so-called exchange-
correlation potential

Vxc�r� � dExcfn�r�g
dn�r� ; �61�

whereExcfn�r�g is the exchange-correlation energy functional
dependent on the electron density. The exact value of this
functional is unknown, and in calculations the local density
approximation is typically used:

Excfn�r�g �
�
exc
�
n�r��n�r� dr ;

where the function exc�n�r�� is replaced by its value for a
homogeneous electron gas of the same density n. Solutions of
equation (58), determinedwithinDFT, describe the electronic
band structure of a crystal.

In the first place we shall point out the similarity of the
Kohn ± Sham equation to Landau's quasi-particle problem
for a system of interacting electrons in a rigid lattice discussed
earlier. Equation (58) also describes a set of electronic states
in a rigid lattice, but formally they have no more similarities.
The electron energies ekl obtained from the Kohn ± Sham
equation in the framework of DFT formally have no physical
meaning. Moreover, the Fermi surface determined by these
energies from condition (60) is not obliged to coincide with
themeasured one [63] either. Furthermore, with allowance for
the nonlocality of exchange-correlation effects these two
surfaces must not coincide [64]. The point is that a real
Fermi surface in a metal, as was shown by Luttinger [65], is
described by an equation quite different from (58), namely,�

ÿ H2

2m
�
X
n

Vn�rÿ Rn� � e2
�
n�r0� dr0
jrÿ r0j

�
ckl�r�

�
�
dr0Sxc�r; r0; 0�ckl�r0� � ekl ckl�r� : �62�

Here Sxc�r; r0; 0� is the exchange-correlation self-energy part
of the exact one-particle Green function. Equation (62) may
be regarded as a definition of another electronic band
structure of a crystal.

Even mathematically, equations (58) and (62) differ
notably from each other because the exchange-correlation
potential Vxc�r� is a local operator and Sxc�r; r0; 0� is a
nonlocal integral operator, and the eigenvalues of these

equations, i.e. the quantities ekl, cannot be coincident in the
general case. Unfortunately, it is rather difficult to find out
how much these quantities actually differ since the electronic
band structure corresponding to equation (62) has never been
calculated for real metallic systems. A single paper [66]
apparently exists presenting numerical calculations of the
band structure from equation (62) for a one-dimensional
Hubbard chain and showing that the given band structure
possesses a whole number of rather specific properties.

It should immediately be noted that the band structure
obtained either from (62) or (58) does not describe the
spectrum of one-particle excitations of the system of
electrons in a metal. This spectrum is determined by the one-
particle Green function G�r; r0;o� which has the form

Gÿ1�r; r0;o� � ÿ H2

2m
�
X
n

Vn�rÿ Rn� � e2
�
n�r0� dr0
jrÿ r0j

ÿ Sxc�r; r0;o� : �63�

As is seen from this formula, the spectrum of one-particle
excitations is specified not only by the nonlocal coordinate
dependence Sxc�r; r0;o�, but also by its dependence on the
energy o. This leads, in particular, to an additional mass
renormalization of quasi-particles and to damping due to the
imaginary part of Sxc�r; r0;o�. Thus, there is formally no
reason to identify the electronic band spectrum described by
the Kohn ± Sham equation (58) with the real spectrum of one-
electron excitations in a metal. Such attempts were, however,
made long ago. Themajority of theoreticians, especially those
engaged in the many-body problem and in the application of
field theory methods in solid state physics, showed and now
show an exceptionally skeptical attitude towards such
attempts. This skepticism was most vividly expressed by
M Norman [19] at the 1991 `Fermiology of HTSC Systems'
Conference held at the Argonne National Laboratory. The
proceedings of this conference were published in [67]. The
passage fromNorman's concluding talk is presented in Fig. 6.

As follows, among other things, from Norman's views
cited in the figure, the DFT band spectrum describes to good
accuracy real Fermi surfaces even in HTSC systems. The
situation with the majority of other investigated metals [63] is
exactly the same or perhaps even somewhat better.

In identifying the DFT spectrum with a real excitation
spectrum of a system of interacting electrons in a rigid lattice,
one can, ignoring the ill feeling of colleagues, go farther than
simply establish the form of the Fermi surface. Using the
Kohn ± Sham equation, one can calculate the optical and
kinetic characteristics of metals, as well as EPI matrix
elements and EPI spectral densities. Such attempts have also
been made for a long time. Without derogating the merits of
other researchers in this field (the references can be found in
our original papers [51, 61, 68 ± 70]), we find it more
convenient to present here the results of our own studies for
they include calculations for a large number of metals.

Considering the Kohn ± Sham equation as a standard
one-particle equation for electronic excitations, one can
readily write the expression for the dielectric function e�o�
of such a system [69]:

e�o�� eintra�o�� 8p2

3m2

X
k;l;l0

fkl�1ÿ fkl0 �jPk
ll0 j2

�ekl ÿ ekl0 �2�ekl0 ÿ ekl ÿ oÿ id� :

�64�
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The first term here stands for the intraband contribution and
the second, respectively, for the interband one. The quantity
P k
ll0 specifies the matrix element of the optical-transition

operator:

P k
ll0 �



ckl0 jiHjckl

�
: �65�

The intraband contribution can be written as the standard
Drude formula

eintra�o� � 1ÿ o2
pl

o�o� i=t� ; �66�

where the plasma energyopl is described by formula (40). The
relaxation rate 1=t can be found from the static electrical
resistivity. Such an approach to the determination of 1=t is
fairly justified when used to describe the optical spectra of
most metals at room temperature. For HTSC systems, the
approach to the calculation of the intraband contribution
should be more rigorous, and we shall discuss it in the next
section. Employing the energies ekl and the wave functions
ckl�r� obtained from the solution of the Kohn ± Sham
equation, one can calculate e�o� and all the optical character-
istics of metals. The results of such calculations for Pd are
presented in Fig. 7. The figure shows that this approach,
despite the absence of any convincing direct proof of the
possibility of its usage, leads to surprisingly good agreement
for the optical spectra and the electron energy loss spectra
L�o� � ÿIm�1=e�o�� both for simple and transitionmetals. It
has recently been shown [71] that the results of calculations
for Pd can be significantly improved by the use of the theory
of the time-dependent density functional [72]. This approach
allows for the dependence of the exchange-correlation
potential Vxc�r� on the density n which in the presence of an
alternating external field depends in turn on both the
coordinates and time, n�r; t�. Our detailed calculations [70]
have shown that the optical spectra of a large number of
simple and transition metals, including some magnetic
metals, are described in this approach with almost the same
accuracy as for Pd. Furthermore, the magnetooptic char-
acteristics of metals were also shown [73] to be rather well
described with the help of the DFT spectra of metals.

Attempts have repeatedly been made (see [60] and the
references in [51]) to calculate the matrix element and spectral
densities of EPI by considering the Kohn ± Sham equation as
a standard one-electron operator. The idea of these calcula-
tions is rather simple. The matrix element is written as

gkk0 �
�
drck0lHVeff�r�ckl ; �67�

where the effective potential has the form

Veff�r� �
X
n

Vn�rÿ Rn� � e

�
n�r0� dr0
jrÿ r0j � Vxc�r� : �68�

For further calculations, experimental phonon spectra were
normally used. This one-particle approach has recently been
extended [74, 75] to a self-consistent calculation of both the

Figure 6. Quotation from the talk by M Norman [19] illustrating the attitude of many theoreticians to the electronic band theory.
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phonon spectra of metals and the EPI matrix elements. The
main difference of this method from the previous calculations
is the use of the linear response theory in calculation of the
electron density variation under nuclear displacement corre-
sponding to one or other phonon mode. In particular, the
expression for EPI matrix element within this approach can
schematically be represented as

gkk0ll0 �
�
drc�k0l0dVeff�r�ckl ; �69�

where

dVeff�r� �
X
n

HnVn�rÿ Rn� � e2
X
n

�
Hndn�r0�
jrÿ r0j dr0

�
X
n

dVxc�r��
dn�r0�Hndn�r0� dr0 : �70�

The change in the electron density has the form

dn�r� �
XeF
k;l

ÿ
c0
kl�r�dckl�r� � c:c:

�
: �71�

The quantity dckl�r� is calculated using the Sternheimer
method [76] which consists in the numerical solution of the
inhomogeneous Kohn ± Sham equation. This method is
presented in detail in our review [51], and we shall not
touch upon it here. Figure 8 gives the results of our
calculations of the Eliashberg function for Nb which, as in
the case of optical spectra, demonstrate a very good
agreement with experiment. The difference of the function
a2�o�F�o� for Nb in the region of the second peak is due
rather to the drawbacks of experimental measurements than
the theoretical calculation. One should remember that all
these calculations are carried out without employing any
adjustable parameters. In fact, only the number of the
element in the periodic table is used.

