
Lepton mixing and neutrino oscillations
S. M. Bilen'kil and Β. Μ. Pontecorvo

Joint Institute for Nuclear Research
Usp. Fiz. Nauk 123, 181-215 (October 1977)

The phenomenon of neutrino oscillations is reviewed. The case of mixing of two neutrinos (both Majorana
and Dirac neutrinos) of masses mi and m2 is considered in detail. It is shown that the mixing hypothesis is
consistent with the existing data if \m \-m \S 1 eV2 (for maximal mixing). A discussion is given of
possible experiments to search for oscillations of neutrinos from reactors, meson factories, and high-
energy accelerators. Oscillations can be observed in these experiments if |m \—m | £ 10~2 eV2. The
prospects of searches for neutrino oscillations in experiments using cosmic neutrinos, and in particular
solar neutrinos, are discussed in detail. Such experiments have a unique sensitivity as tests of the mixing
hypothesis (in the case of solar neutrinos, mixing effects would be observed if |m \—m | S 10~12 eV2).
The "solar neutrino paradox" is discussed in detail from the point of view of neutrino mixing. Neutrino
oscillations are also considered in the case when there exist in nature N>2 types of neutrinos. Schemes
involving the mixing of heavy leptons are discussed. It is shown in the framework of a specific scheme
involving right-handed currents that for heavy-lepton masses of the order of several GeV the probabilities
of processes such as μ—>ey and μ—>3e can be close to the existing experimental upper limits. The
probabilities of these processes are practically zero when only the neutrinos are mixed.
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INTRODUCTION masses (ΙΊ and v&). If some weak process leads to the
production of a beam of muonic neutrinos, for example,

This review is concerned with the problem of neutrino t h e n g o m e d i s t a n c e f r o m ^ Q f d u c t i o n t h i s

oscillations. Qualitative discussions of neutrino oscil- b e a m b e c o m e g & ^ ^ i t U m o f a n d

lations were given many years ago. Neutrino oscilla- .,, ... ,. Ζ \
,. . 7 , , . Τ. . . , . . . . . (there occur oscillations νμ~νβ).
tions were introduced in these papers in analogy with the μ

well-known oscillations of neutral kaons. In recent T M g p i c t u r e i s a n a l o g o u s t o t h a t of the oscillations

years, there have appeared many papers in which neu- i n t h e s y s t e m o f n e u t r a l kaons. The strong interaction

trino oscillations were considered from very different i n t h e k a o n c a s e i s , ^ ^ ο ^ t o t h e w e a k interaction in

points of view. We shall give a rather detailed survey t h e n e u t r i n 0 c a s e > a n d t h e a n a l o g Of the strangeness-

of these papers. We begin with a brief discussion of changing weak interaction for the neutrino case is the

the basic results of the theory of neutrino oscillations. (SUper-weak ?) interaction which violates the lepton num-

It is usually assumed (and this is in accord with the bers; the v, and ΐ/μ are analogous to the K° and Κ ° (these

existing data) that the electronic and muonic lepton num- particles are not described by stationary states), and the

bers are strictly conserved. Of course, there can be "i a n d v% are analogous to the KL and Ks (these particles

no neutrino oscillations in this case. Oscillations can have definite masses and are therefore described by

occur if, in addition to the ordinary weak interaction, stationary states),

there exists an interaction that does not conserve the

lepton numbers. In this case/" the neutrino masses We note also the following differences between oscil-

are non-zero" and the state vectors of the ordinary lations of neutral kaons and possible neutrino oscilla-

electronic and muonic neutrinos ve and ΐ/μ are super- tions:

positions of the state vectors of neutrinos with definite , \ „,. ,.„ , , „ , . , .. .
1) The mass difference between the KL and Ks is

much smaller than the kaon mass; the mass difference
i),., , „ .. . „ . . „ . . , , . , between the neutrinos v, and v, may be comparable with
'We shall use the term "neutrino" for neutral leptons whose . ι ζ J t-
mass is less than, say, the mass of the electron; all other their masses,
hypothetical neutral leptons will be called heavy neutral lep-
tons. We also note that a system of units in which K=c = 1 is 2) The KL and Ks are unstable; the instability of the
employed throughout this paper. heavier neutrino can be neglected.
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3) Unlike oscillations of neutral kaons, neutrino os-
cillations may not have the maximum amplitude.

4) Kaons are bosons, but neutrinos are fermions;
consequently, kaon oscillations are possible for two
states, whereas neutrino oscillations are possible for
a minimum of four states.

The first quantitative theory of oscillations was de-
veloped in Ref. 2. In constructing the Hamiltonian that
violates the lepton numbers in that paper, the basis
states were taken to be the two-component neutrino
states (the four states for the two types of neutrinos).
The neutrinos with definite masses are Majorana neu-
trinos in this theory.

Recent work on neutrino oscillations is closely re-
lated to the unified theory of the weak and electromag-
netic interactions due to Weinberg and Salam. t 3 ] It was
assumed in Refs. 4 and 5 that the operators ve and νμ

which appear in the charged lepton current are orthogo-
nal combinations of the Dirac neutrino fields with definite
non-zero masses. Thus, in addition to the usual hypoth-
esis about the quark-lepton analogy, the authors of these
papers also make the new hypothesis that the leptons,
like the quarks, are mixed. This theory leads to oscil-
lations ν,— ι>μ.

1*'" The theory of Ref. 2 is also a scheme
with lepton mixing, but its field operators ve and ΐ/μ are
orthogonal combinations of the field operators for the
massive Majorana neutrinos. The positive neutrino os-
cillations i/eZ νμ and Ί^ — ϊ ν are described by the same
expressions in the two schemes. These expressions
contain two parameters—the mixing angle θ and the dif-
ference Mz =\m\-m\\ between the squares of the neu-
trino masses.

No special searches for neutrino oscillations have
been made in the neutrino experiments that have been
carried out so far. Nevertheless, by making certain
assumptions about the value of the mixing angle Θ, we
can estimate an upper limit for the parameter M 2 from
the data obtained in these experiments. Assuming that
the mixing is maximal (θ = π/4), we find M*<,1 eV2.

Many experiments to search for oscillations using
neutrinos from high-energy accelerators, meson fac-
tories, and reactors are either in progress or in prep-
aration at the present time. These experiments will
provide a test of the hypothesis of neutrino mixing if
M 2 £ 10"2 (eV)8. If M2 «1(T2 eV2, neutrino oscillations
can be observed in cosmic-ray experiments, and in par-
ticular in experiments using solar neutrinos. t l ] Exper-
iments using solar neutrinos can be used to observe os-
cillations if Μ 2£10" 1 2 eV2.

The neutral current of the Weinberg-Salam theory
contains no non-diagonal terms in the lepton fields in
schemes involving orthogonal mixing of the leptons.
However, non-symmetrical neutral lepton currents ef-
fectively occur in higher orders of perturbation theory.
This situation is completely analogous to the case of the
hadron currents. In analogy with processes such as
KL-~ μ* μ' and K*~ir*vv, theories with neutrino mixing in
principle admit processes such as μ — eyand μ — 3β, in
which the lepton numbers are not conserved. However,
calculations show that the probabilities of such process-

es, both in a theory with mixing o" Majorana neutrinos
and in a theory with mixing of Dirac neutrinos, are tens
of orders of magnitude below the experimental upper
limits. Thus the search for neutrino oscillations is the
only possible method of testing these theories. The high
sensitivity of experiments to study neutrino oscillation
is due to the interference character of the oscillations
phenomenon. These experiments can provide informa-
tion on the matrix element of the interaction that does
not conserve the lepton charges, whereas experiments
to measure decay probabilities and reaction cross sec-
tions can provide information on the square of the ma-
trix element.

Theories involving mixing of an arbitrary number iV
& 2 of neutrinos (both Majorana and Dirac neutrinos) with
different masses have been considered/7"93 Experi-
mental searches for neutrino oscillations provide the
most sensitive method of testing the mixing hypothesis
in this case. If some weak process leads to the produc-
tion of ve, for example, then in a theory with Ν types of
neutrinos the minimum average intensity of ve at some
distance from the source may be \/N of that expected
in the absence of oscillations of intensity. If the energy
of the initial ve is below the threshold for meson pro-
duction (as in the case of solar or reactor neutrinos,
for example), the νμ,... appearing as a result of the
oscillations are "sterile." As we emphasized above, if
there exist in nature only neutrinos, then the probabil-
ities of processes such as μ — βγ and μ — 3e, which do
not conserve the lepton numbers, are many orders of
magnitude below the corresponding experimental upper
limit in the mixing schemes. The situation is funda-
mentally different if there exist heavy leptons with
masses of the order of several GeV and if the fields of
the heavy leptons appear in the weak current in a mixed
form. In this case, the probabilities of processes such
as μ — ey and μ— 3e can be close to the existing experi-
mental upper limits. Searches for μ-eyand μ-3β and
other processes which are "forbidden" by the lepton-
number conservation laws, even at a level close to the
existing level, are of great interest.

The plan of this review is as follows. Chapter 2 con-
tains a detailed discussion of the various weak-interac-
tion theories involving mixing of the fields of two neu-
trinos with non-zero masses. This section also gives
the currently available data on tests of the lepton-num-
ber conservation laws. Chapter 3 contains a detailed
discussion of neutrino oscillations. In Chap. 4, we then
consider the possible experiments to search for neu-
trino oscillations. In connection with the problem of
oscillations, we discuss cosmic neutrinos, and in par-
ticular solar neutrinos, in Chap. 5. The general case
of N>2 types of neutrinos is considered in Chap. 6. In
Chap. 7 we discuss the decay μ — ey in schemes involv-
ing lepton mixing. Finally, in the concluding section
(Chap. 8) we review the "ideology" of lepton mixing.

2. WEAK-INTERACTION THEORIES WITH NEUTRINO
MIXING

a) The electronic and muonic lepton numbers

In this section we consider theories in which neutrino
oscillations occur. All these theories are based on the
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TABLE I.
ticles.

Lepton numbers of the par-

4
1
0

1
0

ν μ

0
1

μ-

0
1

Hadrons,
photon

0
0

assumption that, in addition to the ordinary weak inter-
action, there exists an interaction which does not con-
serve the lepton numbers. In accordance with the exist-
ing data, it is also assumed that this last interaction is
weaker than the ordinary weak interaction.

