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ON THE INFLUENCE OF THE TERRFSTRIAL MAGNETIC FIELD ON
THE REFLECTION OF RADIO WAVES FIOM THE [ONOSPHERE *

By V. L. GINSBURG

(Received November 23, 1942)

The question of the influence of the terrestrial magnetic field on Lhe relleclion of radio
waves and si&nals from an inbomogencous ionized layer (Heaviside layer) is considered.
e

In particular

ropagation of waves al a small angle to the direction of the magnelic field is

investigated, ancrit is shown that in this case a very peculiar splitting of the reflected signal
into three pulses, and nol into two. as observed in other cases, must take place.

Introduction

As is well known, the magnetic field of the
Earth causes a double refraction of radio waves,
which are propagated in the ionosphere. If
therefore a radio signal is sent upwards from
the Earth,then after reflection from one of the
Heaviside layers, generally speaking, two
signals are returned. A qualitaiive understand-
ing of the corresponding phenomena can be
obtained very easily from a consideration of
the influence of the magnetic field on an ho-
mogeneous medium, containing free electrons.
An investigation of this problem has been
carried out by Appleton, Lassen and others**.

As far as | am aware, only in the work of
Férsterling and Lassen (%) is found
‘an attempt to account in detail [or the fact
that in reality the wave or the signal are pro-
pagated in an inhomogeneous magnetized
mediumn. Such a consideration is, of course,
absolutely necessary, since the total reflection of
the signal from the ionized layer is itsell due
to the arrival of this signal at the region ol the
layer where Lhe refraction index vanishes
(we are speaking here of vertical incidence).
‘Lhe ‘above mentioned authors (*) attempted

* Translated by 3. Frenkel.

** The bibliography of the question can be
found in the review of Mimno ().
H Journal of Physics, Vol. VII, No. 6

to describe the propagation of waves in an
inhomogeneous medium by replacing the latter
by a large number of homogeneous layers and
by considering the reflection and refraction
al the boundaries of these auxiliary layers.
There is, however, no reason for using
such a method, since, as'is shown below (§ 2),
the corresponding results can easily be ob-
tained from general consideralions.

The main problem of the present paper
consists, however, in the investigation of pecu-
liarities arising, when a radio wave, which is
propagated upwards vertically, makes a small
angle with the direction of the magnetic field,
which Lakes place in the vicinily of the mag-
netic poles of the Earth. In this case, which,
so far as I know, has not been especially noted
by anybody. a very interesting and peculiar
partial reflection of the radio waves from a
cerlain region of the Heaviside layer ought to be
observed: as a result the reflected radio signal
consists, under certain conditions, not of two
but of three pulses. This phenomenon can be
understood already on the example of an homo-
geneous medium. which is discussed in § 1.
It is considered in more detail and more preci-
sely in§3, where [ormulae are obtained, allow-
ing to estimate the conditions, under which
this partial reflection of the wave takes place.
In § 4 the question of the reflection from the
ionospliere not of a monochromatic wave, hut
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of z slowly enough, then, generally speaking,
quasi-stationary behaviour must take place,
i. e. in the wvicinily of a given point the
field must be nearly the same, as in the case
of an homogeneous medium with the cor-
responding values of nj, A foundation of
this intuitively clear assertion can be reached
by way of a transition to the approximation
of geometrical optics (see § 2). Under the
condition that this approximation is wvalid,
a knowledge of nj, (z) is actually sufficient
for a qualitative description of the propaga-
tion of waves in an inhomogeneous medium,
In particular, the total inner reflection of
the waves must take place in Lhe vicinity
of the points where n!,=0 (the reflection
from the region in the neighbourhood of the
point n,— oo will not he considered for the
present).

Besides N (z) or the dimensionless parame-
) freN (r)
ter v = <

mw

, the value of n}, depends on

# and 2. In particular cases, when a=0
(propagation along the field) and 2==/2
(propagation in a direction perpendicular to
the field) the expression for nj,is greatly
simplified:

hzme*N
a=0 n,=1-——=
1.2 :w (w4 wy) (22)
1+Vu
TR - e g
u='-':32. n"’_-l_l—n-——l' (23)

n:=n:=1—-¢-.