Concluding this section, we shall briefly summarize the
consideration of the question of what a conventional metal is.
First of all, a conventional metal is such a metal whose
electron subsystem in a rigid lattice is well described by the

Landau Fermi-liquid theory. Furthermore, the very para-
meters of this theory are rather well specified using the
electronic band theory based on DFT. Unfortunately the
above-mentioned facts cannot be accurately and rigorously
grounded, but they can be easily confirmed by direct
numerical calculation of the corresponding properties of
metals. Possible reasons for such behavior of conventional
metals can be found from studies of a homogeneous electron
gas [77, 78], where the exchange-correlation self-energy part
Sxc�k;o� in the range of densities corresponding to those of
realmetals was shown to be a very smooth function of k ando
changing strongly only for Dk � kF and Do � eF.

3. How far are superconducting cuprates
from `conventional' metals?

Proceeding to the discussion of the properties of cuprates with
high Tc values, we have to note first of all that we shall mainly
deal with optimally doped compositions. First, because these
systems are most often considered as unconventional metals
that demonstrate non-Fermi-liquid behavior and various
anomalies. Second, as we shall try to show at the end of this
section, the behavior of underdoped and overdoped HTSC
systems is in fact much farther from the behavior of
`conventional' metals considered above. We shall begin the
discussion with the results of calculations of the electronic
band structure.

As has been mentioned above, the Fermi surfaces of
HTSC metals calculated within DFT are in good agreement
with experimental data. This follows both from our own
calculations [79] and those reported by a large number of
other research groups (see review [80] and references therein).
A detailed analysis of this problem was presented in the talks
at the above-mentioned meeting at the Argonne National
Laboratory [67]. A good coincidence of Fermi surfaces proves
that even if the exchange-correlation effects in these systems
are strong, they do not lead to strong spatial nonlocality of
the exchange-correlation self-energy part of the one-particle
Green function. This fact follows immediately from compar-
ison of the Kohn ± Sham equation (58) and equation (62)
which specifies a Fermi surface. This means in turn that if the
behavior of optimally doped systems shows up some serious
peculiarities, they are mostly determined by the energy
dependence of Sxc�r; r0;o�.

For a number of HTSC systems, optical characteristics
were also calculated [81 ± 85] on the basis of the electronic
band structure, the calculation procedure being exactly the
same as described in the preceding section for conventional
metals. Calculations performed by different groups slightly
disagree because unlike methods were employed, but the
variance is small enough. In what follows we shall present
the results of our calculations [81 ± 83] as they underwent a
much more thorough comparison with experimental data
both in our own works and in the works by experimentalists.

Figure 9 presents the results of our calculations [81] of the
imaginary part of the dielectric function Im e�o� for
La1.84Sr0.16CuO4 and the experimental data for this function
obtained by the Japanese group [86]. As noted in the
experimental paper [86], the theoretical and measured values
of Im e�o� for energies o02 eV show an almost perfect
coincidence. This makes it possible to determine from
theoretical calculations such an important characteristic of
HTSC systems as e�0� which is the contribution of high-
energy interband transitions to the low-energy (o < 1 eV)
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0 2 4 6 o, THz
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Figure 8. Eliashberg function for Nb. The solid curve represents calcula-

tions and the points correspond to experimental data.
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electron polarizability:

e�0� � 1�
�1
3 eV

Im e�o0�
o0

do0 : �72�

In the majority of superconducting cuprates this quantity is
sufficiently large, e�0� � 6ÿ10. We would like to point out
the intense interband transition foro � 1 eV, obtained in our
calculations. Traces of this transition for the same energies
are also seen on the experimental curves. In our calculations
the peak intensity is certainly overestimated, which can
readily be explained: these calculations were carried out
rather long ago on a poor computer using a small number of
k-points in the integration over the Brillouin zone. A much
more detailed consideration was given to the optical spectra
of YBa2Cu3O7 by several research groups. We shall now
proceed to a detailed discussion of these results.

First of all, we would like to specify some points of our
preceding discussion of calculation of the optical spectra of
metals. Up to now we have considered the dielectric function
e�o� and the optical conductivity s�o� as scalar functions of
energy. This is actually correct for cubic crystals. Our above-
mentioned calculations for simple and transition metals were
performed for this particular structure. Superconducting
cuprates possess either tetragonal or even orthorhombic
symmetry. For these, both e�o� and s�o� are tensors eab�o�
and sab�o� which can be diagonalized. So, for tetragonal
symmetry we have

exx�o� � eyy�o� 6� ezz�o� ; �73�

and for orthorhombic symmetry Ð

exx�o� 6� eyy�o� 6� ezz�o� : �74�

Here the z axis is assumed to be aligned with the c axis
perpendicular to CuO planes. The transport processes along

the z axis are of course not described with good accuracy in
the electronic band theory. This question is very important
and interesting, but its discussion deviates from the theme of
this review. Formally, components of the dielectric function
and optical conductivity tensors are calculated in the same
way as for cubic crystals, but with replacement of the optical
transition operator H in (65) by respectively q=qx, q=qy, and
q=qz.

Figure 10 presents the results of our calculations [82, 83]
of the reflection coefficient in the CuO plane for YBa2Cu3O7

together with the experimental data obtained for films of this
compound. It should be noted that the theoretical and
experimental results are on the whole in good agreement.
Our calculations were naturally carried out for the single
crystal and demonstrate the fairly strong anisotropy of the
reflection factor along a and b axes. Here the b axis is directed
along the chains consisting of Cu and O atoms and the a axis
is perpendicular to them. The films in the experiments did not
show a distinguished direction for chains because of twinning
effects. In Figure 11 we present the results of our calculations
[82, 83] of the function L�o� � ÿIm�1=e�o�� which describes
the energy loss spectrum in a crystal. The agreement between
the experimental and theoretical values for this function is
also rather good, at least not worse than for any transition
metal. We should emphasize the good coincidence between
experiment and the calculations in the description of the low-
frequency plasma oscillation due to conduction electrons for
o � 1 eV. The function L�o� was measured for most of the
cuprates [90], and its form differs little from compound to
compound. The L�o� curve shows two distinct singularities.
These are, first, the low-frequency plasma oscillation of
valence electrons for o � 1 eV in all metallic compounds
and, second, a strongly developed spectrum of charge density
fluctuations stretching from energies o � 2 eV to
o � 40ÿ50 eV. Such a density fluctuation spectrum leads to
high values of the static dielectric constant e�0� � 6ÿ10 and,
therefore, to a strong screening of the Coulomb interaction.

Figure 12 is a plot of the calculated reflection coefficient
[82] for YBCO along the a and b axes for a smaller energy
interval than that of Fig. 10, which makes a comparison with
the experimental data obtained with twin-free single crystals
[91 ± 94] easier. Well pronounced in Fig. 12 is the strong
anisotropy of the reflection coefficient along the a and b axes,
which is clearly observed in the experiments as well. The most
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detailed comparison of experimental data with our calcula-
tions [82, 83] was undertaken by the ZuÈ rich group [91]. They
reported a surprisingly good general agreement between the
experimental and theoretical data on the anisotropy of the
reflection coefficient, including even the intersection of R�o�
curves for energies o � 3ÿ4 eV. Moreover, their paper
examined in detail the interband transitions revealed in our
calculations. Themost intense of these transitions, the one for
o � 0:4 eV, is also clearly pronounced on the curve of
reflection along the b axis. The presence of an intense
interband transition in the b direction, i.e., in CuO chains,
for energies o � 0:4 eV was noted in the early paper by the
Leningrad group [92]. The existence of all interband transi-
tions calculated by us in the energy range undero � 4 eV was
confirmed in paper [91]. The only difference is that in
experiments the interband transition in the plane (i.e., along
the a axis) for energies o � 0:6 eV has a somewhat higher
intensity than follows from our calculations. The general
conclusion drawn in paper [91] is that the optical spectra of an
optimally doped YBCO system are very well described within
the standard electronic band theory at least for energies
o00:5 eV.