The Hamiltonian of the ordinary weak interaction has
the form

The first term of this expression is equal to

*4tt; (2)

here

/ο = (v,l.?oA.) + (ν ί.) + A (3)

is the charged weak current (j% is the hardonic part of
the current), tyL =[(1 + γ&)/2]ψ is the left-handed compo-
nent of the operator ψ, G»10's/Af2 is the weak-interac-
tion constant (M is the proton mass), and Tu =fj, JJO) (TJ,
= if η{ = -1). The second term of the expression (1) is
the contribution of the neutral current. Its structure is
unimportant for our purposes.

The interaction (2) conserves the individual sums of
the electronic lepton number L, and the muonic lepton
number Lu"

2 ) .

2 4" = const,

S iu ' = const.

(4)

(5)

The values of the lepton numbers of various particles
are given in Table I. The corresponding antiparticles
have the opposite values of the lepton numbers.

There are several types of experiments in which the
lepton-number conservation laws are tested. In each
experiment, it is attempted to observe nonconservation
of the lepton number's. In Table Π we list a number of
processes for which searches have been made and which
were not detected, and we give the corresponding upper
limits on the ratio W(l)/W(U) of the probabilities of the
processes which are forbidden (I) and allowed (Π) by the
lepton-number conservation laws. This table gives the
latest data on: a) possible nonconservation of the elec-

2 ' it is well known that other formulations of the lepton-number
conservation law are also possible. The scheme of Refs. 10
and 11 is economic and attractive. In this scheme, there is
only one conserved leptonic charge. Here the e" and M"
possess opposite values of the lepton number, and the neu-
trinos are described by a single four-component Dirac
spinor.

TABLE Π. The ratio W(1)/W(H) of the probabilities of the pro-
cesses forbidden (I) and allowed (II) by lepton-number conserva-
tion.

Process forbidden
by lepton-number
conservation (I)

a) Neutrinoless
double β decay

b)vli+jv:3+' +.'
ϋ)μ+-*-β+-(-γ

μ+ -»-«+-{- e* -\- tr

μ-+Οι-*«-+...
νμ+ΛΓ - * e - + . . .

4)μ-+&ι -*«•+...

Observed process
allowed by lepton-
number conservation (H)

Double β decay

ν μ + Λν"-»-μ-+ . . .

μ+ -"•«* + ve + ν μ

μ+-*«* + ν ί + νμ

μ-+&>->-νμ-|-...
νμ+ΛΓ-νμ-+...

μ-+Ου-*νμ+...

W (Ι) *)
W (11)

<0,09

<5·10-»
<2.210-β
<1.9·10-»

<ι.β·ιο-β

<3·10-'
<2.6·10-β

Confi-
dence
limit, %

68

95

90

90

90

95

90

Ref.

IJ, I»

14

15

1β

17

IS

17

*Ίη the literature one often finds a parameter a, which qualitatively
characterizes the maximum relative amplitude for a process forbidden
by lepton-number conservation; crudely speaking, a= J W(l)W(U) Jor
all cases listed in the table, apart from the double β decay of 82Se. In
this case, a « 10~3v/W(l)/W(U), where the factor 10"3 takes into ac-
count the fact that the phase space for the neutrinoless double β de-
cay is 106 times as large as for "ordinary" double β decay.

tronic lepton number; b) possible nonconservation of the
muonic lepton number; c) possible nonconservation of
both lepton numbers but conservation of their sum; d)
possible nonconservation of both lepton numbers.

It can be seen that the existing experimental data are
consistent with (4) and (5).

We shall assume that there exists an interaction which
is weaker than the interaction (1) and which does not
conserve the lepton numbers. We shall see in what fol-
lows that neutrino beams exhibit oscillations in this
case. Experiments to search for oscillations therefore
provide tests of the hypothesis that there exists an in-
teraction that does not conserve the lepton numbers.
These experiments are much more sensitive than experi-
ments to look for the neutrinoless double β decay μ
— ey3 > and other similar processes.

b) Majorana neutrinos

The first theory of neutrino oscillations was developed
in Ref. 2. This theory is based on the theory of the two-
component neutrino.

According to the theory of the two-component neu-
trino, the Hamiltonian can include only the left-handed
components of the neutrino fields,

i-f- v5 l + Vi /β\

and the right-handed components of the antineutrino
fields,

vf,

here

is the charge-conjugate spinor.
the equations

(7)

(8)

The matrix C obeys

"This statement may be incorrect if there exist heavy leptons
(see Sec. 7).
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C*C = 1 ^

(9)

The Hamiltonian which is quadratic in the neutrino fields

and which does not conserve the lepton numbers of the

interaction has the following general form4':

where the parameters Wje, m · ^ , and m V i have the di-

mension of mass.

The Hamiltonian (10) can be written in the more com- '

pact form

here

and

· *-(£).

(ID

(12)

(13)

If the interaction (10) is invariant under the CP trans-
formation, then the parameters ην$β, mj№, and m-^e are
rea l . "

In this case, the interaction Hamiltonian can be writ-

ten in the form

= *RM (vL + vj,) + vtM (vf, + vt) = χΛίχ;

here

We have

%' = C~x - χ .

(14)

(15)

(16)

Thus \ e and χ μ are Majorana neutrino fields. Clearly,

the Hamiltonian (14) contains the Majorana fields be-

cause we have introduced an interaction that does not

conserve the lepton numbers.

The matrix Μ can easily be diagonalized. We have

Μ = UMelF, (17)

4 ) I t is easy to see that (ν%κ veL -v%R ν μ £ ) = 0. In fact,

5 ) In fact,

p- ν (x

(«0,

where ί/pc is the operator of the PC transformation, and x?
= (-x,i*o)· T n e condition of CP invariance, UpcgeixWpc
=dt(xl), therefore gives M*=M. Moreover, s inceM r =M,
we have M*=M.

where U is an orthogonal matrix (UTU = l) and

Substituting (17) in (14), we obtain the following expres-

sion for the Hamiltonian:

here

φ =

(19)

(20)

Thus φι and <pz are Majorana neutrino fields with

masses mi and mz, respectively. It follows from (20)

that

χ = (21)

Hence the fields veL and i/Mi in the Hamiltonian of the

ordinary weak interactions are related to the Majorana

neutrino fields by the equations

2
a—I, 2

= Σ
0—1,2

(22)

Thus, if our assumptions are valid, the weak-inter-

action Hamiltonian contains orthogonal superpositions

of Majorana neutrino fields with non-zero masses mx

and m2. As we shall see later, this case gives rise to

neutrino oscillations.

The orthogonal matrix U has the general form

Using (20) and (23), we have

<p1 = cose/j — sin xa,
φ 2 = sin θχ, + cos θχ2

and

v,L = cos θφ1£, + sin θφΙ£,,
i θ + θcos θ φ ! 1 .

(24)

(25)

It can be seen from these expressions that the angle θ

characterizes the mixing of the Majorana fields <pl and

φ2. We now obtain relations which connect the masses

mi and mt and the mixing angle θ to the quantities

m-z,,,, and wijre. Using (17), we find

mit — cos2 9m, + sin2 Bm2,

πι-μ = sin2 9m, + cos2 6m2,

m-t = sin θ eos θ (— m-i + m2).

These relations give

(26)

(27)

(28)

(29)

(30)

As we shall see in Chap. 3, oscillations occur when-
ever θ*0 and mx *mz. It follows from (27) and (28) that
a necessary condition for this is that mi , and at least

2m-
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one of the two parameters m7e and m^ is non-zero.
Equation (27) implies that if w J e =« !„ and wj e#o, then
0 = π/4 (maximal mixing). In this case, we have the re-
lations

(Φΐ

-7=- (

(31)

which are analogous to the relations between the wave
functions of the K° and K° mesons and those of the Kx

and Kz mesons. We note that the mixing is also maxi-
mal in the case when m1/B, mj,, « w j , .

Let us consider the foregoing scheme from a some-
what different point of view. Our discussion was based
on the theory of the two-component neutrino. It is well
known that this theory is equivalent to a theory of the
Majorana neutrino with zero mass. We can therefore
base the disucssion on the theory of the Majorana neu-
trino. In essence, the introduction of the interaction
(10), which does not conserve the lepton numbers, is
equivalent to a mixing of massive Majorana neutrino
fields. We note that the Majorana neutrinos can differ
only in their masses in such a scheme. There is then
no need to introduce the concept of lepton number. We
shall see that for sufficiently small particle masses
this scheme is consistent with the existing experimental
data. Its most important consequence is the existence
of neutrino oscillations/23

c) Dirac neutrinos

We now turn to a discussion of the theory proposed
in Refs. 4 and 5. This theory is based on the quark-
lepton analogy. We recall that the Cabibbo hadronic
current is given by the expression

here

d' < d c o s 9 c

(32)

(33)

(6C is the Cabibbo angle). In (32) and (33), the symbols
u, d, and s denote the field operators for w quarks (Q
=1, Γ 3 = | , S=0), d quarks (Q = - i , T 3 =i, S = 0), and
s quarks (Q = - £ , Τ = 0, S = -1), respectively. It is
well known that all the existing data, including those ob-
tained in experiments on deep inelastic neutrino-nucleon
interactions, are consistent with (32).

The Cabibbo hadronic current has the same V - A
structure as the lepton current (both currents contain
only the left-handed field components). However, if we
confine ourselves to Eq. (32) for the hadronic current,
there is a significant difference between the weak lepton
and hadronic currents. This is so mainly because there
are four leptons, while the expression (32) contains only
three quark fields. To eliminate this asymmetry, a
fourth quark with a new quantum number C (charm) equal
to unity was introduced in Ref. 19.e>

6)This problem is discussed in greater detail in the review of
Ref. 20. Particles possessing the new quantum number have
now been observed in neutrino experiments and in e*e~ col-
liding-beam experiments (see e.g., the Proc. of the 18th
Conf. on High Energy Physics, Tbilisi, 1976).

A significant step forward in constructing a theory of
the weak interaction was made in Ref. 21a. This work
was based on the four-quark hypothesis. The authors
assumed that, in addition to the Cabibbo current (32),
the charged hadronic current contains a term

(7α )θ

here

s' = — d sin 6c-f s cos 9C,

(34)

(35)

and c is the field operator for c quarks (Q =f, Γ =0, S
= 0, C = 1). (This is now known as the standard theory.)

If we take the charged hadronic current in the form

, (36)

then, as was shown in Ref. 21a, the neutral weak cur-
rent of the Weinberg-Salam gauge theories of the weak
and electromagnetic interactions contains no strange-
ness-changing terms. Since the charged current (36)
changes strangeness, a strangeness-changing neutral
current appears in higher orders of perturbation theory.
The standard theory with the current (36) contains a
compensating mechanism121113 which makes it possible to
obtain agreement between the calculated values of the
KL-KS mass difference and the probabilities for pro-
cesses such as Κ*-τι*νν and KL- μ* μ' and their experi-
mental values. We note that the cancellation of the dia-
grams which induce the strangeness-changing neutral
current occurs because the d and s quark fields appear
in the charged current in the orthogonal combinations
(33) and (35).