When 2.=0 both waves are circularly polariz-
ed; if 2= /2 they are linearly polarized,
the electric vector of the wave 2 being,
parallel Lo the magnetic field, i. e. to the z
axis and E, = E,=0; for the wavel in this
case F,=0, the components £, and E, being
different from zero*. It is important to nole
that for any angle =0 between the wave
vector and the magnetic field n] vanishes
at two points (19) and n} at one point (18),
the positions of these points being wholly
independent of o. If, however, a=0, then,
as can easily be seen from (22) or directly
from (17), both n! and n} vanish at one

* The opposite assertion (that E,=0) leads
also to a wrong ‘expression for nj *).
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point only, the position of the root of the
equation nj=0 jumping, in the case z—0,

from v=1 to ¢ =14} u. The dependence
of nf, on v, and the «jumping» of the roots of
n® is illustrated in Fig. 1. For the sake of
definiteness il was here assumed that u=0.25,

/N

I

i.e.that w=2wy*. Thus for very small angles =
a peculiarity takes place, which becomes
clear from a consideration of Lhe curves n*(v)
for small values of 2 (Fig. 2). We see thal,
formally speaking, there exists no continuous
Iransilion to the case when 2=0. It is clear,
however, from the physical point of view
that such a transition must exist and that
the following phenomenon must be observed:
when ¢ < 1 the wave 1 («extraordinary» wave)
is propagated in all cases to the point v, only
where it suffers a total reflection (Fig. 1). So
long as « is large enough, the wave 2 («ordinary»

e

* Since H' = 0.5 gauss, mﬂ=% ~ ot

= 8.82.10¢
and

AH = QEE 21'! m.
“H
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wave) is completely reflected at point v,
(more exactly in a region near this point).
With decrease of v the properlies of the wave
2 in the region v <1 become more and
more like those df the wave of the type 1,
which can be propagated when »> 1. In
fact, when z is small and the value of v is
but slightly less than unity, ni approaches
the value of n; corresponding to a value of
v slightly exceeding unity; further the cha-
racter of the oscillations of the waves 2 and
1 in the points vy and vy (Fig. 2) becomes

v
/
Y,
%.u, - -
(78 28 Y /
Yo o
. 7 7 =7

Pig. 2. The full curve for « = 10°, the dolted—for
2 = )°

more and more similar; this is connected with
the fact that, as follows from (21), the ratio
E(") | EC changes its sign at the, transition
of ¢ through unity. In virtue of this

FO g
v v
( b*’_’) =~ £ ) .
: 'Y x /%y

Hence it is clear that it suffices for the wave
2 lo penetrate lo the point vy, what from
the point of view of the wave theory always
takes place to a cerlain extent, to ensure its
propagation upwards to the point v;,, where
it will be finally reflected (it is assumed here
of course thal Fig. 1 and 2 describe the depen-
dence of n* on the height, i. e. for instance

=az). In the vicinity of the point r,,
a partial reflection of the wave 2 and ils
partial penetration into the region with
v > 1 must take place. The reflection coef-
ficient depends very sharply (exponentially)
on «, as is usually the case in problems
of such a type. A partial reflection (see § 3)
therefore takes place practicelly in the
case only if 2 becomes smaller than a cer-

tain angle a,, which has to be calculated.
If a>a, the reflection will be comple-
te, and when -2a=0 it must wvanish. All
these_vonsiderations remain, generally speak-
ing, valil for a radio signal, which is
propagated upwards, i. e. for a quasi-mono-
chromatic wave group. In the case of
sufficiently small angles between the direc-
tion of tha terrestrial magnetic field and
the direction of the normal to the wave
front of the signal (i. e. the direction of
the vertical), the latter* must be reflected
from the Heaviside layor not at two points
(v, and v,,), in the case o > a;, but at three
(Urgr Vsoy and vf); the intensity of the third
reflection must increase with decrease of @
al the cost of the intensity of the refection
from the point v,,, until for =0 the latter
completely vanishes. The difference of the
retardations of the two signals will be in this
case considerably larger than whep a> a,.