In the range of low energies, the situation is much less
rosy. In our calculations [81 ± 83] we described the intraband
transitions using the simplest approximation, namely, the

standard Drude formula for conductivity:

s�o� � o2
pl

4p
1

ÿio� 1=t
: �75�

The plasma frequency opl was calculated on the basis of
the electronic band structure, and the magnitude of the
relaxation rate was determined from comparison with static
electrical resistivity. This approachworked adequately for the
simple and transition metals investigated by us before. In
cuprates, however, the simple Drude formula (75) does not at
all describe the experimental data. In one of the early
experimental investigations [94] of the optical spectra of
YBa2Cu3O7 single crystals it was noted that the low-energy
behavior of the reflection coefficient R�o� and the optical
conductivity s�o�, which are due to the reflection of light
from the CuO plane, is rather well described by the general-
ized Drude formula with a frequency-dependent effective
mass m��o�=m and relaxation rate 1=t�o�. It was also
pointed out that the quantity

1

t��o;T� �
1

t�o;T�
m

m��o;T�

demonstrates an unusual, according to the authors of [94],
linear dependence on o up to energies o � 2000 cmÿ1

(0.25 eV). Such a behavior of the function 1=t��o� was
customarily identified, both by the authors themselves and
by many other researchers, with the non-Fermi-liquid
behavior of electrons in HTSC systems. The `marginal'
Fermi liquid [95], the Luttinger liquid and the `nesting' type
peculiarities of an electron spectrum [25] were considered as
possible models of such a behavior of the relaxation rate. We
showed rather long ago [96] that the data reported in paper
[94] can quite naturally be explained in the framework of the
strong EPI model.

Our calculations were carried out according to the
following scheme. To calculate the intraband contribution
to the dielectric function (DF), we used the expression

e�o� � e�0� � 4pi
o

s�o� : �76�

Here e�0� is the contribution of interband transitions to the
low-energy part of DF. We obtained its value e�0� � 8 earlier
using the electronic band structure calculations. For the
optical conductivity s�o� we employed the generalized
Drude formula (35). According to the ab initio calculations
[82] and the analysis of the experimental data [97], the plasma
energy of electrons was chosen to be 3 eV. Unfortunately, no
comprehensive data on the transport spectral density of EPI
necessary for the calculation of optical conductivity are
available. For this purpose we used a function of the form
a2tr�o�F�o�which gives a rather reasonable density of phonon
states inHTSC systems [98]. This function is plotted as a solid
line in Fig. 13. The only adjustable parameter in the
procedure is thus the EPI constant

ltr � 2

�1
0

a2tr�o�F�o�
o

do :

The best agreement with experimental data is obtained for
ltr � 2:1. The same Fig. 13 presents the results for a2tr�o�F�o�
obtained from calculations of s�o� according to formula (54)
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from the preceding section:

a2tr�o�F�o� �
d2

do2

�
oRe

1

s�o�
�
:

As can be seen from Fig. 13, even at rather low temperatures
(T � 10 K) this formula poorly reproduces the function
a2tr�o�F�o�. At higher temperatures (T � 100 K), the situa-
tion is even worse. A very rough idea of the spectral density of
EPI can be derived from experimental data on conductivity
with the help of this formula because for T < 93 K the
investigated system is in the superconducting state. Some-
what better results can be obtained from the solution of the
inverse problem of the reconstruction of this function from
the solution of the integral equation for the function 1=ttr�o�
or directly from the reflection coefficient R�o�. This point is
to be discussed later.

We have recently undertaken [99] a more thorough
examination of the frequency and temperature dependences
of the optical reflection coefficient in the YBCO system. For
the analysis we used the experimental data obtained byNicole
Bontemps's group with high-quality YBCO films. For the
calculation we exploited the same approach as that described
above. The only difference was that the contribution of
interband transitions in the IR spectral region was added to
formula (76) for DF. This contribution had the form of a
broad Lorentzian:

einter�o� � o2
in

o2
e ÿ o2 � i�o=te� : �77�

The following values of parameters were used in equation
(77): oin�6000 cmÿ1, oe�5800 cmÿ1, and 1=te� 9000 cmÿ1.
These parameters were chosen in close accordance with our
ab initio calculations for interband transitions in the YBCO
system [82].

Figure 14 gives the results of calculations and the
experimental data [99]. The value l � 2 was used for the EPI
constant. It is clearly seen in the figure that the strong EPI

model reproduces commendably both the frequency and
temperature dependences of the reflection coefficient for an
YBCO film over broad energy (up to 6000 cmÿ1 and
temperature ranges. A comparison of the theoretical calcula-
tions and the experimental data at T � 300 K over a wider
energy range is shown in the inset. Some discrepancy in these
data for o > 1 eV is seen, but it can easily be eliminated by a
more accurate account of the interband transitions for
energies o � 1 eV. It should be noted that this approach
also excellently describes the static electrical resistivity r�T� of
these films, which increases linearly with temperature for
T > Tc. Moreover, even the agreement with the absolute
value of r�T� is very good.

It is commonly stated that the relaxation rate 1=t�tr�o�
grows linearly in HTSC systems with increasing energy o up
to o � 1 eV. The strong EPI model cannot naturally cause
such behavior of 1=t�tr�o�, which can be readily verified from
the results of the calculation of this quantity presented in the
preceding section. It actually has a quasi-linear dependence
on o below o � �2ÿ3� omax and then it grows much more
slowly tending to saturation for o � �8ÿ10� omax, where
omax is the maximum phonon energy equal to � 0:1 eV
(800 cmÿ1). The significant difference of HTSC systems
from the majority of other metals is associated with the
absolute values of 1=t�o;T�. So, even in the static limit, where

1

t�0;T� ' 2plT

its value reaches � 0:1 eV, which exceeds more than tenfold
the temperature value itself. Such high 1=t�o� values have
recently been observed in the photoemission measurements
[100].

In the analysis of experimental data on the behavior of
1=t�o� in the YBCO system [25, 101], the intense interband
transitions in the IR spectral region are often disregarded.
This circumstance, as shown in our paper [96], entails a
fictitious increase of 1=t�tr�o� precisely due to the interband
transitions.

In this context, the studies of bismuth [102] and thallium
[103] cuprates appear to be much more informative for the
analysis of the frequency dependence of 1=t�o�. Although no
ab initio calculations of the optical spectra of these com-
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pounds have been made to the best of our knowledge, one
can conclude even from the electron spectra calculated for
them that the existence of intense interband transitions is
highly improbable in the IR region of their spectrum.
Figure 15 presents the graphs of the energy dependence of
the effective mass m�tr�o�=m and the relaxation rate 1=t�tr�o�
for Bi2Sr2CaCu2O6 as published in [102]. These results clearly
indicate that neither the marginal Fermi liquid theory [95],
nor the Luttinger liquid theory [101] can describe them over a
reasonably broad energy range. Figure 16 shows perfect
agreement with experiment for m�tr�o�=m and 1=t�tr�o�
calculated [104] within the model of strong EPI with the
coupling constant l � 1:9. Similar results for 1=t�tr�o� were
obtained for thallium compounds as well [103].

The results of calculations and their comparison with
experimental data, which we presented above, convincingly
demonstrate, in our opinion, not only the possibility of
explaining the properties of the normal state of optimally
doped systems using the strong EPImodel, but also the actual
validity of this model. The only alternative to EPI for the
description of relaxation processes might be the interaction
among electrons and spin fluctuations. This approach was
developed by the group headed by D Pines [21, 22] and is
supported by a large number of other researchers engaged in
the study of HTSC systems. It will be shown now that in
actuality the interaction of electrons with spin fluctuations
cannot in principle explain the relaxation of charges and
currents in HTSC systems. First of all, as follows from the
preceding consideration, the excitations with energies
o9�5ÿ6�Tc responsible for the electron relaxation must
exist to explain the linear dependence of electrical resistivity
for T > Tc and the temperature- and frequency-dependences

of the relaxation rate. It is quite clear that the greater part of
the phonon spectrum in HTSC systems satisfies this condi-
tion. The solution of the inverse problem of the intermediate-
boson spectrum reconstruction from experimental data on
the reflection (or absorption) coefficient in HTSC systems
and heavy-fermion systems was given in paper [105]. The
paper reported a close coincidence between the spectrum of
intermediate bosons responsible for electron relaxation and
the phonon spectrum in HTSC systems. In heavy-fermion
systems, this spectrum coincides with low-energy
(o � 10 cmÿ1) spin fluctuations. An analogous result was
obtained [104] from the solution of the inverse problem for
the function 1=t�o� obtained for BSCCO in the above-
mentioned experimental paper [102]. Since the inverse
problem was solved for the normal-state spectra, i.e., for
sufficiently high temperatures, the calculated spectrum of
intermediate bosons does not reproduce the details of the
actual spectrum of phonons or any other excitations. It rather
resembles the result obtained by a differentiation of
oRe�1=s�o��, which appears as the dashed line in Fig. 13.
Nonetheless, this procedure allows a correct reconstruction of
a few first moments of the function a2tr�o�F�o�, including the
coupling constant ltr and the mean effective energy of these
bosons

�o � 2

ltr

�1
0

a2tr�o�F�o� do : �78�

Themost significant result of this analysis, besides the fact
that the spectrum of intermediate bosons lies in the same
energy range as the phonon spectrum, is the proof of the
existence of high values of the coupling constant with
intermediate bosons, ltr � 2, in HTSC systems. Practically
the same result was obtained in the recent paper [106]. The
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coupling constant l calculated in [106] appeared to be even
greater than ours, ltr � 2:6. True, the authors of [106]
associated their spectrum with spin fluctuations. The impos-
sibility of coupling constants ltr � 2 for spin fluctuations
becomes obvious from considerations, of the type of those
presented in the introduction, concerning the role of the
residual quasi-particle interaction. Since the static electrical
resistivity in HTSC systems demonstrates a linear tempera-
ture-dependence from T � Tc and on, the relaxation rates for
both EPI and the interaction with spin fluctuations can
formally be written as

1

tph
� 2plphT �79�

and

1

tsp
� 2p~lspT : �80�

The coupling constant with spin fluctuations determining
the linear dependence r�T� can be written in the form [21, 31,
109]

~lsp � 2
X
q

�T
0

do
o

g2sp Im w�q;o� : �81�

Here gsp is the matrix element of the interaction among
electrons and spin fluctuations, and w�q;o� is the magnetic
susceptibility of the conduction electrons.