Let us now return to a discussion of the leptons. By
comparing the current (36) of the standard theory with
the usual lepton current (Eq. (3)), we can see that there
is a significant difference between these expressions.
The distinction is that the hadronic current contains
orthogonal combinations of the d and s quark fields,
while the current (3) contains the electronic and muonic
neutrino fields (the hadronic current does not conserve
strangeness, while the current (3) conserves the lepton
numbers).

To eliminate this distinction, let us assume"'53 that
there exist two neutrinos with non-zero masses (which
we shall denote by v1 and uz) and that the operators ve

and Ρμ, in Eq. (3) for the lepton current are orthogonal
superpositions7'

v, = v, cos θ + v 4 sin Θ,

v u = — Vj sin θ + v s cos Θ,
(37)

where vx and vt are Dirac neutrino fields with masses
mx and m2, and β is a mixing angle.8' A priori, there
is no reason to assume that the mixing angle θ is equal

7>It became known to us quite recently that lepton and hadron
mixing had already been proposed l 2 1 b I in 1963.

"We note that the lepton mixing angle is denoted by 6 and the
neutrino masses by mj and τη^, both in the case of mixing of
Majorana fields (see Sec. 2b) and in the case of mixing of
Dirac fields.
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to the Cabibbo angle 0C. We note only that the two values
0=0 and 0 = π/4 of the mixing angle have a special signif-
icance. The case 0=0 (no mixing) corresponds to the
usual theory with strictly conserved electronic and mu-
onic lepton numbers. The case 0 = π/4 corresponds to
maximal mixing, i. e., the maximum amplitude for the
oscillations (see Chap. 3).

Thus we have a theory in which the weak currents of
the leptons and quarks are completely analogous. In es-
sence, the scheme involves no lepton number which dis-
tinguishes the two types of neutrino v, and ΐ/μ; the two
neutrinos v1 and vz are distinguished from one another
only by their masses (like the d and s quarks).

It follows from (37) that the neutral current of the
Weinberg-Salam theory has no asymmetric terms (pro-
cesses μ — ey, μ — 3e, etc.) to first order in G. In high-
er orders of perturbation theory in our scheme, such
processes become possible (in analogy with the process-
es KL — 2\i, K—iivv, etc.). However, calculations
showC22:l that the probabilities of these processes are ex-
tremely small in the two-neutrino scheme, owing to a
compensation mechanism analogous to the GIM mecha-
nism121·1 (see Chap. 7 for further details).

The principal distinction between the theory considered
here and the usual theory with two conserved lepton num-
bers is the possible existence of neutrino oscillations in
the former/ 5 · 6 3

d) Comparison of the theories with neutrino mixing

We conclude this part of our review with some re-
marks concerning the comparison of the theory with
mixing of Majorana neutrinos (the Μ theory) considered
in Chap. 2b and the theory with mixing of Dirac neu-
trinos (the D theory) considered in Chap. 2c.

1) In the schemes discussed above in Chaps. 2b and
2c, the neutrino masses are non-zero and the neutrino
field operators appear in the Hamiltonian in the form of
orthogonal superpositions. The difference between these
theories is that the neutrinos are Majorana particles in
the Μ theory and Dirac particles in the D theory. The
Hamiltonian (10) of the Μ theory does not conserve the
muonic and electronic lepton numbers L^ and Le. The
Hamiltonian of the D theory conserves the sum Le +Σμ,.
As we shall see later, neutrino oscillations are de-
scribed by identical expressions in the two theories.
Unlike the D theory, the Μ theory admits neutrinoless
double β decay and other processes in which /_,„+/_,„ is
not conserved. However, the probabilities of such pro-
cesses are very small, and the existing experimental
data enable us to obtain only (very weak) boundsC233 on
the parameters of the theory.

We note that the neutrinos of the D scheme are de-
scribed in the same way as all the other particles
(charged leptons and quarks), whereas the neutrinos of
the Μ scheme occupy a special place among the set of
fundamental particles. In the Μ theory, each type of
neutrino is described by two states; in the D theory,
there are four states for each type of neutrino. In this
sense, there is no lepton-quark analogy in the Μ theory.
In particular, it is easy to seeC2] that the Μ theory is

equivalent to a s c h e m e c l O t U ] w i t h only a single lepton

charge, and this charge is not conserved (see the foot-

note2»).

2) The mass t e r m in the Hamiltonian of the D theory

has the form

Sti = mlvivl -+- m2v2v2. (38)

Let us express u^ and vz in t e r m s of ve and ι/μ (see (37))
and substitute the resul ts in Eq. (38). This gives

ι = meeveve + ϊΒμμνμνμ + Si;

here

and
m,t = m, cos2 θ + nh. sin2 θ,

mm = m, sin2 θ + m3 cos2 Θ,

mue = sin θ cos θ (— ml + mi).

(39)

(40)

(41)

Clearly, mee and m^ are the bare masses of the elec-
tronic and muonic neutrinos. The Hamiltonian 36 does
not conserve Le and £ μ individually, but it conserves
Σ€+Σμ. Thus, if we assume that the masses of the elec-
tronic and muonic neutrinos are non-zero and that, in
addition to the ordinary weak interaction, there exists
an interaction (40) which does not conserve the lepton
numbers, we obtain the D theory.

The masses m1 and m2 and the mixing angle 0 are ob-
viously related to the quantities m,t, «2
equations analogous to (29) and (30):

μ μ , and τηΜ by

2m»,
(42)

= γ( m «. + "W ± V(mel.-mm)1

We have considered the simplest theories with mixing
of two neutrino fields with different masses. Mixing of
Ν »2 types of neutrinos was studied in Refs. 7-9. The
results obtained in these papers will be discussed brief-
ly in Chap. 5.

3. NEUTRINO OSCILLATIONS

The theories considered above lead to neutrino oscil-
lations. We shall now discuss this phenomenon.

We shall write \v,) and Ιΐ/μ) for the state vectors of
the electronic and muonic neutrino (the neutrinos which
take part in the ordinary weak interaction) with momen-
tum ρ and helicity - 1 . It follows from (22) and (37) that

|vi>
1, 2

(43)

where \va) (σ = 1, 2) is the state vector of a neutrino with
mass ma, momentum p, and helicity - 1 (we are as-
suming that p » ma). The orthogonal matrix U has the
form (23). The vectors Ιΐ/σ) describe Majorana neu-
trinos in the theory of Ref. 2 and Dirac neutrinos in the
theory of Refs, 4 and 5. We have

(44)

where Η is the complete Hamiltonian, and
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In addition,

K>= 2 (45)

Consider the behavior of a neutrino beam produced as
a result of an ordinary weak process. At the initial in-
stant of time, such a beam is described by the vector
I f , ) . At time t, the state vector of the beam is given by
the expression

I v,>, = «-« |v,)= 2 ^ι.αβ-< ν |νο>.
σ—i, 2

(46)

We note that the neutrinos are assumed to be stable par-
ticles here. In the schemes which we are considering,
however, the heavier neutrino (say, the vx) can decay
into a vz and a photon. The probability of this decay,
calculated according to the theory with neutrino mixing,
is given by the expression122·1

here m^ and Mw are the masses of the muon and the in-
termediate boson, respectively (for simplicity, we have
assumed that m1»mi). It is easy to see from this ex-
pression that the neutrino lifetime is much greater than
the age of the Universe. Thus the instability of the neu-
trino can be neglected.*'

Let us now return to our discussion of the behavior of
a neutrino beam. It can be seen from (46) that in the
theories considered here such a beam is described not
by a stationary state, as in the usual theories, but by a
superposition of stationary states. This is obviously due
to the fact that the vector \v,) is not an eigenvector of
the Hamiltonian H.

Let us expand the state vector (46) in terms of the
vectors li>,.). This gives

where

(47)

(48) .

is the probability amplitude for observing vt> at time t
after the production of the vx. We have

«v,.;v,(0)= 2

Clearly, if mx*mz and υ1αΦδΙα>, then <*„„,,,, (0 =<«,,„„„(*)
*0 (i .e., the oscillations v,Si/B occur).

The probability of the "transition" vt - vx> is given by
the expression

>v,; v,. ( 0 = 2 , . cos (£„ - Ea.) t. (49)

9>We note that if the lifetime of the Ci were less than the age
of the Universe, the decay Cj — v2+y would lead to the pro-
duction of neutrinos described by a stationary state.

It is easy to see that the quantities wv%,.Vl(t) satisfy the
relation

Moreover, in the case p » » „ m2 in which we are inter-
ested, we have

(50)

(51)

(52)

Using (23), (49), and (50), we obtain

( )

«"ν νμ (R) = " > v ν, (Λ) - y s i n 2 2Θ (l - cos 2n £ ) ;

here wVt,tVf(R) is the probability of observing ι/,, at a
distance R from the source of vt, and

(53)

is the wavelength of the oscillations."4 3 We note that the
quantities sina26 and L are related to the parameters
m3e> mHn> and >«5e of the theory of Ref. 2 by the equa-
tions

4m'-

4m
μ.

4πρ (54)

(m.
« μ ' v te

Clearly, the relations between these quantities and the
parameters of the theory of Refs. 5 and 6 can be ob-
tained by making the following substitutions in (54):

We note also that the basic relations of this section
(Eqs. (47)-(49)) also hold in the general case of Ν types
of neutrinos. In this case, U is an orthogonal NxN ma-
trix (if CP in variance holds), and the summation over σ
goes from 1 to N.

4. POSSIBLE EXPERIMENTAL TESTS OF THE
NEUTRINO MIXING HYPOTHESIS

a) General considerations

In this section, we shall make use of Eqs. (51) and
(52), obtained for the case of two types of neutrinos.
The general case of Ν types of neutrinos will be dis-
cussed briefly in Chap. 6.

First of all, we note that the observation of neutrino
mixing effects (which we shall also call oscillation ef-
fects) includes both the observation of the sinusoidal
term in the neutrino intensity and the confirmation that
the constant term in wv fv (Λ) is different from unity or
that the constant term in wv .Vl(R) (I' *l) is different
from zero (see (51) and (52)). To observe the sinusoi-
dal term, it is necessary that this term does not vanish
after averaging over the dimensions of the neutrino
source, the time of the measurement, the dimensions of
the detector, and the spectrum of neutrino momenta.
In particular, it is obvious that a necessary (but not suf-
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TABLE m . Values of the parameter Λί£,1η (the parameter
characterizing the sensitivity of experiments to search for os-
cillations) for various neutrino sources*'.