2. Propagation in an inhomogeneous
medium

The propagation of electromagnetic waves
in an inhomogenesus jonized medium in
the presence of an external magnetic field
15 described, as las been mentioned above,
by equations (3) and (7) or (12). In the
case we are interested 1in, one can assume
that the properties of the medium (i. e. WV,
n or ) depend on the =z coordinate only.
This circumstance leads, however, 10 an
essenlial simplification of the equations
only in the case of propagation of plaue
waves with a normal parallel to the 2 axis;
in this case the differential equations have
a rather simple form (14); the solution of
even these equations is, however, not at
all easy, even for functions v(z) of the
simplest form. In the case of oblique meci-
dence of the waves on the Heaviside Jlayer
a refraction takes place, whence it follows,
thal in this case the waves cannot be plane.
It is thus clear that it is very important
to ascertain the applicability lo equations

* The effect of «trebling» of the signal must
take place only in the case when the signal is
propagated vertically upwards since in the opposite
case its reflection takes place when nl <0
and the anomalous region in the neighbourhood
of the point z2=1 is never reached. The angle 2
mayv therefore be small and the effect of the
«frebling» can be observed in the vicinity of the
magnetic poles of the Earih only.









I3 o - 1 i
g=1 (@) € gz (Ing) - 7 (33,2)
The latter, in ils turn, will be fulfilled if
A | Ao
B €1 [ b€ ]
XY I
2 p | 2= p | 43 3
|2 (Rnn' RR | 4 (33,3)
= 6) v ik S
A nyuR d ¢, RR'n _—
2:: - P’ ‘J:‘ ((- il _R._-) }f};— ) o .‘

The last of these inequalities as well as
several others can be transformed into
simpler relations; we shall not examine

* The investigation of the region of applicabi-
lity of geometrical optics was incorrectly carried
out in the Russian publication of this paper (Journ,
Exper. a. Theor. Phys., 13, 149 (1943)) and formulae
(30)—(33) refer to the isotropic case exclusively.
Thisuarro:h is of ne importance to the consequen
results, :

7 Journal of Physies, Vol, VII, No. 6

P Thady )
generates the wave~e € . If the region,
where n* < 0 extends far enough, the reflection
is complete and, although the geometrical
optics 1s, strictly speaking, inapplicable in
the vicinity of the points n =0, its correspon-
ding solution, allowing for the existence of
total reflection, is qualitatively correct. This
refers, in the case of sufficiently smooth vari-
ation of n with z, both to the calculation
of the phase of the reflected wave(®) and
to the value of the amblitude of the wave
(32) near the point n=0("). There is no
reason to doubt that in the case of an
anisotropic medium the situation will be
quite similar. Leaving this question aside,
let us look for consequences of the existence of

* We can show, for example, that € and C’
tend to infinity only when v — v, and R;— o0,
and R, —>oco when »— 1. R, never tewls to co.
Tor v—1, R,—0. Indices 1 and 2 are referred
here to the extraordinary and ordiniry wayes.
** To be published in the «Jouraal of Te:hnical
Physicsy (Russ.). -
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two types of waves. From the aforesaid it is
clear that in the region where n, — 0 geometrical
optics is, generally speaking, applicable to the
wave 2 and, on the contrary, in the region
n,— 0 it is applicable to the wave 1. Hence it
follows directly that the reflection of the wave
1 «from the point» v (where n,=0) can
not be accompanied by the appearance of a
wave of the type 2. The non-applicability of
geometrical optics leads only to the coupling
of the waves of the type 1 propagated in dif-
ferent directions; the same refers to the re-
flection of the wave 2. The same conclusion
has been reached by Forsterling and
Lassen(®) by considering the reflection
and refraction of the waves at the boundaries of
the homogeneous layers by which they re-
placed the inhomogeneous medium. Apart
from the fact that such a derivation is much
less conclusive, it is also much more com-
plicated than the preceding considerations.