It is more convenient to rewrite ~lsp in the form

~lsp � lsp
~ns
ns
; �82�

where lsp is the total coupling constant of electrons with spin
fluctuations. It is specified by the same expression as (81), but
with the energy integral going to infinity. This coupling
constant lsp determines, in the model of spin fluctuations,
the value of the critical temperature of a superconducting
transition for d-pairing [21]. The quantity ns specifies the total
number of spins in the conduction band in the CuO plane:

ns �
X
q

�1
0

do Im w�q;o� : �83�

In HTSC systems ns � 1. The quantity ~ns determines the
number of spin excitations in the energy range up to o � T:

~ns �
X
q

�T
0

do Im w�q;o� : �84�

Spin fluctuations observed, for example, with the help of
neutron scattering actually exist in HTSC systems. In
particular, the peak of the function Im w�q;o� is observed
foro � 30meV and the wave vector q � �p; p� corresponding
to the period of the antiferromagnetic ordering in the
YBa2Cu3O7 system. These antiferromagnetic fluctuations
may in particular be responsible for the anomalous behavior
of the relaxation time of the nuclear magnetic spin on Cu
nuclei [21, 22]. A detailed examination of the function
Im w�q;o� up to energies o � 30 meV and for a large number
of wave vectors qwas undertaken in paper [109]. It was shown
using the sum rule (82) that for the indicated energy range
(o930 meV) the value of ~ns is only 3.2% of the total number
of spins ns. The most optimistic estimates following from the

model of d-pairing due to spin fluctuations give the total
coupling constant lsp91, which suggests that the spin
fluctuations are unable to explain either the absolute values
of the optical relaxation rate 1=t�o� or its temperature and
frequency dependence. In order that the optical relaxation
due to spin fluctuations could be described, their whole
spectrum must be displaced to the low-energy region
o90:1 eV, as follows from what has been said above,
including the numerical solutions of the inverse problem of
the intermediate-boson spectrum reconstruction [104 ± 106].
Such `softening' of the whole spectrum of spin fluctuations
seems to have no physical grounds.

Thus, in our opinion the above discussion unambiguously
suggests the conclusion that the properties of the normal state
of optimally doped HTSC systems differ little from the
properties of many other `conventional' metals. Remember-
ing the promise, given in the introduction, `not to juggle with
facts or sweep the dust under the rug', we now have to make
some remarks to show that everything is not so simple even in
optimally doped phases.

First of all, as we and many other authors have already
pointed out, the measured Fermi surfaces in cuprates are well
described by the theory of electronic band structure [67].
Papers have recently appeared that cast doubt on this
assertion [110, 111]. The Fermi surface of BSCCO was
measured again, this time by angle-resolved photoemission
using incident photons with an energy of 33 eV. Up to the
present time such measurements have made use of lower-
energy photons. The results of these measurements are
presented in Fig. 17. Figures 17 a, c show the dependence of
the electron energy on themomentum e�k� and the formof the
Fermi surface obtained in earlier experiments. Figures 17 b, d
give the same quantities, but obtained using photons with an
energy of 33 eV. As is seen from the figure, the new Fermi
surface and the electronic spectrum differ substantially from
those assumed before. First, the Fermi surface transforms
from open to closed and, second, the so-called generalized
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saddle point under the Fermi surface, which is actively used in
many theories of HTSC systems, disappears. Figures 17 b, d
account for the differences in the electron spectrum when
photons of different energies are used in measurements.
According to the authors of Refs [110, 11], photons of lower
energy excite the surface or some other states not referring to
the states of conduction electrons, which mask the actual
form of the Fermi surface near the point M of the Brillouin
zone. It is not yet time to discuss in detail the consequences
that the existence of a closed Fermi surface will have for many
theories of HTSC systems because the results of these
measurements themselves were put in question in quite
recent papers [112, 113].

One more difficult problem in HTSC systems arose after
the observation in [114] of a linear increase of resistivity with
temperature in the compound Bi2Sr2CuOx beginning right
fromTc. The whole nontriviality of this dependence lies in the
fact that the Tc value for this system is equal to 7 K! This
example has since then been used as the principal argument in
the proof of non-Fermi-liquid behavior of HTSC systems. It
is noteworthy that a paper by another group [115] was
simultaneously published which reported a linear growth of
resistivity in the system Bi2Sr2CuOx beginning from much
higher temperatures. This situation was experimentally
examined at length in the paper by Vedeneev et al. [116].
They showed that in high-quality single crystals with
Tc � 5 K, the resistivity demonstrates the standard behavior
described by the Bloch ±GruÈ neisen formula with Debye
temperature YD � 270 K. But this is only half the truth. The
other half is that there exist samples of somewhat worse
quality but with higher Tc � 10 K which do possess a linear
dependence r�T� up to Tc � 10 K. It is somehow very hard to
believe that with an insignificant worsening of single crystal
quality and a slight increase of Tc the electron system in
Bi2Sr2CuOx transforms from a Fermi liquid to a Luttinger
liquid. The above-described standard approach to an EPI
system clearly fails to account for the linear dependence r�T�
up to T � 10 K. It should be noted, however, that transport
processes in two-dimensional systems exhibiting strong
electron ± phonon interaction and interaction with impuri-
ties and defects have not yet been completely investigated
[117]. The solution of the problem of `superlinear' behavior
of r�T� in some Bi2Sr2CuOx samples should in our opinion be
sought in some peculiarities of two-dimensional systems
rather than in new physics.

The last problem in the list, but probably not the last in
importance, which we shall briefly discuss at the end of this
section is the strong anisotropy of relaxation times even in the
normal state of optimally doped systems. This fact has
recently been observed in experiments using angle-resolved
photoemission. A number of papers discuss the nature of
`hot' and `cold' points on a Fermi surface [118, 119] from the
viewpoint of the spin fluctuation model. We should only like
to emphasize here (a more extensive consideration is given in
the section to follow) that the electron ± phonon interaction in
these systems is also strongly anisotropic.

4. The enigma of the superconducting state
in cuprates

The first thing to be pointed out in this section is the
possibility of explaining high values of the critical tempera-
ture of the superconducting transition in the framework of the
strong EPI model considered above. If the distinctions

between the functions a2tr�o�F�o� and a2�o�F�o� are
neglected, which can normally be done for the majority of
known metals, the solutions of the Eliashberg equations (42),
(43) with the function a2�o�F�o� depicted in Fig. 13 and the
coupling constant l � 2 gives Tc � 93:1 K. Slightly changing
the function a2�o�F�o� and increasing its intensity in the
region of higher-energy phonons and also increasing the
coupling constant a little to the value l � 2:3, one can obtain
Tc � 125 K. Thus, in spite of quite a number of pessimistic
assertions, one can verify that the high Tc values in cuprates
are by themselves not something unusual for strong EPI
systems.

In many theoretical papers, the possible values of the EPI
constant in high-temperature superconducting cuprates were
estimated within DFT [120 ± 124]. In these papers, it was not
the total coupling constants l that were typically calculated,
but the coupling constants of electrons with certain phonon
modes. The frequencies of those modes were determined by
the method of `frozen' phonons [61]. The main conclusion
drawn in these papers is that there exist obvious physical
reasons for the EPI in cuprates to be sufficiently strong. The
estimates of the total coupling constant l made in these
papers yield values of the order of 0:69l91:5. The main
reasons for the relatively large l values in cuprates are as
follows: first, their layered crystal structure which allows
sufficiently high densities of electron states on the Fermi
surface despite a rather small number of electrons per unit
cell; second, the strong hybridization of the wave functions of
electrons in Cu and O atoms on the plane, which allows even
electrons bonded with a light oxygen atom to participate in
EPI; and third, the considerable fraction of ionic bonding in
these compounds. The absence of screening in the direction
perpendicular to CuO planes leads to strong EPI on the plane
because of the change of theMadelung potential on Cu andO
atoms due to the phonons responsible for the motion of the
apex oxygen ion and even Ba and Y ions in the YBa2Cu3O7

system. The coupling constant with such modes is very large
and reaches values ln � 2ÿ4.