Neutrino source

Reactor

Meson factory

High-energy accelerator

The Sun

Pmln·
MeV

1

10

10'

2-10-1

m

102

102

104

1·5·1θ"

eV*

3Ί0"2

3Ί0"1

3-10-1

4·10"12

*)The inequalities (55) and (59) are highly qualitative. It
should also be borne in mind that the values of pmia and
Rnax (and hence Λί^1η) are provisional and reflect our
apprasial of the experimental situation.

ficient) condition for the observation of the sinusoidal
term is that the dimensions of the neutrino source are
small in comparison with the wavelength of the oscilla-
tions and that the dispersion in the time of neutrino
emission is small in comparison with the period of the
oscillations.

Now it can be seen from Eqs. (51) and (52) that if the
wavelength L of the oscillations is much greater than the
distance R between the source and the detector, then

«V; ν, (Λ) « 0 (Ι'φΙ) and u>v,; v, (R) « 1 ·

Thus any effects due to oscillations can be observed
whenever

Let us introduce the quantity

M* = \m\-m\\.

(55)

(56)

Equation (53) for the wavelength of the oscillations can
be rewritten in the form

L = 4K-£T. (57)

Substituting the numerical value of He in (57), we obtain

(58)
*"—'" M2(eV2)

If, for example, M 2 = l eV2, then at neutrino momenta
equal to 1 MeV, 10 MeV, and 1 GeV the wavelength of
the oscillations is equal to 2. 5 m, 25 m, and 2. 5 km,
respectively.

It can be seen from (55) and (57) that the oscillation
effects can be observed when

(59)

Thus experiments to search for neutrino oscillations
should be carried out at the "minimum" possible neu-
trino momentum pmln in a given experiment and the
"maximum" possible distance Rmax between the neutrino
source and detector. In order to characterize the sen-
sitivity of various experiments to search for oscilla-
tions, we introduce the parameter

(60)

Neutrino oscillation effects can in principle be observed
whenever z ^

In Table ΠΙ we show the values of the parameter
•Mmin for various neutrino sources/253

It should be stressed, however, that this table is
merely illustrative. In addition, we remark that Table
ΠΙ is very "conservative." For example, it was pro-
posed in Ref. 26 to look for oscillations in an experi-
ment to observe neutrinos produced at the Batavia ac-
celerator by means of a detector situated in Canada.
In this experiment, R «103 km (to be compared with
itm««10 km in Table ΙΠ).

b) Limits on the parameter M2 obtained from the
existing data

We now consider what limits on the parameter M 2

= lm2 —m\ I can be obtained from the currently available
data. It should be emphasized that these data do not
come from experiments designed to search for oscilla-
tions.

In Ref. 27 measurements of the cross section for the
process

ν.+ί>+**+» (61)

induced by antineutrinos from a reactor gave the result

= o.88 ±0.13 ; (62)

here σβχρ is the experimentally measured cross section
for the process (61), and a t h e o r is the cross section ex-
pected from the V-A theory. For simplicity, let us
consider the case of maximal mixing (β = π/4). For
monoenergetic antineutrinos, we find in this case from
(51) that

^ ^ ! .4(l+cos 2* £) (63)

where he;ve is th e ve intensity, and Ipeive is the expected
intensity in the absence of oscillations. In the experi-
ment of Ref. 27, R ~ 10 m and the effective momenta of
~vt from the reactor are several MeV. Using (62) and
(63) and taking into account the form of the antineutrino
spectrum, we find the estimate

Μ1 <ζ 1 eV2. (64)

We can also estimate an upper limit on the parameter
M2 by making use of experimental data obtained with a
high-energy neutrino beam. If oscillations occur, a
beam of "muonic" neutrinos is a mixture of both ι>μ and
ve . Using (51) and (52), we find that the ratio of the ve

and î j intensities is givenby the expression

R, P)
(65)

Data obtained in the Gargamelle bubble chamber using
neutrinos from the 30-GeV CERN accelerator were re-
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FIG. 1. The upper limit on the
parameter Μ =V \m\ - wi{ I for vari-
ous values of the mixing angle θ
(mi and m2 are the masses of the
neutrinos fi and P ? 1 1 8 1 ) . The up-
per and lower curves correspond
to the confidence levels 95 and
68%, respectively.

ο αζ u

cently analyzed in Ref. 18. Taking into account a pos-
sible background from Ke3 decays, the authors of this
paper showed that the intensity of electronic neutrinos
which might arise from oscillations does not exceed
0.3% of the v№ intensity (at the 95% confidence level).
Figure 1 shows the upper limit on the parameter Μ as
a function of sin20 (the upper and lower curves corre-
spond to the 95% and 68% confidence levels).

We conclude with a few words about an experi-
mentI28>29] involving solar neutrinos. As we shall see
in Chap. 5, neutrino oscillations are by no means ruled
out by the currently available data. This means that no
upper limits on the parameter Μ2 can be obtained from
these experimental data at the present time. The pos-
sibility of obtaining a lower limit on Mz from this ex-
periment will be discussed in Chap. 5.

c) Possible experiments

We now turn to the question of what special types of
experiments can be used to study neutrino oscillations.

We recall that (see (51))

, p), (66)

where /„ sv (R,p) is the intensity of vt (Ζ =β, μ) with mo-
mentum p at distance R from the source of vt> and
I%t(R,p) is the expected intensity of i>, in the absence of
oscillations. Similarly, we have (see (52))

/»,.;ν,(Λ. i>)=y sin*26 (l-cos2jt ψ) /$, (R, ρ) (Ι'φΐ; I, l' = e, μ);

(67)

here IVl,tVl{R,p) is the intensity of vt> at distance R from
the source of v,.

One of the possible methods of looking for neutrino
oscillation effects is to compare the averaged (see be-
low) intensity of neutrinos of a given type with the inten-
sity expected in the absence of oscillations. In this
case, the sinusoidal term in Eqs. (66) and (67) vanishes
after averaging over the neutrino spectrum, the region
in which the neutrinos are produced, etc. Such experi-
ments can be carried out by detecting either neutrinos
of the same type as the emitted neutrinos or those of the
opposite type.

We find that the average intensities are given by

(V Φ I)-

(68)

( 6 9 )

For maximal mixing (β = 7τ/4), the coefficient
takes the minimum value

(70)

(71)

(72)

while SVi,}vt takes the maximum value

(6v,.;v,)m.x=4 (Ι'ΦΙ)- (73)

The relation hetve = &ve;ve7ve can be tested in experi-
ments using low-energy (~ 1 MeV) antineutrinos obtained
from a reactor. If it is found that the observed intensity
Ivttze is less than the expected intensity 7J#, this will in-
dicate that neutrino mixing occurs. In this case, the
mixing angle θ can be determined from Eq. (70). If,
on the other hand, the intensity Tvei7e is equal to 7§β, we
can of course not conclude that there is no mixing; this
result might occur not only because 0 = 0, but also be-
cause the wavelength of the oscillation is much greater
than the distance from the source to the detector. It
has been proposed to carry out experiments to search
for electrons in beams of neutrinos obtained from the
decays of pions and kaons (at sufficiently "large" dis-
tances from the source to the detector), using high-en-
ergy accelerators and meson factories. If these experi-
ments detect electrons which cannot be explained by
various "trivial" backgrounds (Ke3, ir°, etc.), this would
indicate the presence of neutrino mixing and it would be
possible to determine the mixing angle from Eq. (71).10)

If, on the other hand, no electrons are observed, then
no conclusions can be drawn about the absence of oscil-
lations and it is only possible to obtain limits on the pa-
rameter M2 (see, e.g., Fig. 1).

As we have already pointed out, oscillations can be
observed in experiments using neutrinos from reactors
and accelerators if Mz £ ΙΟ"8 eV2. If M2 «10"2 eV2, the
best prospects for observing neutrino oscillations might
lie in detecting cosmic neutrinos, and in particular solar
neutrinos. A detailed discussion of the problem of solar
neutrinos is given in Chap. 5.

The experiments discussed so far can at best be used
to establish the presence of neutrino mixing and to de-
termine the mixing angle Θ. If the mixing effect is actu-
ally found in such experiments, we would be led to the
very interesting problem of obtaining information about
the parameter Αί 2 = \m\-m\\. To do this, it would be
necessary to observe the sinusoidal term in either (66)
or (67). This would make it possible to determine the
wavelength of the oscillations and hence Mz.n)

here

10>If there exist in nature N>2 types of neutrinos, then neu-
trino mixing is described by anNxN matrix and Eq. (70) is
replaced by Eq. (87) (see Sec. 6). Our discussion in this
subsection is limited to the simplest case of two neutrinos.

1 1 'in experiments using neutrinos from accelerators or reac-
tors, it is perfpctly feasible and not too difficult to deter-
mine the wavelength of the oscillations (if the observed and
expected intensities are found to be different). In the case
of experiments using solar neutrinos, however, the problem
of determining the wavelength of the oscillations is incom-
parably more difficult than that of establishing the presence
of mixing (see Sec. 6 for the details).
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We first discuss the possibility of performing such
experiments using antineutrinos from a reactor.1851 We
shall assume that the wavelength of the oscillations is
much greater than the dimensions of the reactor. Since
the wavelength of the oscillations depends on the anti-
neutrino momentum, the spectrum N(R,p) of antineu-
trinos at a distance R from the source is different from
the spectrum expected in the absence of oscillations.
Information about the spectrum N(R,p) can be obtained
by measuring the spectrum of positrons in the process
~ve +p — e* +n. On the other hand, the spectrum of anti-
neutrinos in the region in which they are produced can
be determined sufficiently accurately from measure-
ments of the spectrum of electrons emitted by the fis-
sion products under saturation conditions. A compari-
son of these spectra would make it possible to determine
Up).

Information about the wavelength of the oscillations
can also be obtained by measuring the antineutrino in-
tensity, averaged over a relatively narrow part of the
spectrum, at various distances from the reactor.

Next we discuss possible experiments using meson
factories and high-energy accelerators that could pro-
vide a determination of the sinusoidal term in (66) and
(67). We shall assume that the effective dimensions of
the neutrino source are much smaller than the wave-
length of the oscillations. A good method would be to
measure the ratio r(p) of the number of electrons to the
number of muons as a function of the momentum ρ in
neutrino processes at a definite distance from the source
of Vy,. If the intensity of ve in the region in which neu-
trinos are produced can be neglected, then we find from
(66) and (67) that the ratio r(p) is given by

. _ (l/2)sinae[l— cosa(l/p)l
rkP>— i_(1/2)sin2θ[1 — cosa(l/p)]

where

(74)

(75)

It would also be useful to measure the ratio r{p) at vari-
ous distances R. We note that a measurement of the
neutrino intensity, averaged over a sufficiently narrow
part of the spectrum, at various distances R may also
make it possible to obtain information about the parame-
ter Mz.