It was assumed above that in the region
where one of the waves cannot be dealt with
by the method of geometrical optics this me-
thod can be applied to the other wave. There
exists, however, a case when the two waves
are not independent. This takes place under
just those conditions, when a «trebling» of
signals should be observed, i. e. for very small
values of a. As can easily be seen from Fig. 2
in the vicinity of the point v, i. e. near the

value v=1, n,— 0 and ;%'—» co, The appro-

ximation of geometrical optics is thus in
this case (when v—1) actually not applicable
to the waves of both types [see (33)].

The solution of the problem of partial re-
flection from the point v,, when 2—0 must be
based on equations (14). The difficulties ari-
sing here are extremely great. A certain simp-
lification may be reached, if equations (14)
are solved for the region v between v; and
vir only (Fig. 2), where the «leaking» and the
partial reflection come just into play. In the
regions, where v > vy and v< vy, the medium
can either be treated as homogeneous, or the
approximati)n of geometrical optics can be
applied; at the boundaries of the region, i. e.
in the points vy and vy, the solutions must, of
course, be adequately connected with each
other, Further, if the region vy —uvr is small
enough, ag is the case when 2->0, one can
put (1 —v) = —ax, where z is reckoned from the
point v=1, and neglect in expressions (15)
the term (1—v)* in comparison with the others

[under the condition that the inequalities
(1—vy) €1 and (1 —v) €1 hold]. As
a result equations (14) are reduced to the form:

{a(1—u) z +usine) LEry )

- :i: {(nsin*s— auz) B\ —

—ia}/ uzE.}=0, L (34)
la(1—u)z+usin‘a) d;f,‘ -+

w? . —
+ = (ia VuzE,—auzE,) =0,

where it is taken into account that cosz = 1.

With the help of Laplace’s transformation
this system of equations of the second order*
can be reduced to a system of two linear equa-
tions, which is equivalent to one linear equa-
tion of the second order with variable coef-
ficients. Hence it is clear that an exsct solution
of the system (34) can probably be obtained
and discussed in detail without extreme dif-
ficulty. In view of the approximate character
of the system (34) and, especially, of the
possibility of an extremely simple approxi-
mate solution of the problem by another
method, equations (14) and (15) have not
been further investigated. Before passing Lo
the just mentioned method of solution, we
shall pause to consider one general question.
In an anisotropic medium one must distin-
guish, as is well known, between the direction
of the n-rmal to the wave and the direction of
the rays, i. e. the direction of the energy flux.
If the problem of the propagation of the wave
front in the approximation of geometrical
optics is solved [i. e. equations (25,0) are
solved] one can determine the paths of the
rays. This can also be done, however, in prin-
ciple, directly, using the Fermat principle
|see in more detail in (*)]. If the wave is pro-
pagated vertically upwards, the wave normal,
as we have seen, preserves its upward direc-
tion; the Pointing vector has in this case also
a different direction as follows from the fact
that in this case E .= 0 [see (11), (12)]. On
reflection both £, and E. change their sign,
i. e. a standing wave is formed. As can be

* Equations of the type (14) are also obtained,
for example in the problem of iwo coupled oscil-
lators, if the coupling depends on the time expli-
citly; in Lhis case E, and E. are replaced by the
coordinates of the vibrating points and z by the
time 1.










s et = et S \-!U\Jull-\'t.")
MI_?‘ * {10
Dx |4 | - (40)
The integral 7 satisfies those conditions,

which refer to the approximate calculation
of integrals by the saddle point method
[see for instance (°)]. The saddle point
which is determined from the condition

2 (Wi—W3)=0 or the equivalent condition
E R B
ny=n, is given by

.V usintz . i1
vn=i—-—&‘—2‘c—ogz—-——i—£ﬂn. {'-.l J
If we limit ourselves to the basic exponen-
tial factor, the value of |T [ and, conse-
quently, with the same accuracy, that of D
i1s as follows:

o i P e — WS (5 .
Dwe—-i P Im{ W, (vpy-Wa(vu)} : (42)

...... w yavy auwov ve carried out along the
umaginary x axis. Taking further as an inde-
pendent variable v instead of z and taking
into account that along the path of integra-
tion v=1—iw we get