The spectral densities of EPI have been calculated [122,
125, 126] for a number of cuprates. We shall return to the
discussion of these papers a little later, and now proceed to a
consideration of experimental evidence of the strong EPI
effects in the properties of the superconducting state of HTSC
systems.

One such effect is a change in the phonon spectra ofHTSC
systems in the transition to the superconducting state. Such
changes are observed in experiments on Raman scattering of
light by optical phonons and the absorption of light by
optically active phonons [127, 128], and also in neutron
scattering experiments [98]. Particularly radical changes
were observed [129] with the help of Raman scattering in the
compound HgBa2Ca3Cu4O10�x with Tc � 123 K. The
changes in the phonon spectra are due to nonadiabatic
effects caused by the electron ± phonon interaction. Such
effects were first predicted in paper [130] for the normal
state of metal, and later they were also calculated for the
superconducting state in the BCS model with isotropic
pairing [131]. These effects are especially strong for optical
phonons with small wave vectors q,

qvF < o0 ; �85�

where vF is the Fermi velocity and o0 is the nonrenormalized
phonon frequency. In the region of wave vectors q specified
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by condition (85), the nonadiabatic effects have no additional
smallness besides the possible smallness of the coupling
constant between a given mode and electrons [132]. For
wave vectors q > o0=vF, nonadiabatic effects become small
to the order of smallness of the ratioo0=eF in the normal state
or the ratio D=eF in the superconducting state. This is the
reason why the nonadiabatic effects are weakly pronounced
in neutron experiments in which phonons with sufficiently
large wave vectors q are involved. However, as shown in
paper [133], the situation may be essentially different in
systems where `nesting' is observed in the electron spectrum,
and therefore strong nonadiabatic effects are possible for
phonons with the wave vector q coincident with the `nesting'
vector. Nonadiabatic effects are also observed in the normal
state of metals possessing optical modes [134] where they may
be substantial for HTSC systems for T > Tc [132].

In all the above-mentioned experiments, the spectral
density of the phonon Green function for the nth mode is in
fact measured:

ImDn�q;o�
� 2o0�q� Im Pn�q;o��

o2 ÿ o2
0�q� ÿ 2o0�q�RePn�q;o�

�2 � 4o2
0�q�ImP2

n�q;o�
;

�86�

where Pn�q;o� is the polarization operator defined by the
phonon-electron interaction. We shall not discuss here the
details of nonadiabatic effects in the normal state, but shall
concentrate on measurements of the spectral density of
phonons for q � 0 precisely in the transition to the super-
conducting state. The corresponding calculations of the
polarization operator Pn�o� were carried out for both
isotropic s-pairing [135] and anisotropic d-pairing [136, 137].
The expression for the function ImPn�o� in the BCS model
can be written in the form [136, 137]

ImPn�o�

� ÿpN�eF�
o

� jgnkj2jD�k�j2yÿo2 ÿ �2D�k��2�����������������������������
o2 ÿ �2D�k��2

q �
tanh

o
4T

;

�87�

where gnk is the EPI matrix element and the brackets imply
averaging over the Fermi surface. In the case of isotropic s-
pairing D�k� is a constant, and neglecting the dependence of
gnk on k we have

ImPn�o� � ÿ pln
o

D2y�o2 ÿ 4D2��������������������
o2 ÿ 4D2
p tanh

o
2T

; �88�

from which it is seen that phonons of energy o < 2D give

ImPn�o� � 0 �89�

and damping is therefore absent. For phonons with o > 2D,
damping will on the contrary increase as the phonon energy
approaches the value 2D. Using the Kramers ± Kronig
relation, one can calculate RePn�o� and determine the
change of the phonon frequency from the relation

o2
n ÿ o2

0 ÿ 2o0 RePn�o� � 0 : �90�

Phonons with o < 2D were shown [135] to become softer
�on < o0� and phonons with o > 2D to become harder

�on > o0� in transition to the superconducting state. The
amplitude of these changes is completely determined by the
coupling constant ln between a givenmode and electrons. The
behavior of a phonon of energy o � 333 cmÿ1 was explained
in [135] in the framework of this approach on the assumption
of s-pairing.

The situation is much more complicated in the case of d-
paring. The dependence of both the energy gap D�k� and the
EPI matrix element gk on the position of the vector k on the
Fermi surface becomes significant because of the averaging in
formula (87) for Im Pn�o� over the Fermi surface. As shown
in [137], the change of the function Im Pn�o�which describes
the width of the phonon line is larger for phonons possessing
the same symmetry as the energy gap D�k�. The shift of the
phonon frequencies changes accordingly. Thus, the change of
phonons of different symmetries in the compoundYBCOwas
described [137]. Nevertheless, the situation with the tempera-
ture dependence of the shift of phonon frequencies and their
widths in HTSC systems remains not quite clear [138] and
necessitates a consideration of anisotropic pairingwith strong
coupling. It is important that all these observations undoubt-
edly demonstrate the involvement of EPI in the super-
conducting pairing.

Further evidence in favor of the manifestation of EPI in
the properties of the superconducting state follows from the
analysis of the tunnel spectra of HTSC systems. As noted in
the preceding section, the Eliashberg spectral function
a2�o�F�o� in the case of isotropic s-paring can be obtained
from the solution of the inverse problem for the Eliashberg
equations (42), (43) with the known function D�o� recon-
structed from measured tunnel characteristics of an SIN
(superconductor ± insulator ± normal metal) junction. In this
case, the derivative of the current Iwith respect to the voltage
V is equal to

qI�V�
qV

� N�V� � Re

"
V�������������������������

V 2 ÿ D2�V�
q #

: �91�

There exist a large number of measurements of tunnel
characteristics of HTSC systems, including measurements on
standard flat SIN junctions [139, 140] and on so-called break
junctions [141 ± 143] in which a crystal break results in a
tunnel junction. In these papers it was emphasized that the
tunnel characteristics obtained in them differ little in form
from those of typical s-superconductors. Moreover, they
resemble the usual tunnel characteristics even more than we
observe, for example, in the so-called electron-doped system
Nd2ÿxCexCuO4 [144] which in all other properties is certainly
close to superconductors with the usual electron ± phonon
mechanism of pairing [31]. In papers [139 ± 144] the tunnel
characteristics were processed in the standard way for s-
pairing, and the EPI spectral density shown in Fig. 18 was
obtained. The same figure presents the density of phonon
states obtained using neutron scattering [98] for comparison.
As we can see, these curves agree rather well. It should
however be emphasized that there exist a large number of
other experiments on the tunnel characteristics of HTSC
systems, including those performed using scanning tunnel
electron microscopy [145, 146], in which the observed shapes
of the I�V� and qI�V�=qV curves were so diverse that it is now
extremely difficult to arrive at a definite conclusion about the
role of EPI in HTSC systems from the study of tunnel
characteristics only.
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The existence of strong EPI in the superconducting state
of HTSC systems was also confirmed by the recent observa-
tion [147] of a structure inside a superconducting gap in the
tunnel characteristics of Josephson junctions with the current
flowing perpendicularly to the CuO plane. The voltages for
which these structures appeared correspond exactly to optical
phonon energies.

In paper [148] it was shown that such a phenomenon is due
to the interaction of Josephson current with phonons, more
precisely, to the radiation of phonons upon electron tunneling
through a junction, in the same manner as so-called Shapiro
steps occur in conventional superconductors upon the
interaction of Josephson current with electromagnetic radia-
tion [149].

Concluding this discussion of experimental evidence that
EPI also exists in the superconducting state of HTSC systems,
we should mention the isotope effect. In single-component
systems with electron ± phonon interaction the value of the
isotope effect a � d lnTc= d lnM (where M is the isotope
mass) is 1/2. It is a known fact [150] that in optimally doped
systems the isotope effect, i.e. the dependence of Tc on the
isotope mass, is practically equal to zero. This effect is
nevertheless existent in a number of underdoped systems
and its value reaches a0 � 0:3 for oxygen.