Let us now list the advantages and disadvantages of
experiments to look for oscillations using meson fac-
tories (proton energies in the range 500-800 MeV) and
high-energy accelerators (proton energies of hundreds
of GeV). The advantages of experiments using meson
factories are as follows12': 1) the small dimensions of
the region in which the neutrinos are produced; 2) the
small wavelengths of the oscillations (small neutrino
momenta); 3) the fact that the appearance of electrons

*We have in mind beams of νμ obtained at meson factories
from the decays of pions in flight (and not from stopped
pions), in particular from the decays of pions with an energy
of several hundred MeV captured by a magnetic trap (see
Ref. 30a).

is practically direct evidence for the presence of oscil-
lations (there is not enough energy for ir°-meson produc-
tion). A disadvantage of such experiments is the fact
that it is impossible to make a direct measurement of
/£ (the sterility of the νβ with energies below the muon
production threshold).

The advantages of experiments to look for oscillations
using high-energy accelerators are: 1) the large dis-
tances between the neutrino source and detector; 2) the
possibility of directly measuring /J ; 3) the possibility
of producing heavy charged leptons as a result of the
oscillations (if there exist new types of neutrinos in the
weak current in addition to the charged heavy leptons
and if all the neutrino fields are mixed). The disadvan-
tages of such experiments are: 1) the large wavelength
of the oscillations (large neutrino momenta); 2) the
background of ir° mesons.

We conclude with a few remarks about some specific
experimental projects to search for and study neutrino
oscillations that are known to us. Such experiments us-
ing reactors are planned in at least three laboratories:
at the I. V. Kurchatov Institute of Atomic Energy/30*1

at the Laue-Langevin Institute in Grenoble/311 and in the
University of California at Irvine.1·321 An experiment to
search for oscillations will be carried out using the
Brookhaven accelerator/331 The originality of this ex-
periment is that it is proposed to use the Brookhaven
accelerator as a meson factory (with a proton energy of
only 800 MeV and a proton beam intensity of 10u p/sec).

Finally, we mention a papert2el in which it is proposed
to place a neutrino detector in Canada, at a distance
~1000 km from the accelerator at Fermilab (Batavia).
This experiment is of definite interest not only in con-
nection with the problem of neutrino oscillations, but
also because it makes it possible in principle to mea-
sure a distance between two points of the Earth com-
parable with the Earth's radius.

5. THE SUN AND COSMIC NEUTRINOS

a) The Brookhaven experiment

In this section, we consider various possible methods
of searching for oscillations in experiments using cos-
mic neutrinos. We begin with solar neutrinos. It can
be seen from Table ΠΙ that experiments using solar neu-
trinos provide an extremely sensitive method of search-
ing for neutrino oscillations. This is so because the en-
ergies of solar neutrinos are small and the distance be-
tween the Earth and the Sun is great.

Over a period of many years, Davis et al. (see Ref.
28 and the references cited therein) have been carrying
out an experiment to search for solar neutrinos. This
experiment makes use of the chlorine-argon method/341

In particular, a study is made of the reaction

v, + »'Cl->- e- + "AT. (76)

The 37Ar produced in this process undergoes if-capture
with a period of 35.1 days. The detector contains 3.8
X105 liters of C2C14 (2.2X1030 atoms of 37C1) and is sit-
uated at a depth of 4400 m below sea level in a gold mine
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Rate of " A T
production

(M)

— Prediction of
the standard
solar model

— Level of
cosmic
background

FIG. 2. The rate of STAr production in the Brookhaven chlo-
rine-argon experiment to detect solar neutrinos.1 2 8·2 9 1 The
solar neutrino unit is

°f " " + i X 7 C ' + " A rX7 .
atoms of " C l · sec

The axis at the left gives the rate of S7Ar production per day
within the entire volume of the detector ( 5

in South Dakota (U. S. A.) The argon is extracted from
the detector by passing helium through it, and it is then
separated from the helium and put in a proportional
counter of small dimensions, in which practically every
S7Ar if-capture event is detected. We shall say a few
words about the advantages of the chlorine-argon meth-
od:

1) It is a simple matter to extract several atoms of
S7Ar from a large quantity of C2C14 (we stress that, de-
spite this "simplicity," the experiment of Davis et al.
requires heroic efforts).

2) C2C14 is an inexpensive, relatively non-toxic, and
non-inflammable liquid.

3) The .K-capture of "Ar is accompanied by an energy
release equal to 2.8 keV; this makes it possible to use
a proportional counter having a small background as the
detector.C3S] l 3 ) The low background is achieved not only
by measuring the amplitudes of the pulses in the propor-
tional counter, but also by measuring the shape of the
pulses. The signal corresponding to decay of 37Ar is
characterized by a rapid growth, owing to the fact that
the corresponding ionization is well localized (in con-
trast with the ionization of the background process-
es)." 8 3 At the present time, the effective background
of the counter in the Brookhaven experiment is 0.5
counts in 35 days within the range 1.5-5 keV and with
discrimination in the form of the pulse. Each exposure
and period of measuring the radioactivity in the counter
lasted several months during a period of five years
(1970-1975). An exposure now lasts about a month.

b) Results of the experiment

The results obtained in the experiment of Davis et al.
are shown in Fig. 2. The vertical axis at the left gives

the number of 37Ar atoms produced per day within the
entire volume of the detector. The vertical axis at the
right gives the same quantity in so-called solar neutrino
units SNU (where 1 SNU = 10"se(events of i/,+O TCl-e"
+ 37Ar)/(atoms of 37C1· sec)), in which the theoretical re-
sults are usually given. The value calculated on the
basis of the standard solar model (see Refs. 29 and 37)
is indicated by an arrow at the right. The expected
background level of cosmic rays and the average rate of
37Ar production obtained by averaging over all the mea-
surements are also shown in Fig. 2.

The experimental results'2 8 3 are given in Table IV.
Expressing the average rate of S7Ar production given in
Table IV in solar neutrino units, we have

1.3 ± 0.4 SNU

(1970-1975)

This value should be compared with the quantity

f φ (£) σ (£) dE = 6 ± 2 SNU, (77)

calculated (see Refs. 29 and 37) on the basis of the stan-
dard solar model. In this expression, φ(Ε) is the flux
of solar neutrinos of energy E, and σ(Ε) is the cross
section for the reaction (76).

c) Conclusions

What conclusions can be drawn from these data ? On
the basis of the measurements that have been made,
Davis et al. are of the opinion that in view of the uncer-
tainties due to the background processes and other un-
certainties this result (1.3 ±0.4 SNU) can give only an
upper limit of 1.7 SNU on the flux of solar neutrinos at
the 68% confidence level."8 3 This conservative conclu-
sion of the authors can only be welcomed. However, it
should be borne in mind that for a number of years the
authors were of the opinion that there was a "solar neu-
trino paradox," i. e., that the flux of solar neutrinos
was much less than the expected flux.

It seems to us that Davis et al. observed solar neu-
trinos and that the observed rate of 37Ar production was
comparable with the expected rate, although probably
smaller.

The expected rate of 37Ar production by solar neu-
trinos was calculated1·373 on the basis of the generally

TABLE IV. Results of the Brookhaven experiment to search
for solar neutrinos.

"'Proportional counters with a high gas amplification factor
were in fact first built in connection with the chlorine-argon
method.

Rate of STAr production, averaged
over all exposures from April 1970
to Feb 1976

Rate of 37Ar production by cosmic μ
and ρμ

Rate of 37Ar production (after sub-
traction of the cosmic background)
which can be attributed to solar
neutrinos

Atoms of S7Ar/day

0.32 ±0.08

0.08 ±0.02

0.24±0.09
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TABLE V. Thermonuclear reactions of the hydrogen cycle.

p(p, e*ve)
(99.75%)

P ( i . e)
(0.25%)

, (3He, 2p) «He (86%),

*H (p, y)3 He Ι ι (e-, v») 'Li (p, «He) «He (14%),
1 («He, v ) ' B e | (p, y) «B-r ve + «+ + 8Be» (-0.02%)

TABLE VI. Contributions of various reactions in the Sun to
the expected rate of *7Ar production in the process f e+

S TCl
—e"+37Ar.

accepted hypothesis that the energy from the Sun comes
from the thermonuclear reactions of the hydrogen cycle
(Table V). It is assumed here that the original chemical
composition of the Sun was uniform throughout the Sun
up to its surface. It is also assumed that the nuclear
data are known with sufficient accuracy.

Table VI gives the maximum energies of the neutrinos
produced in the various reactions, the corresponding
neutrino fluxes, and the contribution of each of the re-
actions to the rate of 37Ar production in the reaction ve

The threshold for the reaction j/ e + 3 7 Cl-e"+ 3 7 Ar is
0.81 MeV, which is much larger than the maximum en-
ergy of the neutrinos from the principal thermonuclear
reaction p+p~ d +e* + ue that takes place in the Sun.u>

It can be seen from Table VI that the main contribution
to the rate of 37Ar production comes from the high-ener-
gy neutrinos from the decay of 8B (this is so because the
cross section for the reaction (76) rises rapidly with
energy). The expected flux of neutrinos from the decay
of 8B accounts for a very small fraction of the total flux
of solar neutrinos but has a strong dependence on the
parameters of the model; in particular, there is a very
strong dependence on the temperature of the central re-
gions of the Sun. Despite this fact, it is widely believed
(see, e. g., Ref. 29) that the quoted error in the calcu-
lated value of the rate of 37Ar production by solar neu-
trinos (6 ±2 SNU) is not underestimated.

d) The "solar neutrino paradox" and oscillations

We recall that if neutrino oscillations occur, then the
flux of solar neutrinos for maximal mixing (θ = π/4) in
the case of two types of neutrinos can be \ of the flux ex-
pected in the absence of oscillations, in accordance with
(66) and (68). If the mixing angle is different from π/4,
the neutrino flux can be anywhere in the range between
the expected flux and £ of the expected flux. We shall
show in Chap. 6 that if there are N>2 types of neutrinos
then the minimum flux of solar neutrinos can be 1/N of
the flux expected in the absence of oscillations.