Im {‘l"-: (0n)— ‘F; (ﬂﬂ)} =

= —Im { §unl(v)j—-::dv—- §“n2 (v)ggdv} =

1 i
Wy % Wy i
= Re {§ n, (w);%dw—-—tg n,(w)qedw}. (44)

* The problem of a partial reflection and leak-
ing of radio waves is akin to some problems of
the quantum theory of collisions. In order to solve
these problems L'andaul® has proposed a
methods, which differs from that presented here,
but also leading to a formula of the type (42).
I am ver{l obliged to Prof. L. Landau who pointed
out that his formula can be applied to the prablem
in question also,
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We shall assume for the sake of definiteners .

that in the neighbourhood of the point v=1

dp__lme‘ dV (z)
i does not depend

on z, i. e. that in this region (1—v)=

the quantity

= —az, where j—i’:—- a =const. Further, since

4re*N (z) dv = dN/ds s
9=T[8ee(16)]' d‘:l)v—l—(._jv );’-=l

If a—» 0 one can take for n,, along the
path of integration in (44) the expression
[see (17)]:

—u sin‘z 4 V u? sin'a — huw®

n.,= — —
1.3 ]/ 2w —u sinta &V u¥ginta — huw®
the

An exact calculation of integral

b o oo dz .
{Re (n,.)dx (the quantity -ai- is tlaken

outside the integral sign) cannot be carried
out. From tLhe facL that

Ren,(w=0)=n, (w=0)=1,

Vou(V utV T$u)

Re n,(w,) = Re n,(w,) = (T Fu) :

Ren,(w=0)=n,(w=0)=0,

and that the funciions n,, vary monoloni-
cally, it is, kowever, clear that

Im {W] (va) — W3 (vn)} =Bwn g)v-l -

N u .
“Har)
v=1

dz

(45)

where B<1 (it should be remembered that
in the practically interesting frequency range
u <1 also) and cosa is put equal to-unity.

In the example considered above, correspon-
ding to #=0.25 the numerical integration
leads to the value B=0.6. We thus get,
taking in'o account (45), finally:

e = aN
BV u (N{E;)(’:l&ln*s n e—-*r_

D~e %o (46)

It is clear from (46) that D is the larger
the larger are gi} and h, and the smaller

are N and sin‘a,

In (46) the expression y in Lhe exponent
can he rewrilten in the following form:

sinta

mw? -
= 4mee B ]/u TdaN
o ?; =1

=1.06. 10 wB ) u 02 . (47)
(-d}')m
Il u=0.25 this expression is equal lo
(uj=2mH=9 . 8.82 . 10‘):
o sin? a d
-Js)n-t

d .
The value of (Tx) , can be but estimaled:
=

laking into account, for instance, that in the
E layer the concentration of the electrons,
if the properties of this layer are determined
by the electrons *, reaches a value of ~ 10°

at a distance of ~ 10 km, we find j,'_j:'«,o.n'

the same value is obtained by a similar
estimate for the F layer. With this value

of ‘g one can easily see, using (47’), that

y=2, i. e. according to (46) D is equal
to 0.135 if 2=6°. Asis clear from the afore-
said, owing to the preexponential factor,
D can, in the case a=6° differ very mar-
kedly from this value. The conclusion that
D falls exponentially with increase of a re-
mains, however, valid. In order to determine

the absolute wvalue of (?;%)1” from the

measurement of the coefficient D, one must
carry out a more exact calculation based on
the solution of equations (14) or at least (34);
sufficient accuracy will perbaps here be
obtained by the solution of (40).

* The .quesition, whether the reflection of the
radio waves from the E layer is due to electrons or
to ions, remains, in spite of all its importance
open (M%), The part of the refraction index, which
is due to the ions, is pmcticall{e not influenced
by the magnetic field. The exislence of a double
refraction proves, therefore, the electronic structure
of the Heaviside layer, This is the case with
respect to the F layer. The observation of the
splitting of the signals in the E layer is conside-
rably more complicated than in the F layer,
owing to its tenfold smaller thickness and has
so far not given an unambiguous result,
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