We should immediately point out that in spite of a large
body of evidence in favor of the existence of strong EPI in
HTSC systems, the standard approach to superconductivity
based on the Eliashberg equations (42), (43) with isotropic
pairing fails to explain the greater part of the superconducting

properties of such systems especially at low temperatures.
This is apparent, for example, from Fig. 19 which reproduces
the reflection coefficient for YBCO films from our paper [99].
The low temperature behavior of the calculated reflection
coefficient differs substantially from that observed experi-
mentally for both low �o < 2D� and high �o > 2D� energies.
For the normal state, on the contrary, these two values
coincide with very good accuracy (see Fig. 19). For low o,
the theoretical curve demonstrates a gap in the excitation
spectrum with a ratio 2D=Tc � 4:6, whereas the experimental
curves do not show this gap certainly. For high energies
�o > 2D�, the calculated function R�o� exhibits oscillations,
typical of superconductors with s-pairing and a strong EPI,
near the reflection coefficient atT � Tc up too � 2000 cmÿ1.
We may state that the standard approach in the EPI frame-
work cannot explain the twomost characteristic properties of
superconductivity in HTSC systems. These are, first, the
strong anisotropy of the energy gap and, second, the high
values of the ratio 2D=Tc � 5ÿ7, which are even very high in
La2ÿxSrxCuO4, where 2D=Tc � 9 [151], and in
Bi2Sr2ÿxLaxCuO6, where 2D=Tc � 12 [152]. It was also
established [153] that in HTSC systems, not only the super-
conducting gap, but also the properties of the normal state are
strongly anisotropic even in the CuO plane. Angle-resolved
photoemission measurements revealed the absence of a well
pronounced quasi-particle peak on the momentum axis
k � �0; kx� near the Fermi surface. In the superconducting
state, a maximum of the energy gap Dk appears on the same
axis. Accordingly, a well pronounced quasi-particle peak
exists in the normal state on the axis kx � ky, where Dk

vanishes. It is known [153] that in photoemission experi-
ments one measures, to the simplest approximation, the
spectral density of the one-particle Green function, i.e., the
quantity

A�k;o� � 1

p
ImS�k;o��

oÿ ek ÿRe S�k;o��2 � �Im S�k;o��2 :
�92�

Without going into the detail of possible explanations
[118, 119] of the observed phenomenon, which are largely
based on the effects of spin-fluctuation interactions, we note
that for the indicated values of momentum k, i.e. on the axis
�0; p�, the quantities Re S�kF;o� and Im S�kF;o� reach their
maximum values. Since both these quantities are at least
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proportional to the interaction constant lk, it follows in turn
that this interaction is strongly anisotropic.

The corresponding anisotropic interaction exists in
systems with strong antiferromagnetic spin fluctuations.
This interaction can be written in the form [154]

Veff � 3

2
U 2w�k0 ÿ k� ; �93�

where U is the electron repulsion on the Cu ion and w�k0 ÿ k�
is the magnetic susceptibility. In the case of antiferromagnetic
fluctuations, the function w�k0 ÿ k� has a sharp peak on the
wave vector k0 ÿ k � �p; p�. The effective interaction Veff�q�
is repulsive for all q, and it is therefore easiest to understand
the reason for the appearance of superconductivity with d-
pairing under this interaction by considering the interaction
among electrons (holes) in real space

V�R� � 1

N

X
q

exp�iqR�Veff�q� : �94�

The results of calculation of this function for the two-
dimensional Hubbard model show [154] that the interaction
of two electrons (holes) on a copper ion is very strong and
repulsive. However, the interaction of electrons on the copper
ion with electrons on the nearest neighboring oxygen ions is
attractive. Such an interaction has an attractive d-harmonic
and, according to the general ideas of pairing in various
harmonics, a superconducting state with d-pairing may arise.

The objections we expressed in the preceding section to
the possibility of explaining the relaxation processes in HTSC
systems do not refer directly to the problem of the existence of
superconducting d-pairing caused by antiferromagnetic spin
fluctuations. The solution of the standard BCS equation in
the d-channel leads to an expression for Tc:

Tc ' oc exp

�
ÿ 1

l

�
; �95�

whereoc is the characteristic energy of spin fluctuations and l
is the total coupling constant. Assuming oc to have the same
order of magnitude as in the antiferromagnetic state of
underdoped HTSC systems, i.e. oc � 0:4 eV and
l � 0:4ÿ0:6, one can readily obtain the resulting value
Tc � 50ÿ80 K. Calculations for the two-dimensional Hub-
bardmodel [155, 156] with allowance for vertex corrections in
the interaction, which are necessary for the laws of conserva-
tion of current and charge to be obeyed, showed the
possibility of reaching Tc � 100 K and the ratio
2D=Tc � 8ÿ10. However, the interaction parameters set in
these calculations seem to be rather far from realistic and
strongly overestimate the ratio of the Hubbard repulsionU to
the allowed band width W. In particular, the calculations
[157] whichmade use of themagnetic susceptibility w�q� taken
from the neutron scattering measurements yield substantially
lower Tc values.

A rather important circumstance, not to be forgotten in a
consideration of any nonphonon anisotropic mechanism of
superconductivity, is the strong EPI in HTSC systems, which
in our opinion was convincingly demonstrated above. The
effect of this interaction on anisotropic superconductivity can
be easily understood from the example of the following simple
model. Suppose a system possesses a mechanism inducing
superconductivity in the d-channel and an isotropic EPI. The
corresponding equations for the temperature T � Tc can be

written in the form

Z�o�Dk�o� �
X
k0

�o0

0

do0

o0
Vkk0Dk0 �o�tanh

ek0
2Tc

: �96�

For the function Z�o� one can write expression (43) from
the preceding section. For our purpose it suffices that we
restrict ourselves to allowing for the imaginary part of the
function Z�o�, writing it as

Z � 1� i

t
: �97�

Let us represent the interaction Vkk0 as

Vkk0 � 2V cos 2j cos 2j0 ; �98�

where j is the angle determining the position of the
momentum k on the Fermi surface, and, accordingly, Dk�o�
as

Dk�o� � D�o�
���
2
p

cos 2j : �99�

Then we can readily solve equation (96) and obtain the
expression for Tc [157]

ln
Tc

T 0
c

� C
�
1

2

�
ÿC

�
1� 1

2pTt

�
; �100�

which is well-known from the theory of anisotropic super-
conductors with impurity scattering. In this expression T 0

c is
the critical transition temperature in the absence of EPI and
C�x� is the usual digamma-function. This expression implies
that the isotropic EPI acts on the critical temperature of a d-
pairing superconductor as ordinary impurity scattering. It is
of importance here that in HTSC systems this is a very strong
scattering because

1

t
� 2plT ; �101�

which is responsible for an appreciable lowering of Tc

compared to T 0
c . Roughly speaking, relations (100) and

(101) imply

Tc � T 0
c exp�ÿl� ; �102�

where, according to the above discussion, l is of the order of
2. This means that for obtaining experimental values
Tc � 100 K a mechanism of anisotropic superconductivity
must exist which by itself would give Tc values equal to
T 0
c � 600ÿ700 K. Clearly, the existence of such mechanisms

in nature is absolutely unrealistic.
Since the experimental discovery of HTSC cuprates,

numerous attempts have been made to explain this phenom-
enon in the framework of the ordinary EPI (see reviews [30,
31, 158]). Such attempts are fully justified because, as we have
already mentioned, the EPI spectral density taken from the
analysis of the normal state relaxation processes may provide
Tc values of the order of 100 K for isotropic pairing. These
explanations are somewhat complicated by the recently
established fact of the strong anisotropy of the energy gap in
the majority of HTSC systems. However, a large number of
studies have recently appeared (see papers [159 ± 164] and
references therein) reporting fairly successful attempts to
reconcile the strong EPI with the strong anisotropy of the
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energy gap. The main idea of all these papers is fairly simple.
Suppose that electrons interact strongly only with phonons
with small wave vectors q < qc, where qc satisfies the
condition

qc < kF;K : �103�

HereK is the reciprocal lattice vector. Suppose also that in the
case of long-wave phonons the total coupling constant is
sufficiently large, l � 2, and may provide a Tc of the order of
60 ± 100 K for isotropic pairing. The situation with the energy
gap in this case can schematically be presented as follows. On
a Fermi surface, isolated regions occur in which electrons
interact strongly to one another owing to the coupling with
long-wave phonons, while the interaction between the regions
is weak because of the ineffectiveness of phonons with q > qc.
The sign of the order parameter in each of the regions is not
defined because all the thermodynamic quantities depend, in
fact, on the squared order parameter jDkj2. Thus, when an
isotropic EPI alone is taken into account, degeneracy occurs
with respect to the signs of the order parameterDk in different
regions. Additional account of the Coulomb repulsion due to
either spin fluctuations or Hubbard interaction of two holes
on a copper ion lifts the degeneracy, and the d-component of
the order parameter emerges over the entire Fermi surface.
Since an attractive EPI is absent for large wave vectors
connecting regions with opposite Dk signs, the EPI does not
have a destructive effect upon d-pairing.