If the "solar neutrino paradox" is genuine (i. e., if the
signal in the experiment of Davis et al. is actually
smaller than the calculated value and if this calculation
is reliable), then the resolution of this paradox on the
basis of the hypothesis of neutrino oscillations is more
natural than any other hypothesis that has been proposed,
either in the domain of elementary-particle physics or
in the domain of astrophysics. These hypotheses are

14>We have already pointed out the strong advantages of the
chlorine-argon method. The relatively high threshold of the
reaction i'e +

 3 TCl-*e"+S 7Ar is of course a drawback of this
method.

Neutrino source

p+p—d + e*+ve

p + e'+p-d + v.
TBe (^-capture)
8B (0 decay)

Maximum energy
of v€, MeV

0.42
1.44 (monochr.)
0.86(90%), 0.38(10%)
14

Neutrino
flux,

cm*2 sec

6.10'°
1.5· 108

4.5-10'
5.4· 106

Expected rate
of reaction

SNU

0

~0.3
~1

~4.5
6±2

listed in Ref. 29, where appropriate references can be
found. They include the hypothesis that neutrinos are
unstable particles that decay in flight between the Sun
and the Earth,t38] as well as the following exotic astro-
physical hypotheses: the energy of the Sun does not have
a thermonuclear character; there is a black hole inside
the Sun; the Sun is not in an equilibrium state, and its
luminosity due to the extremely slow process of diffu-
sion of photons from the central regions to the surface
is much greater than its "internal luminosity," informa-
tion about which can be obtained almost instantaneously
by experiments to detect solar neutrinos; the Sun ac-
quired an appreciable mass from outside at some time
in the past, and the compositions of the inner and outer
regions of the Sun are completely different (so that cal-
culations based on the assumption that the Sun is homo-
geneous are incorrect); and others.

From the standpoint of contemporary elementary-
particle physics, lepton mixing is a highly probable and
attractive hypothesis. If we accept that the flux of solar
neutrinos is actually too small, then oscillations provide
a reasonable and non-exotic explanation of this fact,
which is also consistent with current ideas about the
lepton-quark analogy. It is pertinent to mention that,
unlike the proposals for resolving the "neutrino paradox"
enumerated above, the idea of neutrino oscillations was
not invented especially to explain the experimental r e -
sults of Davis et al.

In conclusion, we note that if lepton mixing turned out
to be the resolution of the "solar neutrino paradox," then
we would be able to infer that:

1) The value of the mixing angle is close to the maxi-
mum value π/4.

2) The wavelength of the oscillation, L(p) =4ιφ/
\m\-m\\, is smaller than the distance from the Earth
to the Sun, i .e . , \m\ ~m\\>\Q-n eV8.1"

e) The problem of oscillations and future experiments
using solar neutrinos

To test the hypothesis of neutrino mixing, we must
determine the coefficient 5Veiv in Eq. (68). This obvi-

1 5 )To obtain this limit, we must take into account the fact that
the effective momentum of the neutrinos in the experiment
of Davis et al. was ~ 10 MeV.
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ously requires a sufficiently accurate knowledge of the
intensity Tug expected in the absence of oscillations. As
we have already emphasized, the use of detectors based
on the chlorine-argon method entails an error in the ex-
pected signal which is rather large (see (77)), and it is
quite possible that this error is underestimated (owing
to the strong dependence on the parameters of the model
for the Sun). If the detector could detect the low-energy
(«0.4 MeV) neutrinos from the reaction p+p~d + e* + ve>

which account for most of the solar neutrinos (see Table
VI), it would then be possible to make a reliable pre-
diction'8" of the intensity expected in the absence of os-
cillations. In fact, the total flux /„ of solar neutrinos
is related to the luminosity Lo by the equation

J v . 4aRs<? '

where R is the distance from the Sun to the Earth. This
relation can easily be derived by considering the fact
that the various thermonuclear processes in the Sun lead
ultimately to the conversion of four protons into 4He,
2e*, and 2ve with an energy release Q«25 MeV.

Thus the problem of determining the coefficient 6V ;v

in Eq. (68) may be solved if a new detector capable of
detecting the low-energy neutrinos from the reaction p
+p — d + e* + va is constructed. Such a detector may be
based on the Ga-Ge radiochemical method which is now
being developed.t28tS" The reaction16' i/e +

 7 1 Ga-e" + 71Ge
has a threshold of 230 keV. The half-life of 71Ge (K-
capture) is 11 days. The chemical problems of extract-
ing the germanium from the gallium and the problems of
detecting the 71Ge ϋ-capture events may be solved. In
order to build the detector, it would be necessary to
have several tons of gallium, a quantity which exceeds
its world-wide annual production. Nevertheless, it ap-
pears that such an experiment will be performed.

In conclusion, we would like to make the following two
remarks:

1) Other methods of detecting solar neutrinos have
recently been proposed. We shall not discuss these
methods here, and we cite only the appropriate refer-
ences."03

2) Preparations are now being made14" for an experi-
ment to detect solar neutrinos by the chlorine-argon
method at the Baksan neutrino station of the Insitute for
Nuclear Research, USSR Academy of Sciences. The
quantity of C2C14 in this experiment will be approximate-
ly five times as great as the quantity of Ο8(:ΐ4 in the ex-
periment of Davis et ol.

f) Experiments using solar neutrinos and the prospects
of determining the wavelength of the oscillations

We have already pointed out that if experiments using
reactors or accelerators show that either §vetve * 1 or
6ν<!.νμ*0 (see (68) and (69)), i .e., if neutrino mixing oc-
curs, then experiments of comparable difficulty designed

to determine the wavelength of the oscillations and hence
also the difference between the squares of the neutrino
masses will undoubtedly be carried out. The alternative
is to carry out experiments using solar neutrinos. The
problem of determining the wavelength of the oscillation
in experiments using solar neutrinos is incomparably
more difficult than the problem of determining the coef-
ficient δΡβ,μβ.

In this subsection, we discuss possible experiments
using solar neutrinos, from which it might be possible
to obtain information about the wavelength of the oscilla-
tions.

To begin with, let us assume that the detector makes
it possible to detect neutrinos with a definite momentum
p. In this case, the intensity of v, is given by Eq. (66)
(we shall confine our discussion to the simplest case of
two types of neutrinos). If the wavelength L(p) of the
oscillations is much smaller than the dimensions r~105

km of the region of the Sun in which the detected neu-
trinos are effectively produced, then the sinusoidal term
in the neutrino intensity vanishes in this case because
of the averaging, and only the above-mentioned mixing
effects (6Ve}Ve<tl) can be observed at the surface of the
Earth.

It was pointed out by I. Ya. Pomeranchuk that varia-
tions in the intensity of solar neutrinos may occur under
different conditions, as a result of the fact that the dis-
tance R(t) between the Earth and the Sun varies with
time. A variation can exist in principle if the wave-
length L(p) of the oscillations is greater than r and if
there are variations in the distance between the Sun and
the Earth comparable with L(p), i .e., if r<L(p)^AR,
where ΔΛ ~ 5X10* km is the maximum variation of R
(the difference between the semiaxes of the Earth's
orbit). It is an extremely difficult problem to observe
time-dependent variations. This is so because even the
maximum relative variation of the distance R (ΔΛ/R
«0.03) is usually much less than the relative dispersion
in the momenta of the neutrinos that are actually detect-
ed (there do not exist detectors which could detect neu-
trinos with a strictly defined momentum). Thus the
sinusoidal term generally vanishes after averaging over
the neutrino momentum.

Does there nevertheless exist some possible method
of observing time-dependent variations in the intensity
of solar neutrinos ? It should be borne in mind that the
reactions taking place in the Sun which lead to neutrino
production include some which produce monoenergetic
neutrinos (see Table VI). The problem of detecting time
time-dependent variations would become somewhat sim-
pler if there were some method of detecting the "neu-
trino lines" from such reactions (or coming mainly from
such reactions).17'

We note that variations in the intensity of neutrinos of
momentum p would have a period of the order of a hun-

1 6 'This reaction for detecting solar neutrinos was proposed by
V. A. Kuz'min.139*1

l T )There exists a very remote, but possible, radiochemical
method of detecting the neutrinos produced mainly in the re-
action/> + e"+/>-*<f+>'e in the Sun. This method is based on
detection of the process «<, + TLi—e"+TBe (see Ref. 40a).
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dred days if Ι,(£)»Δ.Κ»5ΧΐΟβ km, and of the order of
ten days if L(p)» 5x 105 km. Variations with a period
less than 10 days cannot occur. This is so because the
thermal energy of the particles in the active region of
the Sun is kT ~ 1 keV and the neutrinos produced in the
reactions e" + 7Be - ve +

 7Li and p + e~ +p - d + ve are not
monoenergetic. For neutrinos of energy ~1 MeV, the
relative dispersion in the momentum, Δρ/ρ~ 10"3, is
much larger than the relative daily variation in the dis-
tance between the Earth and the Sun, so that the sinusoi-
dal term vanishes after averaging over the neutrino
spectrum.

Thus there exists in principle a possible method of
measuring the wavelengths of the oscillations of neu-
trinos with energy ~ 1 MeV, provided that they lie within
the range between 5xl0 5 km and 5X108 km; such infor-
mation can be obtained by studying time-dependent os-
cillations in the intensity of solar neutrinos with a period
in the range between ~10 days and ~100 days (corre-
sponding to Mz =\m\ ~m\\ in the range between 0. 5x 10"8

eV2 and~0. 5X10"9 eV2).

From an experimental point of view, however, the
prospects for exclusive detection of neutrino lines seems
very remote.

In this connection, let us return to the discussion of
the chlorine-argon method. We see from Table VI that
~ 15% of the expected signal is due to the process 7Be
+ e"~ 7Li + i/e, in which neutrinos of energy 0.86 MeV are
produced. This means that, if the accuracy of the mea-
surements is increased, even the ordinary chlorine-
argon method can be used to observe variations due to
the sinusoidal term (for M 2 in the range somewhat below
that indicated above, the half-life of 37Ar is ~1 month).

We have already pointed out that the relative variation
in the distance between the Earth and the Sun is much
less than the characteristic relative dispersion in the
momenta of the solar neutrinos. It would be desirable
to make use of this dispersion to obtain information
about the wavelength of the oscillation.18' If solar neu-
trinos are measured by detectors with various thresh-
olds, it might be possible to do this by analyzing the
entire set of data.

We conclude this subsection with the following re-
marks.

We have already mentioned many times that the sinu-
soidal term in the intensity of solar neutrinos (see Eq.
(66)) generally vanishes after taking all possible aver-
ages and that the averaged observed intensity of ve can
vary in the range between £ and 1 times the expected in-
tensity in the case of two types of neutrinos. In the
general case of Ν > 2 types of neutrinos, the averaged
intensity can vary in the range between l/N and 1 times
the expected intensity.