There exist two serious problems associated with the
above-discussed mechanism of the appearance of d-aniso-
tropic superconductivity in the framework of the EPI model.
The first problem is establishing the reason why electrons
interact effectively with long-wave phonons only. The second
problem is localization of isolated superconducting regions
on the Fermi surface. A whole number of mechanisms have
been proposed to solve the first problem. One of them [160 ±
163] is related to the weakness of the Coulomb screening in
quasi-two-dimensional systems with a high ionicity. The
effective electron ± electron interaction due to phonon
exchange can roughly be presented in the form [160, 161]

Veff�q� �
X
l

g2l

�
K2

q2 � K2

�2 o2
l�q�

�eÿ e0�2 ÿ o2
l�q�

: �104�

Here K is the inverse radius of Debye screening whose value is
assumed to be small

K < kF;K : �105�
Formula (104) shows that because of the weak screening,

i.e. fulfillment of inequality (105), the effective interaction
exists only for long-wave phonons whose wave vectors q
satisfy inequality (103).

Another possible mechanism of effective interactions with
long-wave phonons was proposed in papers [164 ± 166] (see
also review [31]) and was associated with renormalization of
the EPI matrix element through the exchange-correlation
effects. This can likewise lead to the small matrix element
for large transferred momenta.

The second of the above-mentioned problems, i.e.
localization of superconducting regions on the Fermi sur-
face, should also be solved. In the case of an isotropic EPI the
centers of isolated superconducting regions can be located at
any point of the Fermi surface, because in the normal state the
electron ± phonon coupling constant lk is the same over the

entire Fermi surface. The introduction of an additional
anisotropic Coulomb repulsion can of course stabilize this
situation in the superconducting state. However, the experi-
mental data [153] indicate that there is a sufficiently strong
anisotropy of the EPI constant in the normal state as well. To
explain this fact, one can use the idea, developed in particular
by Abrikosov [160, 161], of the existence of the extended Van
Hove singularity in the spectra of HTSC systems. The essence
of this phenomenon is that the energy spectra of electrons
e�kx; ky� involve regions where e�kx; ky� does not depend on
one of the components of momentum, and so the spectrum
becomes quasi-one-dimensional. This leads in turn to a
singularity (of the type �eÿ e0�ÿ1=2, where e0 is the distance
from the Fermi energy to the Van Hove singularity) in the
density of electron states in the particular spectral region.
There exists both experimental [153] and theoretical [167, 168]
evidence supporting the presence of VanHove singularities in
HTSC systems, the singularities themselves lying on the axes
�0; p� and �p; 0�, i.e., precisely where themaxima of the energy
gap and of the electron ± phonon coupling constant in the
normal state are located. The calculations carried out in
papers [160, 161] thus allow the solution (with account of
Van Hove singularity) of the problem of localization of
superconducting regions and anisotropy of the EPI constant.

Not in the least depreciating the important role of Van
Hove singularities or the predominant role of interaction with
long-wave phonons, we shall only emphasize thatmany of the
above-mentioned features of HTSC systems, such as the
sharp anisotropy of relaxation and superconducting pairing,
can in principle be explained in terms of EPI without
involving any specific characteristics of the electron spec-
trum or scattering processes. We have already mentioned the
ab initio calculations of EPI in YBCO [125] and CaCuO2 [126]
where EPI in HTSC cuprates was shown to be extremely
anisotropic. In particular, the authors of [126] calculated the
momentum-dependent EPI constant in different channels
using the standard expression

lL�q� �
X
k;n

YL�k� q�jgkqnj2YL�k�d�ek�q�d�ek� ; �106�

where YL�k� q� are the spherical harmonics. Here the
component with L � 0 corresponds to a spherically sym-
metric EPI and the one with L � 2 Ð to the d-component of
the EPI. It was shown [126] that in the compoundCaCuO2 the
EPI constants in s- and d-channels are of the same order of
magnitude, ls ' l d. It should however be noted that the
absolute values of the constants ls and l d in CaCuO2 turned
out to be sufficiently small (� 0:3), and they cannot explain
the high Tc � 90 K observed in this compound. In contrast to
this, the coupling constant l�q� in YBCO is shown in [125] to
be strongly anisotropic and sufficiently large, l � 2. As
concerns the results for CaCuO2 [126], one should bear in
mind the uncertainty in the definition of the actual crystal
structure of this compound [169] because not the compound
CaCuO2 itself, but a doped compound of the type
�Ca1ÿxSrx�1ÿy CuO2 , where x � 0:7 and y � 0:1, is super-
conducting. The electronic structure of HTSC systems and
the interaction of electrons in them depend very strongly on
their crystal structure. The most vivid confirmation of this
fact may be the disappearance of superconductivity in the
La2ÿxBaxCuO4 system for barium concentrations x � 0:125
[170]. Moreover, for these Ba concentrations the antiferro-
magnetic ordering [171] returns. The change of the crystal
structure actually observed in this case is very small [170, 171]
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and is in fact reduced to a change of the axis of rotational
displacement of octahedrons formed by oxygen ions sur-
rounding the copper ion.

It is noteworthy that the hypothesis of the possible
appearance of EPI-induced superconductivity in channels
other than the isotropic s-pairing is not at all new. The
possibility of p-pairing of electrons in alkali metals [172,
173] due precisely to EPI was discussed long before the
discovery of HTSC cuprates. The EPI constants in alkali
metals in the s-channel are notably smaller than inmany other
metals, ls � 0:2. The Coulomb pseudopotential in alkali
metals has about the same order of magnitude, m� � 0:2,
which owing to the low electron density is somewhat larger
than in many other metals where m� � 0:13. Thus, according
to the standard BCS expression for Tc

Tc � oph exp

�
ÿ 1

lÿ m�

�
�107�

superconductivity in the s-channel is either absent completely
�l9m�� or the Tc value is exponentially small �l0m��. The
idea of possible existence of superconductivity in the p-
channel in alkali metals rests on the following arguments.
First, in anisotropic pairing the Coulomb isotropic repulsion
exerts no influence on T p

c which in this case can be written as

T p
c � oph exp

�
ÿ 1

lp

�
: �108�

Second, if the coupling constant lp satisfies the inequality

lp 5 jlÿ m�j ; �109�
superconductivity will occur in precisely the p-channel. The
estimates of the quantity lp obtained in [172, 173] are rather
contradictory, and experimentally superconductivity is not
observed in alkali metals to very low temperatures. This
means that lp in alkali metals hardly satisfies inequality (109).

A small value of the constant lp and, therefore, of the EPI
anisotropy in alkali metals is not very surprising inasmuch as
acoustic phonons alone exist in them, and all the interactions
are strongly screened because the Thomas ±Fermi screening
length is small. The situation is radically different in HTSC
systems containing a large number of optical phonons and
exhibiting weak screening at least in the direction perpendi-
cular to the CuO planes. In this respect, of considerable
interest is the calculation [174, 175] of the interaction among
electrons and the B1g phonon. When the momentum is q � 0,
such a phonon is characterized by the motion of oxygen ions,
positioned in the CuO plane, away from this plane. Two of
them, located on opposite sides of the copper ion, move
upwards and the other two Ð downwards. With allowance
for hybridization of only d wave functions of copper and p
functions of oxygen, the following expression for the EPI
matrix element gB1g

�k; 0� was obtained [175]

gB1g
�k; q � 0� � gB1g

FB1g
�k� ; �110�

where

FB1g
�k� � cos kx ÿ cos ky ; �111�

which is exactly the EPI d-component.
An important fact noted in papers [174, 175] is that

gB1g
� 0 ; �112�

if the CuO plane is the mirror plane perpendicular to the c
axis. This is precisely the case with the compound La2CuO4,
whereas in YBa2Cu3O7 this mirror symmetry is broken
because of the diverse surrounding of the plane. This
circumstance may to some extent be an indication of the
possible reason for a low value of Tc in lanthanum
compounds compared to yttrium ones.