We note that the observed intensity of solar neutrinos
may be much smaller than the expected intensity, even

in the case of two types of neutrinos. In fact, suppose
that the wavelength of the oscillations is comparable with
the distance between the Earth and the Sun. In this case,
the sinusoidal term in Eq. (66) for the neutrino intensity
may "survive" after averaging over the momentum.
Thus we have another possible interpretation of the
small signal from solar neutrinos observed in the chlo-
rine-argon experiment128·1 (although this interpretation is
connected with a special value for the wavelength of the
oscillation).

g) A note concerning the coherence of neutrino beams

We shall discuss here the coherence condition for a
neutrino beam considered in Ref. 42b. It was pointed
out in this paper that the dimensions of a packet of solar
neutrinos may be very small. This effect is due to col-
lisions between nuclei and is analogous to the well-known
broadening of spectral lines. According to Ref. 42b, the
dimensions d of a packet of solar neutrinos are given by

d ss 10"" cm. (78)

Clearly, the coherence condition is satisfied if

R Δβ < d, (79)

where R is the distance between the Earth and the Sun,
and

is the difference between the velocities of neutrinos with
momentum p and masses m1 and mz . Using the estimate
(78), we can rewrite the condition (79) for a neutrino
with momentum ~1 MeV in the form

io-4fl. (80)

If, for example, Mz=\m\-ml\«i eV2, then L»2.5 m,
and the condition (80) is certainly not satisfied (this is
the case that was considered in Ref. 42b).

However, as we have already stressed many times,
a necessary (but not sufficient) condition for the sinusoi-
dal term to "survive" is that the dimensions of the
source are small in comparison with the wavelength of
the oscillation:

r >£ L; (81)

here r gives the dimensions of the region of the Sun
from which the neutrinos are effectively emitted. Since
r«10"3.R, the inequalities (80) and (81) are essentially
equivalent, and we conclude that no further restrictions
(other than (81)) are imposed by the coherence condition
(79).

h) Oscillations and cosmic neutrinos

If the phenomenon of neutrino oscillations occurs, it
might also play a major role in experiments using cos-
mic neutrinos.19) Let us give some examples.

18)See also Ref. 42a, where tt was proposed to measure the

spectrum of solar neutrinos from β decay of 8B and to com-

pare it with the expected spectrum.

18>The importance of studying cosmic neutrinos was first em-
phasized in Ref. 42c.
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1) At the underground neutrino installation of the In-
stitute for Nuclear Research of the USSR Academy of
Sciences, preparations are being made for an experi-
ment1433 to detect high-energy muonic neutrinos originat-
ing from the decays of mesons produced in collisions of
cosmic-ray protons with nuclei of nitrogen and oxygen
in the atmosphere. The energy spectra and other char-
acteristics of these neutrinos were calculated in Ref. 44.
The high-energy muons produced by the interactions of
νμ with the Earth will be detected by 8 arrays of scintil-
lation detectors, each of area 1500 m2, connected in co-
incidence and providing information about the direction
from which the muons arrive. This arrangement will
detect both muons incident on the detector "from above"
and muons incident "from below," i. e., muons produced
by neutrinos incident on the opposite side of the Earth
and passing through the Earth. The average neutrino
momentum is 5-10 GeV in such experiments, while the
distance from the neutrino source to the detector is R
» 104 km. It is possible to test the hypothesis of neutrino
mixing by comparing the measured and expected inten-
sities of iv and making use of Eq. (66). In principle,
the sensitivity of these experiments is sufficiently
high.1433 It can easily be seen that A/j^-lO"3 eV* (see
(60) for the definition of the parameter M^J. Thus
these experiments have a sensitivity (as regards the
search for neutrino mixing) intermediate between the
sensitivity of experiments using artificial neutrinos
(from reactors or accelerators) and that of experiments
using solar neutrinos. However, the statistics that can
be attained in these experiments are very poor (£100
events/yr); moreover, the quantities required for the
interpretation of these experiments, such as the expect-
ed intensity and the spectrum of νμ, can be calculated
only with a poor accuracy.

2) A project (the DUMAND project145·463) for studying
cosmic neutrinos by means of a detector of extremely
large effective mass (>107 tons of water in the ocean) is
now being widely discussed. It is proposed to submerge
the detecting apparatus in the ocean at a depth of ~ 5 km.
Owing to its large luminosity, this arrangement can also
be used to study neutrino oscillations.

3) If there are more than two types of neutrinos, os-
cillations of cosmic neutrinos can give rise to new types
of neutrinos whose fields appear in the weak-interaction
Hamiltonian together with the fields of the heavy leptons.
Such a mechanism can explain"73 the inconsistency be-
tween the events observed at an underground Indian lab-
oratory" 6 3 and the data obtained at the Batavia acceler-
ator, provided that the wavelength of the oscillations is
~ 100 km (~ 100 km is the typical distance traversed by
high-energy neutrinos produced in the atmosphere and
detected underground).

6. OSCILLATIONS IN THE GENERAL CASE OF Ν
TYPE NEUTRINOS

a) The case of left-handed fields

We have so far been considering neutrino oscillations
in the case of two types of neutrinos. It is also of in-
terest to consider oscillations in the general case of an

arbitrary number N> 2 of types of neutrinos. This case
was analyzed in Refs. 7-9. Here we shall give a brief
account of the results obtained in those papers.

The theoretical relations (22 )C83 have the following
generalizations in the case of Ν types of neutrinos:

•OIL'

Ν

0=1
(82)

here v% (I =e, μ, Μ,...) is the field operator of the (elec-
tronic, muonic, etc.) neutrino that takes part in the or-
dinary weak interaction, φ α {σ = ί,. ..,Ν) is the field
operator of a Majorana neutrino with mass ma, and Ula

is an orthogonal NxN matrix (for the case in which CP
invariance holds). Similarly, the theoretical relations
(37)"·53 are replaced by" 3

: 2 (83)

where va (σ = ί,...,Ν) is the field operator of a Dirac
neutrino with mass ma. If the weak process leads to
the production of ι/,, then the probability of observing
a vt, at distance R from the point of production of the
vt is given by the expression

(I, /' = e , μ , Μ, . . . ) ,

where

£„„.== 4π-
- " > · . I '

(84)

(85)

If the wavelength of the oscillations are less than or
of order R and if the terms cos(2n R/Laa·) in (84) vanish
after averaging, then the averaged intensity ·ί|>,;ι,ζ of neu-
trinos v, is related to the intensity 7°̂  expected in the
absence of oscillations by the equation

(86)

where

Ν

' Σ Ufa.
σ—1

(87)

Using the orthogonality of the matrix U, it is easily
shown that

(88)

The minimum value of 6Vf}Vt is attained when

C/fl = U12 = . . . — UlN = ~jy · Vo"^

Thus, in the case of Ν types of neutrinos, the oscilla-
tions can lead to an intensity of solar neutrinos equal to
1/N of the expected intensity.""9 3

Equation (84) also implies that the averaged intensity
of ν,· (Ι'ΦΙ; I, I' =e, μ, Μ,...) is related to the intensity
T°f by the equation

/ν,.ν, — δν,.; ν/ν,! (90)
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TABLE VII. Neutrino mixing schemes.

Number of types

of neutrinos

1. Two (ve,

2. Two (ve,

3. Two (ve,

\&.N>2(ve,

2a.N>2(ve,
"μι "if I·

" μ )

" μ )

. . )

-·)

• ·)

Number of
neutrino

states

4

8

8

2JV

4iV

4N

Bare
masses of
neutrinos

0

*0

*0

0

* 0

*0

Particles with
definite masses

2 Marjorana
neutrinos

2 Dirac
neutrinos

4 Majorana
neutrinos

JV Majorana
neutrinos

Ν Dirac
neutrinos

2N Majorana
neutrinos

"

"

V

ι
V

V

Oscillations in
ve beam

. - " μ

. - " μ

. - " μ .

β-"_μ. "«-"«.

δ"β;"β

1/2

1/2

1/4

1/JV

1/Ν

1/2 Ν

Ref.

[2]

[5,6]

[8]

[7]

[7,9]

[8]

here

(91)

If 51/J.1,I takes the minimum value 1/N, we find from (89;
that

(92)

Thus, if the averaged probability of the "transition" v,
— Vi (with fixed I) is equal to 1/N, then the probability
of the "transition" ut-u,· (I' *l) is also equal to 1/N.
We note that if, for Ν = 2, we have

then θ = π/4 and

ι.:ν~τ·

In the case N> 2, if the coefficient 6,, ,„
mum value 1/N, then for Ι' Φ I -we have

, takes the mini-

(94)

In fact, if ΝΦ2η (where η is an integer), the elements
of the orthogonal matrix U cannot satisfy the conditions
(89) for different values of I simultaneously.m

b) The general case of left-handed and right-handed
neutrino fields

If we assume that the Hamiltonian that does not con-
serve the lepton charges contains both left-handed and

2 0 >For example, Eq. (88) is satisfied for ΛΓ = 3 if the square of
each of the elements of the corresponding row is equal to g.
It is obvious from the orthogonality of the matrix U that the
elements of either of the other two rows cannot satisfy this
condition.

right-handed components of the neutrino fields and that
the bare neutrino masses are non-zero, then the eigen-
states of the total Hamiltonian are the states of 2 Ν
Majorana neutrinos"3 (the weak-interaction Hamiltonian
contains Ν types of four-component neutrinos). In this
case, a ve beam exhibits oscillations of the types v,
«iV, ν,^ν,ζ, ve~~v».Lj · · · (where veL, "νμί,... are anti-
neutrinos with negative helicity). The minimum value
of the parameter 5We.l,e in such a theory is given by

(95)

We note that this scheme becomes attractive if the weak-
interaction Hamiltonian contains both left-handed and
right-handed currents. This possibility has been widely
discussed in the literature (see, e.g., Refs. 49 and 50).

(93) c) Concluding remarks

1) In Table VII we give the values of (δ,,,·,,,),^ for all
the neutrino mixing schemes which we have discussed.

2) The SLAC experiments"1 3 yielded very convincing
data in favor of the existence of a heavy charged lepton
of mass ~ 1.8 GeV. In view of this discovery, the pos-
sibility that there exist in nature N>2 types of neutrinos
seems very natural (in analogy with the e and μ, each
new charged lepton may correspond to a new type of neu-
trino).