When discussing EPI anisotropy we have up to now
mainly given examples of the existence of the d-component
in the EPI matrix element in HTSC systems. Among the
variety of optical modes in HTSC systems the modes exist
whose EPI matrix elements possess other kinds of symmetry,
including the so-called generalized s-symmetry:

g � cos kx � cos ky : �113�

The question of what symmetry is actually inherent in the
order parameter (or in the energy gap) in HTSC systems
remains disputable. There is not the slightest doubt that this
order parameter, at least in optimally doped systems, is
strongly anisotropic and its amplitude is equal (or close) to
zero in some regions of the Fermi surface. This was convin-
cingly demonstrated in experiments on angle-resolved photo-
emission and in measurements of thermodynamic character-
istics of HTSC systems (for more details see review [176]).
Such experiments cannot however answer the question of
whether the order parameter reverses sign along the Fermi
surface, i.e., whether it possesses d-symmetry and if this is a
pure d-symmetry or there is an admixture of other symme-
tries, including the isotropic s-symmetry. The answer to this
question can only be given by experiments sensitive to the
phase of the order parameter. Such experiments involve
investigations of the Josephson tunneling, i.e., the super-
conducting current through dielectric junctions between
superconductors. An extensive discussion of this question is
also given in review [176] and we shall not dwell on it here, but
only mention the following fact. Some experiments of this
type [177] point to a practically perfect d-symmetry of the
order parameter, others [178] to a substantial admixture of s-
symmetry, and there are such [179] that show the prevailing
role of precisely s-symmetry. No consensus concerning this
issue has yet been reached.

Concluding this section we would like to mention briefly
some models, described in the literature on HTSC systems, in
which the superconducting state may occur owing to `the
peaceful co-existence' of a strong EPI with Coulomb
repulsion. Some of them have already been discussed above,
and therefore we shall now concentrate on those not
mentioned earlier. These are first of all models explicitly
allowing the multi-band electronic spectrum of HTSC
systems [180 ± 182]. Allowing further for the attraction of
electrons due to EPI in one band and the repulsion due to
Coulomb interaction in another band, one can rather simply
explain many experimental data at low temperatures, includ-
ing different signs of the order parameter. Furthermore, as
shown in papers [180, 182], hybridization of such bands may
yield zeros of the order parameter and its sign reversal in
certain regions of momentum space. This problem was rather
thoroughly analyzed in [182], where it was shown that if the
wave functions of electrons from different bands have
different symmetries, then irrespective of the nature of
electron ± electron interaction the order parameter may be
strongly anisotropic owing to anisotropy of the hybridization
matrix element of the bands. We should also mention the

October, 2000 High-temperature superconductivity: the current state 987



model, due to P Anderson [183], of high-temperature super-
conductivity based on the Josephson interlayer tunneling.
The equations of superconductivity for this model can be
written in the form [183 ± 185]

D�k� � Tj�k�D�k�
2Ek

tanh
Ek

2T
�
X
k0

Vkk0
D�k0�
2Ek0

tanh
Ek0

2T
;

�114�
where

Ek �
������������������������
ek � �D�k��2

q
: �115�

One can readily derive these equations considering two
CuO layers with the potential Vkk0 of electron ± electron
interaction in either layer and the interlayer interaction
described by the Josephson tunnel Hamiltonian

Hj �
X
k

Tj�k�
ÿ
c�k"c

�
ÿk#cÿk"ck# �H:c:

�
: �116�

The equation specifying Tc in this model has the form

D�k��
�
1ÿ Tj�k� tanh �ek=2Tc�

2ek

�ÿ1X
k 0

Vkk 0
D�k0�
2ek 0

tanh
ek 0
2Tc

:

�117�
According to the ideas of Anderson himself [183], the

intralayer interactionVkk 0 and its origin are of no importance
for the existence of superconductivity as Tc is specified by the
condition

Tc � �Tj�kF��max

4
: �118�

This theory in its literal form encounters difficulties in the
description of so-called single-layer systems and contradicts
the experimental data on themagnetic field penetration depth
[186, 187]. Nevertheless, an account of Josephson interplanar
tunneling may be fairly significant for some HTSC systems,
where it may appreciably increase the value of Tc in
comarison with Tc determined only by the intraplanar
interaction Vkk 0 . Moreover, in view of the fact that the
matrix element of tunneling Tj�k� is sharply anisotropic [185]

Tj�k� � �cos kx ÿ cos ky�2 ; �119�

such an account may strengthen precisely the anisotropic
channel of pairing.

There also exist many other possibilities of the enhance-
ment of superconducting pairing through a combined
influence of attractive EPI and Coulomb repulsion, but a
comprehensive discussion of these oversteps the limits of our
review.

5. Conclusion, or is there light
at the end of the tunnel?

To begin, we shall formulate the results of the above
discussions.

It was shown that superconducting cuprates differ very
little from other `conventional' metals from the point of view
of their excitation spectra for sufficiently high and moderate
energies. All these spectra can to a good accuracy be
calculated within DFT. Even low-energy interband transi-
tions for YBa2Cu3O7 can be calculated, the energies of such

transitions and their intensities being perfectly described by
experimental data.

We should also point out one circumstance, which was
practically not discussed here, namely that DFT in cuprates
demonstrates undoubted effectiveness in the field of its
standard application, i.e., in calculations of such ground-
state properties as specific volume, elastic moduli, and
phonon frequencies [80].

We have also shown in the review that experimental data
on optical spectra, transport phenomena, and angle-resolved
photoemission convincingly demonstrate the presence of
strong relaxation processes in the low-energy range in the
normal state of HTSC systems. Over a wide energy range, the
inverse lifetimes 1=t of electron excitations significantly
exceed the values of the excitation energies themselves, and
the behavior of their electron system differs substantially
from the behavior of the system of a weakly interacting Fermi
gas of quasi-particles. However such behavior is also
observed in all other metals in the temperature range where,
in fact, the normal state of cuprates exists, with the only
difference being that the absolute 1=t values themselves are
much higher in cuprates than in many metals.

On the basis of our earlier calculationswe have shownhere
that the majority of peculiarities of the low-energy relaxation
in HTSC systems can simply and consistently be explained in
terms of the standard strong EPI. Furthermore, it has been
demonstrated that neither the residual quasi-particle Landau-
type interaction, nor the interactionwith spin fluctuations can
describe the relaxation processes in HTSC systems because
they lead to 1=t values one or two orders of magnitude lower
than are expected from experiment.

The solution of the Eliashberg equations with the EPI
spectral density extracted from optical spectra shows that EPI
may well provide the temperature Tc � 100 K.

However, EPI in itself can hardly guarantee the aniso-
tropic d-pairing observed in cuprates, and therefore some-
thing else must exist that determines, together with EPI, the
mechanism of superconductivity in HTSC systems. We have
considered a whole number of models here allowing the
description of the superconducting state of cuprates with
account of EPI and Coulomb repulsion. It has also been
noted that in these systems the EPI itself is strongly
anisotropic with a large component of d-symmetry.

What has been said above does not at all mean that all the
problems associated with the behavior of HTSC systems in
both the normal and the superconducting state can be
thought of as solved. There remain many questions, includ-
ing the concrete mechanism of the combined effect of EPI and
Coulomb repulsion on the electron pairing, to which we
cannot now give clear and distinct answers. Also quite
dubious is the nature of the linear dependence of electrical
resistivity when it extends up to temperatures T � 10 K. Still
more obscure is the origin of the quadratic dependence r�T�
in overdoped HTSC systems because all the available
argumentation in the framework of the Landau Fermi-liquid
theory is certainly flimsy.

Among the unsolved problems which we have not yet
discussed, we can mention, for example, charge separation in
underdoped systems and the appearance in them of a
`pseudogap' at temperatures greatly exceeding the super-
conducting transition temperature. Although of undoubted
interest and importance for the understanding of the
phenomena observed in HTSC systems, all these problems
have to be left beyond the scope of this review because, as the
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well-knownRussian aphorism says, ``one cannot embrace the
unembraceable''.

We shall now briefly discuss the question, put in the title of
this section, of whether there is light at the end of the tunnel.
Generally speaking, the answer to this question is entirely a
matter of opinion. Some people believe that the light has
never faded, while others think that no light is yet seen ahead.
Much more important to the scientific community is the fact
that the total number of tunnels in the HTSC problem now
definitely exceeds all reasonable limits, and from within such
tunnels one fails sometimes to see not only the light at the end,
but even the very existence of other tunnels.

It is a pleasure for me to express in conclusion my deep
gratitude to a large number of my colleagues and friends for
numerous discussions and their help in the preparation of this
review. In the first place Iwould like tomentionVLGinzburg,
owing to the persistence and everyday care of whom the
review was written. I am also thankful to O V Dolgov,
A E Karakozov, O K Andersen, N Bontemps, R Combes-
cot, M L Kuliĉ, H J Kaufmann, D Rainer, and E K H Salje.

I thank theRussian Foundation for Basic Research (grant
99-02-16366), the governmental HTSC program, the Russian
`Integration' Foundation (grant A0075), ISTC (project
N 207), as well as the Royal Society and CNRS.
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