3) All the theories considered above are based on the
assumption that the neutrino masses mlt mz,... are
non-zero and that the Hamiltonian of the ordinary weak
interaction contains the fields of these neutrinos in a
mixed form. Clearly, the experiments which give limits
on the masses of the muonic and electronic neutrinos
may also yield limits1 5·4 2"3 on the masses mu mz,....
The best upper limit on the mass of the electronic neu-
trino has been obtained from experiments on β decay of
3H. Recent measurements gave the result1 5 2 3
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ν
FIG. 3. Diagrams for the process
M—ey with virtual neutrinos vt and νϊ.

I

FIG. 4. Diagrams for the process
β —ey with virtual heavy neutral
leptons Ni and N2.

m,.<35 eV. (96)

Experiments on K3ll decay gave the following upper
limit on the mass of the muonic neutrino t 5 S ] 2 1 ) :

<0.65'MeV. (97)

Consider the case of two neutrinos. Assuming that the
mixing angle is close to π/4, we find from (95) that

Taking into account the fact that \m\ - ml l< 1 eV8

(see (64)), we have

»Η, m2 < 35eV. (98)

7. THE DECAY μ-*βγ AND NEUTRINO OSCILLATIONS

a) The case of neutrinos

The theories involving neutrino mixing which we have
considered here can in principle lead to not only neu-
trino oscillations, but also decays such as μ~βγ and μ
— 3e, which are forbidden in the ordinary theory. These
processes occur in higher orders of perturbation theory
(see the diagrams of Fig. 3). The ratio Λμ of the prob-
ability for the process μ* — e*y to the probability for the
process μ* —β*ι/#7/μ> which was first calculated in a the-
ory with mixing in Ref. 22, is given by the expression

Γ (μ*
Γ(μ+

- » e+γ) _ 3 α / m j — m i \ 2

>·ί+ν<,νμ) 3 2 π ' ^ t v /

X Sin2 θ cos2 θ, (99)

where Mw is the mass of the charged intermediate boson
(Mw* 37 GeV). It is easy to see that the value of Λμ is
many orders of magnitude below the experimental upper
limit even if m1 and m2 are taken to be 35 eV and 0.65
MeV (the upper limits on the masses of the electronic
and muonic neutrinos). In this case, we have

(100)

whereas the experiments of Refs. 15a and 54 give

Λμ

εχρ<2,210-». (101)

If the mixing angle is not small, we can make use of the
limit \m\-ml\<,l eV2 obtained by considering oscilla-
tions (see (64)). The ratio Λμ is many orders of magni-
tude smaller than (100) in this case. It can be shown that
that the ratio Λμ is also many orders of magnitude

21 'it should be mentioned that cosmological arguments can be
used to obtain limits on the mass of the νμ which are four
orders of magnitude better than (97). l 5 3 b l

smaller than the experimental limit (101) in the general
case of Ν types of neutrinos with non-zero masses and
mixing. Thus, if neutrinos are the only neutral leptons
which exist, there is only one way of searching for a
violation of the lepton-number conservation laws, name-
ly the study of neutrino oscillations.*2'

b) Heavy leptons

The situation may be radically different"5123> if there
exist heavy leptons. (We note that mixing in a scheme
involving heavy leptons was discussed in Ref. 57.) Let
us consider the decay μ - e y in a scheme with right-
handed currents. As an example, we assume that in
addition to the left-handed doublets of the standard theory

Ve )L' \ μ II

there exist right-handed doublets

where eR = (1 - y5) e/2, etc., and

θ' + Λ^δίηθ', Νιι= —

(102)

(104)

here Nt and Nz are the field operators of heavy neutral
leptons with masses Mi and Λί2, respectively (MuMt

>MK, where MK is the kaon mass), and β'is a mixing
angle. Clearly, the charged lepton current has the
form

where the first term is given by the expression (37), and

fa = #.RVa«s + AVRY^R. (106)

The decay μ - e y is described by the diagrams of Fig. 3,
as well as additional diagrams containing virtual heavy
leptons JVt and Nz (Fig. 4). Neglecting the contribution

The physical reason for the sensitivity of the method of os-
cillations is that this method permits a measurement of the
amplitude for the process instead of the square of the am-
plitude, as in the usual methods of measuring probabilities
of processes. A good illustration of the sensitivity of the
method of oscillations is provided by the measurement of
the mass difference between the if ^ andK s mesons. This
is the only effect of second order in the weak interaction
whose magnitude can be measured in a sufficiently simple
way and with great accuracy.

2S)After Ref. 55 was described in the present review, we be-
came aware of many papers of similar content, in which
processes such as μ —ey and Μ — 3e were considered on the
basis of the hypothesis of heavy-lepton mixing. We cite here
only those papers1561 that were known to us by April 10, 1977,
and we consider the scheme of Ref. 55 as an example.
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from the diagram of Fig. 3, we find that the ratio Λμ is
given by the expression

(107)

Using (101) and (107), we obtain (\Μ\-Μ\\/Μ%)1/Ζ

<1.4xlO"1 in the case of maximal mixing. If Mw = S0
GeV, we have {\M\ -JW|l) 1 / 2 <8. 5 GeV. This case also
leads to the result \M1 -Mz\<8. 5 GeV.2"

For values of \M\ -M\\llz equal to 1, 2, 3, and 4 GeV,
we find that the ratio ϋ μ has the values 4.2x 10"18, 6.7
xlO"11, 3.4X10"10, andl . lx lO" 9 , respectively.

Thus, if there exist neutral leptons with masses of the
order of several GeV and if mixing occurs, the proba-
bility for the decay μ - e y may be close to the upper lim-
it obtained in the experiments of Refs. 15a and 54. We
note that this decay can be observed at the A PEC instal-
lation1 5" if Λμ & 10"".

c) The decay μ-^-ey and neutrino oscillations

Let us consider the relation between the phenomenon
of neutrino oscillations and the decay μ - e y (and simi-
lar processes). The observation of such effects would
certainly indicate that lepton mixing occurs. In this
general sense, the observation of one of these effects
would make the existence of the other more probable
(in particular, it would then be probable that the neu-
trino masses are non-zero). However, there is no di-
rect relation between neutrino oscillations and process-
es of the type μ-ey . In the first place, it is possible
that neutrino oscillations can be observed, while the de-
cay μ —ey is practically unobservable. This is the sit-
uation which we have discussed in the first six sections
of this review (the case in which there exist only neu-
trinos and no heavy neutral leptons). Secondly, it may
happen that the decay μ - e y is completely observable
(for example, if heavy neutral leptons exist) but that
neutrino oscillations are practically unobservable be-
cause the mixing angle or the neutrino mass difference
is small. Thirdly, it is possible that the μ - e y decay
probability is sufficiently large (for example, if heavy
charged leptons exist and the Hamiltonian contains non-
symmetric neutral currents) but that neutrino oscilla-
tions are completely absent (these two phenomena are
completely unrelated).

8. CONCLUSIONS

a) The fundamental hypothesis which constitutes the
basis of the physical phenomena discussed here is the
hypothesis of lepton mixing. The basic consequences of
this hypothesis depend on what leptons exist in nature.
In the case of only four leptons (the muon, the electron,
and two neutrinos), the main observable physical con-

2 4'The lepton-quark analogy manifests itself here in the fact
that an upper limit on the mass difference between the heavy
leptons can be obtained from the upper limit on the Μ —· ey
decay probability in the same way that an upper limit on the
mass of the charmed quark is obtained from the data on the
KL—KS mass difference and the rare decays of kaons.

sequences of the mixing hypothesis are neutrino oscilla-
tions. The probabilities of processes such as μ - e y
and μ— 3e, while non-zero in principle, are many orders
of magnitude below the quantities that are accessible to
measurements.

b) If neutrino mixing is to be possible, we must as-
sume that the neutrino masses are non-zero. We note
that non-zero neutrino masses do not contradict any of
the currently known physical principles (like gauge in-
variance, according to which the photon mass is equal
to zero). In this sense, the question of the neutrino
masses is completely open (not only in the "trivial"
sense that the experimental upper limits on the masses
of the ι/μ and ve are quite large).

c) The question of how many leptons exist is also open
at the present time. If there are more than two neu-
trinos and all the neutrino fields are mixed, oscillations
between all the types of neutrino become possible. In
this case, the probabilities of decays such as μ - e y and
μ —3e are also practically equal to zero.

d) The situation is different if heavy leptons exist and
their fields appear in the Hamiltonian in a mixed form.
If the masses of the heavy leptons are of the order of
several GeV, the probabilities of processes such as μ
— ey and μ —3e may be close to the experimental upper
limits. There is in general no unique relation between
the probabilities of these processes and the parameters
that characterize the neutrino oscillations.

e) We have seen that two types of theories are possi-
ble: those with Majorana and those with Dirac neutrinos.
Majorana fields are attractive because of their economy
(in the case of two types of neutrinos, there are a total
of four states). If the neutrinos are described by Dirac
fields, these particles are described in the same way as
all the other leptons and quarks. This is very attractive
from the point of view of the quark-lepton analogy. The
picture of oscillations is exactly the same in these two
different theories, and it is practically impossible to
distinguish them.

f) If the neutrino fields are mixed, leptonic charge
becomes meaningless at first sight. However, orthogo-
nal mixing is in essence equivalent to the conservation
of the leptonic charges if the neutrino masses are suf-
ficiently small (which is actually the case).

To first order in the weak-interaction constant, the
amplitudes for processes due to non-symmetric neutral
currents, such as μ —ey and μ — 3e, are equal to zero.
These processes occur in higher orders, however, with
amplitudes proportional to the difference between the
squares of the neutrino masses. Thus it is the small
neutrino masses that guarantee effective conservation
of the lepton numbers, and we have already seen that if
there exist heavy leptons with masses of the order of a
GeV, then processes such as μ —eyand μ —3e occur.

g) Neutrino oscillations have so far not been observed.
An analysis of all neutrino experiments which have been
carried out using accelerators and reactors (which, how-
ever, have not been designed to search for oscillations)
makes it possible to obtain a limit on the difference be-
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tween the squares of the neutrino masses (Im\ - m\ I< 1
(eV)* for maximal mixing). On the other hand, the only
experiment which has so far been carried out using solar
neutrinos gave a weaker detected signal than what was
expected—the well-known "solar neutrino paradox." If
such a paradox actually exists, neutrino oscillations
provide its most natural resolution.

h) The need to perform experiments to search for
neutrino oscillations and for the decays μ — ey and μ — 3e
and other similar processes at some level better than
the current one is completely obvious.

In conclusion, it is a pleasure to express our deep
gratitude to G. T. Zatsepin, S. M. Korenchenko, G. V.
Mitsel'makher, L. B. Okun', S. Petkov, M. I. Podgor-
etskii, A. A. Pomanskii, and A. E. Chudakov for useful
discussions.
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